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We will present here a new method for blowing up the power of a singular cardinal which
differs from those used in [1] and in [2] to deal with cofinality w. The advantage of the
present technique is that it generalizes to singular cardinals of uncountable cofinality, which
was open.

Let us start with countable cofinality.

1 Blowing up the power of a singular cardinal of cofi-
nality w.

Let (k, | n < w) be an increasing sequence of cardinals and (F, | n < w) such that for every

n<w

1. E(n)is a (ky, k}T)—extender,
ie. jum) V= Mpw) ~ Ul(V, E(n)), crit(jem)) = Kn, Jem) (k) > 5T,
MEg@m) 2 Vigt2, " MEpmn) © MEpm);

2. E(n) < E(n+1),

where k, = U, <, Fin-

Denote by P(n) the one element extender based Prikry forcing with E(n). We would
like to combine P(n)’s together. It would be a kind of Magidor product, but will involve
restrictions and reflections. Namely, if for some n < w a non-direct extension is made in

P(n), then be will restrict each E(m), m < n to the corresponding member of the Prikry

*The work was partially supported by Israel Science Foundation Grant No. 58/14. We are grateful to
Carmi Merimovich for reading a draft of the paper and specially for the inspiration we got from his works
on extender based forcings.



sequence for k,, and reflect the information the condition contains about coordinates m < n
below k,,.

Let us start with a simpler situation where instead of w extenders we have only two.

1.1 A single extender.

Let us describe a variation of one element extender based Prikry forcing that will be used
here. It will be very close to those of C. Merimovich [7]. A difference will be that sequences
inside conditions will be either empty or of the length one only.

Let E be a (k, \)—extender. Define the corresponding forcing Pg.

Let d C X\ k of cardinality at most . Define a k—ultrafilter E(d) on [d x x|<* as follows:

X € B(d) & {{jp(a).a) | a € d} € ju(X).

Actually, E(d) concentrates on a smaller set called OB(d) in [7].
The advantage of using F(d) is that once A is typical set of E(d)—measure one and a € A,
then a is of the form ({ag, 5¢) | € < p), where

1. p <k,
2. dom(a) = {ae | € < p} C d,
3. Be < K, for every £ < p.

So, already a measure one set provides an explicit connection between elements of Prikry
sequences and the measures to which they belong.
We assume further that always (a¢ | £ < p) and (f¢ | € < p) are strictly increasing sequences

of ordinals.

Definition 1.1 Let P}, be the set of all functions f such that
1. dom(f) C A\ & of cardinality at most &,
2. k € dom(f),

3. for every a € dom(f), f(«) is either empty or a one element sequence which consists

of an element of x.

Definition 1.2 Let f,g € Pj. Set f >* g iff f Cg.



Definition 1.3 (One element extension) Let f € Py and v € [dom(f) X k]<". Define
g = fw € P as follows:

1. dom(g) = dom(f),

2. for every a € dom(g),
(U(«)), if a € dom(
gla) =< (F(a)), if a € dom(
f(a), otherwise.

—
—

V) and f(a) is empty sequence;
%

), f(a) is not empty and («a) > f(«);

The difference from the original definition by Merimovich in [7], is that we do not keep
f(a) if U(a) > f(«), but rather replace f(«) by 7(«).

Define now the pure part P% of the main forcing Pg.
Definition 1.4 A pure condition p € PY is of the form (f, A), where
1. fePg,
2. f(k) is the empty sequence,
3. A€ E(dom(f)).
Define the order on PY as follows:
Definition 1.5 Let p = (f, A),q = (g, B) € PY%. Set p >* ¢ iff
1. f>*gin P},
2. A]dom(g) C B.
The forcing P will be the union of Py with

{f ePrlfx)# 0}

The direct order extension will be just the union of <* orders of both parts. Let us define

the forcing order < on P. We do this by defining one element extensions of members of PY.
Definition 1.6 Let p = (f, A) be in P}, and 7 € A. Define p~ 7 € Pj; to be fiz.

Definition 1.7 Let p = (f, A) be in P% and g be in Pj. Set p < g iff there is 7 € A such
that f<g> <* g.



The next lemma follows from the definitions:

Lemma 1.8 The forcing (Pg,< ) is equivalent to the Cohen forcing for adding A\—many

Cohen subsets to k.

However, more can be deduced:
Lemma 1.9 (P, <, <*) is a Prikry type forcing notion.

Proof. Let us sketch the basic argument following Merimovich presentation [7].
Let p = (f?, A?) € P% and o be a statement of the forcing language.
We would like to find a direct extension of p which decides o. Suppose that there is no such
extension.

Proceed as in 3.12 of [6]. Construct by induction an increasing chain of elementary
submodels (N¢ | € < k) of H,, for x large enough, and a sequence (fe | £ < ) of members
of Py, such that

1. p,Pg,0 € Ny,

2. Ny Dk,

3. for every & < k,
(a) [Ne| =k,
(b) " N¢ C N,

(fe1 €< &) €N,
fe € ({D' € N¢ | D' is a dense open subset of Pj, above fP},

fp S* f07
f) fe =" fe, for every ¢ < &.

(c
(d

)
)
)
)
(e)
(f)

Set N = g, Ne and f* = U{fe | £ < k}.! to construct Let A C [dom(f*) x x]<* be
such that

e A [ dom(fP)C AP,

e A€ E(dom(f")).

!Carmi Merimovich pointed out that there is no need here in elementary chain of models and it is possible
to define N directly. This observation applies also to our further constructions.
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Note that A C N, since dom(f*) C N, and so, [dom(f*) x k]<" C N.
Let 7 € A.
Define Dy to be the set of all f € P, f > fP such that

follo.

Then Dy is a dense open subset of Py, above fP.
It is definable with parameters in N, hence Dy € N.
Then, f* € Dj.
Shrink now A to A* € E(dom(f*)), if necessary, such that for every v, 7' inside we will

have
filkoiff fZ I+ o.

Suppose that for every v € A*, fi - o.

Now, we claim that already (f*, A*) IF o.
Supose otherwise. Then there is g > (f*, A*) which forces —o. Then for some 7 € A*,
g > fz, by Definition 1.7. But f* € Dy, hence already f I -0, which is impossible by the
choice of A*.

Contradiction.

O

1.2 Two extenders.

We deal now with £(0) <1 E(1).
Let Pg(i), Prg)s P%(i),i < 2 be as defined in the previous subsection.

Define first components of the main forcing Pg(0),£1))-

Definition 1.10 The set of pure conditions 7)((%(00))’,(13?1)» consists of all pairs (p(0),p(1)) such

that
L. p(0) = (f°, A% € P,
2. p(1) = (f', A") € Py,
3. dom(f°) \ &1 C dom(f"),

4. for every a € dom(f°) \ k1, if f1(a) is not the empty sequence, then for every v € Al,
a € dom(7) and 7(a) > f1(a).

The intuition behind this condition is that the current value f!(a) may interfere with
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values of one element Prikry sequences over ky. Namely, with the a—th Prikry sequence
over kg. Now, if 7(a) > f!(a), then f}(a) = v(«), by Definition 1.3, and so, the value
(@) just disappears.

5. For every v € dom(f%) N ky,7 € A and o € dom(7), F(a) > 7.
Note that |[dom(fY)| < kg, so it is easy to arrange this.

6. For every v/ € A, the measures F(0)(dom(f°)) and
E(0)((dom(f%)Nky)U{F(a) | a € dom(f°)\k1}) are basically the same in the following

X € E(0)(dom(f°)) iff X" € E(0)((dom(f°) N k1) U{7(a) | a € dom(f°)\ k1}),

where

X ={(a,B) € X |a<r}U{(#),B) ]| (a,B) € X,a >k}

Note that this property is true in the ultrapower by E(1), so it holds on a set of measure

one, as well.

Turn now to non-pure extensions.

First consider the situation with non-pure part over .

Definition 1.11 The set of conditions 7)<(115(03),E(1)> consists of all pairs (f°, p(1)) such that
L f%€ Phoy,
2. p(1) = (f', A") € Py,
3. dom(f°) \ x; C dom(f'),

4. for every a € dom(f%)\ 1, if f!(«) is not the empty sequence, then for every v € Al
a € dom(7) and 7(a) > f1(a),

5. for every v € dom(f°) Nk, € A! and a € dom(V), PF(a) > 7.

Define conditions with a pure part over ko and a non-pure over k.

Assume for simplicity that there is hy : kK1 — k1 such that jpay(hy) (k1) = A

Definition 1.12 The set of conditions Pg’?g) g1y consists of all pairs (p(0), f1) such that



2. f}(k1) is non-empty,

3. p(0) € Pr)ihy(f1(x1))- The meaning is that if the value of the Prikry sequence for the

normal measure of E(1) is decided, then we cut F(0) to the reflection of A below £,

i.e. to ha(f (k1))

Define now a completely non-pure part of the forcing.

Definition 1.13 The set of conditions 73<*E(0)7 p(1)) consists of all pairs (fY, f!) such that
1. fle Ph):
2. f}(k1) is non-empty,
3. f° € Py,
4. f%ko) is non-empty,

5. dom(f%) € hn( ().
The meaning is that if the value of the Prikry sequence for the normal measure of E(1)
is decided, then we add only hy(f'(x1)) Cohen subsets to s .

Now let us put everything together.

. (0,0),(1,0) (1,0) (0,0) %
Definition 1.14 P(5(0),50)) = Pg),20) Y Pleo).e0) Y Piee).ea) Y Pleo),so)-

Define the orders <, <* over P(g(0),501))-
<* is just the union of the orders at each of the components.

Let us give now the main definition.

Definition 1.15 Let p,q € Pg(0),zq)- If p, ¢ are in the same component, then set p > ¢ iff
p >* q. Suppose that they are in different components.

Split into cases.

1. Suppose that g € Pf]%(oo))’%?l)», i.e. in the pure part of Pg).e1), P € P&E)O)%E(l)w ie.

only the part of p over k; is a pure condition.
Let then ¢ = ((¢°, B°), (9", B)),p = (f*. (f*, A").
Set p > ¢ iff f© > (¢", BY) in Pr(o) and (fY, AY) >* (¢', B') in Prq)-



2. Suppose that ¢ € 77 (1)’ i.e. in the part over kg is pure and those over x; is not
pure, p € 73 (B(0),E(1)) ie. p is a completely non-pure condition.
Let then ¢ = {(¢", B®), ¢') and p = (f°, f1).
Set p > ¢ iff f° > (¢°, B°) in Pgo) and f* > g' in Pgq).

3. (Principal case 1.)
Suppose that ¢ € 73(1 o 0),E(1))" i.e. in the part over x; is pure and those over kg is not
pure, p € 73 (B(0),E(1) 1€ P is a completely non-pure condition.
Let then ¢ = (¢, (¢', B")) and p = (f°, f1).
Set p > ¢ iff f' > (¢, B") in Prqy and f* > (¢°)"S in Pgy i (s> Where (¢°)7f

the reflection of ¢° below k; is defined as follows:

(a) dom((g°)"/) = (dom(g®) N k1) U{f* (@) | & € dom(g®) \ 1},
(b) for every a € dom(g”) N #1 = dom(g) N dom((¢°)™7), (9°)" () = ¢°(a),

(c) for every a € dom(g") \ i1, (6°)"/ (f'(a)) = ¢°().
It is crucial here that f! | (dom(g°) \ k1) is one to one and the values there are
above rng(g®) N k.
This follows by conditions (4),(5) of Definitions 1.10,1.11.

4. (Principal case 2.)

(0.0),(1,0)

Suppose that ¢ € PE(O) By 1€ both parts are pure, p € 73 00)

B(1)’ i.e. only the
part over kg is pure.

Let then ¢ = ((¢°, B°), (9", B")) and p = ((f°, A%), f*).

Set p > ¢ iff f1 > (g, BY) in Pgy and (f°, A%) > ((¢°, B®))"*/ in Pro)in, (11 (s1))> Where
((g°, BY))¢/ the reflection of (¢°, B®) below &, is defined as follows:

(a) dom((g°)") = (dom(g®) N k1) U{f"(a) | & € dom(g”) \ 1},

(b) for every a € dom(g°) N #1 = dom(g°) N dom((¢°)"/), (¢°)" (a) = ¢°(av),

(c) for every a € dom(g°) \ k1, (¢°)" (f () = ¢°().
Again, it is crucial here that f! | (dom(g°) \ k1) is one to one and the values
there are above rng(g®) N k1, and this follows by conditions (4),(5) of Definitions
1.10,1.11.
One more crucial observation here is that the measure (£(0))(dom(g°), to which

B° belongs, reflects to basically the same measure,
It follows by (6) of Definitions 1.10.
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(d) A° | dom((g%)™¢) C (B%)¢/, where (B°)*/ = {7"¢/ | 7 € B°} and if 7 =
({ag, Be) | € < p), then
el = ((og, Be) 1 € < pya < kn)” ({fHeg), Be) | € < pa = in).

Denote further in this subsection Pgo),z(1)) by just P.

The next lemma follows from the definitions:

Lemma 1.16 The forcing (P, <) is equivalent to Cohen(rg,n) x Cohen(ry,\), for some

n < k1 which depends on choice of a non-pure condition for Pg).

However, as usual, more can be deduced:
Lemma 1.17 (P, <, <*) is a Prikry type forcing notion.

Proof. The proof is similar to those of Lemma 1.9 (and in turn to those of Merimovich [7]).
Suppose otherwise.
Let p € P be a pure condition and ¢ a statement of the forcing language which is undecided
by pure extensions of p. Then p is of the form ((f70, AP0) (frl APL)).
Proceed as in 3.12 of [6]. Construct by induction an increasing chain of elementary
submodels (N} | & < k1) of Hy, for x large enough, and a sequence (f! | £ < k1) of members
of 73}5(1), such that

1. p,P,oc € Ny,

2. N(} D K1,

3. for every £ < Ky,
(a) ‘N§1| = K1,
(b) > NL € N,
(c) (f¢ ¢ <& €N,
(d) f¢ €{D" € N¢ | D' is a dense open subset of Py, above f'7},
(e) [ <" fs,
(f) f¢ =" f¢, for every ¢ <&,

Set N' = U, V¢ and f1* = U{f{ | € <k} Let A C [dom(f™) x k1]<"* be such that

o A | dom(fPt) C AP,



e Ae (E(1))(dom(f™)).

Note that A C N, since dom(f!*) C N, and so, [dom(f!*) x x{]<"* C N
Let 7 € A. Consider \} := hy(7(k1)), i.e. the cardinal below x; that now corresponds
to A. Suppose for simplicity that dom(f*°) C A/, otherwise just reflect the part above k;
below as in Definition 1.15.
Consider Pp)yz. Clearly, it is contained and belongs to N L
Let (te | € < AY) be an enumeration of this forcing notion in N'.
Let f € Py, [ = frL.
Proceed by induction on € < AY and define an <* —increasing sequence (fe | £ < A¥) of

direct extensions of f such that, for every & < A7, either

(1) (te, (fe)a) |l o,

or

(2) for every g 2" (fe)s, (te; 9) f 0.

Let f = U§<>\117 fé.
Then, for every t € Pp)s» either

1) (t.fo) Il o,

or
(2) for every g >* fz, (t, g) 0.
Consider now the following statement of the forcing language of Py e

p=3teG((tfr) | o)
By the Prikry condition of the forcing Ppq) 7 (Lemma 1.9 ), there is t* >* (79, A?)
which decides ¢.

Claim 1 t* I ¢.

Proof. Suppose otherwise. Then ¢* IF —¢. This means that whenever ¢ € Pp),» and t > ¢7,
<t> fﬁ) H/ g.

Pick now some (¢, g) € Pr0).501), (t. g) > (t*, f») which decides o.

Then, for some & < A}t = t¢, and then, (¢, (f¢)5) || 0. So, {t, f5) || o
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Contradiction.
O of the claim.
Now use again the Prikry condition of the forcing Py to decide the following state-

ment

v =3te G((t, f7) IF o).

Let t(¥, f) >* t* be a condition which decides .
Assume that ¢(7, f) IF ¥. Then (t(7, f), f7) IF o.
Define Dy to be the set of all f € Py, f > fP! such that

<t(77a f)7f17> || g.

The next claim follows now:

Claim 2 Dj is a dense open subset of PE(D above fP!.

Dy is definable with parameters in N, hence Dy € N.
Then, f* € Dy, for every 7 € A.
So, (t(7, f1*), f3*) || o, for every 7/ € A. Shrink A, if necessary, to a set
AY™ € (E(1))(dom(f)), such that for any two 77,/ € A* the decision is the same, say o is
forced.

Consider now (f™*, A™). It is a pure condition in Pgyy. Use the function 7 — t(7, f*)
in order to get a pure condition in Pgg), just use the one which this function represents in
the ultrapower by (F(1))(dom(f!*)).

Let us explain how do we naturally combine the result into a condition in Pg(g) £(1)-

Let t(7, f1*) = (f°, A%), for every 7 € A™. Consider f%. It is a set of at most ko many
pairs (a, 8), where o < A/ < k1 and 3 is either the empty sequence or an ordinal < .
Shrinking A if necessary, we can assume that there are x and kf, < kg such that for every
v, 7 € A* the following hold:

1. dom(f%) Nv(ky) =z,
2. dom(f%%)\ ¥(k1) = {77 | T < Ki} is an increasing enumeration,
3. for every a € z, f%(a) = f% (),

4. for every 7 < rg, f(77) = [ (77)
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Consider, for every 7 < kj, a function s, on A™ defined by setting s, (7) = 17.
Let
¥ = Je)(s7){(Je)(a), @) | a € dom(f™))).
Extend now f* to f** by adding all ~y,, 7 < k) to its domain and setting f**(,) to be
the empty sequence whenever v, & dom(f*).
Define A™** € E(1)(dom(f'**) as follows.
Set v € Al** iff

1. 7 | dom(f™*) e A,
2. dom(¥) 2 {v, | 7 < K}y
3. if 7, € dom(f'*) and f'*(~,) is not the empty sequence, then (v,) > f1*(~,),

4. 7(3,) = s,(7 | dom(f™)).

For every 77 € A™* set (fO7, A07) = (fo7idom(f1)  A07[dom(f1*)y.
Consider the function 7 +— (f%7 A%) 77 € A . Let (f%, A%) be represented by it in the
ultrapower with £(1).

It follows that ((f, A%), (f**, A™**)) is a pure condition in Pg() g1y which extends p.

The next claim completes the argument:
Claim 3 ({0 A%), (f** A¥™) Ik o.

Proof. Suppose otherwise. Then there is (f, g) > ((f%*, A%), (f1**, A**)) a non-pure in both
coordinates condition which forces —o. There is 7 € A™ | dom(f'*) such that g >* fi*.
But then f > (7, f'*), and so, (f, f3*) I o. Contradiction.

U of the claim.

O

1.3 w—many extenders.

So, we deal now with a sequence (E(n) | n < w) where each E(n) is a (k,, A\)—extender and
(kn | n < w) is an increasing sequence.
Let Pg(i), PEiy,i < w be as defined before.

Define first components of the main forcing Pig(n)n<w)-

Definition 1.18 The set of pure conditions Pg()n<w) consists of all sequences

(p(n) | n < w) such that for every n < w, the following hold:
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L p(n) = (f", A") € Prw),
2. dom(f")\ Kns1 € dom(f™*),

3. for every m < n, for every a € dom(f™) \ k1, if f"T () is not the empty sequence,
then for every 7 € A" o € dom(¥) and 7(a) > ().

The idea behind is as in the case of two extenders.

4. For every 7 € A" and m < n, the measures E(m)(dom(f™)) and
E(m)((dom(f™) N Kpy1) U{P() | @ € dom(f™) \ kn11}) are basically the same in the

following sense:
X € E(m)(dom(f™)) iff

X € B(m)((dom(f™) M ker) U {7(a) | @ € dom(f™) \ fpsr}),

where
X' ={(e, ) € X | < hna} U{(#(), B) | (., B) € X, > Kppr }-

Note that this property is true in the ultrapower by E(n + 1), so it holds on a set of

measure one, as well.

Turn now to non-pure extensions. As usual, in Magidor type of iterations, non-pure
extensions are allowed only at finitely many coordinates.
Start with a non-pure extension at a single coordinate and then proceed by induction.
We assume that for each m < w there is a function Ay : K, = K,
such that jg(m) (AY)(Km) = A.

Definition 1.19 Let m < w. Define the set Péﬁiﬂn <w) of conditions with only non-pure

part over the coordinate m. Pfgl()n) , consists of all sequences (p(n) | n < w) such that for

In<w

every n < w, the following hold:
L. (p(n) | n <w,n #m) is a pure condition in P(g(n)n<wntm),
2. p(m) = ™ € Py
3. dom(f™)\ K, C dom(f™), for every n,m < n < w,

4. for every n,m < n < w, for every a € dom(f™)\ k,, if f"(«) is not the empty sequence,
then for every 7 € A", a € dom(?) and v(a) > f"(«),
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5. for every n,m < n < w, for every v € dom(f™)Nk,,/ € A" and o € dom(V), V(ax) > 7.

6. If m > 0, then the sequence (p(n) | n < m) will be a condition in the pure part of
PEm) tha(f7 (km))In<m)- The meaning is that if the value of the Prikry sequence for the
normal measure of E(m) is decided, then we cut all extenders E(n),n < m to the
reflection of A below &y, i.e. to A (f™(Km))-

{mh ,mk}

<) the set of conditions

Let mi < ... < mp < w,1 <k < w and suppose that P
with non-pure extensions over coordinates (my, ..., my) only, is deﬁned.
Let m < w,m & {mq,...,mg}.

Define non-pure extensions at the set of coordinates {my,...,my} U {m}.

Definition 1.20 Let m < w. Define the set P{mzwg’ju{m} of conditions with only non-

m1 yeeesi JU{mM}
n)|n<w)

(p(n) | n < w) such that for every n < w, the followmg hold.

pure part over the coordinate my,...,m; and m. 73 consists of all sequences

{mlv mk}

1. {(p(n) | n < w,n # m) is a condition in P B im<enstm)

3. If for every i, 1 < i < k, m; < m, then following hold:

(a) dom(f™)\ k, C dom(f"), for every n,m <n < w,

(b) for every n,m < n < w, for every a € dom(f™) \ Ky, if f*(«) is not the empty
sequence, then for every 7 € A", o € dom(¥) and V/(«) > f™(«),

(c) for every n,m < n < w, for every v € dom(f™) N k,,/ € A" and o € dom(V),
V(o) > 7.

(d) If m > 0, then the sequence (p(n) | n < m) will be a condition

{m1,...,mp}
0 PG T (£ () Im<im)

The meaning is that if the value of the Prikry sequence for the normal measure
of E(m) is decided, then we cut all extenders E(n),n < m to the reflection of A
below Ky, i.e. to WY (f™(km))-

4. If thereis¢,1 < i < k, m; > m, then let ¢* be the least such i. We require the following:

{m PEREPY L7 - 7m}
(a) (p(n) | n <my) € P ) hA(fml* (K ))|n<me)”
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Finally set
Piomnew) =\ P |k <wm < .. <my < w}.

Define the direct extension order <* over P,

{m1,...,my}
(E(n)|n<w)’

(E(n)ln<w) to be the union of such order over
every P for every k <w,m; < ... <my < w.

Turn now to the definition of the forcmg order < over Pig(m)n<w)-
Let m < w,m & {mq,...,my}. Define a one element extensmn at coordinate m of a

condition in PLz"c.

Definition 1.21 Let p € P{ng(;’ji;ggu{m} and ¢q € P{ng;lnrgﬁ Set p > ¢ iff the following
hold:

1. Suppose that m = 0.
Then p(0) = f° € Pjyq and ¢(0) = (¢°, B°) is a pure condition in Pg().
Set p > ¢ iff f© > (¢°, B%) in Pp(o) and (p(n) | 0 <n <w) >* (¢(n) | 0 < n < w) in

PEm)|0<n<w)-

2. Suppose that m > 0.
Then p(m) = [ € Pj,
Set p > q iff

and ¢(m) = (g™, B™) is a pure condition in Pg,

(m)

(@) f > (g™, B™) in Py and (p(n) | m < n < w) >* (¢g(n) | m < n < w) in
PEm)m<n<w)-
And

(b) (p(n) | n <m)>*(g(n)|n<m) in PEn)n<m), Where (g(n) | n < m)™ - the
reflection of (g(n) | n < m) below k,, is defined as follows, where g(n) = (9", B"),
if n & {mq,...,mg} and q(n) = (¢g") otherwise.

i. Suppose first that n € {my, ..., my}.
Then

A. dom((g")"!) = (dom(g") N ki) U {f™(a) | & € dom(g") \ Kim},
B. for every a € dom(g")Nk,, = dom(g")Ndom((g")"¢'), (") (a) = g"(a),
C. for every a € dom(g") \ Km, (¢")" (f™()) = g"(a).

It is crucial here that f™ [ (dom(g¢") \ &,,) is one to one and the values

there are above rng(g”™) N K.
This follows by conditions (4),(5) of Definitions 1.10,1.11.
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ii. Suppose now that n & {my,...,my}.

Then

A. dom((g")"!) = (dom(g") N ki) U {f™(a) | & € dom(g") \ Kim},

B. for every a € dom(g")Nk,, = dom(g™)Ndom((g")"), (¢") /(o) = g"(ev),

C. for every a € dom(g") \ Km, (g")" (f™(a)) = g"().
Again, it is crucial here that f™ | (dom(g¢") \ k) is one to one and the
values there are above rng(¢™) N k,,, and this follows by conditions (3),(4)
of Definition 1.18 and (4),(5) of Definition 1.19.
One more crucial observation here is that the measure (E(n))(dom(g"),

to which B™ belongs, reflects to basically the same measure,
It follows by (4) of Definition 1.18.

D. A" [ dom((g") ) € {(f"(a), 8) | (e, B) € B"}.

Denote further in this subsection Pgn)m<wy by just P.

The next lemma follows from the definitions:

Lemma 1.22 For every m < w, the forcing (Ppm)n<my, < ) 15 equivalent to product of
Cohen forcings Cohen(k;,n,)’s, for some n, < Kny1’s which depend on choice of a non-pure

condition for Pem41)-
Lemma 1.23 For every m < w, the forcing (Pgm)m<n<w), <* ) 45 Km—closed.

Lemma 1.24 The forcing (P, <) satisfies k}T—c.c.

Proof. Use the standard A—system argument.
O

Lemma 1.25 (P, <, <*) is a Prikry type forcing notion.

Proof. The proof is similar to those of Lemmas 1.9, 1.17 (and in turn to those of Merimovich
7).
Assume that for every m < w, (Ppm)nem), <, <) is a Prikry type forcing notion.
Suppose that (P, <, <* ) does not have the Prikry property.
Let p € P be a pure condition and ¢ a statement of the forcing language which is undecided
by pure extensions of p. Then p is of the form ({f", AP") | n < w).
Proceed by induction on m < w and define an <* —increasing sequence (p,, | m < w) of

direct extensions of p.
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Assume that for every n < m, p,, is defined. Define p,,. If m = 0, then let p_; be p.
At stage m we deal with the coordinate m of the condition.
Construct by induction an increasing chain of elementary submodels (N[* | { < k) of

H,, for x large enough, and a sequence (f¢ [ { < k) of members of P}, such that

L. papm—hpaa € N(’gn,
2. NI* 2 K,
3. for every & < Ky,
(a) [N = Fim,
(b) "= Ng* € N¢",
(c) (f"1 ¢ <€) e N,
(d) fi" € {D" € N¢" | D' is a dense open subset of Pf,  above "'},
(e) fmr <™ for,
(f)
Set N™ = U,_,,, N¢" and f™ = U{f" | § < r}. Let A C [dom(f™) X k;]<"" be such
that

f) f&t =" f{", for every ¢ <¢.

o A [ dom(frm) C AP™,
o Ac (E(m))(dom(f™)).

Note that A C N™, since dom(f™*) C N™, and so, [dom(f™*) X Kk,|<™ C N™.

Let 7 € A. Consider \”, := h(#(k,,)), i.e. the cardinal below k,, that now corresponds
to A. Suppose for simplicity that dom(fP*) C A7, for every n < m, otherwise just reflect
the part above k,, below as in Definition 1.21.
Consider Pgn)iaz jnem)- Clearly, it is contained and belongs to N™.
Let (te | € < A7) be an enumeration of this forcing notion in N™.
Let f € Pl f 27 17
Proceed by induction on & < A7, Define an <* —increasing sequence (fe | £ < A7) of direct
extensions of f and an <* —increasing sequence (p7™ | & < A7) of direct extensions of
(Pm(n) | m <n <w)

such that, for every & < A7 | either
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(1) (te, (fe)o 0™ |l 0,

(2) for every ¢ >* ((fe)s, pe™), (te; @) i 0

Let f = U§<)\,1; fe and p7™ = UE<>\117p£>m.
Then, for every t € Py either

(1) (& fo.57") || 0,
or

(2) for every ¢ >* (f5,p°™), (t,q) §f o

Consider now the following statement of the forcing language of P g 1a7 jnem):

p=3te Gt frp™) || 0).

By the Prikry condition of the forcing Pig( a7 jnemy, there is t* >* (p_1(n) | n < m)
which decides ¢.

If t* IF =, then set t(7, f) = t*.
If t* I- . Use again the Prikry condition of the forcing Pz ,y127 jn<m) to decide the following

statement

Y =3t € G((t, o, 0™ IF o).
Let t(7, f) >* t* be a condition which decides 9.

Claim 4 Let t > (7, f) in Py jnemys (95@) =" (f5,07™) i Pign)men<w)-
Suppose that (t,¢g,q) IF o (or (t,g,q) IF —0o),
then already (t(7, f), f7,0°™) - o (or (t(¥, fz,p°™) IF —0).

Proof. Let t > t(¥, f) in Py iaz jnemys (9:9) =* f, D7) i Plam)men<w)-
Suppose that (¢, g,q) I o.
Then, for some & < A{,t = t¢, and then, (t, (fe)s,p¢™) || 0. So, {t, f7,0°™) || o
Then t* IF . Hence, (t(V, f), fz,07™) IF 0.
(1 of the claim.
Define Dy to be the set of all f € Pg(m), f > fPm=1" g0 that there is p?m € P(E(m)m<n<w);
p7™ >* p,™y, such that either
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(1) <t(ﬁ7 f):fﬁvp?m> || o

or

(2) for every t > (7, f) in Pz, jnemy> TOr every (g,q) >* (fz,07™) In Pia(m)jm<n<w);

(t,g.q) fo.

The next claim follows now from the previous one:

Claim 5 Dy is a dense open subset of Pg(m) above fPm-1m,

Dy is definable with parameters in N, hence Dy € N™.
Then, f™ € Dy, for every v/ € A.

So, for every v € A we have either

3) @, f™), f7" ppne) || o

or

(4) forevery t > t(v, f™)in Py JIAZ [n<m), for every (9,q9) > (fg”*,p?,T> N Pgn)m<n<w)

(t,g.q) fo.

Shrink A, if necessary, to a set A™ € (E(m))(dom(f™*)), such that for any two v/, /' €
A™* the decision is the same.

Consider now (f™*, A™) it is a pure condition in Pg(y). Use the function 7+ t(7, ")
in order to get a pure condition in P(gn)m<m), just use the one this function represents in
the ultrapower by (F(m))(dom(f™*)). Denote it by ((f™, A™) | n < m).

Let us explain how do we naturally combine the result into a condition in Pig(m)n<w)-

Let t(7, f™) = ({(f™, A") | n < m), for every # € A™*. Consider ™’ n < m. It is a set of
at most k,, many pairs (o, 3), where a < A’ < k,, and f3 is either the empty sequence or an
ordinal < K,,.

Shrinking A™* if necessary, we can assume that there are (x, | n < m) and & < K7 ,n <m

such that for every v,/ € A™* for every n < m, the following hold:
1. dom(f™) N (k) = Ty,
2. dom(f™)\ #(km) = {77, | T < K%} is an increasing enumeration,
3. for every a € z,,, f" () = (),
4. for every 7 < k%, f7(y7) = 7 (47)
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Consider, for every n < m and 7 < k} a function s,, on A™ defined by setting s, (V) =
Von:
Let
Vrn = JEm) (S70) (((FE@m) (@), @) | a € dom(f™))).

Extend now f™ to f™* by adding all v,,,7 < k},n < m to its domain and setting
f™*(¥7n) to be the empty sequence whenever ., & dom(f"*).
Define A™* € E(m)(dom(f™**) as follows.
Set 7 € A™** iff

1. 7 [ dom(f™) € A™,
2. dom(?) 2 {7y | 7 < KL, m < m},

3. if v, € dom(f™) and f™ (7,,) is not the empty sequence, then 7(v,,) > f™*(Vrn),

for every n < m,
4. U(Yrn) = Spn(V | dom(f™)), for every n < m.

For every 7/ € A™* n < m, set (f"7, A") = (frvidom(f™") gnvidom(f™)),
Consider the function 7 +— ((f™, A") | n < m), ¥ € A™*. Let ((f™, A™) | n < m) be
represented by it in the ultrapower with E(m).

It follows that (((f™*,A™) | n < m), (f™*, A™*)) is a pure condition in P(g(n)mn<m)
which extends ppn—1 [ Pien)n<m)-
Extend purely p?ﬁ in the obvious fashion to a condition p?ﬂ,ﬁ* I Piem)m<n<w) such that
(((fr, A [ <my, (f™, A™), pims.) is a pure condition in Pg(n)n<w). Then it extends
Pm—1-
Set pm to be (((f™*, A™) [ n < m), (f™* A™), prit.).

This completes the recursive construction of (p,, | m < w). Let p. > p,, for every m < w.

The next claim completes the argument:

Claim 6 p, || o.

Proof. Suppose otherwise. Pick then ¢ > p. to be a condition which decides ¢ and such that
its last coordinate at which a non-direct extension was made is as small as possible.

Let g I 0 and this coordinate is some m < w.

Then there is 7 € AP*(m) such that g(m) =" fP*(m); in Pj,,. In addition, ¢>™ >* p7™ in

P(En)im<n<w), by the choice of m.
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But, then the condition (4) above cannot hold. Hence (3) is true, which means, that

(7, ™), [, p7m) - o

Then the same holds for every i/ € AP*(m). So, already p, I o.
Contradiction.
[ of the claim.
0
It follows now that the forcing (P, < ) preserves all the cardinals but . Using the
arguments of the previous lemma it is possible to show that x7 is preserved as well.
Let G be a generic subset of (P, <).

Lemma 1.26 «,, remains a strong limit cardinal in V[G].

Proof. Given p € P and m < w. Suppose that p(m) is non-pure. Then p(m)(k,,) is
defined, and hence also the reflection A (p(m)(km)) of X below k,,. By the definition of the
forcing, then the part Pigm)jn<m) above p will act as Pg(n) T (p(m) (o)) [n<m) - In particular,
2t < AR (p(m)(Km)) < Km. The upper part of the forcing, i.e. Pigm)jm<n<w), does not add
new bounded subsets to k,,.

So we are done.

O

Lemma 1.27 (k)Y remains a cardinal in V|G|,

Let us state first the following:

Lemma 1.28 Let p € P and ¢ be a (P,<)—name of an ordinal or just
plEp<y ¢ is an ordinal.

Then there are p* >* p and ny < ... < ny, for some k < w, such that

1. for every i,1 <i <k, p*(n;) = (fF,AP"),

n;? n;

2. for every v, € AP, ..., € AP

ny’ ng’
*

P ... T decides (.
Y

The proof of this lemma repeats the proof of the Prikry condition of the forcing.
Proof of 1.27. Suppose otherwise. Then there is p < k,, such that, in V[G], cof ((x])V) = p.

Back in V', let ((, | 7 < p) be a name of a witnessing sequence.
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Pick 1 < w with k5 > p. Let p € P be such that p(n) € Pp,, i.e. its n—th coordinate

n’

is non-pure. Then above p the part Pr)n<n) reflects down t0 Ppeu) ind (p(a) (sn)n<ny s and 0

[n<n
has cardinality below xj.

Construct a sequence (p, | 7 < u) of <* —extensions of p such that, for every 7 < p,
1. p, satisfies the conclusion of Lemma 1.28 for (.,

2. (p-(n) | n <n <w) <F {pr(n) | n < n < w) in the forcing Ppm)n<n<w), for every
T<T1 < p.

Let s >* (p;(n) | 7 < n < w) in the forcing Ppm)n<n<w), for every 7 < p. Set
r=p | n"s. Then, for every 7 < u, there is & < k], such that

rpe (e <&

since by the choice of p,, the number of possibilities for (, has cardinality < k,,.
Set £ =U,., & < K.

rlFp< (7| 7 < p) is bounded by &.

Contradiction.
OJ
Given p € P. Denote by np(p) the set of all coordinates n of p such that p(n) € P;g(n),
i.e. a non-pure extension was made at the coordinate n.
Let B € [Kw, A) we define in V[G] a function tg : w — K, as follows.
For every n < w, find p € G such that n €np(p) and if ny < ... < ny is the increasing

enumeration of np(p) \ n (i.e. n = ny), then the following hold:

1. 5 € dom(p(ng)).
Set B, = p.

2. For every i,1 <i<k—1, ; € dom(p(n;)),
where 3; = p(ni+1)(Bit1)-

Set t3(n) = p(n)(B).

Lemma 1.29 In V[G], if 8,7 € [kw,A) and 8 < 7, then there is n* < w such that for every
n,n* <n<w, tg(n) <t,(n).

22



Proof. Work in V. Let p € P be any condition and 3,7 € [k, A), 8 < 7.
Let n* be a coordinate above np(p). Then p(n) = (fF, AP), for every n,n* <n < w.
Extend p to p* by adding 3, ~ to all dom(f?) with n* < n < w.
Now, by the definition of the order on P, for every n,n* < n < w and every ¢ > p* such
that ¢ defines tg(n) and ¢,(n), we will have tz(n) < t,(n).
So,

prlIE(Vn)(n" <n<w— ts(n) < t,(n)).

~

O

It is possible to say a bit more. Namely, let in V[G], for every n < w, A, be the reflection
of A below k,, i.e. for some p € G with p(n) = f?, A\, = h¥(f?(kn)). Then the following
holds:

Lemma 1.30 The sequence (tg | 5 € [kw, A)) is a scale in (], An, <goa ).

n<w

23



2 Arbitrary cofinality.

Let n be any ordinal. We generalize the construction of the previous section to sequences
of extenders of the length n. The generalization is straightforward. Let us repeat just the
main points.

So, we deal now with a sequence (E(«) | @ < 1), where each F(«) is a (kq, A\)—extender
and (ko | n < w) is an increasing sequence with 7 < k.

Let Pg(i), PEiy,i < n be as defined before.

Define components of the main forcing Pg(a)ja<n)-

Definition 2.1 The set of pure conditions P(g(a)ja<n) consists of all sequences

(p(a) | @ < m) such that for every o < 7, the following hold:
L pla) = (f*, A%) € Pga),
2. dom(f*)\ Kat1 € dom(fo*),
3. for every 8 < a, for every ¢ € dom(f?) \ kay1, if f2T1(€) is not the empty sequence,

then for every 7 € A**!, £ € dom(¥) and 7/(§) > foT ().

The idea behind is as in the case of two extenders.

4. For every 7 € A% and 8 < a, the measures E(3)(dom(f#)) and
E(B)((dom(f?) N kgy1) U{T(E) | € € dom(fP) \ Kas1}) are basically the same in the

following sense:

X € E(8)(dom(f?)) it
X7 € B(8)((dom(f%) N fiass) U {H(E) | € € dom(f?) \ kar1}),

where
X" ={(&8) € X | £ < a1} U{(#(E), B) | (£ 8) € X, € > Kot}

Note that this property is true in the ultrapower by E(a + 1), so it holds on a set of

measure one, as well.

Turn now to non-pure extensions. As usual, in Magidor type of iterations, non-pure
extensions are allowed only at finitely many coordinates.
Start with a non-pure extension at a single coordinate and then proceed by induction.
We assume that for each o < 7 there is a function h§ : ko — Ko
such that jg)(hS)(ka) = A
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Definition 2.2 Let g < 77 Define the set 77 of conditions with only non-pure part

, consists of all sequences (p(a) | @ < n) such that for every

a)|a<n)

over the coordinate (. 77 E(a la<n

a < n, the following hold:

L (p(a) | o <, # B) is a pure condition in Pipia)ja<n.azs):
2. p(B) = [" € Py
3. dom(f?)\ ko C dom(f%), for every a, 8 < a < 1,

4. for every a, 8 < a < ), for every € € dom(fP) \ kg, if f%(£) is not the empty sequence,
then for every v € A%, ¢ € dom(?¥) and v/(§) > f*(£),

5. for every a, 3 < a < n, for every v € dom(f?) N ky,7 € A% and & € dom (), 7#(§) > 7.

6. If 5 > 0, then the sequence (p(a) | @ < ) will be a condition in the pure part of
PE(@)[h(f5(rs))la<p)y- The meaning is that if the value of the Prikry sequence for the
normal measure of E(f3) is decided, then we cut all extenders F(«a),a < f to the
reflection of A below kg, i.e. to hY (f%(kg)).

{B1,.-,Br}
(E(a)|a<n

non-pure extensions over coordinates (i, ..., fx) only, is defined.

Let ﬁ < Thﬁ g {617 75k}
Define non-pure extensions at the set of coordinates {f, ..., Bk} U {5}

Let 51 < ... < B < 1,1 <k < w and suppose that 73’ ) the set of conditions with

Definition 2.3 Let 5 < 1. Define the set P{glgﬂfi};i{ﬁ } of conditions with only non-pure

part over the coordinate 31, ..., 8, and 3. P{ﬁl’“"fi];:{ﬁ} consists of all sequences (p(a) | a < 1)

such that for every o < n, the following hold:

{81, Bk}
L (p(e) | @ <, # B) is a condition in P ™

2. p(B) = 7 € Py
3. If for every i,1 < i < k, 5; < (8, then following hold:

(a) dom(f?)\ ko C dom(f®), for every o, 8 < a < 1,

(b) for every a, 3 < a < 7, for every & € dom(f?) \ Kq, if f*(£) is not the empty
sequence, then for every v € A%, ¢ € dom(?v) and v(§) > f*(§),
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(c) for every a, 8 < a < n, for every v € dom(f?) N ka7 € A% and € € dom(7),
(&) > 7.

(d) If 8 > 0, then the sequence (p(«) | a < ) will be a condition

{B1s--sBk}
P gy (15 (ka)) <)

The meaning is that if the value of the Prikry sequence for the normal measure
of E(p) is decided, then we cut all extenders E(a),a < § to the reflection of A
below g, i.e. to ks (fP(rg)).

4. If thereisi,1 <i <k, §; > (3, then let i* be the least such i. We require the following;:

. {51 ,,,,, 51 *_1,8}
(a’) (p(a) | a < Bl*) S P (fB*(Hﬁ N]a<Bix)"

Finally set

Pisiejacn = |\ Piriamety | < w,f1 < ... < B <w}.

Define the direct extension order <* over P(g(a)ja<n) to be the union of such order over

every P{ﬁla)|a<n for every k < w,f; < ... < B <.
Turn now to the definition of the forcmg order < over Pg(a)a<n)-
Let 5 <n,B & {1, ..., Br}- Define a one element extension at coordinate 3 of a condition
{B1,-,Br}
in Pip@)a<n)”

Definition 2.4 Let p € P{’Bl"""fiﬁj{ﬁ} and q € Pfﬁiﬁg Set p > ¢ iff the following hold:

1. Suppose that g = 0.
Then p(0) = f° € Pjy and ¢(0) = (¢°, B) is a pure condition in Pg(q)
Set p > ¢ iff f© > (¢°, B%) in Pgo) and (p(a) | 0 < o < 1) >* (g(a )|0<0z<77>in

Pie(@)0<a<n)-
2. Suppose that 5 > 0.
Then p(B) = f# € Pl and q(8) = (¢°, BP) is a pure condition in Pggs).
Set p > q iff
(a) f7 > (¢, B%) in Py and (p(a) | B < a <n) >* {g(@) | B < a <) in

PE(a)B<a<n)-
And
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(b) (ple) | v < B) >* {g(a) | a < B)" in P5(a)ja<s), Where (q(a) | a < By - the
reflection of (¢(«) | a < ) below kg is deﬁned as follows, where ¢(a) = (g%, B*),
if 8 & {a,...,ax} and g(a) = (g“) otherwise.

i. Suppose first that « € {fy, ..., Bk}
Then

A. dom((g*)") = (dom(g®) N k) U{f(€) | € € dom(g®) \ s},
B. for every & € dom(g®)Nkg = dom(g®)Ndom((g%)""), (g%)" (€) = g (&),
C. for every ¢ € dom(g®) \ kg, (ga)ref(fﬁ(f)) =9%(§).

It is crucial here that f™ | (dom(g") \ k) is one to one and the values

there are above rng(g™) N Kp,.
This follows by conditions (4),(5) of Definitions 1.10,1.11.
ii. Suppose now that a & {31, ..., Bk }-

Then

A. dom((g%)") = (dom(g™) N rg) U{f?(£) | € € dom(g?) \ Kg},

B. for every £ € dom(g”)Nrg = dom(g”) Ndom((g*)™*f), (9%)"/ (§) = 9°(£),

C. for every £ € dom(g”) \ kg, ()" (f7(£)) = g*($)-
Again, it is crucial here that f° | (dom(g®) \ sp) is one to one and the
values there are above rng(¢g®) N kg, and this follows by conditions (3),(4)
of Definition 2.1 and (4),(5) of Definition 2.2.
One more crucial observation here is that the measure (E(a))(dom(g®),

to which B* belongs, reflects to basically the same measure,
It follows by (4) of Definition 2.1.

D. A® | dom((g*)") C {(f*(&¢) | (£,¢) € B*}.

Denote further in this subsection P(ga)ja<y by just P.

The next lemma follows from the definitions:

Lemma 2.5 For every  <n and p € P with p(f) € Prs (z' e. non-pure on the coordinate
B), the part (Pig(a)ja<py, < ) of P above p has cardmalzty fﬁ( (B)(kp) < Rg.

Lemma 2.6 For every 3 <, the forcing (Pig(a)|p<a<n), <* ) is kg—closed.
Lemma 2.7 The forcing (P, <) satisfies k" —c.c.
Lemma 2.8 (P, <,<*) is a Prikry type forcing notion.
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Proof. The proof proceeds by induction on the length of the sequence of extenders,i.e. on 7.
The argument repeats those of Lemma 1.25.
O

Denote for every limit o, 0 < oo < 1, Uv<a Ky by Eq.

It follows, by the previous lemmas, that the forcing (P, < ) preserves all the cardinals,
but £},0 < @ < 7 a limit ordinal. Using the arguments of the previous lemma it is possible
to show that all such cardinals are preserved as well.

Let G be a generic subset of (P, <).

Lemma 2.9 For every limit ordinal 1,0 < p < 1, K, remains a strong limit cardinal in
VIG].

Proof. Given p € P and 8 < 1. Suppose that p(3) is non-pure. Then p(3)(kg) is defined,
and hence also the reflection 7} (p(3)(r5)) of A below kg. By the definition of the forcing,

then the part Pig(a)ja<p above p will act as 77<E(a) In particular, 2% <

5 : N}f (p(B)(18))|<B)"
Ry (p(B)(kg)) < kg. The upper part of the forcing, i.e. Pig(a)s<a<ny), does not add new
bounded subsets to xg.
So we are done.
OJ

As in the case n = w, the next lemma is just a variation of the Prikry condition of the

forcing.

Lemma 2.10 Letp € P and ¢ be a (P, < )—name of an ordinal or just
plEpp <y ¢ is an ordinal.

Then there are p* >* p and a; < ... < ay, <, for some k < w, such that

1. for everyi,1 <i <k, p*(oy) = (f2 Apt>,

(o730 o7

— * N *
2. for every vy € AL ...y € AP |

*

P UL T, decides (.
~Y

\%4

Lemma 2.11 For every limit ordinal 1,0 < pp <, (k)" remains a cardinal in V[G].

The proof of this lemma repeats those of Lemma 1.27.
Given p € P. Denote by np(p) the set of all coordinates « of p such that p(«) € Pra)
i.e. a non-pure extension was made at the coordinate a.

Assume that 7 is a limit ordinal.
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Let 7 € [y, A) we define in V[G] a function ¢, : n — &, as follows.
For every a < n, find p € G such that o €np(p) and if a; < ... < i is the increasing

enumeration of np(p) \ « (i.e. @ = 1), then the following hold:

1. 7 € dom(p(ay)).

Set 7, = T.

2. Forevery i,1 <i<k—1,7; € dom(p(a;)),

where 7; = p(a1)(Tiz1)-

Set t,(a) = p(a)(m).

Lemma 2.12 In V|G|, if 7,p € [Ry, \) and T < p, then there is o < n such that for every
a,of <a<n, t(a) <t,(a).

Proof. Work in V. Let p € P be any condition and 7,p € [k, A) ,7 < p.
Let a* be a coordinate above np(p). Then p(a) = (fF, AP), for every a,a* < a <.
Extend p to p* by adding 7, p to all dom(f2) with o* < a <.
Now, by the definition of the order on P, for every a,a* < a < n and every ¢ > p* such
that ¢ defines ¢, («) and ¢,(«), we will have ¢ () < t,(a).
So,

prlIF(Va)(a" <a<n— t (o) < t,(a)).

O

It is possible to say a bit more. Namely, let in V[G], for every oo < 1, A, be the reflection
of X below k,, i.e. for some p € G with p(a) = f2, A\, = h§(f?(ka)). Then the following
holds:

Lemma 2.13 The sequence (t. | T € [y, A)) is a scale in (], Ao, <gva ).

a<n

In particular, we obtain the following:

Corollary 2.14 [t is possible to blow up the power of a singular in the core model cardinal

of arbitrary cofinality in a cardinal preserving extension.

2Core model with strong cardinals, but below o—hand grenade. It was defined and studied by Ralf
Schindler in [8]
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3  One generalization.

In the previous section we assumed that < ko in order to blow up the power of a singular
cardinal of cofinality 7.
Let us now take 1 to be an inaccessible cardinal.
Let (ko | @ < 1) be now an increasing sequence with limit n and each E(«), for a < 7, be a
(Ko, n)—extender.
Assume that 7 is the least inaccessible limit of x,’s.

We proceed as in the previous section and define (Pig(a)ja<cy), <, <* ). It shares the
properties of the forcing of the previous section.
Let G be a generic subset of (Pig(a)ja<n), < )-

pa—

Denote |J <o lip DY Ka, for every a < n. Then the following holds:

Theorem 3.1 V[G] is a cofinality preserving extension of V' such that for every a <,
R 1S a strong limit singular cardinal with 25 > k7.

In addition n remains inaccessible.

By passing to V[G], we obtain the following:

Corollary 3.2 [t is possible to blow up the power of a proper class club of singular cardinals

in the core model in a cofinality preserving extension.
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