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Fibich, G., Y. Lanir, and N. Liron. Mathematical model
of blood flow in a coronary capillary. Am. J. Physiol. 265 (Heart
Circ. Physiol. 34): H1829-H1840, 1993.—The coronary capillary
flow is analyzed theoretically based on continuum mechanics.
The capillary is a long, elastic, and permeable vessel loaded
externally by tissue pressure, and it is subject to possible periodic
length changes, together with adjacent myocytes. Capillary flow
is driven by arteriolar-venular pressure difference. Ultrafiltra-
tion due to transmural hydrostatic and osmotic gradients is
included, and consideration of mass conservation leads to a
nonlinear flow equation. The results show that under physi-
ological conditions ultrafiltration is of minor importance, and
the analysis predicts regional differences in capillary flow. In
regions with high tissue pressure (subendocardium), capillaries
undergo significant periodic volume changes, giving rise to in-
tramyocardial pumping. In those regions, capillary wall elastic-
ity is of major importance. In regions with low tissue pressure
(subepicardium), the possible periodic capillary length changes
are predominant. The predicted flow patterns are in good quali-
tative agreement with measured epicardial phasic flow. In con-
clusion, the methodological advantage of a distributive analysis
is demonstrated by its ability to elucidate and evaluate the role
of flow determinants and their complex interactions.

coronary circulation; capillary flow; distributive analysis

CORONARY CIRCULATION has several unique features.
Among them are the phasic nature of the arterial inflow
and the venous return (12), the occurrence of retrograde
flow, pronounced regional perfusion differences, the ex-
istence of a significant vascular compliance (20), the
vanishing of flow at pressures lower than the zero-flow
pressure, and the considerable autoregulatory capacity
demonstrated by the coronary reserve (19).

It was estimated that more than half of both the
total coronary volume and the vascular compliance re-
sides in capillaries and venules (36), whereas arterioles
are the major resistive component (23). Based on this
information, it has been suggested that the microcircu-
lation has a significant effect on the overall coronary
flow. This influence is, however, not well understood. It
is not known, for example, to what extent phenomena
such as arterial retrograde flow and regional perfusion
differences originate in the microcirculatory level. Even
the relative importance of the various mechanisms that
influence flow in the coronary microcirculation is not
known.

This gap in knowledge and understanding stems
mainly from difficulties in measuring blood velocities
and pressures in the microvessels of the beating heart,
especially in the inner layers. Direct microcirculatory
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measurements were carried out in the subepicardium (1,
11, 38, 39).

In the absence of direct measurements, analytic mod-
els can provide insight into the system and give answers
to some of the above questions. Of the previously pub-
lished models, most analyzed the dynamics of the coro-
nary circulation by considering different levels of the
vasculature (arteries, capillaries, and veins) as lumped
components. Each component is represented by integral
characteristics, such as resistance and compliance. The
complex coronary circulation is represented by an elec-
tric or other circuit analog (see review of earlier works in
Ref. 5). The effects of the flow-controlling mechanisms
were introduced by considering mechanisms such as a
vasculature waterfall (14), the intramyocardial pump
(36), a combination of the two (e.g., 24), and the time-
varying vascular elastance (25).

There is no general agreement as to the validity and
significance of these proposed mechanisms. Moreover,
the assumption that the flow can be adequately modeled
by a lumped model has not been verified. Insight into
these problems might be gained by a detailed analysis
based on the fundamental laws of mechanics, which con-
sider the distributive nature of the system.

With the adoption of this methodology in the present
study, a model for the flow in a single coronary capillary
is formulated based on the equations of flow and on the
material properties of the capillaries. The capillary is
modeled as a long elastic permeable tube. It is subjected
to external loading of the interstitial fluid and myocar-
dial fibers, whereas the pressures at the capillary ends
vary with the cardiac cycle. The observations of Borg
and Caulfield (6) on the effect of the collagen matrix on
the capillary area lead to the hypothesis that capillaries
may undergo length changes during the cardiac cycle,
together with the myocytes to which they are attached.
Indeed, capillary length changes have been reported in
the myocardium (30).

The present study focuses attention on the capillary
level, since capillaries occupy a major portion of the
microvasculature volume (26) and ~30% of the total
coronary volume, the largest fraction for a single com-
partment (36). Thus the characteristics of the capillary
flow are expected to make a large contribution to the
overall flow. The modeling process presented here can be
used quite similarly for other coronary microvessels, us-
ing the appropriate structural and material data.

To the best of our knowledge, the only previous dis-
tributive model for coronary capillaries was developed
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by Dinnar (13), who examined the effect of varying tis-
sue pressure and ultrafiltration in a rigid capillary.
Schmid-Schonbein et al. (32) modeled the blood flow in
a skeletal muscle capillary, and they considered the vis-
coelastic properties of the capillaries. Chadwick et al.
(10) developed a model for the entire coronary micro-
circulation, which began as a distributive model, by ap-
plying mechanical laws for the vessels and fluid. These
were then reduced to a lumped model by a process of
spatial averaging.

METHODS

Coronary capillary mechanics and kinematics. The distensi-
bility of coronary capillaries is clearly demonstrated by the ob-
servation that they are narrower in systole than in diastole (26,
38). Detailed distensibility measurements were carried out for
capillaries in the mesentery (2, 34) and in the spinotrapezius
muscle (33). In these studies it was found that capillary disten-
sibility was markedly nonlinear and viscoelastic in response to
a sudden pressure increase. At low pressures, skeletal muscle
capillaries appeared to be 40% stiffer than the mesenteric cap-
illaries (33). Because there are no direct data on coronary cap-
illaries, the present study will rely on the viscoelastic model of
Skalak and Schmid-Schénbein (33). They showed that the time
constant of the viscous behavior of the capillary wall is ~100 s.
Therefore, for short times typical of the cardiac cycle (0-1 s),
the wall response can be approximated as elastic. In the above
study, pressure changes were found to be linearly related to the
strain, so that

AP =oE 0))

where AP = P(z,t) — Py(t) is the local transmural pressure
difference (the difference between the hydrostatic pressure in
the capillary P and the external loading represented by an in-
tramyocardial tissue pressure Pr), ¢ is the time and E is the
strain measure defined as

1([a(zt)]?
s=3l |57 ) @
where a(z,t) is the capillary radius, a, is the reference radius
under zero transmural pressure (AP = 0), and « is an elasticity
coefficient. The measured value of o was in the range of 1,250 +
450 mmHg for the instantaneous elastic response (33; see also
Values of parameters).

A mechanism that did not receive attention in previous mod-
els is the possible periodic length change of a coronary capillary.
A coronary capillary runs parallel to the adjacent myocytes (4)
to which it is connected by a network of stiff and short collagen
struts (8). These observations lead intuitively to the possibility
that the capillary changes its length in accordance with the
neighboring myocytes to which it is connected. Such length
changes have been reported in skeletal muscle. Ellis et al. (15)
found that in the extensor digitorum muscle of a rat, lengthen-
ing of the muscle fibers resulted in stretching of the capillaries
and in a reduction of their tortuosity. Based on morphometric
data, Poole et al. (30) concluded that in the myocardium, cap-
illary length increases with increasing sarcomere length above
1.9 um and decreases at short myocardial fiber length. This
decrease is accompanied by little change in capillary tortuosity.
Tortuosity was found to have only a small effect on the resis-
tance to flow (9). In the present study attention is focused on
the effects of the capillary length changes on the flow.

Because there are not sufficient quantitative data on the
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dynamic length change of coronary capillaries, the present study
will consider the two opposite cases: one case with capillary
length changes following that of the neighboring muscle fibers,
and a second case of fixed capillary length.

In the first case, the capillary length-change hypothesis is
expressed by

L(t) = w(t)L, 3

where L(t) is the time-dependent capillary length, L, is the
capillary length in the stress-free configuration, and w(t) is the
relative length change of the adjacent myocytes. In the second
case we simply take w(t) = 1.

We shall use a cylindrical coordinate system (r, 8, z) where
the coordinate z runs along the capillary axis, r is the radial
coordinate, and 6 is the angular one. Radial symmetry is as-
sumed throughout the model (e.g., no dependence on 6). The
arterial end of the capillary is set at z = 0. The position of the
venular end at time ¢ is L(t). We define U(z, t) as the axial
velocity of the capillary wall. It follows that

U@, t)=0;  ULL(), t]=L'(¢) )

where prime refers to the first time derivative.

With the assumption that the length changes of the capillary
are uniform (all portions of the capillary experience the same
length change), it follows that

z w'(t)
= m L'(t) = ZW )
Fluid kinematics. The blood is a nonhomogeneous non-New-
tonian fluid. Nevertheless, Lipowsky et al. (27) have shown that
the specific resistance to blood flow in the microcirculation is
inversely proportional to the fourth power of the vessel diam-
eter, as in Poiseuille flow. The discharge (for a fixed length
microvessel) is thus given by

Uz, t)

rat
Q=-%P. ©)
where u represents the effective blood viscosity, and the z sub-
script denotes partial differentiation with respect to 2.
Near the capillary wall, the fluid velocity is equal to the U(z,t)
(the no-slip condition). Hence, the capillary discharge is aug-
mented by wa2U. It follows that the total capillary discharge is

wat(z, t)

Q =md’(z, )U(z, t) + (-P) 8u @)

Fluid exchange across the capillary wall follows Starling’s
Law

q = k(AP — AIl) (8)

where ¢ is the outward fluid flux per unit area, & is the filtration
coefficient, and AII is the colloid osmotic pressure difference
between the plasma and the interstitial fluid.

By following the study of Schmid-Schonbein et al. (32), we
expressed the conservation of mass for a distensible, permeable
segment of the capillary vessel filled with incompressible blood
as

i) ]
3z [ma%(z, )] = — 5~ Q(z, 1) — 2malz, t)q(z, t) 9

The normalized radius h is defined as

_ a(z, t)

0

h(z, t) (10)

From Egs. 1 and 2 it follows that hA? can be viewed as a nondi-
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mensionalized pressure

=148 (11
a
The Pr varies from endocardium to epicardium. Coronary
capillaries run parallel to the myocytes, which are in turn ap-
proximately parallel to both the endocardial and epicardial sur-
faces. Hence, it is highly likely that P does not change along a
single capillary. This is expressed by the equation

d
35 Pr=0 (12)
It follows from Egs. 11, 12, and the definition of AP, that
d i) a 0
_— = — == 2
0z P 0z aP 2 0z (h?) (13)
Thus, from Egs. 1, 5, 7, and 13
w'(t) 1ra0a d
2 6
Q = wal i 2 o 48 6z(h) (149)
Substitution of Egs. 8, 10, 14, in Eq. 9 gives
male 02 ,w'(t) 9
ra3 o (ht) = T2 0 ey (zh%)
ot 48y 922 w(t) 9z (15)
- 27ra0k[%‘h3 - <%+ AH)h]
We introduce two nondimensional variables
T=1t/Ty; §=2/L(t) (16)

into Eq. 15, where 7 is a time variable, { is a normalized axial
position variable, and T is the time of one cardiac cycle. To
keep notations simple, we use the same customary symbols for
the nondimensional-dependent variables. By dividing the re-
sulting equation by wa/T,, we get

B (1)
(h), = oy (W= oy 2 = NB + )

(17)
where subscripts denote partial differentiation with respect to
the nondimensional variables, and the nondimensional param-
eters of the model 8, A\ and 7 are given by

OaT _ kaT, _ 2AIIRT,
6 48#L2y - aO ’ n= aO (18)
Dividing Eq. 17 by 2h, we have
B w(r) A

n
h, = g7y By + 15A%h3) — h=5 W =-1+5 (19

2w(7)
which is a nonlinear parabolic equation with time-periodic co-
efficients.

The boundary conditions are derived by using Eq. 11

2 %
h(0,7) = hy(r) = { 1+ P [Py(r) — PT(T)]}
(20)
2 1]
h(1,7) = hy(r) = { 1+~ [Py(r) - PT(T)]}
where P, (7) and Py(7) are the fluid pressures in the arterial and
venular ends of the capillary, respectively, and h,(7) and hy(r)
are normalized radii in the arterial and venular ends of the
capillary, respectively.
The solution h({,7) of Eq. 19 must satisfy a periodicity
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condition
h(, 1) =

Equations 19-21 are the mathematical formulation of the
model.

Value of parameters. Coronary capillary diameter was found
to be 5-7 ym in humans (29) and 5.6 = 1.3 um (presumably at
maximal dilatation) in dogs (3). Capillary length varies from 500
to 1,000 um (3) in dogs. We shall, therefore, set a, = 2.5 um and
L, = 750 um, where a, and L, are typical values of the reference
radius and length, respectively. The cardiac period in a dog is
taken as T, = 0.5 s.

In the present model, u stands for the apparent (effective)
viscosity of the blood, which depends on the microvessel radius,
hematocrit, and shear rate. A typical value for small capillaries
isu =5cP (27).

The value of the instantaneous elastic response of the capil-
lary wall in the spinotrapezius muscle, as measured by Skalak
and Schmid-Schonbein (33), is @ = 1,250 + 450 mmHg. In
another study, which relates specifically to coronary vessels,
Spaan (36) estimated the capillary distensibility to be around
5.5 X 1073/mmHg. This value corresponds to a = 364 mmHg.
Hence, we take o = 500 mmHg as the typical value, but in the
subsequent analysis and simulations the value of « will be varied
between 200 and 1,250 mmHg. Dynamic autoregulatory mecha-
nisms that may effect the wall distensibility are not considered,
since the present analysis relates to a fixed level of the auto-
regulatory state corresponding to steady physiological cardiac
output.

Filtration constants of capillaries were found to be k = 0.68 X
107¢ cm-s~*-ecmH,0~* for rat skeletal muscle (7). Smaje and
Swayne (34) and Baldwin and Gore (2) showed that when in-
terpreting experimental data to determine the filtration coeffi-
cient, the capillary distensibility has to be taken into account.
As a result, the computed values of the filtration coefficient
decrease considerably. Baldwin and Gore (2) obtained mean
values of k as 0.61 + 0.12 X 107¢ cm s~ !-cmH,0~. Smaje and
Swayne (34) found that the large apparent gradient in & between
the arteriolar and venular ends of rat intestinal muscle capillar-
ies was significantly reduced when distensibility was taken into
account. In the present study it will be assumed that k is con-
stant along the capillary, and of typical value £ = 0.6 X 10~
cm-s~1-emH,071.

Values of colloid osmotic pressures are 25 mmHg for the
plasma and 20-30 mmHg for the interstitial fluid (31). Other
values reported are 20-35 mmHg for the plasma and 29 + 4 and
10 = 2 mmHg for the interstitial fluid in subcutaneous tissue
and elbow, respectively (18). Therefore, in the present study the
level of AIT was taken as AIl = 0 + 10 mmHg.

The physiological value of the nondimensional parameters
(Eq. 18) is derived by substituting the typical values cited
above. Thus

B = 1.54;

h(,m+1) 21

A=0.58; (22)

As already mentioned, the value of o« may vary considerably
from its typical value of 500 mmHg. Other physiological param-
eters may also be somewhat different from their typical values
cited above. Since all the physiological parameters appear in the
model (Egs. 19-21), only through the values of «, 3, A, and 7, in
the subsequent analysis we consider a wide range of these pa-
rameters.

Relation between 8 and intramyocardial pump. The relation
between the capillary resistance and compliance on one hand,
and the intramyocardial pump mechanism on the other, can be
identified by analyzing the physical meaning of the parameter 3.

n=0=%0.03
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The capillary resistance (R) according to Eq. 6 is
P,— P, 8uL

R = Q = W (23)
The capillary compliance (C) is
aV 9
C= 3P =3P (wa®L) (24)
which in view of Egs. 10 and 11 reduces to
2
C= 2rLal 25)
a

The time constant RC of the capillary equivalent circuit thus
equals

16uL%a?

RC=—"— (26)

aa

This product, at the unloaded reference state (where a = ag, L
= L), is given by

16uL?
(RC)y=—* 2
0= aa? 27
The combination of the last result with Eq. 18 gives
1 T,
8=3m0), (28)

which means that 34 is the ratio of the cardiac cycle period T,
to the reference time constant of the capillary (RC),. The (RC),
represents the time it takes for the flow to approach a steady
state after perturbation in the external pressures P, P,, and
P+. The cardiac period T}, is the time constant of these periodic
pressures. Consequently, 3 represents the ability of the capillary
to equilibrate with the changing pressures that drive the flow.

Thus, for large values of 8, changes in the boundary condi-
tions (P, P, and Py) would be balanced almost immediately
by capillary volume changes, and the flow is essentially a quasi-
steady-state one. But, when § is small, a sudden rise in these
pressures (as occurs in the beginning of systole) cannot be bal-
anced immediately by volume changes. Hence, the pressure in-
side the capillary would increase, driving the blood out of the
capillary. The opposite occurs when the pressure drops at early
diastole. This is the basis of the intramyocardial pump mecha-
nism (37). Hence, the existence of a significant intramyocardial
pump is associated with small values of 3.

Preliminary assessment of relative importance of various
mechanisms. The substitution of the values of the parameters
(Eq. 22) in Eq. 19 leads to an estimation of the relative signifi-
cance of the various mechanisms to the capillary flow. Time
changes in A (left-hand side of Eq. 19) are caused by (right-hand
side of Eq. 19 from left to right) gradient in axial flow, capillary
length changes, ultrafiltration due to transmural hydrostatic
pressure difference, and ultrafiltration due to transmural os-
motic difference. The corresponding coefficients are 8 = 1.54,
'(t)/w(t), (varying in time according to the input data, Fig. 1),
A=0.8,and n = 0 = 0.03.

It follows that usually the most important mechanism is the
axial flow gradient. Because the possible capillary length
changes are not more than +20%, they could have a significant
effect only when '(t) is large enough (in systolic contraction
and in diastolic relaxation, Fig. 1). As seen from Egq. 19, ultra-
filtration due to transmural hydrostatic pressure difference is
significant only when A(h2 — 1) is not small. This happens only
for distensible vessels, since for rigid vessels (large o), h =~ 1
and the relative filtration effect on the flow is negligible. In all
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Fig. 1. Input data used in numerical simulations. A: time-varying pres-
sure at arterial (P,) and venular (Py) ends of a subepicardial capillary.
Data were digitized from Tillmanns et al. (39) and adjusted as explained
in text. B: time-varying interstitial tissue pressure (Pr) at epicardium,
midwall, and endocardium as determined from mechanical simulation
of left ventricle (28). C: time-varying relative length change (w) of
muscle fibers at epicardium, midwall, and endocardium (results from
28). 7, time variable.

cases, the effects of transmural osmotic pressure differences
are negligible.

Evaluation of pressures at capillary ends. The pressures at the
capillary ends (P, and Py) are input functions to the model,
which are taken as their experimentally measured values.
Tillmanns et al. (39) measured the pressures in small subepi-
cardial arterioles and venules of the rat left ventricle. They
reported peak systolic and diastolic pressures of 67 + 12 and 45
+ 9 mmHg, respectively, for small arterioles, and 24 + 5 and 5
+ 2 mmHg, respectively for small venules. Chilian et al. (11)
reported peak systolic and diastolic pressures of 77 + 5 and 68
+ 6 mmHg for arterioles and 11 + 4 and 1 + 1 mmHg for venules
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of the cat left ventricle. Klassen et al. (23) reported that the
pressure drops in the microcirculation and small veins in the left
ventricle of a dog, during systole and diastole, were 16.4 + 1.2
and 8.5 = 0.8 mmHg, respectively. These pressure drops are
much smaller than the ones between arterioles and venules re-
ported by Tillmanns et al. (39) and Chilian et al. (11). The
differences in the pressure data were probably caused by the
different locations along the arterioles where pressures have
been measured, since the pressure gradient over the arteriole
level is >50 mmHg (23). The entrance pressure to the capillary
should be lower than the above-cited values, since the arteriolar
pressures in the studies of Tillmanns et al. (39) and Chilian et
al. (11) were probably not measured near the entrance to the
capillary.

In the absence of data on the pressures at the capillary ends
that could serve as a basis for the present simulation, the data
of Tillmanns et al. (39) for the waveform pattern in subepicar-
dial arterioles and venules [PA(¢t) and Py(t)] were used after
scaling it linearly so that the values of the peak systolic and
diastolic pressures in subepicardium were 32 and 15 mmHg for
P,(t) and 13.5 and 5 mmHg for Py(t). These values are in
agreement with the data of Klassen et al. (23) on the pressure
gradients.

There are no data on the coronary microcirculatory pressures
in the deeper layers. The values of P(¢) and Py/(t) are a matter
of speculation. There are two extreme cases: if the supplying and
collecting vessels were rigid, then the intramyocardial tissue
pressures would not have an influence on P, (t) and P+,(t) at any
layer of the left ventricular wall, and a reasonable approxima-
tion would be that P,(t) and Py/(t) are the same for all myo-
cardial layers. On the other hand, if these vessels were closed
distensible compartments, then any change in the surrounding
intramyocardial tissue pressure P+ would be followed by a simi-
lar change in arterial (P,) and venular (Py) pressures. This
possibility was discussed by Hoffman et al. (19).

There are no conclusive data on the exact values of distensi-
bility of the larger coronary vessels, though it is known that they
are distensible (36). Yet, they are not closed compartments but
rather open at both ends to inflow and outflow. Hence, changes
in the intramyocardial tissue pressures Pt do affect P, and P+,
but the extent of these effects is unknown. It can be, however,
estimated, using the present model, from physiological consid-
erations.

To present this point, it will be assumed that the levels of the
pressures in the capillary inlet P, and outlet Py, at the endo-
cardium are the corresponding measured values at the epicar-
dium, augmented (due to the interstitial pressure Py) by
P1-IPF, where IPF is the interstitial pressure factor. The value
of IPF can vary between 0 (no effect) and 1 (full augmentation).

The level of IPF determines the value of the net volume of
fluid exchange across the entire capillary wall due to ultrafiltra-
tion during one cardiac cycle. We denote this quantity by Vg,

where
To L(t)
Ve = f f 2rag dz dt
t=0 z=0

The net ultrafiltration volume (Vg,;,,) corresponds to the fluid
drainage to the lymphatic system. The latter is estimated to
account for ~0.1% of the coronary flow (35). Thus the Vg,
should be positive (i.e., in the outward direction). Moreover, the
ratio of Vg, to the net volume of fluid that enters the capillary
through the arteriolar end during one cardiac cycle (V,) should
be of the order of 0.1%, where

To
vV, = f Q(z =0, t)dt
=0

t

(29)

(30)

H1833

Table 1. Values of a and corresponding values of 8

used in simulations

«, mmHg B
1,250 3.85
500 1.54
200 0.62

a, elasticity coefficient; 8, nondimensional parameter. See text for
more information.

As will be seen later, these considerations lead to an estimate of
IPF = 0.75.

Numerical method. Discrete values of the input functions
w(t) and Pr(t) for different layers in the myocardium were
kindly supplied to us by Dr. E. Nevo. They are the output of a
model simulation of the incompressible left ventricle in a dog
(28). Data for P, and Py, were digitized from Tillmanns et al.
(39) and scaled as explained in the previous section. The con-
tinuous functions w(t), ha(t), and hy(t), as well as their deriva-
tives, were interpolated, using a periodic cubic spline subroutine
SPER of the IMSL software package.

The parabolic Eq. 19 was solved using the subroutine
MOLCH of the IMSL software package. Because no natural

initial condition exists, an initial guess was chosen as
h(z, t =0) = h, (2, 0) + z[hy(z, 0) — h, (2, 0)] (31)

which is a linear distribution of A with z between the two cap-
illary ends. Convergence to the periodic solution in the nth cycle
was checked by evaluating the maximum difference, in terms of
the dimensionless radius h, between the solution of the n and
the n — 1 cycle. Practically, for 8 > 0.7, it turned out that
already after two cycles the difference was the order of 10~4.
This indicates convergence of the numeric solution after one
cycle to a periodic solution.

Preliminary analysis showed that the parameter 8 is of pre-
dominant importance. In the following simulations the values of
« and the corresponding value of 8 (Eq. 18) were taken as in
Table 1, except for the results in Fig. 3.

We calculated the discharges through the arterial (Q,) and
venular (Qy;) ends of the capillary. Because of the motion of the
venular end itself, @y is not equal to the discharge @ at the
venular end as defined in Eq. 7, since that later quantity is
measured relative to a fixed observer. Because one is interested
in the net discharge (relative to the capillary end), @4 and Qv
were determined from

Tajo a

Q1) =— 77 (h°) at{=0
48uLyw(r) 6¢ 32)
mage 4 _
QV(T) =- 48}LLOQ)(T)'&(h ) at §'— 1

The average inward and outward velocities (U, and Uy) are
defined as

UA (r) = %
(33)
Ul =2

where, again, these are velocities relative to the corresponding
capillary end.

We also define the overall inward and outward coronary dis-
charge @,,(r) and @,,.(r). These quantities represent the aver-
age discharge of a myocardial capillary. The averaging was done
over the three different myocardial layers: subendocardium,
midwall, and subepicardium.
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Capillary reference volume is defined as V, = waZL,. There-
fore, the relative capillary volume changes were calculated as

1

V()

Vo= w(7) hd¢ (39)
0 (=0
The average radius of the capillary is
1 L(t)
a=r(—5 f_o adz (35)
Therefore, the average nondimensional radius is
- 1
a_ f hd¢ (36)
aQ
=0

RESULTS

In all the following simulations, unless otherwise speci-
fied, the values used for P4, Py, Pr, and w(t) are as shown
in Fig. 1.

In a preliminary study, the ratio Vg,/V, was calculated
for three levels of « and for a range of values of the IPF.
The results are presented in Fig. 2.

It is seen that for these three values of a, a choice of
IPF = 0.75 provides a small positive ratio (a fraction of
1%), which is compatible with the normal physiological
level of the lymphatic drainage (see Evaluation of pres-
sures at capillary ends). Hence, this value was used in all
subsequent calculations.

The numerical results confirm the preliminary assess-
ment as to the insignificant effects of the ultrafiltration
and osmotic pressure on the capillary flow under physi-
ological conditions. The error due to neglecting both (i.e.,
A =0, n = 0) turns out to be <0.5%.

In the subsequent figures, the time variable is the nor-
malized time 7 (Eq. 16). The systolic phase is roughly 7
between 0 and 0.5; the diastolic phase is between 0.5 and
1. The normalized axial position variable is ¢ (Eq. 16),
where the arterial end is at { = 0 and the venular end is at
¢=1.

Figure 3 is a three-dimensional plot of the pressure in
the capillary as a function of time and axial position for

0.2

IPF

Fig. 2. Ratio of net ultrafiltration volume to net volume of arteriolar
influx (Vg1/V,) as a function of interstitial pressure factor (IPF) for an
endocardial capillary. Three curves correspond to 3 different values of
wall elasticity (a, in mmHg): 200 (solid line), 500 (dashed line), and
1,250 (dash-dot line). Input data used are as shown in Fig. 1.
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Fig. 3. Three-dimensional representation of intracapillary fluid pressure
(P) as a function of time () and position along capillary axis ({). Results
are presented for various capillary distensibilities («) and layers across
the left ventricular wall. Input data used are as shown in Fig. 1. In all
cases IPF = 0.75. A: subendocardium, « = 200 mmHg. Note that during
systole pressure profile is markedly concave. This profile gives rise to a
retrograde flow. B: subendocardium, o = 1,250 mmHg. C: subepicar-
dium, o = 200 mmHg.

different wall distensibilities and regions across the wall.
The diastolic pressure is almost the same in all cases,
whereas the systolic pressure in the subendocardium in-
creases for larger values of the distensibility a.

The pattern of the pressure distribution in the endo-
cardium depends strongly on the value of the wall disten-
sibility «. This term appears in the equations of the model
(Egs. 19-21) both in the boundary conditions and in the
expressions of 3 and A. The question arises whether its
effect on the capillary flow (Fig. 3) is mainly through 3 or
the boundary conditions or both (A was already shown to
have a small effect). To answer this question, the effects
of 8 for constant « were examined in Fig. 4. The flow
pattern of small vs. large 3 (Fig. 4) is similar to those of
small vs. large « (Fig. 3), suggesting that the wall disten-
sibility « influences the flow primarily through its effect
on (.
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Fig. 4. Intracapillary pressure distribution along a subendocardial cap-
illary during isovolumic contraction phase (r = 0.1 indicated as systole)
and early diastole (r = 0.6 indicated as diastole) for two extreme values
of the parameter 3: 8 = 0.77 (solid lines) and 8 = 7.7 (dashed lines). In
all cases, input data used are as shown in Fig. 1, @ = 500 mmHg and IPF
= 0.75. Note existence of a concave profile at early systole and convex
profile at beginning of diastole for the smaller 8. This distribution
results in capillary emptying during systole and filling during diastole.
This is also associated with retrograde flow to the arterioles during
systole and retrograde flow from the venules to the capillary at early
diastole.

For large values of 8 the pressure distribution is ap-
proximately linear. For small 8, it is markedly concave in
systole and convex in diastole. This pressure distribution
results in an outflow from both the arterial and venular
ends in early systole and an inflow from both ends during
early diastole.

In the following results the effects of the wall distensi-
bility o and the possible length changes w(t) on the various
aspects of the capillary response were investigated. This
was done, since « (via 8) proved to be an important flow-
controlling parameter (Figs. 3 and 4), and its value may
vary under different conditions. The possible capillary
length change is a phenomenon that has not yet been stud-
ied in the myocardium (see Coronary capillary mechanics
and kinetics). Hence, its influence was studied by com-
paring simulation results obtained using the values of
length changes as shown in Fig. 1C, with the results ob-
tained for the case of a fixed capillary length [w(t) = 1].

An important issue in coronary circulation research is
the possible existence of regional perfusion differences.
For this purpose, the predicted blood velocities in the
arterial and venular capillary ends were calculated (Figs.
5 and 6). The fluid velocity at the arterial end (U,) (Fig.
5) varies significantly across the wall, especially during
systole. Velocity variations in the subendocardium are
greater than in subepicardium. While in the subendocar-
dium there is a rapid retrograde flow in early systole (for
small @), in the subepicardium the flow is anterograde for
all values of a. Under physiological conditions, in both
layers, there is a rapid filling in early diastole.

The effect of the wall distensibility « and of the capil-
lary length changes w(t) is markedly different for differ-
ent wall layers. In subepicardium, smaller values of «
result in an increase of the inflow during systole and
decrease through diastole, whereas in the subendocar-
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Fig. 5. Effect of a and axial stretch [w(t)] on arteriolar inflow velocity
U,. A: subepicardial capillary; B: subendocardial capillary. Three curves
in each figure correspond to the following cases: « = 200 mmHg and w
=1 (no length changes), @ = 200 mmHg (and w as in Fig. 1C), a = 1,250
mmHg (and o as in Fig. 1C). In all cases IPF = 0.75. There are con-
siderable regional variations in the flow pattern for higher wall disten-
sibility. Effect of length changes is more significant in epicardium.

dium this has an opposite effect: pronounced increase in
the retrograde flow at early systole and a rapid filling
during early diastole.

The time-varying capillary length change w(t) has a
small effect in the subendocardium but has a relatively
large one in the subepicardium, where it reduces the in-
flow in systole while markedly increasing the inflow dur-
ing diastole.

The outflow velocity (Uy) (Fig. 6) is anterograde dur-
ing systole and retrograde during diastole, with much
larger values in the subendocardium than in the subepi-
cardium. As with U, (Fig. 5), the dominant factor in the
subepicardium is w(t), whereas in the subendocardium «
is of major importance.

The most reliable data available at present on coronary
flow are measurements in the epicardial arteries and
veins. These represent the discharges in and out of the
entire myocardial wall. It is thus instructive to compare
these data with the pattern of wall-averaged discharges of
myocardial capillaries, as expressed by @;, and @, (see
Phasic flow patterns). .

The effect of o and w(t) on @;, is shown in Fig. 7. A
similar pattern can be observed in all cases: small inflow
during early systole and rapid filling in early diastole. A
smaller value of « results in larger systolic-diastolic flow
variations, with retrograde flow in early systole. w(t)
tends to decrease the inflow during late systole and to
increase it during late diastole.

The opposite behavior is seen for @, (Fig. 8): there is
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a rapid venular emptying during early systole and retro-
grade filling during diastole. Again, lower values of « in-
crease the systolic-diastolic flow differences. w(t) in-
creases both the systolic emptying and the diastolic
retrograde filling.

Capillary capacitance and the possible existence of an
intramyocardial pump mechanism are closely related to
capillary volume changes. From Fig. 9 it is seen that there
are substantial volume changes that are larger in the sub-
endocardium (up to 30%) compared with the subepicar-
dium (20%). The volume decreases during systole and
increases during diastole. w(t) has a predominant effect in
the subepicardium, while in the subendocardium « is the
most significant factor.

Uv (mm/sec)

Uv (mm/sec)

Fig. 6. Time-varying outflow velocity into venule (Uy) under same con-
ditions as in Fig. 5.

a=12350

=200

0 0.5 1

Fig. 7. Time-varying entrance discharge (;,) averaged across left ven-
tricular wall (average of subendocardium, midwall, and subepicardium).
Three curves in each figure correspond to the following cases: « = 200
mmHg and w =1 (no length changes), « = 200 mmHg (and w as in Fig.
1C), @ = 1,250 mmHg (and w as in Fig. 1C). IPF = 0.75. Discharge units
are cm3-s~1-10~°, Note rapid filling during diastole, except when there
are no length changes.
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Fig. 8. Time-varying exit discharge Q.. under same conditions as in
Fig. 7. There is a retrograde diastolic flow and increased systolic an-
terograde flow except when there are no length changes.
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Fig. 9. Relative capillary volume change during cardiac cycle as affected
by capillary wall distensibility « and capillary length changes w for IPF
= (.75. A: subepicardial capillary; B: subendocardial capillary. Three
curves in each figure correspond to the following cases: « = 200 mmHg
and w =1 (no length changes), o = 200 mmHg (and w as in Fig. 1C), «
= 1,250 mmHg (and w as in Fig. 1C). Note regional differences and
considerable volume changes for all values of «. These volume changes
result in a pumping effect.
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The variations of the (length-averaged) capillary radius
with time are presented in Fig. 10. The variations are
larger for smaller o (10% in endocardium; 5% in epicar-
dium), whereas for large o the variations are <2%. Op-
posite behaviors are observed for different regions: sub-
epicardial capillaries radii tend to increase during systole
and decrease in diastole, while the opposite is true for
subendocardial capillaries.
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Fig. 10. Time-varying capillary radius as affected by location across left
ventricular wall and capillary wall distensibility. Diameter is averaged
along capillary axis and normalized to reference radius (a,). Solid and
dashed lines represent subepicardial and subendocardial capillaries,
respectively.

DISCUSSION

The distributive analysis presented here allows one to
gain understanding of the complex interactions among
multiple factors affecting the coronary capillary flow and
to assess quantitatively the relative importance of differ-
ent determinants of that flow. This methodology provides
a theoretical framework for the inclusion of additional
factors such as pathological processes, capillary branch-
ing, and more accurate representation of the collagen
fiber interaction with the capillary.

Subepicardial microcirculatory flow. Most of the avail-
able data relates to the flow in the subepicardium.
Tillmanns et al. (38) and Ashikawa et al. (1) measured the
red blood cell velocities in subepicardial arterioles, capil-
laries, and venules. There are substantial differences be-
tween the results of these two studies. Ashikawa et al. (1)
observed a similar pattern of flow in all microvessels with
retrograde flow in early systole, whereas Tillmanns et al.
(38) did not observe retrograde flow, and the flow pattern
in arterioles was opposite to those of capillaries and ven-
ules: reduced systolic flow in arterioles and increased sys-
tolic flow in capillaries and venules.

The difference between the experimental results of the
above two studies may originate from the different spe-
cies (turtle vs. dog) but may also be due to the fact that
measurements were made of absolute red blood cell ve-
locities (measured relative to a fixed observer). These
velocities are the superposition of the red blood cell ve-
locity relative to the capillary wall, the wall axial velocity
(as a result of the length changes of the capillary), and the
lateral motion of the whole microvessel together with the
contracting myocardium. The motion of the myocardium
depends strongly on the tissue fixation conditions, which
were different in these two studies. In the present study,
on the other hand, the velocities U, and Uy were evalu-
ated as net velocities relative to the entrance and exit of
the capillary, respectively, since these velocities deter-
mine the blood supply to the tissue.

In addition, the different fixation conditions might
have introduced artificial restraint and thus influenced
the freedom of length changes of the myocytes and adja-
cent capillaries. Because velocities in the subepicardium
are strongly sensitive to these length changes (Figs. 54
and 64 ), this restraining may be another reason for the

H1837

differences between the above observations.

The present model agrees with the observations of
Tillmanns et al. (38). Still, the above discussion indicates
that this similarity should be regarded with caution.

Phasic flow patterns. It is instructive to compare data
of epicardial arterial flow and venular return with the
model’s predictions of the wall-averaged capillaries dis-
charges Q;, and Q.. Although we are comparing two
different quantities, since the overall coronary response
(as measured in the epicardial vessels) is the combined
contribution of the entire intramyocardial system, the
comparison is important for the following reason. Be-
cause the capillaries occupy a large fraction of the coro-
nary vasculature volume, if the capillary shows patterns
of behavior that are similar to those of the measured
epicardial phasic flows, then this would indicate that cap-
illaries play a substantial role in the overall coronary
response. On the other hand, if the patterns are qualita-
tively different, then the conclusion would be that larger
vessels are predominant and that the role of capillaries is
less important.

Systolic retrograde flow in the coronary arteries was
observed in several studies (e.g., 12, 21, 37). The retro-
grade flow occurs mainly in early systole, followed by
moderate anterograde flow in midsystole, a leveling or
even a decline in late systole, followed by rapid filling in
early diastole (12, 21). Most of the coronary arterial flow
occurs during diastole.

The model predictions for the average capillary inward
discharge @, are compatible with these patterns of be-
havior, as can be seen in Fig. 7. Moreover, the model
predicts that during systole, the pressures in the endocar-
dial arterioles and venules would be much higher than in
the epicardial ones. This also suggests a systolic retro-
grade flow in the arterioles.

Several studies have shown that there is an approxi-
mately 180° phase-shift between arterial and venular flow
in the extramural vessels (e.g., 22). This observation is
compatible with the model’s prediction when comparing
@i, and Q,,, (Figs. 7 and 8).

Another observation is that in systole there is a peak of
flow in the extramural veins (e.g., 21). This is in accord-
ance with the model’s prediction showing peak total
venular outflow (Q,,;) at systole.

The flow to the subendocardial layers slows down dur-
ing systole (e.g., 17), as predicted by the model (Fig. 4B).

Wall distensibility. « turns out to be the key parameter
that determines the pattern of the flow in the endocar-
dium (mainly through the nondimensional parameter ).
In the epicardium, the flow pattern is less influenced by
the value of «. This higher sensitivity to « in the suben-
docardium is explained by the higher interstitial pressure
variations in time that exist there. For large o (hence
large 8), the flow can be approximated as a quasi-steady
flow. Small values of « (and 8) give rise to an intramyo-
cardial pumping phenomena (i.e. alternate anterograde
and retrograde flows) associated with considerable cyclic
changes of capillaries diameter and volume. Thus, from
comparison with the known coronary flow characteris-

tics, it seems more likely that the actual value of « should
be small (in the range of 200-500 mmHg).
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Capillary length changes. The results of Poole et al. (30)
suggest that elastic length changes may occur in the coro-
nary capillaries, as was observed in skeletal muscle for
sarcomere length above 2.1 um. If such changes exist,
then they are the dominant mechanism in the subepicar-
dium, since interstitial pressures are small. From Fig. 1C
and the assumption expressed by Eq. 3, it follows that
capillary length decreases in systole by 20-25% relative to
diastole. This has a direct effect on the volume of fluid
contained in the capillary. In systole, the shortening of
the capillary results in an emptying through both ends.
This increases the outflow at the venular end and de-
creases the inflow (or even gives rise to retrograde flow) in
the arterial end. In diastole, the capillary lengthening
results in pumping of fluid into the capillary. As a result,
inflow through the arterial end becomes stronger and out-
flow at the venular end is reduced (or retrograde flow
increases). Hence, this discharge effect due to the length
changes is in phase with the intramyocardial pumping,
thus increasing its strength.

Interstitial pressure factor. In Evaluation of pressures at
capillary ends, the value of IPF was estimated to be ~0.75
from consideration of the lymphatic drainage (Fig. 2).
The ratio of filtration to capillary discharge increases
monotonically with IPF, since higher IPF leads to a rise
in the capillary pressure and hence to a larger outward
ultrafiltration.

Intramyocardial tissue pressure Pr. Because the level of
intramyocardial pressure in the outer layers is small, it is
mainly in the deeper layers where it influences the flow.
The intramyocardial pressure controls the capillary flow
through two distinct mechanisms. First, it applies stress
on the supplying arteriole and collecting venules, which
causes P, and Py to increase by IPF- Py (see Evaluation
of pressures at capillary ends). Hence, the pressure inside
the capillary P would also increase by IPF-Pt (Eq. 20).
The second effect of Pt is through the stresses it exerts
on the capillary wall. The net result of these two mecha-
nisms is an effective interstitial pressure of (1 — IPF) - Pr.

It was already shown that large values of 8 correspond
to the ability of the capillary to undergo rapid volume
changes. Because Pr is practically uniform along the cap-
illary, its effect would be merely to compress the capillary
without changing the quasi-steady pattern of the flow. For
small 3, a rise in Py in early systole cannot be balanced
immediately by fluid outflow. Hence, the pressure in the
capillary would rise accordingly. The pressure attains
maximum level at midcapillary, and the pressure gradients
cause emptying of the fluid at both ends. In early diastole,
the sudden decline in P cannot be balanced by rapid fluid
filling. Hence, the pressure in the capillary falls, so that
fluid is pumped into the capillary. This is the basis of the
intramyocardial pump phenomena.

Ultrafiltration and osmotic pressure effects. The present
numerical and dimensional analysis shows that both fac-
tors have no significant effect on the flow in the range of
physiological parameters. Filtration due to transmural
hydrostatic pressure difference could, in principle, have a
more significant influence, as revealed by Eq. 19. The
term representing filtration due to transmural hydro-
static pressure differences is A(h? — 1). Since A is of order
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1, then this term becomes significant if the capillary ra-
dius changes significantly during the cardiac cycle, so
that | h2 — 1| > 0. Large variations of the radius are
likely to occur if the wall is distensible (i.e., for small a).
The present analysis suggests that even for the smaller
values of « used (200 mmHg), ultrafiltration does not
become a significant factor in the capillary flow.

Regional differences. The present model predicts differ-
ent flow patterns in the subendocardium vs. subepicar-
dium. This results mainly from the difference in the in-
tramyocardial pressure Pt between these layers. In all
layers, the pressure gradient between P, and Py is the
driving force for the basic flow. But whereas in the sub-
epicardium this is superimposed by the effects of capillary
length change, in the subendocardium the varying intra-
myocardial tissue pressures Py is the most significant
additional mechanism. The net result is that the capillary
contribution to the overall pumping effect is considerably
larger in the subendocardium.

Capillary volume changes. The model predicts capillary
diastolic/systolic volume changes of up to 20% in the
subepicardium and 35% in the subendocardium. These
changes are the result of the capillary length change
(which accounts for a volume change of ~20%) and also
of the radius changes (Fig. 9). Levy et al. (26) reported
that capillary volume decreases by 50% from diastole to
systole. Hoffman and Spaan (20) suggest that because of
the techniques used in that study, the above results may
have somewhat overestimated the dynamic, in vivo vol-
ume changes. With this taken into consideration, the
predictions of the model are compatible with the actual
capillary volume changes.

Tillmanns et al. (38) report that capillary radius in the
subepicardium decreases by 34% between diastole and
systole. The results of Ashikawa et al. (1) and Poole et al.
(30) suggest that the changes in radius are very small. The
present analysis predicts a decrease of radius in endocar-
dial capillaries during systole but an increase in the sys-
tolic radius for subepicardial capillaries with high exten-
sibility (low «). This radius increase of subepicardial
capillaries during systole is the result of increased systolic
pressures P, and Py at both ends of the distensible cap-
illary, while the surrounding intramyocardial pressure Pt
is negligible there. Stiffer subepicardial capillaries show
little diastolic-systolic radius change, a result compatible
with some of the above data.

Capillary collapse. The assumption that coronary mi-
crovessels collapse is based on the existence of very large
pressure differences across the capillary wall as a result of
high tissue pressure in the endocardium. The present
analysis shows, however, that a rise in the tissue pressure
is followed by rise in the capillary pressure. Thus the
effective pressure difference across the capillary wall as a
result of the tissue pressure is ~25% of the tissue pres-
sure value. This suggests that capillary collapse is less
likely to occur.

The present numerical simulations did not demon-
strate collapse in the capillaries, although higher capillary
distensibility may in principle give rise to partial or total
collapse. A more detailed study is needed of capillary wall
mechanics and of the effect of the collagen struts
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throughout the cardiac cycle before a realistic analysis of
the possibility of collapse can be carried out. There are,
however, other observations in the literature that shed
light on this issue. Because during systole the collagen
struts were found to be taut (6), it does not seem reason-
able that collapse of capillaries could occur during systole.
During diastole the interstitial pressure is low so that
diastolic capillary collapse seems unreasonable as well.

Model analysis. The present work deals with a model of
a single straight capillary with uniform properties. As
with any model, detailed comparison between theory and
experiment should be done with caution. The main role of
a model is to assess the role and importance of various
properties and/or parameters, as discussed above in de-
tail. This holds true also when comparing results of a
single capillary with experimental results from a network.
The assumed capillary geometry of a network of isolated
parallel long vessels is obviously only an approximate
representation of the essence of the coronary capillary
system. A more realistic picture should consider also the
cross-connections between neighboring capillaries (at
distances of ~75 um from each other) and some degree of
branching. Analysis of such a network should regard the
time-varying pressures at the network junctions as un-
known functions, resulting in a system of nonlinear equa-
tions. A solution is possible if realistic data become avail-
able on the network geometry, including its multiple
hydraulic connections with the supplying arterioles and
collecting venules. In addition, data on the branching of
capillaries and on the nonuniformity are required. In the
framework of such a network, the present model of a long
single vessel is applicable for vessel segments that are long
(e.g., portion of capillaries between cross-connections).
The three-dimensional aspect of the capillary system can
be incorporated just as well by considering neighboring
vessels at adjacent myocardial layers, which are loaded by
slightly different tissue pressure and interconnected by
translayer cross-connections.

Yet despite the present model limitations, the analysis
provides results for the combined capillary flow that ex-
hibit similar characteristics to the measured phasic coro-
nary flow. This suggests that the present approach is
generally correct and that some important flow-control-
ling mechanisms have been correctly dealt with.

Conclusions. The following conclusions are made.

First, the analysis shows the existence of regional dif-
ferences in the coronary flow. In the epicardium, the cap-
illary flow is essentially quasi-steady, driven by the pres-
sure difference between the capillary ends. In the
endocardium, the capillary flow pattern is more complex
and is reminiscent of an intramyocardial pump.

Second, the interstitial pressure is a key factor in con-
trolling capillary flow in deeper left ventricular layers.
The extent of its influence is determined by the wall
distensibility. In particular, intramyocardial pumping ef-
fects are associated mainly with high capillary distensi-
bility (small «). Because there is a possibility of variation
in the elastic response of the wall during the cardiac cycle,
it is important that in future studies this topic will
be studied in detail based on realistic microstructural
features.

Third, although the speculated capillary cyclic length
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changes may occur in all myocardial layers, their effect
turned out to be most significant in the outer layers of the
left ventricular wall where intramyocardial pressure is
low. The length changes result in an additional pumping
effect, which although smaller than the one associated
with wall distensibility, acts in phase with it.

Finally, the pressure inside a subendocardial microves-
sel is augmented by ~75% of the interstitial tissue pres-
sure around it. This suggests smaller pressure differences
across its wall and a flow from the inner layers to the
superficial ones during systole, which results in overall
retrograde systolic flow.
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