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Abstract. The effect of uncertainties and noise on a quantity of interest (model output) is often better described
by its probability density function (PDF) than by its moments. Although density estimation is a
common task, the adequacy of approximation methods (surrogate models) for density estimation has
not been analyzed before in the uncertainty-quantification literature. In this paper, we first show
that standard surrogate models (such as generalized polynomial chaos), which are highly accurate
for moment estimation, might completely fail to approximate the PDF, even for one-dimensional
noise. This is because density estimation requires that the surrogate model accurately approximate
the gradient of the quantity of interest and not just the quantity of interest itself. Hence, we develop
a novel spline-based algorithm for density estimation whose convergence rate in L7 is polynomial in
the sampling resolution. This convergence rate is better than that of standard statistical density
estimation methods (such as histograms and kernel density estimators) at dimensions 1 < d < gm,
where m is the spline order. Furthermore, we obtain the convergence rate for density estimation
with any surrogate model that approximates the quantity of interest and its gradient in L°°. Finally,
we demonstrate our algorithm for problems in nonlinear optics and fluid dynamics.
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1. Introduction. Uncertainties and noise are prevalent in mathematical models in all
branches of science. In such cases, the solution of the (otherwise deterministic) model be-
comes random, and so one is interested in computing its statistics. This problem, some-
times known as forward uncertainty propagation, arises in various areas such as biochemistry
[32, 34], fluid dynamics [6, 21, 30, 34], structural engineering [47], hydrology [7], and nonlinear
optics [41].

In many applications, one is interested in computing the probability density function (PDF)
of a certain “quantity of interest” (output) of the model [1, 6, 7, 21, 32, 41, 53]. Often, den-
sity estimation is performed using standard uncertainty propagation methods and surrogate
models [22, 47], such as stochastic finite element and generalized polynomial chaos (gPC)
[23, 35, 46, 59], hp-gPC [56], and Wiener—-Haar expansion [31], since these methods can
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approximate moments with spectral accuracy [60, 61]. In this paper we show, however, that
methods which are robust and highly accurate for moment approximation are not necessarily
so for density estimation. To the best of our knowledge, this observation has not been made
before in the UQ literature.

Why is it then that robust moment approximation does not imply robust density estima-
tion? This is because the quantity of interest f(a) and its PDF pg(«) are explicitly related

by (see Lemma 4.1)
(@)
pf<y) = Z c/ )
17

where « is the one-dimensional random parameter and ¢(«)da is its distribution. This formula
and its multidimensional counterpart (Lemma 5.2) show that even if f is well approximated
by a function g in L9, the corresponding density p, might not be a good approximation of p;.
Indeed, for p, to approximate p¢, then ¢’ needs to be close to f/, and ¢'(c) should also vanish
if and only if f/(a)) does. These conditions might not be satisfied by some of the above-
mentioned standard UQ methods. In contrast, spline interpolation approximates both the
function and its gradient [3, 25, 40, 44] and does not tend to produce spurious extremal points.
Therefore, we construct a novel algorithm for density estimation in uncertainty propagation
problems using splines as our surrogate model. With cubic splines, our density-estimation
algorithm has a guaranteed convergence rate of at least h3, where h is the maximal sampling
spacing (resolution). More generally, with splines of order m, the convergence rate is at
least h'™. These rates are superior to those of the standard kernel density estimators (KDEs)
[51, 58] for noise dimension 1 < d < gm. Our choice of splines is motivated by the availability
and efficiency of one- and multidimensional spline toolboxes. Nevertheless, other surrogate
models can be used in this algorithm, and indeed this paper lays the theoretical framework for
deriving the convergence rate of such methods (Corollaries 4.8 and 5.5). We show, essentially,
that density estimation convergence can be performed with any surrogate model for which
the L error of both the function and its gradient converge to zero as the spacing resolution h
vanishes. Because we only rely on solving the underlying deterministic model (i.e., our method
is nonintrusive), and because interpolation by spline is a standard numerical procedure, our
proposed method is very easy to implement.

While the focus of this paper is on density estimation, we also consider the problem of
moment estimation using a small sample size. Traditionally, the error bounds of moment
estimation for spectral methods (e.g., gPC) are obtained asymptotically as N, the number of
samples, goes to infinity. In some applications, however, each solution of the deterministic
model is computationally expensive and so the number of samples is limited to, e.g., N <100.
Hence, spectrally convergent methods might fail to attain the desired accuracy due to in-
sufficient sampling resolution, even for one-dimensional noise. In contrast, the spline-based
method approximates moments accurately even when the sample size is small. In addition,
high derivatives and discontinuities have little effect on our method’s accuracy, due to the fact
that spline interpolation is predominantly local (see section 4). Another advantage over gPC
is that splines are not limited to a specific choice of sampling points.

The paper is organized as follows. Section 2 introduces the general settings and notation
and presents several density-estimation applications from the forward uncertainty propagation
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literature. Section 3 reviews standard statistical density-estimation methods (histogram,
KDEs) and the gPC method for moment and density estimation. In section 4 we present
our spline-based algorithm for moment and density estimation in the one-dimensional case.
We then prove that the density-estimation error scales as N~ where N is the number of
samples and m is the order of the splines (Theorem 4.7). Section 5 generalizes our algorithm
to d-dimensional noises using tensor-product splines of order m. This section also contains our
key theoretical result (Theorem 5.3), that the density-estimation error in the d-dimensional
case scales as N~ @ .

In section 7 we compare numerically the moment-estimation and density-estimation accu-
racy of our spline-based method with that of gPC and KDE in one dimension. In addition, in
section 6.4 we show that both gPC and our spline-based method can approximate moments
and the PDF of certain nonsmooth quantities of interest. We conclude this section with two-
and three-dimensional numerical examples (section 6.5). In all cases, the density-estimation
errors are consistent with our error estimates (Theorems 4.7 and 5.3). We use our method to
compute the PDF of the rotation angle of the polarization ellipse in nonlinear optics (section
7) and the PDF of the shock location in the Burgers equation (section 8). In all these cases,
we confirm that the spline-based density estimation converges at least at a cubic rate and
observe that the spline-based moments are more accurate than the gPC ones for small sample
sizes. Section 9 concludes with open questions and future research directions.

2. Settings and computational goals. We consider initial value problems of the form
(2.1) u(t, x;a) = Q(u, x;)u, u(t=0,x;a) = up(x; ),
where x € R%, @ is a possibly nonlinear differential operator, and & € Q C R™ is a random
variable which is distributed according to a continuous weight function ¢(e), the PDF of
the input parameters, such that [, c(a)do = 1. The randomness of u(t,x;a) is due to the
dependence of @ and/or up on a.

For a given quantity of interest f(a) = f(u(t,x));a)), we may wish to perform the

following;:
1. Moment estimation. Compute the mean, variance, or standard deviation of f(a):

(2.2)
EJﬁ:iAfmﬁﬂWM, Var [f] := [Ea [fII* = Ea [IfI?] . o(f) :=+/Var[f].

2. Density estimation. Compute the PDF of f(a):

(2.3a) p(y) =——, yeR,

where P is the cumulative distribution function (CDF),

(2.3b) P(y) := Prob{f(a) < y}.
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2.1. Applications. Two examples of density estimation in UQ which will be discussed
in this paper are the effect of shot-to-shot variation in nonlinear optics (section 7) and hy-
drodynamical shock formation (section 8). We briefly present two other examples of density
estimation in the UQ literature, for which our method can also be applied:

1. Out-of-equilibrium chemical reactions. Belosouv—Zhabotinsky type systems model
out-of-equilibrium chemical reactions. One concrete system is the Oregonator [18],

dX
o kY — ko XY + ks X — kg X2,
dY

E - —]{51Y—k2XY—|—]€5Z,

dz

— =k3X —ksZ

dt 3 54,

where X, Y, and Z are the concentrations of three different chemical species, and
{ki}?zl are the rate parameters, often estimated empirically [34]. For large val-
ues of t, this system exhibits sustained, temporal oscillations with a frequency F =
F(ki,...,ks). To deal with an uncertainty in the parameters k4 and ks, the authors
of [32] computed the moments of XY, Z, and the PDF of the oscillations frequency
F. This is an example of (2.1)—(2.3) with & = (k4,ks) and f= X, Y, Z, and F.

2. Heat convection. Consider the flow of a fluid in a two-dimensional box x = (z,y) €
[x1, z2] X [y1, y2], which is modeled by the Navier-Stokes like equations

00

V-u=0 - V0 = V30
u M 8t+u b)

ou

n +u-Vu=-Vp+PrViu+ F(u,6),

where u(t, x; @) is the fluid velocity, p(t, x; ) is the pressure, 6(t,x; a) is the temper-
ature, Pr is the Prandtl number, and F' is the buoyant force [21]. The temperature is
a known constant 6y on one side of the box but is random on the other side, i.e.,

H(t)$17y) = 907 e(ta Z2, y) = el(yaa) .

The PDF of the pressure and of the velocity were computed in [53] when 0;(y; ) =
01(a) and « is uniformly distributed in [Gmin, ¥max] and in [21] when 6;(y; ) is a
Gaussian random process.

3. Review of existing methods. We briefly present the standard methods in the literature
for (2.1)—(2.3).

3.1. Monte Carlo method, the histogram method, and kernel density estimators.
Given N independently and identically distributed (i.i.d.) samples {a; };.V:l, the simplest mo-
ment estimator is the Monte Carlo approximation E, [f] & + ZnN:1 f(ay). The Monte Carlo
method is intuitive and easy to implement. The main drawback of this method is its slow
convergence rate of O(N~1/2). In cases where each computation of f(a;) is expensive (e.g.,
when it requires to solve numerically (2.1) with & = a;), this slow convergence rate can make

the Monte Carlo method impractical.
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Density estimation using N ii.d. samples of f(a), denoted by {f; };.V:l, is a fundamental
problem in nonparametric statistics. A widely used method for density estimation is the
histogram method, in which one partitions the range of f(a) into L disjoint bins {B,} eLzl and
approximates the PDF p with the histogram estimator
1 L
(3.1) Phist(y) := — » (# of samples for which f; € By) - 1p,(y),

N
=1

where 1p, is the characteristic function of bin B, [58]. An alternative family of estimators,
unlike the histogram method that can provide a smooth PDF, is KDEs

N .
(3.2) Prde(y) : = T\}h E K (y _hfj) ,
=1

where h > 0 is the “window size” and K is the kernel function (e.g., K(t) = (2r) 1/2e1"/2);
see [51, 58]. The L' error of the KDE method asymptotically scales as N~2/% [13].] As with
the Monte Carlo method, this rate is too slow when each evaluation of f; is computationally
expensive.

3.2. Generalized polynomial chaos. The Monte Carlo method, the histogram method, and

KDE are all statistical methods, in the sense that they only rely on the sampled values { f; };V: 1

N

Much more information can be extracted from {f; }j:1 if the two following conditions hold:

1. The “original” {aj};yzl for which f(a;) = f; are known.

2. f(a) is smooth.?
These two conditions often hold in the general settings of section 2. In such cases, a powerful
numerical approach, gPC, can be applied [22, 23, 35, 59]. For clarity, we review the gPC
method for a one-dimensional random variable «;, i.e., ? C R.

We define the set of orthogonal polynomials {p,(z)};2, with respect to c¢(«) by the con-
ditions [48]

(3.3) Deg(pn) =n, /Qp;’;(oz)pm(a) cla)da = 0pm ,

where p;, denotes the complex conjugation of p,,. This family of orthogonal polynomials
constitutes an orthonormal basis of the space of square integrable functions, i.e., for all
feL*(0),

(3.4) fla)=> " fn)pn(a),  f(n) ::/f(a)pn(a)c(a)da, n=01,....
n=0 Q

This expansion converges spectrally for the classical families of orthogonal polynomials, e.g.,
the normalized Hermite and Legendre polynomials.® Specifically, if f is analytic, the truncated
expansion (3.4) has the exponential accuracy

!The mean L? error (the squared root of the “MISE”) also asymptotically scales as N-3 [51, 58].
?In section 6.4 we show how our method can be extended to nonsmooth functions.
3That is, if f is in C", then {f(n)} < en™", and if f is analytic, then |f(n)| < ce™ ™, for some ¢,y > 0.

© 2020 and American Statistical Association



Downloaded 02/04/20 to 160.39.60.53. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

266 ADI DITKOWSKI, GADI FIBICH, AND AMIR SAGIV

~ Ce N N>1,
2

N-1 .
(3.5) Hf(a) = f()pa(@)
n=0

for some constants C,vy > 0 [50, 57, 59].

The expansion coefficients {f(n)} (see (3.4)) can be approximated using the Gauss quad-
rature formula E, [g] ~ Z;Vﬂ g(a;)w;, where {o; }jvzl are the distinct and real roots of py(«),
wj = [olj(a)du(e) are the weights, and () are the Lagrange interpolation polynomials
with respect to {aj}j.v:l [9], yielding

N

Zf(ozj)pn(aj)wj, n=0,1,...,N—1.
j=1

(3.6) f(n) ~ fn(n):

The gPC collocation approximation is defined by
N—-1
(3.7) F) = fn(n)pa(e),
n=0

where {fx(n)}Y=} are given by (3.6); see [60].
The spectral accuracy of the gPC approximation in L? implies a similar accuracy for the
approximation of moments.

Corollary 3.1. Let f be analytic, and let f3F¢ be its gPC collocation approzimation of or-
der N; see (3.7). Then the moments (2.2) of f can be approzimated by the respective moments
of f8° with exponential accuracy as N — co.

Proof. See Appendix A. |

For a smooth quantity of interest f, this spectral convergence rate is superior to the Monte
Carlo’s 1/ VN convergence rate, which explains the popularity of the gPC collocation method.

In [41] we used the gPC approximation for moments and density estimation. Because of
its spectral accuracy (Corollary 3.1), the number of sample points that is required for gPC to
achieve a certain precision is considerably smaller than for Monte Carlo. To the best of our
knowledge, however, there is no convergence result for density estimation using gPC which is
analogous to Corollary 3.1.

Algorithm 3.1 can also approximate nonsmooth quantities of interest f(«), as long as
u(-;ar) is smooth; see section 7 and [41]. The choice of the histogram method in step 4 is
discussed in section 9.

The evaluation of {f(uf(, dm))}i\r/le in step 3 is computationally cheap, as it amounts
to a substitution in a polynomial. Therefore, there is essentially no computational cost for
choosing M to be sufficiently high for the histogram method. This algorithm is also nonintru-
sive, in the sense that it only requires direct simulations of the deterministic system (2.1) with
specific o; values (as opposed to, e.g., Galerkin-type methods [12, 31, 61]). Our choice of the
histogram method for density estimation will be explained in section 4.1.

4. Density estimation and spline-based UQ. Despite the prevalence of surrogate models
in numerical methods and of density estimation in UQ applications [1, 6, 7, 21, 32, 41, 53], to
the best of our knowledge, the adequacy of surrogate models for density estimation has not
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Algorithm 3.1. gPC-based estimation [41].
Let {aj,wj}j.v:l be the points and weights of the Gaussian quadrature rule of order N that

correspond to the weight function c(a), and let {p,(a)},, be the respective orthogonal
polynomials.
1: For j =1,...,N, solve (2.1) with o = a; to obtain u (t,x; o).
2: Approximate
u(t, ;) = ufFe(t,x; ),

where
uSy (8, x5 @) - ZuNtxnpn()
and
N
ﬂN(u,x;n):an(aj)u(t,x;aj)wj, n=0,...,N—1.
j=1

3: Approximate f(&m) ~ f(usP°(-,@m)) on a sample of M > N points {&m,}2_| which are

i.i.d. according to c(a).
if goal is moment estimation: then

Use the trapezoidal integration rule with {f (dm)}%zl to approximate E,[f].*
else if goal is density estimation: then

Use the histogram method (3.1) with {f(dm)}%zl to estimate the PDF of f.
end if

been addressed in the UQ literature. To study this problem, we first write an explicit relation
between a function f : ) — R and the PDF that it induces on R.

Lemma 4.1. Let f be a real, piecewise monotone, continuously differentiable function
on [a,b], where —o0o < a < b < oo, and let p be an absolutely continuous probability mea-
sure on [a,b], i.e., there is c € L ([a,b]) such that du(a) = c(a)da. Then

c(ay)
(4.1) pry) = >
floyey 1)

where p(y) is the PDF of f.
Proof. See Appendix C. |

Because polynomial approximations (e.g., gPC) tend to be oscillatory, they “add” many
artificial extremal points. Hence, by Lemma 4.1, the PDFs that they induce might deviate
considerably from the exact one. To elucidate this point, in Lemma 4.2 we consider a smooth
function f which is approximated by a highly oscillatory function g. In this example, having
an upper bound on ||f — g||, for some r > 1 does not yield an upper bound on |ps — pyllgs

4Any standard integration technique could work here, provided sufficient smoothness. If f (a) is smooth,
one can approximate E, = f(0) = fn(0); see [59].
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where py and p, are the PDFs induced by f(«) and g(«), respectively, and ¢ > 1, because of
the numerous “artificial” extremal points of g.

Lemma 4.2. Let Q = [0, 1] equipped with the Lebesgue measure. Under the above notation,
for every e > 0, there exist two functions f and g such that || f—g||ec < €, but [[pr—pgllec > 1/2.

Proof. Let f(a) = a and g(a) = a + 6sin((26) 'a). By direct differentiation ¢'(a) =
1+ 2 1cos((20)"ta) and f'(a) = 1. Since f is monotone, and since g is monotone for
sufficiently small §, then by Lemma 4.1 with ¢(a) = 1, and so ps(y) = 1/f/(f71(y)) = 1
and py(y) = 1/¢'(¢7(y)). Specifically, there exists y € R such that py(y) = 1/2, and so
lpf — Pglloe > 1/2, irrespective of || f — gljcc = 6, which can be made arbitrarily small. [ ]

Remark 4.3. A similar argument also shows that || f — g|| does not control ||py — pg|l4 for
any 1 < q,r < oo.

To propose a surrogate model for which accurate density estimation is guaranteed, we first
note that fgpc( ) is the interpolating polynomial of f of order N —1 at the Gauss quadrature
points {«; }jzl [8, 27]. This suggests that other interpolants of f(«) can be used in Algorithm
3.1. In what follows, we argue that for our computational tasks, splines provide a better way
to approximate f(«a) and its associated PDF.

We recall that splines are piecewise polynomials of degree m, with £ < m smooth de-
rivatives. Given an interval Q = [(min, Omax] and a grid amin = a1 < @ < -+ < ay =
Qmax, the interpolating cubic spline sy (a) is a C2, piecewise-cubic polynomial that interpo-
lates f(«) at {ozj}Nﬂ, endowed with two additional boundary conditions. Three standard

choices are (i) the natural cubic sphne for which 7= f\?lme(al) = % SPline () = 0, (ii) the
“not-a-knot” sphne for Wthh ]S\?hne is contlnuous at ag and an_1, and (iii) the clamped

spline, for which - d popline ) — 4 f(a;) for j = 1, N. Our decision to use splines is motivated
by the following reasons:
1. The error of spline interpolation is guaranteed to be “small” for any sample size, in
the following sense.

Theorem 4.4 (see [3, 25]). Let f € C"™*! ([cumin, max]), and let f327 be its “not-a-knot,”
clamped or natural mth-order spline interpolant. Then

(4.2)

1) = @) g < O™ [0 27 G =00 m 1,

where C’S(g’lm) > 0 is a universal constant that depends only on the type of boundary condition,
m, and j, and Amax = 1%‘85\7|aj — 1.

2. Spline interpolation is predominantly local. For further details, see Appendix B.
Thus, although fSphne( ) depends on {f(a1),..., f(an)}, it predominantly depends on
the few values f(coy) for which a; is adjacent to . Therefore, large derivatives and
discontinuities of f(c) may impair the accuracy of fr’ e (o) only locally.” This is in

contrast to gPC (and polynomial interpolation in general), where discontinuities and

5For a review of cubic splines that are strictly local, see [4].

© 2020 and American Statistical Association



Downloaded 02/04/20 to 160.39.60.53. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DENSITY ESTIMATION USING A SURROGATE MODEL 269

Algorithm 4.1. Spline-based estimation.

Let A ={aj,...,an} be a uniform grid on [amin, ¥max]-
1: For each o € A, solve (2.1) with o = «; to obtain u (¢, x; o).

2: Approximate u(t,x; ) ~ u?@hne(t, x; a), where u?\l?hne is a cubic spline interpolant on A.

3: Approximate f(dm,) ~ f(u2™(-,dn)) on a sample of M > N points {am}2_, which
are i.i.d. according to ¢(«).
if goal is moment estimation: then
Use the trapezoidal integration rule with {f (dm)}%zl to approximate E,[f].
else if goal is density estimation: then
Use the histogram method (3.1) with {f(dm)}f\,/{:l to approximate the PDF of f.

end if

large derivatives of f decrease the approximation accuracy across the entire domain.
In addition, splines can be constructed using any choice of sampling points.
In light of these considerations, we propose to replace the gPC interpolant with a spline.

Remark 4.5. See Appendix D for a MATLAB implementation of this algorithm.

Which cubic spline should be used in line 27 If f/(ain) and f'(amax) are known, then one
should use the clamped cubic spline (or the natural cubic spline if these derivatives are zero).
When the boundary derivatives are unknown, however, the “not-a-knot” interpolating cubic
spline should be used (as indeed was done in this manuscript). See [4] for further discussion.

Algorithm 4.1 is identical to Algorithm 3.1, except for two substantial points:

1. The sampling grid is uniform, rather than the Gauss quadrature grid.’

2. The gPC interpolant u%“ is replaced by a cubic spline interpolant u?{,’hne.

Remark 4.6. This method is not to be confused with spline-smoothing, in which one ap-
proximates the PDF p with splines [15, 55]. Thus, Algorithm 4.1 approximates u with a spline,
but the resulting approximation of the PDF p is not a spline.

4.1. Accuracy of Algorithm 4.1 for density estimation. The density estimation error of
Algorithm 4.1 has two components—the error of the spline approximation (line 3) and that
of the histogram method (line 7).”

The accuracy of the histogram method in line 7 depends on the number of bins L and on
the number of samples M at lines 3 and 7. If the number of bins is chosen to be

Hf’\\%[maxf—mmﬂ)%

1
(4.3) Lopt = KfM_§ , Kf = < 6

S Algorithm 4.1 can be performed with any choice of grid points. For clarity, we present it only with a
uniform grid.

"In terms of density estimators, this can be explained by the following argument. Denote by p, px, and DN, M
the density of f, fy and the density estimator of Algorithm 3.1 or 4.1, respectively. Then the approximation
error (in any norm) satisfies ||p — pn,m|| < |lp—pn ||+ |lpv — Pw,a||. The second term vanishes as M — oo and
L is given by (4.3), in which case the density estimation error is roughly the bias incurred from approximating
by fn.
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the mean squared L? error (MISE) of the histogram method decays as M -5 [58].% Because
the computational cost of increasing L and M is negligible, they can be set sufficiently large
so that the accuracy of Algorithm 4.1 mainly depends on the difference between the PDFs of
f and fjs\})hne, denoted by py and py,, respectively. We motivate the choice of the histogram
method to estimate the density by four factors:
1. Implementing the histogram method is straightforward and can be done with a few
lines of code (see Appendix D).
2. The accuracy of the histogram method can be improved and controlled by varying the
number of samples M, with a negligible computational cost.
3. The histogram method can be used even when the quantity of interest f is not smooth.
4. The histogram method can be used for a multidimensional random parameter a.
In principle, we could have used the explicit relation (4.1) to compute the PDF. Because this
approach does not have the above advantages, however, the histogram method was chosen.

4.2. Accuracy of spline-based density estimation. In section 4.1 we showed that the
accuracy of density estimation of Algorithms 3.1 and 4.1 is determined by the error of approx-
imating the density with that of the surrogate model, and not by the error of the histogram
method. By Lemma 4.1, if f/(«) is bounded away from zero, then p is smooth. As noted,

however, the gPC polynomial interpolant f§°(c) tends to be oscillatory, and so it might add

artificial extermal points where % 3¥¢(a) = 0; see, e.g., Figure 2(c). At every such point
where % I8¢(a) = 0, the PDF approximation becomes unbounded, and so a large error in
the PDF estimation occurs. This is seldom the case with the spline interpolant, which due
to its local nature (see Lemma B.2) does not produce numerical oscillations throughout its
domain €). Indeed, the natural cubic spline fzs\}ﬂine (a) has the “minimum curvature” property,
which implies that it oscillates “very little” about the original function [38]. This notion is

made precise by the following result.

Theorem 4.7. Let f € C™([omin, max]) with |f'(a)] > a > 0, let a be distributed
by c(a)da, where ¢ € C'([0tmin, Omax)), and let ps and py, be the PDFs of f(a) and of
v = ]s\})hne, its natural, “not-a-knot,” or clamped mth order spline interpolant on a uniform

grid of size N. Then, for any 1 < ¢ < 0o

201" | £+

a

( max — amin) y

@8 lpr=pale SENT N> \/

where C’S(Il)im) is given by Theorem 4.4 and K depends only on f(«), c(a), q, and |omax — Qmin|-
Proof. See Appendix E. |

The proof of Theorem 4.7 only makes use of two properties of spline interpolation: the
accurate approximation of the function and its derivative in L°°, and the uniform bound on
the second derivatives (Theorem 4.4). Therefore, Theorem 4.7 immediately generalizes to a
broad family of surrogate models, denoted by {gn}.

8In practice, f and f’ are often unknown, and so K needs to be estimated.
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Corollary 4.8. Let f(a) and c(a) be as in Theorem 4.7, and let gy € C([tmin, Omax]) be a
sequence of approximations of f for which

If =gl [If —gnllo < KENTT, lgillec < Cy < 00,
where T > 0, Cy, and K are independent of N. Then
Ipf —pgnllg < KN°T

for any 1 < q < oo, where pr and pg, are the PDFs of f(a) and gn (), respectively, and K
is independent of N.

Remark 4.9. If f is only piecewise C™*1, then N~™ convergence is guaranteed when the
grid points include the discontinuity points of f(«), since the proof can be repeated in each
interval on which the function is C"*! in the same way.

Remark 4.10. Although Theorem 4.7 applies only to functions whose derivatives are bounded
away from 0, in practice we observe cubic convergence for nonmonotone functions as well (see
section 7). Whether Theorem 4.7 generalizes to nonmonotone cases is unclear.

In our numerical simulations (see Figures 2, 4, 8, and 9), we observe that the cubic
convergence is often reached well before N satisfies (4.4). We also observe that the density
approximation error ||ps — py,|[1 decays at a faster than cubic rate. A possible explanation
for this observation is provided by the following.

Lemma 4.11. Assume the conditions of Theorem 4.7 for m = 3, and let Jy be the number
of times that %(f(a) — ]S\I,)hne(oz)) changes its sign on [Qmin, Omax)- If JN = O(N") for
0 <r <1, then |lpf — psylli < KN~ Specifically, if Jn is uniformly bounded for all
N €N, then |lps — prylli < KN4

Proof. See Appendix F. [ |

4.3. Accuracy of moment estimation. While the main focus of this paper is on density
estimation using a surrogate model, we also point out two disadvantages of the gPC method
for moment estimation:

1. The spectral convergence of the gPC method is attained only asymptotically as the
number of sample points N becomes sufficiently large. For small or moderate values
of N, however, its accuracy may be quite poor, due to insufficient resolution, and the
global nature of spectral approximation.

2. The sample points {o; }j\;l of the gPC method are predetermined by the quadrature
rule. Therefore, if one wants to adaptively improve the accuracy, one cannot use the
samples from the “old” low-resolution grid in the “new” high-accuracy approximation.

Similarly to density estimation, the error of the moment estimation of Algorithm 4.1 comes
from both the numerical integration (line 5) and interpolation (line 2). The trapezoidal rule
integration error can be made sufficiently small by increasing the number of samples M at
line 3, at a negligible computational cost. Moreover, if ¢(a) = 1, the integration over j"]s\l,ahne
can be done exactly.” Hence, the moment estimation error of Algorithm 4.1 is determined by
the accuracy of the spline interpolation.

9When f is sufficiently smooth and « is uniformly distributed, one can approximate Eo[f] ~ Eq ff\}’“ne] and
compute the right-hand side explicitly (in MATLAB, this can be done using the fnint command).
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Corollary 4.12. Let f € C* ([oumin, Omax]), let fjs\})hne be the natural, “not-a-knot,” or clamped
cubic spline interpolant of f, and let o be distributed by c(«)da, where c(a) > 0, and
[omexc(a) da = 1. Then

Gmin

[Ealf] - Ealf3p™ )| <

Spl ||f||00 max ’
where C( 1) and hmax are defined in Theorem 4.4.

Proof. By Theorem 4.4, || f — fjs\})hneHoo <C O)Hf

< Cgpl Hence,

llOO max-*

[ @) - 38 (@)) et da
<=1l |

Qmin

Qmax

c(@da <||f = ™| 1< CQIF Dkt ®

Typically, C’( ) < 1. For example, for the natural and “not-a-knot” cubic spline, C(pl) is

equal to @ and 25, respectively [4, 25]. On a uniform grid, h; = “mac—qmin for 1 < j < N,
and 50 Eo[f] — Eo [/ = O(N—9).

As N — oo, the polynomial convergence rate of the spline approximation (Corollary 4.12)
is outperformed by gPC’s spectral convergence rate (Corollary 3.1). Quite often, however, the
spline approximation is more accurate for moderate N values. To see that, note that by (3.3),
(3.6), and (3.7), Eo[f5°] = Zjvzl f(oj)w;, which is the Gauss quadrature rule. Hence, if
f € C?N, then
FEN©)
k% (2N)!’
where ky is the leading coefficient of py (c) [9]. If for small N, || f?N) || increases faster than
kJQV(2N )!, the error initially increases with N. In these cases, the exponential convergence
is only achieved at large N.' Even when gPC does converge exponentially, i.e., |E, [f] —
Eq| gpc” < Ke™ "™ but v is small, then the error of the spline approximation may be smaller
for moderate values of N ; see, e.g., Figure 1(c). To conclude, the accuracy of spline-based
moment approximation is guaranteed also with few samples, and not only asymptotically
as N — oo.

é € (amin7 amax) 5

Ealfl_Ea[ 1%/?(:] =

5. Multidimensional noises. To generalize the spline-based density-estimation approach
(Algorithm 4.1) to the case where a € Q = [0, 1], we use tensor-product splines, which are
defined in the following way. Let m > 1, let f(a) € C™*1(Q), let A be the one-dimensional
grid 0 = a; < -+ < ap, = 1, and let A¢ be the respective d-dimensional tensor-product
grid. An mth degree tensor-product spline interpolant of f is a function s(a) € C™~1(Q) that
interpolates f on A% and reduces to a one-dimensional mth degree spline on every line on A%
see [44] for a more precise definition.!!>'?> The multidimensional extension of Algorithm 4.1
for density estimation is as follows.

0For example, if the numerator grows as K2V, the error only decays for N > K.

"That is, when d — 1 coordinates of a are fixed in A.

12s(cu) is unique when endowed with sufficiently many boundary conditions; see the discussion on the one-
dimensional case in section 4. Theorem 5.1 holds for many possible choices of boundary conditions, including
the not-a-knot conditions which we have also used in our simulations.
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Algorithm 5.1. Multidimensional spline-based density estimation.

Let A% = {ay,...,an}? be a tensor-product uniform grid on [0, 1]%.
1: For each aj € A9, solve (2.1) with a = @; to obtain u (¢, x; ¢;).
2: Approximate u(t, x; @) ~ u?\rf)lme(t, x; @), where u?{,’hne is a tensor-product spline interpolant
of order m on A% _
3: Approximate f(a,,) ~ f(u?\l?hne(-,dm)) on a sample of M > N points {&m}%zl which
are i.i.d. according to c(a).
4: Use the histogram method (3.1) with {]”((317,1)}>7J\7f:1 to approximate the PDF of f.

As in the one-dimensional Algorithm 4.1, the analysis of the density-estimation error in
Algorithm 5.1 is based on two components:
1. A pointwise error bound for tensor-product spline interpolants, due to Schultz, as in
the following.

Theorem 5.1 (see [40, 44]). Let Q = [0,1]¢, f € C™(Q), and let s(a) be its mth degree
tensor-product spline interpolant. Then for any a € 2,

(5.1) IDI(f —s)| <Cph™ 7, j=0,1,...m—1,

where D7 is any jth order derivative,"® Cp, = Cp (|| D™ flloo) depends only on the L™ norms
of the m + 1 order derivatives of f, and h = maxi<j<pn |aj4+1 — .

1’14

2. A multidimensional generalization of Lemma 4. as follows.

Lemma 5.2. Let Q C R? be a Jordan set, denote by |- | the Euclidean norm in R?, let f be
piecewise-differentiable with |V f| # 0 on €, let a be an absolutely continuous random variable
in €, i.e., du(a) = c(a)da for some nonnegative ¢ € L*(Q), and denote the PDF associated
with f(a) by py. Then

S VR
(5.2) pr(y) = M(Q)fz) IV f(a)| do,

where do is a (d — 1) dimensional surface element on f~1(y).
Proof. See Appendix G. [ |

The generalization of Theorem 4.7 to the case of multidimensional random parameter is
as follows.

Theorem 5.3. Let Q = [0,1]4, let m > 1, let f € C™(Q), let s be the m-degree tensor-
product spline interpolant of f, let a be uniformly distributed in €, and let py and ps be the
PDFs of f and s, respectively. If k¢ := ming |V f| > 0, then for sufficiently small h and for
any 1 < g < oo,

13More explicitly, D = szl(aak_)fk, where {1 4 ---£4 = j, and each £ is a nonnegative integer.

“When © C R is a one-dimensional interval, Lemma 5.2 reduces to Lemma 4.1. Indeed, since |f'| # 0 on €,
then f is piecewise monotonic, and so f_l(y) consists of a finite number of points. In addition, the surface
element do is a point-mass distribution. Hence, (5.2) reduces to (4.1).
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(5.3) Ips = psllq < KB™

for some constant K > 0, where h is defined in Theorem 5.1.
Proof. See Appendix H. [ |

Theorem 5.3 can be extended to any approximation f of f and to any bounded domain
Q C R4, provided that the bound (5.1) holds for j =0 and j = 1.

The total number of sample points in the special case where A is the uniform one-
dimensional grid on [0,1] is N = n? ~ h~?. Therefore, we have the following.

Corollary 5.4. Let A be the uniform grid on [0,1]. Then under the conditions of Theorem
5.3, for sufficiently large N,
lpf —pslhh < KN~ @

for some constant K > 0.

As noted in section 3.1, the L' error of the KDE method scales as N5 [13]. Therefore, by
Corollary 5.4, Algorithm 5.1 outperforms KDEs for dimensions d < gm Finally, as in the one-
dimensional case (Corollary 4.8), the proof of Theorem 5.3 only makes use of two properties
of spline interpolation: the L°° approximation of the function and of its gradient, and the
uniform bound on the second derivatives (Theorem 5.1). Theorem 5.3 therefore generalizes
immediately to density estimation using nonspline surrogate models.

Corollary 5.5. Under the conditions and notation of Theorem 5.3, consider g € C*[0,1]¢
with uniformly bounded second derivatives such that

1f = gnlloos IV = Vanlleo < Kh™T

for some T > 0 independent of f and K = K(f) > 0. Then ||p; — pg,llq < Kh™" for any
1<g<o0.

6. Simulations. In this section, we compute the density and the moments of the function

(6.1) f(a) = tanh(9a) + % . ac|-1,1],

which is smooth but has a narrow high-derivative region.!”

6.1. Interpolation. With N = 12 samples, the spline interpolant fjs\}’hne of (6.1) is nearly
indistinguishable from f, whereas the gPC interpolant f5°¢ slightly oscillates “around” f;
see Figure 1(a). Although f8° converges exponentially to f in L? (see Figure 1(b)), its L?

approximation error || f — fn||, = (fil (@) — fn(a)? doz)% with few samples (10 < N < 40)
is larger than that of the spline interpolant by more than an order of magnitude. With
sufficiently many samples (N > 70), however, the gPC approximation exponential convergence
outperforms the spline’s polynomial convergence rate. This example shows that with few
samples, the occurrence of a “jump” in f hurts the accuracy of the gPC interpolant. Spline
interpolation, on the other hand, is less sensitive to the “jump,” because it “confines” the
approximation error induced by the jump to the jump interval (roughly a € (—0.1,0.1)); see
Lemma B.2.

5 The 5 term was added so that % is bounded away from zero, in order to prevent singularities in the PDF;
see section 6.3.
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Figure 1. (a) f(a) (solid) (see (6.1)) and its spline interpolant (dashes) are nearly indistinguishable,
whereas the gPC interpolant (dots) oscillates “around” f. Both interpolants use N = 12 grid points. (b) L?
error of both interpolants as a function of the number of samples. (c) Error of the standard deviation when it
is approzimated using the Monte Carlo method (dash-dot), the gPC-based method (dots), and the spline-based
method (dashes).

6.2. Moment approximation. The interpolation accuracy is relevant to moment approx-
imation, because a small L? error implies a small moment-approximation error (Lemma A.1).
For example, Figure 1(c) shows the standard deviation error |o(f) — o(fn)| (see (6.1)) when
« is uniformly distributed in [—1,1]. As expected, the spline-based method (Algorithm 4.1)
is more accurate than the gPC-based method (Algorithm 3.1) with few samples, but the gPC
is more accurate with sufficiently many samples. A purely statistical approach such as Monte
Carlo converges poorly compared to both the spline and the gPC approach, with about 10%
error with N < 100 sample points.

6.3. Density estimation. Consider the PDF induced by f(«) (see (6.1)) when « is uni-
formly distributed in [—1,1]. The PDF computed by the gPC-based Algorithm 3.1 with
N = 18 sample points deviates considerably from the exact PDF (see Figure 2(a)), whereas
the PDF computed by the spline-based Algorithm 4.1 with N = 18 sample points is nearly
indistinguishable from the exact PDF (see Figure 2(b)).!® This is consistent with our discus-

sion in section 4. Indeed, the derivative of the spline interpolant -- Js\?line approximates f’(«)

with cubic accuracy, whereas the derivative of the gPC interpolant % ]gvpc has many artificial
extremal points where - 8P¢(a) = 0, but - f(a) # 0 (see Figure 2(c)).

The L' distance ||p; — psy|l1 between the exact PDF ps and its approximation py, is
presented in Figure 2(d). For 10 < N < 100 the spline-based approximation is more ac-
curate than the gPC-based one by nearly two orders of magnitude. This is in contrast to
moment estimation (see Figure 1(c)), in which the gPC approximation becomes more ac-
curate for N > 40. Furthermore, we observe numerically that the spline-based method
converges even faster than the N3 rate predicted by Theorem 4.7. The KDE approxi-
mation has roughly 10% error for N < 100.'7 Other frequently used distances between

16The MATLAB code that generates this PDF approximation is given in Appendix D.
"The poor accuracy of the KDE method is due to the fact that the KDE does not use the “functional
information” {f; = f(aj)};\;l but only the set {f;}.*,.
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Figure 2. The PDF of f(a) (see (6.1)), where o is uniformly distributed in [—1,1]. (a) exact PDF (solid)
and its approzimation by the gPC-based Algorithm 3.1 (dots) with N = 18 sample points. (b) Same, with the

spline-based Algorithm 4.1 (dashes). The two lines are nearly indistinguishable. (c) Derivatives of f (solid),
Seline (dashes), and f&°° (dots). (d) L' error of the PDF approzimations as a function of the number of sample

points, for the KDE (dash-dot), gPC-based approzimation (dots), the spline-based approzimation (dashes), and
its power-law fit 103.2N 329 (solid).

distributions, such as the Hellinger distance \% H\/ng - ‘/prH2 [29] and the Kullback-
Leibler (KL) divergence'® [28]

(6.2 R (%) dy .

produce similar results (data not shown).

6.4. Density estimation of nonsmooth functions. Let
(6.3) 9(a) = f(a)mod (0.7),

where f is given by (6.1).! Because (6.3) is nonsmooth, with few samples neither the
spline nor the gPC interpolant is even remotely close to g(«); see Figure 3. Therefore, to
approximate the PDF associated with g(«), we first use Algorithms 3.1 and 4.1 to approxi-
mate f(a) ~ fy(«). Since f is smooth, both approximations are reasonable with few samples;

®Intuitively, the dkr, measures the entropy added, or conversely, the information lost, in approximat-
ing p by pyy-

'9This example is motivated by our study of the nonlinear Schrédinger equation [41], where the cumulative
phase p(t;a) = arg [¢(¢, 0; )] is smooth, but the quantity of interest, the angle ¢ mod (27), is discontinuous.
See section 7 for another optics application which motivates this example.
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Figure 3. The discontinuous function g(a) (solid line; see (6.3)) and its spline interpolation with N = 12
sample points (dashes). (b) Same with the gPC interpolant (dots).
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Figure 4. Same as Figure 2 for the discontinuous function g(a); see (6.3). The solid line in subplot (c) is
the power-law fit 1.33 - 10*N=*5 of the spline-based approzimate PDF.

see Figure 1. Next, we approximate g(ay,) =~ fn (@) mod (0.7) and compute the PDF of g us-
ing the histogram method on a high-resolution sampling grid (M = 2 - 10%). We again stress
that evaluating fy is computationally cheap and therefore can be easily done with such a
large sample. As in the smooth case (see Figure 2), the PDF approximated by the gPC-based
Algorithm 3.1 with N = 18 sample points has large deviations and converges poorly (see
Figure 4(a)), whereas the PDF approximated by the spline-based Algorithm 4.1 with N = 18
sample points is nearly identical to the exact PDF (see Figure 4(b)). Indeed the L! error of
the spline-based PDF is smaller than that of the gPC-based PDF by at least an order of mag-
nitude, for 20 < N < 50; see Figure 4(c). Although Theorem 4.7 applies only to C* functions,
we observe numerically that the convergence rate of the spline-based PDF is faster than N3,
The KDE approximation for the PDF of g(«) is less accurate than that of the spline-based
and gPC-based approximations.

6.5. Multidimensional noise. To numerically confirm the error bound of the density
estimation (Algorithm 5.1) for d > 1, we first consider the two-dimensional function

(6.4) fad(aq, ag) = tanh(6ayae + a1 /2) + (a1 + a2)/3.

where a7 and ay are independent and uniformly distributed in [—1,1]. As in the one-
dimensional example (see (6.1)), foq is analytic with high-gradients regions; see Figure 5(a).
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Figure 5. (a) Contours of the function faqa(a); see (6.4). (b) The PDF of faa(e) (solid), its approzimation

by the spline-based Algorithm 4.1 (dashes), and by the gPC-based Algorithm 3.1 (dots). Here a is uniformly
distributed in [—1,1]%, and both approzimations use N = 64 sample points. (c) L' error of the PDF approa-
imations as a function of the number of sample points for the KDE (dash-dots), gPC-based approzimation
(dots-squares), and spline-based approzimation (circles). The solid line is the power-law fit 1208 N 215 (solid).
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Figure 6. (a) The PDF of fsa(a) (see (6.5)), where a is uniformly distributed in [—1,1]* (solid) and its
approzimation by the spline-based Algorithm 4.1 (dashes) with N = 8 sample points. (b) L' error of the
PDF approzimations as a function of the number of sample points for the KDE (dash-dots), the gPC-based
PDF (rectangles), the spline-based PDF (circles), and its power-law fit 354N~ (solid).

The spline-based PDF approximation with N = 82 sample points is very close to the exact

PDF of f(ai,a2), whereas the gPC-based PDF deviates from it substantially (Figure 5(b)).

The convergence rate of Algorithn 5.1 with cubic splines is N =215 (Figure 5(c)), which is con-

sistent with the theoretical N2 error bound (Corollary 5.4). The convergence rates of both

the KDE and the gPC methods are considerably slower for “small” sample sizes (N < 200).
Next, consider the three-dimensional function

(6.5) fgd(oq, a9, 053) = tanh(8a1 + Bag + 10043) + (041 —+ a9 + 043)/3,

where a, ag, and ag are independent and uniformly distributed in [—1, 1]. The spline-based
PDF with N = 103 sample points approximates the exact PDF well (see Figure 6(a)), and
its convergence rate is N~! (see Figure 6(b)), which is consistent with the theoretical N~!
convergence rate (Corollary 5.4). For comparison, the fitted convergence rate of the KDE
is N7939 which is consistent with the theoretical N —% rate [13]. Therefore, the spline-based
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method is more accurate than the KDE for sufficiently many samples (N > 103). For smaller
values of N (e.g., N = 216), however, the KDE achieves a slightly better accuracy than the
spline-based method. This can be explained by what is known as the “curse of dimensionality.”
Thus, in the three-dimensional tensor-grid spline, N = 216 sample points correspond to a
mere siz sample points in each dimension, which leads to insufficient resolution. The KDE
method, on the other hand, does not approximate the underlying function f34 and is therefore
“indifferent” to the noise dimension. See section 9 for further discussion.

7. Application 1: Nonlinear Schrédinger equation. The one-dimensional coupled non-
linear Schrodinger equation (CNLS)
OAL(t,x)  IPAs |As|® + 2| Az |?
2

2
(7.1) ‘
ot 0z? 3 14¢€ <|A:I:‘2 + ‘A:F‘2>

|
o

where 0 < ¢ < 1, t > 0, and = € R, describes the propagation of elliptically polarized,
ultrashort pulses in optical fibers [2], of elliptically polarized continuous-wave (CW) beams
in a bulk medium [36, 45], Stokes and anti-Stokes radiation in Raman amplifiers [39], and
rogue water-waves formation at the interaction of crossing seas [1]. We consider (7.1) with an
elliptically polarized Gaussian input pulse with a random amplitude [36, 45]

(7.2) ( ﬁj > = (140.1a) ( i )e—w{

where A4 and A_ are the clockwise and counterclockwise circularly polarized components,
respectively. The on-axis ellipse rotation angle is defined as

(7.3) 6(t;) : = (p1(t:0) — o_(t0)) mod (2m),

where ¢4 (t; ) : = arg [A4 (¢, 0; )] are the on-axis phases of the components. The distribution
of (t; o) indicates to what extent the ellipse rotation angle is “deterministic.”?

Interpolation. For a given sample grid {aj};.vzl, we compute 6(t; o) for each 1 < j < N
by solving (7.1)—(7.2) and using (7.3). Figure 7(a) shows the spline and gPC interpolants of
O(t = 0.15; ) with N = 64 points.?’ While these interpolants seem nearly identical, the spline
interpolant is more accurate than the gPC interpolant by more than an order of magnitude
(cf. Figures 7(b) and 7(c)). Indeed, the L? error of the gPC interpolant (0.17%) is an order
of magnitude larger than that of the spline interpolant (0.017%).

Density estimation. The gPC-based approximation with N = 64 differs substantially from
the exact PDF; see Figure 8(a). In contrast, the spline-based approximated PDF with N = 64
sample points is indistinguishable from the exact PDF; see Figure 8(b). Indeed, the KL
divergence of the gPC-based approximation (see (6.2)) is about 16,000 times larger than that
of the spline-based approximation, and the L' error is 200 times larger (46% versus 0.2%).

20We solve the CNLS using a fourth-order, compact finite-difference scheme for the spatial discretization
and a predictor-corrector Crank—Nicolson scheme for the temporal integration of the semidiscrete problem [17].

21 Because we have no explicit solution for #(t; ), the errors in this section are measured by comparison with
6521m°(0.15, ) with N = 513 sample points. We verified that "0;‘1’131“6(0.15,@ - 0?1’30(0.15,@)“2 ~ 5. 107°,
which is an order of magnitude smaller than the approximation errors noted in the text.
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Figure 7. The polarization angle 0(t = 0.15; ) for solutions of the CNLS (7.2) with ¢ = 107° and an
elliptically polarized Gaussian initial condition (7.2). (a) Spline interpolation (dashes) and gPC interpolation
(dots), with N = 64 sample points. The two lines are nearly indistinguishable. (b) Pointwise error of the gPC
interpolant. (c) Same for the spline interpolant.
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Figure 8. Same settings as in Figure 7. The PDF of 6(0.15,a), where o ~ U(—1,1). (a) Ezact PDF
(solid), and GPC-based approzimation using N = 64 sample points (dots). (b) Same with the spline-based
approzimation (dashes). The two lines are indistinguishable. (c) L' error of the spline-based PDF as a function
of N (circles) and the power-law fit 1.35 - 10° N =37 (solid).

With N = 32, the spline-based is 32 times more accurate than the gPC-approximated PDF,
in terms of KL divergence, and 11 times more accurate in terms of the L' error (41% versus
4.5%). The L' error of the spline-based PDF decays as N ~37%; see Figure 8(c). This results
exceed expectations with respect to Theorem 4.7, since 6'(0.15; @) is not bounded away from 0
(see Figure 7(a)), and so Theorem 4.7 should not, in principle, apply to this case. Since the
PDF of 0(0.15; «) has discontinuities and high derivatives, spline smoothing techniques and
KDE methods with smooth kernels were not considered in this case.

Moment approximation. The mean and standard deviation of circular quantities can be
defined as [33]%2

1
(7.4) ES™[9(t; )] = / ) oy | o—cim(e):\/—zln |ESire[0(t; )] -

-1

22To motivate why a different definition for circular moments is needed, consider y ~ U(—m,7) and z ~
U(0,27). If we consider y and z as angles, or points on the circle, they are identical. Using the conventional
mean definition, however, yields E[y] = 0, but E[z] = 7.
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Approximation error of the circular mean and standard deviation (see (7.4)) of 0(0.15,«) (see (7.3)) with

Table 1

gPC- and spline-based approximations, using N sample points.

N gPC error | Spline error %
ES™ [0(0.15; @) | 32 2.2% 0.54% 4
ESire [0(0.15; )] | 64 0.089% 0.006% 14
o (0(0.15; ) | 32 0.64% 0.054% 12
ocire (6(0.15; 1)) | 64 0.031% 0.0009% 33

The advantage of splines over gPC with few samples for moments approximation can be seen
in Table 1. The approximation of ES*[0(0.15; «)] using the spline approximation with N = 32
is 4 times more accurate than that of the gPC; with NV = 64 it is 14 times more accurate.
The approximation of the standard deviation using the spline-based method with N = 32 is
12 times more accurate than the gPC; with NV = 64 it is 33 times more accurate than the
gPC-based approximation.

8. Application 2: Inviscid Burgers equation. The inviscid Burgers equation

(8.1) wy(t, ) + %(um _ %(sinQ(x))r, vel0,n], >0,

with the initial and boundary conditions u(0,z) = wuo(x) and u(¢,0) = wu(t,7) = 0 models
isentropic gas flow in a dual-throat nozzle. Solutions of this equation can develop a static
shock wave at a lateral location x = X [42]. Following [6], we consider the case in which «
is a random variable with a known distribution, ug(z) = ug(z; ) is random, and we wish to
compute the PDF of X, using Algorithms 3.1 and 4.1. In general, to do that requires, for
each 1 < j < N, computing X(c;) by solving (8.1) with «;. For the special initial condition

(8.2a) up(x) = asin(z);

however, the shock location is explicitly given by [6]

(8.2b) a = —cos(Xjg) .

This explicit expression allows us to sample Xs(«) without solving (8.1).

Consider the case where

o3 =

if v=0,

and v ~ N (0, 0), i.e., it is normally distributed with a zero mean. Because « is not distributed
by a classical, standard measure, there is no obvious choice of quadrature points to sample by,
nor is there a “natural” orthogonal polynomials basis to expand the solution by. Therefore,
the gPC approach cannot be straightforwardly applied.”> We can, however, apply the gPC

23Nevertheless, even for nonstandard distributions, the expansion of o by a classical orthogonal-polynomials
basis can still converge spectrally, under certain conditions [14].
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Figure 9. PDF of Xs(a), where a(v) is given by (8.3), and v ~ N(0,0.6). (a) Ezact PDF (solid) and gPC-
based approzimation (dots) with N =7 sample points. (b) Same with the spline-based approzimation (dashes).
(c) L* error of the PDF approzimations as a function of the number of sample points, and the power-law fit
112N 31 (solid).

approach to this problem by denoting Xs(v) = X(a(r)) and approximating X(v) using the
Hermite polynomials (which are orthogonal with respect to the normal distribution).?* The
gPC-based approximated PDF with N = 7 sample points differs considerably from the exact
PDF; see Figure 9(a). In contrast, the spline-based approximated PDF can be directly applied
to Xs(«), and it is nearly indistinguishable from the exact PDF already with N = 7 sample
points; see Figure 9(b). In general, the spline-based PDF approximation is more accurate
than the gPC-based approximation by more than one order of magnitude for 5 < N < 50;
see Figure 9(c). The L' error of the spline-based PDF is observed numerically to decay as
N—3U in accordance with Theorem 4.7.

We repeated these simulations for the case with o ~ B(r,s), where B(r,s) is the Beta
distribution on [—1,1].? The spline-based approximations are nearly identical to the exact
PDF, whereas the gPC method was less accurate by an order of magnitude with few samples
(results not shown).

9. Discussion. In this paper, we introduced a spline-based method for density and mo-
ment estimation. The advantages of this method are as follows:

1. Our mth-order spline-based method approximates the density at a guaranteed conver-
gence rate of N _%, where N is the sample size and d is the noise dimension. Thus,
our method outperforms KDEs for noise dimensions 1 < d < %m
It provides reasonable approximations for the density and moments using small sample
sizes.

N

Its accuracy is relatively unimpaired by the presence of large derivatives.

It is nonintrusive, i.e., it is based solely on solving the underlying deterministic model.
It is easy to implement.

It is applicable with many choices of sample points.

It can be applied to nonsmooth quantities of interest.

NS Gtk W

?Indeed, in [6] the authors use the gPC-Galerkin method with the Hermite polynomials [23, 61].

2»The PDF of the Beta distribution on [0, 1] is p(c) = <°‘T_1(Ef;>lj(;)lr<r+s).
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When f € C™*! it is tempting to use splines of order m > 3 for density estimation,
in order to attain faster than cubic convergence rate. If one generalizes Algorithm 4.1 to
splines of order m, then, similarly to Theorem 4.7, a convergence of order N~ is guaranteed.
Even if f is analytic, however, it is not advisable to take a large m, for two reasons. First,
for s(a) to be monotone (and so, by Lemma 4.1 for the PDF to be continuous), N should
scale as /|| f(m*tD] »; see (E.1). Therefore, for a large m, high-order convergence might
only be attained for very large sample sizes. Second, the density approximation error depends
linearly on H fm+1) HOO (see Appendix E), and so it might “blow-up” exponentially with m. To
conclude, although we do not know whether the optimal spline order is m = 3, an arbitrarily
high-order spline should not be used.

When approximating a d-dimensional function with a resolution h at each dimension,
the total number of samples N scales as h~%. As a result, for a prescribed accuracy, the
computational cost grows exponentially with the dimension (the “curse of dimensionality”).
In other words, for a given NV, the accuracy decays exponentially with the dimension. Indeed,
this is consistent with the N™d error estimate of the spline-based Algorithm 5.1 (Corollary
5.4). In contrast, the KDE method, which is a standard nonparametric statistical density
estimator, converges at a rate of IV _%, regardless of d. Hence, our method will outperform
KDE for “low” dimensions (d < %m) but may become inferior to KDE at higher dimensions.

A popular approach for moment estimation of high-dimensional noise is the use of sparse
sampling grids [22, 59]. Recently, a spline approximation based on sparse grids was used in
the context of forward uncertainty propagation [54]. Most sparse-grid methods, however, are
designed with moment estimation in mind. As we have seen, even in the one-dimensional case
(see section 4.1), an accurate moment approximation does not necessarily imply an accurate
density estimation. Whether sparse-grids methods can be adapted to density estimation
remains an open question. The proof of Theorem 5.3 in Appendix H, however, suggests
sufficient conditions by which new approximation methods can be tested for efficient density
estimation: (1) The settings should be such that Lemma 5.2 applies, and (2) the approximation
method should have pointwise error bounds similar to Theorem 5.1.

In this paper we showed that spline-based density estimation is better than gPC-based
density estimation, because it does not produce numerous artificial extremal points (see
Lemma 4.1). An interpolating cubic spline, however, might still produce artificial extremal
points, though not as much as the gPC polynomial. To absolutely prevent artificial ex-
tremal points from being produced, it may be better to use spline interpolants [20] and quasi-
interpolants [11] which are monotonicity-preserving (i.e., splines which are monotone wherever
the sampled data is monotone). Hence, although these methods have the same order of error
(with respect to h) as spline interpolation, they may provide better approximations for small
samples, as they are guaranteed not to produce artificial extremal points. We leave it to future
research to check whether monotonicity-preserving interpolants provide more accurate PDF
approximations than a standard interpolating cubic spline.

As noted throughout the paper, the L> error bounds on the quantity of interest and its
gradient are key for the success of our algorithm; see Corollaries 4.8 and 5.5. Since local-
ity plays an important role in the existence of such error bounds for splines, it is natural
to explore the use of other local approximations such as NURBS [37, 52| and radial basis
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functions [19, 43]. An additional improvement may be achieved by designing surrogate mod-
els that are on one hand local but on the other hand supported on an unbounded domain, e.g.,
Gaussian mixtures [49]. While moment approximation in the case of unbounded input random
parameters (e.g., normally or exponentially distributed @) are theoretically well understood,
the rigorous study of density estimation in these setting is left for future research.

Appendix A. Proof of Corollary 3.1. We begin with the following lemma.

Lemma A.1. Let (2, 1) be a probability space, denote || - ||, := || - |[1r(), and let f,g €
LN LY. Then
(A.la) [Ea[f] = Ealgll < |If —9l2,
(A.1b) |Var(f) = Var(g)| < (a(f) +a(9)) - If = gll2,
(A.Lc) lo(f) =@ <|If —gll2-
Proof. For all f,g € L?,
Balf1-Eala] < [ 1£(0)=g(0)| due) = [ 117(@)=g(a)| du(@) < |11 f=gl2 = /=gl
Q

where in the second inequality we used the Cauchy—Schwarz inequality. Thus, we proved (A.1a).
For h € L2NL', let h : = h—E4[h]. By definition, Var(h) = ||h||3 and o(h) = ||h||2. Hence,

|Var(f) — Var(g)| =

\‘ /f D+ du@)| < If +3llz-1f = 3ll2
(A.2)

< (||f||2 +13llz) - 1f = 3llz = () + o(9)) - 1 = gl

In addition, ||2]|3 = Var(h) = Eq[h?] —E2[h] < Eq[h?] = |||}, and so ||Al2 < ||hlj2. Applying
this inequality with h = f — g to (A.2) yields (A.1b). Finally, by (A.1b),

o(F) = o(g)| = )—02(9)‘ _ [Var(f) = Var(g)| _ o(f) +0(9)
f)+a(g) lo(f) +o(g)l ~ o(f)+o(9)

which proves (A.lc). [ ]

1f = gllz2 = [If — gll2,

In the case of gPC, let g = f&°, the colocation gPC approximation of f; see (3.7).
Since f3P¢ converges exponentially to f in the L? norm [59, 26], Lemma A.1 implies that the
moments of f§° converge exponentially to the moments of f.

Appendix B. Local properties of spline interpolation.  Let us first recall a classical
result of Birkhoff and de Boor.

Theorem B.1 (see [5, 10]). Let s;(«x) be the natural cubic spline that satisfies s;(o) = 6; j,
where 1 < i,k < N and amin = a1 < ag < -+ < QAN = Qmax 1S given. Then

max  |s;(a)] < A27F, 1<i<N,
ad(ai—k,Qitk
1S TNt

min op—og_1 "
1<k<N

where A > 0 is a constant that depends on the global mesh ratio
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Therefore, the natural cubic spline fSphne( ) is essentially a local approximation.
Corollary B.2. Denote the natural cubic spline fSpllne = Js\?hne(a; fis--., fN) to emphasize

the dependence of the spline interpolation on the sampled values. Then

AfE (s fi, .., )

max < A27F, l1<i<N, 1<k<N,
o (0 —ksy Qi k) ofi

where A > 0 is given by Theorem B.1.

Proof. The function S(a) = YN | fisi(a), where s;(«) are defined in Theorem B.1, is a C?
cubic spline, which by definition satisfies S(c;) = f; and 7-S5(a1) = iS (any) = 0. By the

sphne
uniqueness of the natural cubic spline, S(a) = f8“(a), so, 8 (g ffl’ ’fN ) si(a)). Hence,

by Theorem B.1, the corollary is proven. |

Appendix C. Proof of Lemma 4.1. When f is strictly increasing, its CDF is given by

A €)
Pi(y) : = / c(a)do.

By the Leibniz rule and the inverse function theorem,

de (y) —1 —1\/ -1 1
= = C = C _— .,
prly) = =4 ) ) =T W) 7 1))
Similarly, if f is monotonically decreasing, then Py(y f ama" a) da, and so

(W)
pf(y) = - ! —1 *
(=)
Note that since f’ < 0, then py(y) > 0. Finally, if f is piecewise monotonic, we apply this

method separately on each subinterval on which it is monotonic and sum up the contributions.

Appendix D. Sample MATLAB code for Algorithm 4.1. The following MATLAB code
generates the dashed curve in Figure 2(b):

1 alpha_min = —1; alpha_max = 1; N = 18; Y%sample size

> f = @(x) tanh(9*x) + x/2;

3 %define the initial sample on the grid [alpha_1,
alpha N ]

4+ samplingGrid = linspace (alpha_min ,alpha_max, N);

5 samples = f(samplingGrid); % step 1

6 %define the refined sample grid [tilde_alpha_1,
tilde_alpha_M |

7 M= 2e6;

s denseGrid = linspace (alpha_min ,alpha_max M) ;

9 fN_spline = spline(samplingGrid ,samples,denseGrid);

% steps 2+3
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10 %When f is given explicitly , the optimal number of bins (L)
1 %is given by (14)

12 Cf = 1.69; L =Cf«M"(1/3);

13 %step 4 — histogram of fN on denseGrid, not normalized

14 [histogram , binsEdges| = hist (fN_spline ,L);

15 binWidth = (max(binsEdges)—min(binsEdges))/L;

16 Y%normalize the histogram so that it would be a PDF

17 pdf = histogram /(sum(histogram )+*binWidth) ;
15 plot (binsEdges , pdf)

Appendix E. Proof of Theorem 4.7. Without loss of generality, we can assume that
f/(@) > a > 0. For brevity, denote s(a) = fP'"™(a), h = hmay, and | £ =
(P

Loo[aminvamax}

() = f'()] < CL™ || V]| k™. Hence

In general, s(a) can be nonmonotone. By Theorem 4.4, however,

2c L) || £(m+1)
(E.1) S@>3>0, N> \/ o Ha A= (Qmax — Qmin) +
and so s(a) is monotonically increasing and invertible for sufficiently large N.?° Because s(a)
interpolates f(«), and because both functions are monotone, then range (s) = range (f). Since
s, f € C! and are invertible, by Lemma 4.1

T Hoped c(f ') e(s)
(E.2) pr —psll1:= / ‘pf(y) —ps(y)| dy = / - l(y)) s (s71(y)) -
f(amin) f(cmin)
Denote y = f(a) and ay : = ax(a) = s71 (f(a)). Then by a change of variable
(E.3)
27 — pall :/ fﬂx ;/((c;)) B S((Zi)) () da :/ r.m |8/ () e(e@) = f'(@)c(as)| @da.

For all & € [amin, Omax],

|5 (a)e(@) = fl(@)e(a)] < c(a)s'(an) = s'(@)] + c(@)]s'(a) = f(a)] + f'(a)|e(a) = e(a)] -
Because s'(«) and ¢(«) are differentiable,
(E4) |s'(a)e(a) = f(@)e(an)| < Dlo = au| + [lelloc] () = 8" ()],

where D = [||¢|loo - |5”]loo + || lloo - | flloo]-2" By Lagrange’s mean-value theorem, there ex-
ists 8 between « and a4 such that

s(a) = s(a) = 5'(8) (@ — )

25In the numerical example (6.1), this lower bound is roughly N > 30.

?"By the same argument as (E.1), for a fixed ¢ > 0 there exists a sufficiently large Ny such that
s"(a) < f"(a) + € for all N > Ny. Therefore max ||s”||cc < max ||f”|lcc + €, and so D is independent
of N and depends only on f(«a), c(e), Gmin, and cmax-
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On the other hand, since oy, = s7(f()), then s(ay) = f(a), and so
s(a) = s(a) = s(a) = f(a).

Therefore a—a, = s(a),(ﬁ)(a) By (E.1), s'(8) > §, and by Theorem 4.4, we have | f(a)—s(a)| <
C’s(gim) Hf(mH) HOO h™+1. Hence,

o — | < o pmtl,

20 £V
a

By Theorem 4.4, |f'(a) — §'(a)] < nglm | £+ oh™. Hence (E.4) reads
(E.5) |5 (o) e(a) — f'(a)c(ay)| < Kih™ + Koh™ T

where K1 = C%™||cloo || £+ |0 and Ky = 2nglm | £ |0 D. Substituting <2

spl ’(a ) = a’
see (E.1), and (E.5) in (E.3), for sufficiently large N such that h = @max—Cmin < ] we have

that

Qmax

2(K1 + K 2(K1 + K K
Ips — psll1 < / (1CL2)hmda = (1a2)(am“ — amin)h™ < =
Qmin
where K = w (Omax — amin)mﬂ.
Similarly, by (E.5), we have that for 1 < ¢ < oo,
Omax K K
lps — psll? < / Mhm do < K9(q)ha™
Qmin

for a suitable K(q) > 0, and so ||py — psllq < K(q)h™ < K(q)N~™.

Remark E.1. If f'(a) = 0 for some values of «, the approximation ps is not guaranteed
to converge in the L' norm. By (E.5), however, we can guarantee a third-order convergence
for the pointwise error p¢(y) — ps(y) for every real number y such that f’(a) does not vanish

on {a | f(e) = y}-
Appendix F. Proof of Lemma 4.11. Similarly to the proof of (E.4),
|s'(a)e(a) = f(@)e(an)] < Dle = au| + e(@)| f'(a) = s'(e)] -
Because | — a,| < Koh?, then by (E.3),
2K Qmax
(F.1) g = vl < %200+ [ (@) - S@)leta) da

Since f’(a)—s'(«) is continuous on [aymin, max), it vanishes and changes its sign only at Jy<oo
points, denoted by amin = 70 < 71 < --+ < VJy = Qmax. Using integration by parts, the last
integral reads
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Amax J-1 . Vi1
[ @ = s@let@yda =3 (17 [ (£(0) - (@) efa) da

Jn—1

=0 Y (1 [eian) (FO51) = s(3541)) = e(3) (F(3) = s(7))
j=1

Yi+1
- [ o) st (o) do]

where 7 = sign [f"(@min) — $'(@min)]- By Theorem 4.4,
0 .
(i) (F(3) = s < lellowC) [#9_n*, 1< <,

and

<[]l (i =) CR ||| _nts 1<i<n.

/ " (Fa) - s(a)) ¢(a) da
.

J

Substituting these bounds in (F.1) yields
2K:
1Py = psll < 72h4 + Ksh* + KyJyh*,

where K3 = ||¢/||co|max — amin]Cs(gl)]\f(4)]]OO and Ky = 2|]cHOOCS(gl)Hf(4)HOO. In the case of a
uniform grid, the first two terms are O(N %), and the last term is O(N ~%Jy), which completes
the proof.

Appendix G. Proof of Lemma 5.2. For any y € R, the CDF of f is

1 1
@1 Py) = Prob {fl@) <y} = o | ) = /| | cle e
where
(G.2) D) i={ac Q| fla) <y} .

To compute the PDF py(y) : = d%Pf(y), we recall the co-area formula.

Lemma G.1 (see [16]). Let A C R? be a Jordan set, let u : A — R be Lipschitz and
piecewise-differentiable such that u='(z) C A is a (d — 1) dimensional manifold for all z € R,
and let g € L'(A). Then

(G.3) /Ag(a)|Vu(a)\da:/e . dz/l( gle) i,

where do is the (d — 1) dimensional surface element of u='(z).

We apply the co-area formula to the right-hand side of (G.1) by substituting A = D(y),

g= |vcf\ and v = f in (G.3). The use of (G.3) is justified because of the following:
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1. D(y) is bounded, since € is bounded. We can therefore show that D(y) is Jordan
by proving that m(dD(y)) = 0, where m is the Lebesgue measure in R%. Since
OD(y) C f~1(y) U 9R, it is sufficient to show that each of these sets is of measure
zero. Indeed, 2 is Jordan, and so m(99Q) = 0. In addition, since |V f| # 0 on f~1(y),
by the implicit function theorem f~!(y) is a (d — 1) dimensional manifold, and so
m(f~H(y)) = 0.

2. f is piecewise-differentiable by the conditions of Lemma 5.2. Furthermore, because f
is piecewise-differentiable on a compact set €, it is also Lipschitz.

3. Since f is continuous and |V f| # 0 on €2, then ﬁ is bounded from above. Therefore,

since ¢ € L', so is g = |ch|.

Thus, by Lemma G.1 and (G.1),

1 1 Yy &
(G.4) Prv) = g /D(y) cla) do =15y /_oo o /fl(z) i

The outer integral on the right-hand side is over (—oo, y) since f(D(y)) C (—o0,y); see (G.2).
Finally, since ps(y) = %Pf(y), differentiating the last integral using the (one-dimensional)
Leibnitz integral rule yields (5.2).

Appendix H. Proof of Theorem 5.3. Since f € C"1(Q) and Q is compact, f is also
Lipschitz. Hence, Lemma 5.2 can be applied with m([0,1]?) = 1 and c(a) = 1, yielding

1 1
— do —/ — o
/fl(y) IV /] s1(y) V3]

where o is the (d — 1) dimensional surface measures induced by the Lebesgue measure.
The outline of the proof is as follows:
1. For a fixed y in the image of s(a), we construct a cover {A4; (y)};l:1 of s71(y).

)

@) pr-ply= [ . 1)

2. We then construct a set of maps ¢; : A;(y) — f~1(y), which are characterized in
Lemma H.1.

3. We construct a disjoint cover /Nlj C Aj(y) for 1 < j < d. Lemma H.3 proves that
{gbj(flj)}?:l are mutually disjoint, up to an O(h™) error, and almost cover f~!(y),
up to an O(h™) error.

4. By an inclusion-exclusion argument and the implicit function theorem, we split the
integral of I(y) to d integrals over compact domains in R4~1.

5. By Theorem 5.1, and similar to the proof of the one-dimensional counterpart (Theorem
4.7), we bound each of the integrals obtained in step 3. Thus, we obtain a pointwise
bound on p(y) — ps(y)-

6. Finally, we use compactness of  and the fact that f,s € C1(Q) to bound |[ps — ps||.

Step 1. For brevity, denote by d,; = 77 the partial derivative along the jth axis for

0
o
1 <j<d. Fixy, and let A; = A;(y) C s '(y) be defined by

(H.2) Aj::{aesfl(y)‘ laajf(a)|>%}, j=1,....d.
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Since |V f] = 1/Zj?zl(é?%.fﬁ > kg on , for every @ € s71(y) at least one component of

Vf(a) satisfies |0q, f| > 5F.7° Hence, o € Aj(y) for some 1 < j < d, and so

(H.3)

sTH(y) = Ul A5(y) .

Step 2. Next, we prove the existence of the maps ¢; : A; — ).

Lemma H.1. Leta € Aj(y) and let h be defined as in Theorem 5.1. Then for a sufficiently
small h > 0, there exists a real number § = §(a) such that

1.
2.

3.

4.

a+d(a)é; € f~Hy), where é; is the unit vector in the direction of the jth azis;
the maps

(H.4) pila) i=a+d@)e;, j=1,....d,

are injective from A; = A;(y) to f1(y);
for every a € Aj,

(H.5) d(@) = O(h™*1);
for every EC Aj,
(H.6) lo(E) = o(¢;(E))| = O(h™),

where as in (H.1), o is the (d—1) dimensional surface measure induced by the Lebesgue
measure on 2.

Proof. 1. We prove this for the case where y > f(a) and O, f(a) > 0 on Q. The

2.

proofs for the three other cases are similar. Since f € C™*+1(Q) and Q is compact, all
the second derivatives of f are bounded, and so ]82@, fl < My < oo on Q. Hence, since
O, f(a) > “F, there exists a segment L = L(a) = {a +&é;, ¢l < {max}, where &pax
depends only on My, such that 0y, f > 55 on L. Therefore f(a + &maxé;) > f(a) +
55€max. By the mean-value theorem, f attains on L all values in [f(a), f(a) + 55&max]-
Now, by Theorem 5.1, since a € s~!(y) and since y > f(a),

(H.7) y— f(a) = s(a) — f(a) < Cruh™.

Hence, for h sufficiently small, y € [f(a), f(a) + '“g%], and so there exists a point
a+ 0(a)é; € L such that f(a+ 0(a)é;) = y.

Assume by negation that ¢; is not injective. Then there exist al,a? € A; such that
d;(al) = ¢;(@?) = A. Since ¢; only changes the jth coordinate (see (H.4)), we can
regard s and f as single-variable functions of the jth coordinate ;. Since ¢;(a!) =
¢;(@?) = A, from the proof of item 1 in this lemma it follows that A € L(a') N L(a?).
Hence, the segment between a! and a? is contained in L(a!) U L(a?), where we know
that [0y, f| > 55. By Theorem 5.1, this means that if / is sufficiently small, |9,4;5] > 0
on the segment between a' and a?. This leads to a contradiction, since on the one
hand at,a? € 4;(y) C s7'(y), and so s(a') = s(a?) = y, but on the other hand s(a)

is strictly monotone on the segment between a' and a?.

BSince kr < ,/ijl(aajf)Q < Vdmax;—1,..a|0a, f|, then max;—1, . a|0a, f| > *E>T
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3.

Since f € C?, and by (H.4),
(H.8) Oy [(0j(@)) = Oa; f(@) = Oy f (@ + 6(@)€;) — Do, fla) = O(6(e)) -

In addition, by the Lagrange mean-value theorem, for any a € s~!(y)

s(@) - fla) =y — fla) = fla+(@)é)) - f(@) = 0o, fla+(éj)-0(a),  0<(<0.

Hence, using Theorem 5.1, and since |d, f| > 55 on the segment between a and ¢;(a)
(see the proof of item 1 in this lemma), we have that

s(a) — f(a)

thm-i-l
<
801]- f(a + Céj)

- Kt
2d

(H.9) |0(a)| = = O(h™*1).

. For brevity of notation and without loss of generality, fix j = d, and let £ C Ay. In

this case, a,s # 0 on E,*Y and so by the implicit function theorem there exists a
function S such that if s(ay,...,aq) =y, then ag = S(a1,...,aq-1). The domain of
S is

Gg:= {(al, ceyg—1) | Jag € [0,1] s.t. (ag,...,0q) € E} .

In particular, if (a1,...,a4-1) € Gpg, then s(aq,...,aq4-1,5(a1,...,aq-1)) = ¥.

Therefore
o(E) :/ 1dU:/ V14 |VSP2day---dag 1.
E Gg

Oa; .
Furthermore, by the implicit function theorem, d,,5 = —5 Jz for 1 < j < d, and so
xq

a1 8 S 2 1 2 ! 2 1
1 2: 1 Oé] = - o o = T .
V1+|VS| +Z<aads> ] (Day5) + (90, ) \aads\’vs‘
Jj=1 j=1
Hence,
(H.10a) U(E):/ VSl gy dag.y
GE |804ds|

Next, since [0, f| > 55 on ¢q(E) (see the proof of item 1 in this lemma), we similarly
apply the implicit function on ¢4(E): there exists function F' : Gy, () — R where
G¢f((E3 C R%! such that f(a,...,aq-1,F(a1,...,aq-1)) = y. Hence, since ¢4(E) C
=),

(H.lOb) U((Z)d(E)) = /¢ - ldo = /G ||8vff| doq -+ -dog_1 -
d bq(m) |7

Next, by item 2 of this lemma, ¢4 induces a bijection ¢4 : Gg — Gg,(g). But, because
¢q only alters the a4 coordinate, pq = Id, and so Gg = G4 (). Using this equality
and (H.10) yields

298%5 # 0 on Ay for sufficiently small h since |0, f| > % on Ag, and since by Theorem 5.1 |0a s — 0o, d| =

O(h™).
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_ IV f(@a(B))  |Vs(B)]
oy (B ttea B~ o) 200
QR g (R L T . T
~Jer 00,/ (6a(B))] - 19a,5(B)] Lo
where for brevity we denote 8 := (a1,...,aq-1,5(1,...,aq-1)) € E and note that
by (H.4)

(al, ‘e ,ad,l,F(al, N Oédfl)) = (Z)d(ﬂ) .

To bound the right-hand side of (H.11), note that since |0a, f| > % on E, and since
by Theorem 5.1, |0q,s — 8adf| < C,,h™, then for a sufficiently small h, |3ad5’ > 5
on E. Substituting these bounds in (H.ll) yields

(H.12)
|o(E)—0(¢a(E))|
2d?

<7 /. IV £(6a(B))] - 10ay5(B)| = [Vs(B)] - 100, f (¢a(B))||darr - - dagy .
f E

Therefore, we can rewrite and bound the right-hand-side integrand by

(H.13)
[IVF(¢a(B))] - 10a,5B)] = V5(B)] - [0y f (Da(B I\
< [0ays(B)] - ||V (¢a(B) — IV (B H+|Vf | ||0ags(B | |0ays(¢a(B))]

VB - [100,5(0a(B) =100y f (6a(B))|+|0ayf (6a(B))] - [IVF(B)] = [Vs(B)]] -

Since s, f € C%(Q) and Q is compact, Da,8, a, f, and V f are bounded on €. Further-
more, since s, f € C?, the first and second terms in the right-hand side of (H.13) are
O(5), and so by (H.5) both of these terms are O(h™*1!). In addition, by Theorem 5.1
the third and fourth terms on the right-hand side of (H.13) are O(h™). Hence, the
left-hand side of (H.13) is O(h™), and so finally, (H.12) reads

2d? .
|0(E) — o(¢a(E))| < iQ Kh™do, ... ds, , < Kh™
Kt JGg
for some constant K > 0. -

We finish this step by noting that Lemma H.1 would still hold if we interchange f and s.
Hence, we have the following.

Corollary H.2. There exist sets B; C f~Y(y) such that f~(y) = U?:1Bj and maps qgj :
Bj — s71(y) for which items 1-4 of Lemma H.1 hold, interchanging f and s.

Step 3. Next, we repartition s~!(y) into disjoint sets {A 1., where flj C Aj for every

1<j<d. Let A= A1, and define

Jj=Db

(H.14) A= a5\ (UDA),  1<i<d.
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Since by construction U;lzlflj = U?:1Aj7 and since by (H.3) U?:1Aj = s7!(y), then

Hence, since the sets {flj }jzl are disjoint, we can rewrite the first component of I(y) (see

(H.1)) as
(H.15) / " |vs| Z/A |v—s’da

To prove a counterpart of (H.15) for [,_, -1 \V 7] 1do, we first prove the following lemma.

Lemma H.3. Let o be the surface measure on f~1(y), let {Aj}j:1 be defined by (H.15),

and let {qb]} | be defined by (H.4).
1. Forcmylgkjgdwzthk%j, then

(H.16) o (6;(4;) N éx(Ar)) = O(m™).
2.
(H.17) o (£ ) \Ui05(4y)) = O™,
Proof. 1. Fix the indices j # k and denote for brevity Djx = ¢;(4;) N ¢p(Az). Let

B € Djg. By injectivity of ¢; and ¢y (see Lemma H.1), there exist unique points
al) € A; and a®) € Aj, such that ¢;(a?)) = ¢x(a®)) = B. By definition (H.4),

B —al) = 5(a(j))éj 7 B —a® =g5a)e,
Since é; L ¢ and since by (H.5) 6(a?), 5(aj) = O(h™*1), then®”
@) —a®| = onmt).

Next, denote the geodesic dzstcmce on 57! by |-|s. Since s € C!, then |Vs| is bounded
from above on © and so |a) —a®)|; = O(h™*1) as well. But since the interiors of A;
and Ay, are disjoint, then the geodesw path between a?) and a®) must pass through
a point a* € 8A N dAy. Hence,

(H.18) la* —aP|, = O(h™Hh).

Since (H.18) holds for any B € Dj; and al) = ¢;1(ﬁ), then

67 (Djr) C Eji(h) := {a es '(y) | inf  |a—a*|s < Khm+1}
a*€0A;NIA,

30Geometrically, the points at ) a™ and B are the vertices of a right-angle triangle, where both legs are
O(R™*1). Hence, by the Pythagorean theorem, the length of the hypotenuse is also O(h™1!).
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for some K > 0. It is therefore sufficient to show that o(Eji(h)) = O(h™) for 0 <

h < 0.

By construction, 8/1]- NOA, C U;lzlaAj. Since f € C!, then U(nglaAj) =0 and so
by monotonicity of measure G(@Aj N aAk) =0 as well.?! Furthermore Olej NOA, is a
finite union of smooth subsurface of s~!(y), each of finite (d — 2) dimensional surface
measure.®” Finally, since &le N Ay, is compact in the topology of the smooth (d—1)

dimensional manifold s:l(y) (it is bounded and close), and since Eji(h) is of geodesic
radius Kh™! from 0A; N OAg, then o(Ej) = O((h(m+1))(d_1)) < O(h™). Hence,

(H.19) o(¢;" (D)) < o(Ejk(h)) = O(R™).

In addition, since ¢; is injective, ¢;(¢; " (Djx)) = Dk Hence, by taking E = ¢, ' (D;y,)

in (H.6) yields
|o(6; 1 (Dji) = 0(Djw)| = |o(E) = o(¢;(E))| < O(h™).

Combined with (H.19) this proves that o(D;;) = O(h™), as required.

. Since Uz»lzlgﬁj(flj) C f7(y), then

(H.20a) o (U§~’21¢j(z‘1¢)) <o () -

On the other hand, by item (H.16) and by the inclusion-exclusion argument

where the last equality is due to (H.6). Hence,

(H.20D)

o (Ui05(A))) = 30 (A)) + O(h™) = (Ul Aj) + O(W™) = o(s7 () + O(h™).

Jj=1

where the second equality follows from the fact that the sets { Aj};lzl are disjoint, and

the third equality follows from U;lzlflj =s"1(y).
Since the left-hand sides of (H.20a) and (H.20b) are identical, it follows that

31For each 1 < j < d, the set 0A; is the boundary of the smooth manifold A;, and so it is of measure zero.

32For example, if d = 3, then 8Aj N HAy is a finite set of curves, each with a finite length.
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(H.21a) o (st ) +O(™) <o (f y) .

295

Crucially, since by Corollary H.2, both Lemma H.1 and item 1 of this lemma remain

valid if we interchange f and s, we also have that

(H.21b) o (f_l(y)) +O0(h™) <o (s_l(y)) .
Combining the two inequalities of (H.21) yields that

(H.22) o (f 1) — a(s™ ()| = O(™).
Finally

o (7 )\ Ui65(A))) = o (7)) = o (Va05(4)))

<lo(f7' W) —o (s ()| + O™ =

O(hm) Y

where the inequality in the first line is due to (H.20b), and the last equality is

due to (H.22).

Step 4. By (H.17), and since < %f, then

1
IV

1
do = d o™
/ VAT /U - oid IVf\ o +O(™).

Hence, by an inclusion-exclusion argument,

(H.23)

/ Wda— (hm)+zd:/j( de

— —da—i— -+ (=1 dl/
Z / |Vf‘ ( ) $1(A1)NNga(Ag) |Vf|

Jl<32 651 (Ajy )Ny (A

But, by (H.16), we can reduce all of the higher-order terms to yield

1 d
H.24 o= L e omm
(120 S 7%= 25 o 2+ 00

Hence, substituting (H.15) and (H.24) into (H.1) yields

(125 i [ oo [ e

L O(h™).

Step 5. By (H.25), in order to show that I(y) = O(h™), it is sufficient to prove that
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1 1
——do —/ do
/¢>j(Aj) V£l i, |Vs|

This proof is similar to that of item 4 in Lemma H.1. For ease of notation, we assume with-
out loss of generality that j = d. In this case, J,,5 # 0 on /Nlj,33 and so by the implicit function
theorem there exists a function S such that if s(aq,...,aq) =y, then ag = S(au, ..., aq-1).
The domain of S is

(H.26) Li(y) = =O(h™), 1<j<d.

GAd = {(al,...,ad,l) ‘ dag € [0, 1] s.t. (al,...,ad) S Ad}

In particular, if (a1,...,aq-1) € G4, then s(au, ..., ag-1,5(c1,...,a4-1)) = y. Therefore
1 1
/ dor:/ V14 |VSP2day---dog_1 .
Ay Vs G, V§ (a1, aq-1, (o1, ..., 0q-1)) |
8ajs

Furthermore, by the implicit function theorem, 0,5 = — for 1 < j < d, and so

Bads

d—1

1 g o\ ? 1 , & , 1
V1+|VSE = 1+Z<8a18> = G (Days)® + > (9a;8)" = \c%dsl’vs"
j=1 j=1
Hence,
(H.27a) / 1da=/ ! doay -+ -dog_q .
301951 7 Jo; Tt

Similarly, since |94, f| > 55 > 0 on ¢; (A;), applying the implicit function theorem to f yields a
fur(liction F:G%(Ad)—ﬂR where G(z)d(;ld) C R such that f(au,...,aq-1, F(a1,...,0q-1)) =y,
an

1 1
H.27b / da:/ — da! ---day_, .
( ) da(Ay) IV 1] G 00 f| " -t

bq(Ag)

Next, by item 2 of Lemma H.1, ¢4 induces a surjective map g : GAd — G¢d(Ad). But,
because ¢4 only alters the ay coordinate, 4 = Id, and so GG i, = G ba(Aa) Substituting this
equality and (H.27) into (H.26) yields

1 1
— — )V da - dds_
/GAd (’aadﬂ ‘aad5|> ' 1

Bounding (H.28) is similar to its one-dimensional counterpart in Appendix E. Since
|0ay f| > %, and since by Theorem 5.1, |9,5 — 0adf‘ < C,ph™, then for a sufficiently small h,
{aads‘ > 5% on ¢4(Ag). Substituting these bounds in (H.28) yields

(H.28)

Id(y) < < |aadf_8ad8|

N /G“id ‘aadf| ’ ]8%5]

day - -daly_y .

33 As before, this follows for sufficiently small h from the fact that [Ja,, f| > “f on Aa(y) and from Theorem 5.1.
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2d?
Id(y) < 2/ |8ad5(04]_,...7ad_1,S(Oé]_,...,Oéd_1))
G

K .
f i,

- 8adf(a1, e g1, F(Oél, ceey O[dfl))‘dal cee dad,1 .
Next, if we denote B = (au,...,aq-1,5(a1,...,a4-1)), then by (H.4)

¢d(,3) = (Oél,. . .,Oéd_l,F(Oél, e ,ad_l)) .

Therefore, we can rewrite and bound the left-hand-side integrand by

(H.29) 10048(B) = Oy f(9a(B))| < 00y5(B) = Oy f (B) + 100y f(B) = Doy f (9a(B))] -

This bound is very similar to its one-dimensional counterpart in (E.3). The first term on the
right-hand side of (H.29) is O(h™); see Theorem 5.1. In addition, since f € C?, the second
term in the right-hand side of (H.29) reads

1000 f (B) = Oayf (¢a(B))| < Ma|B — ¢a(B)| = M2|6(B)| = O(A™ 1),
where, as before, My = maxq |02, f| and the last equality is due to (H.7). Applying these
bounds to (H.29) yields

2d%
(H30) Id(y) S 2Khm/ dO[l e dO(d_l = Khm
Kt GAd

for some constants K, K > 0. Moreover, since (H.30) holds for I;(y) for all indices 1 < j < d,
then by (H.25)

d
I(y) < 3" 1i(y) + O(™) < dKA™ +O(™).

Step 6. Although |lps—pslli = [° I(y) dy, since § is compact and s and f are continuous,

— 00

Q1 < s, (a), fla) < Q2
and so I(y) =0 for y & [Q1,Q2]. Hence, by (H.30)

Q|-

lps—palls = ( [ o d;,); - ( / Q 19(y) dy)é < (KIh™(Qa—Qu))F < K(Qa—Qu)ih™

—0o0
Acknowledgments. The authors thank Y. Harness, B. Brill, R. Kats, F. Abramovich, and
D. Levin for useful comments and conversations.
REFERENCES
[1] M. J. ABLowITZ AND T. P. HORIKIS, Interacting nonlinear wave envelopes and rogue wave formation in

deep water, Phys. Fluids, 27 (2015), 012107.
[2] G. P. AGRAWAL, Nonlinear Fiber Optics, 5th ed., Academic Press, New York, 2012.

© 2020 and American Statistical Association



Downloaded 02/04/20 to 160.39.60.53. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

unllfev) > TaQQd o

o Q

©)

ADI DITKOWSKI, GADI FIBICH, AND AMIR SAGIV

. K. BEATSON, On the convergence of some cubic spline interpolation schemes, SIAM J. Numer. Anal.,
23 (1986), pp. 903-912.

. K. BEATSON AND E. CHACKO, Which cubic spline should one use? SIAM J. Sci. Stat. Comput., 13
(1992), pp. 1009-1024.

. BIRKHOFF AND C. DE BOOR, Error bounds for spline interpolation, J. Math. Mech., 13 (1964),
pp. 827-836.

. Y. CHEN, D. GOTTLIEB, AND J. S. HESTHAVEN, Uncertainty analysis for the steady-state flows in a
dual throat nozzle, J. Comput. Phys., 204 (2005), pp. 378-398.

. CoLoMmBO, F. NOBILE, G. PORTA, A. ScOTTI, AND L. TAMELLINI, Uncertainty quantification of

geochemical and mechanical compaction in layered sedimentary basins, Comput. Methods Appl. Mech.
Engrg., 328 (2018), pp. 122-146.

. G. CONSTANTINE, M. S. ELDRED, AND E. T. PHIPPS, Sparse pseudospectral approrimation method,

Comput. Methods Appl. Mech. Engrg., 229 (2012), pp. 1-12.

. J. DAvis AND P. RABINOWITZ, Numerical Integration, Academic Press, New York, 1975.

. DE BOOR, On cubic spline functions that vanish on all knots, Adv. Math., 20 (1976), pp. 1-17.

. DE BOOR, A Practical Guide to Splines, Springer, New York, 1978.

. J. DEBUSSCHERE, H. N. NaiM, P. P. PEBAy, O. M. KN1o, R. GHANEM, AND O. LE MAITRE,
Numerical challenges in the use of polynomial chaos representations for stochastic processes, STAM
J. Sci. Comput., 26 (2004), pp. 698-719.

. DEVROYE AND L. GYOFRI, Nonparametric Density Estimation—The L1 View, Wiley, New York, 1985.

. DiTKOWSKI AND R. KATS, On spectral approximations with nonstandard weight functions and their
implementations to generalized chaos expansions, J. Sci. Comput., 79 (2019), pp. 1981-2005.
. L. EUBANK, Nonparametric Regression and Spline Smoothing, Marcel Dekker, New York, 1999.

. C. EvANs AND R. F. GARIEPY, Measure Theory and Fine Properties of Functions, CRC Press, Boca

Raton, FL, 1991.

. FiBiCcH, The Nonlinear Schrédinger Equation, Springer, New York, 2015.

. J. FIELD AND R. M. NOVYES, Oscillations in chemical systems. IV. Limit cycle behavior in a model of
a real chemical reaction, J. Chem. Phys, 60 (1974), pp. 1877-1884.

. FORNBERG AND N. FLYER, A Primer on Radial Basis Functions with Applications to the Geosciences,

CBMS-NSE Regional Conf. Ser. in Appl. Math. 87, STAM, Philadelphia, 2015.

. N. FriTscH AND R. E. CARLSON, Monotone piecewise cubic interpolation, SIAM J. Numer. Anal., 17

(1980), pp. 238-246.

. GANAPATHYSUBRAMANIAN AND N. ZABARAS, Sparse grid collocation schemes for stochastic natural

convection problems, J. Comput. Phys., 225 (2007), pp. 652-685.

. GHANEM, D. HiGDON, AND H. OWHADI, Handbook of Uncertainty Quantification, Springer, New York,
2017.

. GHANEM AND P. D. SPANOS, Stochastic Finite Elements: A Spectral Approach, Springer, New York,
1991.

. H. GoLuB AND C. F. VAN LoaAN, Matriz Computations, John Hopkins University, Baltimore, MD,
2012.

. A. HALL AND W. W. MEYER, Optimal error bounds for cubic spline interpolation, J. Approx. Theory,
16 (1976), pp. 105-122.

. S. HESTHAVEN, S. GOTTLIEB, AND D. GOTTLIEB, Spectral Methods for Time-Dependent Problem,

Cambridge Monogr. Appl. Comput. Math. 21, Cambridge University Press, Cambridge, UK, 2007.

. C. Hsu AND R. BHATTACHARYA, Design of stochastic collocation based linear parameter varying qua-

dratic regulator, in Proceedings of the American Control Conference, IEEE, 2017, pp. 2375-2380.

. KULLBACK AND R. A. LEIBLER, On information and sufficiency, Ann. Math. Stat., 22 (1951), pp.

79-86.

. LE Cam AND G. L. YANG, Asymptotics in Statistics: Some Basic Concepts, Springer, New York,

2012.

. LE MAITRE AND O. M. KN10, Spectral Methods for Uncertainty Quantification: With Applications to
Computational Fluid Dynamics, Springer, New York, 2010.

. P. LE MAiTRE, O. M. Kn10, H. N. NAJM, AND R. GHANEM, Uncertainty propagation using Wiener—
Haar expansions, J. Comput. Phys., 197 (2004), pp. 28-57.

© 2020 and American Statistical Association



Downloaded 02/04/20 to 160.39.60.53. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

DENSITY ESTIMATION USING A SURROGATE MODEL 299

[32] O.P. LE MAITRE, L. MATHELIN, O. M. KN10, AND M. Y. HUSSAINI, Asynchronous time integration for

(33]
(34]

(35]
(36]
37]
(38]
(39]
(40]
(41]
(42]
(43]
[44]
(45]
(46]
(47]
(48]
(49]
[50]
[51]
[52]

[53]

[54]

[55]
[56]
[57]

[58]
[59]

K
H
A.
G

o 2 = oz w g

Qe

o

polynomial chaos expansion of uncertain periodic dynamics, Discrete Contin. Dyn. Syst, 28 (2010),
pp- 199-226.

. V. MarDIA AND P. E. Jupp, Directional Statistics, John Wiley & Sons, Chichester, UK, 2009.

. N. NaiM, Uncertainty quantification and polynomial chaos techniques in computational fluid dynamics,

Annu. Rev. Fluid Mech., 41 (2009), pp. 35-52.

O’HAGAN, Polynomial chaos: A tutorial and critique from a statistician’s perspective, STAM/ASA J.

Uncertain. Quantif., 20 (2013), pp. 1-20.

. PATWARDHAN, X. GAO, A. Saciv, A. Durr, J. GINSBERG, A. DITKOWSKI, G. FIBICH, AND A.
L. GAETA, Loss of polarization of elliptically polarized collapsing beams, Phys. Rev. A, 99 (2019),
pp. 033824.

. PiEgL AND W. TILLER, The NURBS Book, Springer, New York, 2012.
. M. PRENTER, Splines and Variational Methods, Courier, New York, 2008.
. RANDOUX, N. DALLOZ, AND P. SURET, Intracavity changes in the field statistics of Raman fiber lasers,

Opt. Lett., 36 (2011), pp. 790-792.

. R. RICE, Multivariate piecewise polynomial approzimation, in Multivariate Approximation, D.G. Hand-

scomb, ed., Academic Press, New York, 1978.

. SAaciv, A. DiTkowsKi, AND G. FIBICH, Loss of phase and universality of stochastic interactions
between laser beams, Opt. Exp., 25 (2017), pp. 24387-24399.

. D. SALAS, S. ABARBANEL, AND D. GOTTLIEB, Multiple steady states for characteristic initial value
problems, Appl. Numer. Math., 2 (1986), pp. 193-210.

. SCHABACK, Error estimates and condition numbers for radial basis function interpolation, Adv. Com-

put. Math. 3 (1995), pp. 251-264.

. H. Scuurtz, L*°-Multivariate approzimation theory, SIAM J. Numer. Anal., 6 (1969), pp. 161-183.

. H. SHEINFUX, E. SCHLEIFER, J. PAPEER, G. FiBicH, B. ILAN, AND A. ZIGLER, Measuring the
stability of polarization orientation in high intensity laser filaments in air, Appl. Phys. Lett., 101
(2012), 201105.

. STEFANOU, The stochastic finite element method: past, present and future, Comput. Methods Appl.
Mech. Engrg., 198 (2009), pp. 1031-1051.

. SUDRET AND A. DER KIUREGHIAN, Stochastic Finite Element Methods and Reliability: A State-of-the-

Art Report, Department of Civil and Environmental Engineering, University of California Berkeley,
Berkeley, CA, 2000.

. SZEGO, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ. 23, AMS, Providence, RI, 1939.

. TEREJANU, P. SINGLA, T. SINGH, AND P. D. ScotT, Uncertainty propagation for nonlinear dynamic
systems using Gaussian mizture models, J. Guid. Cont. Dyn, 31 (2008), pp. 1623-1633.

. N. TREFETHEN, Approximation Theory and Approximation Practice, SIAM, Philadelphia, 2013.

. B. TsyBAKoV, Introduction to Nonparametric Estimation, Springer, New York, 2009.

. J. TURNER AND R. H. CRAWFORD, N-dimensional nonuniform rational B-splines for metamodeling,

J. Comput. Inf. Sci. Engrg, 9 (2009), 031002.

. ULLMANN AND J. LANG, POD-Galerkin modeling and sparse-grid collocation for a natural convection

problem with stochastic boundary conditions, in Sparse Grids and Applications, Munich, Lect. Notes
Comput. Sci. Eng. 97, Springer, New York, 2012, pp. 295-315.

. VAN HALDER, B. SANDERSE, AND B. KOREN, An Adaptive Minimum Spanning Tree Multi-Element
Method for Uncertainty Quantification of Smooth and Discontinuous Responses, https://arxiv.org/
abs/1803.06833, 2018.

. WAHBA, Spline Models for Observational Data, CBMS-NSF Regional Conf. Ser. in Appl. Math. 59,
SIAM, Philadelphia, 1990.

. WAN AND G. E. KARNIADAKIS, An adaptive multi-element generalized polynomial chaos method for
stochastic differential equations, J. Comput. Phys., 209 (2005), pp. 617-642.

. WANG AND S. XIANG, On the convergence rates of Legendre approzimation, Math. Comp., 81 (2012),
pp. 861-877.

. WASSERMAN, All of Statistics: A Concise Course in Statistical Inference, Springer, New York, 2004.

. X1u, Numerical Methods for Stochastic Computations: A Spectral Method Approach, Princeton Uni-
versity Press, Princeton, NJ, 2010.

© 2020 and American Statistical Association


https://arxiv.org/abs/1803.06833
https://arxiv.org/abs/1803.06833

Downloaded 02/04/20 to 160.39.60.53. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

300 ADI DITKOWSKI, GADI FIBICH, AND AMIR SAGIV

[60] D. Xiu aND J. S. HESTHAVEN, High-order collocation methods for differential equations with random
inputs, STAM J. Sci. Comput., 27 (2005), pp. 1118-1139.

[61] D. X1u AND G. E. KARNIADAKIS, The Wiener—Askey polynomial chaos for stochastic differential equa-
tions, SIAM J. Sci. Comput., 24 (2002), pp. 619-644.

© 2020 and American Statistical Association



	Introduction
	Settings and computational goals
	Applications

	Review of existing methods
	Monte Carlo method, the histogram method, and kernel density estimators
	Generalized polynomial chaos

	Density estimation and spline-based UQ
	Accuracy of Algorithm 4.1 for density estimation
	Accuracy of spline-based density estimation
	Accuracy of moment estimation

	Multidimensional noises
	Simulations
	Interpolation
	Moment approximation
	Density estimation
	Density estimation of nonsmooth functions
	Multidimensional noise

	Application 1: Nonlinear Schrödinger equation
	Application 2: Inviscid Burgers equation
	Discussion
	Appendix A. Proof of Corollary 3.1
	Appendix B. Local properties of spline interpolation
	Appendix C. Proof of Lemma 4.1
	Appendix D. Sample MATLAB code for Algorithm 4.1
	Appendix E. Proof of Theorem 4.7
	Appendix F. Proof of Lemma 4.11
	Appendix G. Proof of Lemma 5.2
	Appendix H. Proof of Theorem 5.3

