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Abstract

We construct a model with an indecisive precipitous ideal and a model with a
precipitous ideal with a non precipitous normal ideal below it. Such kind of examples
were previously given by M. Foreman [1] and R. Laver [4] respectively. The present
examples differ in two ways: first- they use only a measurable cardinal and second- the
ideals are over a cardinal. Also a precipitous ideal without a normal ideal below it is
constructed. It is shown in addition that if there is a precipitous ideal over a cardinal
k such that

e after the forcing with its positive sets the cardinality of x remains above Ny
e there is no a normal precipitous ideal

then there is 07.

1 Indecisive precipitous ideals.
In [1] M. Foreman isolated the following natural and wide class of ideals:

Definition 1.1 (M. Foreman [1]) Let Z C P(X) and J be an ideal on Z. Let X' C X and
I be the projection of J to an ideal on P(X’). Then J decides I iff there is a set A € I and
a well ordering W of A and sets A, W', 0’,I' € V such that for all generic G C P(Z)/J:

1. An initial segment of the ordinals of /G is well founded and isomorphic to (]A’|*)Y

and
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2. if j : V. — M is the canonical elementary embedding determined by replacing the
ultraproduct VZ/G by an isomorphic model M transitive up to (JA’|*)Y, then

J(A) = A W) =W j"Al =0, I' = j(I)n P(4)".

J 1s called decisive if J decides itself.

M. Foreman [1] gave an example of indecisive precipitous ideal. He used a Woodin
cardinal for this and his ideal is on [wq]“?.

We will deal here with normal precipitous ideals I on a cardinal . In this case the
definition will have only two requirements:

there are x’ and I’ such that for all generic G C P(k)/I,if j : V — M ~ V*/G is the

canonical embedding then

/

1. j(k) =k
2. I'=35(I)Nn P(x")V.

The referee of the paper note that there is a subtle point here. Thus, by the definition of
a decisive ideal, we can only find A € I such that j(A) = A’ and j(I) N PY(A’) € V. How
do we replace A by k? He suggested the following argument. Let us reconstruct I’ from

I":=j(I)Nn PY(4"). Denote "\ A’ by B. If we show that PM(B)NV € V, then
I'={XuY|Xel'Y e PYB)nV}.

If B is a bounded subset of k', then B = k\ A, since & is the critical point of j, B = r'\ A’ =
j(k\ A) and x\ A must be a bounded subset of x. Hence, PM(B)NV = PV(k\ A) and we
are done.
Suppose now that B is unbounded in x’. Then PM(B) NV will be in V iff PM(x') NV will
be in V. If there is X € I” which is unbounded in #’, then PM(X)NV € V, since I” € V
and every subset of X which is in V is also in I”. It is easy to reconstruct PM (k') NV from
PM(X)NV. Set Y = {a € A|sup(ANa) < a}. Then Y is an unbounded subset of A (and,
hence of k) which must be in I, since it is not stationary. So, X = j(Y) will be as desired.
It easy to violate the condition (1) above. Thus take two normal ultrafilters Uy, Uy over
a measurable cardinal x which move k to different places. Consider W = U; N Uy. There
are disjoint sets A € U; and B € U, with AU B = k. Hence W is precipitous. But A forces

that x is moved according to jy, and B forces that x is moved according to jy,, which give



different values to the images of . In [3], the nonstationary ideal over X; has this type of

property.
Here we would like to give an example of a normal precipitous ideal over a cardinal k so
that

e j [ a €V, for each ordinal o, also j | On is a class in V, but

e the condition (2) above breaks down as follows: j(I) N P(j(x))" €V

Theorem 1.2 Assume GCH. Let k be a measurable cardinal, U a normal measure over
kand j:V — M ~*V/U the canonical elementary embedding. Then there is a cardinal
preserving generic extension V* of V' with an indecisive precipitous filter W O U over k such
that for all generic G C P(k)/W, if j/ : V* — M ~ (V*)*/G is the canonical embedding
then

1. 7/ 1On=310n
2. j(W)NP(j(k)"" ¢ V*

Proof.

Force, using the Backward Easton forcing, Cohen functions
<fai‘i < a+>7fai roa— 2

and

hog : a0 — 2,
for each regular a@ < k. Thus let P = P, be the backward Easton iteration

(P, Qpla < k+1,8<k+1),

where if (3 is a regular cardinal then in V% we have Q3 = Qpo * Qs with Qg being the
Cohen forcing for adding S* Cohen functions from (3 to 2 and Qs the Cohen forcing for
adding a single Cohen function from § to 2. Otherwise Qg = 0.

Let G be a generic subset of P. Pick G* C j(P) in V|[G] so that

1. GC G| P

2. j"G C G*



3. G* is M- generic

4. for each v < kT, Fit) 7)( k) =0, where f* Ty 18 the j()’s Cohen function added by
G* N Qj)o-

It is routine to construct such G*. Thus, briefly, in order to satisfy the item 3, note
that it is enough to show that G* N (Qj(x)o | j(ev)) is M-generic for each o < £, since the
forcing Qj(.o in M satisfies j(k)-c.c. and j”k" is unbounded in j(x*). So find first some
G’ satisfying the items 1-3 above and then change it to G* by replacing the members of G’
that do not satisfy the item 4 by those that do satisfy it. Such change will effect basically a
single condition inside Qjuo | j(cv), for each v < K.

Now, j extends to j* : V|G| — M[G*] and U extends to a normal ultrafilter

U ={X Cklkej (X)}
in V[G]. Note that for each v < k™ the set
A, ={v <k|fy(v) =0} € U".
Define in V[G] an extension W of U as follows. Fix an increasing sequence
(6l < %)

unbounded in j(k) and with 9 > k. Let A be a subset of &.
Then set A € W iff there is r € j(P) such that

L 7|+ € j(A), in M

2. 1] P € G".

The next five properties are forced in Pj(,) by the empty condition.
3. If (u,7) € dom(r [ Qj(x)0), then

e 1= 7j(7), for some v < K
o if 7 <k, then (7 | Qjun0) (16, T) = firn(T)
o if 7=k, then (r [ Qj(s)0)(j(7),7) =0

4. if 7 € dom(r [ Qj()1) and 7 < & then (r | Q) )(7) = hi(T)
5. dom(r [ Qi) \k=1{6, | IT>r (j(7),7) € dom(r | Qo) }
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6. if there is no v < k*,7 > & such that (j(v),7) € dom(r | Qj(), then dom(r |
Qj(n)l) C kK

7. if for some v < k*, 7 > K we have (j(7),7) € dom(r [ Qj(x)0), then

o 0, € dom(r [ Qj(ey1)

o (r [ Qju1)(dy) =1and (r [ Qi) (i(7),7) = f;(n)j(y (1) where f () the j(v)’s
function added by G* over j(k).
Note that if £ < &, then f}, ., (5) = fuy (7).

8. If v’ € j(P) is such that

(@) 7" T Py =7 T Pjw);
the properties (b)-(f) below are forced in Pj) by the empty condition

(b) dom(r" [ Qj(wy1) = dom(r [ Qj(x))
(c) dom(r' | Qj(xyo) € dom(r | Qjeey0)
(d) if (p,7) € dom(r’" [ Qj(wy0), then

e 1 =j(7), for some v <kt

o if 7 <k, then (v | Qjuy0)(1t, T) = fiurn(T)

o if 7 =k, then (7' [ Qjx)0)(J(7),7) =0

(e) if for some v < k7,7 > K we have (j(v),7) € dom(r" [ Qj(x)0), then

o 0, € dom(r' [ Qju)1) = dom(r [ Q1)
o (1" Qjw1)(dy) = Tand (r' [ Qo) (F(7), T) = F)j0)(T) Where f7;) the
j(7)’s function added by G* over j(k)
(f) if 6, € dom(r' [ Q1) and (r' [ Qj(x1)(dy) =1, for some v < x*, then for each
T > K we have (j(7),7) € dom(r’ | Qo) iff (4(7),7) € dom(r [ Qj(x)0) ( hence,
by the previous item, (' [ Qj(x0)(J(7), 7) = (7 I Qi) (F(7): T) = Fin)30) (7)),
then 7|+ € j(A), in M.

Intuitively, we put into W sets which insure the following: for each v < ™, if hj(,)(05) = 1
(on the M side) then the master condition deciding in V[G] the function fj(), () is used.
Otherwise, i.e., if hj(.)(d,) = 0, then no extension is made.

The role of "’s in the definition is to insure the possibility of a free choice of values 0 or 1 at



each d,. Note that 7'(d,) = 0 implies that there is no 7 > s with (j(v),7) € dom(r’ | Q;¢x)0),
by 8(e) above.
It is not hard to see that W is a normal filter over k which extends U.

Consider the following forcing notion:
R = {(po,p1) € (Qjryp X Qj(n)l)M[G* Pl
1. pr [ k= hk
2. for each v < k™ we have po(j(7)) | & = fuy and po(j(7))(k) =0
3. if 6, € dom(p1) and py1(dy) = 1, then po(j(7)) S f710)50 -

Claim 1 The forcing with W-positive sets is isomorphic to R.

Proof. Suppose first that (pg,p1) € R. Let A € W witnessed by r € j(P). It is enough to
find t € j(P) stronger than (po, p1) which forces “x € j(A)“. Consider

a={0,|v<k",d, € dom(p) Ndom(r | Qju1)} = dom(pr) Ndom(r [ Qju1)\k-

and
b={¢€al|p(&) =0}
Let r" € j(P) be obtained from r as follows: for each & € b, if r [ Q;(.)1(§) = 1, then change

the value to 0 and remove r | Qj(x)0(&, 7), for each 7 > k. Leave all the rest of 7 unchanged.

Now, such 7’ satisfies the item 8 above. Hence
|k € 5(A).

On the other hand 7’ is compatible with (pg, p1). Pick ¢ to be a common extension of " and
(po, P1)-

Let now X be a W-positive set. We need to find t € R forcing “x € j(X)“. Note that
X is a subset of x and the forcing satisfies k™-c.c., so there is 7 < k™ such that X depends
only on G [ (P, (Qro [ M) *Qx1). Fix such n and a P, * (Qxo [ 1) * Qx1-name X of X. Then

J(X) will be a Py * (Qje0 1 7(n)) * Qjep-name.
Set

a={(7,0,) | v <n}.
Then a € M, since M is closed under k-sequences of its elements. Also, j”n € M. Hence,

Qi [ 7'm € M[G* | (Pju). Denote the forcing Q)0 [ 71 by S and Qj(0) T (7(n)\7"n)
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by T'. We deal here with the Cohen forcings, hence Q.o | j(7) can be identified with S xT'.
Work in M[G* | (Pj(x) * S)]. If there is py € T' X Qj(x) such that p; [ kK = h,, and

n |FT*QJ~(H)1H c j(X)G* [(ij*S)7

then there will be some py € G* [ (Pj(x) * S) forcing this and deciding p;. So,

(po: p1) |+ € j(X)
and, in addition, it is easy to chose such pg so that (po"p1 [ T,p1 | Qjn) € R.

Suppose otherwise. Then

@, h) 1., 5 € R\ X)E 1P S).

Pick py € G* | (Pj(x) * S) forcing this. Then

(po, 0, h) [l € j(K\X).

Without loss of generality we can assume that for each v < n there is 7 > k with (j(v),7) €
dom(pg [ 5).

Extend h,, to p; by adding to it (d,,1), for each v < n.

Set 7(0) = (po, ?, p1). Then r(0) satisfies the conditions (1)-(7) of the definition of W with
A=r\X.

Now we shall deal with 7" as in the condition (8) and show that either one of them will have
an extension in R forcing “x € j(X)“ or all of them force “x € j(k\X)*, which means that
k\X € W and contradicts positivity of X.

Let

(be | € <w7)
be an enumeration in M[G* | Pj,)] of all subsets of 1. Note that 7 is an ordinal less than ™
and hence all its subsets in V[G] are in M[G* [ Pj.] as well. Work in M[G* | (Pj(.) * 5)]
and define by induction a sequence (r¢ | £ < & < k*T). Suppose that £ < k™ and r, is
already defined, for each p < ¢. Consider first

re =M. 3 <€ ((i(7),7) € dom(r, | S), (r, | S)(j(7),7) =i

and 7, [ Qj)1(dy) = 1)},

if £ >0 and g =7(0) [ 5, if £ = 0. Using induction we may assume that r; € G* | S. Just
note that we work in M[G* | (Pj.) *S)] and so the forcing S is j(k)-closed.
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Set
p(€) = {(d5,1) | 7 € bey U{(65,0) [ v € n\be}
and
re ={(i(y),7,4) € rg [ 7 € be}
Turn for a moment to M[G* [ (Pj) * (S | j"be))]. If there is PS5 e (ST 5"(n\be)) * T % Qj(n
such that p§ [ Q (1 > p(§) and

¢ NG (P kSIS
D1 e7ey 0 € J(X) G Fa00351700),

then there will be some p0 € G* | (Pj(w) * S | j"be) forcing this and deciding . So,

(p?},p?)%ff» € j(X)

and, in addition, it is easy to chose pj such that (5~ (p [ (S | 5”(n\be)*T)),p} | Qi) € R
We set £* = ¢ and stop the process.

Suppose otherwise. Then

(@, @, p(f)) Hisfjn(n\bg)*T*Qj(ﬁ)lK € j(K\X)G* r(Pj(m)*S)‘

Pick po € G" | (Pjw) * S | j"be) above r{ forcing this. Then

(15, 0,0, (&) |-+ € j(K\X).
Set Te = (pga ®7 (Z)vp(f))

This completes the construction. Suppose that the construction never stops, i.e. £ = x*+.

Set, as above
e =G, 70 | 3p <& ((§(7),7) € dom(r, [ S), (r, [ S)(i(7),7) =i

and Tp [Qj(lﬁ ( ) - 1)}7

Again, we are in M[G* | (Pj(.)*S5)] and so the forcing S is j(x)-closed. Hence r/ ., € G* [ S.
For each £ < k™7, set

e = L (V), 7,8) € riss | 7 € e}

Then, for each £ < k™" we have Thite 2 p5 1S, and hence

(T;++§7 0,0,p(E))IFs 157 (\be) ¥ T*Q; (1 ¥ € J(R\X)E e,

Finally we pick ¢ € G* | Pj forcing the above. Set r = (¢,7/,.,0,p1). Then r witnesses
k\X € W, which contradlcts the positivity of X.
(] of the claim.



Claim 2 W is a precipitous filter over k.

Proof. Force with R over V[G]. Let G(R) be a generic object. Now, (G* | Pj(.)) * G(R) will
be M-generic for j(P). Thus for each o < j(kT), if we restrict G(R) to its « first Cohen
functions (say, including hj(.) as the first one), then we will have mutually generic Cohen
functions over M[G* | Pj)), since it is a product and so, the order of components does not
matter. The forcing satisfies j(x)*-c.c. in M[G* | Pj(.)), so the full G(R) will be generic.
Now, j"G C G* | Pj.y * G(R), by the definition of R. Hence we can in V[G x G(R)] extend
the embedding j : V. — M to i : V[G] — M[G* | Pj) * G(R)]. It is not hard to see that
the generic ultrapower of W according to G(R) is isomorphic to M[G* [ Pju.) * G(R)].
U of the claim.

Now let ¢ be a generic embedding obtained by forcing with W-positive sets. Let

B = (B, |y < j(")) = i({A,]y < k™).
The crucial observation would be that
Bjyy € VIG] iff hj(ey(6,) = 1,
for each v < k™. Note that for every v < k™

Biy) = {v < j(®)]i(fiy)(v) = 0}

and that i(f.,) is in V[G] iff Bj(,) is in V[G]. Now by definition of R, if hj(.)(é,) = 0, then
i(fiy) € VIG] as it is generic over V[G] and if hju.(0,) = 1, then i(f.y) = 7*(fey) € VIG].
Let us denote by fj.)e the &’s Cohen function over j(x) of i(G).

Claim 3 i(W)NV[G] € VI|G].
Proof. Suppose otherwise. Let
X =i(W)nVI[G] € VIG].

We have G* € V[G], hence the set of the Cohen function over j(k) from G* is in V]G] as

well, i.e.
(fimplp < i(rT)) € VIG].

Hence, also
(fiwimly <K7) € VIG].

J(R)3(y
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Let
Ay < 7)) = (Bl < ().
Then
oy = v < GBS0 (V) =0},
for each v < k™. Also,
(Bjiyly < %) € VIG].

Consider the set

Clearly, Y € V|[G]. Now,

By € i(W) (or even is in M[i(G)]) iff f7,;y) = i(fer)-

One direction is clear. Thus if f;, . = i(f«,), then By(v) = Bj(y) which is in i(W).
Suppose now that B, € i(W). Then the function f, ;) € Mi(G)]. Recall that we
showed in the previous claim that M[i(G)] = M[G* | Pj() * G(R)]. Also G(R) is a generic

set over M[G* | Pj) for adding j(x*) Cohen functlon from j(k) to 2. Suppose that
Fiwity # fey). Then G(R) will be generic over M[G* [ Py, [7,))]: since for each
E< j( )T A& E §"kY or € = j(7) for some T < kT with hj(.)(0-) = 0, then f;(.) ¢ is generic
over VI[G] D M[G* | P, [nyji)- 1€ = j(7) for some 7 < k™ with hj,)(d-) = 1, then
it = Ij(nye Which is generic over M[G* | Pjx), f}(y]- But this means that f5 ;.
Cohen generic over M[G* | Pj() * G(R)| = M[i(G)] contradicting to the assumption that
fiwje € M[i(G)]. Hence f7, ., must be equal to i(f).

The rest of the proof follows easily now. Thus

is

v €Y iff By € i(W)iff [0 = i(fury) iff g (8,) = 1.

But both Y and (,|y < x*) are in V[G]. Hence also hjq. [ {0,y < £} is in V[G], which
is impossible. Contradiction.

[ of the claim.

O
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2  Precipitous ideal without normal ideal below it.

In this section we give an example of a precipitous ideal I over a cardinal x such that there
is no normal ideal below it in the Rudin - Keisler order, i.e. for any function f : k — k the
ideal

fI={ACk|fAcI}

is not a normal ideal.

Theorem 2.1 Assume GCH. Let k be a measurable cardinal. Then there is a precipitous

filter without a normal filter below it in the Rudin- Keisler order.

Proof. Let U be a normal ultrafilter over k and j : V' — M ~ V* /U the canonical elementary
embedding. Note that [j(k)| = |j(k1)| = kT. So, we can find in V' an enumeration (Y; | i <
k™) of j(U). Note that “M C M. So every initial segment of this sequence is in M.

Define now by induction a sequence of ordinals («; | i < k¥) and a sequence of functions
(fi | i < KT) so that

1. k< a; < j(k), for each i < K
2. o; < oy whenever ¢ < ¢/
3. o; € Yy whenever ¢ < ¢/

4. fi: Kk — kK is one to one ,increasing and f(v) > v, for each v < k

5. j(fi)(K) = i

D

. ay €rng(j(f;)) whenever i <’

In order to construct such sequences note that each ordinal  in the interval (k, j(k)) can
be represented by a one to one increasing function f from k to s such that f(v) > v, for
each v < k. Then the range of such a function will be non stationary. So, in M, rng(j(f))
will be a non stationary subset of j(x). But j(U) is a normal ultrafilter. In particular, each
Y € j(U) is stationary. Hence there is no problem to find o € Y\ rng(j(f)). Also "M C M.
Hence we can proceed all the way to x*.

Now, set for each i < k™

U={ACk|a; € j(A)}.

It is a k-complete ultrafilter over k. Clearly, rng(f;) € U;.
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Claim 4 For every i < i < x™, rng(f;) € Uy.
Proof. Just otherwise we will have

ay € mg(j(fi)),

which is impossible by 6.
O

Claim 5 For every i < k™ there is a set B; € U; such that B; & Uy, for every i’ # i.

Proof. Fixi < k™. By the previous claim it is enough to deal only with ¢ <. Let (i¢ | £ < k)
be an enumeration of i. For each { < x we pick a set A¢ € U;\Uy,. Set

B={v<k|VE< fHv) ve A

Note that f;! projects U; to the normal ultrafilter U. Hence, j(f~1)(c;) = k. But each Ag
is in U, for & < k. So, a; € j(Ag), for each £ < k. Hence a; € j(B) which implies B € U;.
Now for every < k, we have B\ A, C f;(§) < & and hence B ¢ Uj,.
Finally take B; = B Nrng(f;). It is as desired.
0

Now we set W =(,_,+ U;.

Claim 6 W is a precipitous ideal over k.

Proof. Let A € W*. Then for some ¢ < k¥, A € U;. Then ANB; € U; C W'. But
Claim 5 implies that W™ below B; is U; and Uj is trivially precipitous. So W is densely

often precipitous and hence precipitous.
O

Claim 7 There is no normal filter below W in the Rudin - Keisler order.

Proof. Suppose otherwise. So there is a function f : kK — & such that f,W is a normal
filter. Then f must project each of U;’s to a normal filter as well. Hence, for each i < k™,
J(f)(e;) = k. Turn to M. Note first that the set A = {v < j(r) | j(f)(v) < v} € j(U).
Thus, if A & j(U), then B = j(k)\A € j(U). This implies that B = Y}« for some i* < k*.
Then, by the construction of «;’s, we will have that every «; with ¢ > ¢* is in B. But
J(f) () = k < a;. Which is impossible. So A € j(U).
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Now we use the normality of j(U). There will be A’ C A in j(U) and § < j(k) such that
J(f)"A" = {0}. So M satisfies the following statement:

3Z € j(U) 1i(f)"Zl =1.

By elementarity, in V', we will have the following:
ZeU |f'Z=1.

So, pick such F € U and some 7 such that f”Z = {n}. But here n must be below x and
hence it does not move by j. Back in M, we will have j(E) € j(U) and for each p € j(E)
J(f)(p) =n. But j(E) € j(U), so a final segment of «;’s is in j(£). Which is impossible
since j(f)(w) = Kk > n.

[ of the claim.

0
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3 Precipitous ideal with a non precipitous normal
ideal below it.

R. Laver [4] starting with a supercompact cardinal gave an example of precipitous ideal on
[wa] =« whose projection to w; is not precipitous. The purpose of this section is to give an
example of a precipitous ideal over a cardinal s such that the normal ideal below it exists
but is not precipitous. Only a measurable cardinal will be used for this construction.

Assume GCH. Let k be a measurable cardinal, U a normal ultrafilter over &, j; : V —
M, ~ "V /U the corresponding elementary embedding, j(k) = k; and jo : V. — My ~
[“]ZV/ U? the corresponding elementary embedding into the second ultrapower. It will be
useful to view M, as the ultrapower of M; by ji(U). Denote by kis the corresponding
elementary embedding of M; into Ms. The critical point of k15 is k.

Force using the Backward Easton iteration v*- Cohen functions f,¢ : v — v, & < vt for
every regular v < k. Let

(Po,Qpla<k+1,0<k+1)

be such an iteration. Let G C P41 be generic. Denote by foe : @« — « the {-th Cohen
function in G added over a.
Consider the following set in V[G]:

R=1{p € j2(Pei1) | p | Per1 € G and if for some & < k1 we have (j»(k), j2(£)) € dom(p)

then p(ja(k), j2(€)) I £ C fae and p(j2(r), j2(£)) (k) = K1}

For each p € R we pick in V[G] an Ma-generic subset G, of ja(Py41) such that p € G,
and G, [ k+1=G.
Now we would like to change G}, a bit. Let ¢ € jo(Pxy1). Transform it into condition ¢* € R

as follows:
1. dom(q") = dom(q)
2. for each (a, 8) € dom(q) we require dom(q(c, 8)) = dom(q*(a, 8))
3. if (o, B) € dom(q) and a # ja(k), or a = ja(k), but B ¢ jo"k*, then ¢*(a, B) = q(av, B)
4. if for some § < k" we have (j2(r), j2(§)) € dom(q), then ¢*(j2(r), j2(§)) [ £ C fee

5. if for some ¢ < kT we have (ja(k),j2(§)) € dom(q),x € dom(q(j2(k),J2(€))) then
q*(j2(k), 72(€)) (k) = K1, unless p(ja(k), j2(§))(k) is defined. In this case we require

q"(J2(k), 12(8)) () = p(j2(K), J2(£)) (k).
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Set
Gy ={d"[q€ G}
Clearly, G, C R.
Note that for each ov < k™ the set Gy, [ Pjy(x) * (Qjo(x) | J2()) is Ma- generic for the forcing
P,y * (Qjye) | J2(v)), since the set j5« has cardinality x and so our change effects here

basically a single condition. The forcing Qj, (. over M2P s2(m)

satisfies ja(k)-c.c. and jik™ is
unbounded in jy(k™). Hence, G, is M- generic for the forcing jo(Pri1) = Pjyx) * Qja(r)-

Extend j, to the elementary embedding j, : V[G] — Ms[G,] (note that jJG C G, so it
is possible). Let

Uy = {X S| nejp(X)}.

The following lemma is routine:

Lemma 3.1 For everyp € R we have Ms[G,| ~ "V[G]/U, and j, is the canonical embedding

of this ultrapower.

Proof. Let p € R. Denote the transitive collapse of “V'[G]/U, by M,. Let be k : M,, — M|G,)]
the elementary embedding defined by k([glu,) = jp(9) ().

It is enough to show that k does not move ordinals. Let § be any ordinal. There is h : [k]* —
On in V such that

Ja(h)(K, k1) = 4.
Jp extends j2, hence, also,
Jp(h)(k, k1) = 0.
Pick now ¢ < k™ such that (js(k),j2(¢)) € dom(p). Consider f.. By the choice of G,

(mainly by the item 5 above), we have j,(f.¢)(x) = k1. Consider a function g : K — On

defined as follows:
9() = h(v, fre(v)).
Then,
k(l9lu,) = Jp(9) (k) = jp(R) (5, Jp(fag) (K)) = Jp(R) (K, 1) = 6.

U= (U

PER
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It is possible to show that U* is the normal filter generated in V[G] by U together with the
following sets, for each g : k — Kk, g € V and £ < k™

o {V < K|fue V= fuhg(l/)}, where h¢ : k — K denotes the {-th canonical function ( in

particular [he]y = €)

o {v <hlfee(v) > g}

We will not use this characterization, but rather deal directly with U*-positive sets. Note
that A € (U*)" iff there is p € R such that A € U,. This is immediate since each of U,’s is
an ultrafilter.

The following is the crucial observation:

Lemma 3.2 Let G(U*) be a generic ultrafilter extending U*, i.e. a generic subset of (U*)".
Then for each o < k™ there is 3 < k™ such that

[feslaw=) < [fealawe-

Proof.
We work in V[G] and show that for each A € (U*)" and a < k% there is § < kT such
that the set

{’/ € A’fmx(y) > fﬁﬁ(’/)}
is U*- positive.

Fix such A and «. Pick p € R with A € U,. Suppose for simplicity that

pl—+ € j2(A)

and (ja(k), j2(a)) € dom(p). Otherwise just extend it to such a condition in G,,.
Let us pick v < kT big enough such that p € Pj,(.) * Qj,x) | 7. Then the set

a={6 <k | (j2(r), j2(B)) € dom(p)}

is a subset of v and, hence has cardinality at most k.
Now we turn to M; and view M, as its ultrapower. Pick a function h : Ky — Pj ()41 in M,

which represents p. Then k12(h)(k1) = p. By elementarity, we will have

{&€ < k1 | ME) € Py % Qjiwy I v and h(&)|-+ € ji(A)} € 1 (D).
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Note that the critical point of ki3 is k1 > k and both M;, M, are closed under k sequences
of its elements. So, 71 [ v € My, jo [ v € Mo, ki2(j1 [ v) = j2 | v and jo"a = ki2(j1"a). We
have, in My,

{8 <7 (j2(k), j2(B)) € dom(p)} = a.
Now, by elementarity, for most (mod j;(U)) £’s,

{8 <7 | (k1,71(8)) € dom(h(€))} = a.

Note that for every (8 € a, we have p(ja(k), j2(3))(k) > k1. Hence, for most (mod j;(U))

&’s, for each € a we will have
h(&)(k1, 1(B)) = €.
The above shows that the following set in j; (U):

Z={({<r | e P #Qj () | v and h(&)IF+ € jl(A)7 18 <7 {k1,51(8)) € dom(h(§))} = a,

VB€a h(§)(ki,n(B)) >}

Consider ki5(Z). Clearly, it is an unbounded subset of j3(k). Pick any n € k12(Z) above k.
Denote ki2(h)(n) by g. Then the following will hold by the elementarity:

L. q € Pjys) * Qi)

2. ql—+ € ja(A)
3. {B <7 {j2(k), j2(B)) € dom(q)} = a

4. VB ea q(ja(k), j2(8)) = 1.

In particular, we obtain that ¢ € R.
Recall that a € a. Hence, q(ja(k), j2(a)) > n > Ky.
Pick now any 4,7 < @ < x*. Extend g tor = qU{(ja(k), ja(8), 5, k1) } ie. 7(ja(k), ja(8)) () —
K1.
Then,
rl—(x € j2(A) and jo(fra) (k) > fo(fus) (K))-
Hence the set

{v € Alfea(v) > fres(v)}

is in U, and so it is U*-positive.
O

The next lemma follows now easily from the previous one:
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Lemma 3.3 U* is not precipitous.

Proof. Let G(U*) be a generic ultrafilter extending U*, i.e. a generic subset of (U*)". Using

Lemma 3.2, we can define inductively an increasing sequence of ordinals below s
(ap|n < w)

such that [fua,]aw=) < [framlaw), whenever n > m. So the ultrapower “V[G]/G(U*) is ill
founded.
0

Let us spread a way all the ultrafilters U, for p € R. We fix (in V') a sequence
(9o | £ < o <kT)
such that for every a@ < k™
® g, is one to one
e dom(g,) is the set of cardinals below
o vedom(g,) v<galv)<v®

e [g.u = .

Note that g, *(7) = |7|, for each T € rng(gs).
For each a0 € [k, k") let A, = rng(g,). Then, o # B implies

{Ir||T€ AaNAg} & U.

Since, otherwise we will have in M, some 7,k < 7 < k*. Then

a = j1(9.)(Kk) = 7 = ji(gs) (k) = 5,

which is impossible, since the functions are one to one.

Fix some enumeration (p; | i < k*) of R and for each i < kT use the function g; in
order to move U,, to A;. Denote the resulting x-complete ultrafilter by U;. Finally, set
F = ﬂi<n+ U;. Then F' is precipitous just since F' 4+ A; is U;. Thus if Y € F + A;, then
A\Y & U;. But U; is an ultrafilter, so A; NY € U; and hence Y € U;. For the opposite
direction note that if Z C A; and Z ¢ U;, then Z € F. Just otherwise Z € U for some
0B # i. This implies

A;NAg D ZNAg e Us.

18



But then
{lv| |lve AinAg} e,

which is impossible.
Consider H : k — x, H(7) = |7|. Now, H is equal to each g; ' mod Uj, hence it projects

Ui’s to Up,’s. So, F'is projected by H to U* which is not precipitous.
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4 A remark on the consistency strength of precipitous
without normal precipitous.

The long standing open question in this area asks the following:

(T. Jech and K. Prikry) Is it possible to have a precipitous ideal without a normal
precipitous?

The previous construction of the paper seem to be irrelevant for this question, since the

cardinal remains measurable in all the models above. It is possible to move everything to ¥,
using the Levy collapse, but still we do not know any effective way to get rid of unwanted
filters.
It looks reasonable to try to deduce some strength from the assumption that there is a
precipitous ideal without a normal precipitous one. The aim of this section will be to do so
under some additional assumptions. Also certain information on a structure of elementary
embeddings will be obtained here.

Let us assume that there is no inner with a strong cardinal in order to insure that the
core model K exists, is invariant under set forcing extensions and the restrictions of generic
embeddings to K are iterated ultrapowers of K by its measures or extenders. We refer to
the Mitchel chapter [6] for the relevant material.

Fix a precipitous filter U over a cardinal x. We will consider the restrictions of its generic
embeddings to the core model K. By [6], such restrictions are iterated ultrapowers of K by
its measures or extenders.

Note that also the iteration map itself may be new, i.e. not in V. But it is always possible to
embed it into an iteration which is defined in K, called the complete iteration. Thus take a
regular cardinal y above all the generators or possible generators of the generic embeddings
involved and iterate each measure or extender with index below y x- many times.

We pick first a set X € U and a function ¢ : kK — & such that

XH7U+ j(c)([id]c((ﬂ)) = K,

where G(U +) is the canonical name of generic ultrafilter and j a name of its elementary
embedding. Replace further U by U + X. Consider U,orma = ¢xU. It is the normal filter
Rudin- Keisler below U.

Let G(U™) be a generic subset of Ut (i.e. a generic ultrafilter extending U) and j: V — M
the corresponding elementary embedding. Define G(U™)orma = {¢"X | X € G(U™)}. Note
that G(U™)normar need not be a generic subset of Uyprmar, as was shown in the previous

section. But still we can form ultrapower. Let ¢ : V. — M, ,mma be the corresponding
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elementary embedding. There will be also an elementary embedding k& : M,prma — M
defined by k([g]cw+),gmma) = J(9)(K).

Consider the restrictions of j and i to K. Denote them by jx and ix respectively. Suppose for
simplicity that jx and ix are in V' (or K') otherwise replace them by complete embeddings.
We also will have a connecting embedding kg : ix(K) — jr(K).

Now back in V, we pick X € U" deciding both jx and igx. Note that if X forces that kg
is the identity, then U + X will be densely often isomorphic to a normal filter and so, there
will be a normal precipitous ideal.

We are ready now to state the first result.

Theorem 4.1 Assume that there is no inner model with a strong cardinal. Suppose that
U is precipitous filter over k and some set X in Ut forces that ix has only finitely many

generators. Then for someY C X, Y €U  (U+Y)norma 18 a normal precipitous filter.

Proof. Let U and X be as in the statement of the theorem. Assume for simplicity that
Unormar already exists and X decides both ix and jx. We shrink X, if necessary in order
to decide the value of [id]s, i.e. find some set of generators K = Jy < 91 < ... < 0, of the

decided iterated ultrapower and some h : [5]"*' — k, h € K such that

Bl g0y il = 3(R) (B0, s 50).

Shrink X again if necessary in order to decide the finitely many generators of ix. Suppose
for simplicity that X already decides this and 9y, ..., d,, for some m < n are this generators.
Note that if we have more than n generator for iy, then it is possible just to add the missing
ones to the list {4y, ..., 0p).

Also assume that X decides a one to one function f : kK — [k]™! such that

j(f)(li) = <607 a5m>

Let us replace U 4+ X by its isomorphic image h~*"U + X. Denote this precipitous filter over
(k] Tt by W. Then

[H]H+I|PW+ [id]G(W) = (00, ..v, On)-

Consider the projection

W ={A C [ [K]" e G0 o 0m) € §(A)}-
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Then W* is isomorphic to a normal filter as witnessed by f~!. Let pr: [s]"™" — [k]™"! be
the projection function to the first m + 1 coordinates. Then pr projects W onto W*.

Note that for any function g : K — On and any A € W there are A, C A in W+ and
t: [k]™" — On in K such that

AglFw+1(9) (%) = ik (t) (0o, -, Om) = ixc () (P(fo) (K), -, 1 fin) ().

It follows since dy, ..., d,, are all the generators of iy =1 [ K.

We claim now that W* is precipitous. Suppose otherwise. Then there is an €- decreasing
sequence of functions (g;|l < w) mod G, for some generic ultrafilter G C (W*)". Define by
induction for each [ < w a W*-positive set A and a function ¢; € K so that

LA € {(vo, -, vm)|gi(v0) = ti(vo, ., vm) }

2. A e

3. Ar D A

I+1
4 Afy CS{vos o vm)|gi(vo) > gie1(vo)}

Start with go. For each ¢ : [x]™"! — On in K let

Agt = {<V07 "'7Vm> ’ gO(VO) = t(’/07 -'-7Vm)}

and
Age = {{vo, -, V) | go(v0) = t(vo, o vm) }-
Clearly, Ay = pr—1"A;,.

Note that for any two such functions ¢, we have either

{Woy ooy Vi) | 7(V0y ooy Vi) = t (Vs ooy Ui ) } € W

or
{0y eos Um) | (V0 ooy Um) # (V0 ooy V) } € WL

This depends on whether i (7)(dg, ..., ) = ix (t)(do, --., Orn) OF NOL.
Consider now a set ' C K of t’s, t : [k|™™ — On in K, such that

(Age |t €T)
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is a maximal antichain in W™*. Such T exists by the assumption of the claim applied to go.
We argue that
(Ag [t eT)

is also is a maximal antichain but in (W*)*. Thus let B € (W*)*. Consider A = pr~"B.
Then A € WT. So, for some t € T we must have AN Ay, € WT. But then pr’”(AN Ay) €
(W)t and B D pr’"(AN Ao) = pr" AN pr” Ag, = (pr"” A) N Ag,.

Let now t,r € Tt # r. Then

A5, NAS, = {(vo, ooy Um) | 90(0) = (0« Vi) = t(Vy ooy Vi) }-
If A5, NAj, € (W*)*, then
{0y ooy Um) | (V0 ooy Um) = t(Vy ooy V) } € WL

Just since then we must have ix (r)(dg, ., 0m) = 15 (t)(Jo, .-, 0 ). Then, also

pr Vs e V) | (Vs e Um) = (W0, oy Vi) } = {05 e V) | T (V0s oo Vi) =ty ooy Uim) Y € W

So, Ao and Aqg, are the same mod W, which is impossible.
Pick now ty € T such that Ag, € G. Let Aj be Ag, and Ag be Ag,.

Let us turn to the next stage. Consider
7" ={(Vo, .ory Vm) € Aj | 9o(10) > g1(v0) }-
Then Z* € G. Let Z := pr='"Z*. Note that
Z = {{vo, ..., vn) € Ao | go(v0) > g1(10) }-
For each ¢ : [k]™™ — On in K let
AL, = {0, oo, vm) € Z7 | g1(v0) = t(Voy ooy Um) }

and
Alt = {<V07 '-'7Vn> ez | gl(Vo) = t(Vo, ...,Vm)}_

Clearly, Ay; = pr—1" Az,.
Consider now a set T C K of t’s, t : [k|™"! — On in K, such that

(A | t€T)
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is a maximal antichain in W7 below Z. Such T exists by the assumption of the claim applied
to g1 and Z.
We argue that

(A5 [ teT)

is also is a maximal antichain but in (W*)* and below Z*. The argument is exactly as those
for 0.

Pick now t; € T such that A}, € G. Let A} be A}, and A; be Ayy,.

The argument for arbitrary [ > 1 is identical.

Then for each | < w we will have
{{vo, ey V) | (Wimaty ooy Um) € Af}|%w+i(gl)(50, ey Om) = ik (1) (00, -+, Om)

= ik (L) (i(fo)(K), -, i(fm) (K)).

Now, ik (K) is well founded, hence there must be I’ < I < w such that

ik (t0) (80, v ) < i (81) (G0, -evs Ora)-

So, the set
A={{vg,....,vn) € [li]”“ |ty (Vo ooy Um) < t(Voy ooy Um) } € WL

Hence,
A‘}i(W)ﬁ-Z(tl’)((SOv RS 5771) S Z(tl)(éo, ceey (5m)

But the generic embedding ¢ extends ix and AN{(vg, ..., vn)|[{Vo, ..., Vm) € Af} is W-positive.
Contradiction.
O

The next question is how can we guarantee that the number of generators of ix is finite.

The following gives a sufficient condition.

Theorem 4.2 Suppose that there is a precipitous ideal over a cardinal K so that after the
forcing with its positive sets the cardinality of k remains above V. If there is no inner model
in which k is a limit of measurable cardinals and an inner model with a measurable cardinal

in the interval (k,2%], then there must be a normal precipitous ideal as well.

Remark 4.3 Note that 2% may be very large while 2% in the sense of the generic ultrapower
may be just x*. Only one measurable is needed in order to create such situation. This was

done first by J.-P. Levinski [5].
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Proof.

We show that the assumptions of the theorem imply that jx (the restriction of a generic
embedding j to K) must have only finitely many generators. Suppose otherwise. Let G C U™
be generic and assume that jx has infinitely many generators.

By the assumption of the theorem, x is not a limit of measurable cardinals in K. Hence,
Ji is formed by iterating the normal measure over £ (and its images) infinitely many times.
Let

K=Ky < K1 < .... < Kp---

be the critical points of this iteration and x,, = J,., #n. Then j(k) > K. Let K’ = j(K).
Then
M E (K’ is my core model ).

In V[G] pick a sequence (f,|n < w) of functions from x to x , such that for each n < w
fn € K and K, = [fu]c-

Now, by the assumption of the theorem, there are no measurable cardinals in K between
and (2)V. So, the Dodd-Jensen Covering Lemma applies and we can find X € VN*x, | X| <
N; such that X D {f,|n < w}. But, by the assumption of the theorem, we have |x| > ¥ in
V[G], hence | X|V < k. Tt follows now that "X € M and |j"X|™ = |X |V < k. Consider the

set
Y = {i(NHlide)lf € X}
We have Y € M, |Y|M = |7 X|M < |k|. Also,

Y 2 {j(fu)(lidlg)In < w}.

Hence, Y is unbounded in k,,. But s, is a regular cardinal in K’. There are no measurable
cardinals in K’ in the interval [k, k,) (just j(k) > Ky, so if there are such, then x will be
a limit of measurables in K) . Still, in M, k, changed its cofinality to something below
|| > N;. This is impossible by the Dodd-Jensen Covering Lemma. Contradiction.

O

Let us conclude with a bit more general result than those of 4.1.

Theorem 4.4 Let I be a precipitous ideal over a cardinal k and its projection L,orma 10 a

normal ideal exists. Then I,orma 1S precipitous provided the following conditions hold:

1. there exists i* an iterated ultrapower of the core model K such that

klF—;+ the embedding ix =i | K can be completed to i*, i.e. there is k, koix =1i*
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2. there is an I,prmar-increasing sequence of functions (f, | o < &) from k to K such that

Kl (V7 (7 is a generator of ix = (3o < 7 =1(fa)(K))).

3. if for someY € I*

ema 0nd o < 0 we have

7Y | k(i( fa) (k) is a generator of i*,

(where 7 denotes a projection of I to Lormal) then there are Z CY, Z € I

normal and

an ordinal T such that

T2k (i(fa) (R) = 7.

Remark 4.5 1. Note that if 75 has only finitely many generators, then it easy to satisfy
the conditions of the theorem. Just shrink to a positive set deciding the order between

the generators and their values. In this case i* will be ig itself.

2. The meaning of the condition (3) of the theorem is that once k(i(f,)(x)) is forced by
Lhormai 10 be a generator, then it is possible to decide exactly (again using I,ormal)
which generator k(i(f,)(k)) is.

Proof.
Let G C I,

o emar D€ generic and (g,|n < w) € V[G] be a sequence of functions from x to

k each of the functions in V.

Claim 8 Let g : Kk — On be a function in V. Then there are & < ... < £, < ¢ and a
function h : [k]* — k, h € K such that

L Av[gw) =h(fe(v), .. fe,(V)} € G

2. for some Y € G

T Y| VE, 1 < k< nyi(fe,)(k) is a generator of ig.

Proof. Work in V. Let X € I'" . Let G(I) be a generic subset of IT with 77'“X € G(I).
Consider the corresponding j : V. — M ~ VN *V/G(I) and i : V — Muprma =~ V N
SV In“G(D). Let ix =i | K.

Now, find an ordinal 7 with i(g)(x) = 7. There are 0; < ... < d,, < T generators of iy and a
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function b’ : [k]"™ — On, b’ € K such that 7 = ix(h')(d1,...,0,). By the assumption of the
theorem, for each d;,1 < k < n, there is (; such that 6, = i(f,)(~x). Hence

i(9)(k) = 7 = ixg(W)(i(fe)(K), ... i( f, ) (K))-
So, back in V, the set
Vi=Xn{v|gWw)=n({faW), ., fo.()}

. . Jr
15 11 Inormal :

The condition (2) is more delicate. We shall use here the assumption that the sequence

By the density argument, then (i, ..., (,, and h satisfy (1) above.

of functions (f, | & < §) is an I,,ppme-increasing.
It worth to note that the construction of Section 3 (namely the way how the non precipi-
tousness of the normal filter was insured)is based on the “play* with functions f, : kK — &
such that i(f,)(k) = k; for one 7, but it is possible to find an other ¢ and 8 > « with
P(£5)(5) = o and #(£5)(s) < (fa) ().

Let ¢ € {C1, ..., (n}. Suppose that there is a generic G(I) C I with 771“Y” inside, such
that i(f;)(x) is not a generator of ix. Then there are generators of py < ... < py of ix, all
strictly less than i(f¢)(x) and ¢ : [k]' — & in K, such that

i(fo)(r) = ik (t)(pr, ., ).

By the assumption of the theorem, then there are 7, ..., n; such that p, = j(f,,)(k),1 <k <L
The crucial here is that for each k,1 < k <[, we must have 1, < ¢, since i(f,))(r) < i(f,y)(k)
iff n < 1. Also, note that a set witnessing not being a generator (i.e. that there is ¢ as
above) is of the form 7—1“S for some S € I/ .
Now continue similar with f,’s. Since we go down according to indexes of the functions, the
process should stop after finitely many steps. The final &, ..., &, will the finite sequence of

indexes which guaranties that the corresponding functions are generators, i.e.
T Y| VE, 1 < k< nyi(fe,) (k) is a generator of i,

for some Y C Y'Y € G. The desired function h : [k]* — On will be the composition of A’
with t’s defined in the process.
(] of the claim.

Now, for each m < w, repeating the process of 4.1, we pick &1, ..., &, m and hy, sat-

isfying the claim for g,,. Without loss of generality assume that m < m/ implies that

{élma s gnmm} - {Slm/a e gnm/m’}-
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Fix m <w. Let X ={v | gn(v) = hi(fe1,,(V), -0, fen, (V) } € G.
By the condition (3) of the theorem, there are (7, ..., 7, ) generators of i* and Z,, C X, Z,, €
G such that

T L VL < k <y k(i fe, ) (R)) = T

Set
Un={ACIK™ | A€ K, (r,..,mn,) €i"(A)}.

Then U, is a k-complete ultrafilter in K.
Let A € U,,. We claim that then

S = {V € Zm ‘ <f£1m(y)7“'7f§nmm(y)> € A} € Lnormai-

Suppose otherwise. Clearly,
TS VE L S k<, K (i fe) () = T

and
Kl (71, ooy T) € E(1(A)).

Hence, using the elementarity of k, we obtain that

TSIy (i (fer) (), ooy i fe ) () € i(A)-

But, also

7 S|k € ().

Which is impossible together.

Now, in K, there are m < m’ < w such that the following set

{<7717 ""nnm/> € [li]nm/ | hm(nla "'777nm) < hm’(nla "'annm/)}

is in the product of corresponding measures, i.e. in U,,. This implies

v gmv) < g (v)} €G.
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