Appendix A: Proof of Propositions 2 and 7

In this section we formulate and solve the optimization problem when the firm incurs variable
costs C(z) and consumers have stochastic demands. The deterministic case (Proposition 2) is the
special case when X, =x. The expected firm revenue is

F—C(x), if M(z)<T,
F—C@)+p ) (y—T)g.(y)dy, if M(z)>T,

where C(x) := E[C(X,)]. Consequently, the firm optimization problem is (p°P*, TPt F°Pt) =

Fo(wp. T, F) = Eln(Xop, T, F) — C(X.)) = {

argmax, 7 g Ue(p, T, F), where

x%pt(p’T’ F)’p’T’ F)’ if Uopt(p’T’ F) >0’
otherwise.

O.(p,T,F):= {g’c(

PROPOSITION 7. Suppose that V(x) — C(x) has a unique global mazimum which is attained at

2y = argmax{V (z) — C(z)}. (47)

x>0
Assume also that V(x) is concave, and that M(x) and C(x) are monotonically increasing in x.°

Then the optimal firm plan is

PP =V (@), T =M@E),  p7 . (48)

where

V(z) =V (2g¥)
Pe = I;;}Vnax L5 ) M@ (49)

M(xgaCX)(y - M(xr*nax))gac(y) dy
and § is the smallest time increment that is billed by the firm. In addition,

1. The minimal overage price satisfies 0 < p. < 00.

max max max

2. The consumer plans to talk x5 minutes, where 0 < g% < zy
3. The consumer expected utzlzty 18 zero.
4

. The firm expected revenue is V (x max) C(;ggax)

Proof We first note that 0 < p. < 0o, because the numerator is continuous and bounded from
above and below, and the denominator is continuous and bounded from below.

Suppose the consumer joins the plan (p,T, F) and uses z2>" := Opt(p,T F') minutes. By (44), 0 <

0
U (p, T, F) =V (22")—(p, T, F)— S (zF"). Subtracting C(z) from both sides yields IL.(p, T, F) <
V(22 — S, p,T) — C(xF"). Therefore, from (4) and (47) we have that

I.(p, T, F) < V(ag) — C(a7y). (50)
Next, we show that if a firm plan satisfies (48), then
2 (p, T, F) = 2. (51)
To see that, it is enough to show that U(xz,p, T, F) < U( g, p. T, F) for @ # 2%
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L If z <2, since M(z) is monotonically increasing, then M(z) < M(2{**) = T'. Therefore,
the expected consumer utility is U(z,p,T,F) = V(x) — F. Since V(z) is concave and attains its
maximum at z2*, see (37), V() is monotonically increasing in « for 0 <z < 2**. In addition,
since V(z) is concave and C(x) is monotonically increasing, then g < zg™. Hence, V(z) <
V(2§7), and so Ulx,p,T,F)<V(x ve) - b= U(x myac",p,T,F).

2. If x> 2", since M (z) is monotonically increasing, then M (x) > M (z(%*) =T'. Therefore, the
M (x )

consumer exceeds T with a positive probability. Hence, 7(x,p, T, F)=F +p f (y—T)g.(y)dy.
Consequently,
_ _ _ _ _ M (z)
T

Since S(z,p,T) >0, see (4), U(z,p,T,F) < V(z) = F —p [}"(y — T) g (y) dy < V (%) — F =
Uz zgw,p, T, F), where the second inequality follows from (48) and (49).

Finally, we show that if the firm plan satisfies (48), then II(p°Pt TPt [°Pt) = V(:E$acx) -
C($€ax). Indeed, suppose the firm sets 7°P* = M(2"¥). Then for any p°* > p. the con-

max

Ve
U(x%ix,pOPt,TOPt, Fert) = V(:Er—“ax) Fert = (. Hence, he signs up to the plan. In this case, the firm

revenue is II, (p°P', TP, FoP') = FoPt — C(Z) = V(:E%acx) —O(x 72). By (50), this is the maximal

sumer will plan to use z = x2** minutes, see (51). Therefore, the consumer expected utility is

firm revenue.

Appendix B: Proof of Lemma 5

By Proposition 1, the optimal firm plan that maximizes the revenue from the light users satisfies

FPP = vmax 0Pt >0 and TPP > Y. Since Vi > VX = , the heavy users will sign up to

opt

the plan if pi*" is sufficiently small. In order to extract overage payments from the heavy users, the

firm should set TOpt < zyy. Since

. =Vi(z) —p— 0y =vu(z) —p—su(z,p), (52)

if the firm sets p to be sufficiently small, then ag—xH >0 at z =T, since vy (z) > 0 for z < vy, and

p,su(x,p) — 0 as p— 0. Hence, the heavy users will benefit from exceeding 77", and so the firm

max max

would gain additional revenues. Therefore, z33 < 2Py and pi™ > 0. We now show that T = 27
Indeed, assume by negation that 77" > 2y’ Then 1f the firm slightly lowers 77" by AT < 1, this

will not affect the light users, since they can still talk zy%". Under this change the heavy users will

aU
still use the same number of minutes, since their usage x7} i, is determined from 2 =0, see (7),

and ig]—f is independent of T, see (52) and (19). Therefore, they will pay pAT more to the firm,

which is in contradiction to the optimality of the plan. Finally, by (52), 0= aUH( ) < Vi (@)

I

max

Therefore, a{fy < z¥
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Appendix C: Proof of Proposition 4

By Lemma 2, the only two plans that extract the maximal revenue from the light and heavy users
are Fy =V T > zg§s, p1 > 0, and Fy = Vi, Ty >z, p2 > 0, respectively. If the heavy users
join (py, Ty, Fy), their optimal utility is Ug™ (ps, Tz, F») = 0, see Proposition 1.

L IF Va(zgT) > Vo(zyT), they will prefer (pi, T4, F), see (32), since

U (p1, Ty, Fr) = Un (205, p1, Ty, Fy) = Vi (205Y) — Fr = Vi (aPy) — Va(a93) > 0.

Hence, the firm will not extract the maximal revenue from the heavy users.

2. If Va(oyy) < Vu(z9), the heavy users will have a negative utility if they choose plan
(p1,T1, Fy) and talk x < 3% minutes, since Vy(z) < Vu(2y¥) < Vo (29%F) = Fi. The firm can make
sure that they also have a negative utility if they choose plan (py, T}, Fy) and talk o33 <z < o35

. ] s  max , . . ]
minutes, by setting T} = zyT" and p; > MAXgmax <o < pihax V};(x), since in that case

Un(z,p1, T1, F1) < Va(z) — Fy —pi(o = T) = Va(zyT) + (Va(z) — Va(ayy)) — FL —pu(e — oyT)

< Vo(avT) — i+ (Va(z) = Va(ayy)) —pi(z — avT) <0.

max
V,L

=0 <pi(z—z

Appendix D: Proof of Lemma 6

As in the proof of Proposition 4, if there is a plan that the light consumers sign up to, and if (33)
holds, then the heavy consumers will prefer that plan to the one that extracts all their valuation,
and that plan does not maximize the revenue from the heavy consumers. Conversely, if (33) does
not hold, there exist xy such that Vi (zq) > Vi(xg). Therefore, if we set p; > MAX ) <o <atpax Vi (z),
Ty =z, F1 =Vi(2), and p, >0, Ty > 235, Fy = V™, the light and heavy consumers will sign up
to plans (py,T1, F1) and (po, Ts, Fy), respectively.

Appendix E: Proof of Lemma 7

If plan (p;, T}, F}) maximizes the revenue from the light consumers, then
Fy =V, T > ZE%‘, p1 >0, (53)

see (10). The heavy consumers will choose plan (py, Ts, F») provided that
U (2, T, ) > U (p1, 11, Fr)), (54)

see (32).% In addition, as in the proofs of Proposition 1 and 5, see (44), the firm revenue from a

heavy consumer is bounded by the difference between his maximal valuation and his optimal utility
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if he joins (p1, Ty, F1), ie., I (po, To, Fy) < VP — Ug (p1, Ty, F1). Since py > Vi (@97, if heavy

consumers join (py, T, F}), they do not increase their utility by exceeding the allowance T;. Hence,
Uﬁpt(plaTlaFl) = UH(xg,an(’plaTlaFl) = VH(fﬂgaﬁ() -k = VH(;g$an‘) — Vi (55)

By the last two relations,
I (po, To, Fo) < V™ — (Var(as) — V™). (56)

We now show that heavy consumers will choose plan (34b), and that the firm revenue from (34b)
is equal to the right-hand-side of (56). Therefore, plan (34b) maximizes the revenue from the

max

heavy consumers. If the heavy consumers join plan (34b), they talk 233 minutes (i.e., as much
as they want), and so their utility is U™ (ps, Th, Fy) = Vii®* — F, (44b) Vu(z95) — V™. Since
U (pa, To, Fy) = U (p1, 11, F1), see (55), they will sign up to plan (34b), see (54), and so the firm
revenue from a heavy consumer is

H(I)—Ipt(anTQaFQ):FQa (57)

which is the optimal revenue from a heavy consumer, see (56) and (34b).
In order to show that the revenue from a light consumer is F;, we need to check that she does

not prefer plan (34b), i.e., that F; < Fy. Now, by (34),
Fy— Py = V™ = V(o) = Vi all) — Va5 > 0, (58)

where the last inequality follows from (2).

We thus see the average firm revenue per consumer is

I two plans = YaFs + (1 —yu) FL = yua (Vg™ — VH($$aﬁc)) + (1= yu) VI

opt max max max

t t
By Lemma 5, I _yainyy = V™™ +yupy (00 — 20T), where apy < 2’y < 233, Therefore, to

show that II (o plans > IL-mainly, it is enough to show that
Vi = Vi (a9 > ot (23 — 29T). (59)

t t . . . t .
Now, V{i(z{fy) = pi™", since otherwise the heavy consumer will not use the z{}}; minute. Therefore,

since Vi{ <0,
/ opt opt
Vi(z) > pi™, 0<z<aiy (60)
t t ZCL)IP;I t (60) ZCL)IP;I t t
O o O o . o
Hence, pi” (277 — 29%) = o Pdr < fxgaﬁ( Vii(z) doe =V (27y) — V(29F). Since 2’y < 3%,

then V (z{}y) < V™. Therefore, we proved (59).
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Appendix F: Proof of Lemma 8
For 0 < AT <« 1 we define the plans
Ty =ayy —AT, Fy =W(Ty), py=o0, T, =ayf, Fy =V~ —(Vu(T7)—-F7), p; 20

We now show that there exist AT sufficiently small such that

HtWOplans(plﬂTlaFlaanTQ’FQ)<HtWOplanS(p;’T;’F Dy Ty Fy ).

Suppose the firm offers (p;,T; , F; ), i =1,2. Light consumers join (p; ,7; , F} ), because V;™** <
F;, see the proof of Lemma 7. Compared to (p;,7T3, Fy) the firm revenue from light consumers

decreases by np(Fy — Iy ) = ny (VL(29T) — Vo (295 — AT)). Since VY (29¥) =0, see (2),
n(Fy — F7) mn VY (20 (AT)?, AT <« 1.

Similarly to Lemma 7, heavy consumers will join (py,75 , Fy ) and pay Fy = Virex — V(1) +

VL(T; ). Hence, the firm revenue from the heavy consumers increases by
nu(Fy — Fp) = (Va(295) — V(@97 — AT)) —nu (Vi (a9T) — Vi(ayT — AT)).
Since V{(z9T°) =0 and Vi (z35) > 0, see (33),
nu(Fy — Fo) = nuVy (2yT)AT.
Therefore, if the firm changes to plans (p;, T, ,F;"), i =1,2, it gains O(AT?) less from the light
consumers but O(AT') more from the heavy ones.

Appendix G: Proof of Lemma 11

By Proposition 5, the optimal firm revenue is II = V™, In particular, the optimal firm rev-
enue from deterministic consumers is II = V™. The result follows from the inequality V™ =

V (zimex) 9 fM(x) V(y )fxgax (y)dy <V (z3>) fOM(Z) fomax (y)dy = V™ where the sharp inequality

follows from (2).

Appendix H: Proof of Proposition 6

By Proposition 5, the optimal firm revenue is IT(w) = V.™** where V** is the maximal expected

valuation when the stochastic demands are X. Therefore, we need to show that
ymax o max 0<w <w. (61)
In what follows, we will show that for every z and 0 < w’ < w, there exists y = y(x,w,w’) such that

V(z+wz)<V(y+w'z). (62)
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From this, it follows that V,(z) = [V(z + wz) fz(2)dz < [V(y + w'2) fz(2)dz = Vi (y),
where f7(z) is the density distribution of Z. In particular, substituting z = Ty yields Vmax =
V(x ) < Vi (y) < VWax | which is (61).

To prove (62), let y =y + % (:E 7). Then

/

2 = (yw'z) = — (@ - (@t w2). (63)

Since w’ < w, then |z — (y +w'z)| = &£ |y — (r+wz)| < |2y — (z+wz)|, ie., y +w'z is closer

U} max

to zy*™ than z +wz. In addition, since *- >0, x +wz and y + w’z are on the same side of xy;

max

see (63). Therefore, since V (z) is concave and since the global maximum of V(z) is attained at ¥}

we have (62).



