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Abstract

We present a systematic study of singular vortex solutions of the critical and supercritical two-dimensional nonlinear Schrédinger equation. In
particular, we study the critical power for collapse and the asymptotic blowup profile of singular vortices.
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1. Introduction

The focusing d-dimensional nonlinear Schrodinger equation (NLS)

W (1, %) + AY + Y12 ¢ =0, ¥ (0,%) = Yo(x), (1)

where X = (x1,x2,...,xg) and A = 0y,x, + --- + Ox,x,, 1S one of the canonical nonlinear equations in physics, arising
in various fields such as nonlinear optics, plasma physics, Bose—Einstein condensates (BEC), and surface waves. The NLS
(1) is called subcritical if od < 2. In this case, all solutions exist globally. In contrast, solutions of the critical (cd = 2)
and supercritical (od > 2) NLS can become singular in finite time 0 < 7. < oo, ie., lim;-7, [|[¥||g1 = oo, where

11 = \/f [¥|>dx + [ |Vy|? dx. See, e.g., [1] for more information.
In this study we consider singular solutions of the two-dimensional NLS, which in polar coordinates is given by

. 1 1

Wit r,0) + Yrr + —Yr + r—zwee + WPy =0, ¥(,r0) =y, 0). 2
This equation is critical when o = 1 and supercritical when o > 1. We focus on vortex solutions of the form

Y(t,r,0) =A@, re™, meZ. 3)

It is relatively easy to produce optical vortices experimentally. As a result, vortices have been intensively studied, both theoretically
and experimentally, in the nonlinear optics literature. More recently, vortex solutions have been studied, both theoretically and
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experimentally, in Bose—Einstein condensates (BEC).! However, almost all of this research effort has been on non-collapsing
vortices. In fact, to the best of our knowledge, the only studies of collapsing vortex solutions are those of Kruglov and co-workers [3,
4] and of Vuong et al. [5]. Therefore, there is a huge gap between the available theory on non-vortex and vortex singular NLS
solutions.

In this study, we present a systematic study of singular vortex solutions of the critical and supercritical NLS (2). In particular,
we ask to what extent the available theory for singular NLS solutions remains valid for the subset of singular vortex solutions.
Of course, all the rigorous results that were previously derived for singular NLS solutions remain valid for the special case of
vortex solutions. As we shall see, however, in some cases stronger results can be obtained for collapsing vortices (e.g., the critical
power for collapse). In addition, we find that some of the non-rigorous results for singular non-vortex solutions that were derived
using asymptotic analysis and numerical simulations (e.g., stability of blowup profiles) do change for vortex solutions. Intuitively,
the main reason for this qualitative difference is that vortex solutions must vanish at the origin, where the phase is undefined.
Therefore, singular vortex solutions that collapse at the origin are identically zero there and must have a ring profile. This is very
different from non-vortex singular solutions, whose amplitude at the collapse point increases to infinity as they collapse, regardless
of whether their peak value is at the collapse point (i.e., peak-type solution) or not (i.e., ring-type solution).

The paper is organized as follows. In Section 2, we recall the conservation laws of the NLS (2). In Section 3, we consider

stationary vortex solutions of the form w;m,?onm = Rk (r)ei)" +Himt
In Section 4, we systematically study vortex solutions of the critical (o = 1) two-dimensional NLS

1 1
Wt r. 0) +Ver + —Yr + Y00 + WPy =0, ¥(0,r,6) = yo(r,6). “4)

In Section 4.1, we study the profiles R, x(r) of the stationary vortex solutions and in particular the ground state profile R, ¢. In

Section 4.2 we show that as in the vortex-free case, there are two types of explicit blowup solutions of the critical NLS (4): w;’;"hc“

with a linear blowup rate which are in H!, and ngrfhm with a square-root blowup rate which are not is H'. However, while in the

licit . licit . . L licit licit
vortex-free case, w;’f}p " is a peak-type solution and wg;p " is a ring-type solution, in the vortex case, both WZXP " and wéxP ot
m m

are ring-type solutions. Moreover, unlike wg;p " these singular vortex ring solutions are identically zero at the singularity point

r = 0. In Section 4.3 we consider the critical power (L> norm) for collapse in the critical NLS (4). Recall that in the non-vortex
case the critical power is equal to P, = f |R0,0|2 rdr, where Ry, is the ground state solution of

1
R'+-R—R+R =0, RO=0  R00)=0. ®)

In contrast, the critical power for radially-symmetric vortex initial conditions of the form vy = Ao(r)e™? is Py(m) =
f |Rm,0|2 rdr, where Ry, ¢ is the ground state solution of

" 1 / m2 3 /
Ry(r)+ —Ry = (14— ) Ru + R, =0, R/ (0) =0, Ry (00) = 0.

The critical power P.(m) increases with m, and is approximately given by Pe(m) ~ 4+/3m. In particular, it is significantly larger
than Py = Py (m = 0) =~ 1.86. In [3], Kruglov and Logvin estimated the value of P..(m) by assuming that the vortex solution
collapses with a self-similar Laguerre-Gaussian profile. We show that this estimate is a crude upper bound, and that this is due to
the use of the aberrationless approximation and the fact that the Laguerre-Gaussian profile does not provide a good approximation
of R, 0. In addition, we provide a simple criterion to determine whether an initial profile is “close” to R, o, in which case the
excess power above P..(m) needed for collapse is “small”. We then ask what is the critical power when the initial vortex profile is
not radially-symmetric, e.g, when o = Ag(x, y)e? where Ay is real but not symmetric in . In Section 4.3.3 we show that in this
case, the vortex solution can collapse with power below P..(m) but, of course, above P. This is exactly opposite from the non-
vortex case, in which deviations from radial symmetry increase the threshold power for collapse [6]. The reason for this difference
is as follows. In the vortex-free case, the ¥g, , profile is stable under symmetry-breaking perturbations. In contrast, vortices are
unstable under symmetry-breaking perturbations and, when perturbed azimuthally, they break into a ring of filaments. Since these
filaments do not collapse at r = 0, the vorticity does not prohibit them from collapsing with the Rg ¢ profile. Hence, the critical
power for collapse of each of the filaments is P, = P (m = 0). In Section 4.4 we show that as in the vortex-free case, all stationary
vortex solutions are strongly unstable. In Section 4.5 we show that as in the vortex-free case, the explicit vortex blowup solution
w;’;pgcu is unstable.

Section 4.6 is devoted to the study of the asymptotic blowup profiles of critical vortex solutions. In [7], Merle and Raphael proved
that all singular solutions of the critical NLS (4) with power is slightly above P, collapse with the asymptotic g, , profile and that

1 For a recent review on vortices in Optics and in BEC, see [2].
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their blowup rate is a square root with a loglog correction (the loglog law). Although this result was proved only for solutions with
power moderately above Py, it was believed that ““all” stable singular solutions of the critical NLS collapse with the ¥g, , profile
at a square-root blowup rate with a loglog correction. In 2005, we discovered singular solutions of the critical NLS that collapse
with a different self-similar profile denoted by ¥/, , at a square-root blowup rate [8]. Since Ry o attains its maximum at r = 0,
whereas G, attains its maximum at rmax > 0, we refer to Y¥g,, and ¥, , as self-similar ‘peak-type’ and ‘ring-type’ solutions,
respectively. At present, it is still an open question whether the self-similar ring profile ¥, , is maintained all the way up to the
singularity or whether ultimately it changes into a peak-type ¥g, , profile.

In Section 4.6.1 we prove that all singular vortex solutions collapse with a self-similar profile. We then prove a concentration
theorem for vortex solutions, namely that the amount of power that collapses into the singularity is at least the critical power P (m).
This proves that radially-symmetric singular vortex solutions cannot collapse with the g, , profile. We then ask what the asymptotic
profile of singular vortex solutions is. A priori, there are two possible asymptotic profiles: g, , with the loglog law blowup rate,
and ¥g,, , with a square-root blowup rate (Section 4.6.2). In Section 4.6.3, we conduct a numerical study to determine which of
these two asymptotic profiles is stable. Our simulations suggest that radially-symmetric singular vortex solutions, i.e., solutions of
the form (3), always collapse with a self-similar ¥, , profile at a square-root blowup rate. In particular, even a perturbed Vg, ,
vortex profile is observed to collapse with a self-similar G, o profile at a square-root blowup rate. This result is surprising, since in
the vortex-free case the profile ¥g,, is a strong attractor, and therefore a perturbed g, profile collapses with a self-similar ¥g ,
profile at a faster-than-a-square-root blowup rate.

As noted, our simulations suggest that “all” radially-symmetric H! singular vortex solution of the critical NLS collapse with
the ¥¢,, , profile at a square-root blowup rate. The ¥, , profile, however, has an infinite power (L? norm). This seems to suggest
that ¥¢,, , cannot be the asymptotic profile of H ! vortex solutions of the critical NLS. However, in Section 4.6.4, we show that the
collapsing solution is only quasi-self-similar, i.e., the self-similar profile ¥, , characterizes only the collapsing ring region and
not the whole solution. Therefore, the infinite-power tail of the vortex profile G, o may be “irrelevant” to the NLS ring solutions.
We recall that a similar situation appears in the vortex-free case m = 0, where v, , characterizes only the collapsing ring region
and not the whole solution so that the infinite-power tail of 1/ is also “irrelevant” [8]. The numerical simulations in [8] show that
H' ring solutions of the NLS collapse with an asymptotic quasi-self-similar blowup profile V¥Go, up to focusing levels of 1016,
However, it is impossible to determine numerically whether these solutions maintain a ring profile all the way until the singularity
or whether at some exceedingly large focusing factor the ring structure breaks up and they collapse with the g, profile. It is
therefore an open question whether there exist H'! non-vortex solutions of the NLS that collapse with the self-similar ring profile
Y6, at a square-root rate. The surprising observation that the finite-power vortex solutions which start close to Yg,, , collapse as

VG, o Suggests that ¥g,, , may, indeed, be the asymptotic quasi-self-similar profile of H Uvortex solutions of the critical NLS all
the way up to the singularity. However, as in the vortex-free case, at present, whether this is indeed the case is an open question.

As noted, in Section 4.6.3 we observed numerically that the self-similar collapsing ¥, , profile is stable with respect to
radially-symmetric perturbations of the form g(r)e”?. In Section 4.6.6, we ask if the collapsing ¥G,, o profile is also stable in the
general case, i.e., under asymmetric (azimuthal) perturbations. To answer this question analytically we use the azimuthal instability
method [9,10] developed by Soto-Crespo and co-workers. This, however, requires some modifications to the method, since this
method has only been derived for and applied to stationary vortex solutions. We show that collapsing vortices are unstable with
respect to symmetry-breaking perturbations and that they break into a ring of filaments. Moreover, our analysis leads to a prediction
of the number of filaments, which is in good agreement with our simulations.

The above results give rise to the following interesting scenario. Let us consider a slightly perturbed ¥, , initial condition. If the
initial deviation from radial-symmetry is sufficiently small, then initially the solution would approach the self-similar ring profile
¥G,, o While collapsing. Subsequently, due to the azimuthal instability of ¥, ,, the solution would break into a ring of filaments,
each of which would collapse with the non-vortex g, , profile.

In Section 5, we study singular vortex solutions of the supercritical NLS. Recall that there are two known stable asymptotic
profiles of non-vortex singular solutions of the supercritical NLS: The self-similar peak-type profile s, which collapses at a
square-root blowup rate, and the self-similar ring-type profile ¥¢, recently discovered in [11], which collapses at a o/2 blowup
rate. In Section 5.2, we show that there are two possible asymptotic profiles for non-vortex solutions of the supercritical NLS:
¥s,, o Which collapses at a square-root blowup rate, and ¥g,, which collapses at a /2 blowup rate.” In Section 5.3, we conduct a
numerical study in order to determine which of these two asymptotic profiles is stable. Our simulations suggest that ¥, is a strong
attractor for radially-symmetric vortex solutions of the supercritical NLS, while g, , is unstable. Note that this is the same as in
the critical NLS, where v, , the vortex analog of the ring-type solution, is stable, while v, , the vortex analog of the peak-type
solution, is unstable.

In Section 6 we describe the numerical methods used in this study. Generally, the methods used for vortex simulations are the
same methods used for non-vortex ring solutions in [8]. However, the simulations in the vortex case are more demanding than

m,0°

2 [12], Budd et al. found ring (multi-bump) solutions of the supercritical NLS which are different from ¥, and ¥g,, . These solutions, however, turned out to
be unstable.
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in the vortex-free case. The reason is that vortex solutions vanish at the origin, hence as they collapse the amplitude difference
between the origin and the ring peak becomes larger and larger, contributing to huge gradients in the solution. In contrast, the value
of non-vortex rings at the origin increases at the same rate as the maximal ring amplitude increases as it collapses. Hence, the
amplitude difference between the origin and the ring peak remains constant during the collapse and is typically “only” two orders
of magnitude.

The most surprising observation of this study is that the critical yrg,, , profile and the supercritical ¥, , profile are unstable and
therefore “all” critical vortices collapse with the v/, , profile at a square-root blowup rate and *“all” supercritical vortices collapse
with the g, profile at a o/2 blowup rate. These observations are surprising, since in the vortex-free case ¥g,, and ¥, , are
stable asymptotic blowup profiles and in some sense are even “more stable” than ¥, , and ¥, , since they are also stable under
symmetry-breaking perturbations. This observation may also be relevant to the open question of whether there exist H' non-vortex
(m = 0) or vortex solutions of the NLS that collapse with the self-similar ring profile ¥¢,, ,. Indeed, this problem might be easier
to analyze in the vortex case, since ¥, , seems to be the only possible asymptotic blowup profile of finite-power vortex solutions.
In addition, this open problem may be easier to analyze in the vortex case from a technical point of view, since the ¥¢,, , vortex
profile is self-similar not only in the ring region (as in the case of ¥, ,) but also around the origin (Section 4.6.4). Therefore, the
solution of this problem in the vortex case may provide the key to the solution in the non-vortex case.

2. Conservation laws

The two-dimensional NLS (2) has the following conservation laws:
(1) Power (mass/ L? norm) conservation: P(t) = P(0), where
P@) = V5.
(2) Hamiltonian conservation: H(t) = H(0), where
H() = VY3 - ﬁnwnigﬁ.
(3) Angular momentum conservation: M (t) = M (0), where
M@) = /x x Im(y Vi) dx.
We also recall that solutions of the NLS (2) satisfy the Variance identity [13]
Vi =38 [H(r) - Z—;inwnégié} :
where V(¢) = ||x¢ ||% and H (¢) is the Hamiltonian of . In the critical case o = 1, the variance identity reduces to
Vi = 8H. (6)
Let us consider a vortex initial condition with winding number (topological charge) m, i.e.,
Yo(r,0) = Ao(r)e™, m e Z. (7)
In this case, the solution remains a vortex with winding number m:
Lemma 1. Let v be a solution of the NLS (2) with the initial condition (7). Then,

W, r,0) = A(t, r)e™?, (8)

where A(t, r) is the solution of

. 1 m?
1A;(t,r) + App + ;Ar - r_zA +]APPA =0, A, r) = Ao(r). )

Proof. Substituting y» = A(z, r)e? into the NLS gives that A is a solution of (9). Since 6 does not appear in (9), A is independent
of 6. Since v = A(z, r)ei™? is a solution of the NLS, it follows from the uniqueness of NLS solution that (8) is the unique
solution. [

In light of Lemma 1, the NLS with the vortex initial condition (7) is equivalent to Eq. (9). The stability of these vortex solutions
of the NLS (2) under perturbations of the initial condition which do not preserve the form (7) will be discussed in Section 4.6.6.
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Lemma 2. Let ¥ be a solution of the NLS (2) with a vortex initial condition ¥o = Ao(r)e™?. Then,
(1) P(y) = P(A). ,
Q@) IVYI3 = I §Al3 +m? | 2]5.
2

G 1Y12, = A3+ I A3 +m? | 2]

2
@) H) = H(A) +m?* | 2]
5) If ¥ (t,-) € H', then A(t, ) € F where

}':{f:R+—>(C‘f7—éO,f,£,f,eL2}. (10)
(6) M(y) =mP(A).

Proof. See Appendix A. O

stationary)

3. Stationary vortex solutions (¢, °,

We can look for a stationary vortex solution of the NLS (2) of the form 1//,)}! = Rf;l (r)e*+im? Here i—f = % is the rotation speed,
and Rf‘n (r) is the solution of

1 m?
(R:Y'(r) + ;(Rj,,)’ — (A + r—2> R + (R H1 =0, (R*)(0) =0, R (00) = 0. (11)
Let us define
Riy =23 Ry (Var). (12)
Then, R,, is the solution of
" 1 / m2 20+1 ’

Therefore, up to scaling, the vortex profile R} is independent of A. Hence, without loss of generality, we can assume that A = 1
and m > 0. In this case,

:;ationary — Rm (r) eit +im6 (14)

rotates anti-clockwise at a speed of 1/m.
We now consider the behavior of R,,(r) near r = 0:

Lemma 3. Let R, (r) be a solution of (13). Then Ry, (r) = r" gy (r), where g, (0) # 0 and q,, (r) is the analytic solution of
2m + 1
() + = —an + 7" g7 =0, g0 =0, gn(c0)=0. (15)

Proof. See Appendix B. [
The following results are known:

(1) For any integer m, any 0 > 0, and any k = 0, 1, .. ., there exists a solution R, (r) of (13) in H' that has exactly k nodes in
(0, 00) [14].

(2) Uniqueness for k = 0: For any integer m and for any o > 0, there exists a unique solution Ry, t—o of (13) in H! which is
positive in (0, co) [15]. Uniqueness for k > 1 is open.

(3) For any integer m, any o > 1 (i.e., the supercritical NLS), and any k = 0, 1, .. ., the stationary vortex solution (14) is linearly
unstable under perturbations of the initial condition of the form g(r)e"? [15,16].

(4) The positive vortex solution Ry, 0 := Ry k=0 of (13) can be approximated as follows [17]:

Lemma 4.

1
2

m2 20 0 1 m
Ruo(r)y~ |1+ 3 (1 +0)2 secho 1+ 3 o(r —rmax) |, m>1, (16a)

max max
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m=1 m=2 m=4 m=6

10 20
r r r r

Fig. 1. The ground state profile R, o(r) of Eq. (18) for m = 1, 2, 4, and 6 (solid). The dashed curve is the approximation (19).

where

[2
Fmax ~ 1/ —m. (16b)
o

This result is proved in [17, Lemma 3] by expansion in m >> 1.
In addition, the following scaling laws have been found numerically [18] for k — oo,

1+mo

gm0 ~ k72, | R icll2 ~ K, VR kll2 ~ k.

4. Critical case (6 = 1)

We now consider vortex solutions ¥ = A(z, r)e”? of the two-dimensional critical NLS (4). In this case, Eq. (9) for A(z, r)
becomes

. 1 m?
At r)+ A+~ A — A+ |APA =0, A0, r) = Ag(r). (17)

4.1. Ground state vortex profile (Rp o)

In the critical case, Eq. (13) becomes

R 1 / m2 3 _ I _ _
m(r)—l—;Rm_ ]+r_2 Rm+Rm_0’ Rm(O)—O, Rin(00) = 0. (18)

As noted, this equation has an enumerable number of solutions {Ry, «}72, in F.

Definition 5. The ground state of (18) is the minimal power solution of Eq. (18) in F.

Lemma 6. The ground state of (18) is given by Ry, 0.
Proof. See Appendix C. O
By Lemma 4, the profile of the ground state of (18) can be approximated as
R 0(r) ~ v/3sech (ﬂ) L om> 1, (19)
' V2/3

where rmax ~ V2m.
A comparison between R, o and the approximation (19) is given in Fig. 1. As expected, since the approximation (19) was
derived by expansion in m >> 1, it becomes more accurate as m increases.

For later reference (see Section 4.3.1), we note that for R,i‘l o(r) = «/XRm,o (ﬁr), see Eq. (12),
2 A r= rr)}z,o
Rmio(r) ~ (" sech T s m > 1, (20)

where (% ~ 34, L* ~ |/ &, Tho ™ %
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4.2. Explicit blowup solutions

Recall that in the case m = 0 there are two types of explicit blowup solutions [8]:

explicit

(1) A peak-type solution ¥, with a linear blowup rate, which is in H'.

explicit

(2) A ring-type solution ¥ with a square-root blowup rate, which is not is H'.

We now show that this is also the case for m > 0, namely, there are two types of explicit blowup solutions:
€))] weXphcn with a linear blowup rate, which is in H L
2 weXth with a square-root blowup rate, which is not is H'.

Unlike the vortex-free case, however, both solutions are ring-type.

4.2.1. Linear blowup rate (we"PhCIt )

The critical NLS (4) is invariant under the following lens (pseudo-conformal) transformation [19]. Let ¥ be a solution of the
critical NLS (4), let

~ L, r2
vt r,0) = Iu )df(t 0, 0)exp <I_Z> , (21a)
where
r t o ds
P =t I=A2§5, (21b)

and L(t) = f.(T; —t). Then, 1/~/ is also a solution of the NLS (4).

Applying the lens transformation (21) to the stationary vortex solutions ¥, "
vortex blowup solutions

tati P . . ..
DAY — Rk (r)el" T gives rise to the explicit

explicit 1 r ifo 75+ meJ“Tr rT
,r,0) = ——R L=() , L) = T. —1), 22
1/mek (¢ ) L(1) m,k(L(t)) () fc( c ) (22)
where f. > 0, and R, x is a nontrivial solution of (18). Clearly, weXphcn blow up at 7 =0ast — T, since for all ¢ > 0,

lim |wex"h°“| rdrdd = co. (23)

=T Jr<e

Since Ry, x(0) = 0, see Lemma 3, it follows that 1//eXphcn( ,r =0,0) = 0. Hence, wexPhClt are singular solutions that vanish at the

singularity point r = 0. This is different from all non-vortex singular NLS solutions, e.g., the R profile and the G profile solutions,
which become infinite at the singularity point [8,1].
The blowup rate of the explicit blowup solutions is linear, since

IVl ~ o =), > T,

where ¢ = fo/|IVRm kll2.
The phase of the explicit blowup solutions at a given rescaled radius p = r/L(t) is

o) = -+ fds  LL 22000, p) f—2 2% @), (24)
__mfoLZ(s) am © P= g

where

12 < 11 11
6(0, p) = —,OTc, e(r)z_/o_z_

mJo L2 mf2T.—1t
The phase is composed of the two radially-dependent terms 6 (0, p) — ,0 2¢, and the uniform phase term —8(¢). The second phase
term — f‘ =P 2t increases linearly in time and distorts the phase of the vortex into a spiral form, see Fig. 2. As t — T,

2
o(t, p) ~ 0(0, p) — f op 27— 0@), 6(1) — oo. (25)
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B ; D

0O ¢

X X X X

. i9+ir—ﬁ 2|
Fig. 2. Im | Ry—1 k—0(p)e 4P with f = 075and Te = SatA: 1/L =1 (¢t = 0),B: 1/L = 2 (t = 25),C: 1/L = 10 (¢t = 4.5),
D:1/L =100 (t = 4.95).

Therefore, near the singularity (i.e., for # ~ T,) the radial phase distortion “freezes and the phase simply rotates uniformly at the

rotation speed %5 1) = —%ﬁ, which increases to infinity as the vortex collapses,’ see Fig. 2(C) and (D).

4.2.2. Square-root blowup rate ( wexl’hm )
Let us consider explicit blowup solutions of the critical NLS (4) of the form

Yt r,0) =Ya,l(tr0),

where

Vanr) = L AT Lo L (26)
m L() A ’ o L2s)"" L)

Note that ¥4 is of the form (22), except that we do not necessarily assume a linear blowup rate.

m

Substitution of ¥4, into the critical NLS (4) gives the following equation for A,

AT+ ar (1575 = L g an + 43 =0, sy = 131 27)
m(P) 5 Am 2 ) Am Zﬁ()p m+A,=0, B = - (
Since A, (p) is independent of ¢, B(¢) = By. Hence, the equation for L(¢) is

Ly =—po/L. (28)
If Bp = O, then Eq. (27) for A,, becomes Eq. (18) for R,,, and L is linear in ¢, i.e., A, = R,, and we recover the blowup solutions
1//“131‘“‘ If By > 0, then by multiplying (28) by L, and integrating we obtain that (LL,)*> = o + CoL?. Since lim,_.7, L(t) = 0,

lim (LL:)*> = fo.

t—>T,

Hence, the blowup rate is a square root, i.e., L(t) ~ f./T, —t, where fc2 = Zﬁo. In this case, we denote A,, = G,,, and the
equation for G, is

" 1 / m2 f4 3
Gm(p)—l—;Gm— +——1—6p Gn+ G, =0. (29)
Therefore,
1 fc
wexphcu( ) = 0 Gy, (p)elr+1m9 il p? (30a)
where
L) = fuJT. —1 /t ds r (30b)
= . - — 1, T = 5> EEENE)
VI o 1260 T Lo

and G, is the solution of (29), is an explicit blowup solution that has a square-root blowup rate.

3 The acceleration of the uniform rotation speed follows from the conservation of angular momentum. Indeed, as the power (mass) of the vortex contracts into a
smaller region, the rotation speed must become faster in order to conserve angular momentum.
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Fig. 3. Solutions of (29) with m = 2 and f, = 0.35 for various values of go: A: gg = 6.5 X 10-7.B: g0 =2x 1073, C: go=35x 1074

Lemma 7. Let G,,(r) be a solution of (29). Then G, (r) = r" g, (r), where go = gm(0) # 0 and g, (r) is the analytic solution of
2m+1 (1 4

gm( r)+ ’ Em - 166 >8m+r2m 3 =0, g,/n(o) =0, gm(00) = 0. (31)

Proof. The proof of Lemma 7 is identical to the proof of Lemma 3 in Appendix B. O

A systematic study of Eq. (29) was conducted in [8, Section 4] for the case m = 0. We now present a similar study for the case
m > 0.
Solutions of Eq. (29) depend on the parameters f,. and go, see Lemma 7.

Lemma 8. All solutions of (29) are decaying as p — 0o. Moreover,

cG f2 2 1
Gul(p) ~ — LAy | o=, . 32
) P cos( < 0? fcz ogp) + (p2> 0 — 00 (32)

Proof. The result was proved in [20, Theorem 1.1] for the case m = 0. The proof for m > 0 is identical. O

Lemma 8 implies that for any choice of f,. and go the solutions of (29) are decaying as p — 00, and that G, has an oscillatory
tail of magnitude c¢. Fig. 3 shows solutions of Eq. (29) with f. = 0.35 for various values of go. In general, these solutions can be
separated into two regions:

(1) A ring region, in which G, is positive with one or several rings.
(2) A tail of decaying-to-zero oscillations (in accordance with Lemma 8).

The tails of the solutions in Fig. 3 are of significant magnitude. Clearly, we are interested in solutions of the G,,, equation that look
as in Fig. 1 and not as in Fig. 3, i.e., without the oscillatory tail. Since the amplitude of the decaying oscillations is governed by cg,
see Eq. (32), we can equivalently say that we are interested in ring solutions of Eq. (29) with the smallest-possible tail (i.e., ¢g).
Therefore, following [8] we define the single-ring profile of Eq. (29) with a given value of f. as the single-ring solution with the
value of g that gives rise to the smallest-possible value cg. More generally, the k-ring profile is the k-ring solution of (29) with the
minimal value of ¢g.* Fig. 4 shows a graph of the tail magnitude c¢ as a function of go for m = 2 and f, = 0.35. In general, cg is
O(1), but it sharply falls into minimum points at several locations.’ Let us denote the values of g¢ at the minimum points by, going

from left to right, g(()l), g(()z), g(()3), . ... Plotting the corresponding G,, profiles shows that go = g(()k) corresponds to a k-ring profile

(see Fig. 5), which we denote by G, x. Let us denote by g(()k)( fc) the value of g¢ for which the solution of Eq. (29) is a k-ring
profile, according to the above definition of ring profiles. Therefore, Eq. (29) gives rise to one-parameter families of k-ring profiles
which are determined by (1, g(k) (fe))- As go decreases, the ring radius rmax, i.€. the location of its peak, increases. Therefore, the
family of k-ring vortices can also be parameterized by the vortex radius, see Fig. 6(A).

Lemma 8 implies that all solutions of Eq. (29) have infinite power (L? norm) due to the slowly decaying oscillatory tail. Note

that, in particular, this is true for the k-ring solutions of Eq. (29), since, in this case, the value of c¢ is small but not zero. Therefore,

the explicit blowup solutions wexth are not in H'.

In Section 4.6.4 we will see that it makes sense to consider the G profile only in the ring region, and to define the power of ¥
as the power in the ring region. One possible definition for the transition point pyansition between the ring region and the tail region
is where the coefficient of G, in (29) changes sign. In this case we denote,

Ptransition
Pring = /O e, 120 do, (33)

4 The minimal value of ¢ can be close to, but not equal to, zero (see Fig. 4). Indeed, from Lemma 8 it follows that if cG = 0 then G;; = 0. Therefore, a k-ring
solution of (29) does have an oscillating tail, but its magnitude is minimal.

5 Other choices of m and fc give rise to the same qualitative picture (data not shown).
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Fig. 5. Solutions of (29) with m = 2 and f. = 0.35. A: single-ring solution with gg = g’ ~ 6.99 x 10~7. B: double-ring solution with go = g\ ~ 2.07 x 10~5.

C: triple-ring solution gg = g(()z) ~4.14 x 1074,

22 g y g . 40
A B
20 | ]
35
18}
16} 20
rm 14 r\ngfl:::r
12} 25
10} 0
8 L
1078 1077 107° 107° 107* 10 15 20
g, Mm

Fig. 6. Single-ring solutions of Eq. (29) with m = 2 and initial condition g varying between 1078 and 6 x 10~4. A: Ring radius rmax as a function of 8o on
a semi-logarithmic scale. The dashed curve is the fitted line rmax ~ 1.95¢=1-0780_ The two lines are indistinguishable. B: Normalized ring power Pyng/Per as a
function of rmax. Dashed curve is the fitted line Pring/ Per & 3.85¢!-81rmax _ The two lines are indistinguishable.

2244+ fim?

. . 2 4 ..
where Pransition = -7 is the solution of 1 + % — {—06 p2 = 0. Recall, that as go decreases the vortex radius increases.
Hence, its power increases. Therefore, the family of k-ring vortices can also be parameterized by the vortex ring power Pying, see
Fig. 6(B).
The phase of the explicit blowup solutions P! at a given rescaled radius p=r/L(t)is
p p p Gom g

_ 1 4 ds LL[ 2 ~
90)——;/0 26)  dam” =6(0,p) —0(1), (34

where

2 A B L ( 1
Q(O’p)_Smp’ Q(I)_m/(; L2(s) mf2 log T.—t)
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D: 1/L = 100 (1 ~ 0.999).

The phase is composed of a radially-dependent spiral term 6(0, p) whose value depends on fc, and a uniform phase term —6(1).
Note that, unlike w;’:’hcn, the phase distortion remains constant for all # > 0, see Fig. 7.

4.3. Critical power for collapse Pc(m)
The minimal power for collapse in the critical NLS was found by Weinstein [21]:

Theorem 9. Let  be a solution of the critical NLS (4) whose initial condition yry is in H'. Then, a necessary condition for collapse
is that || Y03 = Per, where Pop = ||R||% is the power of the ground state of (5).

The result of Theorem 9 is valid for any initial condition. We now generalize this result for the special case of vortex initial
conditions:

Theorem 10. Let i be a solution of the critical NLS (4) whose initial condition vy is a vortex profile (7) with winding number m.
Then, a necessary condition for collapse is that ||1ﬂ0||% > P (m), where P (m) = ||Rm,0||§ is the power of the ground state of
(18).

Corollary 11. A necessary condition for collapse in Eq. (17) is that ||A0|I% > P.(m).

The proof of Theorem 10 uses Hamiltonian conservation together with the appropriate Gagliardo—Nirenberg inequality to find an a
priori bound for ||V ||%. At the heart of the proof are the following Lemmas:

Lemma 12. Let J,,,[ f] be given by
v £2 2 2 2
_|| f||2||f||2+m2||f/r||2||f||2.

= 1113 e
Then, inf e r Jyul f] is attained, where F is defined in (10).
Proof. See Appendix D. 0O
Lemma 13. The optimal constant Cy, in the Gagliardo—Nirenberg inequality

| fnlld < CanllV finl31 fnl13, (36)
where

fn = f(r)e™ e H', (37)
is given by Cp, = 2/||Rm,0||%, where Ry, o is the ground state solution of (18).
Proof. The optimal constant Cy, is given by

o 1 B\ 41 A s

" o;éf(r)ei%iﬁneyl Jml o Il -

Since J[ f;;, = eim? f(r)] = Julf] and since the infimum of J,,[ f] is attained (Lemma 12),

O = 1J [f]  min ]J L1 >

otfer " ozfer "

To finish the proof, we find the extremals of J,,[ f] and show that R,, ¢ minimizes J,,,[ f], see Appendix E. O
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Table 1
Critical power Per(m) = [5° \Rm,ol2 rdr

m 1 2 3 4 5 6 7 8 9 10

Per(m) 7.68 14.26 21.05 27.90 34.78 41.67 48.57 55.48 62.45 69.14

Proof of Theorem 10. Following [21], from the conservation of the Hamiltonian and of the power, and from the
Gagliardo—Nirenberg inequality (36), it follows that

Cm
VY5 < H(O) + 7||wo||%||wn§, (40)

for ¥ = A(t, r)e”™? € H'. A sufficient condition for global existence, i.e., for || V| to be bounded, is CT’”||1//0||% < 1. Hence

Per(m) = (41)

Cun’
By Lemma 13, é = || Rm,0ll3. Hence, Pr(m) = [Ruol3. O

Remark 14. The result of Theorem 10 is sharp in the sense that singular vortex solutions with initial condition ¥ = Ao (r)eim?

with power less than P..(m) do not exist, but singular vortex solutions with exactly the power P (m) (W;’:ﬂpgm) do exist.

The critical power P..(m) can also be defined as the minimal power of all vortex profiles with a non-positive Hamiltonian:

Corollary 15.

Pamy = min Lol wo) <0} “2)
0=/ (r)eimf eH!

Proof. From (40) and (41) it follows that

Pec(m) — [|Yoll3

o IV¥oll3 < HWo).

Hence, if H (o) < 0 then ||1,bo||% > P.;(m). Therefore,

Paomy = inf  fjuoliH@o) <0}
Oso= (r)ei"? € H!

Since H(Rm,oei’"g) =0and ||Rm,oei’"9 ||% = P.:(m), the result follows. [

Theorem 10 shows that the critical power P.(m) increases with m:

Corollary 16. P..(m) is monotonically increasing in m, i.e.,

P (0) < Py(1) < Py(2) < - --.

IV 2 /I3 1
1713 1713
functional J,,[ f] is monotonically increasing in m, Pcr(m) is also monotonically increasing inm. O

Proof. By (35), (39) and (41), Pe(m) = 2minger Julf] = 2minfey:|: +m i| Since for any f the

The value of P, (m) = f |Rm,o|2 rdr form =1, ..., 10 is listed in Table 1. We can also derive an analytic approximation for
P.:(m) by using the approximation (19):

> 2 /°° 2 fr—~2m 23
P..(m) = R rdr =3 sech® | ———— | rd r =2log(e“vV"" +1).
() /0 | R 0 s g )

Therefore, Per(m) ~ 4+/3m, for m > 1.
Fig. 8 shows that the critical power is well approximated by 4+/3 m, and that the approximation improves as m increases. Already
for m = 2 the approximation error is less than 3%, and for m > 5 the error is below 0.4%.
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Table 2
P ,(Z & [ f] for various input profiles

m Input profile (f)
Laguerre-Gaussian (Eq. (44)) sech (Eq. (45)) “Modified” sech (Eq. (48))

1 7.73 (+0.65%) 9.19 (+19.66%) 7.69 (40.13%)
2 14.66 (42.80%) 14.9 (+4.48%) 14.39 (+0.91%)
3 22.52 (+7%) 21.44 (+1.9%) 21.20 (4+0.71%)
4 30.97 (+11%) 28.71 (4+2.9%) 27.99 (+0.32%)
5 39.65 (+14%) 37.92 (+9%) 34.84 (+0.17%)
6 49.60 (+19%) 47.52 (+14%) 41.81 (4+0.34%)
7 59.27 (+22%) 57.49 (+18%) 48.68 (4+0.23%)
8 69.69 (+26%) 69.19 (+25%) 55.53 (+0.09%)
9 80.56 (+29%) 84.28 (+35%) 62.51 (+0.1%)

10 91.96 (4+33%) 97.90 (+30%) 69.20 (+0.09%)

The value in parentheses is (P,(hm) — Per(m))/ Per(m).

4.3.1. Threshold power for collapse
Let us consider the one-parameter family of initial conditions

Yo = c f(r)e™, (43)

for the critical NLS (4). Since H (Vo) = ¢2 [H (fei”’e) — =1 ||f||i], there exists a threshold value ¢y = cy (f) such that for
all ¢ > cy, H(¥p) < 0 and hence by the variance identity (6), the solution becomes singular. Therefore, there exists a threshold
value ¢;;, < cp, such that the critical NLS solution with initial condition (43) becomes singular if ¢ > c¢;j, or, equivalently, if
IWol2 > PY”Lf] = c2 |l £113. Therefore, P [ f1is the threshold power for collapse for the initial condition (43). By Theorem 10,
Pec(m) < PRV [f1 < P(cn f).

In the case of non-vortex solutions (m = 0), Merle [22,23] showed that if f =# R(A)y k—o> then Pt(;l")[ f1 > Pg. Numerical
simulations suggested that the threshold power for collapse of radially-symmetric initial conditions is usually only a few percent
above the critical power P = Pc(m = 0) [24]. For example, the threshold power of Gaussian input beams of the form ¢ = ¢ e_’2
is PU"=" = 1.017 Py

We now consider the threshold power of various vortex initial conditions, and ask under what condition the threshold power is
close to the critical power P (m). Of course, when f = Ry, o then Py f] = Per(m) since Pe(m) = P(f) and H (fei’”g) =0.
We now calculate the threshold power of the Laguerre-Gaussian profiles

f=crme™, (44)

which are the vortex modes of the linear Schrodinger equation. To do that, we solve the NLS with the initial condition (44) and
gradually increase ¢ until, at ¢y, the solution collapses. In this case, the threshold power Pt(,:")[ f11is close to the critical power

Pcr(m) for m = 1 but as m increases, the threshold power Pt(hm)[ f1 increases faster than the critical power, see Table 2. Similarly,
in the case of the input profile

f = cr?sech(r — 5), (45)
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Fig. 9. Illustration of ring radius rmax and width L.

the threshold power is close to P..(m) only for m = 2, 3, 4, see Table 2. Note that the r2 term ensures that the profile vanishes at
r=0.

To understand these observations, we note that from the definition of ¢y, one can derive the relation [6] P(cy f) = 2Ju[f],
where J,, is given by (35). In addition, from (39) and (41) we have that 2Jm[R3‘n ol = Pe(m). Therefore, we see that

2],,,[R31’0] < Pl(;ln)[f] < 2J,[f]. Hence, the closer f is to {R’é”o}xem in H!, the closer Pt(hm)[f] is to P (m).

To estimate the distance between f and {Rﬁ1 0} N in H!, let us consider a profile of the form
Y JLER

_ ' — I'max 46
f_Q(T>’ (46)

where Q(p) attains its maximum at p = 0. This profile is characterized by the width L and the radius rpax, see Fig. 9. By (20), the
family {R:;l’k }Aem is characterized by

radius/width = 2 /L* = /3m. (47)

Therefore, for a profile g of the form (43), where f is of the form (46), to be “close” to the family HR; k }A o’ f has to satisfy
’ €

(47) to “leading order™.
The Laguerre-Gaussian modes (44) are characterized by radius/width = /m /2. This ratio is close to (47) only for m =~ 1,
explaining why the threshold power of Laguerre-Gaussian modes is close to P (m) only for m = 1. Similarly, the sech profile (45)

is characterized by radius/width = 5. Since the radius/width of R, is equal to V/3m, the ratio is close to 5 for m = % ~ 2.88, see

Eq. (47). This explains why the threshold power of the sech profile (45) is closest to P () for m = 3.
We can “fix” the sech profile (45) so that “it behaves like the R”}1 o profile”, i.e., it satisfies (47) to leading order, as follows:

2
f= V2 <L> sech (r — x/gm) . (48)
3m

Indeed, the threshold power of the “modified” sech profile (48) is less than 1% above the critical power for m = 1, ..., 10, see
Table 2.

Therefore, we conclude that the threshold power of initial conditions of the form (46) is close to the critical power only for
profiles that are close to R;‘LO in the ring region, i.e., those that satisfy (47) “to leading order”. Note, in particular, that the profile
of the initial condition outside the ring region has a minor effect on the threshold power. For example, the threshold power of the

“modified” sech profile (48) is closest to the critical power at m = 3, even though an:w ~ ¢ r3 near the origin r = 0, while the

2

“modified” sech profiles behave as »~ near the origin.

4.3.2. Kruglov’s estimate of the critical power
In [3], Kruglov and Logvin estimated the critical power for vortex collapse by assuming that the vortex solution collapses with
a self-similar Laguerre-Gaussian profile

1 PN ipaiooiLzr? I ds
r0) = —Y(—) 1r+1m9+1T7’ :/ —  L=T.—1, 49
Yrrd) =Y (7)e = | o 3 (49)

2
where Y (r) = cr'e™"".
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Fig. 10. Numerical estimate of the critical power (o) (data taken from [3]), analytic estimate Ic(;" )

fooo |Rm’0\2rdr, denoted by (x). The dotted line is 4 v/3m.

, see Eq. (50) (solid curve), critical power Per(m) =

The parameters ¢ and 1 were determined from the condition that Y is an extremal of the averaged action integral

YA s [T [T (W dv dy
= —. Y )rd = —, —,—.,% ) dod
S /0 ﬁ(dr’ )”’ £ /t__oo/(;_oﬁ(dr’de’dt"p) &

where L is the Lagrangian of the NLS (4) and L is the averaged Lagrangian. Based on this calculation, the critical power was
determined by Kruglov and Logvin to be equal to

22m+1 ! n!
Icfm) — w (50)
2m)!
In [3], Kruglov and Logvin also estimated the critical power numerically for m = 1,2, 3 and 4. The numerical results in [3]
agree with our analytic calculation of P (m), but not with his estimate Ic(m), see Fig. 10. To understand why this is the case, we

note that the derivation of Ic('") is based on the following two assumptions:

(1) The collapsing vortex is a self-similar solution.
(2) The self-similar blowup profile is a Laguerre-Gaussian mode.

The first assumption is equivalent to the assumption that the variance V = [ |x]?|4|? dx vanishes exactly at the singularity point.
From the variance identity (6), this can occur only if H(Y) < 0. Indeed, the critical power estimate (50) can be immediately
obtained from the condition H (Y) = 0, since

_ ot 2m+ (i 4 1)) 22+l (m + 1))

HY)=0 = = lyyl3 =

N 2m)! 2m)!
Hence, the critical power estimate Ifm) can be reformulated as
(m) _ 2 _ m—nr? im6
I _1nf{||Y||2‘Y_cr e £0, H(Ye )50]. (51)

In Corollary 15, we showed that the critical power P..(m) can be defined by (42). Therefore, the critical power estimate (51) can
be viewed as (42) with the additional constraint ¥ = cr™e="  Since the minimum of (42) is attained by R}n,o, the estimate Ic(m)
can be close to P..(m) only if the test function Y is close to the minimizers RZ"LO. However, in Section 4.3.1 we saw that Laguerre-
Gaussian modes are not a good approximation of R:)%,o and that as m increases this approximation becomes less and less accurate.

Indeed, Fig. 10 shows that the estimate IC('") is closest to P..(m) for m = 1 and becomes less and less accurate as m increases.

4.3.3. Critical power for non-radial vortex initial conditions

Theorem 10 holds only for initial conditions of the form ¥y = Ao(r)eimg, or equivalently for any initial condition of (17).
In contrast, non-radial vortex initial conditions (i.e., those for which Ag is not radially-symmetric) can collapse with power only
slightly above P.(0), hence with power significantly below P (m):

Lemma 17. Let ¢ > 0. Then, there exists Yo = Ao(x, y)e™? where A is a real function such that ||1ﬁ0||% < Pe:(0) + € and the
solution of the critical NLS (4) with the initial condition Wy becomes singular in a finite time.
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Fig. 11. Solution of the NLS (4) with initial condition (52) at A: t = 0, B: t = 0.54, C: t = 1. The dashed curve is the circle X2+ y2 = 32. The solid line connects
the origin with the center of mass of the initial condition.

Proof. Let x = (x, y) and let o = (1 + &)u(x; Xo)e”? where u(x; x¢) = v(|x|)R(X — Xp), Rim=0.0 1s the ground state of (5), and
v is a smooth function that behaves like |x|™ near x = 0, is monotonically increasing in |x| and is identically one outside the unit
circle. The Hamiltonian of v is given by

2 2 u(X; Xg) 2
H(o) = H ((1 + &)u(x; xp)) + (1 +&)"m TN
2
2 2 4 4, +e?m? | u®x
= (1 +e) [[Vux;xo)ll7 — (1 + )" lu(x; x0)ll5 + 7 X
FPE T
5 a0 A+e)m? || ux)
= (1+ ) [ Hux x0) — e +e) [ux xo)l§ | + = -
o |+ 20,
2
Since for a fixed &, limx,|— oo ﬁ \lufil = 0 and limx,|— 00 H (u(X; X9)) = H(Ru=0,0) = 0, if follows that for large enough
L)

values of [xg|, H (o) < 0 and hence by the variance identity (6) the solution collapses. Since, in addition limjx,|—co ||1ﬁ0||% =
1+ 8)2Pcr(0), the result follows. [

To demonstrate numerically the result of Lemma 17, we solve the NLS (4) with the initial condition

—(x=3)2—(y-3)?
X

Vo =2.8 exp tanh?(4x? + 4y?)e??, (52)

whose power is ||¢o||§ ~ 1.05P,(0) ~ %Pcr(Z). In Fig. 11 we see that the corresponding solution undergoes collapse. Therefore,
this confirms that non-radial vortex initial conditions with power slightly above P.(0), hence with power significantly below
P (m), can collapse.

The difference between Theorem 10 and Lemma 17 is due to the location of the collapse point. In the case of Theorem 10,
because of radial symmetry, the collapse point has to be at the origin. Since the vorticity “forces” the solution to behaves as "
near the origin (see Lemma 3), it cannot collapse with the R profile, but only with the R,, profile.® “As a result”, the critical power
for collapse increases from P (0) to P..(m). However, when the collapse point is not at r = 0, the vorticity does not prohibit
the solution from collapsing with the R profile since locally near the collapse point X, = r.e"% = 0 the vorticity only “adds”
a constant phase term e”"% hence the critical power for collapse at X, is P.-(0). This intuitive explanation agrees with previous
observations that the critical power is determined only by the local properties near the collapse point. Thus, for example, in the
inhomogeneous NLS, i/, + Ay + k(x)|¢r |21// = 0 the critical power for collapse at x, depends only on k(X.) [25], and the critical
power for collapse for the NLS (4) on bounded domains is the same as in free space [26].

6 See also Section 4.6.1.
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Fig. 12. Solution of the critical NLS (4) with slightly elliptic initial condition (53) at A:t = 0, B:t = 2.19, C: r = 3.45.

So far we only considered the collapse of non-radial vortex solutions whose “center of mass” is far from the origin. We now
show that non-radial vortex solutions whose center of mass is at 7 = 0 can also collapse with power below P..(m). In Fig. 12 we
solve the NLS (4) with the slightly elliptic initial condition

0= 038R (V32 + 101 2 e, (53)

1
w13

whose power is [|¥oll5 A~ 0.95 P¢;(2). In this case, the center of mass of the solution X(t) = f x| |2 remains at x = 0 for all 7.

Indeed,

Lemma 18. Let  be a vortex solution of the NLS with an initial condition of the form yrg = Ag (x, y) €™, where Ag is real and
Ao(=x,y) = Ao(x, y) = Ao(x, —y) = Ao(—x, —y). (54)

Then, X(t) = 0.

Proof. See Appendix F. O

Because the ring is azimuthally unstable (see Section 4.6.6), it breaks into two filaments which subsequently undergo collapse.
The center of each of these filaments is not at r = 0, and therefore each of them collapses with the critical power P (0).
Note that when Ag satisfies condition (53) or (54) and m is even, the initial condition is symmetric under the transformation
(x,y) = (—x,—y). Hence, the NLS solution preserves this symmetry for all # > 0. Therefore, filaments which are not at the
origin must appear in pairs which are symmetric with respect to the origin, as can be seen in Fig. 12. In this case, the critical power
for collapse is at least 2 P (0).

4.4. Blowup instability of stationary vortex solutions

The instability of stationary vortex solutions was proved for the supercritical case in [15-17]. We now prove that in the critical
case, stationary vortex solutions are also unstable. We begin with the following Lemma:

Lemma 19. Let

wstationary — il Rm’k(’,)eime’ (55)

m,k
where Ry, i is a solution of Eq. (18) with k nodes in (0, 00). Then,

stationary

(1) For any k, the Hamiltonian of

stationary,
m,k m ) =0.

is zero, i.e, H(Y,

2) w;f,?i%ary has exactly the critical power, i.e., ||1p;tfll?i%aty||% = P.(m).
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Fig. 13. Solution of the critical NLS (4) for the initial conditions (56) for ¢ = 0 (dashed), ¢ = —0.01 (dots), and ¢ = 0.01 (solid).

Proof. (1) Since V(tﬂsmonaIy 1)) = V(tpsmnonmy (t = 0)), it follows from the variance identity (6) that 0 = 3 Vt, =H (wStanonmy)
stationary

(2) From Theorem 10, ||1p”170 ||2 = ||Rm,0||2 = P,(m). O

stationary

The following lemma shows that the critical stationary vortex solutions v, ", are strongly unstable:

stationary

Lemma 20. Let lﬂm X be a stationary vortex solution (55) of the critical NLS (4). Then, w
any ¢ > 0, the NLS solution with initial condition

tati
SN s strongly unstable, i.e., for

Yo = (1+2)y, " (1 =0), (56)
blows up at a finite time.

Proof. The Hamiltonian of vy is H(yg) = (1 + €)? [H(Rm,k) —eQ2+8)||Rmk ||i].
Since H(R k) = 0, H(Yo) = —&(1 + )22 + ¢) | R k ||j < 0. Therefore, by the variance identity (6), ¥ blows up at a finite
time. O

tati . .
IO are linearly unstable in the

As noted in Section 3, Mizumachi [15-17] proved that the stationary vortex solutions ¥, *
supercritical case. Lemma 20 thus extends this result to the critical case.
In the case of the ground state stationary vortex wsratlonary the solution of the critical NLS (4) with initial condition (56) with

—1 < & < O exists globally and decays with propagatlon

Lemma 21. Let v be a solution of the critical NLS (4) with initial condition (56) with —1 < ¢ < 0. Then, \ exists globally. In
addition, for all2 < p < oo,

Wl < 25, 0=t <o 57)
p — tp_z ’ — ’
where C), is a constant that depends on p.
Proof. Since the power of R, x—o is exactly the critical power (see Lemma 19),
P(0) = (1 +&)* Pex(m) < Per(m).

Therefore, by Theorem 10, i exists globally. The proof of the decay estimate (57) for any initial condition that satisfies P < P (m)
is identical to the one given by Weinstein [27] for the case m = 0. O

The results of Lemmas 20 and 21 are illustrated in Fig. 13.

4.5. Instability of the explicit vortex blowup solutions

In the vortex-free case, the explicit blowup solution wex[’hm where Ry ¢ is the ground state solution of (5) is unstable, i.e., when

slightly perturbed it either exists globally [21] or it may collapse, but not with a linear blowup rate [7]. No such proof exists for the

instability of the excited state blowup solutions weXp ieit for k > 0. However, numerical simulations show that they are unstable and
when perturbed, collapse with the Ry ¢ profile. In the case of the explicit ring blowup solutions wexPhClt numerical simulations show
that multi-ring solutions (k > 0) collapse with a self-similar single-ring profile G o, hence are unstable. The single-ring wex[’hm

solutions are “stable” in the sense that they collapse with a quasi-self-similar Gg o ring profile at a square-root blowup rate [8].
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We now consider the instability of the explicit vortex blowup solutions. In the case of w;fnp:)im, where Ry, o is the ground state
solution of (18), instability can also be proved analytically: 1
Corollary 22. Let f be a solution of the critical NLS (4), with o = (1 — &)Yt = 0), and 0 < & < 1. Then, {r exists

0

globally.

explicit

Proof. This follows by applying Lemma 21 to the explicit blowup solution y R,o - U

In Section 4.6.3 we show numerically that if ¥ = (1 + 8)1#21"3"“ then the solution collapses with a self-similar G,, o single-ring
profile at a square-root blowup rate. We also observe numeriqally that the solution collapses with a self-similar G, o single-ring
profile for the perturbed multi-ring solution o = (1 + a)w;)ﬁlcu (data not shown) and g = (1 + s)wg}jil;cn. Hence, both 1//;);5:)&“

.. . explicit explicit P .
and the multi-ring vortices ¥ pk and ¥, pk are unstable. Therefore, the vortex case is similar to the non-vortex case, in the
m, m,

sense that only v¥¢,, , is “stable”, but different in the sense that when slightly perturbed, ¥g,, ,(k = 0, 1,...) collapses with a
self-similar R o profile when m = 0 but with a self-similar G, o profile when m > 0.

4.6. Asymptotic blowup profiles of vortex solutions (critical NLS)

4.6.1. Rigorous results

In Section 4.3 we saw that the minimal input power for collapse of vortices in the critical NLS is P (m). We now show that the
amount of power that collapses into the singularity point is also at least P.(m). To do so, following Weinstein [21], we first prove
that near the singularity the solution converges to a self-similar vortex blowup profile:

Theorem 23. Let Y be a solution of the critical NLS (4) with vortex initial condition Wy = Ao(r)e™? in H', that blows up at a
finite distance T,. Let

L) = Vyl; ", (58)
and let
S() = L) Oy, L(n)r, 0), y@) € [0, 27). (59)

Then, for any sequence t, — T, there is a subsequence Ik, such that S(I//)(l‘kj, r) — W(r) strongly in L? forall2 < p < oc.
Furthermore, || |3 > Per(m) where Pe(m) = || Ry 0l|3-

Proof. See Appendix H. O

Theorem 23 implies that the amount of power that collapses into the singularity is at least the critical power P (m)’:

Theorem 24 (Concentration Theorem). Under the conditions of Theorem 23, for all ¢ > 0,

.. 2
lltrll)lTIllf||I/f”L2(r<8) = Pcr(m)'

Proof. See AppendixI. O

Therefore i undergoes a strong collapse with at least the critical power P (m). In particular, singular vortex solutions of the
critical NLS (4) cannot collapse with the /g, , profile whose power is Pey < Per(m).

4.6.2. Two potential attractors
In Section 4.6.1 we showed that that stable singular vortex solutions of the critical NLS collapse with a self-similar profile

differently from vz, ,. We now ask what is the asymptotic blowup profile of H ! vortex solutions of the critical NLS.
explicit explicit

In Section 4.2 we saw that the critical NLS has two families of explicit vortex blowup solutions: v R, and Vg, - However,
w;)::hcn are unstable and wgffhcn have an infinite L% norm. Therefore, the asymptotic blowup profile of H' vortex solutions is

different from w;):np el and from wg‘rf fieit.

Let us consider blowup solutions of the critical NLS (4) that have the asymptotic form ¥ (t,7,0) ~ ¥a, (¢, r, ), where ¥4,
is of the form (26). Note that, in contrast to Section 4.2, /4, is now considered as the limiting asymptotic profile and not as an
explicit blowup solution, i.e., we do not assume that iy = v4,,. Following the analysis in Section 4.2, A,, is the solution of (27)

and lim,_. 7. (LL,)*> = Bo.

7 This is a generalization of the Concentration Theorem of Merle and Tsutsumi [28] and Weinstein [21].
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Fig. 14. Solid line: R, (r). Dashed line: G, (r) with f. = 0.2855 and gy = 0.1737. The two lines are indistinguishable.

Therefore, there are two possibilities:
L@)
N

(1) Bo = 0: This is the case of a faster-than-a-square-root blowup rate, i.e., — 0. In this case, we denote A,,(0) = R, (p),

where R, is the solution of (18).
(2) Bo > O: In this case the blowup rate is a square root, i.e., L(t) ~ f./T, —t where fC2 = Po/2. In this case, we denote
Am(p) = G (p), where G, is the solution of (29).

Thus, there are two potential asymptotic blowup vortex profiles of the NLS, ¥z and ¥g,,.
In the case of non-vortex solutions (m = 0) there are also two blowup profiles, ¥z and ¥¢. It is very easy to distinguish between
these two blowup profiles numerically, since:

(1) Solutions collapsing with Y g are peak-type solutions, i.e., the maximum of R is attained at r = 0, and they decrease
monotonically for 0 < r < oo, whereas ¥ solutions are ring-type solutions, i.e., they attain their global maximum at some
rmax > 0 and decreases monotonically away from 7mgax.

(2) The power collapsing into the singularity is & P, for solutions collapsing with g, but significantly higher than P, for
solutions collapsing with the ¥ profile.

Unfortunately, one cannot use these characteristics to distinguish between ¥g,, and ¥,,, since:

(1) Both yrg,, and ¥g,, are ring-type. Moreover, with a proper choice of f., the G,, profile can be extremely close to the R,, profile,
see, e.g., Fig. 14.
(2) Since G,, can be extremely close to R, collapse with v/, is possible at powers extremely close to P ().

Therefore, we reach the conclusion that the best way to distinguish numerically between a v, collapse and a ¥, collapse
is as follows. Recall that solutions collapsing with ¥, have a faster-than-a-square-root blowup rate, while solutions that collapse
with ¥ ,, have a square-root blowup rate. Therefore, following [8] we monitor LL,, since lim; .7, LL; = — fc2 /2 goes to a zero in
the first case but to a negative constant in the second case. In addition, when

fo = /—21131% LL, >0, (60)

we can gain additional confidence that the solution indeed collapses with the ¥, profile as follows. We search for the value of f.
for which G, has the best match with the self-similar profile of the collapsing solution, and confirm that it agrees with the value of
fc obtained from the blowup rate using (60).

4.6.3. Simulations

We now present numerical investigations of collapsing critical vortex solutions, to see whether ¥, and/or ¥, are attractors.
All the simulations presented in this section are for m = 2. We repeated these simulations for the cases of m = 1 and m = 4, and
received similar results (data not shown).

We first solve Eq. (4) with the initial condition

Yo = 1.02R, 0(r)e™, m =2, (61)

and observe that the numerical solution indeed collapses with a ring profile (see Fig. 15(A)). In order to check for self-similarity, in
Fig. 15(B) we rescale the numerical solution according to

: , max |yo|
1/frescaled = m\/f (L(t)) ’ L(t) = W (62)
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Fig. 15. A: Solution of (17) with initial condition (61) at r = 0 (dots, L~! = 1), t = 6.03 (solid, L~! = 1.49) and r = 7.52 (dashes, L~! = 2.8). B: The second
and third lines from A at focusing levels L~ = 1.49,2.8, normalized according to (62). Also plotted is the solution at the focusing level of L~! =528 x 1014

(dash—dots). All three lines are indistinguishable.
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Fig. 16. LL; as a function of focusing factor 1/L(¢) for the solution of Fig. 15.
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Fig. 17. A: Solid line: Self-similar profile from Fig. 15(B). Dashed line: G, (r) with fe = 0.4652 and go = 0.14. The two lines are indistinguishable. The dotted
line is Ry o (7).

As expected, the normalized solution remains unchanged while focusing by a factor of 10'*, indicating that the solution indeed
undergoes self-similar collapse.

In order to find the blowup rate of the solution, in Fig. 16 we plot LL; as a function of 1/L. Since lim;_,7, LL; = —0.1092 < 0,
this indicates that L ~ f./T, —t with f, &~ /—2-0.1092 = 0.4673, see Eq. (60). Therefore, Fig. 16 suggests that the solution
that started with a perturbed R; ¢ profile collapsed the self-similar G ¢ profile. To confirm that this is indeed the case, we search for
the value of f, that yields the G ¢ profile that has the best fit to the self-similar profile of Fig. 15, and see that there is an excellent
match between the two profiles, see Fig. 17. In contrast, the self-similar profile of the collapsing solution does not agree as well
with Rz (7). In addition, there is an excellent agreement, of less than 0.5% difference, between the value of f. = 0.4652 of the
best-fitting G o profile and the value of f. = 0.4673 obtained from the blowup rate, see Eq. (60). Therefore, we conclude that the
perturbed R; o vortex profile collapses with a self-similar G, o profile at a square-root blowup rate.
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Fig. 18. Solution of (17) with initial condition (63). A: Solution rescaled according to (62), at t = 0 (L_l(t) = 1, dots), at t = 21.62 (L_l(t) = 1.82, solid),
t =25.87 (L*' (1) = 3.70 x 107, dash—dots), and at L] (1) =9.37 x 1014, (time ¢ differs only in the 14th digit, dashes). The four lines are indistinguishable. B:
LL; as a function of focusing factor 1/L(t).
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Fig. 19. Solution of the NLS (17) with the Laguerre-Gaussian initial condition ¥y = %rze*(r/“)z“ze, rescaled according to (62). A: t = 0, L1 (t) = 1; B:

t =109 L7 1) =376, C:t = 144, L71(¢) = 530, D: t = 1.77, L~1(t) = 26.3. Dashed curve in A-D is the G, vortex profile with f. ~ 0.410 and
80 =5.07x 1073,

We now study the collapse of the explicit blowup solution ¥, . In order to construct the corresponding initial condition we first
derive a simpler form of (30). To do so, we apply the dilation symmetry ¥ = Ay (A%f, Ar) with A = f./Te to (30). Then at = 0,

Yo = Gao(r)eXf—i1Er/8, 63)

We set gop = 0.14 and f. ~ 0.4652 which corresponds to the G o profile of Fig. 17. Fig. 18(A) shows that the asymptotic
self-similar profile is the same as the initial G, profile. In Fig. 18(B) we see that lim;,7, LL; = —0.1083, indicating that
L ~ f./T, —t with f. = 0.4654, see (60), i.e., the blowup rate is a square root and the value of £, has less than 0.05% difference
with the value of f. of the G ¢ profile. Therefore, we conclude that the solution collapsed with the ¥, , profile at a square-root
blowup rate. This observation is not surprising since the solution ¥, , is known analytically. However, the fact that the numerical
solution maintained a self-similar profile while focusing over 15 orders of magnitude suggests that the self-similar single-ring G ¢
profile is stable.

To see that ¥, , is a strong attractor, we solve the NLS (4) with a Laguerre-Gaussian initial condition o = %rze_(r /H?+120
with P = 4.12P(2) ~ 31.6 P;;. The G, profile which best fits the self-similar collapse profile is a G o profile with f. = 0.410
and gop = 5.07 x 1079, see Fig. 19. There is also an excellent agreement, of less than 0.3% difference, between the value of f,. of
the best-fitting G, profile and the value of f. = 0.409 obtained from the blowup rate.

As noted in Section 4.2.2, Eq. (29) also gives rise to the k-ring solutions G, . We now show that ¥, , k-ring solutions are
highly unstable and evolve into a single-ring ¢, , profile. To do so, we construct a ¥, , initial condition (63) where we choose the
parameters of the G, profile as f. = 0.35 and gg = 2.07 x 107>. In this case, the double-ring solution breaks and collapses with
a single-ring solution. The G» o profile which best fits the self-similar collapse profile is with f, = 0.367 and go = 2.9 x 107°, see
Fig. 20. There is also an excellent agreement, of approximately 0.05% difference, between the value f. = 0.3671 of the best-fitting
G, profile and the value f. = 0.3669 obtained from the blowup rate. We note that in the simulation of Fig. 20 we use the same
numerical parameters (grid resolution, etc.) as in the simulation in Fig. 18 which maintained the self-similar profile after focusing
by a factor of 10!, Therefore, this suggests that the single-ring solution ¥G,, o 1S stable.
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Fig. 20. Solution of (17) with the initial condition (63) with m = 2, f. = 0.35 and gy = 2.07 x 1075 rescaled according to (62), at A: t = O(L*l t) = 1)
B:t = 27.04 (L7'(t) = 3.39); C: t = 27.60 (L) = 7.19); D: t = 27.81 (L~ 1(r) = 36.10). The dashed line is the G, profile with f. = 0.367 and

20 =2.9x107°.
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Fig. 21. A: Same data as in Fig. 15(B) on a semi-logarithmic scale. The dotted curve is the G; ¢ profile from Fig. 17. B: Plot of L|1//|/p2 where p = r/L and v is
the same solution as in A. The dotted curve is the g 0 = L G2 o/ 02 profile from Fig. 17. The four lines are indistinguishable.

4.6.4. Quasi-self-similar collapse
The simulations of Section 4.6.3 suggest that “all” vortex solutions of the NLS undergo a self-similar collapse with the single-

ring ¥ g,, profile. In fact, the blowup profile is “only” quasi-self-similar, i.e.,

[4¢] 0<r/L <K po
™ Wou 64
v {wouter po Lr/L, (64)

where pp >> 1 is a constant that depends on the initial condition and L(¢) = || ¥ (z, r, 6)||1_1. To see that, in Fig. 21(A) we plot the
same data as in Fig. 15(B) on a semi-logarithmic scale. It can be seen that the NLS solution rescaled according to (62), remains
unchanged in the region 0 < r/L < 15 while focusing by a factor of 10'3, but varies in the region r/L > 20. Hence, the solution
does not undergo self-similar collapse, but “only” quasi-self-similar collapse. In addition, the best-matching G, o profile (taken
from Fig. 17) has an excellent match with the rescaled NLS solution in the region 0 < r/L < 15, but not in the region r/L > 20.
We note that quasi-self-similar collapse is consistent with Theorem 23 that all singular NLS solutions converge to a self-similar
profile. To see that, we provide the following informal argument. Assume that the solution undergoes a quasi-self-similar collapse

of the form (64). Since, near the collapse point Yoyer is frozen in time, VYoueer (¢, 7) = f(r) ast — T.. Therefore, S() is given by,
0<r<ry

see (59), S0 = {7n) 03
b <r<n
Therefore, S(¥)(r, 1) <> W(r) for p > 2, where ¥ = {n 0=7 <0
Recall that non-vortex NLS ring solutions that blowup with ¥, , also undergo quasi-self-similar collapse, see Fig. 22. In that
case, g characterizes only the collapsing ring region, and not the inner region /L = O(1) or the outer region r/L >> py, i.e.,

Yimer 0 =<7r/L <K po
U~ V6o, PoKLr/L K pi (65)
Youer 01 KL r/L.
Thus, unlike the non-vortex singular rings, the singular vortex solution is self-similar with the G, o profile also in the inner region

r/L = O(1). We already saw this in Fig. 21(A). However, since for vortex solutions || ~ r”* near the origin, the plot of i near
r = 0 may be misleading in determining self-similarity. Therefore, to better verify that the NLS vortex solution is self-similar for
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Fig. 22. Non-vortex collapsing ring solution of the NLS (solid) and the best-fitted G profile (dashes) normalized according to (62). From [8, Figure 15E].

r/L = O(1), we plot ||/r™, rescaled according to (62), in Fig. 21(B), and observe that it remains unchanged in the inner region
r/L = O(1), and has an excellent match with the self-similar profile g2 0 = G2,0/ r2. Therefore, we conclude that, indeed, the
singular vortex solution is also self-similar in the inner region r/L = O(1).

4.6.5. Summary: Radially-symmetric case

In Section 4.6 we studied numerically the collapse behavior of four different vortex solutions that were initially either close to
the ¥, , profile or to the ¥, , profile, or far from both profiles. In all cases, the solutions collapsed with the ¥¢,, , profile at a
square-root blowup rate. These simulations suggest that ¥, , is a strong attractor for m-vortex solutions of the critical NLS, while
YR, o IS unstable.

The ¥, , solutions, however, have an infinite power (L? norm), see Lemma 8. This seems to suggest that ¥, , cannot be the

asymptotic profile of H'! vortex solutions of the critical NLS. However, in Section 4.6.4 we saw that the collapsing solution is only
quasi-self-similar, and that the self-similar profile v, , characterizes only the collapsing ring region and not the whole solution.
Therefore, the infinite-power tail of the vortex profile G, o may be “irrelevant” to the NLS ring solutions, as can be seen in Fig. 21.

A similar situation appears in the vortex-free case m = 0 [8], where ¥, , characterizes only the collapsing ring region and not
the whole solution, see (65), so that the infinite-power tail of ¥ is also “irrelevant”. The numerical simulations in [8] show that
H' ring solutions of the NLS collapse with an asymptotic quasi-self-similar blowup profile YG,, up to focusing levels of 1016,
However, it is impossible to determine numerically whether these solutions maintain a ring profile all the way until the singularity
or whether at some exceedingly large focusing factor the ring structure breaks up and they collapse with the g, profile. It is

therefore an open question whether there exist H' non-vortex solutions of the NLS that collapse with the self-similar ring profile
VG, at a square-root rate.
The surprising observation that the finite-power vortex solutions which start close to ¥g,, , collapse as ¥, , suggests that ¥, ,

may, indeed, be the asymptotic quasi-self-similar profile of H' vortex solutions of the critical NLS all the way up to the singularity.
However, as in the vortex-free case, at present, whether this is indeed the case is an open question.

4.6.6. Azimuthal instability of collapsing vortex solutions

The simulations of Section 4.6.3 suggest that the self-similar profile ¥ _, is a strong attractor in the radially-symmetric case,

m,0
i.e., when 9 = " Ag(r). We now test its stability in the anisotropic case, i.e., under symmetry-breaking perturbations. To do
that, we modify the method which was developed by Soto-Crespo and co-workers in [9,10] for azimuthal modulation instability
of stationary vortex-free ring solutions. This method was later applied to stationary vortex solutions [29,5]. To the best of our
knowledge, this (or any other) method has not been used to analyze the azimuthal modulation stability of collapsing rings or

vortices. To do that, we consider a perturbed collapsing ¥¢,, , of the form®

U =Gy, (14 m0os(@0)" +0GD), 1= pur +ini, (66)
where T = Ot Lg‘gs), {2 is the number of filaments (modulations) and §; is the growth rate of the filaments.

Linear stability analysis gives (see Appendix G),

0 ) 2\?
50(p) = _> 2Gmy0(,0)—<—>. (67)
p p

For0 < 2 < «/ime,o the growth rate &y is positive, therefore the solution is unstable. The fastest-growing mode is the one for
which &, is the largest, and is given by

2 =Guolp) - p. (68)

8 For comparison, the ansatz used in [9] for stationary rings is ¢ = 1//2ationary + un COS(QQ)e‘Sm + O(uz).
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Fig. 23. Number of filaments ({2) as a function of vortex initial power Pring, see Eq. (33). The dashed curve is 2max, the solid curve is 2mean. A: m = 2,
Omax ~ 0.66 7 — 0.25 and Qmean & 0.6 — 0.26. B: m = 4, Qmax ~ 0.65 7~ +0.03 and 2mean ~ 0.61 - — 0.52.

We now discuss how to choose p so that Eq. (68) predicts the number of filaments. One option is to choose p that maximizes
the value of (2, i.e.,
Dnax = max Gm,0(p) - p. (69)

In this case, p & pmax Where pmax is the location of the vortex peak. The choice (69) can be expected to give an upper-bound
estimate. Another option, used in [9,10], is to take the mean value of {2 over the vortex peak region. For example, we can use

Pmax—1

max l
Pt G, o0 (0)12pdp

Pmax — 1

rmatl 0(0) W6, o (0)[2pdp
. (70)

»Qmean =

To test the validity of the predictions (69) and (70) for the number of filaments, we choose one-hundred different G, o
profiles with gy ranging from go = 1078 to go = 6 x 10™*. Recall, that as gy decreases, the vortex radius, hence, its power
increases (see Section 4.2.2). For each G, o we solve the NLS with an initial condition that is a perturbed 1//?:1(10“ attr =0, 1i.e.,
Yo = 1+ 81(x)ei”(’o)ngflém(O), where ¢1(x) and &;(x) are random functions which depend on (x, y), hence are symmetry
breaking. We run this series of one-hundred simulations for m = 2 and for m = 4. Typically, after focusing by a factor of 1.5, the
vortex ring breaks into several filaments. In Fig. 23 we plot the number of filaments for each simulation. As expected, {2pax is an
upper limit for the number of filaments, whereas {2yeay provides a good estimate to the average number of filaments.

Azimuthal modulation instability of vortices was also analyzed in [29,5]. The number of filaments predicted in these studies is
different from our prediction, yet was in agreement with the numerical simulations conducted in these studies. The reason for this
difference in the number of filaments is that these studies considered initial conditions far from ¢ with high noise level. The noise
caused the vortex to break into filaments before it could start to collapse and approach the ¢ profile. Therefore, the analysis in [29,
5] predicts the number of filaments for essentially stationary vortices. In contrast, we study a different regime where the initial noise
is small enough to allow the vortex solution to collapse with ¢ profile and only then breakup.

5. Singular vortices of the supercritical NLS
5.1. Asymptotic blowup profiles in the vortex-free case
We now briefly review the theory of asymptotic blowup profiles of the d-dimensional supercritical NLS

i%(t,r)+¢rr+dr;1¢r+|1#|2"1ﬁ=0, od > 2, (71)

in the vortex-free case. Until recently, it was believed that “all” singular solutions of the supercritical NLS (71) collapse with a
quasi-self-similar peak profile Vs, i.e., ¥ (¢, r) ~ ¥s(t, r), where

t
S(p)eit+i%r2’ T = / dS r
0

Ys(t,r) = L2—®,P=m,

Ll/a(t)
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and S is the “peak-type” solution of

d— 2 d-2
Spp + Sp ({6 —1—1%%“5@5:0, 5'(0) =0, S(o0) = 0.

These solutions have a square-root blowup rate, i.e., L(t) ~ f.o/T, — t where f, is a positive constant whose value depends on the
initial condition.

In 2006, Raphael [30] proved the existence and stability of a new type of singular solutions of the quintic two-dimensional
NLS (i.e., 0 = 2,d = 2) that have a self-similar ring profile. Surprisingly, the ring radius approaches a positive constant as these
solutions collapse. Hence, these solutions blow up on a curve, and not at a point. The blowup rate of these “standing ring” solutions
is a square root with a loglog correction.

In [11], we showed that the critical non-vortex ring solution ¥¢, see [8] and Section 4.6, and Raphael’s standing ring solutions
belong to a two-parameter family of ring solutions of the d-dimensional NLS

d—1
Wil )+ e+ —— U WY =0, 2/d<0 <2 1<d (72)
These solutions collapse with a quasi-self-similar ring profile ¥g, i.e., ¥ ~ ¥o where
1
wQ — L]/U (t) Q (,0) e1r+1oz4Lr 24i(1 a) (r rmdx(t)) (73)
and T = (; Lg—fs), = F”EA(I) and rmax (t) = roL%(t). Here, rmax (¢) is the ring radius, i.e., the location of the ring peak, and L(¢)

is the ring width, see Fig. 9. The value of the parameter v, which defines the relation between the ring radius rpax (f) and the ring
width L(z), turned out to be given by o = %.
In the supercritical case, the self-similar Q profile is given by

_ L ~ 1 _ 214),
0 =w7 (1 +0)2% [sech(wop)]z, \/1 4(1+oz)2f (74)

and in the critical case, the self-similar Q profile is the single-ring solution of the G equation [8].

The asymptotic profile ¥ ¢ has two radial phase terms. The quadratic phase term centered at » = 0 corresponds to focusing
towards the origin, and the quadratic phase term centered at r = rp,x(¢) corresponds to focusing towards 7max(#). The blowup
behavior of ¢ is, therefore, a combination of “global” ring focusing towards the origin, together with ring width shrinking towards
rmax (t). The ratio between the two phase terms is determined by the parameter «.

It is useful to distinguish the following three cases:

(1) @ = 1 (od = 2, critical NLS): In this case, the quadratic phase term centered at r = ryax () vanishes. Since rmax(t) = roL,
this case was denoted in [11] as equal-rate collapse. In this case, V¢ is given by ¥g.

(2) @ = 0 (o = 2, quintic NLS): In this case, the “global” ring focusing phase term disappears. Since rmax(f) = ro, this case
describes a collapsing standing ring solution. In the two-dimensional case, /¢ is exactly Raphael’s standing ring solution.
(3)0 <o <1(@2/d <o < 2):Inthis case, both phase terms affect the blowup dynamics. Since rmyax () = roL%, the ring radius

shrinks to zero, but at a slower rate than the ring width L.

The blowup rate of ¥ is given by

fo(T, — 1),

L)~ [22(T. —1) (75)
L 0=2,  (@=0)
loglog 7—

where the constant f, is the same as in (74) Hence, the NLS (72) can have singular ring-solutions with any blowup rate p, such that
1/2<p<1.

5.2. Asymptotic profile of collapsing vortex solutions of the supercritical NLS
We now want to find the asymptotic profiles of collapsing vortex solutions of the two-dimensional supercritical NLS

1
iw,<t,r>+wrr+;wr+|w|2"w=o, l<o <2 (76)

As noted, in the vortex-free case, there are two asymptotic blowup profiles:
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(1) A peak-type solution g, which undergoes equal-rate collapse at a square-root blowup rate.
(2) A ring-type solution ¥, in which the ring radius shrinks to zero at a slower rate than the ring width, and collapses at a

ﬁ = o0/2 blowup rate.

We now show that this is also the same for m > 0, namely, there are two potential asymptotic blowup profiles:

(1) ¥s,, which undergoes equal-rate collapse at a square-root blowup rate.
(2) ¥9,,» in which the ring radius shrinks to zero at a slower rate than the ring width, and collapses ata - + = o/2 blowup rate.

Unlike the vortex-free case, however, both solutions are ring-type.

5.2.1. Square-root blowup rate (s, )
Let us consider vortex solutions of (71) that have the asymptotic form v (¢, r) ~ Vs, (¢, r), where

1 . Ly 2 r o ds r
t, — S it+HimO+igrr , — / o= , 77
and L(t) ~ fo/T. —t. Then, §,, is the solution of
2 2
m Cfelo—1
S”( )+ — S +<{6 —1—;—1%) Sm—l—ISmIz"Sm:O, (78)

S'(0) =O, S(oc0) = 0.

Lemma 25. Let S, (p) be a solution of (77). Then Sy, (p) = p™ s (p), where so = 5,(0) # 0 and s, (p) is the analytic solution of

2m+1, l_f_;‘ 2 felo -
0 167 T2

)>.»n+—p2m“|anﬁ“sm =0, 5,0=0,  s5,(c0)=0. (79)

Proof. The proof of Lemma 25 is identical to the proof of Lemma 3 in Appendix B. O

5.2.2. /2 blowup rate (Vg,,)
We now show that the asymptotic profile ¥¢ from (73), multiplied by e’ is an asymptotic profile for vortex solutions of the
supercritical two-dimensional NLS (76) with initial condition o = "¢ Ay (r).

Proposition 26. Eq. (76) has singular vortex solutions whose asymptotic profile is given by ¥o,, = ¥ - e ywhere Yo is given
by (73). In addition,

(H
2—0
o= (80)
o
(2) The blowup rate is given by
(TL.—I)%, l<o<2, O<a<l),
~ 2 (T, —t
L(1) (T, 1) Y @=0. (81)
loglog =1
Proof. We follow the analysis in [11, Section 4]. Substitution of ¥r¢ - el™? into (76) gives
0 +d-1——o, (14w (—=_Y) 0+10P0+ a0 +ip0 =0 (822)
- 1)——Q, — m [ —— i =0, a
e Lp +roLe =" Lp + roL®
where
1
A=—g [(L3p2 + 2argL* ™ p 4+ ard L") Ly — a(1 — a)ro(roL** + 2L“+1p)L,2] ,
p=4-1 270 L d—w— i (82b)
“ 2 YT s@d- Lp+role | 77"

As in [11], the admissible values of o are 0 < o < 1. Hence, £(r) = L'~ goes to zero as the solution approaches the singularity.
Therefore, the phase term e"? contributes only to O(ez(t)) terms. In [11], we saw that the blow profile, blowup rate, the relation
between rmax () and L(¢) and the value of « are determined only by the O(1) and O(e) terms of (82). Hence, all the results follow
directly from the analysis in [11, Section 4]. O
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Fig. 24. Solution of (76) with ¢ = 1.1 for the initial condition (83) at = 0 (L ™! = 1) (dashes); r = 0.125 (L~} ~ 1.18x10°) (dash—dots) and (L ™1 ~ 1.74x10!1)
(solid, time ¢ differs from previous time only in the 14th digit). The dotted curve is 2T+ o sech!/o (or).

Remark 27. Note that the profile Q of v/¢,, is independent of m.

Remark 28. Proposition 26 can be extended to the critical case 0 = 1 (¢ = 1) as follows. Relation (80) for the value of o and
relation (81) for the blowup rate remain unchanged, but the blowup profile is G,,, rather than Q, see Section 4.6.

Remark 29. We note that, as in [11], the derivation of the results in Proposition 26 is based on several assumptions and conjectures
1
which are yet to be made rigorous. In particular, we can only show that the blowup rate is equal to or faster than (7, — ¢) T+« for

1 < 0 < 2 and equal to or faster than (7, — t)% for o = 2. However, the numerical simulations in Section 5.3 strongly suggest that
the blowup rate is, indeed, given by (81).

5.3. Numerical study

We now present numerical investigations of collapsing supercritical vortex solutions, to see whether ¢, and/or g, are
attractors. All the simulations presented in this section are for m = 2.

5.3.1. Collapsing ¥ g,, solutions
We consider the two cases 0 < « < 1 (Section 5.3.1.1) and o = 0 Section 5.3.1.2). We use the initial condition ¢ = l/fg e

with L(0) = 2%, LL’(—((%) = —4,roL*(0) =5, and w = 1, to obtain, see Eq. (73),

im6

1//() — 2(1 + 0,)1/2(7 [sech(zdo,(r _ 5))]1/‘7 efiarzfi(lfa)(r75)2eim9. (83)

The choice L(0) = zir, gives an initial condition which is sufficiently localized, so as to prevent a possible truncation of the sech
ring tail near the origin.

5.3.1.1. The case 0 < a < 1. We first present a simulation with o = 1.1. The expected value of « in this case is

2-11 9
— Z ~ 08181, (84)
11

see Eq. (80). In order to check for self-similarity, in Fig. 24 we rescale the numerical solution according to

o =

- Vmax(t) max |1ﬁ()|0
—) ., L=—"—— rpu(t) = argmax |/]. (85)
r

_ 11l/o r
wrescaled =L lﬂ ( L - max hhlﬂ
p

As expected, the normalized solution remains unchanged while focusing by a factor of 10'3, indicating that the solution indeed
undergoes self-similar collapse. In addition, the self-similar profile has an excellent agreement with the Q profile. Next, we calculate
the parameter « of the ring radius shrinkage. According to Eq. (73), rmax(f) = roL® where o ~ 0.8181, see Eq. (84). To find
the parameter « numerically, we calculate rp,x () from Eq. (85) and plot rp.x(¢) as a function of 1/L. Fig. 25(A) shows that
rmax (1) & 9.672L% with « = 0.81919, which differs from the predicted value of o by about 0.12%. We now consider the blowup
rate of these solutions. The expected blowup rate is (7T, — t)%, see Eq. (81). To find the blowup numerically we first plot the
blowup rate L as a function of 7, — ¢ and find the best-fitting exponent p for L ~ f.(T, — t)?. The results in Fig. 25(B) show that
L ~ fo(T. — 1)0%, perfectly fitting the expected value of 5 = 0.55 with a relative error of less than 0.18%. Since plotting L as

a function of T, — ¢ is not sensitive enough to tell a H;a blowup rate from a slightly-faster-than a H_La blowup rate, we plot L*L;
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Fig. 25. Solution of Fig. 24. A: rmax(¢) as a function of L. The dotted curve is the fitted curve cL(t)O'819]9 where ¢ = 9.672. B: L as a function of T, — f on a
logarithmic scale. The dotted curve is the fitted curve L = c(T¢ — 10349 where ¢ = 0.399. C: L*L; as a function of 1/L.
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Fig. 26. Solution of quintic NLS (o = 2) with y given by (83) for m = 4 at A: Solution rescaled according to (85) att = 0 (L*1 =1, rmax (t) = 4.951, dashed),
1 =0.0932 (L™ = 4.44 x 107, rmax (t) = 4.941, solid) and for L=! = 2.11 x 10° (dash-dotted). Values of ¢ and rmax (r) differ only in the 10th digit or after,

1
therefore only the focusing level is quoted. The bold dotted curve is P = sech2 (24/3(r —5)) B: Ring radius as a function of focusing factor 1/L. C: L as a function
of T, — t. The dotted curve is the fitted curve ¢(7, — t)0'50372. D: LL; as a function of the focusing factor 1/L.

as a function of the focusing factor 1/L. For a blowup rate equal to ﬁ, L¥L; goes to a negative constant, but for a blowup rate

faster than 1-|+a’ L*L; goes to zero. The results in Fig. 25(C) show that lim,_,7, L¥L, = —0.0951, indicating that the blowup rate

is equal to (7, — t)%.

5.3.1.2. The case « = 0. We now study collapsing vortex solutions in the case of the quintic two-dimensional NLS (¢ = 2) with
the initial condition (83). The expected value of « in this case is @ = % = 0, see Eq. (80).

In order to check for self-similarity we rescale the solution ¥ according to (85). Fig. 26(A) shows that all rescaled plots of the
solution at focusing levels varying from 10! to 103 are nearly indistinguishable, indicating that the solution is indeed self-similar
while focusing over 6 orders of magnitude. In addition, Fig. 26(A) also shows that the rescaled profile perfectly fits the Q profile.
In Fig. 26(B) we plot rmax () as a function of the focusing factor 1/L. It can be seen that lim;_, 7, rmax (1) = 4.944, i.e., the ring
is standing and not shrinking towards the origin. Next, we consider the blowup rate of the standing ring solution. To do so, we
first assume that L ~ f.(T. — t)P and find the best-fitting p. Fig. 26(C) shows that p =~ 0.50372, indicating that the blowup
rate is square root or slightly faster. Next, we check whether L is slightly faster than a square root, by plotting L L, as a function
of the focusing factor 1/L. Recall that for a square-root blowup rate, L L; will go to a negative constant as t — 7., while for a
faster-than-a-square-root blowup rate L L, goes to zero [8]. The results in Fig. 26(D) show that lim,.7. LL; = 0, indicating that
the blowup rate is faster-than-a-square-root, in agreement with (81).

5.3.1.3. Shrinkage and blowup rates. Relation (80) for the shrinkage rate parameter « and relation (81) for the blowup rate were
found to be in excellent agreement for the two simulations presented so far in this section. We now systematically verify the
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Fig. 27. A: Computed values of the shrinkage rate parameter « (circles). The solid curve is Eq. (80). B: Computed blowup rate (circles). The solid curve is H%a = %
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Fig. 28. Solution of Fig. 24. A: rmax(?) as a function of L. The dotted curve is the fitted curve cL(t)O'823 where ¢ = 13.47. B: L as a function of T, — ¢ on a
logarithmic scale. The dotted curve is the fitted curve L = ¢(T — t)0'547 where ¢ = 0.327. C: L*L; as a function of 1/L.

validity of these relations. Fig. 27(A) shows that for o = 1, 1.1, 1.2, ..., 2, the difference between the numerical value of the
best-fitting & in rmax & roL® and the analytic prediction (80) is less than 3%. In Fig. 27(B) we plot the blowup rates measured. For
1

o=1,1.1,1.2,...,1.7 the blowup rate is f.(T. — r)P, where the difference between p and THa is less than 2%. In addition, in all

these simulations, L* L, — Const # 0 (data not shown), showing that the blowup rate is ﬁ = % with no loglog-type corrections.
When o =2, p =0.5001 and LL; — 0, i.e., the blowup rate is slightly faster than a square root in agreement with the theoretical

predication 8.2

5.3.2. Collapsing s, solutions

We solve the supercritical NLS with 0 = 1.1 with the initial condition 9 = g, (t = 0), where f. = 0.43 and
5(0) = 4.079 x 10~*. If the solution is stable, then it should undergo an equal-rate collapse at a square-root blowup rate. To
see whether this is the case, we calculate rp,« (7), see Eq. (85), and plot it as a function of L. Fig. 28(A) shows that the best-fitting
a for rmax & roL% is o = 0.823. Also, we plot the blowup rate L as a function of 7, — ¢, in Fig. 28(B), and find that the best-fitting
exponent p for L ~ f.(T, — t)? is p =~ 0.547. Therefore, we observe that the solution neither undergoes equal-rate collapse
nor does it collapse at a square-root blowup rate. The measured values of o and p, however, are in perfect fit with those of the
Y o,, profile. Indeed, the measured value of o = 0.823 differs from the predicted value of «, see Eq. (80), by about 0.6% and the
measured blowup rate p = 0.547 differs from the predicted blowup rate, see Eq. (81), by about 0.55%.

These results suggest that V¢, is a strong attractor for radially-symmetric vortex solutions of the supercritical NLS, while s,
is unstable. Note that this is also the case in the critical NLS, where ¥/, is stable, while g, is unstable, see Section 4.6.

6. Numerical methods

The numerical methods used in this study are the same as in [8]. The notable differences, due to the vorticity, are as follows.

(1) Solution of the NLS (2) with a radially-symmetric vortex initial condition:
(a) In this case, we actually solve Eq. (9).

9 In the cases 0 = 1.8 and o = 1.9, the value of L recovered from the simulations turned out to be somewhat noisy. While we were able to extract the value of
a from rmax ~ rgL%, we were unable to reliably extract the blowup rate, a task which involves differentiation of L. We note that in the simulations of supercritical
rings in the vortex-free case, the value of L also turned out noisier for o = 1.8 and o = 1.9, but the noise was on a smaller scale which enabled the extraction of the
blowup rate. Therefore, in that case ([11, Figure 24]) we were able to observe the jump discontinuity in the blowup rate at ¢ = 2, predicted in (81).
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(b) Simulations of collapsing vortex solutions are more demanding than in the vortex-free case. The reason is that vortex
solutions vanish at the origin, hence as they collapse the amplitude difference between the origin and the ring peak becomes
larger and larger, contributing to huge gradients in the solution. In contrast, the value of non-vortex rings at the origin
increases at the same rate as the maximal ring amplitude increases as it collapses. Hence, the amplitude difference between
the origin and the ring peak remains constant during the collapse and is typically “only” two orders of magnitude.

(c) We use the iterative grid redistribution (IGR) method [31]. In the vortex-free case, we used the weight function w =
V14 A2 +|A,|. However, since for vortices |A| ~ ™ around r = 0, the value of w near the origin is small, leading
to subresolution around the origin where exceedingly high gradients develop, see (b). To ensure that grid points are also
attracted towards the origin, we choose w = \/l + VY |2 + || where [V = |A/]2 + ’;L22|A|2 and |V | = |Arr].

(d) The boundary conditionatr = 0is A(r =0) =0, A,-(0) = 0.

(2) Solution of Eq. (29) for G,, and Eq. (77) for S,,: Since G(r) = r"g(r) around r = 0, see Lemma 7, to solve Eq. (29) for a
given gp and f,, we first solve Eq. (31) for g,, = G,,,/r™ in the region [0, 1] with the initial condition g,, (0) = go. Then, we use
this solution to solve Eq. (29) in the region (1, co) with the initial conditions G, (1) = g, (1) and G}, (1) = mg,, (1) + g, (1).
The same method is used for the calculation of the solution of Eq. (77) for S,,. In order to find the relation between go and f,
we use the same method as in [8] for G,,, and [32, Algorithm 1] for S,,.
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Appendix A. Proof of Lemma 2

im6

Item 1 is immediate. To prove item 2, let us use a cylindrical coordinate system (é,, €g). Then, for ¢ = A(z, r)e"™", see Lemma 1,

S 12
N o R A
note that

2 2
%1//9 H2 = A3 +m? | é H2 Items 3-5 follow directly from item 2. To prove item 6, we

1
M@) = /rér x Im(Y* Vi) dx = /rér x Im (1//* <¢rér + —Wﬁg)) dx = /Im(w*l/fg) dx.
r
Therefore, for Y = A(t, r)e™?, M(t) = m||All5 = mP(A) = mP(¥).
Appendix B. Proof of Lemma 3

Let us look for a solution of (13) of the form R, = reqm (r) where g, (0) # 0 and ¢,,(0) = 0.
Substituting this form into Eq. (13) gives

1 62 2

20 + m
ql(r) + Tq{n —dm 5 4m + r2otglotl — o (B.1)

Eq. (B.1) has a regular singular point at r = 0, hence there exist solutions of the form g, (r) = r® Z?io a;r', where « is solution
of the indicial equation a? 4+ 2¢a 4 €2 — m? = 0. Since ¢, (0) # 0, @ = 0 and therefore £1 , = +m. Since ¢, (0) # 0, the term
rzazq,%f“'l is regular at r = O only if £ > 0, hence ¢ = m. Substituting £ = m into (B.1) gives (15).
Appendix C. Proof of Lemma 6

From the proof of Lemma 13 it follows that J,,,[Ry k] = %||Rm,k||%, for any solution R,, x of (18), and that the minimum of
Jm is obtained by Ry, x for some k. Hence, the ground state of (18) is the minimizer of J,,;[ f]. From the proof of Lemma 12, the
minimizer of J,,[ f] is positive. Since R,, o is a unique positive solution of (18), it follows that the ground state of (18) is Ry, .

Appendix D. Proof of Lemma 12

Following Weinstein [21], from the definition of infimum, there exists a sequence u, € F such that J,,[u,] — « > 0. Since
Inltn] = Jnllun|] for u, € F, we can take u, > 0. Let ul™ (r) = pun (Ar). It is easy to see that Jy [us"] = Jp[un]. Therefore,
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we can choose A, and w, such thatlm[u,, "1 = J,[un] and ||u,, M = IIVu,Z "|l = 1. Therefore, we obtain a sequence u, = uﬁ H
with the following properties:
up =uy(r) >0, u,elF,

1
lunllz = [IVunl2 =1, Imlttn] = —= [1 +
llean Il

t | inf J[f]
—_— —> 1n .
2 feF

r

Since u,, is bounded in H!, it has a subsequence such that u,, — u weakly in H ! Therefore, u, and Vu, converge weakly in L?
to u and Vu, respectively. It thus follows that ||u]» < 1 and ||Vul|> < 1. The Compactness Lemma, see [21], then ensures strong
convergence of u, — u in L4, ie.,

1 1
— lim . (D.1)
lullf 7= [lun I}

Since u, /r is bounded in L2, it has a subsequence such that u, /r — v weakly in L?. We now prove that v = u/r. Indeed, for
any test function ¢ € F, where F = {f ‘f, Le Lz}, 5o = [u,%. Hence, [vp =lim, .o [ 59 =1lim, o0 [u, % = [uf.
. = . . 2 . . 2 _
Since F is dense in L?, it follows that for any test function ¢ € L?, [vp = [ “o.
Hence, v = u/r and u, /r — u/r. The weak convergence of u, /r to u/r in L? implies that

HEH < lim inf H—H (D.2)

r n— 00

By (D.1) and (D.2), J{u] < limy,—, « inf J[u,]. Since lim, o0 J[u,] exists and is equal to inf e = J[ f1,
J[u] < lim inf J[u,] = inf J[f].
n—o00 fe]-‘

Therefore, J[u] = inf e r J[f].
Appendix E. Proof of Lemma 13

We generalize Weinstein’s calculation of the critical power for m = 0 [21] to ring vortices (m # 0). By Lemma 12, there exists
a minimizer of the functional J,,[ f]. We first show that, up to multiplication by a constant phase factor, the minimizer of J,,[ f] is
real-valued:

Lemma 30. Ler J,,[ f] be given by (35), and let h(r) = A(r)eig(’) be a minimizer of Jy,h] where A and g are real. Then,
g = Const.

8’31 A3

Proof. Since, J,,[h] = J,[A] + Al
4

, then J,,[A] < J,,[h] if and only if g = const and J,,[A] = J,u[k]. O

Lemma 31. Let Jy,[ f1be given by (35). Then the minimum is obtained for f = Ry, 0(Ar) where Ry, o is the ground state solution
of Eq. (18) and, A > 0 and u € R. Furthermore, mingcr Jin[ f1 = %||Rm,0||%.

Proof. Let f be a minimizer of J,,. Then f satisfies the Euler-Lagrange equation

dJm[f + gl

=0, VgelF. (E.1)
de

e=0

Dropping the tilde sign and carrying out the variational derivative gives
||f|| V£l3 ||f|| IV 113
> / V (Vg 2 /f NIV 71 f Fied
||f||4 |f||4 115
IIfIIQ/fg IIf/FIIQ/f ||f/r|| ||f||2/f3
115 113 1
Multiplying by || f ||j /21 f ||§ and reorganizing the last equation, we obtain

24 2 2 2
/Vngdx+ IIVf||2+m2||f/r||2/fg IIVf||2+m ”f/r”2/f3gdx+m2/f—2gd)(=0.
1113 g r
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Integrating by parts gives,

/g|:—Af+<U)f+_>f ,Bffi|dx— (E.2)
1112 2 2
where wp = If ||2-‘|:‘-i}1”2||f/r\|2 and,B 2\|f ”2—:‘_’;” ||f/r\|2-
2 4
Let fH(r) = uf (Ar). It is easy to see that J,,[ f***] = J, [ f]. Therefore, we can eliminate wy and B¢ from (E.2) by setting
ws
ro = Jwy, Mo = /> (E.3)
Br
so that Eq. (E.2) becomes
m2
/ g [—Af“’”‘“ + (1 + —2) fhotto — (frono) ] dx = (E4)
r
Let us denote
= froto. (E.5)

Since (E.4) is valid for all g € F, we have that R, (r), the minimizer of J,,, is a solution of (18). Furthermore, from (E.2), (E.3)
and (E.5)

2 2 2
I I3 + m> ) £/ 7113
IRl = LS00 5 = I f1I7 = 2=—2 21115 = 2ul £1 = 2Jm[ £100] = 2J[Rpn].
A 113
giving
. 1 2
In[Rm] = Jr}leljr; Inlf1= §||Rm,0||2. (E.6)
The optimal constant C,, is given by C,, = m Hence, by (E.6), C;,, = m =R 20”2.
Ny m,0l2

Appendix F. Proof of Lemma 18

Let Yo = Aoei’"e. When (54) holds, the center of mass Xis at (x,y) = 0,X = f xA(z) dxdy = 0. The change in the center of

mass is constant and is given by the linear momentum (see, e.g., [1]), i.e., g—f = m JIm (wovwg). Let us use a cylindrical
012

coordinate system (é,, €9). Then,

/ Im (Yo V) rdrdo = f Im (wo (wrér - ;l/feée) > rdrdo

1 NI .mA2 1 2 ~ 2 A
= | Im E(AO),e, + 11 + 2—(A0)9 eg | rdrdd =m | Ayjegdrdd =0,
r r

where in the last stage we substituted ég = (— sin6, cos 6) and used (54).

Appendix G. Derivation of Eq. (67)

Substitution of (66) into the NLS gives, for O(u)

d
i VG0 7 0) + A, + WGy o VG o

=0
92

d
sot | 2
+ 11 cos(£20)e " o V6o T AYG, o + 16, ol VG, + L2002

‘(/me 0 I//Gmo

L2(t)

=0
+ 24, cos(£20)e52T Y60 |2WGm,o =0.

. . 2
Hence, (i, + i) (189 — %) + Z/L,Lz(t)|1pgm_0|2 =
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Since Y, | = %Gm,o(,o), the equation for the real and imaginary parts can be written as B (’; r ) = 0, where B =
0 2
2G2, 0(p) — (;) -3¢
2
80 - Q

P
A non-trivial solution exists if |B| = 0, from which follows Eq. (67) for ;.
Appendix H. Proof of Theorem 23

Define
Bi(r,0) = S(¥)(tx, 1, 0) = L(t)e” Wy (1, L(t)r, 0) (H.1)

where L is given by (58). Then, || Bxll2 = [|¥oll2 and ||V Bx|l2 = LtV (1, )2 = 1.
Since By is bounded in H', it has a subsequence such that By — ¥ weakly in H'. Therefore, B and V By converge weakly in
L%2to P and VY, respectively. Hence,

| @]l2 <liminf|Blla, V|3 < liminf | VB|3. (H2)
k— 00 k— 00

By Lemma 1, ¥ (¢, r, 0) = A(t, r)e"?. Hence Bi(r, 0) = L(t;)el” ™ A(tx, L(tx)r)e™?.

Let by = Bre ™ then by (r) = L(tx)e'” " A(t, L(1;)r). By Lemma 2, A € H! .. . In addition,

radial*
VA, )2 IArIl2
lbell2 = 1¥oll2s IVbilla = L#)IVAt, )ll2 = = <1
IVl A/ ll2 +m2|A/rl3

Since by is bounded in Hrladial, the Compactness Lemma for radial functions, see [21], ensures strong convergence of by to Yeimb

hence of By to ¥, in L? for 2 < p < oo. In particular, || ¥||4 = limg_, || Bx||4. From the last relation and (H.2) it follows that

H(¥) < liminf H(By) < liminf L?(tx) H () = 0.
k— 00 k— 00
Therefore, from Lemma 13 it follows that || WH% > P (m).

Appendix I. Proof of Theorem 24

For any ¢ > 0, Dl L2 <o)y = IV W 22 <6 where ¢y is defined by (H.1). Therefore, for any R > O, if k is sufficiently

large, ||¢k||L2(r<R) = ||1/fk(fk)||L2(r<g)~

Since ¢ converges weakly to ¥ in L2, see the proof of Theorem 23, it also converges weakly to ¥ in L>(r < R), hence
1N 2 <ry < limjoo inf i@kl 2 < gy-

Therefore, || |72, gy < limj— oo Inf | (7) | 12, <) Since this holds for all R, we have from Theorem 23, Per(m) < || W||%2 <
lim;_, oo inf [|v (#) ||i2(r<8), which proves Theorem 24.
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