Dropping cofinalities and gaps

Moti Gitik
School of Mathematical Sciences
Raymond and Beverly Sackler Faculty of Exact Science

Tel Aviv University
Ramat Aviv 69978, Israel

June 6, 2007

Abstract

Our aim is to show the consistency of 2% > xk1¢ for any 6 < & starting with a
singular cardinal x of cofinality w so that

Vn < wia < k(o(a) = a™™).

Dropping cofinalities technics are used for this purpose.

1 N;-gap and infinite drops in cofinalities

Let x be a singular cardinal of cofinality w such that for each v < k and n < w there is
a,y < a < K, such that o(a) = ™. We fix a sequence of cardinals kg < k1 < ... < K, <

..., < w so that

d Un<w Kn = K

o for every n < w, kK, is k"2 - strong as witnessed by an extender E,,

e for every n < w, the normal measure of F,, concentrates on

7’s which are 77"*2 4 w, - strong as witnessed by a coherent sequence of extenders

<ET(£)|§ < W1>

Fix also an increasing sequence (\,|n < w) such that

./\0<li0



® Ky 1 < A < Ky, forevery n,0 <n <w
e for every n <w, A, is AJ™2 - strong as witnessed by an extender E),

Our aim will be to make 2% = x“1T1 There is nothing special here in choosing w;. The
same construction will work if we replace everywhere w; by an ordinal 0,0 < )\g. Actually,
replacing the original Ay by a bigger one, we can deal similar with any § < x. Note that for
finite #’s our assumption is not anymore optimal and for countable #’s the result was already
known, see the detailed discussion in [3].

Let us force first with the iteration P/(k%) * ... % P'(kToT) x . % P'(kT1H1) of the
preparation forcing P’ of [7].

We assign to 7 at a level n the indiscernible n,7"*2 where 7, is the indiscernible for the
normal measure of the extender F) . The correspondence between regular cardinals in the
interval [x13, k71 1] will be as follows: we assign to k™' *1 at a level n the indiscernible
pmt2 where p, is the indiscernible for the normal measure of the extender E,, . Let (ppq|a <
wi) the Magidor sequence corresponding to the normal measures of E,, the one used in the

extender based Magidor forcing to change cofinality of p, to w;. For every a,1 < a < wy,

+n+2 to l{i-a-i-l

we assign p, "



2 Level n

Let G be a generic subset of P/(k") * ...« P/(kToT) % . x P/(kT1 ) and G(P'(kTo1))

be a generic subset of P’(kT**1), which is the o + 1-th component of G.

Fix n < w. We describe the forcing used at the level n of the construction.

Definition 2.1 Let Q),0 be the set consisting of pairs of triples ({a, A, f), (b, B, g)) so that:

1. f is partial function from k2 to A, of cardinality at most &

2. a is a partial function of cardinality less than A, so that

(a)

()

There is ((A%" (kt+), A" (57F),C*" (k7)) € G(P'(k++)) which we call it fur-
ther a background condition of a, such that dom(a) consists of models ap-
pearing in A" (k*), i.e. basically of ordinals below x*.

Note that the third component C** (k*+) of a condition is just the same as the
second A" Also the inclusion is a linear order on A" (x7F) and this set is

closed under unions.
for each X € dom(a) there is k < w so that a(X) C H(x ™).
Moreover,
(i) |a(X)| = A" and a(X) N A2 € ORD
(iif) A% (k) € dom(a).
This way we arranged that A will correspond to s and A2 will correspond
to k1T,
Further let us refer to A%" (k7*) as the maximal model of the domain of a.
Denote it as max(dom(a)).
Later passing from @, to P we will require that for every k& < w for all but

finitely many n’s the n-th image of X will be an elementary submodel of H(x™*).

But in general just subsets are allowed here.

(Models come from A% (xt+)) If X € dom(a) and X # A%" (57%) then X €
Aon+< k).

The condition puts restriction on models in dom(a) and allows to control them

via the maximal model of cardinality .



(d) If X,Y € dom(a), X € Y (or X C Y) and k is the minimal so that a(X) C H(x™)
or a(Y) C H(x**), then a(X) N H(x**) € a(Y) N H(x™™) (or a(X) N H(x™) C
aY) O H(H)).

The intuitive meaning is that b is supposed to preserve membership and inclusion.
But we cannot literally require this since a(A) and a(B) may be substructures
of different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.

(e) The image by a of A%", ie. a(A%"), intersected with \"*2 is above all the
rest of rng(a) restricted to A2 in the ordering of the extender F, (via some

reasonable coding by ordinals).

Recall that the extender F,, acts on A1"™ and our main interest is in Prikry
sequences it will produce. So, parts of rng(a) restricted to 4" will play the

central role.
3. {a < k™| a € dom(a)} Ndom(f) =10
4. A € E\, a(max(a))
5. min(A) > |dom(a)| + |dom(2)|

6. for every ordinals «, 3,y which are elements of rng(a) or actually the ordinals coding

models in rng(a) we have

« >g,, 0 >E,, 7 implies

7T)\n70577<p) = ﬂ-)\n,ﬁ,’y(ﬂ-)\n,a,ﬂ(p>>

for every p € T\ oving(a).a(A)-

Let us turn now to the second component of a condition, i. e. to (b, B, g).

7.0 = (ba|]l < a < wy) is a name, depending on (a, A), of a partial functions b,
of cardinality less than \,. So, each choice of an element from A gives the actual
function which is in V. Note that the relevant forcing is the One Element Prikry
Forcing on Extender, which does not change V', i.e. it is trivial. The same holds for
B = (Bu|]l <a<w).

The following conditions are satisfied:



(a)

(Domain)
the domain of each b, € V, i.e. it is already decided in the sense that each choice

of an element in A will give the same domain.

( Background condition ) There is
(({AO (ot t) AT (et ) CT (ko)) |1 € Reg N [k, kT 1 < a <w)) € G

which we call it further a background condition of b, such that dom(b) consists
of models appearing in A7(kT**1)’s. We require thatNAOT(/-@*aH) = AOTN(/{“’H) N
kT for each 1 < a < wy, 7 € RegN[kT, k1], We do not require this property
for arbitrary elements of A'(kT*") neither for arbitrary members of dom(b,)’s.
The above type of projection property seems to be necessary once dealing with
infinitely many drops. Just there should be one model that controls an infinite

sequence of models of smaller cardinalities.

Let oo < wjy.

for each X € b, and each v € A there is £ < w so that the interpretation
according to v of b, (X) is a subset of H(x**).

Moreover,

i if [ X| = s, then it is forced that |bo(X)| = k"' and bo(X) Nkt €
ORD, i.e. any choice of an element from A interprets b,(X) in such a way.
ii. if | X| = #*, then for each v € A the interpretation of b ,(X) according to v
has cardinality (¢°)™*1 where v° denotes the projection of v to the normal

measure of the extender F) .

iii. {A% (k7|7 € Reg N [k, kTH!]} C dom(ba).

iv. if | X| = k**!, then b, (X) has cardinality ;"""

v. if | X| = k*P*L for some 3,1 < B < «, then it is forced that bo(X) is
of cardinality £;n+17 where pp is the 3-th element of the generic Magidor

sequemnce.

vi. if |X| = £ for some 8,1 < 3 < «, then there is Y € dom(b,,) of the
same cardinality such that Y N sx™*™ = X and b,,(Y), bo(X) are the same
up to the stage when the a-th element the Magidor sequence is picked.
Note that in the present context we shall require only that models X having

Y as above will be addable to a condition. Actually, Y will be added first



and then X'’s as its intersections with x™**!’s. Further it will be shown that
this limitation does not effect the prove of kT+-c.c. of the final forcing.

Also note that the strategic closure of the preparation forcing supplies plenty
of Y’s in the generic set for the preparation forcing P’(k**1*1) such that

Y N kTt is in the generic set for P/(k1ot1).

The main new point here is that in the final scale of functions we will have the

following cardinal correspondence:

KT ()Tl gratl o ol Deach oo < wy, where vy and p,, are as above. Note
that b, (A% (k**+1)) is a model of relatively small cardinality. It may have as a
members other models of cardinalities p" ™! (say one corresponding to a model in
dom( b, of cardinality x™7*1), for § < a. But then p;™*! and then also pg should
be in QQ(AO"+(/-£+°‘+1)). Remember that ps is the S-th member of the Magidor
sequence. This sequence is only supposed to be forced. So we should deal with
names of its elements. But here we have x""?-many possibilities, namely we
have a set of measure one for a certain measure of the extender over «,. So, what
do we include in b Q(ADET (jtotly)?

We deal with the present situation as follows. Allow the images of models to
change according to uncovering the elements of the Magidor sequence. Require
the images increase once more elements of this sequence are uncovered. Only the
images of the models of cardinality k™' *! (basically the ordinals) with otp, +w,+1
of cofinality k™1 *1 stay unchanged during this process. The above allows to
define the final scale of functions. However the similarity of configurations over s
and k,, suffers a bit here. Namely, adding new models is more complicated. Thus
one should take care not only of the single configuration at level, but rather to
deal with many possibilities (according to the Magidor sequence) at once. Models
of cardinality x"*! (both those which are images of the models of cardinality
k1t and others not in the range) will be used to take care of this difficulty.

b +s will behave as in [8], but the values it takes over k"2 since the first
member of the Magidor sequence is not decided yet (and once it is decided, a non
direct extension will be taken over k, as well and so the most of the assignment
will be irrelevant then).

We separated the cardinal <™ on purpose, since the models of cardinality x*
play a special role in order to prove k™ "-c.c. of the final forcing.

So we have some new conditions.



(d)

For each X € dom(b,), if |X| = & (or |X| = ™7*1, for some §,1 < 3 < «),
then for each v € A, (14, ..., ) which is a part of the Magidor generic sequence
(not necessarily for the normal measures of the extenders) (note also that the
support of the condition in the Extender Based Magidor Forcing is x,, so it
includes all the needed stuff) the interpretation of b,(X),i.e. bo(X)[v,v1, ..., 4]
has cardinality (v°)*"** (or (v))*"*!, where j,1 < j <k, is so that v; is the §-th
element of the Magidor sequence). Moreover we have an other sequence (p1, ..., pr)
which extends (v, ...,v,) (not necessary end extension, but rather like those in

the Magidor forcing), then
bo(X)[v, 01, k] © Do X))V, p1;s-ens il

Also the interpretations of models of cardinality k™! (actually the ordinals)

which are inside do not change.

Further let us refer to A%" (k7**+1) as the maximal model of the domain
of b,. Denote it as max(dom(b,)).
Later passing from ),y to P we will require that for every k& < w for all but
finitely many n’s the n-th image of X will be an elementary submodel of H(x**).

But in general just subsets are allowed here.

+ . .. + .
AU (kretl) s a successor model and there are limit models of A% @1 (kToFl) in

A% (gretly nidom(b,). Moreover the last such model has otp,+a+1 of cofinality

Na

KT,

The reason is that we like to avoid changing of the models of the maximal cardinal-
ity (i.e. KT*1) at least below the maximal model of the condition (A%" (k1))
Thus, if the cofinality of the otp,+a+1 drops below £, then the image under b,
starts to depend on the Magidor sequence.

Let us deal now with names.

Let v € A. Consider j\)J(AO’$+ (ktet1)). By 7d it has cardinality (¢°)*"*!. We

require the following:

e for each two finite sequence p, 77 come from the same places (sets of measure

one) in the extender based Magidor forcing
ba(A™ (kM) [, ] and ba (A% (55) [, 7]

realize the same type over QQ(A0“+(K+Q+1))[V]-



—~ = 2~

e for each finite sequence &, p, 17 such that ¢~ g, 71 come from the same places

(sets of measure one) in the extender based Magidor forcing
Bl A% (55 ), ] and B4 (7)),

realize the same type over b o (A% (kY [, 7).

Note that the cardinality of the models involved is relatively small ((1°)* 1 <
An), hence the number of types using as parameters only elements of such
models is small as well. Hence, shrinking sets of measure one (and forming
diagonal intersections)insures the above properties.

Recall that bo(X) has cardinality ,"*! for each

X € boNAWTT (5ot
(g) The same as 7f, but with A%" (k1) replaced by any
X e dom(b,) N O (AT (et

for each 0,1 < 3 < a.

This last two conditions allow us to add elements to dom(b ) which are isomor-
phic (having the same ofp,+s+1 ) as those that are already inside. Thus, here
we should deal simultaneously with many names of models and not with a single
name as in [8]. The procedure will be like this:

add first a model realizing the same type as those of b,(X)[v] and having the
same types according to finite sequences for the extender based Magidor forcing
(as in 7f, 7g). Now extensions of such models by finite sequences g will be realize
the same type, and so will be isomorphic to b.(X)[v, p]. Such extensions can be

viewed just as applications of Skolem functions to indiscernibles.
(b) (Models come from A% (k+et1)) If X € dom(b,) and X # A% (k+et!), then
X € A0 (o),

(i) Let £,F € dom(b,), £ € F (or £ C F) and v € A. If k is the minimal so
that the interpretation of b, (F) according to 7 is a subset of H(x**) or b ,(F)

according to 77 is a subset of H(x™), then
ba(B)F) N H(X™) € ba(F) 7] NH(X™)
(or ba(ENZ N H(X™) C ba(F)[F]NH(X™)),

8



where in the last two lines we mean the interpretations according to v. Let us
further deal with such interpretations without mentioning this explicitly.

The intuitive meaning is that b, is supposed to preserve membership and inclusion.
But we cannot literally require this since b, (E) and b,(F') may be substructures
of different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.

The image by b, of A% (kTet1) ie. b(A% (kTot1)), intersected with xm+2
is above all (i.e. is forced by each ¥ to be such) the rest of rng(b,) restricted
to £ in the ordering of the extender E,, (via some reasonable coding by
ordinals), but the models of cardinalities not mentioned in . Note that still we
have me the maximal coordinate of the condition which is above b(A% " (kto+1))
in the ordering of the extender.

Recall that the extender FE, acts on ;"™ and our main interest is in Prikry

+n+2
n

sequences it will produce. So, parts of rng(b,) restricted to x will play the
central role.

Let us, as in [7], denote by otp.+s(X) the order type of the maximal under
inclusion chain of elements in P(X) N A"’ (kto+1) which is just the order type
of C""7(X), for X € A7 (ko) for each § < a. If X € O (A% (totl)),
then C*"(X) = "7 (A% (ko)) V(X U{X}) = C*7(A%"") | X +1. Hence,
in this case, otp,+s(X) = otp(C* (A% (k+e+1)) | X) + 1. Note that otp,+s(X)
is always a successor ordinal below k1. Recall that by [7] we have for each
X € AWP(ktetl) an element Y e O (A% (ko)) such that otp,+(X) =
otp+(Y).

Next conditions deal with the connection between the structure over A, and
those over k,,.

(Order types) If X € dom(b,) and |X| = &7, then A% (k1) N gHo+1 >
otp.+5(X).

Let | X| = x*. Denote by X (),) the last element Z of A™" (k*+) with ZNktt <
otpe+(X). It will be the one corresponding to X at the level \,. Notice that
the domain of a need not be an ordinal but rather a closed set of ordinals of
cardinality less than \,. Hence, otp,+(X) itself or otp.+(X) — 1 need not be in
the domain of a. So, X()\,) looks like a natural choice.

Similar, for each 8,1 < 8 < «, denote by X (3) the last element Z of A%’ (x+8+1)
with Z N k™ < otp.+5(X).



The next condition insures that the function otp.+(X) — X(\,) is order pre-

serving.

(1) (Order preservation) If X, X’ € dom(b), then

~

o 0tp.+(X) = otp+ (X') iff X(\,) = X' (\n)
e 0lp,+(X) < otpe+ (X') iff X(\n) < X'(\)
e for each 3,1 < 8 < q,
— otpa(X) = otpyaa(X') iff X(8) = X'(5)
— otpy+s(X) < otp+s(X') iff X(B) < X'(5)
Let us deal first b,+3. The treatment is as in [8].
(m) (Dependence) Let X € dom(b,) N CF" (A% (k+e+1)). Then b o(X) depends on

the value of the one element Prikry forcing with the measure a(X(\,)) over A,

(moreover by depends only on it as the first element of the Magidor sequence).

Ey,,

More precisely: let A(X) =m " ) wxon

from A(X) already decides b(X), i.e. whenever v1,v, € A and

))” A, then each choice of an element

E n J— E n
7ngx rng(a),a(X (An)) (V1> - 71-m;x rng(a),a(X (An)) <V2)

we have

ba(X)[n] = ba(X)[re].
Further let us denote, for v € A, the projection of v to A(X), i.e. Wigzmg(a) a(X(/\n))(l/),
by v(X).

So bo(X) depends on members of A(X) rather than those of A.

The next condition is crucial for the k™ *-c.c. of the forcing.

(n) (Inclusion condition)

Let v,/ € A,v < V. Then

. ’NE)\n Ey,,

/
max rng(a),a(A% (A,)) (V ) = ﬂ_max mg(a),a(A% T (A,)) (y)
implies

!\)JQ(AO/# (m+a+1))[y] e QQ(AOH+ (ﬁ+a+1>)[]//]'
This condition means that once A% ()\,) -the set corresponding to A%"
at the level \,, is mapped by a according to v/ to a bigger set than those

according to v, then the same is true with corresponding models at the level

K.

10



o If Y € dom(b,) N C*" (A% (k1)) and

Exp, / Ex,
Tinax mg(a),a(Y (An)) <V ) > 7Tmax mg(a),a(A%T (A,)) (I/) ’
then
Bl A% ()] € Ba(V)1V)

It is possible to have Y C X, but v(X) smaller than v/(Y) (note that v(Y) <
v(X) in this case by 71). In such situation the interpretation will reverse the order.
Note that given v/ € A the number of possibilities for v € /' N A is bounded by
(VO)T L as v < (V/0) T2

Let us turn to the general case when models depend on elements of the Magidor
sequence. Consider b, (X) with X of cardinality ¥, or even, for simplicity X =
A% (gtet1y . The difference here is that it depends not only on one element
Prikry sequence for A,, but rather on finite sequences which are parts of the
Magidor sequence. Let ¥/ = (v, ..., %) be such a sequence and v a one element
Prikry sequence for A,. We need to deal with b,(X)[v " 7] -the interpretation of
b o(X) according to v~ 7. Suppose the sequence is changed. If only v is replaced
by some v/, then we can absorb this change as it was done above. But let now v, 14
is replaced by some v/, 1|, say v/ > v and v; > v; . The number of possibilities
for 1/} is too big in order to absorb all of them inside b,(X)[r"7]. So what do we
do? Well, suppose first that v; was the least member of the Magidor sequence.
So the corresponding cardinal is %3 and models of this level depend only on \,.

By Tn, we have
bars (A" (K3 [V] € b s (A (73)[V].

But remember that b,(A%" (k*°*1)) and b s(A%" (k%)) are the same up to
the stage where the first element of the Magidor sequence is decided, i.e. up to

v1,vy. Then
!2/#3 (A0”+ (H+a+1)) [V] c ,.QK+3 (Aom' <K+a+1>)[yl].

Also,
bers (A" ()] € Brs (A" (T[]

and a function which projects

Dy (A" (57%) V]

11



onto

v (A (51%) V]
Is In

brs (A ()],

Take, for example, an increasing enumeration of

Dy (A" (57%) V]
and the place of

Drs (A (1%)) 1]
in it. The number of possibilities is at most (/)™ ™! (just the cardinality of the
models involved). So, given

rl\)ﬂ‘ﬁg (A0R+ </€+a+1)) [V/> Vﬂ?

we require that the models obtained by interpretations according to projection

functions in b .+s (A% (gret1))[/] are in £R+3<AOK+ (kT 1)) [/, 11]. In particular,
j\)ﬁ% (A0n+ (H+a+1)) [V, Vl], ,Qn+3 <A0n+ (H+a+1)) [V’, Vl]

will be in ]\)ﬁ+3(A0“+(/£+a+1))[V’, vy].
Let us now formulate the above formally.

(General dependence) Let X € dom(b,) N C*" (A% (k+oF1)). Assume that 7/ =
(v1, ..., ) is a finite part of the Magidor sequence and v a one element Prikry

sequence for \,. Then
bo(X)[v, vy, ]
depends only on the coordinate of the extender (over k,) which appear in it, i.e.

the same model but for 3’s below «. Thus let 3 < a be above the measures used

to produce (vy, ..., v;). Let

A(X)[V, v, '~-7Vk] =

ENn,B
max(rb/ﬁ(AOE+ (K‘+ﬂ+1)[Vv"'vljk}vbeﬁ(X)[Vﬂl’ly---vyk]

Then, whenever puy, us € A(X)|[v, 11, ..., ] and

" the corresponding set of measure one .

Emn,ﬁ (Ml) — ,R_Emnﬂ
max(,b,5(A%T (k841 [, vk], 0,8 (X) [0 5o 08] max( b, 5 (AT (k+B+1)[v,.vk], b5 (X) [Vsv e svi]

we have

,_ro(X)[Vy v, "'7Vk:a,u1] = rQa(X)[Va v, "'aylmu'?]'

12



(p) (General inclusion condition 1) In the notation of the previous condition (70),
suppose that
Z € ba(A% (55 ), . ]

Let p/ be in the set of measure one for 5 (the measure codding the model
Qg(AON+ (k™54 [v, 11, ..., ) and p will be the projection of i’ corresponding
to Z. Then

ba(A" (KN v, 1y ey v 1] € (A% (KT [V, 01, oy v, 1],
provided the set on the left side is defined.

(q) (General inclusion condition 2) In the notation of the previous condition (70),
suppose that ¥ € dom(b,) N C*" (A% (k*1)) and

b (A" (KT E &, o &) € b (V)b v,y 1],

with £ < v. Let p/ be in the set of measure one for § (the measure codding

the model bs(Y)[v,v1, ..., v.]) and p will be the projection of 41 corresponding to
b(A™" (kHH))[E, &, ... €] Then

QQ(AOH+(H+Q+1))[57 517 a3 52'7 ,LL] € ,QQ(Y)[Va Viy .oy Vk, ,U/]a

The continuation repeats the conditions of [8] with obvious adjustments.

(r) If X € dom(b,) then C*I(X) Ndom(b,) is a closed chain. Let (X;li < j) be
its increasing continuous enumeration. For each [ < j consider the final segment
(Xi|l <1 < j) and its image (b (X;)|l <4 < j). Find the minimal & so that

ba(X;) € H(x™) for each 4,1 < i < j.
Then the sequence
(ba(X) NH(™ < i < j)

is increasing and continuous. More precisely, all the interpretations are like this.

Note that k& here may depend on [, i.e. on the final segment.

(s) (The walk is in the domain) If X € dom(bo) N A% (k) for some £ € Reg N

[kT, ket then the general walk from (A% (kT*1))~ to X is in dom(b,).

Na
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(t) If X € dom(b,)NAY%(kT*T) for some £ € RegN[k™, k7] is a limit model and
cof (otpe(X) — 1) < k,, (i-e. the cofinality of the sequence C*(X)\{X} under the
inclusion relation is less than r,,) then a closed cofinal subsequence of C*(X)\{X}
is in dom(b,). The images of its members under b, form a closed cofinal in b, (X)

sequence.

(w) (Minimal cover condition) Let E € A%" (k**t1)ndom(ba), X € A% " (k+o+) N
dom(b,). Suppose that £ ¢ X. Then the smallest model of ENCHT (A% (gtoth))
including X is in dom(b,).

Na

(v) (The first models condition) Suppose that E € dom(b,)NC*" (A% (ktotl)) F e

~Q

dom(b,) N C* (A% (kto+1)) sup(E) > sup(F) and F ¢ E. Then the first

model H € ANC*™ (A" (k++1)) which includes B is in dom(b,).
(w) (Models witnessing A-system type are in the domain) If Fy, Fy, F € A" Ndom(b)

is a triple of a A - system type, then the corresponding models Gy, G§, G1, G7, G*,

as in the definition of a A - system type (see [7]), are in dom(b) as well and

~

b(Fo) N b(F1) = b(Fo) N b(Go) = b(F1) N b(Gh).

(x) If Fy, Fy, F € A" (k1) is a triple of a A - system type and F, Fy € dom(b)
(or F, Fy € dom(b)), then F; € dom(b) (or Fy € dom(b)).

~ ~ ~

(v) (The isomorphism condition) Let Fy, Fy, F € A" N dom(b,) be a triple of a A
- system type. Then

(ba(Fo) N H(X™),€) = (ba(F) NH(X™), €)

where k is the minimal so that b.(Fy) € H(x™*) or bo(F1) € H(x*).
Note that it is possible to have for example b,(Fy) < H(x") and b,(F1) <
H(x ™). Then we take k = 6.

Let 7 be the isomorphism between
(ba(Fo) NH(X™),€), (ba(F1) NH(x*), €)

and 7g,p be the isomorphism between Fy and Fj. Require that for each Z €
FyNdom(b,) we have 7, (Z) € F1 Ndom(b,) and

T(ba(Z) N H(X™)) = ba(mrr (Z)) N H(X).
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8.

10.

11.

Let us turn to the component g of the condition.

g = <go¢‘1 <a< w1>-
For each o, 1 < a < wy, the following holds: g, is function from x***! of cardinality

at most s such that for each £ € dom(g,) we have either

e g.(&) = (1, 1), for some p < T < Ky,
or

7-+n+2

® gu(§) = (T, p, ), for some 7 < Ky, 1 < and v a name in the extender based

Magidor forcing over 7 of the a-th member of the Magidor sequence for p.

We use here pairs or triples to be elements of the rng(g,). Intuitively, 7 stands for the
cardinal which possibly will change its cofinality to w; via the extender based Magidor
forcing over it. We do not require that it always be the case, moreover 7 need not be
a measurable at all. Specifically, let g,(§) = (7, p, v). If 7 actually does not change
its cofinality to w; or it changes the cofinality to wq, but there is no Magidor sequence
for p1, then v may be viewed as void.

Note that by [9], once 7 change its cofinality to w; (or any uncountable cardinal), then
it is impossible to play anymore with the assignment function. In a sense a connection
between p and v will be rigid now. But this happens only after 7, u are picked and
not over k,, where we do have a freedom to play with the measures of the extenders.
Note also that that the use of names in g,’s will not effect the possibility to pick finally

+wi+1

K -w sequences. The reason basically would be that the sequences of 7’s coming

from ¢’s will be old sequences.
For each a,1 < o < wy, the following holds:

{T < gratt | T E dom(i{a)} N dom(9a> = 0.

For each a,1 < o < wy, v € A we have Bo[V] € Ex, o, b olv)(max(ba)-

For every a,1 < a < wy, v € A and every ordinals &, p,n which are elements of

rng(bo)[v] or actually the ordinals coding models in rng( b, )[v] we have

Na

5 ZEnn,a p ZEmn,a /’7 1mplles

T("‘Cn:&n(é) = 7Tf€mﬂ»ﬁ<77f$m&p(6))

for every 6 € T/ el taip))e(Balv])-
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We define now @1 and (Q,, <,,, <! ) similar to [2, Sec.2].

Definition 2.2 Suppose that ((a, A, f), (é,?,g)} and ((a’, A, '), (2’,13’,9’>) are two ele-
ments of (),o. Define
(s A, 1), (5, BLg)) Zqu0 (s A" 1), (V. B, g)
ifft
LS

2. For each a,1 < a < wy,

3. aDd.

4. 7T// ( /)A g A/.

An,max(a),max(a

5. For each a,1 < a < wy,

b o extends ¥,

according to the appropriate projections of measure one sets. This means just that the
empty condition of (one element Prikry forcing*extender based Magidor) forces the

inclusion.

6. For each o, 1 < a <wy, v € A we have

1

Tr”"7max(fbﬂl [V]),max(}ta [ﬂ—)\n,max(a),max(a/) (V)]) -EO( [V] g Qla [ﬂ-/\"’max(a)’max(a/) (V)]

Definition 2.3 @), consists of pairs (f, g) such that
1. f is a partial function from x** to A, of cardinality at most &

2. 9=1{(9a]1 <a<wy).
For each o, 1 < o < wy, the following holds: g, is function from k™! of cardinality

at most x such that for each £ € dom(g,) we have either

e g.(&) = (1, 1), for some p < 7 < Ky,

or

16



® ga(§) = (7,1, v), for some 7 < Kn,pu < 77" and v a name in the extender
based Magidor forcing over 7 of the a-th member of the Magidor sequence for p.
Again, v can be viewed as void if this forcing is undefined or does not have p-th

sequemnce.

(n1 is ordered by extension. Denote this order by <.

So, it is basically the Cohen forcing for adding x*3 Cohen subsets to ™.

Definition 2.4 Set Q,, = Qno U Q1. Define <5=<g U <g, ..

Define now a natural projection to the first coordinate:

Definition 2.5 Let p € Q. Set (p)o = p, if p € Q1 and let (p)o = (a, A, f), if p € Qno is
of the form ({(a, A, f), (b, B, g)).
Let (@Qn)o = {(p)o | p € Qn}-

Definition 2.6 Let p,q € ),,. Then p <,, ¢ iff either
1.p<l g
or
2. p={((a, A, f),{b,B,9)) € Quos 4= (e, h) € Quu and the following hold:
(a
(b

)

) h

(c)

(d) e(max(dom(a))) € A
)
)
)

™

(h |1 < a <wi) and for each a, 1 < a < wy we have hy D g,

dom(e) O dom(a)

(e) for every B € dom(a),e(3) = Tx, a(max(dom(a)) a(s) (e(max(dom(a)))
(

(g) for every o, 1 < a < wy we require that

f) for every a, 1 < a < w; we have dom(h,) 2 dom(b,) N AW (kteth)

h(max(dom(b,)) = (7, i, v), for some 7, 1, v such that
e 7 € B, [e(max(dom(a))].
Le., we use e(max(dom(a)) in order to interpret B,,. Note that by 2d above,
it is inside A and so the interpretation makes sense. We assume here for
simplicity that elements of B are the same as well as the images under bg’s

of the maximal models.

17



+n+2 5

o < T is the indiscernible corresponding to max(rng(b.)).

e v is a name of the a-th member of the Magidor sequence for .
e For every 3 € dom(b,) N AW (gtoth)

~%

ha(B) = (T, T max(mg( fa ). ko (@) (ha(max(dom(ba)), p),

where v = e(max(dom(a))) and p is a name of the a-th member of the

Magidor sequence for 7., max(mg(bal)), b« (8)v] (Fa(max(dom(b,)) over 7.

Definition 2.7 The set P consists of all sequences p = (p, | n < w) so that
1. for every n < w, p, € Q,
2. there is {(p) < w such that
(a) for every n < {(p), pn € Qn1

(b) for every n > £(p), pn = ({an, An, fn), (bns Bn, gn)) € Qno

(c) for every n,m > {(p), max(dom(a,)) = max(dom(a,,)) and max(dom(b,)) =

max(dom (b)) )
(d) for every n > m > ¢(p), dom(a,,) C dom(a,) and dom(b,,)) C dom(b,)

(e) for every n, ¢(p) <n < w, and X € dom(a,) the following holds:
for each k£ < w the set

{m<w|=(an(X)VHX™) < HX™))}

is finite.

(f) for every n, £(p) <n < w, and X € dom(b,) the following holds:

~

for each k£ < w the set
{m <w| 3P, 1< a<w, bl is defined, and (=( b o (X)[FINH (x ) < H(x™)))}
is finite.
We define the orders <, <* as in [2].
Definition 2.8 Let p = (p,|n < w),q = (gn|n < w) be in P. Define
1. p > qiff for each n < w,p, >, qn

18



2. p>* qiff for eachn < w,p, >7 qn

Definition 2.9 Let p = (p, | n <w) € P. Set (p)o = ((pn)o | n < w).
Define (P)o = {(p)o | p € P}

Finally, the equivalence relation «+— and the order — are defined on (P)y exactly as it
was done in [1], [2] and [4]. We extend — to P as follows:

Definition 2.10 Let p = (p, | n < w),q¢ = {(gn | n < w) € P. Set ¢ — p iff

L. (¢)o — (P)o

3. for every n < {(p), p, extends g,

4. foreveryn > {(p), let p, = {{an, A, fn), (%, BNn,gn>> and g, = ({a/,, Al f1), (b B! g.)).

~

Require the following:

(@) gn 2 gn
(b) there is b/ such that for every v € A,, the following holds:

~

i. dom(b),) = dom(b!)
ii. ﬂ—gn,max(bg[u}),max(%[z/])lzn[V] - Bi;L[V,]v
where 1/ = Ty, max(rng(an)),¢ (V) and £ = a,(max(dom(a;,))

iii. b,[v] extends b/'[v'] and for each 7 and its projection 1/ we have

~ ~

b o[V 7] extends bN”n[l//AV_;]

iv. rng(b))[V' V] «—y, tng(b!)[/ V'], where v/, are as above and k, is the
k,’s member of a nondecreasing sequence converging to the infinity.

v. mg(by,)[V] [ &7 = mg(by)[v] T k1

~

3 Basic Lemmas

In this section we study the properties of the forcing (P, <, <* ) defined in the previous

section.
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Lemma 3.1 Let p = (pr | k < w) € P, pr = ({ak, Ak, [x), (b, Br, gx)) for k > £(p) and X
be a model appearing in an element of G(P'(k*T)). Suppose that

(a) X ¢ Uﬁ(p)§k<w dom(ay) U dom(fy)
(b) X is a successor model or if it is a limit one with cof(otp+(X) —1) > K

Then there is a direct extension q = (qx | k < w), g = ((a}, A%, f1.), Ok, By, gx)) for
k > €(q), of p so that starting with some n > {(q) we have X € dom(a},) f07“ cach k > n.

In addition the second part of the condition p, i.e. (bg, By, gr) remains basically unchanged

(just names should be lifted to new Ay’s).

The proof is the same as those of the corresponding lemma in [7].
A parallel lemma needed for adding elements of G(P). Its proof is similar to the one of

[7] once taking into the account the explanation given in 2.1(7g).

Lemma 3.2 Let p = (pi | k <w) € P, pr = ({ax, A, fr), {br, Bi, g)) for k > {(p) and X
be a model appearing in an element of G(P' (k1 1)), Suppose that

(a’) X € Uf(p)§k<w dom(,l\)_,kwl) U dom(gk’w1)
(b) X is a successor model or if it is a limit one with cof(otp x|(X) —1) > K

Then there is a direct extension ¢ = (qx | k < w), @ = {({a,, A%, f1.), (U, Bi, gk)) for
k > l(q), of p so that starting with some n > {(q) we have X € dom(rbv’ka)wforN each k >

n,1 <a<w.

The ordering <* on P and <,, on @,0 is not closed in the present situation. Thus it
is possible to find an increasing sequence of Xy conditions ({a,;, Apni, fri) | 1 < w) in (Qno)o
with no upperbound. The reason is that the union of maximal models of these conditions,
i.e. U, max(doma,;) need not be in A" for any A" in G(P’). The next lemma shows
that still <, and so also <* share a kind of strategic closure. The proof is similar to those
of [5, 3.5].

Lemma 3.3 Let n < w. Then (Qno, <o ) does not add new sequences of ordinals of the

length < A\, i.e. it is (\,,00) — distributive.

Now as in [5] we obtain the following:
Lemma 3.4 (P,<*) does not add new sequences of ordinals of the length < kq.

20



Lemma 3.5 (P, <*) satisfies the Prikry condition.

Let us turn now to the main lemma in the present context:

Lemma 3.6 (P,— ) satisfies kT -c.c.

Proof. Suppose otherwise. Work in V. Let (p¢ | ¢ < k™) be a P'(k) * ... x P'(kTH) x
ok P'(kTrT) - name of an antichain of the length ™. As in [7], using the k™" -strategic

closure of P'(k1) * ... x P'(kT™) x . x P'(kT1%1) ([7, 1.6]) we find an increasing sequence
(AT (D), AT (57F0), CE (1) T € Reg N [K*, k7 ])]a < wi) | ¢ < w77

of elements of P'(kT) x ... x P/ (kT ) x .. x P'(kT1 %) and a sequence (p; | ( < £K7) so that

for every ¢ < k*T the following holds:
1. <<<A27_;_1(/€+a+1>,Aé:_l(ﬁ—‘ra—‘rl)’C«g+1</€+a+1)>’7_ € Reg N [+, ko)) |a < wy) IF P, -

2. for every o, 1 < <wy and 7 € RegN[k*, k7%!] we have AY (kTo) = AF (xTT1) N
o+l

This a new condition (relatively to [8]) which is easy to arrange using the strategic

closure of P'(k1) * ... x P'(kTo) x % P/(kTe1tl),

3. if ( is a limit ordinal, then J{AY (v***)|3 < ¢} = AL (kT**!), for each o < w; and

T € Reg N [T, kT
4. AL (wTet) € AR (k1H), for each a < w; and T € Reg N [k, kTH]
5. A% (kT is a successor model, for each a < w; and 7 € Reg N [w*, kT

6. (((A}f(/{*o‘lﬂ) | o/ <wpand 7 € Reg N [k, kT | B <) € (Agfl(/ﬁa“))* (i.e.

the immediate predecessor over C’gil),for each a < w;
7. for every ( < (' < kT, a <w; and 7 € Reg N [kT, k7T we have
AT (kT € C’ﬁ(Ag,T(/f+a+1))
8. AZl,(k***!) is not an immediate successor model of AL, (k**!), for every ¢ <
kT a <w; and 7 € RegN [kT, kT
9. pe = (penln < w)
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10. for every n > {(p;) the maximal model of dom(ac,) is Agfl(/i**) and the maximal

model of dom( b cna) is AT (ko) e,
where Pin = <<a<n7 ACna an>7 <fl\),§n7 EC”’ gCn>>

Let pen = ((acn, Acns fen)s (Dcns Bens gen)) for every ¢ < v and n > £(p¢). Extending by
3.2 if necessary, let us assume that A" (k) € dom(a¢,) and A% (k1) € dom(b cna),
for every n > /(p,) and o < wy. Shrinking if necessary, we assume that for all {,n < k**

the following holds:
(a) €= Lpc) = L(py)
(b) for every n < £ p¢y, and p,, are compatible in Q1

(c) for every n, ¢ <n <w (dom(ac,),dom(fe,) | ¢ < k™) form a A-system with the

kernel contained in AY* (k)
(d) for every m, w >n >{ rng(ac,) = rng(ay,).
(e) for every n, w>n >0 Aq = A,

(f) for every n, £ <n <w (dom(b¢y),dom(gey) | (" < k7F) form a A-system with the

. . +
kernel contained in AJ"" .

g) foreveryn,w>n>/0 a1 <a<w; mME(brpa)=10g(b,na), i.e. it is just the same
6 N

name.

Shrink now to the set S consisting of all the ordinals below x™* of cofinality k™. Let
be in S. For each n,¢ < n < w, there will be n({,n) < ¢ such that

o dom(ag,) N AX" (k) C Ag*@n)(m*ﬂ

and

e for every a,1 < a < wy,

dom(!\)JCna) mAgnJr(HJraﬂ) - A?,?Z,n)(/f*““).

Just recall that |ac,| < An, and [dom( b cna)| < Ay Shrink S to a stationary subset S* so that
for some (* < min S* of cofinality ™ we will have n({,n) < ¢*, whenever ( € S* { <n < w.
Now, the cardinality of both Ag’f+ and A2’3+(m++) is k*. Hence, shrinking S* if necessary,

we can assume that for each (,n € S*,/ <n < w,qa,1 < a < w; the following hold:
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o dom(ac,) N A% (k1) = dom(a,,) N A% (k+
¢ ¢ n n

and
e dom( ) 1A (570 = dom( ) 1 AV (100

Let us add Agiﬁ(m**) and all Ag'f@ﬁ““), for 1 < a < wy, to each p,,a € S*. Note
that Agii+ (kTot1)’s satisfy the projection condition (2) above. By 3.2, it is possible to
do this without adding other additional models except the images of A2’5+(/<+0‘+1) under
isomorphisms. Thus, Ag’f@ﬁ"‘“) € C”"+(A2"‘+(/{+O‘+1)) and A2K+(I{+a+l) € dom( b cna) N
C*T (A% (k7oF1)). So, 2.1(??) was already satisfied after adding A" (k+°*1). The rest of
2.1 does not require adding additional models in the present situation.

Denote the result for simplicity by p. as well. Note that (again by 3.2 and the argu-
ment above) any AE’Y“+(/<¢+O‘+1) for v € S* N (¢*, () or, actually any other successor or limit
model X € C*"(A¥(rk+oF1)) with cof (otp,+(X)) = k*, which is between A% (k+°*1) and
A2“+(/§+O‘+1), with a < w;y, can be added without adding other additional models or ordinals
except the images of it under isomorphisms.

Let now 1 < ¢ be ordinals in S*. We claim that p, and p, are compatible in (P, —).
First extend p. by adding Ag’fQ(/ﬁ*O‘“), for each a < w;. As it was remarked above, this
will not add other additional models or ordinals except the images of Ag’j:;(/i*a*l) under
isomorphisms to pc. Let p be the resulting extension. Denote p, by g. Assume that ((q) =
¢(p). Otherwise just extend ¢ in an appropriate manner to achieve this. Let n > {(p),
Pn = ((an, An, fn), (b, Bn, gn)) and q, = ((al,, A, f1), (V],, B, g.)). Note that by (5) above

n

~

the sets of measure one of p,,, g, are the same. Without loss oNf generality we may assume that
an(Ag’fz(/ﬁ*)) is an elementary submodel of 2, ;,, with k,, > 5. Just increase n if necessary.
Now, we can realize the k, — 1-type of rng(a,) inside an<A2i;(l€++)) over the common
parts dom(al,) and dom(a,). This will produce (a, A, f!) which is k,, — 1-equivalent to
(al,, Al f1) and with rmg(a)) C an(Ag'jr;(/@++)). Doing the above for all n > ¢(p) we will
obtain ((a, A", fI) | n < w) equivalent to ({a), AL, fl) | n < w) (ie. ((al,AL,fI) | n <
w) = ((ap, A, fr) [ n < w)).
Let t = (((al, A!,, f1), (bn, By gn)) | n < w). Extend ¢t to ¢’ by adding to it

KT kT
<A2+2(“++)7 an (A97+2<’<¢++))>
as the maximal set for every n > ¢(p). Recall that Agi:(ﬁ++) was its maximal model. So

we are adding a top model, also, by the condition (8) above Agi;(li++) is not an immediate

successor of Agﬂ(m*ﬂ. Hence no additional models or ordinals are added at all.
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Let ¢/, = ({(a A ), (bn, Bn, gn)), for every n > £(p).
Combine now the first coordinates of p and ¢’ together, i.e. (a,, Ay, fn)’s with those of

t'. Thus for each n > {(p) we add @ to a,. Add if necessary a new top model to insure

2.1(2(d)). Let r = (rp,ln < w) be the result, where 7, = ((cn, Cn,hn), (bn, Bn, gn)), for
n = {(p).

Claim 3.6.1 re€Pandr >p.

"
n

Proof. Fix n > {(p). The main points here are that ! and a,, agree on the common part

n
n

n
n

and adding of @/ to a, does not require other additions of models except the images of a
under isomorphisms.

The check of the rest of conditions of 2.1 is routine. We refer to [2] or [5] for similar
arguments.

(] of the claim.

Now let us turn to the second coordinates of ¢ and r. Recall that for a condition z € @,
we denote by (x)g its first coordinate, i.e. the first triple. If y = (y,|n < w) € P, then
(y)o denotes ((yn)oln < w). So, we have (¢)g — (r)o. Shrinking if necessary A,’s (the
sets of measure one of (g,)o’s), we can assume that for each n > {(p) = ¢(r) = {(q) the
set of measure one for (1,)o, i.e. C, projects exactly to A, by T, max(mg((rn)o),max(mg((g:)o)-

Remember that the interpretations of both (b,, B,,) and (I, B],) depend at the level of A,

only on a choice of elements of A,,.

Our tusk will be extend r to r* so that ¢ — r*. This will show that p and ¢ are compatible.

Which provides the desired contradiction.
The way of doing this here will be first to deal with interpretations of models according to
the one element extender based Prikry forcing which done at levels A,’s. In [8] no further
interpretations were needed, but here there is an additional forcing- the extender based
Magidor forcing. So, we will need to continue and make further interpretations according
to the values of the Magidor sequences. Note that for the least member of the Magidor
sequence no interpretation beyond those with \,’s is required.

Fix n, w > n > {(p), large enough. Let o be the maximal coordinate of (r,)y (i.e. the
ordinal coding max(rng(c,)), € those of (p,)o (which is the same for (g, )o, since (4) above)
and 1 the one corresponding to 6 (of (gn)o) under (gn)o — (7n)o. Denote 7§ Cy by D,.
Assuming that n > 2, it follows from the definitions of the equivalence relation «— and of
the order —, that E, (u) (the p’s measure of the extender) is the same as Fy, (). Also,
D, CA,.
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Define now a condition

T:L - <<Cn7Cn7 hn>7 <67L7 Enagn>> E Qno

~ o~

which extends
70n = <<Cn7 Cna hn>7 <bn7 Bn7 gn>>

The addition will depend only on the coordinate p of E),. So we need to deal with
each v € D,. Set dom(€nq) = dom(b,q) U dom(b' ), for each a,1 < a < w;. Let
X € dom(en,). If X € dom(b,.), then set

£na (X)lp] = ,Qna (X))ol

for each p € C,,. Now, if X is new, i.e. X € dom(b'no)\dom(b,s), then we consider X, the
model that corresponds to X in p; under the A-system.
By Definition 2.1(7n), we have

,Qna (Agﬂ) v] € ,lz,na (A2H+ ) ol
Recall that
,Qna(Agfl)[V] = ,ana(Ag’fl)[V]

and

bna(X) V] = Una(X)V].
Set now € na(X)[p] to be b0 (X)[V],
for each p € C,, and v = 7y, ».,.(p).

The following claim suffice in order to complete the argument:
Claim 3.6.2 7} € Qno, 7}, >0 1, and g, — 17,.
Proof. Let us check first that g,,r, or basically b/, and ¢, agree about the values of models
in dom(b na) Ndom( ¢ ), for any a,1 < a < wl.N )
Suppose that X is such a model. Then, by the assumptions we made on the A-system,
X € A%". Also,
Ag’f(/ﬁo‘“) € dom(b'ne) Ndom( ¢ pa),
ot (AL (kT0T1)) = AL (k) Nktt
and
Agf+(/<c++) € dom(c,).
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We deal first with interpretations according to A,. By 2.1, b na(Agf(/i*aH)) depends

only on the measure indexed by the code of
(AL (K1) = an (A% (k1)) = al (AL (k11)).
Let § denotes the index of this measure (or its code). Then for each p € C,, we will have

Tan0:0(P) = Tan 6 (Trn 0 (P))-

Hence, restricting (g,)o to D,, i.e. by replacing A, in (g,)o with D,,, we can insure that
bna(A%T (k1oF1) and Vo (A% (k70+1)) agree. The same applies to any X € A% (k+o+!)
which is in the common domain, since its value too will depend on the J-th measure of the
extender only.

Consider now the maximal model of g,. By 10, above, it is A% (k+**!) and the one of
Dn 18 Ag’fl(/ﬁ““). Now, for each v € A, by the condition (g) on the A-system above we

have

,Qnoz (Agiﬁ (’{m—H)) [v] = Qina (Ag’-fl (“+a+1)) [v].

Pick p € C,,. Let v =y, »..(p) and € = 7y, ,0(p). Then
Cnal AL (R 0] = Bna (AL (57)[e]

and

Cnal AYL (R ) (0] = Ve (AY (6797 ).

The first equality holds since e,, extends b, and the second by the same reason as e, was
defined this way above.
The crucial observation is that ,v € A, (just D, C A,) and € > v, so by Definition
2.1(Tn),
kT ey kT o
BnalALL (T[] C bl AZL (7)) [e].

Hence, also,
Qina(Agii(“+a+l))[V] - ,Qna(Agii)[g]v

since

€ nal AL (K)o = ¥

KT a
Nna(Angl(’i—i_ +1))[V]‘
The same inclusion holds, by Definition 2.1(7n), if we replace Ag’_fl(/#aﬂ) with any Y €
dom( b o) ﬂC”+(Agf{(/f+a“)) such that e(Y) > v, where £(Y) is the measure corresponding
to Y. Thus

YA (RN = bua(ALL (R ] € Daa(Y)[E.
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In the present case we have the least such Y. It is A2“+ (kTet1). Just below it everything falls
into A% (%) the kernel of the A-system. Consider now Y’s in dom( b ,o)\C*" (A% (k72F1)).
If such Y is in A% (k7°*1), then it belongs to A% (k+°*1) the kernel of the A-system. Hence
as it was observed in the beginning of the proof of this claim, we have the agreement. Sup-
pose now that Y ¢ A%". By the basic properties of G(P’) there will be Z € A" (k+ot1)
such that

Y N AY (kFeth) = Z 0 AT (ko).

Then again this Z falls into Ag’f(/ﬁo‘“) and into the kernel of the A-system on which we
have the agreement.

We deal similar with further interpretations, i.e. those according to finite sequences from
the extender based Magidor forcing. Thus, given p~ p'and its projection v~ I/, we may assume
by induction that for each k < |p] the interpretations according to p~p' [ k and to v~V [ k
fit together nicely. Now run the argument above for the last element of the sequence p and
its projection - the last element of the sequence . Note only that the projection function is
inside the larger models involved.

This completes the proof of the claim.

O of the claim.
O

Force with (P,— ). Let G(P) be a generic set. By the lemmas above no cardinals
are collapsed. Let (v, | n < w) denotes the diagonal Prikry sequence added for the normal
measures of the extenders (E), | n < w) and (ppe | 1 < o < wy), for each n < w, the Magidor

sequence for the normal measures of E,, . We can deduce now the following conclusion:
Theorem 3.7 The following hold in V[G(P'(kT) * ... x P'(kToT) x . x P/(k11 1)), G(P)]:
(1) cof(I],., vi"?/ finite ) = k*+
(2) for each a,1 < o < wy,

cof(H pit2 ) finite ) = kTt

nw

The proof follows easily from the construction.
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4 Some generalizations

1. Tt is possible to use the previous method in order to make 2% > k1% = N,.. Just instead

of a fixed value 6 < k we change cofinalities in each interval [k, k,,+1) to some 6,, > K.

2. Similar any RX,, for kK < a < k1, can be reached. Just we need to split the cardinals

into omega many groups each of cardinality less than k.

3. The following allows us to proceed up to Ny,.. Thus, for example we would like to
reach N, +v,. Then at each level n (i.e. between k,, and k,1) we split into two blocks.
The first will be as in Section 1. It will take care of all the cardinals between x and
k1. The second block will be responsible for the cardinals in the interval [£T1 R, 4o, ).
We will use the dropping in cofinality between the two blocks. This will insure that
the models corresponding to those of cardinalities k™, ..., k™ will not include all the

relevant cardinalities.

4. Repeating the process of 3, but using finite (increasing) number of blocks instead of
just two, allows to reach the a-th repeat point of the N function above x, for every

a < wi.

5. Working a bit harder, for any o < (2¢)* the a-th repeat point above k can be reached.

Let (fi|# < a) be an increasing (mod finite) sequence in “w . We define the correspon-
dence between cardinals above x and those below such that for every i < j < a, below
the least n with f;(m) < f;(m), for each m > n, we allow cardinals from the intervals
[i-th repeat point above k, ¢ + 1-th repeat point above k) and [j-th repeat point above
K, j + 1-th repeat point above k) to correspond to the cardinals of the same blocks
(still in the order preserving fashion). But at the level n and above the corresponding

blocks should be one above another.
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