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Abstract

A model with otp(pcf(a)) = wy + 1 is constructed, for countable set a of regular
cardinals.

1 Preliminary Settings

Let (ko | @ < wq) be an an increasing continuous sequence of singular cardinals of cofinality
w so that for each a < wy, if @ = 0 or « is a successor ordinal, then k, is a limit of an

increasing sequence (K., | n < w) of cardinals such that
(1) Ka,p is strong up to a 2-Mahlo cardinal < kg 41,
(2) Ka,0 > Ka—1-

Fix a sequence (g, | &« < wy, @ = 0 or it is a successor ordinal) of functions from w to w
such that for every «, 8, < [ which are zero or successor ordinals below w; the following
holds

(a) (ga(n) | n < w) is increasing

(b) there is m(«, ) < w such that for every n > m(«, )

ga(n) = 3" ga(m) .

(¢) 9a(0) =1
*The work was partially supported by ISF grant 234/08.




The easiest way is probably to force such a sequence.
Conditions are of the form

(n,{ha|a € I}), where n < w, I is a finite subset of w; and h, : n — w.
The order is defined as follows:

(n,{hala € I}) < (m,{tg|p € J}) if n < m,I C J, for every a < 5, c, f € I, we have
ta|n = hq and if n < k < m then require that t,(k) > > c.cp t5(s).

It is possible to construct such a sequence in ZFC. Pick first a sequence (hq|a < wy) of
functions from w to w such that
(1) (ha(n) | n < w) is non-decreasing and converges to infinity;
(2) if & < B then h, > hg mod finite.

Replace now each h,, by R such that k! (n) = he(n) +n+ 1.

Define g,(n) to be gl (e

Let us argue that it is as required. Let oo < . Pick m(«, ) to be such that for every
n > m(a, 3) we have hi,(n) > hi(n).

Let n > m(a, B). Consider > ... ga(s).

Then o

where the number of powers is A/ (n).

Y gs(s) < (n+1) - gs(n) < (ga(n))* <270 < g(n),

0<s<n
In order to motivate the further construction let us consider first two simple (relatively)
situation. The first will deal with only two cardinals kg and x;, and the second with w-many

of them- (k,, | n < w).

2 Two cardinals

We would like to blow up the powers (or pp) of both kg, ;1 to £{ . Organize this as follows.

tnt2 1y

We have (k1, | n < w). For each n < w fix some regular k1,1, K1ns1 > Kina > Kl

will be the one connected to nfr at the level n of k1. Denote by p; 1 the canonical name of
the indiscernible for k1, i.e. the cardinal corresponding to /431,”: in the one element Prikry
forcing or more precisely in the short extenders forcing of [2].

So the sequence (p1 1 | n < w) will correspond to r;* after the forcing.

Now turn to the 0-level. We have here (kq, | n < w). Instead of a direct connection to ki ™"
let us arrange a connection to elements of the interval [k, k1) and then via (p; 1 | n < w)
it will continue automatically further to x{ ™.

Specify first an interval [k o, ko,0.1] that will correspond to [kd, p1,0.1], for some regular large

enough kg1 < ko1, say a Mahlo or even a measurable (note that there are plenty of such
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cardinals blow g since it is strong). Connection between them will be arranged and p; 4
will correspond to k1. No more cardinals (i.e. those above pg1) will be connected to the
0-level of k.

Turn to the next level of kg. We like to connect 0 and 1- levels of x; to the 1-level of
ko. In order to do this let us reserve two blocks of cardinals [k 1, K0,0,0,1] and [K0,0.1,0, K0,0,1,1]
such that ko001 < K0,0.1,0 < Koz and K001, K0,0.1,0, K0,0,1,1 are large enough (again Mahlo or
measurables). Now,the interval [, p101] will be connected to the first block [xo 1, %0,0,0.1]
and the interval [Pio,h p1.1.1) to the second block [kg 01,0, K0,0.1,1] With p1 1 corresponding to
Ko0,0.0,1 and p1 11 to Ko1,1. No further cardinals from x; will be connected to this level of k.

Continue further in a similar fashion: connect the levels 0, 1,2 of k1 to the 2-level of kg

by specifying three blocks at this level, etc.

3 w—-many cardinals

We would like to blow up the powers (or pp) of all x,,,n < w to k. Organize this as follows.
For each k < w, pick the first block for xj; to be the interval [k o, Kk000], Where K00 1S
large enough cardinal below kj; which is a limit of an increasing sequence of large enough
regular cardinals (ko m; | m < gx(0),] < w) between ky o and Ky 0ws+1, Where gg @ w — w
and each value g(i) will be defined by induction at stage i. We set gx(0) = 1.

Denote by p.0,0, the indiscernible (that will be forced further) for g ,, for every [ € w+1.

Connect the interval [} 1, pm.0.0w) 10 [Kr.00m, Kro0w], for every m, k < m — 1 < w so that

+
m—1

K corresponds t0 K 0,0,m; Pm,0,0, corresponds to K0, for each [, m <1 < w and py, 0,04
corresponds to Ky 0. The obvious commutativity is required.

Turn to the second levels of ki’s. For each £ > 0 we define gx(1) = 1 and make no
connections to m’s above k. For k = 0 set go(1) = 2. Then at the level second level of
Ko, we reserve two blocks (instead of one) [k 1, fk1.0w] a0d [Kr 110, k11w, Where ki1 00 <
Kki10 < K12, Kki1o0w 15 a limit of increasing sequence of large enough regular cardinals
(Kraog | I < w) above ki1 and k11, is a limit of an increasing sequence of large enough
regular cardinals (kg 11, | | < w) above ki1 0.

Then for each m,such that k& < m — 1 < w we connect the interval [k |, pm.o0.] With
[Kk1,0,ms Kk ,00) and [P:JB,O,meJ,O,w] with the second block starting from kj1,1.,. Require
for the first block that ;! ; corresponds to Kg1,0m, Pm.00s corresponds to k10, for each
I,m <l < w and py, 0,00 corresponds to Ky 10.. For the second block let us require that

p:ﬁ) 0w corresponds to Ky 1.1,m, Pm,1,0; corresponds to Ky 1.1, for each [, m <1 < w and py, 1.0



corresponds to K 1.1w-

At third levels of k;’s let us do the following. For each & > 1 gx(2) = 1 and make no
connections to m’s above k.
If k£ =1, then set g;(2) = 2 and proceed exactly as at the second levels with k& = 0 replaced
by k= 1.
If £ = 0 then set ¢go(2) = 4, reserve 4 blocks at the third level of ko and arrange the
connections to this blocks in the similar to that used for k¢ above, covering three levels of
Km's, for m > k.

At the forth levels we do a similar connection only stepping up by one, etc.

It is not hard under the same lines to generalize the above construction from w-many
cardinals to n—many for every countable 7.
A structure suggest below in order to deal with to w;—many cardinals will require drops with

infinite repetitions.

4 w;—many cardinals

We would like to blow up the powers (or pp) of all ko, < w to K .
The first tusk will be to arrange a pcf—structure that will be realized. It requires some work
since we allow only finitely many blocks at each level. Note that in view of [9] one cannot
allow infinitely many blocks at least not under the large cardinals assumptions used here
(below a strong or a little bit more).

Organize the things as follows.
Let n <w and 1 < a < w; be a successor ordinal or &« = 0. We reserve at level n a splitting

into g,(n)-blocks one above another:

<f§a,n,m,i | m < ga(n)ai S w1>7
so that
1. Ra,n < Ra,n,0,0,
2. Kanmi < Kanmi, for every m < gqo(n),i < i <wy,
3. Kammw, < Kanm+1,0, fOr every m < go(n),

4. for every successor ordinal ¢ < wy or if i = 0 let K4 ,m,; be large enough (say a Mahlo

or even measurable),



5. for every limit ¢,0 < i < wy let Kanmi = SUP{Kammi | 7 < i}),
6. Kanmw < Kantl, for every m < go(n).

Further by a < w; we will mean always a successor ordinal or 0.

Let us incorporate indiscernibles that will be generated by extender based forcings into
the blocks as follows. Denote as above the indiscernible for K4 nmi BY Pa.nm.i-
(g1, Pd0.0.w,] Will the first block of a of the level 0 (if v = 0, then let it be [wy, pgo 0., ])-
Then for every m < gq(0) let m—th block of « of the level 0 be [pf5, 1.,.s Pa0.mew,]- The first
block of the level 1 of o will be [p;'g;a(o)_lwl, p;LOM]. In general the first block of the level
n>0of awillbe [pl", 1) 1, Panow] The m-th block (m > 0) of the level n > 0 of
a will be (o810, P |-
Special attention will be devoted to the very last blocks of each level,
L€ 80 [P ()20 Pavonogec(n)—1on )

In the final (after the main forcing) model we will have the following structure. Every
element of the set {x} | @ < # < w;} will be represented at all the levels up to level a. A

countable set with uncountable pcf over a will be the set of indiscernibles

{pl_,n,m,w1 | n < W, m < ga(n)} .

For every successor ordinal 3, a < 8 < wy, each indiscernible pgnmwl (n < w,m < gg(n))

will be in the pcf of this set. Thus, we will have the following:

Pt ({Pamme |7 <w,m < ga(n)}) =
= {Pnmaw, | @ < B <wi,Bis asuccessor ordinal,n < w,m < gg(n)} U {x] }.
Actually for each limit ordinal v, < 7 < wy, the following will hold:
DE ({0 | 1< 0.1 < ga(n)}) =

= {Phnm~ | @< B <7, [ is asuccessor ordinal,n < w,m < gg(n)} U {x]}.

Note that for v < w; the set on the right side of equality is countable.
Let us establish the first connection between the levels and blocks by induction.
Start with a connection of the level 1 to to the level 0.

Consider m(0,1), i.e. the least m < w such that for every n > m we have
go(n) =Y (k) .
k=0
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This is a place from which blocks of the second level fit nicely inside those of the first level.
Let us arrange the connection as follows. Connect the all the blocks of the levels n,n <
m(0,1) of k1 to the blocks of the level m(0,1) of ko moving to the right as much as possible,
ie. if r = go(m(0,1)) — m%l) g1(k), then the first block of ; is connected to the r—th block
of the level m(0,1) of /io,k E[})le second block of k; is connected to r 4+ 1-th block of the level
m(0, 1) of kg etc., the last block of the level m(0, 1) of x; will be connected to the last block
of the level m(0,1) of ko.

Let us deal now with a level @ > 1. Fix an enumeration (o; | i < w) of a (if o < w,
then the construction is the same). Connect blocks from [k,_1, kq| (further refired as of «)
to blocks from [Ka,_1, kao] (further refired as of ag) exactly as above (i.e. k; and ko).

Let us deal now with a;. We would like to have a tree order at least on the very last blocks
of each level. Thus we would not allow a block of o to be connected to two unconnected
blocks of ap and «;. Split into two cases.

Case 1. a; > ap. Let l(ag, 1) be the first level where the connection between aq and
oy starts. Then, by induction, (g, 1) > m(ag, aq). Let I(ap, @) be the first level where
the connection between ag and « starts. By the definition we have [(ag, o) = m(ag, ).
Consider m(ay, «). It is tempting to start the connection between o and oy with the levels
m(aq,a), but we would like to avoid a situation when the last block of a level n of « is
connected to last blocks of levels n of both ay and «y, which are disconnected, i.e. the
connection order is not a tree order. So set (a1, a) = max(l(ag, 1), m(a1,a)). Note that
m(ag, @) = l(ag, ) < l(aq, ), since I(ap, a1) > m(ag, aq).

Also note that there is a commutativity here, and for each n > I(aq, «), blocks of « of levels
< n are connected to the level n of oy and the levels < n of «; are connected to the level n
of ay.

Case 2. a; < «y.

The treatment is similar only now «y is connected to ay. Set
l(ag, o) = max(l(ag, 1), l(ag, a), m(aq, @)).

Continue in the same fashion by induction.

Let us called the established connection automatic connection. Last blocks ordered by
this connection form a tree order by the construction.
It will be shown below (in Lemma 4.4) that there is no w;—branches. Note that we required
that ¢,(0) = 1 for all a’s, and hence first levels fit nicely one with an other. However, the

automatic connection is defined so that if & < o' < w; and for some n < w n-th levels



of @ and o are connected, then for every m,n < m < w, m-th levels of @ and o' are
automatically connected as well. Hence the ability to connect first levels does not imply that
they will be actually connected by the automatic connection.

Let a <wy,n < w and m < g,(n). Set
ao(n,m) ={(a’,n,;m') | & < a, the block m’ of n’ of &
is connected automatically to those of m of n of a}.

Lemma 4.1 Let o < wy,nq,ng < w, my < go(n1),ms < go(ng) and (ng # ny or ny = ny

but my # msy). Then aqg(ni, my) N aq(ng, me) = 0.

Proof. Let (o | k < w) be the enumeration of a which was used in the definition of the
automatic connection. Clearly, the connection to o cannot map different blocks of o to a
same block. Consider a;. If a1 < ap, then be start the connection from « to «a; not before
the level m(ag, aq). For any further 5 < «y, and any level n < w of g to which both «q and
oy are connected, we must to have m(ay, 5) < n and m(aq, 8) < n. Then all the blocks of «
up to (and including) the level n are connected with the blocks of the level n of ay starting
with the most right block of the level n of oy, and then the blocks of oy up to and including
the level n of a; are connected to the level n of § again starting with the most right block of
the level n of 3. So we have a kind of commutativity there. Hence no collisions occur over
a level n of 5.

The same argument works if a; > «q. Just replace oy by a; above.

Suppose now that & > 0 and {ay, ..., ax} provide the empty intersection. Let us argue
that adding ay41 does not change this. Split the set {ay, ..., ax} into two sets {a,, ..., . },
{ey, ..., } such that the members of the first are below ;1 and the members of the
second one are above it. Consider 8 < a1 and a level n of 3 where a potential intersection
can occur once « is connected to ay41. Let {ay,, ..., a;, } be the subset of {«,, ..., a;, } which
consists of all the elements > f3.

Then n > m(ag41, @j,) and n > m(a;,, agq1), for every ¢ < r,p < s. Also we can assume
that n > m(0, apy1). Otherwise there is no connection from a1 to the level n of 5. There
must be some a* € {ay, ..., aq, } U{e, ..., o, } with m(3, a*) < n, since otherwise only a1
will be connected to the level n of 8 and then the intersection will not have elements there.

We deal now with o*, ag.1, 8 and n exactly as above.
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Note that many blocks remain unconnected. If no further connection will be made, then
the following will occur. Unconnected blocks of an o < w; will correspond to 1. By [8] we
will have here always max(pcf(kf | o < §)) = &j, for every 8 < wi, due to the initial large
cardinal assumptions. So, eventually there will be 5 < w; such that all blocks of all a < 3
will correspond to Ii;. It is clearly bad for our purpose.

We would like to extend the automatic connection such that for every «, if p and n are
the last members of different blocks for « (it does not matter if levels are the same or not),
then b,+ # b,+. A problematic for us situation is once a connection was established in a
way that for some a < w; there are two different blocks for a that are connected to same
blocks for unboundedly many levels below «. A problem will be then with a chain condition
over . Note that by Localization Property (see [12] or [1]) once pcf of a countable set is
uncountable, there will be countable sets which correspond to cardinals much above their
sup. Our construction uses only finitely many blocks at each level. If the connection is not
built properly, then some countable set of blocks that should be connected with N;—many
may turn to be connected with a single block of some o < w; which will spoil everything.

Let us do the following. We force using a c.c.c. forcing a new connection based on the

automatic connection.

Definition 4.2 Let () be a set consisting of all pairs of finite functions ¢, p such that
1. dom(p) C [w1]?,

2. l(a, B) < p(a, B) < w, for every a < (3 in the domain of p.
Intuitively, p(«, 5) will specify the place from which the automatic connection between

a and [ will step into the play.
3. dom(q) Cwy X (w x w),
4. q(a,n,m) is a finite subset of & X w x w such that

(a) if (B,r,s) € g(a,n,m), then s < gz(r).
This will mean that s-th block of the level r of 8 is connected to m-th block of

the level n of «a.
(b) (a, ) € dom(p) iff & < f and «, 8 € dom(dom(q)).

(c) If (8,1, s) € qgla,n,m), then (8,7, gs(r) — 1) € q(a,n’,m'), for some n',m’ < w.
Note that in the automatic connection last blocks of [ if connected then are

connected to last blocks.



(d) If (8,7, s) € gla,n,m) and (3,7, s) is automatically connected to some block m’
of alevel n’ of a and p(, @) < n, then n =n’ and m = m’. L.e. we do not change

the automatic connection above p(f, ). Note that then we must have n <r.

(e) If (B,r,s) € q(a,n,m), (B',r', &) € q(’,n',m’) and ' > r then for some s” (and
then also for s = gs(r') — 1) (8,7, s") € q(a,n,m).
This condition basically requires that the last connected level is same in each

component of dom(q).

(f) If (B,7,s) € q(a,n,m), (a,n,m) € q(/,n';m'), then (B, r,s) € q(a/,n',m’).

This just the transitivity of the connection.

() If B < a<d, (B,rs) € qlayn,m), (a,n,m) is automatically connected with
(o/;n';m'), (¢/,n';m’) € dom(q) and p(c, ') < n, then (B,r,s) € q(a/,n',m’), or

(B,r,s) is automatically connected with (a/,n’;m’) and p(5,a/) <.

(h) If 8 < a < o, (B,r,s) € q(c/,n',m'), (a,n,m) is automatically connected with
(o/;n';m'), (a,n,m) € dom(q) and p(«a,a’) < n, then (5,7,s) € q(a,n,m).

(i) If (B,r,s) € g(a,n,m), then r < n (i.e. we connect to higher levels) unless (3, r, s)
is automatically connected to (a,n,m) and p(f, @) < n(in which case r > n).
This condition is helpful in the chain condition argument. It allows not to mix

automatically connected elements with the rest.
The next two conditions insure a closure of ¢ under connections.

(G) If (o/,n',m'), (a,n,m) € dom(q) and a > &, then (¢/,n',m’) € q(a,n*, m*) for
some n*,m* < w.

(k) If (o, n',m), (o, n,m) € dom(q),(B,7,s) € q(a/,n',m) and B < a, then (5, r,s) €
q(a,n*,m*) for some n*, m* < w.
In particular, if § < a < o' and s-th block of a level r of £ is connected (by ¢) to

o/, then it is connected to o and we have the commutativity here.

5. Let n = max(p(«, B) | (o, B) € dom(p)). Then, for every o < 8 in the domain of p, all

blocks of « of levels < n are connected to blocks of 3 in gq.

6. If (o/,n',m'), (a,n,m) € dom(q),0 < a, (', n',m'), (v, n, m) are automatically con-
nected and n’ > p(a/;«) (i.e. they remain connected), then for every (5, r,s) with
b <«

(a) if (B,r,s) € q(a,n,m), then (B,r,s) € q(a/,n’,m’);



(b) if (8,7, s) € q(a/,n',m’), then (8,7, s) € q(a,n”, m"), for some n”, m"” < w such
that (a/,n',m'), (a,n”,m") are automatically connected (and since n’ > p(c/, @)

they remain connected).

Let us define the order on Q).
Definition 4.3 Let (g1, p1), (g2, p2) € Q. Set (q1, p1) > (g2, po2) iff

1. p1 2 po,

2. dom(q1) 2 dom(gg),
3. for every (a,n,m) € dom(qz) we have ¢(c,n,m) = q¢1 (o, n, m).

Let us give a bit more intuition behind the definition of @) and explain the reason of
adding p instead of just using the function [ of the automatic connection.
The point is to prevent a situation like this: let v < 8 < «a, a,y € dom(dom(q)), 8 &
dom(dom(q)) and we like to add it, for some ¢ € Q). Suppose that [(v,a) =n < (5, «) and
the level n of ~ is connected automatically in ¢ to all the blocks of @ up to and including
the level n. We need to add S. In order to do this the level n of v should be connected to
B. Then, due to the commutativity, the established connection is continued to « to the level
n or below. One may try to use blocks of 8 of the level n and below for this purpose, but
the total number of such blocks may be less than the number of blocks of the level n of ~,
i.e. of g4(n). So some non connected automatically to a blocks of higher levels of 5 should
be used. There may be no such blocks at all or even if there are still this may conflict with
automatic connections of bigger than « ordinals in the domain of q.
Once we have p, it is possible just to "fix” the automatic connection setting p(/, «) (i.e. the
point from which the automatic connection starts actually to work) higher enough.
Requirement (5) of 4.2 is needed in order deal with a situation once ( as above is already in

q and so p(7, ), p(5, ) are already determined.

Lemma 4.4 () satisfies c.c.c.

Proof. Note that the automatic connection between last blocks of levels is a tree order.

Let us argue that there is no N;—branches. Suppose otherwise. Let ({(c;,n;) | i < wy) be a
sequence such that for every i < i’ < wy, the last block of the level n; of a; is connected
automatically to the last block of the level n; of a;. By the definition of this connection

then n; = ny for every i < i’ < w;. Let n = n;. Also, by the same definition, m(a;, ;) <
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l(cv;, i) < m. Then for each k > n the number of blocks of the level k of v (and actually
of all the levels < k) is less or equal than those of the level k of a;. Then there are some
i(k) < wy and n(k) < w such that for every ¢ > i(k) the number of blocks of the level k of
a; is n(k). Set * = sup{i(k) | n < k <w}. Then for every i,i* < i < wy,k > n we will have
that the number of blocks of the level £ of «; is the same as those of the level k of «;«. But
this impossible, since the function g,,. dominates g,,.

Suppose that ((g;, pi) | ¢ < wy) is a sequence of w; elements of Q). Let us concentrate on
¢;’s. Set b; = dom(dom(g;)) Udom dom(rng(g;) (i.e. the finite sequence of ordinals of dom(g;)
and of its range). Form a A-system. Suppose that (b; | i < w;) is already a A-system and
let b* be its kernel. Assume also that ¢;’s are isomorphic over w Usup(b*). Consider now the

set consisting of the last blocks (both of the domain and of the range of ¢;):

¢ = {{a,n,g9a(n) — 1) | (@, n, ga(n) — 1) € dom(q;) Urng(g;) and o & b*}.

Clearly ¢; N¢y = 0, for every i # i. Then, by the argument of Baumgartner, Malitz,
Reinhardt, see [10], Lemma 16.18, there are i # ¢’ such that any x € ¢; is incompatible (in
our context are not connected automatically) with any y € ¢y .
We claim that ¢;, gy are compatible. First let us argue that no two elements (3;,r;,s;) in
the domain or range of ¢;, 8; ¢ b* and (B;,7;,s;) in the domain or range of g;, 5; & b* are
connected automatically. Suppose otherwise. Let, for example, 3; < ;. Then r; < r;
and (B}, 74, gp,(r;) — 1) is automatically connected to (f;, 74, gg,(7:) — 1), by the definition of
the automatic connection. Note that (3;,7;, gs,(r;) — 1) must appear in g; (in its domain
or range) since the level ; must appear in ¢; as it appears in ¢; and they are isomorphic,
and once a level appears then there must be the last block of this level as well. Hence
(Bj, iy gp,(1:) — 1) € ¢;. But (B, 74, gs,(r;) — 1) € ¢; and they are compatible. Contradiction.
Now form a condition extending both ¢; and ¢; by connecting their isomorphic parts.
OJ

Let GG be a generic subset of ). It naturally defines a connection between blocks. Namely
we connect s-th block of a level r of § with m-th block of a level n of « iff for some (¢, p) € G,
(B,1,s) € qla,n,m). Let us call further the part of this connection that is not the automatic
connection by manual connection .

Denote for a,n < w,m < go(m),aq < ag < wy,
connect(a,n,m) = {(B,n1,m1) | Aq,p) € G (B,n1,m1) € g(a,n,m)}, or (B,n1,m1)
is automatically connected to (a,n,m) and p(5, ) < ny},
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connect(ay, az) = {(ny, m1), (ne, ms)) | (a1, n1,m1) € connect(as, ny,ms)},
aconnect(ay, ag) = {(n1,m1), (na, ma)) € connect(aq, az) | (a1, n1, my), (e, na, ms)
are automatically connected and for some (g, p) € G we have p(ay, as) < ny}.
meconnect(ay, ay) = connect(ay, ag) \ aconnect(aq, az).

Let us refer further to elements of mconnect(ay, az) connected by the manual connection .

Lemma 4.5 Suppose that (B,1,s) is a block of 5 and o > B. Then for some n,m < w we

have (8,1, s) € connect(a,n,m).

Proof. Let (q,p) € Q. We will construct a stronger condition (¢*, p*) with (a,n,m) €
dom(q¢*) and (5,7, s) € ¢*(a,n,m), or p*(B,a) < r and (5, r,s) is automatically connected
with (a,n, m), for some n,m < w.

If (5, r,s) is automatically connected with (v, n, m), for some n,m < w and (5, «) & dom(p)
or (f,a) € dom(p), p(B,a) < r, then just set p*(5,a) = r or p*(B,a) = p(B, a), if defined
and we are done.

Suppose now that the above is not the case.

If both «, 6 € dom(dom(q)), then just apply (5) of 4.2 in order to produce ¢*. Suppose that
a € dom(dom(q)), if not then we add first o exactly in the fashion in which g will be added
below.

Let us add (5. Pick v to be the largest element of dom(dom(g)) below § and assume that «
is the first element of dom(dom(g)) above § (if not just replace a by such element extend
and use transitivity).

We set p(, ) to be the same as p(f,«) and be at least max(p(~y, «), (v, 3),l(5,«). This
will leave enough room in order to insure the commutativity between =, 5, a.

0

Lemma 4.6 Letf < a <o <wy,r,s,n,m’ <w. Suppose that (5,7, s) € connect(a’,n',m').

Then, for somen,m < w, with (o, n, m) € aconnect(c,n’,;m’) we have (f3,r, s) € connect(a,n, m).

Proof. This follows from 4.2(4h) by the density argument. Thus if for some (g, p) € G we
have (3,7,s) € q(a/,n',m'), then once n > p(a, ') 4.2(4h) implies (5,r, s) € q(a, n,m), for
some m < ¢,(n) such that (o, n,m) is automatically connected with (a/,n’, m’).

If (B, r, s) is automatically connected with (o/, n’,m’), then by the density argument one can
find a desired (o, n, m).

O
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Lemma 4.7 The connection defined with G has no wy—branches.

Proof. Suppose otherwise. Let (a;,n;,m;) | i < w; be an wy—branch, ie. (a;,n;,m;) €
connect(c, n;, m;), for every i < j < wy. Assume without loss of generality that c; > 4, for
every ¢ < wy. Let ¢; € G be such that («;,n;,m;) € dom(g;). Then g¢;(a;,n;, m;) is finite.
Spit it into ¢? and ¢} such that ¢ = ¢; N4 and ¢} = ¢ \ 7. Shrink to a stationary S C w;
stabilizing ¢{’s. Then for every i < j < wy, {a;,n;, m;) will be connected automatically with

(aj,nj,m;). So we have an w; chain under the automatic connection, which is impossible.
O

Lemma 4.8 For every a < wy, n,n’ < w and m < go(n),m' < go(n’). connect(a,n,m) N

connect(a,n’,;m') is bounded in o, unlessn =n’ and m =m'.

Proof. Note that the automatic connection has this property (even we have disjoint sets by
4.1). The additions made (if at all) are finite.
OJ

In order to realize the defined above connection there is a need in dropping cofinalities
technics. Thus, for example, for some « the very first block of @ may be connected (by the
manual connection) to the last block of a level n > 0 of & + 1. So in order to accommodate
all the blocks of levels < n of a + 1 on and below the very first block of a there is a need
to drop down below a. Note that on a — 1 there is enough places to which such blocks are
connected automatically, just starting with a higher enough level of o — 1.

In this respect o = 0 should be treated separately, since a — 1 does not exist and so
no place to drop. Let us just assume that all blocks of 0 are connected to blocks of 1
automatically. This can be achieved easily by changing gg, g; a bit in order to fit together

nicely. In addition do not allow to use blocks of 0 in the forcing ) above.
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5 The preparation forcing.

We would like to use a generic set for the forcing P’ of Chapter 3 (Preserving Strong Car-
dinals) of [6] in order to supply models for the main forcing defined further. Some degree
of strongness of K, , will be needed as well, for every successor or zero ordinal o < w; and
n < w.

Two ways were described in Chapter 3 of [6]. Either can be applied for our purpose.

The first one is as follows.

Assume that for some regular cardinal 6 the following set is stationary:
S ={v < 0| v is a superstrong with the target d(i.e. thereisi:V — M, crit(i) = v

and M D Vp)}.

Return to the definition of ,’s and k. ;’s. Let us choose them by induction such that

all k4 's are from S. Suppose that (k. | k¥ < w) is defined. Then r, = {J,_, £y Let &,
be the next element of S. Pick x,41 to an element of S above k.
Force with P’(#) with a smallest size of models say Ng. Then, by Lemma 3.0.23 of Chapter 3
(Preserving Strong Cardinals) of [6], each 4, will remain #,-strong (and even j; —strong).
Moreover, P’(k,) is a nice subforcing of P’(#) by Lemma 3.0.18 of Chapter 3 (Preserving
Strong Cardinals) of [6], since Vi, =< Vj due to the choice of &, in S.

An other way, which uses initial assumptions below 0¥, is as follows.

Let # be a 2-Mahlo cardinal and k < 6 be a strong up to # cardinal. Pick d,x < 6 < 0
a Mahlo cardinal such that V5 <y, V4. By Lemma 3.0.15 of Chapter 3 (Preserving Strong
Cardinals) of [6] or just directly, there will unboundedly many cardinals n < x with §, < &
such that the function n + 4, represents § and V5 <sx, Vp. Then, by Lemma 3.0.18 of
Chapter 3 of [6], P’(d,) is a nice subforcing of P’(#).

Denote by S the set of all such 7’s.

Force now with P’(0). Let G’ be a generic. By Lemma 3.0.24 of Chapter 3 of [6], embeddings
wich witness d-strongness of x for large enough §’s below 0 extend in V[G']. Then, below x
in V[G'], we will have unboundedly many 7’s which are strong up to d, for which Vj [G" N
Vs,] <5, Vo[G'], since every 1 € S is like this.

Now we define by induction ks, k,’s and &,’s using this ’s and d,’s.

Thus, suppose that (k. | & < w) is defined. Then x, = (J,_, k- Let &y = 9§, for some
such n > k.. Pick k410 to be the first n € S above &, and k41,1 to be the first n € S above
J

rys1.00 CLC.
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6 Types of Models

Force with P’. Let G’ C P’ be a generic subset. Work in V[G']. For each successor or zero

ordinal @ < w; and n < w let us fix a (kan, K, " — extender E,,, i.e. an extender

g (m)—Lor)
with the critical point s, which ultrapower contains Vna,n,ga (n)— 10y +2-
An alternative approach will be instead of using a single extender for a level n of «, to use a
separate extender E, ,, for every block k < g,(n). The choice of k,,,’s should be changed
then slightly in order to insure strongness of kg k0, for each k < g,(n).

Also, using GCH (we assume GCH in V' and then it will holds in V[G'] as well), fix an
enumeration (z. | v < Kan) Of [Kan) <" so that for every successor cardinal § < K, the
initial segment (z., | v < &) enumerates [§]<° and every element of [§]<° appears stationary
many times in each cofinality < ¢ in the enumeration. Let jon((zy | ¥ < Kan)) = (x4 | ¥ <
Jan(Kan)), Where jq, is a canonical embedding of E,,. Then (z, | v < K’Z,Z,ga(n)fl,wJ will
enumerate [Hz’:,ga(n)fl’wl]S“:’"vgaw—lvwl.

For every k < w, we consider a structure

Qloz,n,k - <H(X+k)7 67 ga S; Eom; Kamn H:,n,ga(n)fl,wﬁ </€O¢,n,m,’i ’ m < ga(n)72 S U)1>, X7

++
;N ga (TL)— 17"-}1

07]‘7"'76?"'|5</€(—;—7{:’>

in an appropriate language which we denote L, ,, 1, with a large enough regular cardinal .

(Ty | v <k ), G0, (Kpm | B < wi is a successor ordinal or zero ,m < w),

Note that we have G’ inside, so suitable structures may be chosen inside G’ or G' NP (Kan)-

Let L/, be the expansion of L, by adding a new constant ¢’. For a € H(x*") of
+

cardinality less or equal than x_ go(n) 11

let ™Ay nkq be the expansion of 2, ,, obtained
by interpreting ¢’ as a.

Let a,b € H(x™) be two sets of cardinality less or equal than ' Denote

a,n,Ju (n) —1,W1 :

by tpank(b) the L, ., x-type realized by b in A, . Further we identify it with the ordinal

coding it and refer to it as the k-type of b. Let tp,,x(a,b) be a the £ , .-type realized by

a,n,k

bin A, k. Note that coding a,b by ordinals we can transform this to the ordinal types of

2].

Now, repeating the usual arguments we obtain the following:
Lemma 6.1 (a) [{tpans(b) | b€ H()} = riht
(b) {tPann(a,b) | a,b € H(x™ )} = slitt
Lemma 6.2 Let A < A, i1 and |A| > kY Then the following holds:
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(a) for every a,b € H(x™) there c,d € AN H(x**) with tpanx(a,b) = tpank(c,d)

(b) for every a € A and b € H(x™) there is d € AN H(x™) so that tpanx(a N H(x™),
b)=tpanrlanNH(x™), d).

Lemma 6.3 Suppose that A < Uy i1, |Al > kI Let 7 be a cardinal in the interval

[Kan, K F those k + 1-type is realized unboundedly often below r™ Then

N, Go (n)flvwl] O‘vnnga(n)*]-vwl ’

there are 7' < 7 and A" < AN H(x™) such that 7', A’ € A and (7', A’) and (7, AN H(x™*))
realize the same tpy k. Moreover, if |A| € A, then we can find such A" of cardinality |A|.

Lemma 6.4 Suppose that A < g1, |Al > £ B < Aynk, and C € P(B)N AN
H(x**). Then there is D so that

(a) De A
(b) CC D

(c) D<= ANH(X*™) < H(x*").
(d) tPani(C, B) = tpani(C, D).

The next definition is analogous to those of [?] which in turn is similar to those of [2], but
deals with cardinals rather than ordinals. The first two cases are added here for notational
simplicity.

Definition 6.5 Let k < n and v = k1T for some 3 < /i;“j; () —Lon The cardinal v is

called k-good iff v = k" (ie. B=n+1)orv =34, (i.e.f = k™) or the following holds
(1) B is a limit ordinal of cofinality at least k51

(2) for every v < B8 tpank(7,B) is realized unboundedly many times in /@jﬁ” or equiva-
+

lently tpa,, (k171! v) is realized unboundedly many times in g (m)— Lot

v is called good iff for some £k <n v is k-good.

The following lemma was proved in [2] in context of ordinals, but is true easily for

cardinals as well.

Lemma 6.6 Suppose that a cardinal v = kP is k-good for some k,0 < k < n and

B,n+1< B < k™2 Then there are arbitrary large k — 1- good cardinals below k;°.
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7 The Main Forcing.

Suitable structures and suitable generic structures are defined similar to those in Sections

1.2 or 2.4 of [6].

We would like to define the main forcing P. Let us split the definition into w-many

steps. First we define pure conditions Py, at the next step P; will be the set of all one step

non direct extensions of elements of Py, then Py will be the set of all one step non direct

extensions of elements of Py, etc. Finally P will be J, _, Pn.

Definition 7.1 The set Py consists of all sequences

such that

(Pa | @ < wy and (o = 0 or « is a successor ordinal ))

I.po = (Pap | @ < B < wy is asuccessor ordinal ) and for all n < w,a < f <

wy is a successor ordinal the following hold:

(a) Pap = (Paps | © € connect(a, B)), where for every = € connect(a, ) we have

Papr = (Gape, Aoz, fape) 1S such that:

i. if z € aconnect(a, B), x = ((k1,n1), (k2,n2)), for some ki, ka, n1, 19 < w, then

A.

B.

dom(anpy) is a suitable generic structure for G(P’) N Vi, where kg > kg

Py
was defined in Section 5.

oy 1s an homomorphism between a generic suitable structure dom(aqg,)
from the the interval [x5_,, #3,,] and those at the level of n; of a.

We require that for every X,Y € dom(aqgs,),

Uapr(X) = aap(Y) it XNkg,, =Y NKgyp,. Moreover the function a’ on
{X NV, | X €dom(ass:)} defined by a'(X NV,

Kp,mq
1

) = Gapz(X) is an
isomorphism.
Recall that once automatic connection acts between « and S, then ny <
ny.

Actually the domain of a,p, may be rather a name in the part of the
forcing above k,. Namely it may depend on Prikry sequences for g up

to the level ny of 5. So together (anp, | * € connect(w, 8)) may depend

!The reason for using taller models than just those in V;

s, (and aqp, instead of a’) is that below, in

the proof of the Prikry condition, such taller models are used essentially.
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on full Prikry sequences of 3, i.e. on the forcing P \ kg. This is needed
in order to prove the Prikry condition of our forcing. However conditions

are in V' and this is used in the chain condition argument below.

C. @ape(rj_y) is f-th measurable (or -th Mahlo) of the block &, of the level
ny of a.
[.e. connections for 3 always start leaving the first S-places over a un-
touched. This is needed for commutativity of connections. Thus, say
that we have also v > . Then /-ij_l will correspond to y-th measur-
able of blocks over 8 and over a. a,p, Will move then the indiscernible
corresponding to y-th measurable of blocks over 3 to y-th measurable of
blocks over a.

D. |aapz] < Ko

E. A, . is the set of measure one for E,,, ,, for some n which is above (in
the order of the extender E, ,,) ? of max(rng(aas.))-
Note that A, , does not depend on f3, i.e. we have the same set of measure
one for each . Further let us denote this n by mc(a, x) ( the maximal
coordinate of a, x).
We require that A, , does not depend on (k, 3, na, k2) and depends only
on «,ny.

F. faps is a partial function from kg, to K, of cardinality at most kg_;.

ii. If € mconnect(a, B), x = ((k1,n1), (k2,n2)), for some ki, ko, n1,n0 < w,
then the following holds

A. dom(aap,) is a suitable generic structure for G(P’) N Vz,, where kg > kg

Pr
was defined in Section 5.

B. anp, is an homomorphism between a generic suitable structure dom(a,ss)
from the the interval [w}_,, Kgn,] and those at the block k; of the level
ny of a. A drop will occur here to some o' < «.

We require that for every X,Y € dom(aqgs,),

Aapz(X) = aap(Y) iff X Nkp,, =Y NKgp,. Moreover the function a’ on
{X NV, | X €dom(ams,)} defined by a'(X NV, ) = dap.(X) is an
isomorphism.

Again the domain of a,s, may be rather a name in the part of the forcing

2Once using an alternative approach there will be Eony ki and Eq n, k, instead of Eq p, 5 and Ey p, .
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above k.. Namely it may depend on Prikry sequences for § up to the

level ny of f.

C. @ape(rj_y) is f-th measurable (or -th Mahlo) of the block &, of the level

ny of a.

D. |aapz] < Ko

E. A, . is the set of measure one for E,,, ,, for some n which is above (in
the order of the extender E, ,,) of max(rng(ans:)) (see the footnote).
We require that A, , depends only on a,n;.

Further let us denote this n by me(a, ) ( the maximal coordinate of «, x).

F. faps s a partial function from kg, to K, of cardinality at most kg_;.

(b) (Commutativity of connections) Let (3,7 be successor ordinals, o < f < v < w;
and n < w. Assume that k,-th block of n,-th level of o is connected to ks-th
block of a level ng of 3 and to k,-th block of a level n, of 7. Suppose that in
addition that kg-th block of a level ng of 8 and k,-th block of a level n,, of v are
connected.

Then for each Z € dom(@ay((kana),(ky.ny))) We have Z € dom(agy(ksmns),(ksiny)))

and
Gary((kana),(kyne)) (Z) = Qab((kana),(kpmp)) (@ (ks ma) (ksme)) (Z£))

where Z is a name of the indiscernible corresponding to Z.

2. We need to deal here simultaneously with w—many levels for every interval (kq, Kat1),
a < w.
Fix o < w;. We will allow to use names for models of the interval [kq, kot1]. Still
all the models involved will be in G’ = G’(P’) the generic subset of the preparation

forcing P’. Names will be of a very particular form as described below.

Start with a description of such names for the first level.

There will be a model M € G(P’) of cardinality #4410 in the domain of the assignment
function and an e-increasing continuous sequence (M, | 7 < Kat1,0,7 is a cardinal )
such that |M,| =n, M, € M NG(P’) and M, is on the central piste (line) according
to M.

For every n in the set of measure one, i.e. in A, o, M, will appear in the domain once
1 was added.

In addition there is a sequence (B, | 7 < Kay10,7 is a cardinal ) such that
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(a) Bn is a suitable generic structure consisting of models of cardinalities < 7.
Let B, denotes the top model of Bn'

(b) |By| = 4,

(c) B,NM, = ByN My, moreover Bm Bn’ realize the same type over their intersection

and they consist of models of same sizes, for every 1’ < kq41,0,7 is a cardinal .

The intuition behind this is that once 7 is added, then also Bn is.

Require that By is in the domain of the assignment function. Also require that the

largest model of the domain, call it B, is so that

(a) [B| = s,

(b) (M, | 7 < Kat1,0,n is a cardinal ) € B.
Note that M € B just due to the maximality of B.

(c) (B, | 7 < Kat10,7 is a cardinal ) € B,
(d) min(Aa) > sup(B Nkayp)-

Describe now names which depend on two levels, i.e. Kqt10,Ka+1,1- A general case
deals with finitely many levels. It repeats the setting below only with a bit more
complicated notation.
As before, we will have a model M € G(P’) of cardinality k,41,0 in the domain of the
assignment function and an €-increasing continuous sequence
(M, | 1 < Kat1,0,7 1s a cardinal ) such that |M,| =n, M, € M NG(P’) and M, is on
the central piste (line) according to M. In addition require that there are sequences
(Myy | 1 < Ka41,0,m is a cardinal ), (M, ¢ | £ < Kq41,1,& s a cardinal ) such that
(a) (Mi, | n < Kat1,0,7 is a cardinal ) is an €-increasing continuous,
(
(c
(d) (Mye | € < Kat11,€ is a cardinal ) is an €-increasing continuous, for each 7, and

such that |M, | =&, M, € My, N G(P’) and M, is on the central piste (line)

according to My ,,.

)

b) |Mi,| = Kat1,1, for every n,
) M1 € Myyq, and M, 11 is on the central piste according to M, .1, for every 7.
)

For every (n,§) € Ano X Aai, My, My, and M, ¢ will appear in the domain once (7, )
was added.
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In addition there is a sequence (Bmg | 7 < Kat1,0,€ < Kat11,7, & are cardinals ) such

that for every cardinal n < k4410 the following hold:

(a) Bn,é is a suitable generic structure consisting of models of cardinalities < &.
Let B, ¢ denotes the top model of ang.

(b) [Bnel = g,

(c) BpeNM,e = B,oNM,q, moreover By, Bm&’ realize the same type over their inter-

section and they consist of models of same sizes, for every ' < ko411, is a cardinal .

Require that the sequence <Bn,0 | 7 < Kat10,7 is a cardinal ) have the properties of

the sequence <Bn | 1 < Ka+1,0,7 is a cardinal ) above.

Require that 3070 is in the domain of the assignment function. Also require that the

largest model of the domain, call it B, is so that

(a) [B| = rg,

(b) (M, | n < Ka+1,0,7 is a cardinal ) € B.
Note that M € B just due to the maximality of B.

(c) (Miy | m < Kat1,0,n is a cardinal ), (M, ¢ | £ < Kay1,1,7,§ are cardinals ) € B.

min(Aa, o) > sup(B N Kayo),

)
(d) (Bye | 1< Kat10,€ < Kag10,7,€ are cardinals ) € B,
e)

)

(
(f) min(Aay1) > sup(B N ka1)-

. Let B < wy. Lot of indiscernibles are added between xz and kgi;. Consider for
example a level n < w level of kgy1. The number of possibilities (the cardinality of the
corresponding set of measure one) is above kg, however sizes of suitable structures of
further levels of kgyq is < kg (even if there is no drops in cofinalities).

So in order to show the Prikry condition of the forcing names of models which depend
on choices of members of relevant measure one sets should be used.

Here a model A of suitable structure of a level m > n is allowed to be a name A which
depends on a choice of a sequence (1, | £ < n) of elements of measure one sets over
levels k < n. So the actual model A (in V') will be the interpretation A[(ny. | k¥ < n)].
Let us organize this as follows:

if A is a name as above which is in a suitable structure, then we require that a least

model D (all of them are from the generic structure) of cardinality kg, with A € D
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appears there. In addition require that also a models B with A, D € B, |B| = /{E all
along the piste leading to D are there.

. We describe here situations in which dropping in cofinalities occurs and state the related
requirements. All connections from ordinals v, +1 < v < w; to ordinals below o+ 1
are replaced by connections to a + 1 (which are very closed) and from « + 1 down.
We split into two cases according to « being a successor or limit.

Case 1. « is a limit ordinal.

Fix then in advance a cofinal in « sequence («; | i < w). Denote p(a;, ) by n;. An
isomorphism between suitable structures will move one over first ng levels over a + 1
to those over the level ng of g (aconection). There may be in addition blocks over
levels < ng of agy connected manually to blocks of the first ng levels of a + 1. We keep
such connections. Note that this may result in moving models of different cardinalities
into models of a same cardinality (still 7 € ”-relation is preserved).

In general if £ < w, then an isomorphism between suitable structures will move one
over first ny levels over a + 1 to those over the level ny of oy (aconection). There may
be in addition blocks over levels < ny of oy connected manually to blocks of the first
ny levels of a4+ 1. We keep such connections.

The rest of connections,i.e. connections of a with §’s below «y, or f € (o, agy1) will
obtained using the commutativity. Thus, in order to get to 5 € (ag, axi1), let us go
down to ayq first using aconnect and then continue from ay,q to 3.

Note that by 4.2(41) aconnected elements cannot mix with the rest. Namely, if a block
m of a level n of o+ 1 is connected manually to a block s of a level r of 8, then n > r
and so (a+ 1,n,m) cannot be connected automatically to the level r of fy.

Case 2. a =7+ 1.

In this case send all connections which go from a + 1 down, first to 7 + 1 and then

from 7 + 1 further down.

Suppose now that (a+1,nq,my), (a4 1,n9, my) are both connected to (3, r, s) at same
stage n < w (i.e. once a level n and levels below of a + 1 are considered, in particular
ni,ny < n), where = (i, for some k < w in Case 1, or § = 7+ 1 in Case 2. Then
this connections should be both manual by 4.2(4i), since the automatic connection
cannot connect two different blocks for o + 1 to same block down, so at least one of
the blocks is connected manually and then 7 is below the level of this block which is at
most n. Recall that automatic connection in this case connects between first n-levels

of a+ 1 and the level n of 8. We have r < n, hence the connection to the level r here
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can be only the manual one.
mi po:

Let us describe the dropping in cofinality that occurs here. Note that there may be
infinitely many blocks of + 1 connected to the block (3,7, s). At most one of them is
a~connected to (3,7, s). Organize the dropping in cofinalities as follows. Denote by X
the set of blocks of a + 1 connected to the block (/,r,s). Let (z; | i < j < w) be the
listing of X increasing in the lexicographical order. Let z; = (a + 1,n;,m;). Assume
that xq is a-connected to (3, r,s) (if a-connected block exists). Consider xq, provided
that there is a-connected block, otherwise replace x; by xg.

We let the block 2 to correspond to (53,7, s) and the blocks below it (i.e. (o +1,n,m)
with n = n; and m < m;, or n < n;) to drop below [ to places which are a-connected
to (a+1,ny,m;—1),if my > 0, or with (a+1,n7—1, gar1(n1 —1)—1), if my = 0. Note
that w—many possibilities for a drop in cofinality are allowed here. Use splitting into
intervals in order to incorporate drops to different levels below . It is similar to what
was done Section 4 of [6]. Such setting allows us to gain a closure once a non-direct
extension is made at some 7y below . Just the only drops that remain really active
are those to points above 7.

Continue in the same fashion with every ¢ > 1.

Denote this last block before z; by 7. On z; and the blocks below the isomorphism
between suitable structures will respect cardinalities, but not on z; itself. Thus there
may be models from z; (j > i) with images having same cardinalities as those from
x;. Still €-relation is preserved. The thing that prevents cardinals collapses (and
actually insures the right chain condition) is the requirement that any model Z (from
the domain of an isomorphism) is connected starting from a certain level only by an
a-connection. Note that once we have models Y € Z, |Y| > |Z] and Z’ € Y need to
be added, where Z, Z', Y are of A-system type, then we can go to a level from which
both Z,Y are a-connected. At this level and above the difference in cardinalities of
Y, Z is respected. So it is possible to find the image for Z’ inside the image of Y over
the image of Z NY, since the image of Z NY has cardinality of the image of Z and so

is bounded in the image of Y.

Let us explain splitting into intervals a bit more. Suppose that some cardinality n over
a+1 drops down below 3 to cardinalities (ng | K < w), ngr < Ngr+1 and (Jy., mae = kp-
Now, given a maximal model A" in the domain of the assignment function (denote it

by a). We consider its piste (central line ) C"(A%). There is an increasing sequence
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(B; | i < i*) of elements of C"(A%) N dom(a), for some i* < w, such that A" = B
and for every i < i* there is k; < w, |a(B;)| = ngr,- We have here a splitting into
intervals (B;, Biy1] along C"(Byy1) = C"(A") N (Biy1 U {Bii1}).

Suppose now that a non-direct extension was made at 73p. Let v be a member of the
corresponding set of measure one which was added. Let A be the largest model of
an interval for 7z, and its image a(A) is of order type v. We require that there is an
increasing sequence (B! | i < v) in the domain of a consisting of models of cardinalities
> 1o but still of dropping ones, with cardinalities of drops there unbounded in all
drops, and such that (a(B{') | i < v) is unbounded in a(A). 3

Require that if A" is a model in dom(a) and, as A, it in an interval for 7z, then A" € A
implies that (B | i < v) is bounded in (B | i < v).

We allow different A, A" to have the same sequence of B’s provided A’ appears on
f—side of the condition and a(A) = a(A’). This is needed in order to show the Prikry
condition.

a(A) = a(A’) is allowed (for dropping cardinalities) only

if a(otp(CMI(A))) = a(otp(CII(A"))), i.e. if a non-direct extension was made over the
level to which the cardinality |A| = |4’| drops, then the values of a on otp(CMI(A))
and otp(CMI(A")) are the same. This essential in order to show the chain condition

working with names.

We require the following (needed for the chain condition argument):

if v/ < v are in the set of measure one for ngy and A’, A correspond to them over g,
then (B/ | i < v) is bounded in (B# | i < v).

This allows to put together conditions (in the chain condition argument) exactly as in

a single drop situation of [6] (Chapter 4).

Definition 7.2 Suppose p = (p, | @ < w; and (« = 0 or « is a successor ordinal )) €
Py, o < w;y be zero or a successor ordinal, S, < [ < w; a successor ordinal and z =
((na,mq), (ng,mg)) € connect(c, B). Let pape = (Gapes Aaws fape) and n € A, .. Define
p~n, the one element non direct extension of p by 7, to be ¢ = (g¢ | £ < wy and (§ =

0 or & is a successor ordinal )) so that

1. for every £, (,a <& < (<wi, Pe = qec,

3The requirement that cardinalities of drops there are unbounded in all drops is needed in order to deal
with further non-direct extensions. Thus, if this cardinalities were allowed to be bounded, then picking a
non-direct extension in a dropping cardinality above all of them may change completely the sequence with
unbounded in a(A) images.
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2. for every y € connect(w, 3) with the level on « bigger than n, we have pag, = qagy-

3. for every successor ordinal 8, a0 < 8 < w1,  qagy = fapy U T, Time(am),ans, () (1) | T €

dom(aagy)}, where y € connect(a, 5) and the level of y over « is n, as those of x.

4. Let o, 7,0/ > a > 7, be successor ordinals or zero. Then connections a,q,, of p
will split now in ¢ into connections from o' to « followed by a connection from «
to 7. Namely, let (7,7, s) be connected with (o/,n’,;m’). For each (n,m) such that
((n,m),(n’,m’)) € aconnect(a/, ) and (7,7,s) € connect(a,n, m) (the are such n,m

by Lemma 4.6) split (ot ! ), (y,18) into (o ' ;m),(an,m) followed by A(y,r,s),(ce;n,m)-

5. For each level n’ < n, of a, the same things occur, i.e. 2-4 above hold with (n,, m,)

replaced by (n/, k"), where k" is any block of the level n'.

6. Each connection which drops in cofinality below the block of n, i.e. below the level n,,
of o, we freeze such drops and deal only with drops to cofinalities above nin a fashion

used in Section 6 of [6] for same purpose.

Definition 7.3 Set P; to be the set all p™n as in Definition 7.2. Proceed by induction. For
each n < w, once P, is defined, define P,,; to be the set of all p™n, where p € P,. Finally
set P =U,<. Pn-

Definition 7.4 Let p,q € P.

1. We say that p is a direct extension of ¢ and denote this by p >* ¢ iff p is obtained
from ¢ by extending aqgs, fage’s and by shrinking the sets of measures one probably

by passing to bigger measure first.

2. The forcing order > is defined as follows:

p > q iff there are 1y, ...,n, such that ¢~ ...7n, is defined and p >* ¢ 0 ... Ny.

For each av < wy. P splits into (P\ka) * P | Kas1, Where P\k, is the part of P is defined
as P but with k.1 replacing kg, i.e. everything is above k, and the first cardinal we deal
with 18 Kar10- P | Kap1 is defined in V[G']P\e as P was defined in V[G’], but cutting

everything at k.1, where G’ = G(P’) is a generic subset of the preparation forcing P’.

Lemma 7.5 (a) For every a < wy, (P%, ., * (P \ fat1, <))/ P! is Ko~ Strategically

<Ka+1
closed above any non direct extension made over ko1, where P, | is the restriction

1
of P’ to models of sizes > ko1 and P, =P'[PL, ., i.e. models of sizes < Kat1.

1’
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Moreover, if a non-direct extension was made at a level n of a + 1 by adding some 7

from the set of measure one, then it will be n*— strategically closed.

(b) For every limit a < wy and § < o, (P, . * (P \ ka, <*))/P. is ks— strategically

<K/o<+1
closed above a non—direct extension made over K.

Remark 7.6 It is possible to use the argument of the proof of the next lemma 7.7(The
Prikry condition), which appeals to elementary submodels of H(x)[G(P’)], in order to show
that the forcing (P \ Kat1, <, <" ) (over V[G(P')]) does not add new bounded subsets of

Ka+1-

Proof. Let us deal with (a), the part (b) is similar.
Models of domains of assignment functions in the forcing P \ k,.1 have sizes > Kqi1.
Such models where added by P%, .

restriction of P’ to models of sizes > r441. The forcing P%, | is Kqq1-strategically closed.

i.e. the upper part of P’ or more precisely by the

1?

/

However, the measures in the interval (kq, kat1) of the forcing P\ roq1 depend on PL, |

and the last forcing is not enough strategically closed. In order to overcome this difficulty,

!/

we can just work with PL,

-names of relevant parts. So, there is no need to increase

conditions from P’

ks, D the process.

Suppose that a non-direct extension was made at a level n of a + 1 by adding some 7
from the set of measure one. Then for any successor ordinals 5,7, a+1 < 8 <wy, v < a+1
connections from [ to v will split to those from  to a+ 1 and then further down from o + 1
to . There may be some blocks of o + 1 of levels above n which are manually connected
to those of #. Then droppings in cofinality occur at such places. Note that droppings in
cofinality whenever occur come in intervals and there are intervals of cardinality above 7.
This provides a degree of closure above 7).

0

Let us prove now the Prikry condition.
Lemma 7.7 (P, <, <*) is a Prikry type forcing notion.

Proof. Let p € P and o be a statement of the forcing language. We need to show that there
is a direct extension of p which decides o. Suppose otherwise. Let us build by induction
sequences of extensions of p. Proceed as follows. Climb up from below over a’s less than w;.
Suppose that a < w; and we already took care of every f < a. Let p* >* p be the resulting

condition. We deal with levels of a by induction again. So let n be a level of a. Pick n from
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the set of measure one of p* at this level. If there is an extension ¢ = ¢*™" of p® ™1 which is
non-direct only below a or below the level n of o and decides o, then we keep the “direct
addition” of ¢*™" to p® from the level n of a and up and set back all the rest (i.e. over n
and below). Denote it by p®*. If there is no such ¢, then we keep p®* unchanged and set

p p.
Note that once 1 was added the connections from o’ > « to ordinals below « split leaving

ann

the part from o’ to « closed enough, since droppings in cofinality whenever occur come in
intervals and there are intervals of cardinality above 7. This provides degree of closure above
7.
Names (depending on 7) are allowed at levels above n of «, which eliminates a need in
completeness there. Recall that sizes of suitable structures at such levels are < k, even
when no dropping in cofinality occur. Here is a new point and we will address it specially
below.

So, as usual, we can to accumulate things above a together and to continue the argument.
At the next step we pick the least £ in the set of measure one above 1 and repeat the above
with p®™1~¢. Define ¢*™ and p®™* as above.
Continue further in the same fashion through all elements of the measure one set. There is
no problem at limit steps due to the degree of closure above the level n and above a Let 7™
be the direct extension of p® obtained using the process above. Now we shrink the set of
measure one in order to have same conclusions about o (i.e. if it is forced by r*"*~77¢*"" or

an-— -~ anT

its negation is forced by r** 77 ¢*"" or no such extension of r

an-—

7 can decide o). Let p*"
be the condition obtained from 7" by replacing the set of measure one by this shrunken set.
We claim that no decision about o was made. Just otherwise we shrink more to stabilize
the non-direct addition below n. Then actually the decision can be made without extending
at the level n. Note only that parts of connecting functions will turn to be names which
depend on a choice of an element from the measure one set. By the assumption there is no
way to decide ¢ using non-direct additions from below the level n.
Hence, no decision about o was made at n as well. Continue then to the levels n + 1,n + 2,
etc. and further to bigger a’s. Finally this process will produce a direct extension of p
which has no extension (direct or undirect) which decides 0. Which is clearly impossible.
Contradiction.

There is one new point here that should be addressed. In previous constructions (like
in [6]) forcing notions (P, <* ) where not closed, but rather the iteration of a preparation

forcings P’ with (P, <* ) was strategically closed and this suffice for proving the Prikry
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condition. The reason was that the degree of strategic closure of P’ was above k and
extensions used in the process where below . So the number of steps needed for the argument
was at most xk which is below the degree of strategic closure.

In present setting this is somewhat different.

Say, for example, that we have @ < w; and run the Prikry argument between k., and rkqy1.
In the preparation forcing P’ we will have models of sizes > k.1, of sizes in the interval
[Ka, Fat1) and of sizes below k.

The part above k.1 shares enough strategic closure in order to run the usual argument.
Models of sizes below k, (and which are below k, ) can be stabilized since the degree of
completeness of extenders used in the interval [kq, Kqy1) 1S above K.

This leaves us with models of sizes inside the interval [kq, Kat1]-

So let n < w and suppose that we are at the level n of Kqy1, i.e. at Koq1,. Again we can
use a strategic closure of models of sizes above (Kq g, (n)—1w, )", but models of smaller sizes
(still above k,) will be treated as names corresponding to choices of elements of measure one
set of a condition.

More precisely, to each v in the set of measure one of a condition under the consideration will
correspond models of a generic subset G(P’) of P’ of sizes < Kkqq1,,. We cannot with G(P’)
itself in order to use the strategic closure of P’, but rather with P%, . (i.e. the part of P’
above kq41). Hence models of smaller cardinalities will be actually names in such setting
alsoin P%, .

Let us simplify this as follows. Work already in V[G(P’)], and in order to compensate the
luck of strategic closure let us use appropriate elementary submodels instead.

Namely, we peak a sequence
(M(Kay12)5™ | @ < € <wp,m,n < w if a = ¢ then m > n)
such that
L |M(Kat1.0)5™ = Kett,m,
2. M(Kay1.,2)8™ C M(Kgy10)S™ once € < & or € =¢ and m < m/.
3. sup(M (Kas1,)"™ N On) = sup(M (Kas1.,)*" N ON),

4. for every a < wy, (M(Kaz12)"™ | @ < € < wi,myn < wifa = Ethenm > n) €

M(maurm/)a/’"', whenever o/ > « or o/ = o and n’ > n.
5. M(K/a+17n)§7m € G(P/),
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6. M(Kar1,)5™ < H(X)[G(P')], with x big enough.
7. M(Kwy) = Ugew, M(Kag1,)*™ is such that

(a) M(ry,) € G(P'),
(b) M(kw,) < HOX)IG(P)],

(c) each model M (fqy1,)5™ is on the central piste relatively to M (ky, ).

This models are used during the induction in the Prikry argument, as explained below.
Proceeding along the pistes provides the desired closure, say dealing with K441 5, for models
of sizes at least Koi1,. So we left with models of sizes in the interval [Kq, Kat1,) (at the
level n). Now this models are members of G(P’). Still we cannot eliminate completely use
of names. Each v in the set of measure one may have its own models of such sizes.
However, the advantage is that such names are more simple and easier to deal with.

Let us describe now precisely names of this type. It will be essential also for the chain
condition argument.

Again let n < w be a fixed level. Let X be a set of measure one of this level.

Let M denotes M (Kat1.0)"™.

We proceed by induction on members of X. So let at a certain stage we need to consider
v € X. As usual, if no direct extension (after v was added) decides a statement o under the
consideration, then nothing is changed.

Suppose otherwise. Then, the condition that we consider, with v added, extends directly to
one that decides o. Pick such extension inside M. Add on the top of central pistes (lines)
a model of size 1Y in M from the fixed sequence leading to M which consists of models of
cardinalities < |[M| = ko1, from central pistes.

Continue the process. At the next stage the added models of sizes < v are removed (and
models of sizes > v are keeped) first, then the next element v/ of X is added and we look
for a direct extension that decides o.

We do the following at limit stages.

First, the conditions generated so far are put together. Note that new models of sizes < v
are removed after dealing with v. This guaranties that the result is still a condition.

Then we take the next element of X and continue in the fashion above.

Without loss of generality assume that at each stage in the process the largest (under €)
had cardinality x} (i.e. the least possible size) and once drops in cofinality occur even of

smaller sizes.
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Finally, at the end, X is shrunken to a set of measure one X’ on which all the decisions
about o are the same.
A new point here will be to use a pressing down function in order to stabilize small models
used at each stage in X', provided o was decided on a measure one set.
Let vy = min(X").
Denote the top model at a stage v by A,, and the one of size v generated as the union of
models of sizes v/ from the previous stages v/ < v by N,. Then (N, | v € X) will be an
increasing continuous sequence.
We freeze A, N N, as well as otp(A,) etc. So, A, NN, = A,, N N,,, for every v € X’
and A,, A,, are isomorphic over their intersection together with the rest of models added at
stages 1y and v respectively.
The condition used will be with measure one set X'\ {1y}, to each v € X’ will correspond
the sequence of models (of small cardinalities) added in the process at stage v (this is a name
part). Also add A,, the models for vy. Finally add a top model A of cardinality ! on the
central piste with all above being its member (i.e. € but not C) and shrink X’ to X” such
that min(X") > sup(AN M N Kat1.n)-
This will insure that once v € X” was picked, then A, N A = A,, N N,,.

Suppose now that we deal not with a single level n but rather with finitely many of them.
Let us illustrate the modification dealing with two levels 0 and 1.
We will use two increasing and continuous sequences of models (Moe | £ < Kaq1,0) and

(Mg | € < Kat1p) instead of a single model M above. Require that for every £ < ka410
1. |M05\ = Ra+1,0,
2. |Mi¢| = Kas1,1,
3. Migy1 € Mogia-

Let Xy and X; denote sets of measures one of levels 0 and 1 respectively. We use Mg,
for every £ € Xy, and ran the previous argument for members of X; (with fixed ) inside
M.

O
The following Mathias-type property can be shown similar to the Prikry condition.

Lemma 7.8 Let p € P and D C P be a dense open. Then there are p* >* p and a finite

sequence ((B;,n;) € w1 X w | 1 < i < k) such that every extension p*~(ny,...,nk) of p* is in
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D, where p*~(n1,...,nx) is the condition obtained by extending p* non-directly by elements

M, ..., Nk from sets of measures one at places Kg, pn,, s Ky ny -

The next lemma will be used in order to show a desired chain condition.

Lemma 7.9 Let a < wy and let wy < A\ < Kop1 be a reqular cardinal. Then every set A CV

in VP*P\sa of cardinality X contains a subset of cardinality \ in V.

Proof. Note that by Lemma 7.5 all cardinals below k.1 and in particular A are preserved.
Let A = {ae | £ < A}. Forevery £ < Alet De = {p € P\ ko | p || ac}. Define now by
induction an <*-increasing sequence (p¢ | € < \) and a sequence (((5° T?sz> Ew Xxw|1<L
i < ke) | € < wy such that pe, ((85,n5) € wy x w | 1 < i < ke) satisfy the conclusion of
Lemma 7.9 with Dg.
Now ) is a regular cardinal above w;. Hence there are are S C A, |S| = A and ((f/,n]) €
wi X w | 1<i < k,) such that for every £ € S we have ((65,1%) € wy x w |1 <i < ke) =
((Bf,nf) €ewy xw|1<i<k,).

Then py IFp\,, (a¢ | £ € S) € V and we are done.
- ~

Define +— and —.

Definition 7.10 Let p,q € P. Set p «— q iff there is a < w; such that
1. p\’iaZQ\Rav

2. p | Kat1 $—Ploass 4 | Kat1s
where <—pj,,., in the usual fashion requiring that for each £ < w all but finitely many

coordinates realize the same k-type. Moreover always the same 4-type is realized.

Now we define — in the usual fashion.

Definition 7.11 Let p,q € P. Set p — ¢ iff there is a sequence of conditions (ry | k <
m < w) so that

(1) ro=p
(2) rm1=¢q

(3) for every k < m — 1,

Tk < Tke1 OF Tk > Tha1 -
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Lemma 7.12 Let o < wy. Then, in VP*P\sa the forcing (P | ka1, — ) satisfies k77 -c.c.

Proof. Suppose otherwise. Let A be an antichain in (P | kq.1, — ) of size kIT. Apply
Lemma 7.9. So there is B C A of the same cardinality but in VP This is impossible since
(P | Kay1, — ) satisfies kT *-c.c. in V7',

The main issue here is a possibility of adding models to a given condition. The rest of the
argument repeats the one of previous settings, see [6]. A new point is that the connection
functions are not one to one anymore. Thus the following may happen. Suppose we have
B € A, |B| > |A| and we need to add A" € B such that A, A" are of a A-system type over
AN A’ If the connection function a of a condition (i.e. an isomorphism between suitable
structures) moves both A and B to models of a same cardinality, then adding of such A’ will
be just impossible, since then a(A) 2 a(B) which leaves no room for A’. Now, in order to
overcome this obstacle, note that |a(A)| = |a(B)| (or even |a(A)| > |a(B)|) may occur only
finitely many times (levels). So starting with a certain level n we should have |a(A)| < |a(B)|
which allows to add A’.

O

Lemma 7.13 The forcing (P,— ) over V[G'] preserves all the cardinals (and every cofi-
nality).

Proof. Let n be a cardinal in V[G']. We show by induction on o < w; that if n < k, then
it is preserved in the generic extension. Clearly, it is enough to deal only with regular n’s.

Hence, we need to consider only the following situation:
Ko <N < Kat1,

for some v < wy. Split the forcing P into P\k,, followed by P [ koy1. By Lemma 7.5, P\kq,
does not add new bounded subsets to k411 (namely, this lemma together with the Prikry
condition imply that no new subsets are added to ko110, but taking non-direct extensions
OVer Kat1,'s it is easy to push this up to k441). By Lemma 7.12 the forcing P [ ka1
preserves all the cardinals above k. So, the only case that remains is n = 1. But it is
not problematic, since we have here the successor of the singular cardinal and the usual

arguments apply.

O
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8 Concluding remarks.

The construction of the previous section gives a countable set of regular cardinals a with
otp(pcf(a)) = wy + 1. Tt is natural to try to get a bigger order type. The present methods
allow to obtain w; - a + 1, for every a < wy. Just repeat the construction a— many times
(one above another). However it is unclear how to get to w; - w; + 1 and beyond.

Question 1. Is it possible to increase otp(pcf(a)) beyond wy - wy, for a countable set of
regular cardinals a?

We think that it may be possible under same lines, but using more elaborated techniques,
to get any successor order type < ws.

Shelah Weak Hypothesis states that the set

{n | n < k,n is a singular cardinal and pp(n) > k}

is at most countable. The construction of the previous section provides a counterexample,
but very restricted one. The cardinality and even the order type there is w;. So the following
question is natural:

Question 2. Is it possible to increase {n | n < k,n is a singular cardinal and pp(n) >
k} beyond wy, for a cardinal k7
Note that no upper bound on cardinality of {n | n < k,7n is a singular cardinal and pp(n) >
k} is known.
Going further beyond wy, in view of results of [7] and [9] will require some completely new
ideas. The same once one likes to have a set {n | n < k,cof(n) > w,pp(n) > £} infinite, for
some K.

Question 3. How to move everything down, in particular is it possible to get down to
N7

It is possible to add collapses to the present construction, but only very inessential ones.
By [8], the supercompact Prikry forcing looks be needed in order to collapse successors of
singular cardinals, but this complicates the matters largely. It is unclear how to combine

this forcing with sort extenders forcings in a productive way.
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