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Chapter 1

Gap 3

1.1 The Preparation Forcing

We assume GCH.

A condition in the preparation forcing P’, which we define below, will consists basically of an
elementary chain of models of cardinality ™" and a directed system elementary submodels
of cardinality x*. Inside this directed system a crucial role will be played by a certain
elementary chain which will be called central line . Let us give first a definition of both

elementary chains.

Definition 1.1.1 The set P” consists of elements of the form
< Blf{+ Alr-cJr + >

so that the following hold:

1. A" is a continuous closed chain of length less than k13 of elementary submodels of
(H(k%3),€,<,C, k) each of cardinality k™.

2. For each X € A", we have X Nk™3 € On. So, X D k**. Further we shall frequently
identify such model X with the ordinal X Nx*3 and also view A" as a closed set of

ordinals.
3. If X is a non-limit element of the chain A" then

(a) AW X ={Y|YCXYecA* T} eX,
(b) *"X C X.



4. B'™" is a continuous closed chain of length less than T of elementary submodels
of (H(k*?),€,<,C, k), each of cardinality x™. B'"" has the last element which we
denote by max(B'").

5. For each X € B we have X N k™t € On. Hence X D x*.
6. If X is a non-limit element of the chain B*" then

(a) B¥ [ X :=(Y|Y CX,Y € B*) € X,
(b) "X C X,
(¢) If § < sup(X) for some 6 € A" (we identify here an element of A" with an

ordinal), then min((X N On)\ §) € A",

The following technical notion will be needed in order to define P’ (and will be used

further as well).

Definition 1.1.2 Suppose that (B A% ¢ P’ F € B and F,,F, € F. We say
that the triple Fy, Fi, F' is of A-system type iff

1. Fj is the immediate predecessor of F' in the chain B%",

2. i< F,

3. If § < sup(F, N On) for some § € A" then min((F, NOn)\ §) € A*"".
4. There are ag, o € A" such that

(a) cof(ag) = cof(ay) = kT,

(b) ag € Fy and oy € F,

(¢c) FoNFiNOn=FyNaoy=FNay,

(d) either oy > sup(F; N On) or ay > sup(Fy N On).

Intuitively, this means that Fj, F} behave as in a A-system with the common part
below min oy, a.

Further let us call ap, a; the witnessing ordinals for Fy, Fi, F.

The next condition will require more similarity:
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d.

(isomorphism condition)
the structures
++
<F07€7<7g757A1K mF‘OafFo>

and
ot

<F1,€,<,§,/€,A1 mFla fF1>

are isomorphic over FyMFy, i.e. the isomorphism 7g, r between them is the identity on
FyN Fy, where fg, : k7 «— Fy, fr, : K7 «— F are some fixed in advance bijections.

It is possible for gap 3 to do without fg,.

Note that, in particular, we will have that otp(Fy) = otp(F;) and FoNk™ = FiNkTT.

Definition 1.1.3 The set P’ consists of elements of the form

<<AOH+’ Alfﬁ7 Cn+>’Aln++>

so that the following hold:

1

+ +
AO/{ c Alf{ ,

. every X € A" ig either equal to A% or belongs to it,

OF" L AR P(A1”+),

. for every X € A" (CF(X), A%") € P" and X is the maximal model of C*" (X).

In particular, each C*"(X) is an increasing continuous chain of models of cardinality

kT

(Coherence) If XY € A" and X € C*"(Y), then C*"(X) is an initial segment of
C*"(Y) with X being the largest element of it.
We call C*" (A%") central line of ((A%", A" C*") A", The following conditions

describe a special way in which AT g generated from the central line.

Let B € A™". Then B € C*' (A%

") (i.e., it is on the central line) or there are n < w
and sequences (Ay, ..., A,), (By, ..., By) of elements of A" such that

(a) Ay € C""(A%") is the least model of the central line C*" (A%") that contains B.

(b) Aj is a successor model in C*" (A%"). Let A] denotes its immediate predecessor
in C*" (A%,



(¢) The triple A7, By, Ay is of a A-system type with respect to A% "
(d) For each m,1 <m <mn,

i. A, eC (Bim—1) (i.e. it is on the central line of B,, 1) is the least model in
C*" (By—1) that contains B.

ii. A, is a successor model in C*" (B,,_1). Let A denotes its immediate pre-

decessor in C*" (B,_1).

iii. The triple A, B,,, A, is of a A-system type with respect to AT
(e) B € C (B,).

We refer to the sequence (Ay, A7, B, ..., An-1,A,_1, Bn-1,4,, A, , B,) as the piste

from A% (or from the central line) to B. Denote it by pst(A%"" B).

Let us call n distance of B from the central line, denote it by dcl(B). If it is on the
central line, then set dcl(B) = 0.

The next condition strengthens a bit the isomorphism condition (5) of Definition 1.1.2.

7. (isomorphism condition) Let Fy, Fy, F' € A" be of a A-system type and X € A"
Then X € Fy iff mpp[X] € F1 N A" This means that the structures of 1.1.2(5)

remain isomorphic even if we add Fy N A" to the first and F; N A" to the second.

8. (uniqueness) Let Fy, Fy, F/, F € A" If both triples Fy, Fy, F and Fy, F/, F are of a
A-system type, then F; = FJ.

Note that both conditions 7, 8 can be stated equivalently only in the case when F' is

on the central line.

Let us define also a piste to an ordinal.

Definition 1.1.4 Let ((A%" A" C*") A%™Y€ P/ and o € A" N A%, The sequence
(A1, A7, By, A1, A1, B, Ay AL Ay ) of elements of A s called a piste from AO=*

n—1
to v iff
1. A; € C%"(A%7) is the least model of C*" (A%") with a € A,

2. either



e A is the least model of C*" (A%") and then A, = Ajie. the piste consists of
Aj alone,

or

e Aj exists, it is the immediate predecessor of A; on C*" (A%"). If A is the unique
immediate predecessor of Ay, or there is an other one but « does belong to it,
then the piste consists of (A, A7). Otherwise, A, By, A; are of A-system type,

a € B; and the piste continues.
3. For each m,1 <m < n,

(a) A, € C* (B,_1) (ie. it is on the central line of B,,_;) is the least model in
C*" (Bp—1) with a € A,,, either

e A,, is the least model of C*" (Bim—1) and then B, = A,,,
or

e A~ exists, it is the immediate predecessor of A,, on C* (B,_1). If A is
the unique immediate predecessor of A,,, or there is an other one but o does
belong to it, then A, = A . Otherwise, A, B, A,, are of A-system type,

«a € B, and the piste continues.
4. o € A,, and either

e A, is the least model of C”“+(Bn_1) and then A, = A,; = A,, i.e. the piste
terminates at A,;

or

e there exists the immediate predecessor of A, in C*" (Bm—1). Then A is this
immediate predecessor of A4, and there is no Z € A*" such that A, Z, A, is of
a A-system type. In this case A,,; = A and the piste terminates at A ;

or

e there exists the immediate predecessor of A, in C*" (Bm—1). Then A is this
immediate predecessor of A,, and there is Z € A" such that A Z A, is of a
A-system type, witnessed by & € A- N AY " & € ZNAY™". Then o & Z.
If & [§,sup(Z)], then A,; = A, and the piste to a terminates at A, . If
a € [&,sup(Z)], then A, = Z.

Note that pistes to ordinals terminate by the last model A,, to which the ordinal belongs

followed by its immediate predecessor in C*" (A,), whenever such predecessor exists.
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Definition 1.1.5 (Complexity of pistes)
Let ((A%" AW On5) AWy € P,

e Suppose that A, B € A", We say that the piste from A% to A is simpler than the
piste from A% to B iff

1. AC B, or

2. A¢d B Bg A A# Bandif F € A" i the last common point of both pistes,
then A C F,, where Fy is the immediate predecessor of F in C*" (F). Note that
necessarily, there is F} € A" such that Fy, F}, F' is a triple of a A-system type
and B C Fj.

e Suppose that A € A" and o € A" N A%, We say that the piste from A% to A

is simpler than the piste from A% to « iff

1. A is one of the models of the piste to «,

or

2. if F is the last common model of the pistes, then A € C*" (F), or A & C*" (F)
and A C Fy, where Fjy is the immediate predecessor of F' in C”+(F ). Note, if the
second possibility occurs, then, necessarily, there is I} € A% guch that Fy, Fy, F
is a triple of a A-system type and a € Fj.

e Suppose that a, 3 € A" N A% We say that the piste from A% to « is simpler
than the piste from A% to §iff & # f3, there is ' € A" which is the last common
point of both pistes and

1. there are D, E € C**(F) such that « € D € E and f € E\ D,

or

2. there are Fy, F; € A" such that Fy, Fy, F' are of a A-system type, Fy € C*" (F),
aEFoandﬁEFl,

3. there are Fy, F; € A" such that Fy, Fy, F are of a A-system type, Fyy € C* (F),&, &
the witnessing ordinals, and g € F'\ (Fo U FY), & < 8 <sup(F}) and « € F7,

or

4. there are Fy, F; € A" such that Fy, Fy, F are of a A-system type, Fy € C* (F).&, &
the witnessing ordinals, and o € F'\ (FyUFy), 8 € Fy and a < & or a > sup(F}).

10



The above defines a well-founded relation. We will use further the pistes complexity in

inductive arguments.

Lemma 1.1.6 Let ((A%" A" C"") A™W™Y ¢ P' and B € A" . Then
1. ((B,A"" n(BU{B}),C*" | A" n(BU{B})), A" ") eP.

2. If B € A" and B' ¢ B, then B' € B.

Proof. We prove both statements simultaneously by an induction on dcl(B) -the distance
from the central line. If B is on the central line, then it is clear. Suppose that B is not on
the central line. Consider the piste (Ay, AT, By, ..., An_1, A7 _|, Bu_1, Ap, A-, B,) from A%"
to B. We have

(A7, A™ N (AT U{ATD, C A N (A7 U{AT ), Ay e P,

Recall that A7, By, A; are of the A-system type. Hence we have the isomorphism 7 AT B,
between A; and B; which preserves all the relevant structure. In particular, it will move the
piste from A} to a model in A" N (A7 U{A]}) to the piste from B to the corresponding
under 74~ 5 model of A" N (B, U{B,}). This easily implies that

((By, A" N (ByU{B}),C"" | A N (B,U{B})), A" ") e P

Suppose now that we have some B’ € A" B’ C By. If B’ ¢ A7, then the piste from A%"
to B’ goes via By, and hence B’ € By. Suppose that B* C A;. It is impossible to have
B’ = A7, since then

ATNB 2B = A,
which is clearly not the case. So, B’ C A]. Then the piste from A%" to B’ goes via AT,
and hence B’ € Ay. Then m,- p (B') € By, but

AN ! !
ﬂ-Al_,Bl(B> _7TA1_,B1 B _B

So we are done.
Hence, A" N (B, U{B,}) = A" NP(By).

Now we deal with B and ((By, A" N(ByU{B}),C"" | A N(BU{B})), A" ") e P
The piste distance from B; to B is shorter than those from A% to B. So the induction
hypothesis applies.

O

The next lemma is trivial.
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Lemma 1.1.7 Let ((A%" AW C") A%™Y€ P and Z € A™'" is so that Z N w3 >
sup(A%"). Then ((A%" AW O {Y e AW | Y C Z}) e P.

Let us introduce the following notation:
Definition 1.1.8 Let p = ((A%" A" C*") A"™") ¢ P' and B € A", Then set
p| B:=((B,A" n(BU{B}),C"" | A" n(BU{B})), A",

We call p | B the restriction of p to B.
Similar, if Z € A*"" | then set

Pl Z = (A%, A% 0 [y e A% Y € 2)

. Also, letp [ (B,Z):=(p|B) | Z.

By the previous lemmas, p [ (B, Z) € P'.

The next lemma follows easily from the definitions.

Lemma 1.1.9 Let ((A%" AW O™ AW™Y € P/ A e A% and 6 € AW, If 6 <
sup(A), then min(A\ §) € A",

Proof. By 1.1.3(4), (C*"(A),A""™") € P". So, it satisfies 1.1.1(6(d)) and we are done, if A
is a successor model of C*" (A). Suppose A is a limit model of C*" (A). Let (A; | i <) be an
increasing sequence of successor models of C*" (A) with | J,_, A; = A. Now, § < sup(A), so
starting with some ¢* < 1, we have § < sup(4;). Just note that ¢ < j implies A; € A;, hence

1<n

(sup(A;) | i < n) is an increasing sequence of ordinals with limit sup(A). Set a; = min(A4;\0),
for each i,7* < i < n. By 1.1.1(6(d)), oy € A" . Clearly, i > j implies a; < a;. Hence,
the sequence («; | i* < i < n) is eventually constant. Let o* be this constant value. Then
min(A \ §) = o* and we are done.

U

Definition 1.1.10 Let ((A%", A" C*") A%"™) € P and A, B € A™' . We say that A
satisfies the intersection property with respect to B or shortly ip(A, B) iff either

1. AD B, or
2. BD A, or

12



3. A2 B,B 2 A, and then there are A’ € A" N (AU{A}) and n € A" N A') such
that
ANB=AnNn,

or just
ANnB=A.
Let ipb(A, B) denotes that both ip(A, B) and ip(B, A) hold.

Lemma 1.1.11 (The intersection lemma) Let (A% A" C57Y A%™Y€ P and X,Y €
AT Then iph(X,Y).

Proof. Assume that X 2Y,Y 2 X.

Consider the pistes (A1, A7, B1, ..., An-1, A, 1, Buo1, A, A, By) from A% to X and
<D17D1_7E17"'7-Dm—17D_

~ +vEm_1,Dp, D, E,) from A% to Y.
Let By = E}, be the last place up to which the pistes coincide. Then we have both Agy 1, Dyiq
in C*"(By) but at different places.
Suppose first that Ay is above Dyyy. Then A, = Dyyy or Agy1 O Diyr, and then
Diy1 € Ay Now, A_,, Bey1, Agqr are of a A-system type. Hence by Definition 1.1.2(6),

there are ordinals ag, oy € AT Apy1, 0 € A, and oy € By such that
Api N By = A,;_l Nayg = Brii Nag.
Recall that X C By, and Y C A,;H. Hence,
XNY =(XNB)NYNAL)=XnNa)N (Y Nay).
Let us use (7) of 1.1.3. Then
X' =75 4 [X] € A NA™

k+1

Also,
XN 1 = X/ N ),

since the isomorphism 75 A7, is the identity over Byy N A, ;. Hence,
XNY=XNnoyNY=XNaoyNY.
Consider
_ ot _ _ ot e _ _ ot
p = (A, A0 (A U{AG D, O T AT N (A U{AG 1)), A7)

13



By Lemma 1.1.6, it is in P’. We can apply the inductive hypothesis to p,X’ and Y, since the
piste from A, ; to X’ shorter than those from A% to X (it is just a copy under T B AL,
of the final segment (By.1, ..., An, A, B,,) of the original piste to X from A0“+). Hence there
are Y € A% N (Y U{Y}) and n € A*" " NY’ such that

X'Nny=Y'nn.

Then
XNY=YnNnY'Nnnpnay.

If ap € Y, then we are done. Suppose otherwise. If ag > sup(Y'), then we can just remove
it from the intersection above. If ay < sup(Y’), then replace it by min(Y N ayp), which is in
A" by Lemma 1.1.9.

This shows ip(Y, X). Finally, using Tag,
shows ip(X,Y).

O

B and moving Y to Bji1, the same argument
1°

It is easy to deduce the following generalization using an induction:

Lemma 1.1.12 Let ((A%" A" O A € P and Ay, ..., A, € A" for somen < w
. Then there are A’ € A% N (A U{A}) andn e A " NA" such that A;N...NA, = A'Ny
or just AyN..NA,=A"

We need to allow a possibility to change the component C*" in elements of P’ and replace

one central line by another. It is essential for the definition of an order on P’ given below.

Definition 1.1.13 Let p = ((A%", A" C*") A"™") € P'and B € A" Define swt(p, B)

(here swt stands for switch) to be
<<A0n+7 Alli+7 DR+>, A1n++> :

where D*" is obtained from C*" as follows:
D" = C%" unless B has exactly two immediate predecessors in A" . If B, # By are such
predecessors of B and, say By € C*" (B), then we set D*" (B) = C*"(B,)"B. Extend D"*"
on the rest in the obvious fashion just replacing C*" (By) by C*" (B;) for models including
B and then moving over isomorphic models.

Intuitively, we switched here from B, to Bj.

Note that swt(swt(p, B), B) = p.
Define ¢ = swt(p, By, ..., By) by applying the operation swt n-times:

14



pit1 = swt(p;, B;), for each 1 < i < n, where p; = p and ¢ = p,41.

The following simple observation will be useful further.

Lemma 1.1.14 Let p = ((A% (p), A" (p),C*" (p)), A" " (p)) € P and B € A" (p).
Then there are Ey, ..., En, € A" (p) such that B € C* (q)(A%" (p)), where

g = (A" (p), A (), C"" (), A (p)) = swit(p, B, ey Ey).

Proof. If B € C*" (p)(A%" then let ¢ = p. Suppose otherwise. Consider the piste
p p), q=p pp p
(A1, A7, By, ..., Ap_1, A7 Bn_1, A, A7, B,) from A% to B. Then
q= (A" (), A (), C"" (@), A" (p)) = swi(p, Ay, Bi, Ay, B, o A, By)
will be as desired.
OJ

Definition 1.1.15 Let r,q € P’. Then r > ¢ (r is stronger than ¢) iff there is p =
swt(r, By, ..., By,) for some By, ..., B, appearing in r so that the following hold, where

p= <<A0n+,Aln+’ CR+>’A1K++>
q¢=((B™",B" D), B"")

(1.1) AW A (max(B* ) +1) = B
(1.2) B € " (A%") and D" (B%") is an initial segment of C*" (A%")
(1.3) g=rp]| (BO"+, BO’QH)( as it was defined in 1.1.8).

Remarks (1) Note that if ¢ = swt(p, B, ..., B,) is defined, then ¢t > p and
p = swt(swt(p, Bo, ..., Bn), Bn, Bn_1,...,By) = swt(t,B,,...,By) >t

. Hence the switching produces equivalent conditions.

(2) We need to allow swt(p, B) for the A-system argument. Since in this argument two
conditions are combined into one and so C*" should pick one of them only. Also it is needed
for proving a strategic closure of the forcing.

(3) The use of finite sequences By, ..., B, is needed in order to insure transitivity of the
order < on P'.

Let p = ((A%" A" O%") ) AWTY € P Set p\n**+ = A" Define P. .. to be the
set of all p\k™* for p € P'. )

The next lemma is obvious.
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Lemma 1.1.16 (P, _,.,<) is x*3-closed.

Set p | kT = (A%" AT O%T) where p = ((A%" AT CFT) ATy e P

Let G(PL, .. ) be a generic subset of P. ... Define P_ .. to be the set of all p [ k™" for
p € P with p\s**+ € G(PL_.,). )

Let p € P and q € 7)/>,:++- Then ¢”p denotes the set obtained from p by adding ¢ to the
last component of p, i.e. to AT

The following lemma is trivial.

Lemma 1.1.17 Letpe P, g € P .. and q 2p p\kT*. Then ¢"p € P and ¢"p > p.

It follows now that P’ projects to P ...

Let us turn to the chain condition.

Lemma 1.1.18 The forcing P, . satisfies K3-c.c. in Vawtt,

Proof. Suppose otherwise. Let us assume that

Ol

((p, = (A% AT C5TY | a < k%) is an antichain in P_++)

~

/
>kttt

Without loss of generality we can assume that each Ag“+ is forced to be a successor
model, otherwise just extend conditions by adding one additional model on the top. Define
by induction, using Lemma 1.1.16, an increasing sequence {q, | @ < k™) of elements of

PL, .+ and a sequence (p, | @ < K3, po = (A% AT CRTY 5o that for every o < k13

Kt kT kT o~
Qa||77/>'€3<flg 7:424 7904):]704'

For a limit o < kT3 let

7. = Jasu{sw s}

B<a B<a

and ¢, be its extension deciding po. Also assume that max g, > sup(A%" N k1?).
We form a A-system. By shrinking if necessary assume that for some stationary S C x*3

and J < k3 we have the following for every o < 3 in S:
(a) A" Na=AY" NBCS
(b) AY¥"\a #0
(c) sup AY" < g

16



(d) supg, =a+1

(e)

Ox™T + 1kt Ox™T
<*’40¢H 7€7§7ga/€70§ angnJr? Aafi )QQHAQH >

(A¥" e, <, Ck,CF, Faget AT s AT
are isomorphic over 4, i.e. by isomorphism fixing every ordinal below 9, where
f ARt Kt — Ag"i+
and
f A0t Kt — AO/@"i+

are the fixed enumerations.

We claim that for o < #in S it is possible to extend gg to a condition forcing compatibility
of p, and pg. Proceed as follows. Pick A to be an elementary submodel of cardinality £ so
that

(i) A" A" e A
(ii) ", C5 € A
(i) g5 € A.

Extend g3 to ¢ = qzUsup(ANk™3). Set p = (A, A" C*"), where A" := Aa’ﬁUA/lg’ﬁU{A},
Cr' = Ot U Cs U (A, C5 (AT ) A)).
Clearly, (C*"(A),q) € P".
The triple A%"#, Ag“+, A is of a A-system type relatively to ¢, by (e) above. It follows that
(p,q) € P'. Thus the condition (6) of Definition 1.1.3 holds since each of (pa,q), (ps,q)
satisfies it. The condition (7) of Definition 1.1.3 follows from (e) above and since both
(Pas @), (P, q) satisfy it.

[

Lemma 1.1.19 P’ is s " -strategically closed.
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Proof. We define a winning strategy for the player playing at even stages. Thus suppose
(pj | j<1i),p = (<A9“+,A}"+,C]’?+>,AJ1"++) is a play according to this strategy up to an

even stage 1 < k™. Set first

okt okt 1+ KT Okt
Bi :UAJ 7Bi :UAjl U{Bz }a
j<i j<i
D = o u{(B™ By U{CsT (AT | jis even})}
j<i
and
B = U B;”H U {sup U B;”H}.

j<i j<i

Then pick A%" to be a model of cardinality x* such that
(a) 20 € A"
(b) B, BI<" DsT BT € A%

Set A" = BI"T U {AFT}, CFF = Dt U {(AYT, D (BYT) U {AXT )} and AT =
B}“++ U {sup(A%" N x*3}. As an inductive assumption we assume that at each even stage
j < i, p; was defined in the same fashion. Then p; = ((A%" Al%" Cr") A" will be a
condition in P’ stronger than each p; for j < i. The switching may be required here once

moving from an odd stage to its immediate successor even stage.

O

1.2  Suitable structures and assignment functions

In the gap 2 case assignment functions a,, (those connecting the level x with level k,,n < w)
were order preserving. In other words a, is an isomorphism between structures in the
language containing only the predicate for the order relation. Here, in the gap 3 case (and
beyond ), a,,’s will be isomorphisms between structures in more complicated languages.

Let us start with two definitions which will specify relevant structures.

Definition 1.2.1 A three sorted structure ((X,Y, Z),C,€,C ) is called suitable structure
iff

1. X has a maximal under inclusion element. Denote it by max(X).

2. Y Cmax(X),
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3. C'is a binary relation X,

4. ((max(X),X,C),Y) € P’, where for every A € X we identify C'(A) with the set
{Be X |(A,B)eC}.

5. Z:{tlﬂ...ﬂtn|7’L<w,t1,...,tn€XUY}.

Note that by Lemma 1.1.11, an intersection ¢, N ... N, above is really simple, thus it is equal
to an element of X or of Y or to sNa, where s € X and a € Y.
Let G(P’) be a generic subset of P’.

Definition 1.2.2 A suitable structure ((X,Y,7Z), C,€,C ) is called suitable generic struc-
ture iff there is ((A%" A" C%") A € G(P') such that

1. ((X,Y,Z),C,e,C ) isasubstructure (not necessarily elementary) of ((A"" A" {0
Nt | < w by, oty € AT UAWTTY,
CK/+7 e’ g >7

2. max(X) € " (A%"),

3. ((max(X), X,C),Y) and ((A%" A" C%") A7) agree about the pistes to members
of X and to ordinals in max(X)NY. In other words we require that all the elements
of pistes in ((A%", A" C"") A7) to elements of X and to ordinals in max(X)NY

are in X.

Note that, as a condition in P’, ({max(X), X, C),Y) need not be weaker than
(A% AT 05Ty AT and hence it need not be in G(P’). Thus, for example, A"
need not be an end extension of Y.
Note also, that any stronger condition ((B%", B D"\ B ¢ G(P') with C*" (A%")
being an initial segment of D*' (B%") will witness that ((X,Y,Z),C,€,C ) is a suitable

generic structure.

Lemma 1.2.3 Let ((X,Y,Z),C,€,C ) be a suitable generic structure as witnessed by
(AT AT OsTY ATy € G(P'). Suppose that Fy, Fy, F € A" Fy,F € C% (A%") is
a triple of a A-system type with g, oy as in Definition 1.1.2, and oy € Y. Then Fy, Fy €
X Nmax(X),F € X,ap € max(X)NY.
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Proof. The piste to a; from max(X) (or the same from A% ") passes through F and turns to
Fy. Hence, by 1.2.2(3), Fy, F1, F' € X. Recall that by 1.2.1(3) we have ((max(X), X,C),Y) €
P’'. Hence Fy, Fi, F are of a A-system type in ((max(X),X,C),Y). Then there are
a, € FoNY,a) € F1NY such that

FoﬂFleoﬂaf):Flﬂall

But, also

FomFlelﬂOél

and ap, 0 €Y C AT
Hence, oy = o). Finally, af, = 7p, g (1) = ap. Hence, ap € max(X)NY.
U

Lemma 1.2.4 Let p = ((X,Y,Z),C,e,C ) and p' = ((X",Y',Z),C",€,C ) be isomor-
phic suitable structures (even over different cardinals) and a an isomorphism between them.
Suppose that Fy, F1, F is a triple in X of a A-system type and oy € FoNY, a0 € F1NY
are witnessing this ordinals. Then a(Fy),a(Fy),a(F) is a triple in X' of a A-system type

witnessed by a(ag) and a(oy).

Proof. Obviously, ag and «; are uniquely determined by Fj and F;.

Denote a(Fy) by Fi,a(Fy) by F{,a(F) by F', a(ap) by af and a(aq) by o). Now, Fj, F| € F’,
moreover I is the immediate predecessor of F' in C'(F’) and F] is an additional predecessor
of F’ under the inclusion relation, since a is an isomorphism between p and p’. Note that by
1.2.1(3) this implies that F{, F}, F’ is a A-system type triple in p'.

Let af € FiNa(Y) and of € F{ Na(Y') be such that

FoNF =FNag=F Naj.

Also af, € FjNa(Y) and o) € F{Na(Y'), since a respects €-relation. But then, necessarily,
o = af, o) = af.

O

Lemma 1.2.5 Let p = ((X,Y,Z),C,€,C ) and p' = (X", Y', Z'),C",€,C ) be isomorphic
suitable structures (even over different cardinals) and a an isomorphism between them. Then
a respects pistes, i.e. for every A€ X and B € (XUY)NA, a maps the piste between A
and B in p onto the piste between a(A) and a(B).
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Proof. Induction on pistes length. Thus, if B in C(A) or if B € Y and the piste to it from
A involves only C(A), then the isomorphism a guaranties the same for the images. Suppose
that the piste proceeds with splitting. Let Fp, Fi, F' be the first split on the way to B, i.e.
F € C(A), the triple Fy, F1, F is of a A-system type, B € Fy (or, if B €Y, B ¢ Fy) and
B C F, (or B € Fy U{F}). By the previous lemma (Lemma 1.2.4), a(Fp),a(F1),a(F) is a
triple in X’ of a A-system type. a is isomorphism, hence a(F) € C(a(A)), a(Fy) € C(a(Fy)),
a(B) € a(Fy) (or, if B€Y, a(B) & a(Fy)) and a(B) C a(Fy) (or a(B) € a(Fy) U {a(F1)}).
But this means that the piste from a(A) to a(B) goes via a(F;). Now we can apply induction
to the piste from Fj to B, since it is shorter than the original one from A to B.

0]

Lemma 1.2.6 Let p = ((X,Y,Z),C,e,C ) and p' = ((X",Y',Z),C",€,C ) be isomor-
phic suitable structures (even over different cardinals), a an isomorphism between them

and Fy, F1, FF € X a triple of a A-system type. Then a respects wg, p,, i.e. for every
Ae FyN(XUY) we have a(mp, m (A)) = Tary)a(m)(a(A)).

Proof. Let Fy, F, F € X be a triple of a A-system type and A € Fy N (X UY'). We prove
the lemma by induction on the length of the piste from Fj to A.

Suppose first that A € C(Fpy) (or in case A € Y the piste to A involves only C(Fp)). The
isomorphism a moves C(Fp) to C(a(Fy)) and C(Fy) to C(a(Fy)). By Lemma 1.2.4, the
triple a(Fp), a(Fy), a(F) is of a A-system type. So, mq(my),a(r) moves C(a(Fp)) onto C(a(F))
respecting the inclusion relation. Then 74(g)q(m)(a(A)) should an element of C'(a(F})) at
the same place as a(A) in C'(a(Fp)), which, in turn is at the same place as A in C(Fp) and
Tr,m (A) in C(Fy). Hence

a(Try,F (A)) = Ta(ry)a(r)(a(A)).

Suppose no that A ¢ C(Fy). Let Hy, Hy, H be the first splitting on the way to A from Fy.
The induction applies to Hy, A . Hence

(T 1o (A)) = Ta(t).a() (a(A))-
Let A" = 7y, g, (A). Apply the induction to Fy, A". Then

a(Try,r (A) = Ta(ry),a(m) (@A)
Again, apply induction to Fy, Hy and Fy, Hy. So,

(7, (Ho)) = Ta(r).a(r) (a(Ho))
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and
G(WFO,Fl(Hl)) = 7TaL(Fo),a(Jf«“l)(OE(Hl))-
Finally,
TE, 1y (A) = T oo (Ho) iy oy (1) (TR0, By (Thy 1o (A)))-
Applying a, we obtain
a(mp, 5, (A)) = Ta(ry).a(rr) (a(A)).

O
Note that the proofs of Lemmas 1.2.5, 1.2.6 rely only on Lemma 1.2.4 and ?(also this

lemma does not use Z) do not use the component of suitable structures consisting of inter-

sections. Let us isolate a weaker notion that still will capture all the essential parts.

Definition 1.2.7 A two sorted structure ((X,Y),C, €, C ) is called weak suitable structure
iff

1. X has a maximal under inclusion element. Denote it max(X),
2. Y C max(X),
3. C'is a binary relation X,

4. ((max(X),X,C),Y) € P’, where for every A € X we identify C'(A) with the set
{Be X | (A, B)eC}.

The following analogs of Lemmas 1.2.5, 1.2.6 were actually proved above:

Lemma 1.2.8 Let p = ((X,Y),C,€,C ) and p' = (X', Y"),C",€,C ) be isomorphic weak
suitable structures (even over different cardinals) and a an isomorphism between them. Then
a respects pistes, i.e. for every A€ X and B € (XUY)NA, a maps the piste between A
and B in p onto the piste between a(A) and a(B).

Lemma 1.2.9 Let p = ((X,Y),C,€,C ) and p' = (X, Y"),C",€,C,) be isomorphic
weak suitable structures (even over different cardinals), a an isomorphism between them

and Fy, F1, F € X a triple of a A-system type. Then a respects wg, p,, t.e. for every
A€ FyN(XUY) we have a(mpy p (A)) = Tary),ar) (a(A)).
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Let p = ((X,Y),C,€,C ) be a weak suitable structure. Consider Z = {t; N...Nt, |
n < wty, . t, € XUY} Then (XY, Z),C,€,C ) is a suitable structure. Let us call it

expansion of p to a suitable structure.

Lemma 1.2.10 Suppose that p = ((X,Y),C,€,C ) and p' = ((X",Y'),C",€,C ) are iso-
morphic weak suitable structures (even over different cardinals). Then their expansions are

1somorphic as well.

Proof. Let a be the isomorphism between p and p’. We show that it extends to an iso-
morphism between the expansions. Let Z = {t; N...Nt, | n < w,ty,...,t, € X UY} and
Z'={tin..Nt, | n < w,ty,....t, € X' UY'}. Extend a to a function b in the obvious
fashion: b [ dom(a) = @ and b(t; N ...N¢t,) = a(ty) N ... N a(ty,), for any tq,....,t, € X UY.
We need to check that such defined b is a function and an isomorphism.

Note first that for every A,B € X, A’ € (AU{A}) N X and a € Y N A’ such that
ANB = A"Nna we have a(A)Na(B) = a(A") Na(a). Use induction on the pistes complexity
from max(X) to A, B as in Lemma 1.1.11. The inductive step follows since a preserves
A-system triples. Also, by Lemmas 1.2.8,1.2.9, a respects pistes and images under A-system
triples isomorphisms.

Similar, if instead of two sets we have finitely many Aj,..., A, € X, A € (A U{4;})NX
and a € Y N A’ such that A;N...N A, = A Na, then a(4A;) N ...Na(A4,) = a(A) Nala).
Also, the same holds if some (or actually one) of A;’s isin Y, i.e. is an ordinal.

Now, by Lemma 1.1.12, for every Ay,..., A, € X there are A" € (4; U{A;}) N X and

neY NA such that A;n..NA,=ANn,orjust A N..NA,=A".

An alternative proof that works for higher gaps as well proceeds as follows. Suppose that
AiN..NA,=BN..NB,,
for some Ay, ..., A,, By, ..., B, € X UY. We need to show that then
a(A)N...Na(A,) =a(By) N...Na(By,).

The proof is by induction on complexity of the pistes to components of the intersections.
Thus, suppose that A; has a maximal piste complexity among the components of the inter-
section. Consider the pistes from max(X) to A; and to Ay. Go to the last point until which
the pistes coincide. Then, as in the proof of Lemma 1.1.11, we replace A; by A} € X and

a1 € Y which are simpler than A; in the piste sense and such that
AlﬂAngllﬂalﬂAg.
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Now the induction applies.

O

Fix n

< w. We define an analog P/, of P’ on the level n just replacing k by k™.

An assignment function a,, will be an isomorphism between a suitable generic structure of

cardinality less than k,, over k and a suitable structure over x;™.
Define Q..

Definition 1.2.11 Let @, be the set of the triples (a, A, f) so that:

1. f is partial function from x*3 to , of cardinality at most x

2. a is an isomorphism between a suitable generic structure
((X,Y,Z),C,e,C) of cardinality less than &, and
a suitable structure ((X', Y’ Z"),C" €,C ) in P! so that

(a)

max(X’) is above every t € X' UY"’
in the order <g, of the extender E,, (or actually, the ordinal which codes max(X")
in the fixed in advance nice codding of [«;"*3]<#». We need that each element of

[k +3]<rn is coded by a stationary many ordinals below x™+3).

if t € X’ UY’ then for some k,2 < k < w,

t < H(x**), with y big enough fixed in advance. (Alternatively, it is possible
to work with subsets of x "™ only and further require it is a restriction of such
model to x;"3.) We deal with elementary submodels of H(x*), instead of those
of H(k,/™3).

Further passing from Q,o to P we will require that for every k£ < w for all but
finitely many n’s the n-th image of a model ¢ € X UY will be an elementary
submodel of H(x**).

The way to compare such models t; < H(x™*),ty < H(x™2), when k; # ks, say
k1 < ko, will be as follows:

move to H(x**1), i.e. compare t; with t, N H(x*F).

3. Ae Emmax(X’)a

4. for every ordinals «a, 3,y which are elements of Y’ or the ordinals coding models in X’

we have

a>p, 25,7 implics

wh(p) = i (w2 (p))
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for every p € T nax(x),a(4),
5. Tmax(X),a(V) > Tmax(x),8(V), for every a > finY', v e A
Define a partial order on (), as follows.
Definition 1.2.12 Let (a, A4, f) and (b, B, g) be in Q. Set (a, A, f) >0 (b, B, g) iff
1. a Db,
2. 2y,
3. Mmax(mg(a)),max(mg(®) A € B,

4. dom(f)NY? = dom(g)NY?, where Y is the second component (i.e. the set of ordinals)
of the suitable structure on which b is defined.
Note that here we do not require disjointness of the domain of g and of Y?, but as it
will follow from the further definition of non-direct extension, the value given by ¢ will

be those that eventually counts.

Definition 1.2.13 Q,; consists of all partial functions f : k™ — k, with |f| < k. If
f’g € in; then set f an g lfff 2 g.

Definition 1.2.14 Define @), = Q0 U Q1 and <X=<,0 U <,1.
Let p=(a, A, f) € Qno and v € A. Set

p v = fU{{0 Tmax(rng(a)),a(a) (V) | @ € dom(a) \ dom(f)}.

Note that here a contributes only the values for a’s in dom(a) \ dom(f) and the values on
common «’s come from f. Also only the ordinals in dom(a) are used to produce non direct
extensions, models disappear.

Now, if p,q € @, then we set p >,, ¢ iff either p >* qor p € Q1,9 = (b, B, g) € Qo and

for some v € B, p >,1 ¢ V.
Definition 1.2.15 The set P consists of all sequences p = (p,, | n < w) so that
(1) for every n < w, p, € Qn,
(2) there is ¢(p) < w such that
(i) for every n < €(p), pn € Qu,
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(ii) for every n > {(p), we have p, = (ay,, An, fn) € Qno,

(iii) there is ((A%", A" C*"), A%™Y€ G(P') which witnesses that dom(a,(p)) is a
suitable generic structure (i.e. dom(a,(p)) and ((A%" A™" C%") AT satisfy
1.2.2), simultaneously for every n,l(p) < n < w.

(3) for every n >m > {(p), dom(a,,) C dom(a,),

(4) for every n, {(p) < n < w, and X € dom(a,) we have that for each k < w the set
{m < w | =(am(X) N H(x™) < H(x™))} is finite.] (Alternatively require only that
am(X) C K™ but there is X < H(x ™)) such that a,(X) = X N k™. It is
possible to define being k-good this way as well).

(5) For every n > ¢(p) and a € dom(f,,) there is m,n < m < w such that a € dom(a,,) \
dom( f,).

Next lemma deals with extensions of elements of P. The analogs for the gap 2 are trivial.

Lemma 1.2.16 Let p € P and ((B*", B D*") B""") € G(P'). Then

1. for every o € B there is ¢ >* p such that o € dom(ay,(q)) for all but finitely many

n’s;

2. for every A € BY" there is ¢ >* p such that A € dom(a,(q)) for all but finitely many
n’s. Moreover, if ((A%" A™" CF") AW™Y > ((BO" B D7) B witnesses a
generic suitability of p and A € C"+(A0’*+), then the addition of A does not require
adding of ordinals and the only models that probably will be added together with A are

its images under A-system type isomorphisms for triples in p.

Proof. Pick some ((A%" A" CF"), A" € G(P') stronger than
(B, B D~ B such that

1. ae AW,
2. Ae A",

3. ((A%" AT R AT witnesses that dom(a,(p)) is a suitable generic structure
(i.e. dom(an(p)) and ((A%" A" Cx7) AT satisfy 1.2.2), for every n,l(p) < n <
w.
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Note first that it is easy to add to p any A € C*" (A%") such that the maximal models

of p,’s belong to A. Just at each level n > [(p) pick an elementary submodel of H(x™) of

+n+1

+n+1 which includes rng(a,,) as an element. Map A to such a model.

cardinality x

Hence it is enough to deal with «, A which are the members of the maximal model of p,
just, if not, then we can add first A%

We proof the lemma simultaneously for v and A by induction on the piste distance or
complexity.

Fix n > I(p). Let dom(a,(p)) = ((X,Y, Z),C,€,C).

Suppose that the piste to « involves only the central line. The general case is treated
similar.

Let A, € C*" (max(X)) be the least model of C*" (max(X)) with a € A;. We assume
that A; € X. Just otherwise use the induction to add it. This is possible, since the piste to
Ay is simpler than those to a.

Case 1. A is the least model of C*" (max(X)).

The piste to a from max(X) (or from A%") consists of A; alone. So, in order to add a we
do not have to add models or other ordinals first.

Consider #; = min(A4; NY) \ @) and 7 = max(A; NY Na) whenever defined. Suppose that
both 3; and 7, are defined. If one of them or both are undefined then the argument below
will be only simpler.

Let us denote a,(51) by B5, an(71) by 71, an(X) by X* and a, (A1) by Aj. Let C* be the
function that corresponds to C' in rng(a,). Then A} € C*(X*). Also, 57,7 € AjNa,”Y
and 7 < 1.

Assume that A] and 7 are k-good, for some k >> 2. Pick now M € Aj such that

1. M e fr,

2. |M| = rktmt2

3. M is k — 1-good,
4. vy e M.

Now, extend a, by mapping o to M and all the images of it under A-system types triples
isomorphisms to those of M.

Case 2. A, is not the least element of C*" (max(X)).
Then we will need to add also the immediate predecessor A7 of A; in C*" (max(X)). Do

this using the induction.
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Split the argument into three cases.

Case 2.1. a > sup(A4;).

Then we proceed exactly as in Case 1 above only require in addition that a,(A7) € M.
Case 2.2. a =sup(A7).

Set B = a,(A;). Then, its immediate predecessor B~ = a,(A]). Pick k < w such that
B~ < H(x™ ") and BN H(xt 1) < H(x*t**1). Then H(x™) € B~. Hence

B EYr < ke [H)]< " 73M < H(x™™) (M D v Ut and [M] < k/3),

Let § = sup(B~ N k,[™"3). Set M to be the Skolem hull of 6 U (B~ N H(x™)) in H(x™*).
Then M N k"3 = 4. Also, M € B.

Now, extend a,, by mapping o to M and all the images of it under A-system types triples
isomorphisms to those of M.

Case 2.3. a <sup(4;).

Consider or; = min(A;] \ o). We need to add a; before o and this can be done using the
induction, since the piste to a; is simpler than those to a. So assume that a; is already in
Y. Note that cof(a;) = kT, since A7 D kT and it is an elementary submodel of H(k™3).
We split the proof now into two cases.

Case 2.3.1. a =sup(ay N A7).

This case is similar to Case 2.2 above. Set B = a,(A;). Then, its immediate predecessor
B~ =a,(A7]). Let E = a,(ay).

Pick k < w such that £ < H(x™*), B~ n H(x* ) < H(x 1) and B n H(x ) <
H(x***1). Then H(x™) e ENB~.

<gtnts

ENB™ EVYv < "3Vt € [H(x™)]

IM < H(x™) (M DvuUtand |M|< k™).

Let § = sup(E N B~ Nk"*3). Set M to be the Skolem hull of § U (E N B~ N H(x**)) in
H(x**). Then M N "3 =§. Also, M € B.

Now, extend a, by mapping o to M and all the images of it under A-system types triples
isomorphisms to those of M.

Case 2.3.2. a > sup(a; N A7).

Consider 41 = min((A;NY)\ @) and v, = max(A; NY Na) whenever defined. Suppose that
both ; and 7, are defined. If one of them or both are undefined then the argument below
will be only simpler.

Let us denote a,(51) by 55, an(y1) by 71, a,(X) by X* and a,(A;) by Aj. Let C* be the
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function that corresponds to C' in rng(a,). Then A} € C*(X*) and a,(A;) is the immediate
predecessor of A} in C*(A7). Also, 8*,7* € A} Na,”Y and v* < g*.
Assume that A} and ] are k-good, for some k >> 2. Pick now M € Aj such that

1. M e gy,

2. (M| = 5",

3. M is k — 1-good,

4. v a,(A7) Nay(aq) € M.

Now, extend a,, by mapping o to M and all the images of it under A-system types triples
isomorphisms to those of M.
Set
V) =Y U{d | & is the image of

a under A — system types triples (of X)) isomorphisms }.
Claim 1.2.16.1 Y] s a closed set.

Proof. We just prove that every limit point of Y] is a limit point of Y, and hence, is in
Y. It is enough to deal limits of w-sequences, since if every limit of an w-sequence from Y;
is in Y, then any limit will be in Y, because Y is closed.
Such images are generated as follows. Pick the smallest triple Fy, Fil, F! € X of a A-system
type with Fj, ' € C(max(X)) and Fj € A. We add o' = 7p1 g () to Y. Note that it is
possible to have a = o!. Let § € Fy NY,&] € F! NY be as in Definition 1.1.2(4d). Then
al > o implies 55 <a< 511 < al.
Then pick the smallest triple F§, F?, F? € X of a A-system type with F7, F? € C(max(X))
and F§ C F'. We add o = 7z p2() and o®! = 7p2 p2(a') to Y. Again it is possible to
have a* € {a,a'}, where 1 < 2. Let &2 € FZNY, & € F2NY be as in Definition 1.1.2(4d).
Again, if one of the new «*"’s is above its pre-image, then the corresponding 2 will be above
sup(F?), and so, above both a, o'
Continue further all the way up to max(X). This way all the images of o are generated.
Note that we move up over the central line of X.
At each stage j in the process the same effect observed above will take place- if one of af%’s
is above its pre-image, then the corresponding ff will be above sup(Fg ), and so, above all
the images o/ of a generated at stages j' < j. But all such ff are in Y. Hence, their limit,
which is the same as those of increasing sequence of a/%’s, is in Y as well.
(] of the claim.
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Turn now to the adding of a model.

Assume first that a model A is on the central line. Let us observe that no collision with
ordinals in Y can occur. Thus if some o € Y, € A and sup(A) > «a (if @ = sup(A), then
by the piste closure we must have A € X), then the same should hold with images, i.e. the
image A* of A must have supremum above o* := a,(«) and a* ¢ A*. There may be infinitely
many such «a’s and then, in general, it will be impossible to find A*. In present situation, we
have the advantage - X is closed under pistes to ordinals of Y. This means, in particular,
that there is B, € C(max(X)) such that o € B, and B, is the least model of C'(max(X)),
or B, has the immediate predecessor B, in C'(max(X)) and o € B, . In our case the first
possibility is just impossible. Thus, we assumed that A € C*" (A%"), a € B, \ A. So, B,
is not the least element of C*" (A%"), which by 1.2.2(3) implies that B, is not the least
element of C'(max(X)) as well.

Hence, B, exists and A C B, .

Consider now a set

T={B, |aeY,a¢g A sup(A) > a}.

T is a subset of the closed chain C'(max(X)). Let E be the least element of T" under the
inclusion. Then A C E, since T C C*'(A%") and so, both E and A are inside the chain
C”‘””JF(AO"‘JF)7 but E is of the form B, for some a € B, \ A4, and B, € X, A & X.
Now it is easy to add A in a fashion similar to adding an ordinal above.
First we pick the least D € C(E) which contains A. Let I be the last model of C'(E) inside
D. Note that D can be a limit model of C*"(A%") and so D~ may not exist. Even if D~
exists, still it cannot be in X, since otherwise A = D~ will be in X.
Set = min((DNY)\sup(A)) whenever defined. Suppose that /3 is defined. If it is undefined
then the argument below will be only simpler. Note that necessarily 5 > sup(A). Otherwise,
sup(A) = § and it is in Y. Then the largest model W of C*" (A%") with sup(A) ¢ W must
be in X (pistes closure to ordinals). But then W = A, since W # A will imply W € A or
A € W, both possibilities are clearly impossible.
Note that every vy € DNY NG isin F. Otherwise, let some v € DNY N3 be not in F. The
piste to v goes via D but does continue further on C”“+(D). Hence, D must be a successor
model of C*%" (A%") and D~ must be in X, which is impossible, as was observed above.
Let us denote a, () by 8*, a,(D) by D*, a,(X) by X* and a,(F) by F*. Let C* be the
function that corresponds to C' in rng(a,). Then D*, F* € C*(X*) and §* € D*Na,”Y.
Assume that D* and §* are k-good, for some k >> 2. Pick now M € D* such that

1. M e p*,
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2. |M| = xSt
3. M is k — 1-good,
4. F* € M.

Now, extend a,, by mapping A to M and all the images of it under A-system types triples
isomorphisms to those of M.
Note that no new ordinals were added in the process and only models that are images of A
under A-system types isomorphisms for triples in X were added.

Suppose that A is not on the central line. In this case we are supposed to add to p the
whole piste from A%’ to A. We can concentrate, using the induction, only on the case of

ot

a A-system triple. Namely given Fy, Fy, F € Al of a A-system type with Fy being the
immediate predecessor of F' in C* (A%"). We need to add F; (and probably also Fpy, F' if
they are not inside) to p. Fy, F' are on the central line, hence we may assume that they are
in p. Let ag,aq € F N A¥ ™ be so that ag € Fo,aqn € Iy, FoNFL =ayN Fy=a; N F; and
either oy > sup(F1) or a; > sup(Fp). By the argument above, we can assume that aq is
already in p.

Note that F; ¢ p implies that a; & p, since otherwise the piste to a; must be in p, by the
definition of a suitable structure, but F; which is a part of this piste ( actually the final
model of it) is not in p. This provides a freedom to define the image of a; which will be
crucial further in choosing the image of Fj.

Fix n > l(p). We need to add F; to dom(a,(p)). Let dom(a,(p)) = ((X,Y, Z),C,€,C ).
We assume that Fy, F' € C'(max(X)) and o € Y.

Note that Y N [aq,sup(F})] = 0, since if some & € Y N [y, sup(F1)], then all models of the
piste to & are in X, but Fj is one of them.
Split into two cases.

Case 1. ap > a;.

Then sup(Fy) < ap. Consider the images F;, F"* and M, of Fy, F' and oy under a,.

Let us deal first with a little bit simplified situation, but which still contains the main
elements of the construction.

Subcase 1.A. No elements of Y N (sup(Fo N ap), o) are in dom(a,) N F.

By Definition 1.1.2, we have cof(ag) = x™". Hence cof(My N x"3) = g2 So,
”¢n+1>M0 C M. In particular, My N Fyj € M. Clearly, My N Fj € F*, as well. We assume
that My is k-good for k big enough. Hence there is a k£ — 1-good M; € M, realizing the
same k — 1 type over My N Fi as M, does. By elementarity, we can find such A, inside F™.
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Finally, pick F} to be an element of F* N M, which realizes over (M, N F§, M;) the same
k — 1 type as F{ realizes over (My N EF§, Mo).

Extend a, by mapping F; to F; and all the images of it under A-system types triples
isomorphisms. In particular, M; is added as the image of My under 7gs p.

Turn now to a general case.

Subcase 1.B. There are elements of Y N (sup(Fp N ay), ap) in dom(a,) N F.

Let ~ denotes the last such element below «; and [ the first such element above «y. If
one of them does not exists, then the argument below applies with obvious simplifications.
Note that, as was observed above, there is no elements of Y in the interval [y, sup(F})].

Denote a,(3) by N and a,(y) by 7*. We assume that My and N are k-good for k big
enough. sup(F§N M) Nk < NNk hence Ff N MyNk "3 € N (as a set of ordinals
of small cardinality). There is a k — 1-good M; € N realizing the same k — 1 type over
FyN MyN k™3 as My does and with v* € M;. By elementarity, we can find such M; inside
F*. Finally, pick F} to be an element of F* N N which realizes over (F§ N My N k™3 M)
the same k — 1 type as F{ realizes over (Mo N Fy, My).

Extend a,, by mapping F; to F; and all the images of it under A-system types triples
isomorphisms. In particular, M, is added as the image of My under mgy p.

Case 1. oy < .

The construction is similar. The only change is that we pick M; above Mj.

This completes the inductive construction, and hence the proof of the lemma.

O

The ordering <* on P and <,, on ),o seems to be not closed in the present situation.
Thus it is possible to find an increasing sequence of Xy conditions ((an;, Ani, fri) | 1 < w) in
(0 with no simple upper bound. The reason is that the union of maximal models of these
max(dom a,;) need not be in A" for any A" in G(P’). The next

lemma shows that still <,, and so also <* share a kind of strategic closure.

conditions, i.e. J;,

Lemma 1.2.17 Let n < w. Then (Qno, <, ) does not add new sequences of ordinals of the

length < kp, i.e. it is (ky,00) — distributive.

Proof. Let 6 < K, and h be a Qno-name of a function from 0 to ordinals. Without loss of
generality assume that ¢ is a regular cardinal.

Using genericity of G(P’) (or stationarity of the set {A%"|A%" appears in an element of
G(P')}) it is not hard to find elementary submodel M of some H(v) for v big enough so
that
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<a> QnOa ,}\lﬂ Pl € M;
(b) [M[=~x",

(c) thereis ((A%", A" Cn") AW™Y € G(P’) such that A% = MNH (5%) and max(A™ N
kT3) = sup(M N k™3).

(d) ef(MOKTT) =4,
(e) M C M.

Note that for such M, M* = M N H(x*3) must be a limit model, since by Definition
1.1.1(3) successor models are closed under k sequences, but M* is not by (d) above.

We have C*"(M*) \ {M*} C M*. Let B € C* (M*)\{M*}. We claim that then
C*"(B) € M. Thus, by elementarity there are B, D*" B ¢ M such that

((B,B™", D"y, B*"") € G(P')n M.

Note that C*" | B may be different from D*", but by the definition of order on P’
(1.1.15) and since B € C* (M*), there are Fi,...,E, € BY" such that the switch with
Ei, ..., E, turns D* into C*" | BY". But B € M and |B"'| < x*. Hence B C M.
So Ei, ..., E, € M, and then the corresponding switch is in M as well. This implies that its
result C*" | B isin M.

The cofinality of C*" (M*)\{M*} under the inclusion must be d, since it is an €-increasing
continuous sequence of elements of M* with limit M* and by (d) above cf(M* N x*TT) = 0.
Fix an increasing continuous sequence (A; | i < 6) of elements of C*" (M*)\{M*} such that
Uics Ai = M*, Ay is a successor model and for each limit model A; in the sequence A; 1 is
its immediate successor in C* (M*). By (e), each initial segment of it will be in M. Now
we decide inside M one by one values of h and put models from (A; | i < §) to be maximal
models of conditions used. This way we insure that unions of such conditions is a condition.

We define by induction an increasing sequence of conditions
((a(i), A(i), f(i))]i < 6).
and an increasing continuous subsequence
(Ag,|i < &) of (A;]i < 9)
such that for each ¢ < ¢
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(1) (al(i), A(2), f(2)) € M,
(2) (a(i+1),A(@+ 1), f(i + 1)) decides h (i),

(3) Ay, Ay, € dom(a(i)), Ay,,, is the maximal model of dom(a(i)) and ((Ay,,,,T,C*" |
T),R) € G(P') N M witnesses a generic suitability of dom(a(7)), for some T, R, with
R C Ay, Usup(Ay

i+1)'

There is no problem with A(i)’s and f(i)’s in this construction. Thus we have enough
completeness to take intersections of A(7)’s and unions of f(i)’s. The only problematic part
is a(i). So let us concentrate only on building of a(i)’s.
i=0

Then let us pick some Zy < Z; < H(x*™) N M of cardinality x,""! closed under " -
sequences of its elements and Zy € Z; . Set a(0) = ((Ao, Zo), (A1, Z1)).
i+1

Then we first extend (a(i), A(7), f(4)) to a condition (a(i)’, A(i)’, f(i)’) € M which decides
h(i). Then perform swt (see 1.1.13) to turn (a(i)’, A(é)’, f(7)") into an equivalent condition
(a(i)", A(@), f(3)) with A, € C*" (max(dom(a(i)")). Pick a successor model A; (from the
cofinal sequence (4; | i < §)) including max(dom(a(i)”)). Set ki1 = j and add it to

dom(a(i)"), using swt inside A; if necessary. Finally we add A,4.

i is a limit ordinal

Then we need to turn a = Uj ~;a(7) into condition. For this we will need to add to
dom(a) models and ordinals which are limits of elements of dom(a). First we extend a by
adding to it (Ay,,U;_; a(Ax,)), where k; = U;j<;k;. Then for each non decreasing sequence
(aj|j < i) of ordinals in dom(a) we add the pair { Uj; o, Uj<i(a(a;) N H(x™))), if it is
not already in the dom(a), where ¢ < w the maximal such that for unboundedly many j’s
in i a(e;) < H(x"), if the maximum exists or £ >> n otherwise. Finally, for each model
B € dom(a) if there is a nondecreasing sequence (B;|j < i) of elements of C*" (B) in dom(a)
and B is the least possible (under inclusion or with least sup) including the sequence, then
we add the pair ( U;; B;,Uj<i(a(B;) N H(x*))), if it is not already in the dom(a), where
¢ < w is the minimum between the least k such that a(B) C H(x ") and the maximal ¢’
such that for unboundedly many j’s in i a(B;) < H(x**), if the maximum exists

or

it is k, if the maximum does not exist and k < w,

or
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¢ >> n, if the maximum does not exist and k = w.

We will need to extend a bit more if the following hold:
1. B € dom(a),
2. (B, | j < 1) is a nondecreasing sequence of elements of C*" (B) in dom(a),
3. B is the least element of dom(a) such that |J;_; B; € B,
4. (o | j < ) is a sequence of ordinals such that
(a) a; € Bj,
(b) a; € dom(a),
(€) Ujcia; & dom(a).

Set o =UJ;_;
Let us consider two cases.

Case 1. a ¢ U,_; B;.

If B is the real immediate successor of |J;_; B, i.e. the one in O (A% of G(P'), then
J<i B;
in order to insure pistes to ordinals closure. Denote such successor by E. We map it to a
model E* such that |J;_;(a(B;) N H(x*") < B* < a(B) N H(x™)) and E* is good enough,
where ¢ is as above. Note that each v € B N dom(a) is already in B;, for some j < i, by

aj. Then o € B.

the extension made above suffices. Otherwise, we need to add the real successor of | J

pistes to ordinals closure of dom(a). Finally we map a to |J;_;(a(B;) Na(a;)).

Case 2. a € J,_; B;.

Let E be the smallest model in C*"(B) with a € E.

Subcase 2.1. E is the least (under the inclusion) element of C*" (B).

If for some j < i we have a; € E, then by the piste closure of dom(a), the model E is in
dom(a). It is easy now to extend a by adding only a which is mapped to an appropriate
element of a(E).

Suppose that for each j < 4, a; ¢ E. Consider og. Let Dy be the largest model in
C*"(B) with ag ¢ Dy. By the piste closure of dom(a), we have Dy € dom(a). Assume
that Dy # E, otherwise proceed as above. Clearly Dy D FE, and hence ay < a < sup(Dy).
Then ap; := min(Dy N o) € dom(a). So, ap < apgy < a. Let Dg; be the largest model
in C*"(B) with ag; & Dy. By the piste closure of dom(a), we have Dy € dom(a). Again,
we assume that Dy # E. Clearly Dy D Dy D E, and hence ag; < o < sup(Dg;). Then

ape = min(Dy; Napr) € dom(a). So, ap < a1 < a2 < . We continue and define Dy, etc.
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The sequence of such Dy, will be e-decreasing, and hence at certain stage Doy, = F.
Subcase 2.2. E is not the least (under the inclusion) element of C*" (B).

Then E has the immediate predecessor £~ in C””+(B). Suppose first that « is a limit point
of E~. Note that then necessarily £~ is a limit model, as successor ones are closed under
< kT-sequences.

Claim 1.2.17.1  There is an increasing sequence (o | j < 14) in B~ Ndom(a) with limit .

Proof. Let j <. If a; € E~, then we take it. Suppose that o; € E~. Pick D; to be the
largest model in C*"(B) with a; ¢ D;. Then, D; € dom(a), and clearly, D; D E~. Also,
a; < a and « is a limit point of £~. Hence a; < sup(D;). Then «a;; := min(D; \ a;) € D; N
dom(a). If aj; € E~, then we pick it. Otherwise, continue and consider D;; the largest model
in C*"(B) with a;; ¢ Dji. Then, D;; € dom(a), and clearly, D;; D E~. Also, a1 < a and
a is a limit point of E~. Hence oy < sup(D;). Then ajp := min(D;; \ aj1) € Dj; Ndom(a).
If ajo € E7, then we pick it. Otherwise, continue. After finitely many steps we will reach
some such «a;, € B~

U of the claim.

Let (o’ | j <) be given by the claim. For each j < i let K be the least model of C""(B)
with o} € K;. Then £~ = Uj<i K, since, clearly E~ D U].<i Kjand if E- 2 Uj<1l K, then
o will be in the immediate successor K € C* (B) of Ui Kj, but K C B~ and a ¢ E~.
Now we are in situation of Case 1 with (a; [ i < j) replaced by (o | i < j) and (B; | i < j)
by (K, | j < i)

Suppose now that a is not a limit point of E~. Pick j* < i such that for every 7, j* < j <1,
sup(E~ Na) < a;. If for some j,5* < j < i, «; € E, then E will be the least model of
C""(B) with «; inside, and hence F, E~ € dom(a), due to the piste closure of dom(a).
Suppose that for each j,j* < j <, a; € E. Fix such j. Pick D; to be the largest model
in C*"(B) with a; ¢ D;. Then, D; € dom(a), and clearly, D; D E. If D; = E, then
E € dom(a). Then, also E~ € dom(a), since a;y := min(E \ o;) € E N dom(a), but £~
is the largest model in C*" (B) with «;; not inside, and hence it must be in dom(a) by the
piste closure.

Suppose that D; # E. Consider aj; := min(D; \ o;) € D; Ndom(a). Clearly, a;j; < «, since
ECDjand a € E. If aj, € E, then E will be the least model of C*"(B) with «;; inside,
since a;j1 ¢ E~. Then E, E~ € dom(a).

If aj; € E, then we continue and pick D;; to be the largest model in ol (B) with aj1 & Dj;.
Then, D;; € dom(a), and clearly, Dj; DO E. If D;; = E, then £ € dom(a). Then, also
E~ € dom(a), since ajp := min(E \ a;1) € ENdom(a), but E~ is the largest model in
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C""(B) with aj, not inside, and hence it must be in dom(a) by the piste closure.
If D;j; # E, then we continue in the same fashion to define a9, Djo etc. After finitely many
steps we will have £ = D, or aj; € E. Both imply £, E~ € dom(a).

Finally denote the resulting extension of a by b.

Claim 1.2.17.2 dom(b) is a suitable generic structure.

Proof. Let as check the condition (6(6¢)) of Definition 1.1.1. Thus let A, o € dom(b),
A € C(max(dom(b))) a non-limit model and sup(A) > «. We need to show that min(A\«) €
dom(b).

Case 1. A € dom(a(l)) for some | < i.

If @« € dom(a), then for some j < i big enough we will have A, a € dom(a;), and then
min(A \ @) € dom(a;). Note that if v is a non-limit element of dom(b), then o € dom(a).
Suppose that « is a limit point of dom(b) and o € dom(a). Let (|7 < i) be a nondecreasing
sequence from dom(a) converging to a. By (6(6¢)) of Definition 1.1.1, 7; = min(A\«a;) €
dom(a). If (y;|j < i) is eventually constant, then the constant value will be as desired.
Suppose otherwise. Then (7;|j < ) will be also a converging to a sequence. But remember
that A is non-limit, hence *A C A, and so « € A. Then min(A\a) = a € dom(b) and we
are done.

Case 2. A ¢ dom(a).

Assume that o € A, just otherwise min(A \ o) = o and we are done. Denote min(A \ «) by
o

Subcase 2.1. « € dom(a).

Consider then the smallest model E, in C(max(dom(b))) with « inside. Let E be its
immediate predecessor in C'(max(dom(b))). Then A C E, since a ¢ A, and A # E_, since
E., € dom(a) and A ¢ dom(a). Then sup(E,) > «, hence oy := min(E, \ a) > « and
ap € dom(a). E;, O Aimplies that oy < o*. If ay = o*, then o* € dom(a) and we are done.
Suppose otherwise. Then ay < «*. Consider then the smallest model E,,, in C'(max(dom(b)))
with o inside. Let E_ be its immediate predecessor in C'(max(dom(b))). Then A C £,
since a; € A, and A # E , since B} € dom(a) and A ¢ dom(a). Then sup(E,,) > a1, since
o € B and o > ;. Hence ap := min(£; \ a1) > a1 and ay € dom(a). If ay = o, then
a* € dom(a) and we are done. Otherwise, ay < a*. We continue and consider E,,, E%— etc.
Note that the sequence of models E,, constructed this way is decreasing. So the process
stops after finitely many steps. Which means that a* € dom(a).

Subcase 2.2. « ¢ dom(a).

Then « is a limit of an increasing sequence («a; | j < ¢) of elements of dom(a).
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If an unbounded subsequence of the sequence (o | j < 7) is in A, then a will be in A as well,
since A is a non-limit model and so is closed under § sequences of its elements. Hence there
is j* < ¢ such that for every j, j* < j < i,a; ¢ A. Let 7* < j < i. We have sup(A4) > a > a;.
Set o = min(A \ a;). By Subcase 2.1, o € dom(a). If af > «, then o = o* and we
are done. Assume, hence that o < a, for every j < i. But the sequence (a7 | j < i) is a
sequence of elements of A which converges to a. So, o € A. Contradiction.

(] of the claim.

The next claim is similar.

Claim 1.2.17.3 rng(b) is a suitable structure over k.

We need to check that b is an isomorphism between the suitable structures dom(b) and
rng(b). By Lemma 1.2.10, it is enough to show that the restriction of b is an isomorphism
between between the corresponding weak suitable structures. But this is obvious, since no
A-system type triples are added at limit stages.

O
It is possible to work in V' rather than in V[G(P’)] or M. Combining arguments of 1.1.19

and the previous lemma it is not hard to show the following:
Lemma 1.2.18 P’ x Q, is < k,-strategically closed.

Lemma 1.2.19 (P, <*) does not add new sequences of ordinals of the length < ky.

Proof. Repeat the argument of Lemma 1.2.17 with P replacing (.
O
The argument of Lemma 1.2.17 can be used in a standard fashion to show the Prikry

condition (i.e. the standard argument runs inside elementary submodel M with § replaced
by k).

Lemma 1.2.20 (P, <*) satisfies the Prikry condition.

Finally we define — on P similar to those of [1] or [3].

Lemma 1.2.21 (P, — ) satisfies k1T -c.c.

Proof. Suppose otherwise. Work in V. Let (p, | @ < k™1) be a name of an antichain of
the length x**. Using 1.1.19 we find an increasing sequence (((A%" A" 57y ALY |
a < k1) of elements of P" and a sequence (p, | & < k™T) so that for every o < k™ the

following hold:
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+ + + ++ .

(a) <<A24117A(11117 Cg+1>7AifH ) IF Pa < Da,
(b) Usea AY" = A%, if « is a limit ordinal,
() "Ad, €AY,

+ .
(d) A% is a successor model,

(e) (Aé"€+ | B <a)e Ag’fl,
(f) for every a < f < k™t we have

C (A% is an initial segment of Cg* (A%fﬁ),

(g) Po = <pom | n < w>,

(h) for every n > I(pa), A%, is the maximal model of dom(a,,) and A% € dom(an,),

where Pan = <a/om,7 Aan7 fan>

Actually this condition is the reason for not requiring the equality in (a) above.

Let Pan = (Gan, Aan, fan) for every a < k™ and n > 1(p,).

Let a < k™. Fix some
0kt 1T kT 1k++ ot 1T kt 1k++
<<Ba+17 Ba—l—l? Da—l—l)? Ba+1 > SP’ <<Aa+17 Aa+17 Oa+1>7 Aa+1 >

which witnesses a generic suitability of structure dom(ae,) for each n,l(p,) < n < w, as
in Definition 1.2.2. Note that BY| need not be in C%, (A%") and even if it does, then
DL, (BY%Y) need not be an initial segment of C%,(A%"). By the definition of the order

<p (Definition 1.1.15) there are m < w and Ej, ..., E,, € Ai’fl such that

Kt s Kt ot s wt ot ot
Swt(<<A24+1’ Ai—&-l? Ca—i—l)? Atlx—H >7 E1> (RS Em) and <<Bg¢+1a Bi—f—la Da+1>7 B(i-i-l >

satisfy (1)-(3) of Definition 1.1.15.

By Lemma 1.2.16 it is possible to add all E;(i = 1,...,m) to dom(a,,), for a final segment
of n’s. By adding and taking non-direct extension if necessary, we can assume that E;’s are
already in dom(agy,), for every n > l(pq).

Now we can apply the opposite switch (i.e. the one starting with F,,, then E,, 4, ...,and
finally F; ) to dom(aa,) (and the corresponding to it under a,, to rng(a.,)). Denote the
result still by aqy,.

Finally, (A%, A" O ), AT will witness a generic suitability of structure dom(a,,)
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for each n,l(pn) <n < w.
In particular, we have now that the central line of dom(a,y,) is a part of C% (A% ) and
A% is on it, for every n,l(pa) < n < w.

Shrinking if necessary, we assume that for all a, 3 < k™ the following holds:

(1) £={(pa) = L(pp),
(2) for every n < { pa, and pg, are compatible in Qp; i.e. pan U pg, is a function,

(3) for every n, ¢ < n < w, (dom(fa,) | @ < k*T) form a A-system with the kernel

contained in A<
(4) for every n, w >n > ¥, rng(ae,) = rng(ag).

Shrink now to the set S consisting of all the ordinals below k™" of cofinality k™. Let «
be in S. For each n,/ < n < w, there will be $(a,n) < a such that

KT KT
dom(aan) N Ag{ g A%(a,n)

Just recall that |aq,| < k,. Shrink S to a stationary subset S* so that for some o* < min S*
of cofinality x* we will have 3(a,n) < a*, whenever a € S*, ¢ < n < w. Now, the cardinality
of Agf is k7. Hence, shrinking S* if necessary, we can assume that for each o, 3 € S*,¢ <

n<w
dom(ag,) N A% = dom(ag,) N Ag’"‘+.

Let us add A%" to each p, with o € S*.

By 1.2.16(2), we can add it without adding ordinals and the only other models that
probably were added are the images of Ag’f under A-system type isomorphisms. Denote
the result for simplicity by p, as well.

Let now < a be ordinals in S*. We claim that ps and p, are compatible in (P, —).
First extend p, by adding A%’f;. This will not add other additional models or ordinals except
the images of A%'g under isomorphisms to p,, as was remarked above.

Let p be the resulting extension. Denote pg by ¢. Assume that £(q) = ¢(p). Otherwise just
extend ¢ in an appropriate manner to achieve this. Let n > ¢(p) and p,, = (a,, An, fa). Let
qn = (bn, B, gn). Without loss of generality we may assume that an(A%’fQ) is an elementary
submodel of 2, ,, with k,, > 5. Just increase n if necessary. Now, we can realize the k,, — 1-
type of rng(b,) inside an(A%’fz) over the common parts dom(b,) and dom(a,). This will

produce ¢, = (b, By, gn) which is k, — l-equivalent to g, and with rng(b)) C an(A%’fQ).
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Doing the above for all n > {(p) we will obtain ¢ = (¢, | n < w) equivalent to ¢ (i.e.
¢ —q).

Extend ¢’ to ¢” by adding to it <A%’f2, an(A%’f;» as the maximal set for every n > (p).
Recall that A%’fl was its maximal model. So we add a top model. Hence no additional
models or ordinals are added at all. Let ¢! = (b, By, gn), for every n > {(p).

Combine now p and ¢” together. Thus for each n > ¢(p) we add b to a, as well as all
of its isomorphic images under A-system type isomorphisms of triples in a,,. The rest of the
parts are combined in the obvious fashion (we put together the functions and intersect sets of
measure one moving first to the same measure). Add if necessary A%, as a new top model
in order to insure 1.2.11(2(2a)). Let r = (r,|n < w) be the result, where r,, = (¢,,, Cy, hy),
for n > 4(p).

Claim 1.2.21.1 For each v, +3 <~y < k™1,

(A% AT Oy AT I r e P

Proof. Let v € (a+3,k™") and G(P’) be a generic subset of P’ with <<A3’“+, Ai"#, C§+>, A#"””H) €
G(P").

Fix n > ¢(p). The main points here are that b and a,, agree on the common part and
adding of ¥ to a, does not required other additions of models or of ordinals except the
images of 0’ under A -system type isomorphisms for triples in a,,.

We need to check that dom(c,) is a suitable generic structure and rng(a,) is a suitable
structure. Let us deal with dom(c,,). The range is similar. By Lemma 1.2.10 it is enough to
deal with a weak suitable structures. Let ((X,Y),C, €, C ) be the corresponding redact of
dom(cy,).

Clearly, ((X,Y),C,€,C ) is a submodel

of ((AlX" Al O €, C).

Let us check that the structures ((X,Y),C,€,C ) and

((Ai"#, A}Y’*H}, Cif, €, C) agree about pistes to members of X and to ordinals in Y. This will
show, in particular that ((X,Y),C, €, C ) is pistes closed and, hence ({max(X), X,C),Y) €
P

Fix t € X UY (a model or an ordinal). Note that, by the choice of the top model max(X)
of X we have max(X) € C (A%"). Hence, the piste from A%’ to ¢t will go via max(X).
If ¢ appears in dom(a,), then the continuation of the piste will be inside dom(a,), since
max(a,) = A% € C(max(X)). It will co-inside with the piste from A% to ¢, since

dom(a,) is a suitable structure. Hence all the members of the piste are in X UY.
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Note that if ¢ is in the common part, i.e. if t appears in both dom(a,) and dom(b,), then
t € A%". So the piste to ¢ passes through A%, since A% € C"" (A%).
If ¢t appears in dom(b”) = dom(b,,) U {A%’fz}, then the piste to ¢ will proceed via Ag’fm since
t € A%, and A%, € C(max(X)). Now, it will co-inside with the piste from A% to ¢, since
dom(b,) is a suitable structure and A%} € C(AY).

The agreement between the pistes follows.
[ of the claim.

Now we have r > p, ¢”. Hence, p — r and ¢ — r. Contradiction.

OJ
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Chapter 2

Gaps 4 and above-more symmetry.

It is a slightly changed version of [9] which allows more symmetry in the following sense:
for any two isomorphic models A, B € A" from a generic G C P’ the structure of models
from G of cardinalities smaller than 1 in A is the same as those in B, i.e. mag[E] € GN B
whenever E' € G N A of cardinality < 7.

This symmetry makes the forcing PL, equivalent to Ny NP, see [9],1.23,1.24.

2.1  One difference between gap 3 and higher gaps

Let P’(3) denotes the preparation forcing for the gap 3 defined in the previous chapter. Let
G be a generic subset of P’(3). Consider

S ={A|FUA™ AW Y AT Y e G A= A"

<kt

It was shown that S is a stationary subset of [H(x3]=*". Let us point out in addition

the following:

Proposition 2.1.1 If A,B € S and otp(A N k™) = otp(B N k*3), then A and B are

isomorphic by an isomorphism which is an identity over AN B.

Proof. Induction on pistes complexity.
O
The purpose of this note will be to show that this proposition fails already in the gap 4

case.
Theorem 2.1.2 Let A < p be cardinals such that
1. p s reqular,
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2. Nt <,
3. 20 = \T,
4. for every 6, A\t <8 < p, 0N =6.

Suppose that S is an unbounded subset of [H ()]
Then there are A, B € S with otp(AN u) = otp(B N ), but the isomorphism between AN p
and B N p is not the identity on AN BN .

Proof. Suppose otherwise. Let S be an unbounded subset of [H (u)]* witnessing this.
Consider a sequence (M, | o < p) such that for every a < u

1. (My,€,<,M,NS) < (H(pn),e,<,5S),

[\

.| M| = AT,

3. My, 2D\,

4. *M, C M,,

5. f # « implies Mg # M,.

Form a A-system and shrink the sequence (M, | a < p) to a sequence (M, | a € Z) such
that for every a, 8 € Z,a < 3 the following hold:

1. MyNa=Mgnp,
2. sup(M, N p) < 3,

3. (My,€,<,M,NS) >~ (Mg, e,<,MzN S) and the isomorphism is the identity on the

common part.

Fix some o # 3 in Z. Pick an ordinal 7 € M, above sup(M, N Mz N p).
Now we use unboundedness S and find A € S with 7,7, 0, (7) € A.
Consider A N M,. This set belongs to M,, since M, is closed under A-sequences of its

elements. By elementarity it is possible to find A, € M, such that
e A, D M,NA,
e otp(Aa N p) = otp(AN p),
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e A, €S.
Set Ag = T, m,(Aa). Then otp(A, N ) = otp(AgNp) and Ag € S, by (3) above. Note

also that the isomorphism 74, 4, is just maz, ar,(Aa) [ Ao By (1) above and the choice of 7
we have A, N AgNpu C Ay N 7. Hence 7' := ma, 4,(7) # 7. But 74, 4,(7) = Tas,,01,(7) and
the last component is in A. So, 7 € AN Ag.
Now,

TaAs(T) = T, a,(Ta,4,(7)).

But € ANA,, A /A, € 5,80 m4g4,(7) =7. Then
TAA (T) = Ta,,4,(T) = 7.

Which is impossible, since 7" € AN Az, A, Ag € S and 7 # 7'.
O

Without GCH type assumptions the theorem above consistently fails. Thus one can use
a "baby ” version of the arbitrary gap preparation forcing P’ which will be defined in the

next section:

((A", A7) | 7 € 5),

with only requirement that models of the same order type are isomorphic over their inter-
section.

We do not know if for the gap 3 always there is S as in Proposition 2.1.1 (or even only
unbounded set like this). Our conjecture is that it should not be the case. On the other
hand in L-like models it may exist due to morass structures inside.

Note also that once we have such S, then it is quite hard to eliminate it. Cardinals should
be collapsed or change their cofinality.

Carmi Merimovich asked the following question:

Suppose Ny, Ny < (H(ws), €, < ) are countable and otp(N; Nws) = otp(Na Nwsy). Does
it necessarily imply that Ny = Ny?

The following provides a rather complete answer.

Proposition 2.1.3 Suppose that V = L, N1, Ny < (H(ws), €, < ) are countable and otp( NN
wy) = otp(Ny Nwsy). Then Ny = Ns.

Proof. By Condensation Lemma, both Ny and N, are isomorphic to L, where o = otp(INy N
wa) = otp(Na Nws).
O
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Proposition 2.1.4 Suppose that 2% > Ry, Ny, Ny < (H(ws), €, < ) are countable, otp(NyN
CUQ) = Otp<N2 N LUQ), but N1 N 5) 7é N2 ﬂwg . Then Nl A7—£ NQ.

Proof. We have Ny Nwy # Ny Nwy and 2% > R, hence there is a real r in N \ Ns.
Now if N; = N, then the isomorphism function 7y, n, is the identity on w. In particular
TN, N, () = r. Contradiction.

O

The same conclusion can be derived even under GCH.

Proposition 2.1.5 Assume GCH. Suppose that Ny, Ny < (H(ws), €,< ) be countable iso-
morphic structures such that min((Na Nws) \ (N1 Nwq)) > sup(Ny Nws). Let P be Cohen

forcing which adds a function from Ry to 2 with conditions of a size < Wy. Then there is a
generic G C P such that Ni[G], No[G] < (H(wo)VIE) €, <), but N,[G] 2 N»[G].

Proof. Let 1 = min((N;Nws) \ (N2Nws)) and 1y = min((NaNws) \ (N1 Nws)). Then, clearly,
TNy, N (M) = m2. Now let us pick g1 : Ny Nwe — 2 to be P-generic function over Ny. Let
g1(m) = 0. Consider g = ¢; | m;. Clearly, g € NyNP and 7y, n,(9) = g. Set ¢ = gU{(m2, 1) }.
Extend now ¢’ to gs : No Nwy — 2 which is P-generic function over Ny. Set ¢ = g1 U gs.
Then ¢” € P, since 72 = min((Na Nwa) \ (N1 Nws)) > sup(N; Nws). Let now G be a generic
subset of P with ¢ € G. By the construction we have Ni[G], No[G] < (H(w2)VI¢ €, <),
but |G (m) # U G(n2), and so the models N;[G], N3|G] cannot be isomorphic.

U

2.2 The Preparation Forcing

We assume GCH. Fix two cardinals x and 6 such that x < 6 and 0 is regular.

We define a set which is parallel to P” of Gap 3, i.e. the set of central lines.

Definition 2.2.1 The set P"” consists of sequences of the form (C7 | 7 € s) such that

1. sis a closed set of cardinals from the interval [xT, 6] satisfying the following:

(a) |sNd |< ¢ for each inaccessible 0 € [k, 0]

(b) kT,0 € s

(c) if pT € sand p > k™, then p € s
)

(d) if p € s is singular, then s is unbounded in p and p* € s.
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If there is no inaccessible cardinals inside the interval [£, 6], then s can be taken to

be the set of all the cardinals of this interval.

2. For every 7 € s, C7 is a continuous closed chain of a length less than 7F of elementary
submodels of (H(67), €, <, C, k) each of cardinality 7

such that

(a) for each element X € C™ we have X N7 € On and, hence X D 7,
Further we shall denote otp(X N 67%) by simply otp(X).

(b) If X € C7 and there is Y € C*,Y D X, for some p € s\ 7 + 1, then there is
Y € C7,Y D X such that for each p € s\ 7+ 1if Z € C? and Z D X, then
Z DY, where 7* = min(s \ 7+ 1).
(c) If X is a non-limit element of the chain C” then
L CT X ={Y|YCX,Ye(C}elX,
ij. cof(m)>x C X,
iii. if for some p € s,p > 7 we have Y € C” with sup(Y') > sup(X), then X C Y,

iv. if for some p € s,p > 7 we have Y € C*? with sup(Y) < sup(X), then there
are p' € (s\p)NX and Y’ € C” N X such that Y DY and Y NX =Y'NX.

Note that p’ = p, unless there are inaccessible cardinals.

v. fée(s\7+1)NX and C*N X # 0, then
Uivectlyextex

Denote this union by (X)e.

Note that if for some 7 € 5, € sNT and Z € C™ thereisno p € s\ 7, A € C¢
with (A), defined and so that Z C (A),, then Z O B for each B € C*.
Since, if for some B € C¢ we have sup(Z N0T) < sup(B N OT), then, by the
condition (iv) above, there are p € s\ 7,Y € C? N B such that Z C Y and
ZNB=YNB. So, (B), exists and Z C (B),.

vi. (CN(X)e|€€s\7+1,(X)e is defined ) € X.

3. If (§; | j < i) is an increasing sequence of elements of s, { = J,_; §; and (X | j < i) is
an increasing (under the inclusion) sequence such that X; € C% for each j < i, then
X =U;,X;isin Ce.
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The next set will be needed here in order to define a A-system type triple.

Definition 2.2.2 The set P” consists of all sequences of triples
(A AT CTY | T € s)

such that for every 7 € s the following hold:

1. |A7| < T,

2. A ¢ AT,

3. every X € A' has cardinality 7 and is either equal to A°" or belongs to it,

4. C7: AT — P(A!7),

5. (CT(A') | T € s) € P,

6. (Coherence)
if X,Y € C7(A") and X € C"(Y), then C™(X) is an initial segment of C7(Y") with X

being the largest element of it.

7. Let Be C7(A") and ' = {p € snt|3IX € C?(A%) X C B}. For each p € s let
B, be the largest element of C?(A%) contained in B. Then

(C7(By) | p € )~ (CT(B)) (CH(A®) [ £ € s\ T +1) € P".

Now we define A-system type triples. The definition is more involved than those in the
gap 3 case. The basic reason is that instead of using a single central line consisting of ordinals
there, we may have here many other central lines. Over each of them A-system type triple
may appear (thus, for example for the gap 4: there will be A-system type triples for x*
relatively to lines of models of cardinality x**, and those of cardinality st relatively to
lines of cardinality k™, i.e. ordinals). We define simultaneously also switching using the

induction on the rank of sets.

Definition 2.2.3 Suppose that p = ((A"7, A", C") | 7 € s) € P", F € C"(A"), for some
T € s, 7 <0 and Fy, Fy € F. We say that the triple Fy, Fy, F' is of A-system type iff

1. Fy is the immediate predecessor of F in CT(A°)

2. Iy < F,
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. if for some p € s,p > 7 we have Y € C?(A%) with sup(Y) > sup(F}), then I} C Y,

. if for some p € s,p > 7 we have Y € C?(A%) with sup(Y) < sup(F}), then there are
pe(s\p)NFand Y € CF(A%)NF such that Y DY and Y N Fy =Y' N F.

Here we need to consider two possibilities: 77 € s or 77 ¢ s and then min(s\ 7+ 1) is
an inaccessible cardinal. We will treat both possibilities similar. Denote min(s\ 7+ 1)

by 7*. So 7* is either 77 or 7* is an inaccessible.

. There is H; € A'™ N F; which the maximal under inclusion, where i € {0,1}. Moreover
H; € CT(A").

. There are Gy, Gy € C™ (A"") N F such that

models only with supremums below max(sup(FyN6071), sup(F; NOT)) which leaves
Hy on the central line for 7* and moves H;, Gy, G; to the central line. Moreover,
all the models involved in the switch are in F.

Here we use the induction on the ranks of sets.

Further let us call Gg, Gy the witnessing models for Fy, Fy, F.
We may refer to Hy, H; and the models used in the switch as witnessing models as

well.

The next condition will require more similarity:

. (isomorphism condition)

the structures

(Fo,€,<,C, k7, OT(F), (A N Ey | p€ (s\T) N EF),(CP T AYNFy | p€ s\ 7T), fr,)
and

(F,€,<,C,k, 7, CT(F), (AN F | pe (s\T)NF),{(CPTAYNF | pes\T), fr)
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are isomorphic over Fy N Fy, i.e. the isomorphism 7g m between them is the identity

on Fy N Fy, where fr, : 7 «— Fy, fr, : T <— F} are some fixed in advance bijections.

In particular, we will have that otp(Fy) = otp(F1) and Fy N 7" = Fy N7
Note that here we use C* | A" N F; (i < 2). In the gap 3 case we had only A" but

it was just an increasing sequence and so served as a replacement of C*'" as well.
8. For each £ € s, if X € A€ and X D F, F}, then X D F.

Define the switch ¢ of p by Fy, F, F' to be

((A%, A%, D) [ € € 5),

where D¢, for £ € s\ 7 + 1 is determined by switching in p \ 7 + 1 below max(sup(Fp N
0F),sup(F; N 6F)) which turns C™ (H;) into an initial segment of 7*-central line. D7(F) =
C™(F))"F and D7(A°) = D™(F)™(X € C7(A°) | X D F). The rest is defined in the
obvious fashion by taking images under isomorphisms 7g, g, etc.

Further let denote such ¢ by swt(p, F').

Note that that it need not be a condition.

Denote by swt(p, By, ..., B,) the result of an application of the switch operation n-times:

pir1 = swt(p;, B;), for each 1 < i < n, where p; = p and swt(p, By, ..., By) = Pni1-

Note that there is no A-system type triples in the cardinality 6.

Now we define the preparation forcing P’.
Definition 2.2.4 The set P’ consists of elements of the form
(A AT CTY | T € s)
so that the following hold:

1. (A, AV, C7) | 7 € 5) € P,
We call C7(A%) 7-central line of ((A°7, A C7) |1 € s).

The following conditions describe a special way in which A7 is generated from the

central line, for each 7 € s.

2. Let B € A'". Then B € C"(A") (i.e. it is on the central line) or there there is a
finite sequence piste(B) of models in |J,c,\, A' that terminates with B. We call this

sequence a piste to B and it will be defined recursively below.
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First let us define blue (easy) pistes and the set bp(A°7) of elements of A" reachable
by such pistes from A°7.

Set CT(A) C bp(A°T). If B € C™(A"), then set piste(B) = (B).

Suppose now that A € bp(A°") and bp(A) is defined. Again, set C7(A) C bp(A°T). If
B e C7(A)\ {A}, then set piste(B) = piste(A) ™ (B).

It is allowed to continue a blue piste via a A-system triple.

Blue Piste Continuation—First Continuation.

Suppose now that A € bp(A°7), bp(A) is defined and there are models Ay, A; € ANAT
such that

(a) the triple Ag, A;, A is of a A-system type with respect to ((A%, AE C¢) | € € s\7),
(b) Ay € C7(A),

Then we add A; to bp(A°") and piste(A;) is defined by adding A;, Ag and the models
witnessing the A system to piste(A).

Now let B € A'". We define piste(B) the piste leading to B. If B € bp(A°), then
piste(B) was already defined. Suppose that B & bp(A°"). We follow first the blue piste
down from AY" until reaching the least element A of bp(A°7) with B € A, i.e. first pick
the lest element of C7(A°") with B inside if it is not of a A-system type, then set A
to be this element; otherwise, take the immediate predecessor of it which is not on the

central line and continue down through it etc.

We continue and define recursively (and using €-induction) in addition sets of models
connected by a piste to a given model T' € | J, ., A" which will be denoted by pe(T).

Require that bp(T") C pe(T).

ves

Second Continuation.

There are p € sN A, p> 7, T*, Ty, T, T € A N A such that

(a) T* is on the central line relatively to A, i.e. once we make the switches along the
piste up to A which move A to the central line, then 7% is moved their as well;
other way to state this: if Z is the largest model of A N A, then T* € C*(Z).
In particular, if A is the first model of the piste or only the first continuation was
used on the way to A, then T* € CP(A").

(b) 1,1y, Th € pe(T™).
Note that T* € A, so we can assume that pc(7*) is already defined.
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(c) piste(T*,T) € A,
(d) To,T1,T are of a A-system type,
(e) Thereis E € bp(A) such that
L ECT,,
ii. there is no E' € bp(A) with E C E' C Ty,
iii. B C o (B).
We add all the relevant models above, i.e. T* Ty, T1, T, E, mp, 1, (F) etc. to piste(B)
and 77, 1 (E) to pc(A). Continue further from g, 1, (E).

Note that 77, r, (F) is an immediate predecessor of A. Once E is a proper subset of
Ap, this produces an immediate predecessor of A of smaller order type.
Also this process applied to different T’s and E’s may generate a large number of

immediate predecessors of A of different order types.
The next continuation is just an iteration of the previous one.
Third Continuation.

There are n < w and a sequence (A; | i < n) of elements of A7 N A such that

(a) Ap € bp(A),
(b) Aj is obtained from Ay as in Second Continuation.
(c) For every 7,2 < i < n, A; is obtained using A; ;. Namely there are E' €
bp(Ai_1),pi € sNA, p' >1, T™ Ti, T}, T" € A N A such that
i. T% is on the central line relatively to A,
i, T8 TV T € pe(T™),
ili. T¢, T}, T" are of a A-system type,
iv. piste(T™,T") € A,
v. BV C A NTE,
vi. there is no ' € bp(A4;_,) with E* C E' C T¢,
vil. A; = 7 i (E7),
(@) BC 4,

We add all the relevant models above to piste(B) and all models of |J,, pc(4;) to
pc(A).
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The next condition insures a kind of symmetry:
3. Let Ty, T1', E™ be as in Third Continuation. Then wzn rn[pc(E™)] = pe(mrn n(E7)).
Moreover 7rn n | pc(E™) is an isomorphism between the corresponding structures.

We require that every element of A'" is connected to A°™ by a piste:
4. AT = pc(A'), for every T € s.

5. Let Fy, Fi, F € A7 be of a A-system type, Fy, F € C™(A’). Suppose that £ € sN T,
(A%), exists and (A%), D Fy. Let X € C(A%) be the least with (X), D Fy. Then
(X), 2 F.

The meaning of this condition is that it is impossible to have a small model in between
models of a A-system type of larger cardinality. It will not be very restrictive for our
further purposes, since we will be always able to increase first elements of P’ by adding

models of cardinality 7 at the top, and only then to make a A-system type triple.

The next condition is relevant once inaccessibles are present.

6. Let Fy, Fi, F € A7 be of a A-system type, Fy, F € CT(A). Suppose that £ € sN T,
X € C4(A%), for some p € s\ 7, (X), exists and (X), 2 Fy. Then (X), D F.

7. (uniqueness) Let Fy, Fy, F|, F € A'7. If both triples Fy, [}, F and F}, F|, F are of a
A-system type, then {Fy, F1} = {F{, F}}.

The following lemma follows directly from the definition.

Lemma 2.2.5 Let ((A% A% C%) | € €s) € P'. Then AY is a chain.

Proof. Just note that we have no A-system triples in the cardinality 6. Hence each model
in A is on the f-central line, i.e. on C%(A%).

O
We need to allow a possibility to change the component C7 in elements of P’ and replace

one central line by another. It is essential for the definition of an order on P’ given below.

Definition 2.2.6 Let 7,¢q € P’. Then r > ¢ (r is stronger than ¢) iff there is p =
swt(r, By, ..., B,) € P’ for some By, ..., B, appearing in 7 so that the following hold, where

p= (A%, A%, C%) [ E€s)
¢=((B*,B"*,D%) [ ¢ € )
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1. ¢ Cs,
2. B% € C5(A%), for each € € &/,

3.q=p | (B%|e¥),
where p [ (B% | ¢ € §') = ((B%, A N (B¥ U{B%}),C* | (B*U{B%})) | es),

4. for each £ € s and X € C¢(A%)\ C¢(B%) q¢e€ X,

ot

. for each £ € s\ s’ and X € C¢(A%) q¢e X.

The meaning of the last two conditions is that new models over central lines supposed to be

above all old ones.

Let p = ((A% A C¢) | £ €s) e PPandnp € s. Set p\n = (A% A% C%) | £ € s\ n).
Define P, to be the set of all p\ 1 for p € P".

Lemma 2.2.7 The function p — p\ n projects the forcing P" onto the forcing P%, .

Remark. Note that we split at n only p’s in P’ with n inside s of p. The reason is that in
the case of 7 € s an extension of p\ 7 may include models of cardinality  which for example

belong to models of p of cardinalities below 7. Such extensions will be incompatible with p.

Proof. Let p € P’ and q € P>,,q > p\n. We need to find r € P’,r > p such that r \ n > q.
Let us take an equivalent to ¢ condition ¢’ in P4, (a switching of ¢) with the central lines of
¢ extending those of p \ . Then p~¢' the combination of p with ¢’ will be in P’, p~¢ > p
and (p7¢)\n=4¢"

]

Lemma 2.2.8 P, is nt-strategically closed.

Proof. We define a winning strategy for the player playing at even stages. Thus suppose
(pj | j<i)y,p = <(A9»T, Ajl-T, CT) | 7 € s5) is a play according to this strategy up to an even
stage 1 < n™.

Split into two cases.

Case 1. 1 =j + 1.

Let p = ((A°, A'7,C7) | 7 € s = s;) be a switch of p; which restores A" to 7-th central
line, i.e. AY, € C7(A%), for every 7 € 5;_1.

Then pick an increasing continuous sequence (A" | 7 € s) such that for every 7 € s
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<a> COf(T)>j4g7' C A?77
(b) (pr | k< i),p, (A |7 < 7)€ A",
Set p; = ((AY, A", CT) | T € s), where

AN = AV U LAY}, CF = O7(A") U {(AP, C7(A") U{AY ]},

Case 2. 7 is a limit ordinal.
Set first
s = the closure of U 5.
j<i

For every 7 € |J;_; s;, define

j<i

A =AYy Al = AT u{A)},

J

j<i j<i
cr= |J Ccru{iAr {A7 U J{CT(AY) | jiis even})}.
j<i,j is even
If 7€ s\ U, sj, then set
AZQT _ U A?T/’

T'€(Uj<is;)NT
AT = {AT} and CT(AY) = {(AY {AV])}.

As an inductive assumption we assume that at each even stage j < 7, p; was defined in
the same fashion. Then p; = (A)", Al7 CT) | T € s) will be a condition in P’ stronger than
each p; for j <.

O
If we take n = 6, then it is easy to show the following:

Lemma 2.2.9 (P, <) is 07 -closed.

Let p= ((A% A% C¢) | £ €s)e P and n €s. Set p | n=((A%, A%, C%) | £ €snn).
Let G(P%,) be a generic subset of PL,. Define P_, to be the set of all p [ 1 for p € P’
with p\ n € G(P%,).

Lemma 2.2.10 P'~PL, « P,

/

Lemma 2.2.11 Ifn is a regular cardinal, then the forcing P, satisfies nt-c.c. in VP,
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Proof. Suppose otherwise. Let us assume that
®||7;/2n(<pa = <(,N437, ,Néﬂ;f, g;) | 7€ sa) | o <n') is an antichain in 73/<77)

Without loss of generality we can assume that each A% is forced to be a successor model,
otherwise just extend conditions by adding one additional models on the top. Define by
induction, using Lemma 2.2.8, an increasing sequence (g, | @ < n*) of elements of P., and

a sequence (p, | a < ™), po = ((AY AT CT) | 7 € s,) so that for every a < ™
ol (A, AT, C5) | 7€ 500 =

For a limit o« < n* let g, be an upper bound of {¢s | § < a}, as defined in Lemma 2.2.8
and ¢, be its extension deciding p,. Also assume that p, € A%(q,), where A% (q,) is the
maximal model of ¢, of cardinalit; 7.

Note that the number of possibilities for s,’s is at most 7, since if 7 is an inaccessible,
then by Definition 2.2.1(1), |so| < 7 and if n is an accessible cardinal, then n = (n7)*
(remember that 7 is a regular cardinal). So s, Cn~ U{n~}. But 27 =n.

Hence, by shrinking if necessary, we may assume that each s, = s*, for some s* C 7. Let
n* = max(s*).
Form a A-system. By shrinking if necessary assume that for some stationary S C n* we

have the following for every o < (3 in S:
1oAY N AY(g,) = AF" N A™(gs) € A(qo)

2. (A" e < C,k, 02*7ng”*, A g M AP and <Agn ,€,<,C,k,C ,ngn*, Ag? ,qs N
A%"*> are isomorphic over A% N Ag"*, i.e. by isomorphism fixing every ordinal below
A% N Ag"*, where

and

are the fixed enumerations.

Note that |[A%" N A%n*| < n*. So we can define a function h, : n* — 1 by mapping
each i < 7 to the order type A% N @T between the i-th element of A% N A%"* N6 and its
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immediate successor in A% N Ag"* N 6*. The total number of such h,’s is at most 7, hence
by shrinking if necessary we will get the same function. This will insure the isomorphism
which is the identity on A% N Ag"* N O+ and, hence, on A% N A%"*.

We claim that for o < (in S it is possible to extend gg to a condition forcing compatibility
of p, and pg. Proceed as follows. Pick A to be an elementary submodel of cardinality n*
with p,, pg, gz inside.

Then the triple A%"*, A% A is of a A-system type relatively to gs, by (2) above.
Use this to construct a condition stronger than both p,, ps.

Let (A(7) | 7 € s* U s(gg)) (where s(gg) denotes the support of ¢z) be an increasing and

continuous sequence of elementary submodels such that for each 7 € s* the following hold:
L4 ponp,@7Q,B7A € A(T)J
o |[A(T)|=T.

Extend gg to ¢ by adding to it (A(7) | 7 € s(gs)), as maximal models, i.e. A°(q) = A(7).
Set p = ((A%7, A" C7) | 7 € s*), where

A = A(n*), A" = AT U AT U{A, A,
C" = CT UCY U(A,CY (A7) A) U (A" Cl (AT )~ A A,
and for each 7 € s* N n*,
A = A(1), A" = AT U AT U{A”],
CT =CLUCEU (A, CH(AY)~A™).

The triple A%"*, A% A is of a A-system type relatively to ¢, by (2) above. It follows
that (p,q) € P’. Thus the condition (2) of Definition 2.2.4 holds since each of (pa, q), (pg, q)
satisfies it.

[

Lemma 2.2.12 Letn, k <1 < 0, be a reqular cardinal. Then in VF' we have 2" = n*.

Proof. Fix N < H((2M)"), for X large enough, such that P’ € N, [N| = o™ and "N C N.
We find p]ZVnJr € P.,+ which is N-generic for P, ,, using n**-strategic closure of P .. Let
G(PL,+) be a generic subset of P, with p>,+ € G(PL, ;). Then, Nlp>,+] < V\[G(PL, )]
By Lemma 2.2.11, P_ , satisfies n*-c.c in V[G(PL, ;)]. In particular, P—, satisfies n™*-c.c.
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Let G(PL,) be a generic subset of P, over V[G(PL,.)]. Denote N[ps,+] by Ni. Then
M[N: 0 G(PL)] = VIG(PL,)I[G(PL,)], since each antichain for P_, has cardinality at
most 7*. Hence, if it belongs to IV then it is also contained in N;. Denote N[Ny NG(PL,)]
by Ns.

Consider P, N Ny. Clearly this is a forcing of cardinality n*. By Lemma 2.2.11, PL,
satisfies 77-c.c., so PL, M N is a nice suborder of PL,. Thus, let G C P, be generic over
VIG(PL, )IG(PL,) and H = GNN,. Then H is PL, NN, generic over V[G(PL, ,)][G(PL,)],

>nt
since, if A C PL, N Ny is a maximal antichain, then A is a maximal antichain also in P~,.
This follows due to the fact that Ny is an elementary submodel closed under n-sequences of

its elements. Namely, |A| <7, so A € Ny. Then
N |= A is a maximal antichain in P, .

Now, by elementarity, A is a maximal antichain in P.,. So there is p € G N A. Finally,
A C N, implies that p € Ny and hence p € H.

We claim that each subset of n in V[G(PL, . )][G(PL,)][G] is already in N>[G]. It is
enough since |No[G]| = |N| =n™.

Work in V. The construction below can be preformed above any condition of P’ stronger
than pgw € P,zn+ (which is needed in order to preserve the elementarity of N in generic
extensions). So, by density arguments, we will obtain the desired conclusion.

Let a be a name of a function from 7 to 2. Define by induction (using the strategic

closure of the forcings and n*-c.c. of PL,) sequences of ordinals

(05 1 B <m), (v(a, B) | B <m,a < dp)
and sequences of conditions
(pa(@) | o < 3) (B <), (p(B) | B <n)
such that
(1) for each 8 < n, ds <n™,

(2) for each 3 < n, (ps(a)>, | @ < dp) is increasing sequence of elements of P%, and p(3)

is its upper bound obtained as in the Strategic Closure Lemma 2.2.8,

(3) Po(0)>y+ ngnﬂ

(4) the sequence (p(() | B < n) is increasing,
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(5) for each 6 < and a < 4, ps(@)|Fa(8) = v(a, B),

(6) if for some p € P’ we have p \ 7 >pL, p(B)>y, then there is o < § such that the
conditions p, pg(c) are compatible. (Le. {pg(a)<, | a < dg} is a pre-dense set as

forced by p(8)sy).

Set p(n) to be the upper bound of (p(5) | # < n) as in the Strategic Closure Lemma 2.2.8.
Let L denotes the top model of cardinality 7 of p(n), i.e. A% (p(n)). By the construction in
2.2.8, we have dg, p(3) € L and y(a, ), pg(a) € L, for each § < n and a < 3. Alternatively,
we can just extent the model L to one which includes this sequences. Extend L further if
necessary to include p(n) as an element.

Turn for a moment to a generic extension. Let G(PL, ;) be a generic subset of PL, , with
p(m) \n* € G(PL,,). Pick K € N realizing the same type as those of L in H(2")[G(PL, )]
over N N L. Note that N N L is a subset of N of cardinality n and, hence, it is in N.

Let

(@(B) | B <n),(gs(a) | a < dp)(B <)

be the sequences corresponding to

(pala) | a < dg)(B <n), (p(B) | B <n)

and let g(n) corresponds to p(n). Note that ¢(3) \ nT,qg(a) \ n* are in G(PL,,), since
p(B)\n*,ps(a) \ n* are in G(PL, ). Then,

aB)\ 7" qs(@) \ " <pr | pYs,
<n

by the choice of p§n+ and since pJZVW gp/Qﬁ p(n) \nt € G( ,277+)'

Combine now K, L into one condition making them a splitting point. Let M be a model
of cardinality n such that K, L € M. Then the triple L, K, M will be of a A-system type
relatively to p(n)”L~M (which is defined in the obvious fashion with L € C"(M)). Now,
we add ¢(n)” K to p(n)”L~M and turn this into condition in P’, exactly the same way as it
was done at the end of the proof of Lemma 2.2.11. Denote such condition by 7.

Define a name b of a subset of n to be

{{as(a),v(a, B)) | o < b5, B <}

Clearly, b is in N.

Claim 2.2.12.1 r\kg = rQ

29



Proof. Let G be a generic subset of P’ with » € G. Then also p(1)>,, ¢(n)>, € G. Now, for
each § < n there is a < d3 with pg(a) € G (just otherwise there will be a condition ¢ in
G forcing that for some [ there is no a < dg with pg(a) € G. Extend it to t' deciding the
value a((3). By (6) there is « such that ¢', pg(a) are compatible). Let ' € G be a common
extens?on of r and pg(a). Recall that L, K, M is a triple of a A-system type in r and the
isomorphism 77, moves pg(a) to gs(er). Hence gg(ar) < r’. But then ¢z(a) € G.

U of the claim.

O

Remark 2.2.13 The proof of 2.2.12 actually shows that in V[G(P>,)] the forcing P, is
equivalent to the forcing No NP, of cardinality #*. Thus, instead of a name a of a subset
of n take a PL,-name of a maximal antichain of PL,. By n*-c.c. of PL, , the antichain has
cardinality < 7. Using the strategic closure of P,, we produce a condition deciding all the
elements of the antichain. Let L be its top model of cardinality n. Find K as in the proof of
2.2.12 and copy the antichain to N,. Finally, any N, NP, -generic will intersect this image,
which in turn will imply that on the L-side the same happens.

The models of small cardinalities (i.e. < n) will always be moved from K to L and vice verse

by the definition of Continuations, which is much more relaxed here than in [9].

Let us show that 27 = 5™ for singular n’s as well. Note that it is possible to deduce this
appealing to Core Models arguments (provided that there is no inner model with too large

cardinals).
Lemma 2.2.14 (a) Letn be a singular cardinal in [s*,0]. Then in VP we have 27" = n*.

(b) VP satisfies GCH.

Proof. 1t is enough to proof (a) since then (b) will follow by the previous lemma 2.2.12.
Fix a singular cardinal n € [x7,0]. Let N, p>y+, N1, Na, a be as in the proof of 2.2.12.
Pick an increasing sequence (n; | i < cof(n)) of regular cardinals cofinal in 7. Let (L; | i <

cof(n)) be an increasing sequence of elementary submodels of H((2*)*) such that
L |L| = mi,
2. L; O n,
3. "7 L; C Ly,
4. (L; | j<i) € L,
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9. N,p2n+,g S L().

Now we construct a sequence (p(7) | ¢ < cof(n)) of elements of P’ such that

1. p(O) Z p2n+,

2. p(i)sy, is (L;, P')-generic over p(i)<y,, i.e. for any maximal antichain A C P’ with
A € L;, if some ¢ is in A and is compatible with p(i), then there is 7 > ¢, p(i) such

that for some " < r we have v’ € AN L,.

3. p(4) I mi = p(i)<y,, for every j > i,
4. p(i) € Lis.

The construction is by recursion and uses that at each i < cof(n) strategic closure of P,
together with 7;"-c.c. of PL, .

Now let p be the result of putting (p; | i < cof(n)) together as in the strategic closure
lemma 2.2.8 with L the top model of cardinality n. Note that if G C P’ with p € G, then
LGN L] < H((2")1)[G]. Thus, if A € L is a maximal antichain, then A € L; for some
i < cof(n) and by (2) above some 1’ € G is in AN L;.

In particular, a can be computed correctly inside L. We continue further as in 2.2.11 define
K etc.,with p replacing p(n) of 2.2.11.

O

2.3 The Intersection Property- beyond 3

We deal here with the intersection properties in context of gaps above 3.
The following definition is a straightforward generalization of the intersection property for

gap 3 from Chapter 1.

Definition 2.3.1 Let ((A% A% C%) | ¢ €s) e P, 7 <pand A € A", B € A». We say
that A satisfies the intersection property with respect to B or shortly ip(A, B) iff either

1. B € pc(A), or
2. A€ pc(B), or
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3. A€ pe(B),B & pc(A), p= 1 and then there are pairwise different ordinals 7, ...,n, €
s\ p and sets A; € A" Npc(A), ..., A, € A" Npc(A), A’ € A7 Npc(A) such that

ANB=ANAN..NA,,
or

4. A& pce(B),B ¢& pc(A), p > 7 and then there are pairwise different ordinals 7y, ...,n, €
s\ p and sets A; € A" Npc(A), ..., A, € A N pc(A) such that

ANB=ANAN..NA,.

If p = 7, then let ipb(A, B) denotes that both ip(A, B) and ip(B, A) hold.

Unfortunately such defined intersection property may break down already at gap 4, as
shows an example below.

An example of a failure of the intersection property ip at gaps above 3.

Let Xy, X1, X be a A-system triple with witnessing model Fy € X1, i.e. X1NXy = X1NFp.
Assume that X, € Fy. Suppose that Fj is a part of of an other A-system type triple Fy, Fi, F.
Let Go € Fy be such that Fi; N Fy = Fy N Gy.

Assume that Fy, Fi, F € X; and Fy, F, X, Xy, Gy are on the central lines. Suppose finally
that C1*11(X})\ {X,} has (or consists only of) a model A; such that A, is above F (i.e.
sup(A;) > sup(F)), Go € Ay, but F & A;.

Note that in this case (A;) | should exist.

Set Ag = mx, x,(A1) and A = 7, p (Ao).

We claim that ip(X;, A) fails. First note that A N |X|" = Ay N |X|T = A; N |X|T and
AN X" < Xy N |X|*, since 4; € Xy. So, if ip(X;, A) holds then A; should be one of
the models intersection of which witnesses ip(X;, A), since there is no other models in X; of
cardinality | X|.

Consider A;NA. Clearly AiNA=A;NANF. Remember that F, Fj are on the central line,
this central line remains such in A; (just C1FI((A1)r))) and F & A;. So 4, NF = A, N K.
Now AN Fy = Ay N FyN Fy. Hence we have

leAgAlﬂA:AlonmFomFl:AlmF[)ﬂFl,

since A; N Ay = A; N Fy.
Note that X3 N A = 7g, ; [A1 N Fo], since mp,m € X; and so

Z€X10A<:>7TF1FO(Z)EleA(]:AlmFo.
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We have Go c (Al N Fo) \ Fl. Then 7TF0,F1(GO) ¢ Fo, but it is in X1 N A and X1 NA Q
A N FyN Fy. Contradiction.
It is possible to have |A| > | X| as well here.

We define now and use a weaker notion wip.

Definition 2.3.2 Let A € A'7. Denote by pwco(A) (0- piste connected) the set of all
intersections of the form
Eyn...NE,

such that n < w and for each i <n, E; € pc((A),,) N A for some n; € sN A\ 7.
Set

pei(A) = {mp, m[E] | for some p € sNA\T+1 there is F' € ANpc((A),) such that the triple
Fo, Fy, F is of a A-system type, E € pwcy(A) and (E € Fy or E C Fy)}.
Then we take intersections again, i.e. set
pweg(A) ={EyN..NE, | n<w, foreachi <n E; € pwcy(A) U pwei(A)}.

Continue the definition further by induction taking intersections at even stages and images
under A-systems isomorphisms at odd stages.

Finally define the set wpc(A) (weakly piste connected) to be

U pwe(A).

n<w

Note that A D wpe(A). Also if ip(A, B), then AN B € wpc(A).

Definition 2.3.3 Let ((A% A% C%) | ¢ es)e P, 7 <pand A€ A" B e A'. We say
that A satisfies the weak intersection property with respect to B or shortly wip(A, B) iff

AN B € wpc(A).
If p = 7, then let wipb(A, B) denotes that both wip(A, B) and wip(B, A) hold.

The proof of the next lemma just repeats the proof of the intersection lemma of gap 3 of
Chapter 1.

Lemma 2.3.4 Let ((A, A" C™) | T € s}) € P',7 € s,A,B € bp(A"). Then ipb(A, B).

In the general case the following holds:
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Lemma 2.3.5 Let ((A, A" . C™) |t €s}) e P ,r,m€5,A€ A Be A'™. Then
1. 7 < 7o implies wip(A, B),
2. 71 = 19 implies wipb(A, B).

Proof. Without loss of generality we can assume that B € A, just otherwise extend the
condition ((A°", AT CT) | 7 € s}).

Consider the pistes from A°™ leading to A and to B. Let X be the least common point of
this pistes using only the first continuation. X must be a successor point.

Case 1. There are Xo, X1 € XNAYX! such that the triple Xo, X1, X is a triple of a A-system
type, and say the piste to A continues via Xo and those to B via X;.

Set Ay = mx, x,[A4]. Let Fy € Xy, F1 € X; be the models witnessing that Xy, X1, X is a
A-type triple.

Then

ANB=ANX,NBNX;=(ANF)N (A NB)= (A NF)N(A NB).

Apply the induction to Ay, B. Then we will have A; N B € wpc(A;). Let E; be a description
of Ay N B inside wpc(A;). Denote by E the image of E; under mx, x,. Then E will be
a description in wpc(A) and Fy N E = F; N Ey, by the elementarity of mx, x,. Apply the
induction to A N Fy. Then we will have A N Fy € wpc(A;) and E € wpe(A), hence the
intersection will be in wpc(A) as well. So AN B € wpc(A).

Case 2. There are p°,p! € (s\7)NX,T° € C*°((X),0) N X, T € C* ((X),1) N X such that
the continuation of the piste to A splits from T° and those to B from T*.

Let Ty, T} be the splitting, i.e. T% T¢, T} form a A-system with T on the central line, where
1€ 2.

We do not exclude the possibility that 7% = X or T! = X,

Assume that sup(7°) < sup(7"). Further we will always deal with wip(B, A) once |B| < |A|,
so there will be no need to consider separately also the case when sup(7°) < sup(T™).
Subcase 2.1. T° ¢ T

Then necessarily, |T"| < |T°|. Consider (T")zo. T" is on a central line so 7% € C'7°I((T%) 0)).
Let Z € C‘T0|((T1)|T0‘) be the least model above T° which belongs to 7. Then

"N’ =T'NT) =T"NnZ.
Now we have

ANB=ANT’NT'NB=ANTyNBNTy = BN AyN Gy,
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where Ay = mrop0(A) and Gy € Tg is a A-system witness, i.e. 79 0T = Tg N Go. The
induction applied to B, Ay and B, Gy gives wip(B, A), once 71 = 5.

Let us deduce wip(A, B). Apply the induction toAy, B. There is a set Ey € wpc(Ap) such
that Ag N Ey = AgN B. So

AmB:AoﬂEomG():AmAQﬂE()ﬂGO

Set G = mroro(Go) and let E' € wpc(A) be the set which description (in the process of
constructing wpc(A)) will be the image of the description of Ey. By elementarity mporo(FEy) =
E. The elementarity and the fact that 77070 is the identity on 75 N 77 imply

zEAﬂAoﬂEoﬂGg(:)z:ﬂTng(z)GAﬂAoﬁEﬂG.

So ANANE, NGy =ANANENG = AN ENG. Apply the induction to A, G. We
obtain Y € wpc(A) such that AN AyNENG =Y. Then also AN B =Y and we are done.
Subcase 2.2. T° € T".

Sub-Subcase 2.2.1. T° € Tj.

Then we just repeat the argument of Case 1.

Sub-Subcase 2.2.2. T° ¢ T and T° ¢ T}.

Note that (77 )70 is on the central line of |77, since |T"| < |T°| and Ty, T}, T" is a A-system
triple. If 7% € (T})7o, then as in Sub-Subcase 2.1.1 we have

T'NT=T'NTY) =T} N Z,

where Z € CIT°l((T})10)) is the least model above T° which belongs to T}. The argument
of Sub-Subcase 2.1.1 applies now.

Suppose that T° & (T})ro|, then (1})0; € T°. Then also (T})o; € Tg. This implies
T} € Ty. Hence

ANB=BNTINT{NA=BNT)NA=BnN AN Gy,

where as before Ay = mo70(A) and Gy € Tg) is a A-system witness, i.e. Tg' NTY = Ty N Go.
Now we continue as in Sub-Subcase 2.1.1.
Sub-Subcase 2.2.3. T° ¢ Ty and T° € T}.
Sub-Sub-Subcase 2.2.3.1. T° € T} and T° € B.
Let us show first wip(B, A), once it makes sense. Apply the induction to B, Ay. Let FE €
wpc(B) be so that BN Ay = E. Now, T° € B implies that Ty, 7Y € B and also Troro € B.
Then

ZEAQB@?TT{JT(?(Z) € ApNnB=EFE.
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Set £ = mpopo(E). Clearly, E' € wpe(B) and AN B = E', which means wip(B, A).
Turn now to wip(A, B). Let us apply the induction to Ay, B and find Ey € wpe(Ap) such
that BN Ag = Eo. Set B = mpor0(Ep). Then E € wpc(A). We claim that AN B = E. Thus

zeAmB@wT{)Tg(z)ermB:EoﬁzeE.

Sub-Sub-Subcase 2.2.3.2. T° ¢ T} and T° ¢ B.

Consider (B)go. If T° € (B)7o, then the argument of Sub-Sub-Subcase 2.1.2.2 works here.
If (B) o) # 0 and (B)po; € T°, then B € T°. This implies that B € T§ or B € T}, since

between models forming a A-system there is no models of a small cardinality. Now if B € T,

then we apply the induction to Ay, B. So there is Ey € wpc(Ap) such that AgN B = Ey. Set

E = mrore(Ey) and let Gy € T} be such that 79 N TP = TP N G1. Then

ANB=ANT)NB=ANANGiNB=ANENG,

and we are done.
If B €T}, then consider By = mroge(B). It is simpler than B, since TP on the central line.
Apply the induction to Ay, By and then move the result back by 770

Suppose now that 7° € (B)ro; and (B)ro; & T° or (B)jro; = 0 but B ¢ T°. Then the
piste from 7! must split at some point of cardinality > |T°| above T°. Let S be such point
and Sy, S7 its immediate predecessors forming a A-system with Sy on the central line and
B e S,. Now Sy D TY, hence

ANB=ANS,NS;NB=ANByN M,,

where By = mg,5,(B) and My € Sy is such that Sp NS} = Sy N My. Apply the induction
to A, By and A, My. This shows wip(A, B). The property wip(B, A), when applies, can be

shown by using in addition 7g,s, -

2.4 Suitable structures and assignment functions— be-
yond 3

We address first the new splitting possibility, which is crucial for GCH and does not appear
in the gap 2, 3 cases.

Definition 2.4.1 Let v < £ < pbe cardinals, A, X, Yy, Y1, Y bemodels, C, C P,+(H(61)),Ce C
Per (H(0F)). We call triples Fy, Fy, F' and Aj), Ay, Ay splitting triples over A, X, Yy, Y7,Y in-
side C,,, C¢ iff
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10.

11.

12.

13.

14.

15.

16.

. |A0| =V,

X = p,

Ay, Aj, Ay € O,

Yo 1,Y, Fy, F1, F € Ck,

ko, by el

Iy, Fy are isomorphic over Fy N Fy,

F07F17F€Ala

. X €eFR,

FoﬂFlelﬂX,
A()EF(),

AlmA(]:AlmFo,

Ay, Ay are isomorphic over A; N A,

A6 = TEy, Py (A(J)?

AC A,

Yo = mry,m (Tay,40(F0)), Y1 = ey m (Tay, 40 (F1)), Y = Ty i (T4, 40 (F)).

Note that AgN Ay = Ao N7, a,(Fo), since o € AgN Ay iff € Ay N Fy iff 74, 4,(a) €
Ao N, 4, (Fp), but for @ € AgN Ay, ma, a,() = .

Then Ay N A = AiNFy = Ay NYy, since g p, € A1 Hence Y is a model which

corresponds to Fy in Aj.

Normally, we will have |A¢| < |F| and |X| = |F|*.

Lemma 2.4.2 Suppose that all the models of Definition 2.4.1 are members of a condition

in P'. Then Yy € A implies Y1,Y, X € A.
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Proof. Set A} = maya,(7r.m(A)). If Yo € A, then 7p g (Yo) € 7r g (A), and hence
Tag.A (TR 1, (Y0)) = Fo € A}, Then F' € Aj, since there are no models of small cardinality
between Fy and F. Hence, F} € A}. So, their pre-images Y and Y; are in A.

Now, there is Gy € Fy N A} such that Fo N Fy = Fo N Gy. Then Gy € A1 N Fy = AgN Ay
Moreover, Gy € A} N Fy = AN A, where A = 7, g, (A).

Set G4 = 7.1, (Go). Then Gy € ANAj and FoNFy = F1 NGy, ie. Gy =X and X € A.
U

Lemma 2.4.3 (Eristence of splitting triples). Let pn > & > v be reqular cardinals in [k, 6)].
Then for every closed unbounded sets C,, C P,+(H(01)),Ce C Per (H(0V)) there is a closed
unbounded C,, C P,+(H(0)) such that for every model X € C,, with *X C X, there are
Y0.Y1,Y € Ce,"Yy C Y0,"Y: CY1,YY CY so that for every model A with |A| < v there are
splitting triples over A, X, Yy, Y1,Y inside C,, Ct.

Proof. Suppose otherwise. Then there are clubs C, C P,+(H(01)),Ce C Per(H(O))
such that for every club C, C P,+(H(6")) there is a model X € C, so that for ev-
ery models Y, Y1,Y € C¢ there is a model A(X,Y),Y:,Y) without splitting triples over
A(X, Y0, Y1,Y), X, Y, V1, Y inside C,, Ce.

Let C, CP,+(H(07")),Ce C Per(H(6)) be such clubs. Define a function

[:Pu(H()) x Ce x Ce x Ce — Pye(H(O))

by setting I(X,Yy,Y1,Y) to be the least model A € P,+(H(0T)) without splitting triples
over A(X,Yp, Y1,Y), XY inside C,, C¢, if there is one and 0 otherwise.
Fix functions h, : [H(07)]<¥ — P« (H(0)), he : [H(6T)] — Pe+(H(67)) such that

C, 2{teP,+(H(OF))|h,(e) Ct whenever e € [t]“},
Ce D {t € Pe+ (H(6")) | he(e) C t whenever e € [t]<“}.
Turn to submodels of (H(A5), €, <,07, h,, he, I) for A much bigger than 6. Consider
C={ZePu(HA?®)|Z=<(H\),E <,0" hy,he, I)}.

Then
CIHON)={ZnHO")|ZeC}
contains a club in P,+(H(01)). Let C, be such a club. Pick X € C,,* C X, to be a

counterexample.
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Find X* € C with X* N H(#") = X. Note that X* may be not closed under ¢-sequences of
its elements (even sup(X* N@+T) can have cofinality w).

Let Ff < (H(\?),€,<,0%, h,, he, I) be a model of cardinality £, closed under v-sequences
of its elements and with X* inside. Then Iy = F} N H(6") is closed under he and hence
Fy € C¢. Let Iy be obtained from Fy via a reflection to X*. Here F N X* need not be an
element of X* due the possible lack of closure, but F; = Ff N H(0") isin X = X*NH(OT),
since $X C X. We pick Fj < (H(A\™),€,<,0%, h,, he, I) to be a model realizing the same
type as F} over Iy N X. So FY, F are isomorphic by the isomorphism which is the identity
over I7 N X, but probably not the identity over F}" N F{.

Let F* < (H(A®),€,<,0%, h,, he, I) be a model with Fj, F} inside and closed under
v-sequences of its elements. Pick now Af < (H(A™®),€,<,0%, h,, he, I) to be a model of
cardinality v with F§, Fy, F*, X* € Aj. Reflect A} to F}. Let Ay C Fy N H(A™) be a
result. Then A% < (H(A*?),€,<,0%, h,, he, I), the isomorphism TA:nH(A+3),4; 18 the identity
on AANHOT)NA; and AN HOT)NE; = AN AN H(OT).

Set Ag" = gz prar(aray(4p). Then, AF < (HAT?), €, <,0% hy,, he, I), since A5 < F§ N
H(A™) and Fj ~ F;y N H(A™). This implies in particular that Ay = Af N H(6") is in C,
and Ay is closed under I.

Set F* = Tarnm a3,z (Fg N H(AT?)), FY* = masaoatsy,az (Fy N H(AT?))

and F% = Tasna(+3),45(F N H(\T)).

Move this models to Af. Thus let Y5 = T peauora)(Fo*), YT = Trr mramora (FT) and
Y* = WFS,FYQH(,\M)(FO*). Then Y7, Y, Y* € Af.

Define Fy = Fif N H(OF),F, = Fr 0 HOV),F = F* 0 HOV), Y, = Yy 0 HOY),Y; =
YN H@O),Y =Y*NH@O),A = Ay N H(OT) etc. Then X, Y, Y1, Y € A, since X €
AN Fy = AN Aj (the last equality holds because Ay N Fy = AN Ay and 7, g € Ap). The
models Ay, Ay, A are in C,, since they are closed under h,. Similar Fy, F1, F, Yy, Y1,Y € Ce.
Finally, Af is closed under I and X,Y;,Y1,Y € Aj, hence I(X,Yy,Y1,Y) € Af. By
the choice of XY, Y1,Y, I(X,Yy,Y1,Y) must be a model without splitting triples over
I(X, Yy, Y1,Y), X, Yy, Yy, X inside C,, Ce. But Fy, Fy, F € C¢ and Aj), Ay, Ay € C, are split-
ting triples over I(X, Yy, Y1,Y), X, Yy, Y1, Y. Contradiction.

O

Lemma 2.4.4 Suppose that X,Yy, Y1,Y satisfy the conclusion of Lemma 2.4.3 and they
are in M for a model M € C,. Then there are splitting triples Aj, Ao, A1, Fo, F1, F' over
M, X, Yy, Y1,Y with Ay = M.
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Proof. Let Aj, Ao, A1, Fy, F1, F' be any splitting triples over M, X, Yy, Y7, Y. Consider M, =
Tr . p (M) and My = ma, a,(Mo). Then, Fo, Fy, F € M, since Fy = ma, 4, (71 17 (Y0)), F1 =
Tao.A (TR 7y (Y1), = Tag 4, (TR 7, (V)
So, we can replace Ay by M, Ay by My and A; by M;. Hence M, My, My, Fy, Fi, F' will be
splitting triples over M, X, Yy, Y1, Y.
O

For every cardinal ;1 € [k", 0] we define a closed unbounded subset C), of P+ (H(6%)) by
induction as follows: Cy+ = P.++(H(07)),
Crt+ = Prrs(H(O)),
if p is a limit cardinal, then
Cu = Pur (H(O7)),
if f1 is a successor cardinal, then let C, be the intersection of the clubs given by Lemma 2.4.3

for each v < € < p.
Definition 2.4.5 A model M of a regular cardinality v is called a reliable model ift
1. MNHO) e,

2. for every regular cardinals &, u € M, v < £ < u, for every clubs E C P,+(H(61)),D C
Pe+(H(07)) in M and there is a club C C P,+(H(01)),C C C,,C € M such that for
every X € C'N M there are Yy, Y;,Y € DN M which satisfy the conclusion of Lemma
2.4.3 with E and D.

Definition 2.4.6 A structure ¥ = (X, E,C €,C ), where £ C [X]? and C C [X]? is called
suitable structure iff there is p(X) = ((A" (%), A" (X),C7(X)) | T € s(X)) € P’ such that

1. X = A% (%),

2. s(X) e X,

3. 5(X)C X,

4. {a,b) € E iff a € s(X) and b € A'*(X),

5. {a,b,d) € C'iff a € s5(X),b € A'(X) and d € C*(X)(b).
Let G(P’) be a generic subset of P’.

Definition 2.4.7 A suitable structure X = (X, E,C €,C ) is called suitable generic struc-
ture iff there is ((A°, A7 C7) | 7 € s) € G(P’) such that
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1 ((A7 A7 CTY |7 €5\ {xt}) € A",
In particular s € A%". Note that s may have cardinality above x* (which is not a

. . . . . +
case in a suitable structure ) and so s not necessary is contained in A% .

2. X is a substructure (not necessarily elementary) of the suitable structure generated by
(A7 A, CT) | 7 € 5), e (A% {(n.B) |7 €5,B€ AL {(nB.D) |T€s B €
Al'r’D c CT(B>}7

3. X € " (A7),

4. p(X) and ((A°, A7 C7) | 7 € s) agree about the pistes to members of X N|J{A" | 7 €
s}. In other words we require that all the elements of pistes in ((A°", A C7) | 7 € s)
to elements of X N|J{A!" | 7 € s} are in X.

5. If A € A"(X), for some 7 € s(X), then either A it is of one of the first three types of
Definition 2.2.4(2) inside ((A°", A", C7) | 7 € s) or the models witnessing that it is of
the forth type appear in X as well.

Note that, as a condition in P’, p(¥X) need not be weaker than ((A°7, A" C7) | T € s),
and hence it need not be in G(P’).
Note also, that any stronger condition ((B°", BT D7) | 7 € r) € G(P’) such that

e (B BY D7) |71er\{xkt}) € B*",

and
e C™(A") is an initial segment of D™(B"7), for each T € s

will witness that X is a suitable generic structure.

Fix n < w. We define an analog P! of P’ on the level n just replacing x by ;" and 6 by
some \,, big enough ( A, a Mahlo will be more than enough; we can use for the gap 4 case
A = K™ ete). An assignment function a, will be an isomorphism between a suitable
generic structure of cardinality less than k,, over x and a suitable structure over k™.

Define Q..
Definition 2.4.8 Let Q)0 be the set of the triples (a, A, f) so that:
1. f is partial function from 67 to k, of cardinality at most s

2. a is an isomorphism between a suitable generic structure X of cardinality less than x,,

and a suitable structure X’ in P; so that
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(a)
(b)

()

every model in X’ is a reliable model,

X' is above every model which appears in A'7(X’) for some 7 € s(X’) \ {x"} and
also those in A" (%) \ {X'} in the order <g, of the extender E,, (or actually,
after codding X’ by an ordinal),

if t € J{A7(X') | 7 € s(X')}, then for some k,2 < k < w,

?t < H(x™"), with x big enough fixed in advance. (Alternatively, may be to work
with subsets of A\, only and further require it is a restriction of such model to A,,.)
We deal with elementary submodels of H(x**), instead of those of H(\,).
Further passing from Q,o to P we will require that for every k < w for all but
finitely many n’s the n-th image of a model ¢ € X UY will be an elementary
submodel of H(x**).

The way to compare such models ¢, < H(x™*),t, < H(x™?), when k; # ky, say
k1 < ko, will be as follows:

move to H(x**1), i.e. compare t; with ¢, N H(x ).

3. A€ En,X’a

4. for every ordinals «, 3,7 which code models in [J{AY(X') | 7 € s(X)} we have

a>p, B >p, v implies

Tay (p) = 757 (145 (0))

for every p € m“x o(A).

Define a partial order on @), as follows.

Definition 2.4.9 Let (a, A, f) and (b, B, g) be in Qno. Set (a, A, f) >0 (b, B, g) iff

1. a Db,

2.

3.

2y,
7Tmax(rng(a)),max(rng(b)) “A g B,

. dom(f)NY?® = dom(g)NY?, where Y is the second component (i.e. the set of ordinals)
of the suitable structure on which b is defined.
Note that here we do not require disjointness of the domain of g and of Y?, but as it
will follow from the further definition of non-direct extension, the value given by ¢ will

be those that eventually counts.
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Definition 2.4.10 Q,,; consists of all partial functions f : k™ — k, with |f| < k. If
fag S th then set f an g 1ﬂf 2 g.

Definition 2.4.11 Define @), = Qo U Qn1 and <F=<,0 U <,5.
Let p=(a, A, f) € Qno and v € A. Set

P~ = f U{{@, Tmax(mg(a))a() (V) | @ € A'(dom(a)) \ dom(f)}.

Note that here a contributes only the values for a’s in dom(a) \ dom(f) and the values on
common «’s come from f. Also only the ordinals in A'(dom(a)) are used to produce non
direct extensions, the rest of models disappear.

Now, if p, g € @y, then we set p >,, ¢ iff either p >* gorp € Qn1,q = (b, B,g) € Qno and

for some v € B, p >,1 ¢ V.

Definition 2.4.12 The set P consists of all sequences p = (p, | n < w) so that
(1) for every n < w, p, € Qn,

(2) there is ¢(p) < w such that

(1> for every n < E(p)7 Pn € ina
(i) for every n > {(p), we have p, = (an, An, fn) € Qno,

(iii) there is ((A7, A", C™) | 7 € s) € G(P') which witnesses that dom(a,(p)) is a
suitable generic structure (i.e. dom(a,(p)) and ((A°7, A" C7) | 7 € s) satisfy
2.4.7), simultaneously for every n,l(p) < n < w.

(3) For every n >m > {(p), dom(a,,) C dom(ay,),

(4) 7 for every n, {(p) < n < w, and X € dom(a,) we have that for each k¥ < w the set
{m < w | =(an(X) N H(x™) < H(x"))} is finite.] (Alternatively require only that
am(X) C A but there is X < H(x™)) such that a,(X) = X N A,. It is possible to
define being k-good this way as well).

(5) 7 For every n > {(p) and o € dom(f,) there is m,n < m < w such that a €
dom(ay,) \ dom(fy,).

Next lemma which allows to extend elements of P is crucial.
Lemma 2.4.13 Let p € P and (B, B, D7) | T €r) € G(P'). Then
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1. for every t € |J{B' | 7 € r} there is ¢ >* p such that t € dom(a,(q)) for all but

finitely many n’s;

2. for every A € BY" there is ¢ >* p such that A € dom(an(q)) for all but finitely many
n’s. Moreover, if ((A°’" AT, C™) | 7 € s) > ((B",B'7,D") | T € r) witnesses a
generic suitability of p and A € C* (A%"), then the addition of A does not require
adding of ordinals and the only models that probably will be added together with A are

its images under A-system type isomorphisms for triples in p.

Proof. The proof follows the proof of this lemma in a gap 3 case. Let us concentrate on
the new possibility of splitting. Namely given triples Aj, Ag, A1 € A and Fy, F, F as in
the last case of Definition 2.2.4 with Af,, A and F}, F' on the central lines (other possibilities
are as in a gap 3 case), we would like to add Ay, Ay, Fy. Denote by A the largest model
of CMI(A)) \ {A}} which is in p, if such a model exists. Suppose that it exists. If it does
not exist then the argument is similar and simpler. Consider X € Fy N AN" such that
FoNFy = FNX and Yy, Y;,Y € A as in Definition 2.4.1. Then X, Y, Y1,Y € Al
Using the induction we can assume that X already appears in p. Now apply Lemma 2.4.3
to X* = a,(X) and appropriate C' (C' will depend on a,(A) and its place relatively to
Yp,Y1,Y) and find models Y, V", Y* satisfying the conclusion of this lemma and which can
be added to rng(a,) as images of Yp, Y1,Y. Assume that already a,(Yy) = Yy, a, (Y1) = Y7
and a,(Y) = Y*. Pick now inside A* = a,(A) splitting triples Fy, F}, F* and Ay, Aj, A}
over a,(Ap), X*, Yy, Y, Y*. By Lemma 2.4.4, we can assume that A”™ = a,(Aj). Add this
models to rng(a,) as images of the corresponding models over x. Finally extend a,, further
by adding the images under isomorphisms corresponding to A-system types.

We need the following property:

if A e A% Nndom(a,), for some n > ¢(p) big enough, and B € max(dom(a,)) is a model
which is reachable by a piste from A, then

(1) it is possible to extend a, to b, by adding B, probably in addition also models which

belong to A and then taking isomorphic images.

(2) Let A € dom(a,), B a model added to dom(a,) and B is an isomorphic image of B
which belongs to A, then b,(B) € a,(A) as well all the models of the piste from A to
B, where b, denotes the extension of a, obtained by adding B and taking isomorphic

images.
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This means basically that for adding such B we should take care only of models which
are in A. The images of the rest of models with B inside will have the image of B inside
automatically.

The proof is similar to the gap 3 case in Chapter 1 and uses intersection property of
Chapter 2.3.
O

As in the Gap 3, we have the following:

Lemma 2.4.14 P’ x Q,q is < k,-strategically closed.
Lemma 2.4.15 (P, <*) does not add new sequences of ordinals of the length < k.

Lemma 2.4.16 (P, <*) satisfies the Prikry condition.

Define — on P similar to those of [1] or [3].

Lemma 2.4.17 (P, — ) satisfies k™1 -c.c.
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Chapter 3

Preserving Strong Cardinals

We will need to make some minor changes in the previous settings made in Chapter 2. Thus,
first it will be convenient to increase a bit a set of conditions by allowing to remove some
maximal models (i.e. A%) from elements of P’. This way the original P’ will be dense in
the new one, so from the forcing point of view nothing changes. Second, we like to deal with
elementarity. In Chapter 2, we had H(#) and considered its elementary submodels. But
once embeddings j : V — M are around, j(H(0)) = (H(j(0)))™ may differ from H () even
if # is not moved. So being elementary in sense of M will differ from being elementary in
sense of V. We suggest below two ways to overcome this difficulty. The first one will be to

assume that 6 is a 2°-supercompact cardinal. Consider the following set
S = {a < O|a is a superstrong cardinal with target 6

(i.e. thereis i : V — M, crit(i) = a, i(a) = 0 and M 2 Vj)}.
It is stationary (actually of measure one for a normal measure over 6), see for example
Kanamori [15], 26.11.

Now, V,, < Vj for every a € S. Hence, V,, < Vj for every a < 3, a, 8 € S. Also the
following holds:

Lemma 3.0.18 Let a € S and i : V — N is an ultrapower by an («,v)-extender for some
v < 0. which is a part of superstrong («,0)-extender with target 0. Then Vi < (Vi)™ for
every €5, a< <.

Proof. Let j : V. — M be the ultrapower by a superstrong (c«,#)-extender with target 6

7



extending the used («, v)-extender. Then the following diagram is commutative

M
J
/

% ]k:
N

N

where k is defined in the obvious fashion.

Now, k((Via))™) = Vj(a) = Vo. Also k(8) = 3 and V3 < Vp. Hence, Vs < (Vi))".
O

Note also that by elementarity (Vi(a))N < (V;(g))N = (Vp)V.

The second way will be to deal with just subsets (closed enough) and ¥; elementarity.
Using this approach there will be no need in supercompacts cardinals- thus strongs alone

suffice.

Lemma 3.0.19 Suppose that Vs <y, Vy, a is 0-strong and j : 'V — M be an elementary
embedding such that

o M DVs
e j(0)=0.
Then Vs <x, (Vo)M.

Proof. Just note that
Vs € (Vo)™ C V.

Models Vp, (Vo) agree about % formulas. So each X; formula with parameters from (V)™
true in (V)M is also true in Vy. But Vs <x, Vp, hence Vi <x, (Vy)M.
0]

Let us make some changes in the definition of the preparation forcing P’ = P’(0).
Definition 3.0.20 (Changes in the definition of P’).

1. V. is allowed to be an element of A7, for 7 € s which is an inaccessible and V, <y, Vj.
Note that V, will be the least (under €, C) member of A'", since 7 is an element and

contained in any other member of A7,
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2. If 7 € s is a critical point of an elementary embedding j : V — M," M C M which is
strong enough and the previous condition is satisfied,
then it is allowed to have j”A € A", for A € A", provided the intersection properties

are respected, i.e.:

e BelJpes\TA" = ipb(j"A, B),
o Be A¥ = ip(j"A, B),

e BelJpesntAY¥ = ip(B,j"A).

Note that allowing sets of the form j” A in A7, we allow also as well a new Continuation

in the definition of the set of models piste connected to a given model (see Chapter 2).

3. Let 7 be as in 1 above.
It is convenient to allow in the present context conditions having two top models for
each a € s N 7. However conditions with a single top model in every cardinality will
remain dense.
Thus

((A%5, A% A1 C8) | € e snr)” (A%, A, C") v e s\r) € P!
provided both
(A% AL O | € esnT) (A", A CY) | v € s\T),
((AY, A% 5 [ e snT)™ (A", A", C") | v e s\T)
are in P’ and

o A% c V. foreach £ € 5N,
e the structures
(AQOmax(snT) e o (ADE AT (ADEULAEY) 6 | (AMEULANEY) | € € snir))
and
(A max(snT) o g (A0 AL (AL AOKY) OF | (ADEU{AYEY) | € € snir))
(snr)

are isomorphic over V, N A% max(snr),
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Let p” = ((A", A6, C%) | € € snm) " ((A™, AV, CY) | v € s\1) and p' = ((A”¢, A, C°) |
EesnT) ((A% Al C") | v € s\T) be as in the previous item and ¢ € P’(7) be an
extension of p°.

The next condition allows to combine p! and ¢ into a condition in P’ which is stronger
than both ¢, p'.

4. Let (B¢ | £ € s) be an increasing continuous sequence such that for every £ € s the

following holds:
(a) Be < Vi,
(b) [Be| = ¢,
(c) q,p" € By+.
Then
r=((A%(r), A(r),C*(r)) | € € 5) € P’
and it is stronger than both ¢, p', where

o A%(r) = B,
o AY¥(r) =AU {B},if ¢ € s\t and A(r) = AR U{B:} UA%(q),ifE€esnT

o C%(r) = C U (B, C7B%), if € € s\7 and C%(r) = C° U C%(q) U (B¢, C%(q)"B*%),
iféesnr.

(1 of the changes.

The crucial observation will be that P’ breaks at each a € S (or just for each a < 6 which
is Mahlo and has 0’s as in 3.0.19) into forcing P’(«) which deals with elementary submodels
(or just closed enough subsets) of V, and PL, which breaks in turn into PL,, * Py, * Qa-

Define P’(«) the same way as P’ but only with V,, replacing Vj. Thus in this notation
P’ is actually P'(0).

Lemma 3.0.21 Suppose that v is a Mahlo cardinal. Then P'(a) satisfies a -c.c.

Proof. Let (pg|3 < a) be a sequence of conditions in P'(«), pg = ((A" (pg), A (ps), C"(ps))|T €

s(pg)), B < .
Consider their supports sequence (s(pg)|3 < a). Recall that supports are of the Easton form.
Hence we can find a stationary X C « and s such that (s(pg)|5 € X) forms a A-system with

support s. Moreover,
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e each € X is inaccessible

o s(pg)NPB=s
e if v < B is also in X then for each 7 € s(p,), then A’ (p,) C Vj.

This implies that
AC Vg C B,

whenever v < fin X, A€ A, 7 € s(p,) and B € A", p € s(pg)\s.
Shrinking X more, if necessary we can insure that for each v, € X the following two

structures
(AP (pg), <, €, C, ke, APO) (pg) M pg)
and

(ADmax(s) (py), <, €,C kK, Amax(s) (py) N py)

are isomorphic over A°max(s)(p )N A0max(s)(p ),

Note that A" (pg)’s may have elements above f3.

Now we claim that such ps and p, are compatible, say v < 3. The proof repeats the
corresponding argument in Chapter 2. Note that models of cardinalities in s.,\s should be
added between models of ps of cardinalities in s and those including them of cardinalities in
s(pg)\s. In order to this, we work over the center line of ps add models which include p,, as

a member and then such setting via isomorphisms.

O

Lemma 3.0.22 Suppose that o is a Mahlo cardinal and V,, < Vy. Then P’ > P'(«).

Proof. Consider P’ N'V,. By the definition of the preparation forcing Chapter 2 we have
P'(a) = P'NV,. The cardinal « is an inaccessible. Hence *~V,, C V,,. In particular, each
antichain of P’(«) is in V,, by the previous lemma. Hence , if H C P’(«) is P’(«)-generic
over V,, then H will be full P’(«)-generic.

Note that P’(«) is definable in V,, and using the same formula that defines P’ in Vj.

Let A C P'(«) be a maximal antichain. Then |A| < « and, so A € V. In addition,

V., F A is a maximal antichain in P’.
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Then, by elementarity,

Vy E A is a maximal antichain in P’

So, GN A # (), for any generic G C P’. Also, V,[G NV,] < Vj[G].
OJ

By the lemma above P’ projects to P’(«). We prefer to deal with an explicit projection
rather then with the projection defined via the corresponding Boolean algebras. In order to

define an explicit projection we consider the following dense subset of P’:
D = {{{A"T AT AT CTY | T € sna) (A% AV CY) |v € s\a) e P |
a€s&vresna A% eV, and the structure
(AOmax(sna) e o (00T ALT (4007 (5 LAY O | (AT U LA VY7 € s @)
is isomorphic to
(AOLmax(s00) e o (40T ALY (AO1T £ AOITYY O (A0 U { APV € s 0 a))

over V,, N AVtmax(sna)

Here is the point where we prefer to allow two top models (A% A%7 7 € sNa) instead
of a single one. Using V,, <5, Vj it is easy to extend any standard (i.e. with single top model
in each cardinality) condition in P’ to one in D. We need just to intersect its part consisting
of models of cardinality below a with V,, and then using elementarity of V,, to find inside V,

something isomorphic over this intersection.
Now, once we have p = ((A%7 A7) A" C™)|r € sna)” ((A% A C")|v € s\a) € D,
then define o(p) to P'(«) to be

(A% AT A P(AYT), O | P(AYT)) T € sna)" (A%, AV OV v € s\a).
Let us check that such defined o is indeed a projection map.

Lemma 3.0.23 The map o is a projection map from D to P'(«).

Proof. Let p € D be as above and ¢ € P’(a) be an extension of o(p). Pick increasing

continuous sequence (B;|T € s) such that for each 7 € s the following holds:
1. B, <V
2. |B;| =71
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3. p,q € B+.
Now let r = ((A%(r), A (r),C7(r))|7 € s) be defined as follows:
e A'(r) =B,
o A"(r)= A" U{B,},if T € s\aand A (r) = AV U{B,}UA"(¢),if T € sNa

e C7(r)=C"U(B,;,C™ B, if T € s\aand C"(r) = C"UC"(q) U (B,,C"(q)"B7), if
TESNA.

Then r is an element of P’ stronger than both p and ¢q. Note that the situation as here
was specially allowed in 3.0.20 in contrast with the parallel definition of [9]. It remains to

extend r to some 1’ € D and then to take o(r’) which will be above q.
O

Lemma 3.0.24 Suppose that o is a Mahlo cardinal and V, < Vy. Let v < « be a regular
cardinal. Then P%. > P'(a)>,.

The proof repeats those of Lemma 3.0.22.

Note that P., does not add new sets of cardinalities > o and P" = P5 , * PL,,.

Lemma 3.0.25 Let V,, < Vp, a be a Mahlo and 6 < « be a regular. Then P" = PLs *
(P'(a))<s-

Proof. Pick M < Vg, 6% € M and |[M| = 0". By 3.0.22, we have PL; > (P'(a))>s.
Note that M N P" = M N P'(a), since M < V,. Pick p € V, N PL;, to be (PLy., M)-
generic. Then p € (P'(a))ss+ and it is ((P'(«))ss+, M )-generic. Pick now G>s+ c Pl
generic with p € Gss+ and G—5 C PL; generic over V[Gss+|. Recall that P’ satisfies
d*T-c.c. Hence each antichain of P_; which belongs to M|[p] will be contained in M[p]. So,
G_s N M[p] will be (P_s, M[p])- generic. But (G5 * G=5) NV, is PLs; -generic over V,
by 3.0.22. So G_s N M[p] will be (P_;, M|[p])-generic. Denote G_s N M|[p| by Gj;. Then
Mp, Gul = Vo Gzsr x Gos N Vo] < Vo[Gssr, Gos].

Let us turn now to PLs. By l.last, PLs in Vy[G>s5, G=5] is equivalent to PLs N Mp, G ).
But Mp, Gu] < Vo|Gse+ xG=sNV,]. Hence, PLsNM|p, Gy is just the same as (P'(a))<sN
M]p, Gp]. But this is last forcing is equivalent to (P’(«))<s. So we are done.

U
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Lemma 3.0.26 Let V,, < Vp, a be a Mahlo and § < « be a reqular. Then P = P'(a)>s *
(@ x (P(a))<s)-

Proof. By Lemma 3.0.24, PLs > P'(a)>s5. So let PLy; = P'(a)ss * Q, for some Q. Now,
P'(a) = P'(a)ss * P'(a)<s. By Lemma 3.0.25 we have P’ = PL; * (P'(a))<s. Hence

P =P(a)ss *Qx (P(a))<s.
But ) does not add new bounded subsets to . So this can be written as follows:
P' =P ()2 * (Q x (P())<s)-

U
Recall that PL, * (PL,)>p is (-strategically closed, P’(a)<s satisfies f*-c.c. and is

actually isomorphic to a forcing of cardinality 8%, by ?7.

Lemma 3.0.27 Let € S, <6, (SNd)\a+1+#0 and

M 2 Vi = Vo
J
/!
v Tk’
N
N

be a commutative diagram with N being the ultrapower by an («, )-extender. Then i extends

to
% : VP/ — Ni(P/)

Alternatively, using only strongs we can show that the following analog of this lemma
holds:

Lemma 3.0.28 Suppose that
1. p <0 is a Mahlo cardinal
2. V, <x, Vo
3. ais p-strong, as witnessed by j:V — M DV,
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4. 0,0 < 6 < pis a reqular cardinal

5. there is i, a0 < p < 6 such that 'V, <V,.

Let

be a commutative diagram with N being the ultrapower by an («,§ )-extender derived from j,
such that p = k(&), for some . Then i extends to

VP L NP,

The proofs of both lemmas are very similar. We concentrate on the proof of 3.0.27 and

state the minor changes needed for those of 3.0.28

Proof. Note that by the definition of forcings P’(£) we have P’ = P’(#). Also, i(f) = 6, since
6 is an inaccessible. In N, hence i(P’) = (P'(i(9)))N = (P'())"N. We split first (P'(9))"
into (P/(i(a)) X ((P'(0)siw) * (P'(6)<ita)za))".

Let us deal first with (P'(i(«)))". Note that Vs C N. We split in N the forcing P’(i(«))
into P'(i(c))ss * P'(i(a))<s. The part P'(i(a))ss is 0 -strategically closed. The extender
used to form NN has no generators above ¢, so standard methods apply. Thus, we can find an
N*-generic set for (P’ (iy+(a))ss)Y move it then to N and in this way obtain an N-generic set
for (P'(i(a))>s)", where N* is the ultrapower by the measure U = {X C o? | (a,6) € i(X)}.
For 3.0.28, we include also &, i.e. U ={X C a? | (a,d,€) € i(X)}.

Denote the corresponding embedding by +* and those of N* into N by k*. Then we obtain

the following commutative diagram:

M 2Vja =Vs (orjust M DV,in 3.0.28)

}%

vV - N
N %
N* ~Ve/U
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Let 0* be the preimage of § under k* (and &* the preimage of ). Use a-strategic closure
of P'(i*(0))>(s+)+ to build an N*-generic subset of (P’(i*())»s«)Y". Then move it by k* to
obtain an N-generic subset of (P'(i*(a))ss)".

We deal now with (P'(i(a))<s)"¥. Let A* € N* be an elementary submodel of (Vjx(4))"
(or of (Ve)N" in 3.0.28) of cardinality ((6*)")N" closed under §*-sequences. Let A € N be
k*(A*). Then it is an elementary submodel of (Vj))" of cardinality (67)" closed under
d-sequences. Let k(A) = B. Then, B will be an elementary submodel of (V)" = Vj(a)
(or of (V,)™ =V, correspondently) of cardinality . Recall that k | (67) =id, |(67)V] =
§,cf((07)N) =at and k((6T)N) =467,

Pick in N* a condition 7, € P’(i*(«v))>(s+)+ which is A*-generic. Let G* be an N*-generic
subset of (P'(i*(a))ss<)Y" with r; € G*, built using the o™ strategic closure of the forcing.

Moving to N we set ¢; = k*(r1). Then ¢; € P’'(i(a))>s+ will be A-generic. Set p; = k(q1).
Then, by elementarity, p; will be B-generic for the real P’'(j(a))ss+.

Let ry be G*NA*[r,] and g be generated by k*"ry. Then g, will be (A, P’(i(a))5y)-generic
set (remember that P’(i(a))(s) is 6 -strategically closed).

Consider k”¢y. It contains an increasing cofinal subset of size a* - the image of ry under
ko k*. Now, k" A € B, since °B C B, by elementarity. Let ps € P'(j(a))(s; be the union of
conditions in k”qo. It exists, due to this cofinal subset of size a*.

Chose a generic over M (or,the same V') with (p;, p2) inside. Let ps be a (B[p1], P’ (j())s3)-
generic over M with py € ps. Then k | A extends to an elementary embedding

k: Alq1, q2) — Blp1, pa] -

By 1.9, P'(j(a))<s is equivalent to P’(j(«))<s N B[p1, 2] and the same is true in N replacing
Blp1, po] by Alq1, qa]. Also, by 1.7, P'(j(«))s satisfies 6T-c.c. Hence k will move maximal
antichains to maximal antichains. This allows us to obtain (P'(i(a)))%s -generic set from
P’(j())<s -generic one, just intersect the last one with &”A[qy, Go] and pull back the result
to N using k7.

Putting together now the parts above and below ¢ we will obtain an N generic subset
Gi(ay of (P'(i(a)))™.

Let us turn now to the forcing (P'(8))" and also deal with the master condition part.

Let p e (SNd)\(w+1) (or in 3.0.28, let p we as in (5), i.e. V, <V,). We pick in V an
elementary submodel A < V,, < Vj (or V,) of cardinality a* and closed under a-sequences of
its elements. Let p be P, . -generic over A. It exists since P _, is a-strategically closed.

Fix an increasing continuous sequence (A, | v < a™) of elementary submodels of A each of
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cardinality «, (A¢ | £ <v) € A 41 and V,, € Ag. Without loss of generality for each v < o
we may assume that A,[pNA,] < A[p]. Consider now the forcing P, . It satisfies a™* -c.c.
Hence each antichain in P’ that belongs to A[p| is contained in A[p]. Now working inside
A it is easy to see for each £ < a™ the set of conditions ¢ in P__, having A, for some v,
£ <v < at, as the maximal model, i.e. A% (g) = A, is dense. Let us use Gjo) N PL,(6*) to
produce P”, -generic over A. Note that the set

T ={v <a' | A, is the maximal model of a condition in this generic set}

is unbounded. Actually, using o -strategic closure of P’ it is not hard to see that T is
stationry and fat.

Consider in N models

We have U(i"a™) = i(a™), hence

B = U B;y and Bli(p)] = U Biw)[i(p) N Biw)) -
v<at v<at

Now we fix a list (£, | v < a') of dense open subsets of ((P'(0)<i(a))>s)" in Bli(p)]
which are the images of all dense open subsets coming from the ultrapower by the normal
measure of the extender 7. Note that the forcing under the consideration is §*-strategically
closed (in N) and the generators of i are below ¢, so this can be done.

For each v < a' let E] be the dense open subset of ((P'(#)<i())>a)” obtained from
E, by adding to each ¢ € E, models of cardinalities in the interval [a, ], i.e. ¢"r € E!
iff € E,, ¢°r € (P'(0)<i(a))>a)” and r consists of models of cardinalities in the interval
[, 0]. We may assume that £, (and hence also E)) is in By,y[i(p) N By, just removing
some of B,’s if necessary.

Recall that Gy(a) is an N -generic subset of (P’(i(«)))" constructed above. Our next tusk

will be to consider the projection of (P'(0))Y, over Gj(4) and to claim that certain elements

are in (P'(0))Y,/Gi(a)-
Claim 3.0.27.1  For each v € T of cofinality a we have i"A, € (P'(0))Y,/Gi(a).

Remark Note that (Gj))>a N A, is a condition in P’ (or just in (P'(i(e)))"), due to
defl.1(287). Our interest is in ((Gj(a))>a N A,) " A,. By putting in i"A, we actually add all
of i"(((Gi(a))>a N A,)"A,). The claim basically deals with it rather then only with i"A,.
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Proof. Consider C*(A,) | A,. It is a closed unbounded sequence in A, and since cof(v) = a,
it has a cofinal subsequence (A, 5|6 < a). Apply 7. Then i((A, 3|0 < a)) will be a cofinal
subsequence of C*¥(B,) = i(C%(A,)). Denote i({A, 3|3 < a)) by (B, 4|3 < i(a)). Clearly,
i"A, C By 4.

It is enough to show that A, is compatible with every element of G;). Note that
models of cardinalities > o are mapped to generic set over N for (P’(0))>i(a), just this set is
generated by such images. Hence there is no problems with the images (i.e. i(X)) of elements
of A, N (Gi(a))>a. We need only to take care of "X for X € (A, N (Gja))=a) U {A,}.

Pick any element q of (P'(i(«))" with A, inside. Assume also that A, is on the central
line of ¢q. Consider i(q). It will consists of models of cardinalities below « and those of
cardinalities at least i(«) (remember that each condition has Easton support). Also B,
appears in i(q) on the central line. We would like to find a common extension of ¢ and i(q)
which includes i”A,. Proceed as follows. Pick first some 8*, a < §* < i(a), such that Bg- is
a unique immediate predecessor of Bg-;; and there is no models of cardinalities above i(«)
(and so, no models at all) in between. Using elementarity and density argument it is possible
to find such #*. Now inside B, g« we pick an increasing continuous sequence (X, |7 € s(q)) of
models (elementary or ¥-elementary in B, g+) such that ¢,7"A,,i(¢) N B, g+11 € X.+. Then
¢~ A, (XA T € s(q))i(g) will be as desired.

O of the claim.

Let vy be the first element of T of cofinality . Consider A,,7¢"A,,. By Claim 3.0.27.1,
Ay, "i" Ay € (P'(0))Y /Gi(a). Now inside B,, we extend A,,i"A,, to a condition gy in Ej
with the projection to (P'(i()))¥, inside Gi)-

Claim 3.0.27.2 ¢y~ B,, € (P'(0))Y/Gja)-
Proof. Again we need to show that gy~ B,, is compatible with every element of Gj(,.

Let t € Gy There is a common extension ¢q of gy and ¢ with projection in Gj), since
9 € (P'(0))" /Gj(a). By elementarity, we can find such ¢ inside B,,. Thus

(P'(i(a)))™ S (Vi)™ S Buy

and, hence
By [Gie)) < BlGiw)] < (ValGia)])™

A150, By [Gio] N (PU(8)) = Buy 11 (P/(0)).
Consider ¢~ B,,. It is almost a condition in (P’(#))" only with maximal models missing
for lot of cardinalities. Extend it to some r € (P’(#))Y for which the projection to (P'(6))™
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is defined. Then r > ¢ implies that the projection " of r is above the one of ¢q. But then
v’ >t in (P'(i(a)))". This means in particular that o™ B,, is compatible with .
(] of the claim.

We proceed similar at each successor stage. Thus, if for £ < a™, ¢, B,, are defined

¢¢ € By, and ¢:"B,, € (P'(0))Y/Gi), then we pick veyq to be the least élement of T
above v¢ such that cof(vey1) = aand A,, € C*(4,.,,). As in Claim 3.0.27.1, we will have
q= AV&HAqﬁABV,s S (PI(Q))N/Gi(Oé)'

Now inside B, ,
inside Gy(). Then, as in Claim 3.0.27.2, we will have ¢¢11"B,,,, € (P'(0)N/)Gia)-

Let us turn to limit stages of the construction. Assume that £ is a limit ordinal. Let

we extend ¢ to a condition geyy in Ef,, with the projection to (P'(i(c)))%,

Ve = Ur<elr, Vey1 be the first element of T'\v¢ + 1 of cofinality o and gz = U{g,|T < £}. This
qé is just the formal union of all ¢,’s constructed at the previous stages. We do not take

unions of the maximal models of ¢;’s etc. Let ¢; be obtained from g; by adding " A and,

Vet+1
if A, is in a condition in Gjq), then also i"A,,.

Claim 3.0.27 ¢ projects to an element of Gi(a).

Proof. Let us show that for each ¢; € Gj(,) above the projection of qé the following holds:
if t € (P'(i(a))y, and t > t;, then there is ¢ > ¢f with the projection to (P'(i())%,
stronger than .
Let t; <t be as above. Then initial segments of ¢¢ project below t. Just g¢ projects
to a condition in Gj(,) below ¢; < t. Also, the addition of i"4,, .,
y of t and ¢/. Using the elementarity of VZ](V

@)’

i" A, is above i(a). So
we can find a common extension 7 € B,
find 7' € (Vi(a) N (P'(i(c))5a)” realizing the same type as r over r N VZ](\L) Finally, let ¢ be
obtained from r U’ by adding the maximal models including those of both 7,7’ and this
models via C(q)’s to those of r’. Then the projection of ¢ to (P'(i(a))¥, is ' >t and we
are done.

O of the claim.

Now we extend g¢ to g¢ € E¢ in By,,,) with the projection to (P'(i(«))%, inside Gj(q).

This completes the construction.

Consider finally the resulting sequence (g, | v < at). Let (¢} | v < a™) be the sequence
obtained from it by removing from each g, models of cardinalities below 6*. Then, ¢ € E, for
every v < at. Hence (¢} | v < a™) generates a B[i(p)]-generic subset of ((P'(0)<ia))ss+)" .
By the construction, the projections of ¢;’s to ((P'(i(a)))ss+)Y are in Gy N (P’ (i(a)ss+)Y
The same is true (again by the construction) for g,’s, i.e. projections to ((P'(i(«)))sa)” are
in Gia) N (P'(i(@)))sa)”. Then g,’s will be in B[i(p)]-generic subset of ((P'(0)<i(a))sa)™
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generated by Gja) N (P'(i(@))se)Y and (g | v < ™). Moreover, models i"(A,) appear in
q,’s. Each r € P__, which is inside some A4, will be moved by i to i(r) € (P'(0)<,)" inside
i"A,. But i"A, is a model inside a condition in generic set, so i(r) is such as well. Hence
images of elements from Gy N P., are in the constructed this way N-generic subset of

(Pl(6)<a)N- So we are done.

O of the lemma.
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Chapter 4

Dropping cofinalities-gap 3-single
drop

Our aim is to present constructions in which 2 = k%3 and the cofinality x** drops down,

i.e. the generator b,++ for the cofinality k™" is far a part from b,+s .

4.1 Preliminary Settings

Let \g < kg < A\ < K1 < ... <\, < Kp < ...,n < w be a sequence of cardinals such that

for each n < w
e )\, is M™% _strong as witnessed by an extender E
o k, is k"2 - strong as witnessed by an extender E,,

Let k =J,__ K

nlw N

Force with the forcing P’ of Chapter 1. Let G(P’) be a generic subset.

4.2 Models and types

The main difference in present setting from those of [1], Chapter 1 will be due to the fact
that the cardinalities of models in the range of a condition (i.e. in suitable structures over
Kn's) may be smaller than the number of existing types. So any such model may contain
only a limited number of types. We would like to insure that it will be still sufficiently large.

Fix n < w. Set §, = k"2 Denote by ¢, the immediate predecessor of ¢, i.e. k™.
Fix using GCH an enumeration (a, | o < k) of [k,]<"" so that for every successor cardinal

§ < K, the initial segment (a, | @ < §) enumerates [§]<° and every element of [§]<° appears
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stationary many times in each cofinality < ¢ in the enumeration. Let j,({aq | o < ky,)) =
(ao | @ < jn(kn)) where j, is the canonical embedding of the (k,,d; )-extender E,. Then
{aq | @ < &F) will enumerate [6;7]=°" and we fix this enumeration. For each k < w consider
a structure

i = (H(x™),€,C, <, By, Ex,, Ay Finy Oy 0,7

X (aa | < 65,01, a,... |a< ktF)

in the appropriate language £, ; with a large enough regular cardinal x.

Remark 4.2.1 It is possible to use x;*+ here (as well as in [1]) instead of x*. The point is
that there are only £+ many ultrafilters over x,, and we would like that equivalent conditions

use the same ultrafilter. The only parameter that that need to vary is k in H(x™").

Let L), be the expansion of L, by adding a new constant ¢’. For a € H(x*") of
cardinality less or equal than 4, let 2, ;. , be the expansion of 2, ; obtained by interpreting
c as a.

Let a,b € H(x™) be two sets of cardinality less or equal than §,. Denote by tp, x(b) the
L, ,-type realized by b in 2, ;. Further we identify it with the ordinal coding it and refer
to it as the k-type of b. Let tp,(a,b) be a the L] ,-type realized by b in 2, ;.. Note that

coding a, b by ordinals we can transform this to the ordinal types of [1].
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4.3 The main forcing

We will use A\,,’s (n < w) to generate w-sequences corresponding to ordinals below x** in
the same way as it was done in [1].
The treatment of x*3 will be parallel to those of Chapter 1, but with major changes due
to the lack of cardinals between r, and x""? that correspond to k™+. Here k"™ will
correspond to £*3 and Af"*2 to kT, Recall that in Chapter 1, "™ corresponds to k™
and "2 to kTT.

We will use suitable and suitable generic structures over x as defined in Chapter 1.
The corresponding structures over k,’s will be rather names related to choices made over
An’S.

Fix n < w.

Let give first the following preliminary definition:

Definition 4.3.1 Let n be a cardinal less than A,. A suitable structure ((X,Y),C,€,C )
at the level k, (see Chapter 1)is called an n-suitable iff each element of X (i.e. each model)
has cardinality 7.

Note that in Chapter 1 models at the level x,, have cardinality x"*2. Here it drops

below A, < k.

Definition 4.3.2 Let (),,0 be the set consisting of pairs of triples

q = <<a7 A, f>7 <,Qv §79>>
so that:

1. f is partial function from x*2 to ), of cardinality at most &

2. There is a suitable generic structure ((X,Y),C, €, C ) of cardinality less than A, (not
Kn, as in Chapter 1), such that

a is an order preserving function from the set {Z Nk | Z € X} to A2
Note that by Chapter 1, the set {Z Nkt | Z € X} is a closed subset of x1T.

3. a(max(X)Nk*t"T) = max(rng(a)) is above all the elements of rng(a) in the order of the

extender E) .
4. dom(a) Ndom(f) = 0.
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5. A€ EAn,max(rng(a))‘
6. min(A) > | X|.

7. For every ordinals «, 3,7 € rng(a) and p € 7Y (A)

An,maxrng(a),x
a>g, [ >g, 7 implies

Ty (P) = T84 (Tana,8(0))-
8. For every o > (3 in rng(a) and p € A
7T)\n,maxrng(a),oz (P) > 71-)\n,maxrng(a),ﬁ(p)-

Let us turn now to the second component of a condition, i. e. to (b, B, g).
9. ¢ is a function from x*2 to &, of cardinality at most x

10. b is a name, depending on (a, A). For each n € A the interpretation b[n] of b

according to 7 satisfies the following conditions.

(a) There is an ((n)?) ™" !-suitable structure ((X,,Y,),C,, €, C ) at the level &, such
that

i. bn] is the isomorphism between ((X,Y),C,€,C ) and ((X,,Y;),C;, €,C),
ii. for every Z € X we have

WAn,max(rng(a)),a(Zﬂn++)(77) = ,Q[U](Z) N ((77)0)+n+2-

In particular,
n = bnl(max(X)) N ((n)°)"
Further let us identify between b [n](Z) and b (Z)[n].
Note that the domain of b is X and this does not depend on 7.

(b) (Dependence) Let Z € X. Then b [n](Z) depends on the value of the one element

Prikry forcing with the measure a(Z N k™") over \,. More precisely: let

A(Z) = 7T)\n,maxrng(a),a(Zﬂ/{++)//A7

then each choice of an element from A(Z) already decides b(Z7), i.e. whenever

M, M2 € A and
7-‘—)\n,maxrng(a),a(Zﬁ,‘f+7L)(nl) = 71')\n,ma‘x1rng(a)7a(ZﬁH++)(772)
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we have

b(2)m] = b(Z)n2).

Further let us denote by 1(Z) the projection of n to a(Z N k™),
i.e. T, maxrmg(a),a(znst+)(1), for each n € A,.

So b(Z) depends only on members of A(Z) rather than those of A.

The next condition is crucial for the k™ *-c.c. of the forcing.
(¢) (Inclusion condition)
Let n,n € A,n <n'. Then
o b(max(X))n] € b(max(X))[n7],
o if 7 € X NC(max(X)) and

T\, max rng(a),a(ZNk++) (77/) >,

then either

b (max(X))[n] € b(Z2)]
or
the k-type realized by b (max(X))[n]NH(x™) isin b(Z)[n'], where k < w is
the least such that b (Z)[n/] € H(x ™).
The same holds over any element of b(Z)[n'], i.e. tpi(z, b(max(X))[n] N
H(x™)) € b(Z)[y), for any 2 € b(2)[i).
We require in addition that this & > 2.
Let us allow the above also if b(Z)[n'] € H(x"). In this case we take k to
be any natural number above 2 and require that once we go up to the higher

levels then corresponding k’s increase (with n).

We cannot in general require only that

b (max(X))[n] € b(Z)[n]

since the sequence C' of a new generic suitable structure may go not through the

old maximal model. But still having the type inside Z will suffice.
Note that given n € A the number of possibilities for n € n” N A is bounded by

(n10)+n+1’ as 77/ < (n10)+n+2.

(d) Y Nndom(g) = 0.
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(e) For every o € Y andn € A
i. b[nl(a)is a model of cardinality ",
i, 5" C b nl(a),
iii. cof (sup( b [n](a) M k" 72)) = ()72,
Note that all the cardinals ky, ..., & will correspond here to k™. So, we need
to drop down to to the indiscernible (n°)™*2 for A" in order to get to x*.
(f) For every n € A
Bln] € E, max(x,)-
(g) For every n € A and ordinals «, 3,y which are elements of rng( b )[n] (i.e. actually

the ordinals coding models in rng( b )[n]) we have

@ >g,, B >g., 7 implies
Thin,a,y (p) = Wﬁn,ﬁﬂ(ﬂnn,a,ﬁ(p))

for every p € (Bn),

kn,maxrng(b,[n]),a\

(h) for every Z € dom(b,) there is k(Z) < w such that for every n € A we have
bu(Z)n) < H(x™).

Note that it is easy to arrange this condition just by shrinking A. Thus for each
n € A there is k, < w such that b,(Z)[n] < H(x™). Now pick Ay C A in
E),, max(mg(a)) and k(Z) < w such that for every n € Az, k, = k(Z). Finally re-
place A by (\{Az | Z € dom(b,)}. Note this intersection is still in E, max(g(a)),

since [dom(b,)| < Ay

Definition 4.3.3 Suppose that ((a, 4, f), (b, B,g)) and ((d’, A, f'),(V', B',¢')) are two el-

ements of (),0. Define

({0, A, 1). (b, B.g)) Zq,, (', A, f). (V. B g'))
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4. ﬂ-// ( /)A g A,

An,max(a),max(a

5. for every v € A we have

b[”] 2 lz[w)\n,max(a),max(a/)(V)]-

~

This means just that the empty condition of one element Prikry forcing forces the

inclusion.

6. for every v € A we have

ﬂ-gn,max(g[V]),HlaX(ét[WAn,max(a),max(a/)(V)])g[y] g _’é,[ﬂ-)‘nvmax(a)rmax(a/) (V)]

We define now Q1 and (Q,, <., <} ) similar to those of Chapter 1.

Definition 4.3.4 @,,; consists of pairs (f, g) such that
1. f is a partial function from k™" to A, of cardinality at most &
2. ¢ is a partial function from x*2 to &, of cardinality at most x

(1 is ordered by extension. Denote this order by <j.

So, it is basically the Cohen forcing for adding x™® Cohen subsets to x*.

Definition 4.3.5 Set Q,, = Qo U Q1. Define <F=<, U <, ,.

Define now a natural projection to the first coordinate:

Definition 4.3.6 Let p € Q,. Set (p)o = p, if p € Qn1 and let (p)o = (a, A, f), if p € Qo is
of the form ({(a, A, f), (b, B, g)).
Let (Qn)o = {(p)o | p € Qn}-

Definition 4.3.7 Let p,q € Q,,. Then p <, q iff either

1.p<q

or
2. p={{a,A, [),{b,B,g)) € Qno, ¢ = (e,h) € Qn1 and the following hold:

(a) eD f
(b) h2yg
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(c) dom(e) 2 dom(a)

(d) e(max(dom(a))) € A
(
(
(g

)
)
e) for every 3 € dom(a),e(3) = T, a(max(dom(a)),a(3) (€(max(dom(a)))
f) dom(h) 2 dom(b)
) h(max(dom(b)) € Ble(max(dom(a))].

Le., we use e(max(:lom(a)) in order to interpret B. Note that by 2d above, it is

inside A and so the interpretation makes sense.

(h) for every 8 € dom(d)

h(B) = M, max(eng (s, (8)1 ((max(dom(b)),

~

where v = e(max(dom(a))). Recall that we code models by ordinals.

Definition 4.3.8 The set P consists of all sequences p = (p, | n < w) so that
1. for every n < w, p, € Q,

2. there is ¢(p) < w such that

(a) for every n < £(p), pn € Qn1
(b) for every n > U(p), pn = ({an, An, f1), (b, By gn)) € Qno

(c) for every n,m > {(p), max(dom(a,)) = max(dom(a,,)) and max(dom(b,)) =

max(dom(b,,))

~

(d) for every n > m > {(p), dom(a,,) C dom(a,) and dom(b,,)) C dom(b,)

~ ~

~

(e) for every n, ¢(p) <n < w, and X € dom(a,) the following holds:
for each k < w the set

{m <w | =(an(X)NH™) < H(x™))}

is finite.

(f) for every n, (p) <n < w, and X € dom(b,) the following holds:

for each k£ < w the set

{m<w|3ve An(=n(X)V] N HX™) < H(X™)))}

~

is finite.
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We define the orders <, <* as in [3].

Definition 4.3.9 Let p = (p,|n < w),q = (gu|n < w) be in P. Define
1. p > qiff for each n < w,p, >, ¢n

2. p>* qiff for each n < w,p, >} qn

Definition 4.3.10 Let p = (p, | n < w) € P. Set (p)o = {(pn)o | n < w).
Define (P)o = {(p)o | p € P}

Finally, the equivalence relation «— and the order — are defined on (P), exactly as it

was done in [1], or in Chapter 1. We extend — to P as follows:

Definition 4.3.11 Let p = (p, | n < w),q = (g | n < w) € P. Set ¢ — p iff

L. (¢)o — (o

3. for every n < {(p), p, extends g,

4. for every n > £(p), let p, = ((an, An, fn), (b

Y

ns Bn gn)) and g = ({ay,, A3, 1), (00, Brs 90))-
Require the following:

(a) gn 2 gy,
(b) there is b such that for every v € A, the following holds:
i. bn[v] extends b7 [v]
ii. dom(b;)=dom(b;)
B T max( by al))max(l ) Belv] S Balv)
where V' = T, max(me(an)).¢(¥) and § = a,(max(dom(ay,))
iv. tng(V,)[V'] <, g(b,)[V], where v/ is as above and k,, is the k,’s member
of a nondecreasing sequence converging to the infinity.
v. ng( by )] T e =mg(b) ] I ey
Here is the main difference between — in the present context and those of [1]
etc. In the present context we deal with assignment functions b,’s which act
over K,’s but are of cardinalities below k,’s (as well as the models in rng(b,)

which are images of those of cardinality «). Thus, assume that n is fixed and
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7 = by(max(dom(b,)), where b, = b,[n] is the interpretation according to some
N < Ay < kn. Then |Z] = (n°)™ 1. Now if we like to realize types inside Z, as it
was done usually in [1] etc., it may be just impossible since Z is too small and so
does not contain all the types.

The way suggested here in order to overcome this difficulty, will be to use 4.3.2(10c¢)
together with the above definition. It turns out that once working with names it
is still possible to prove k*F-c.c. of the final forcing (P,— ). It will be done in
4.4.5.

4.4 Basic Lemmas

In this section we state basic lemmas for the forcing (P, <,<* ). Most of the proofs just

repeat those of Chapter 1 with minor adjustments.

Lemma 4.4.1 Let p € P and ((B*" B D*"), B"*"") € G(P'). Then

1. for every a € B¥'" there is ¢ >* p such that o € dom( b ,(q)) for all but finitely many

n’s;

2. for every A € BY there is ¢ >* p such that AN kTt € dom(a,)(q) and A €
dom(b,(q)) for all but finitely many n’s. Moreover, if ((A%" A" C*7) AWTT) >
((B"" B D~ B witnesses a generic suitability of p and A € C%"(A%),
then the addition of A does not require adding of ordinals and the only models that
probably will be added together with A are its images under A-system type isomor-

phisms for triples in p.

Lemma 4.4.2 Let n < w. Then (Qno, <o ) does not add new sequences of ordinals of the
length < A\, i.e. it is (\,,00) — distributive.

Lemma 4.4.3 (P, <*) does not add new sequences of ordinals of the length < Kq.

Lemma 4.4.4 (P,<*) satisfies the Prikry condition.
Let us turn now to the main lemma in the present context:
Lemma 4.4.5 (P,— ) satisfies kT -c.c.
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Proof.
Suppose otherwise. Work in V. Let (p, | & < k™*) be a name of an antichain of the

length x**. Using the strategic closure of P’, we find an increasing sequence
(\as 1kt + 1+t
(A" AL CE), AR [ < 1)

of elements of P’ and a sequence (p, | @« < k*T) so that for every a < k™ the following
hold:

(8) ((AZ AL O AL - pa <
() Usea A%’*+ = A%" if o is a limit ordinal,
(c) A%y € AR,

(d) Ag’fl is a successor model,

() (AF™ | B <) € AL,

(f) for every a < f < k™" we have

C (A% is an initial segment of Cg* (A%rﬁ),

(g) Po = <pom | n < w>7
(h) for every n > l(p,)

— A% Nkt is the maximal ordinal of dom(ag,) and A% N &+ € dom(an,),

— Ag’fl is the maximal model of dom( b »,) and A% € dom( ban),

where Pan = <<aoma Aom7 fom>a <J\)Joma Qan: gom>>'
Actually this condition is the reason for not requiring the equality in (a) above.

Let pan = ((@an; Aans fan)s (Dans Ban, gan)) for every a < £ and n > (pa).

Let a < k™. Fix some

+ + + ++ + + + ++
((Bat1 Baln, Dagn)s Balia ) <pr ((Agiy, Ady, Caa), Ay )

which witnesses a generic suitability of structure dom(b o) for each n,l(p,) < n < w, as

in Definition 4.3.2. Note that BY| need not be in C%, (A%") and even if it does, then

101



D (B%) need not be an initial segment of C%;,(A%"). By the definition of the order

<p: there are m < w and £y, ..., I, € A}X’fl such that
Ox™T 1kt + 1+t Ox™T 1kt + 1T+
Swt(<<Aaﬁ-1’ Aa’j—l? Cg—i-l)? Acx’j—l >v E1> XD Em) and <<Bailv Bofi—h D2+1>, Bail >

as in the definition of the order of P’ (Chapter 1, 1.15).

By Lemma 4.4.1 it is possible to add all E;(i = 1,...,m) to dom(aay,), for a final segment
of n’s. By adding and taking non-direct extension if necessary, we can assume that E;’s are
already in dom(ay,), for every n > l(py).

Now we can apply the opposite switch (i.e. the one starting with FE,,, then E,,_1, ...,and
finally E; ) to dom(a,y,) (and the corresponding to it under a,, to rng(a.,)). Denote the
result still by aquy,.

Finally, (A%, A" O ), AT will witness a generic suitability of structure dom(a,,)
for each n,l(py) < n < w.

In particular, we have now that the central line of dom(a,,) is a part of (Jgil(Agfl) and
A% s on it, for every n,1(pa) < n < w.

Shrinking if necessary, we assume that for all a, 3 < k™ the following holds:
(1) €= L(pa) = L(ps),
(2) for every n < £, pu, and pg, are compatible in Q1 i.e. pan U pg, is a function,

(3) for every n, £ < n < w, (dom(fu,) | @ < k) and (dom(gs,) | @ < K1) form a

A-system with the kernel contained in A8"‘+,
(4) for every n, w >n > {, rng(aa,) = rng(as,),
(5) for every n, w >n> ¥, Ann = Apn,
(6) for every n, w >n > €, € Ay, 10g ban[n] = 1rng b ga[n],
(7) for every n, w >n > €,n € Aan, Ban[n] = Bgnln],

Shrink now to the set S consisting of all the ordinals below k™" of cofinality x*. Let «
be in S. For each n,¢ < n < w, there will be #(a,n) < « such that

K}Jr H+
dom( b an) NAY" C Ag(am).

Just recall that dom(b ) is not actually a name and |dom(b4n)| < Ap. Shrink S to a

stationary subset S* so that for some o < min S* of cofinality % we will have G(a, n) < o*,
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whenever a € S*, ¢ < n < w. Now, the cardinality of Ag’f is k7. Hence, shrinking S* if

necessary, we can assume that for each a, 5 € S*,/ <n<w
dom( b an) N A% = dom( b g,) N AY".

Let us add A%" to each p, with o € S*.
By 4.4.1(2), we can add it without adding ordinals and the only other models that

probably were added are the images of AS[;”* under A-system type isomorphisms. Denote

the result for simplicity by p, as well.

Let now ( < a be ordinals in S*. We claim that ps and p, are compatible in (P, —).
First extend p,, by adding A%’fQ. This will not add other additional models or ordinals except

. + . .
the images of A%ﬁQ under isomorphisms to p,, as was remarked above.

Let p be the resulting extension. Denote pg by ¢. Assume that ¢(q) = ¢(p). Oth-
erwise just extend ¢ in an appropriate manner to achieve this. Let n > {(p) and p, =
((@n, A, )y (Bns By gn))- Let gn = ((ay,, A7, f1.), (U0, B'ny g5,)). Without loss of generality
we may assume that the ordinal an(A%’fZ N kTT) is k,-good with k, > 5. Just increase n if
necessary.

Realize the k,, — 1-type of rng(al,) below an(A%’fQ N k1) over an((A%’j:2 N k™) Ndom(ay,)),
i.e. above the common part on k™*. Denote the ordinal corresponding to max(rng(a’,)) in
this realization by ¢’. Note that &n(Ag’fl N k") and & have the same projection to the
common part an((A%’fQ N k™) Ndom(ay)).

Fix now n € A,. Set 7' = T, max(mg(an)),s (1)-

Consider b n(A%’fQ)[n] Again we can assume that it is an elementary submodel of 2, 5., with

k. > 5 (and k, does not depend on 7). Now we have
:‘€+ K/+ H/+
n = T'\p,max(rng(an)),d’ (n) <n and A%+2 eC (Ag+1)'

Hence, by Definition 4.3.2(10c), the k, — 1-type realized by b, (A% )] isin b, (A%5)[n], as
well as the k, — 1-type realized by b, (A%)[n'] over b’ (A% ,Ndom(b,))[n], i.e. the common
part of of the conditions. Realize the k, —1-type of b 2 (A% )] over b ;;(A%’“Jr Ndom(b,))[n]

a+1 +2
. ot
in b, (AFT,)N).

Doing the above for each n € A, will produce a condition p} > p, with ¢, — p! as in
Chapter 1.
O
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4.5 The resulting PCF structure

Force with (P,— ). Let G(P) be a generic set. By the lemmas above no cardinals are
collapsed. Let (v, | n < w) denotes the diagonal Prikry sequence added for the normal
measures of the extenders (E,, | n < w) and (p, | n < w) those for (E,, | n < w). We can

deduce now the following conclusion:
Theorem 4.5.1 The following hold in V[G(P'(9")), G((P'(9)),G(P)]:

(1) cof ([, v""2/ finite ) = kT

n<w N

(2) cof ([T, i/ finite ) =

(3) for every unbounded subset a of k consisting of reqular cardinals and disjoint to both
{vi 2 | n < w} and {p/™"? | n < w}, for every ultrafilter D over a which includes all

co-bounded subsets of k we have

cof(H a/D) = r*

Proof. Ttems (1) and (2) follow easily from the construction. Thus, for (1), take the increasing
(under the inclusion) enumeration (X, |7 < ) of the chain of models given by G(P’(k*1)).
Define a scale of functions (F; | 7 < ™) in the product [, _ v as follows: let for each

T< KT

Fl(n) = fulX,), i fu(X,) < 7+

n

and

F!(n) =0, otherwise,

where for some p = (pr|k < w) € G(P) with £(p) > n we have f,, as the first coordinate of
pn. Now let (F.|T < k™) be the subsequence of (F/|r < k™) consisting of all F which are
not in V.

Similar, for (2), take the increasing (under the inclusion) enumeration (Y;|7 < k™) of the
chain of models of cardinality ™ given by G(P’). Define a scale of functions (H, | 7 < k™)

in the product ] 2 as follows:

n<wpn

H.(n) = ga(Y5), if gu(Y;) < g™+

and
H!(n) =0, otherwise,
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where for some p = (pr|k < w) € G(P) with £(p) > n we have g, as the second coordinate
of p,. Let (H, | 7 < k™) be the subsequence of (H. | 7 < k™) consisting of all H.’s which
are not in V.

Let us turn to (3) which requires a more delicate analyses of the forcing (P, — ). We
deal with

cof(H p" 1t/ finite ).

n<w
The rest of cases are similar or just standard. The crucial observation here is that given
({an, Ay fn), (bny Bn, gn)) € Qno, for some n < w, it is impossible to change rng (b, )[v] [ k1"
by passing to an gquivalent condition, for any v € A,. Just the definition 4.3.11(4(b)v)
explicitly requires this.

This means, in particular that

cof(H pim 1/ finite ) = cof(H w7/ finite ),

n<w n<w

where the connection is provided by b,’s. But note that the cofinality of the last product is

kY, since every function their can be bounded by an old function. So we are done.
O

4.6 Dropping cofinalities-gap 3 with infinite repetitions

We study dropping cofinalities and allow infinite repetitions. Here we deal with the simplest
case-gap 3.

Let \g < Ko < A\ < K1 < ... < Ay < Kp < ...(n < w) be an increasing sequence of
cardinals with a limit x.

Assume the following:

e £, is k"2 - strong as witnessed by an extender E, , for every n < w

o )\, is A2 _ strong as witnessed by an extender E), for every n < w

Our aim will be to make 2% = k™3, but so that for each n < w the cofinality over x,, that
corresponds to k™1 drops down to each of \,,’s with m < n. In particular we will have a
drop to Ay at each n < w.

It is a bit simpler probably to consider the setting with only a drop to Ag occurs infinitely

many times, i.e. for every m > 0 a drop to \,, occurs only at k,,. Then A\g will be used
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infinitely many times and all the rest only once. It will be possible then to make a non-direct
extension at \g and this will bring the situation basically to the usual dropping cofinality
forcing.

If each of \,’s appears infinitely many times, then the previous trick of taking non-direct
extension over g will not work. Just we cannot take non-direct extensions at infinitely many
places.

All \,,’s will correspond to ™+ and k,’s to k*3. More precisely indiscernibles for \"2’s
and for x,"’s will correspond to k™t and to x*3 respectively.

It is possible, using the same method, to replace n dropping points (A, | m < n) for
Kk, with any finite number. If one likes to replace it with infinitely many, i.e. some strong

enough cardinals (\,,, | m < w) additional assumption are needed on A,, := Anm €Ven

m<w
if K, < Aut10. Just otherwise the indiscernibles for \"?’s (m < w) will correspond to A"
and Af’s correspond to kT and everything breaks down. The problem here is that once a
non-direct extension is taken over k,, then (\,,, | m < w) starts to be isolated from the part
above k,. Some connection of this sort is needed for example in order to show the Prikry
condition. Existence of strong enough cardinals between A,, and k,,; allows to generalize

the present arguments to such situation. This will be elaborated further.
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Let us turn now to the forcing notions.

Force first with the preparation forcing P’(k™?) followed by P’(k*") of Chapter 1.
It is possible instead of forcing with P(k*") just to take the projection of a generic for
P'(kT3) to kT, i.e. intersect each model there with £*.
Let G(x%3) and G(k™1) be the corresponding generic subsets. Work in V[G(x"3), G(xk™)].
We shall redefine the forcing of Section 4.4.

The first small change (actually relevant to all short extenders forcings) will be as follows.

Given a condition p = (p,|n < w), p, = (an, Ay, fn), for each n > £(p). We require that

1. for each n < {(p), if X € dom(p,), then starting with some m > n we have X €

dom(ay,).

2. for each n > ((p), if X € dom(f,), then starting with some m > n we have X €

dom(ay,).

This change prevents appearance of old w sequences among those produced by a generic
object.
Recall that the cardinalities of dom(p,) and dom(f,,) are at most x, as well as the cardinality
of Ué(p)gkw dom(ay). So it is always possible to spread s-many things among domay)’s.

Fix some n < w.

Definition 4.6.1 Let (), be the set consisting of pairs

({{ams Am, fin) | M <), (D, V]

~ o~

) _',.b\/,v Ea g>>

so that:

for each m <n
1. f. is partial function from x*2 to \,, of cardinality at most .

2. There is a suitable generic structure ((X,Y),C,€,C ) for G(k™) of cardinality less
than \,, such that a,, is an order preserving from X UY (actually here for k™ we have

that X itself consists of ordinals and Y is unneeded).

3. apy(max(X)) = max(rng(a,,)) is above all the elements of rng(a,,) in the order of the

extender F) .
4. dom(a,,) Ndom(fn) = 0.
5. A € B, apn(max(X))
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6. min(4,,) > |dom(a,)|
7. for every «, 3,7 € rng(a,,) we have

a>p, B >g, 7 implies

WAm,a,v(p) = WAm,ﬂ,v(ﬂ')\m,a,ﬁ(p))
for every p S ﬂ-“)\m,maxrng(am),a(Am)-

8. For every o > 3 in rng(a,,) and p € A,
7T)\m,rnax(rng(am)),oa (p) > 7T)\m,max(rng(am))ﬂ(p)-

Let us turn now to the second component of a condition, i.e. to <Q,§,g>. Main

differences (and complications) appear in this part-namely in the assignment function
b.

~Y

9. b is a name, depending on ({a,,, An) | m < n), of a partial function of cardinality less

or equal than |J,,.,, Am-

The following conditions are satisfied:

(a) (Domain) There is a generic suitable structure ((X,Y),C,€,C ) for G(k™3) of
cardinality less than or equal than {J,, ., Am such that
i. dom(b)=XUY;
ii. for every Z € X there is m < n such that Z N k%" is in dom(a,,).
(b) ( Maximal model ) max(X) is a maximal (under €) model in dom()
Here its image will not necessary be the maximal model of the range. The com-
plication due to the fact that now we will have models of different sizes in the

range of b and max(X) may correspond to a model of a size A, for some m < n.

In this case the following situation will be allowed:

21€ZQGZand21¢Z.

The choice of a size of b (A), for A € dom(b)N X, will be determined by ANx™.
Thus we require that there is a splitting of x** into intervals (determined by the

condition) which rule the correspondence of sizes.
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(¢) ( Splitting into intervals ) There is a disjoint partition of x** into intervals (s; |
i < 6), for some 6 < A, such that

e for each 7 < § there is a unique m(i) < n which is the index of A, corre-

sponding to size of models in the sense of the next condition;

e let A € dom(b) be a model of cardinality ™ on the central line. Denote by
i(A) the unique i < 0 such that AN x** belongs s;. b(A) will be a model of

size less than A, (i(a))-

(d) ( More on the maximal model ) The name b (A) can depend on all (A | k& < n).
But we require that the image of the maximal model max(X) depends only on

)\m(i( AT ) This is needed for the chain condition argument.

Note that b (max(X)) need not even contain every model of rng(b) even of car-
dinality A (i(max(x)))-

On the other hand model in the range( of a bigger size ) can refer to ones of a
smaller sizes and then the last stop to be names for \;’s corresponding to their

size.

Suppose for simplicity that n = 1. Then we have only A\g and A;. So models over
k1 can have sizes < Mg and < Aq.

A non-pure extension over \g results in a condition over k; in which b acts in
order preserving (i.e. € preserving) fashion only over the intervals corresponding
to A;. The behavior on the intervals which correspond to \q is like the function
g of the condition, i.e. no order preservation is required. The number of models

then is not « like in g, but rather < A;.
If a non-pure extension is made over \;, then we make such extension also over

Ao, ko and K.

(e) ( Weak order preserving condition ) Let A, B be in dom(b). If A € B, then
b(A) € b(B) (forced by the empty condition) or there is C' € B,C € dom(b),
C'N k™ in an interval corresponding to A; and b(A) € b(C) € b(B) (forced by
the empty condition).

(f) Suppose that Z € and Z N x** in the interval corresponding to A;. Then b(Z2)
depends only on Aq, i.e. it is a name in the forcing over \; without the forcing

over \g.

(g) (Inclusion condition 1)
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Suppose that max(X) N« in the interval corresponding to ;.
Let n,n" € A;,n < n'. Then

b (max(X))[n] € b (max(X))[n],
if Z e X NC(max(X)), ZN k™" in the interval corresponding to A\; and

7r>\n,maxrng(a),a(Zﬁn++)(77,) > 1,

then either

b (max(X))[n] € b(2)]
or
the k-type realized by b (max(X))[n]NH(x™) isin b(Z)[n'], where k < w is
the least such that b (Z)[n/] € H(x ™).
The same holds over any element of b(Z)[n], i.e. tpr(z, b(max(X))[n] N
H(x**)) € b(2)l], for any z € b(Z)[n'].
We require in addition that this & > 2.
Let us allow the above also if b(Z)[n'] € H(x*"). In this case we take k to
be any natural number above 2 and require that once we go up to the higher

levels then corresponding k’s increase (with n).

We cannot in general require only that

b (max(X))[nl € b(Z)[n]

since the sequence C' of a new generic suitable structure may go not through the

old maximal model. But still having the type inside Z will suffice.

Note that given 1’ € A; the number of possibilities for n € ' N A; is bounded
by (n/°)*™+, as o < (/).

(h) If Z € X and ZN k™ is in the interval corresponding to Ao, then either

i.

ii.

b (Z) does not depend on ;.
In this case we require that there is no models corresponding to A; below Z.
Or

there is Z' € XNC(Z) with Z'N k™ in the interval corresponding to A; such
that the empty condition forces “b(Z') € b(Z)”. Moreover, if py, ps € Ay

and 7T)\1,max(rng(al)),a(Z’ﬂ/i‘*“*‘)(pl) = 7‘-)\1,max(rng(al)),a(Z’ﬂn‘*“*‘)(p2>7 then for every
v € Ag we have b(Z)[v, ;1] = b(Z)[v, pa].
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The intuition behind this condition is that the number of types inside a model of
cardinality below )\j is too small to include all the types that may be generated by
picking different indiscernibles for A;. In order to insure the chain condition will
put together two conditions say by realizing the type of one with smaller index
(in the increasing chain of k*"-many) inside an other with a bigger index. This
done as follows: first a model from the central line above the common part which
includes the low condition and below the upper one (except the kernel)should be
added. If Z is inside it, then it is in the common part and the condition below
takes care of such situation. If Z is not inside, then such model is in Z (since they
are on the central line). In this situation, it is enough to preserve on the side of
the images the order (€) only in a weak sense (see the corresponding condition
above). This is easy since the cardinality of the image of Z is above .

If there were not only A\g and Aq, rather an infinite sequence, then still it possible
to play with this weak order preservation. Thus once we deal with a model of
certain cardinality (i.e. all its interpretations in given cardinality) take a model
of a bigger cardinality which includes all such interpretations, and as a name
depends only on indiscernibles corresponding to its cardinality. Now we are able
to add a model of smaller cardinality as a name which depends only on the last

model of this bigger cardinality.
(Inclusion condition 0)
Suppose that max(X) N« in the interval corresponding to Ag.
Let n,n" € Aog,n <n',§ € A;. Then
o b(max(X))[n. &l € b(max(X))[n ¢,
e if 7 € X NC(max(X)), ZN k' in the interval corresponding to Ay, the

maximal model in C'(max (X)) which corresponds to A\; belongs to Z and

WAn,maxrng(ao),a(Zﬂn‘*“")(77/) > 1,

then either
b (max(X))[n. & € b(Z)[0, €]
or
the k-type realized by b (max(X))[n,§JNH (x*")isin b(Z)[, €], where k < w

is the least such that b(Z)[n/,&] € H(x ).
The same holds over any element of b(Z)[n, ], i.e. tpi(z, b(max(X))[n,&]N
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H(x™*)) € b(2)[n', €], for any z € b(Z)]if,€].

We require in addition that this £ > 2.

Let us allow the above also if b (Z)[7',£] € H(x™). In this case we take & to
be any natural number above 2 and require that once we go up to the higher

levels then corresponding k’s increase (with n).
(j) Y Nndom(g) = 0.
(k) For every « € Y and n € A, € Ay

i. b[¢,n)(a) is a model of cardinality x}"*!,
iy C L€ (@),
i, cof(sup( b [€.m)(a) NA;+2)) = (1°)77+2 or it is (€)%,

Note that all the cardinals f,, ..., k™ will correspond here to k™. So, we need

to drop down to the indiscernibles (£°)*"*2 or (n°)*"*2 in order to get to x*™.

Next, let us address b’. First we explain the purpose of introducing it.

Thus let « € Y Ndom(b), cof(a) = x**+ and b («) is forced to have a cofinality
which corresponds to the indiscernible for A{"*? (' similar, it may be a model
from a part of the partition corresponding to Ag). In such a case dom(b’) may
contain increasing sequences of models of each size x* with unions bounded in
a. On the other hand the images are unbounded in b («). Note that the order
preserving implies that dom( b ) may contain at most one of such sequences. Now,
it is necessary for the chain condition of the forcing to be able to put together
two conditions both with such « inside but having in their 0’s different sequences
of the type above.

Also suppose that a non-pure extension was made at Ay and the central piste
reflects into . We need to allow a possibility of being unbounded in «, in order
to keep A; closure of the forcing. Assume that we have a condition of this type
(i.e. models corresponding to A; are unbounded in «) and we like to extend the
central piste. How to reflect an extension to a? In this case we just move the
previous cofinal in « sequence (or its part that interferes with the new one) to o/
and replace it by a new one.

So the role of ' is to allow to keep such different sequences inside a single condition.
Further in the definition of extensions we will allow change b by replacing the
sequence to o which is inside b by one from &'.

At the next level n + 1 all models which appear in b will be required to appear
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in dom(b) of n + 1-th level, and so will have different images.

(1) dom(¥) C X UY.

i. If o € dom(¥'), then for each £ € Ag,n € A; we have cof (sup(b [£,n](a) N
ﬁ+n+2)) — (§O)+n+2'
If Z € dom(b'), then for each § € Ag,n € A; we have cof (sup( b [¢,n](Z) N

K:n-ﬁ-?)) < (€O)+n+2.

For every w € dom(¥’) (an ordinal or a model),

ii.

iil.

A.

B.

b'(w) is a function with domain a tree of sequences of models each of
them belongs to (X UY) Nw.

rng(d' (w)) is a tree of models over ,, with the set of their sup’s unbounded

in b (w).

. dom(b )ﬂUwedom dom( "(w)) = 0.

This condition insures that a same model does not correspond to different

ones via b together with b'.

. If b [ wis replaced by one of branches of ¥’ (w) (i.e. if t is such a branch,

then we take the last model Z of the central line of dom(b | w) which
is below the first model of the central line of ¢ and replace b [ w by
(b I Z)"t), then the changed b will share the requirements on b stated

above.

Suppose that w is not limit of elements of dom(b). Let w* be its immediate
predecessor. Then for every &,&" € Ag,n,n' € A; with £ < & and n <n/
we require the following:

if b(w)[§,n] = b(w*)[¢, 7], then every t € dom(b'(w)[{,n]) we have
te b/(w)e, ] and (b'(w)[E,n])(E) = (B (w)E', ().

If w is the least element of dom(b), then every ¢ € dom(b’'(w)[€,n]) w

have ¢ € b/(w)[¢', 0] and (b/(w)[€,n])(1) = (b (W), n])(?).
Similar if w’ is any element dom(b), ¢ € dom(b'(w')[{,n]) and w €

w'Ndom(b) has an immediate predecessor w* (or just the least element in
which case w* is unneeded) such that b (w*)[¢,n] = b (w*)[§', 7], then t €

b€ 0] and (b (w')[€, n])(E [ sup(w)) = (b/(w)[E',n'])(¢ I sup(w)).

This property allows us to prove x™-c.c. of the final forcing. Thus

we arrange first the situation where £ < ¢ and n <7’ just as in the ordi-
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nary gap-2 forcing. Now over k,,’s run the argument of 4.4. The crucial
point in it is to replace the value which the condition with a bigger index
obtain with £, and in the present situation with £, n, by the condition with
a smaller index. This should be done carefully over a common part of this
conditions. The item above insures that the relevant common part does
not change once the condition with a bigger index is evaluated according
to &, 7.

Let us describe an additional relevant situation. It may occur as well
proving the chain condition once at one of the components say in Ay a
non-direct extension was made.

Thus over k,, we may have the following two condition:

both consist of an initial segment corresponding (via the splitting) to
Ao having last models Z and Z’ correspondingly and models M and M’
above for \;. Z and Z’ are different and say Z € Z’, the same with M
and M’ (i.e. M € M'). Assume that they have a common part which is
over k,, is unbounded in both Z and Z’. Now a non-direct extension was
made over )\g, so we no way to put Z and Z’ together. Still there is a
need to combine two such conditions together without taking a non-direct
extension over A\; or k,. The way of doing this will be as follows. We
either move Z’ to O/ (of the extension of the second (’)-condition) and
replace it in b by Z together with M, where M is added as already was
described in the case of only direct extensions. Or, alternatively, we keep
7' and add Z with M to V.

(m) —b"is a subset of X UY such that for each { € Ag,n € A; we have

i. dom(b'[¢,n])N—b'[E,n] =0,
ii. for any ' € Ao, € A1, &' > &' = nand t € dom(b'[¢,7/]) \ dom(b S, n])
we require t € 1 b'[€, 7).

The reason for introducing =0’ is to insure the Prikry condition of the forcing.
Thus once running the standard argument for showing the Prikry condition we
take (at each level) non direct extensions and then combine them together into
a direct one. Without the above requirement it is possible to extend a given
forcing condition non directly by picking some & € Ay, n € A; and then to extend
further by adding to dom(b’[¢,n]) some t which belongs to dom(b'[¢',7']) for
some & € Ag,n € A1, > &, > n. Such addition may now contradict 9(1)iiiE.
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(n) g is the usual one (i.e. as in all short extenders forcings), it is a function from ™3

to k, of cardinality at most .
(1 is defined in the usual fashion, only we have here more functions.

Definition 4.6.2 (),; consists of sequences ({f,, | m < n), g) such that
1. for every m < n, f,, is a partial function from x** to \,, of cardinality at most &,
2. ¢ is a partial function from x*3 to &, of cardinality at most .

We have here intermediate non direct extensions between @), and @),,;. Just it is possible
to take a non direct extension at each of A,,’s (m < n).

Turn now to the definition of the main forcing.

Definition 4.6.3 The set P consists of all sequences p = (p,, | n < w) so that
1. for every n < w, p, € Q,

2. there is £(p) < w such that

(a) for every n < {(p), pn € Qu

(c) for every n,n’ > {(p),m < min(n,n’) max(dom(a,,,)) = max(dom(a,,)) and

max(dom(b,)) = max(dom(%/))

(d) for every n > n' > {(p), for every m < n,m’ <n', if m" < m, then dom(a,/,") C

dom(a,m)

(e) for every n,m, {(p) <n <w,m < n, and X € dom(a,,,) the following holds:
for each k£ < w the set

{(',m) € w? | ~(anm (X) N H(X) < H(X™))}

is finite.

Turn now to b,’s. Assume that n > {(p).

~

(f) For every A € dom(b,) Udom(b),) we require that the cardinality of b, 41(A) (or of

~J ~J

bny1(A), if A € dom(by,)) is above those of b,(A) (or those of by, (A)) respectively).
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(g) If « is as above in (91) at the level n, then the sequences (i.e. models, ordinals
of their domains) of b’ for a are incorporated together (i.e. in order preserving

fashion) inside 0,41 or alternatively inside b ..

The rest of the requirements are similar to those of 4.4 with obvious adaptations.

Let us define the order <*.

Definition 4.6.4 Let p= (p, | n < w), ¢ = (g | n <w) € P. Set ¢ <* piff

2. for every n < 4(p), ¢n <Q.,, Pn;

3. for every n,{(p) < n < w, the following holds:

¢ = (({a(@nm>» A@Qnm, [(@nm) | m < n>7<,@,(‘])m (@), _‘,Q(Q) ( )ns 9(@n)) <Quo

P = ({(a(P)nm, AP)nms [ (P)um) | m < 1), (b (D)n, b(0)n, 25 (P)n: B(P)n, 9(P)n)), where
<0, 1s defined in the usual fashion with two additions:

e the partition used in ¢, can be refined (we allow to combine intervals together).
Note that it does not case problems with the chain condition of the forcing since
the number of elements used to define partitions is less than \,, and we would like

to have kT T-c.c.
b (p),, extends b (q);,,
e b (p), extends - b (q);,

The orders < and — on P are defined now as in 4.4.

Let us turn to the main issue- the chain condition.

Lemma 4.6.5 The forcing (P,— ) satisfies k™" -c.c.

Proof. The proof mainly repeats the corresponding proof in 4.4. An additional point used
in order to show the compatibility was explained in 4.6.1(9(1)iiiE).
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Chapter 5

Gaps from optimal assumptions

Our aim here will be to present constructions in which the power of a singular cardinal may

be arbitrary large starting from the weakest possible assumption:

JkVn < wIa < K(o(a) = a™™).

5.1 N;—gap and infinitely many drops in cofinalities

5.1.1 Preliminary settings

Let s be a singular cardinal of cofinality w such that for each v < £ and n < w there is
a,y < a < K, such that o(a) = a™. We fix a sequence of cardinals kg < k1 < ... < K, <

..., < w so that

hd Un<w Kn =R
e for every n < w, K, is k"2 - strong as witnessed by an extender E,,

n

e for every n < w, the normal measure of E,; concentrates on

7’s which are 772 4w, - strong as witnessed by a coherent sequence of extenders

(E(E)I§ < wi)

Fix also an increasing sequence (\,|n < w) such that
° /\0 < Ko
® Ky 1 < Ay < Ky, forevery n,0 <n<w

o for every n <w, A, is AJ"2 - strong as witnessed by an extender E),
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Our aim will be to make 2% = x*t“1*1, There is nothing special here in choosing w;. The
same construction will work if we replace everywhere w; by an ordinal 6,6 < X\g. Actually,
replacing the original \y by a bigger one, we can deal similar with any § < x. Note that for
finite 6’s our assumption is not anymore optimal and for countable #’s the result was already
known, see the detailed discussion in [5].

Force first with the preparation forcing P’(k**1*1) of Chapter 2 with § = k1. Then

the main forcing will produce the following PCF. We assign to ™1 at a level n the indis-

+n+2
n

The correspondence between regular cardinals in the interval [x13, k7171 will be as follows:
Fwi+1

cernible 7 , where 7, is the indiscernible for the normal measure of the extender E) .

at a level n the indiscernible p ™2, where p, is the indiscernible for the

we assign to K A

normal measure of the extender E,, . Let (p,.|a < wy) the Magidor sequence corresponding
to the normal measures of £/, the one used in the extender based Magidor forcing to change
cofinality of p,, to w;. For every a, 1 < a < wy, we assign p7"2 to kot

The role of A\,,’s is to produce the first drop. It is possible to incorporate them into Magidor

sequences as their first elements. It seems a bit more convenient to separate the first drop.

5.1.2 Projections

Let p = ((A", A7 C™) | 7 € [T, k1] N Cardinals) € P'(kT*1). Suppose that 1 is a
regular cardinal in [xT, k7“1, We would like to define p [ n - the restriction of p to 7.
Thus if A€ A", 7 € [k",n] N Cardinals, then set A [ n= AN H(n"). Define

AT In={AIn]|Ac A"}, C"In={AIn|AecC},
for every T € [k, n] N Cardinals and
plIn={A"n A7 [ n,C" [ n)|7e[xk,n] N Cardinals).

Lemma 5.1.1 Suppose that n is a reqular cardinal in [k, k™ and p € P'(T1*1). Then
plnePn).

Proof. Let p = ((A", A7 C™) | 7 € [s", k™| N Cardinals). Note that if A,B <
H(k1%2) A, B D k™, |A],|B| <npand A € B, then A | n € B | n. Thus, if n = gT1t1
then A n=AB|n=B. If n <kx™ " then H(n") € B, which implies AN H(n") € B,
but |A] <n, hence AN H(n") € H(n).

This implies that (C™ [ n | 7 € [s*,n] N Cardinals) € P”(n), i.e. the restriction of central
lines of p satisfies the definition of central lines of P’(n), see Definition 2.2.1(Chapter 2).
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The rest follows now by induction on complexity of pistes.
O

Note that if G is a generic subset of P'(k™*™!) then G [ n:={p | n | p € G} is never
generic for P’'(n), since it is possible to extend an arbitrary condition ¢ € P’(n) to one with
a maximal model (say those of cardinality x*) which is not of the form AN H(n™) for any
A < H(ktert2),

It is possible under the same lines to deal with arbitrary regular  instead of k™t *1. The

following holds:

Lemma 5.1.2 Let p = ((A" A7 C™) | 7 € s) € P'(0) and n € s is a reqular cardinal.
Then p | n € P'(n).

Define now restrictions of suitable structures.
Let X = (X, F,C, €,C ) be a suitable structure, p(X) = ((A°7(X), A" (X),C™(X) | T € 5(X))
the corresponding condition in P’(#)( see Definition 2.4.6)and 7 a regular cardinal in s(X).

Set X [ n to be the suitable structure generated by p(X) [ 7.

5.2 Level n

Fix G(P'(k™1*1)) be a generic subset of P’(k w111,

Let n < w. We describe the forcing used at the level n of the construction.

Definition 5.2.1 Let Qo be the set consisting of pairs of triples ((a, 4, f), (b, B,g)) so
that:

1. f is partial function from %2 to ), of cardinality at most .

2. There is a suitable generic structure X = (X, E,C,€,C ) with the corresponding
condition p(X) = ((A7(X), A'(X),C7(X) | 7 € s(X)) and | U, cyz) A7 (X)| < Ay (this
is basically the total number of structures in X), such that

a is an order preserving function from the set {Z N s+ | Z € C* (%)} to A\in+2.

3. a(X N k™) = max(rng(a)) is above all the elements of rng(a) in the order of the

extender F, .
4. dom(a) Ndom(f) =10
5. A€ E)\n,a(max(a))
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10.

min(4) > | Uy ey A”7(3)]

. for every ordinals «, 3,7 which are elements of rng(a) or actually the ordinals coding

models in rng(a) we have

o« >g,, B >g,, 7 implies

7T>\n,a,7<p) = Wkn,ﬁ,'y(ﬂ'kn,a,ﬂ(p))

for every p € 7 (A).

An,maxrng(a),a

Let us turn now to the second component of a condition, i.e. to (b, B, g).

. g is a partial function from kTt *1 to V,. of cardinality at most k.

It will be further convenient to view it as a sequence of functions (g, | 1 < a < wy).

This function as usual is needed to hide the actual correspondence once a non-direct
extension was made. Here, once a non-direct extension was used somewhere over \, or
in the Extender Based Magidor forcing over «,,, we will make one which chooses py.,
(the w-th, the largest element of the Magidor sequence for k,,) and from this point g

will be combined with b hiding the information.

B = (B, | 1 < a < wy) such that for every a,1 < a < wy, we have

(a) By € Ey, a¢., where (, is large enough (in the order of the extender E, ,) to
include all the possibilities for rng(b ) which will be defined below.
Note that in Chapter 4 we used names sets of measure one instead. It is possible

to do the same there and to work with actual sets just choosing large enough (’s.

b =(bs| 1< a< w)isaname, depending on (a, A), of a partial functions b, of
cardinality less than A,,.
For each a,1 < a < w, and € A the interpretation b,[n] of b, according to 7

satisfies the following conditions.

(a) There is a suitable structure X,, at the level x,, (actually at the a-th member p,,

of the Magidor sequence for k,), such that

i. ba[n] is an isomorphism between X [ x***! and X,

ii. for every Z € A¥ (X | KT we have

WAn,max(rng(a)),a(Zﬁff**)(77) = ,Qa[n](z) N ((n)0)+n+2'
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In particular,
n=ba[nl(A™ (X T kT N ((n)°) TR

iii. for every 7,1 < 7 < aand Z € A"7(X | kTt1) we have ban)(Z2) a

+n+2

tn+2 (where p,, is the 7-th element of

name of a structure of cardinality p
the Magidor sequence) depending orrrly on the the 7-th member of the Magi-
dor sequence for k, which is not yet determined.
If say we have some 8,1 < f < 7 and Y € A¥W"™(x | xtotl) and
Z €Y, then the name b,[n](Z) should belong to to any interpretation of
bo[n)(Y), according to the B-th member of the Magidor sequence, if 3 > 1
and bofn)(Z) € balnl(Y), i 6= 1.
Note that, say with § = 1, the set of possible values of p, has cardinality k,
which is much larger than the size of the model b ,[n] (YF)V(WhiCh is below A,,).
Only the name of the image of Z is inside b,[n](Y’), but by the elementar-
ity also the Extender Based Magidor forcing is inside. So, after preforming
the forcing the model b,[n](Y) expends to one which includes the Magidor
sequence and the interpretation of the image of Z.
This way the following connection will be established:
kT to nf"2 where 7, is an indiscernible (one element Prikry) for A,;
kT to pint? for every 7,1 < 7 < .

(b) (Dependence) Let Z € A¥ ™™ for some 7,1 < 7 < a. There are f; < 5 < ... <

0B < a such that

o 7€{2,01,...., Ok}

e bo(Z) depends on the values of a(Z N k") over A\, and b (Z | k*FH),
i=1,. k.

o If Z = A% (% | kTt1), then b o(Z) depends only on the values of a(Z N

k) in case 7 =2 and on a(Z NKTT), b (Z | £T7),if 7> 2.
(¢) (Inclusion condition for cardinality x™*) Let 7,1’ € A,n <n'. Then
o ba(A™T (X AT))] € balA™T (X | T[],
o if Ze CF (X | kT*t1)) and
7T)\n,maxng(a,),a(Zﬁf—iJFJF)(77,) >,

then either

ba(A"(X T R0 € B(Z) s s Vim
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or
the k-type realized by b o (A% (X | k7)) [n]NH (x**) isin b (Z)[0, 1, .., Vi),
where v, ..., 1, are the elements of the Magidor sequence on which Z depends
and k < w is the least such that b.(Z2)[n, v, ...,vm) © H(xT).

The same holds over any element of b ,(Z)[n, v1, ..., vm], i.e. tpi(2, QQ(A0”++ E
s N H(X ) € b(Z)[0, v, ..., v, for any z € bo(Z)[0, 11, ..., V).

We require in addition that this & > 2.

Let us allow the above also if b,(Z)[n,v1,...,vm] € H(x™). In this case we
take £ to be any natural number above 2 and require that once we go up to

the higher levels then corresponding k’s increase (with n).

We cannot in general require only that

Lo @ TR € balZ2) 11, s v

~

since the sequence C' of a new generic suitable structure may go not through the

old maximal model. But still having the type inside Z will suffice.
Note that given 1’ € A the number of possibilities for n € ' N A is bounded by

(n10)+n+1’ as 77/ < (n10)+n+2.

(d) (Inclusion condition for cardinalities above k™*) Let 7,1 < 7 < a be an ordinal.
+74+1

We formulate a condition similar to the one above, but for structures of size
Let n,n' € A,n<n',p,p € By,p<p'. Then
o ba(A™TTX T AT, p) € ba(A™TT(X T kT)[n, p], we mean by
this the interpretations according the values of a 7-th member of the Magidor
sequence (i.e. p = Pnr OF P = £n7’)
o balA™TTE T AT, p] € balATTHE T AT, ],
o If ZeCF (X | kTt1)) and

T'\,,,max rng(bT),b(Zm*"'*l)(p,) > p,
then either
ba(A"TTH X T w0, p € B(Z) [, P\ Vi s Vi)

or
the k-type realized by b o (A% ™" (X [ k7)) [, pInH(x**) isin bo(Z)[n, o, 11, ...

where v, ..., v, are the rest of elements of the Magidor sequence on which Z
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depends and k < w is the least such that bo(Z)[n, o/, v1, ..., vm] € H(x ).

The same holds over any element of b o(Z)[n, o/, v1, ..., V], .. tpi(z, QJAOHHH (X
) [, pINH (X)) € b(Z)[n, ¢/, 11, ooy vm), forany z € bo(Z)[n, 0/, 11, .., i)
We require in addition that this & > 2.

Let us allow the above also if b.(Z)[n, p',v1, ..., vm] € H(x™). In this case

we take k£ to be any natural number above 2 and require that once we go up

to the higher levels then corresponding k’s increase (with n).

e The previous item with 7 replaced in b,(Z) by 7.
11. For each a,1 < a < wy, the following holds:

{r <wx™* |7 edom(ba)} Ndom(g) = 0.

12. For every o,1 < a <wy, v € A, & € Bp,,& € Bg,,& € Bg,, with 31, 85, 83 < o, and
every ordinals p1, p, 77 which are elements of tng( b o)[v, &1, &2, §3] or actually the ordinals

coding models in rng(b,)[v, &1, &2, &3] we have
W2 By P ZEnyo 1 implies
Trﬁm#vﬁ<5) = ﬂ-limp»n<7r'fn».u»9(5))
for every § € ngmaxmg%a[V’EI’&’&SD#(Ba) \ max(1, &2, &3).

We define now @, and (Q,, <,, <! ) similar to the corresponding notions of Chapter 4.
The only new point here is that the Extender Based Magidor forcing is used here instead of

a trivial one element Prikry forcing in Chapter 4.

Definition 5.2.2 Suppose that ({(a, A, f),(b, B, g)) and ((a’, A', f'),(b/, B, ¢')) are two el-

ements of (),o. Define
({a, A, 1), (b, B, ) ZQue (', AL ), (b, B, g'))
iff
L f2f.

2. For each a,1 < a < wy,
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4. ﬂ-// ( /)A g A,.

An,max(a),max(a

5. For each a,1 < a < wy,

b extends b,

according to the appropriate projections of measure one sets. This means just that the
empty condition of (one element Prikry forcing followed by Extender Based Magidor)

forces the inclusion.

6. For each a,1 < a < wy, we have

viod [B.] C B.,,

Kn,06nayCha
where (4, (), denote the measures of the extender E, , to which B, and B/, belong.
Definition 5.2.3 ),,; consists of pairs (f,g,t) such that
1. f is a partial function from ™t to A, of cardinality at most x,

2. t is a condition in the Extender Based Magidor forcing of the length w; over some
p(t), A < p(t) < K.

3. g={(¢a |1 < a <uwy).
For each a,1 < a < wy, the following holds: g, is function from x***! of cardinality

at most x such that for each £ € dom(g,) we have either

® 9.(§) = (p, v), for some p < K, and a name in the extender based Magidor forcing
over p corresponding to the a-th member of the Magidor sequence.
Again, v can be viewed as void if this forcing is undefined or does not have y-th
sequence.

Note that we do not require that necessarily p = p(t).
Define a partial order <; over ,;.
Definition 5.2.4 Let (f, g,t), (f',¢',t') € Qn1. Then (f, g,t) <y (f', ¢, ') iff
L ff2F,
2. ¢\, D ga, for each a,1 < a < wy,

3. t' extends t in the Extender Based Magidor forcing.
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Definition 5.2.5 Set Q),, = Q0 U Q1. Define <F'=<, U <g,,.

Define now a natural projection to the first coordinate:

Definition 5.2.6 Let p € Q,. Set (p)o = p, if p € Q1 and let (p)o = (a, A, f), if p € Qno is
of the form ({a, 4, f), (b, B, g)).
Let (Qn)o = {(p)o | p € Qu}.

Definition 5.2.7 Let p,q € @),,. Then p <, q iff either

L.p<iq

or
2. p=({a,A, f),(b,B,9)) € Quo, ¢ = (&, h,t) € Q1 and the following hold:

(a
(b) h

(&

/
(ha | 1 < @ <wy) and for each a, 1 < o < wy we have hy D g,

c) t extends the Extender Based Magidor part of p, decides p,.,, and p(t) = pnw,
(e) e(max(dom(a))) € A
(

(
(

f) for every 8 € dom(a),e(8) = T, a(max(dom(a)),a(3) (e(max(dom(a)))

g) for every a, 1 < a < w; we have dom(he) 2 dom(b,) N AW ™" (Fat)

)
)
(c)
(d) dom(e) 2 dom(a)
)
)
)
)

h) for every o, 1 < a < wy we require that

o for every 8 € dom(b,) N AW ™" (kretl)
ha(B) = (p(t), the interpretation of b.(3) after p(t) = pna,

and probably other members of the Magidor sequence are determined in t)

Definition 5.2.8 The set P consists of all sequences p = (p, | n < w) so that
1. for every n < w, p, € Qn,
2. there is {(p) < w such that

(a) for every n < €(p), pn € Qm
(b) for every n > £(p), pn = ({@n, An, fn), (Ons Bns gn)) € Qno
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(c) for every n,m > {(p), max(dom(a,)) = max(dom(a,,)) and max(dom(b,)) =

max(dom( b))
(d) for every n > m > {(p), dom(a,,) € dom(a,) and dom(b,,)) € dom(b,)

(e) for every n, ¢(p) <n < w, and X € dom(a,) the following holds:
for each k£ < w the set

{m <w | =(an(X)NH™) < H(xX™))}

is finite.

(f) for every n, £(p) <n <w, and X € dom(b,) the following holds:
for each k < w the set

{m <w|3IFda, 1 < a <wi, bpalP] is defined, and (ﬁ(kma(X)[ﬁ]ﬂH(XJ“k) < H(X+k)))}
is finite.
We define the orders <, <* as in the previous chapters.
Definition 5.2.9 Let p = (p, | n <w),q = (¢, | n <w) be in P. Define
1. p > qiff for each n < w,p, >, qn
2. p>*qiff for each n < w,p, >7 qn

Definition 5.2.10 Let p = (p, | n <w) € P. Set (p)o = ((Pn)o | n < w).
Define (P)o = {(po | p € P}.

Finally, the equivalence relation «— and the order — are defined on (P), exactly as it

was done in Chapter 4. We extend — to P as follows:

Definition 5.2.11 Let p = (p, | n < w),q = (g | n < w) € P. Set ¢ — p iff

L (q)o — ()o

3. for every n < {(p), p, extends g,

4. forevery n > U(p), let p, = ((an, An, fu), (On, Bny gn)) and g, = ((az,, A%, f1), (0 s Brs 97,))-
Require the following;:
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(a) 9n 2 g,
(b) thereis b7 = (bna | 1 < a < wi) such that for every a,1 < a < wv, V' € A,
the following holds:
i, dom(b,) = dom(b7,)
e T 0.6(Bra) (Bha) Pra © Bras
where ((Bna),((B),,) the indexes of the measures of E,, to which B,, and

B!, belong.
iii. b,[v] extends b [v'] and for each 7/ and its projection V' we have

by 7] extends 0", [V /]

iv. rng(ﬁ%)[u’ﬁj’] s, ng(b") [ "V'], where v/, 1/ are as above and k, is the

~T

k,’s member of a nondecreasing sequence converging to the infinity.

V. rng(ﬁ%)[u’ﬁlj’] | T = g (b)) [V | kT

~n

5.3 Basic Lemmas

In this section we study the properties of the forcing (P, <, <* ) defined in the previous

section.

Lemma 5.3.1 Letp = (p; | k <w) € P, pr = ((ak, Ak, fx), (b, Bk, gx)) for k > {(p) and X
be a model appearing in an element of G(P'(kT<)). Suppose that

(a) X & Ujyp<pen dom(b) U dom(gy)
(b) X is a successor model or if it is a limit one with cof(otp x|(X) — 1) > &

Then there is a direct extension q = (q. | k < w), @ = {(ay, A, f1.), (V> Bi> gr)) for
k > U(q), of p so that starting with some n > {(q) we have X [ kT € dom(a}) and
X | ktotl g dom(b'ra) for each k >n,1 <a < w.

The proof is similar to those of the corresponding lemma in Chapters 1, 2.

Next three lemmas transfer directly from Chapters 1, 2.

Lemma 5.3.2 Let n < w. Then (Qno, <o ) does not add new sequences of ordinals of the
length < A\, i.e. it is (A, 00) — distributive.

Lemma 5.3.3 (P, <*) does not add new sequences of ordinals of the length < K.
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Lemma 5.3.4 (P, <*) satisfies the Prikry condition.

Let us turn now to the chain condition lemma. The proof will be similar to those of 4.4.5.

Lemma 5.3.5 (P, — ) satisfies k™" -c.c.

Proof.
Suppose otherwise. Work in V. Let (p¢ | ¢ < k™) be a name of an antichain of the

length x™*. Using the strategic closure of P’, we find an increasing sequence
<<(AOT,A1T,CZ> | 7€ Reg N [x*, kT 1) | ¢ < kTT)

of elements of P'(k™ 1) and a sequence (p; | ¢ < k™) so that for every ¢ < s the

following hold:

(a) <<A2117A2T|-17 g+1> | T € Reg N [K’,+’ /§j+w1+1]> H— £< S ZBC’
(b) U5<< A%”+ = A2”+, if ¢ is a limit ordinal and 7 € Reg N [k, kT 1],

(C) T>AOT

0
1 S AL

CH1
(d) AQTH is a successor model,
(e) {((AY, AV, C) | 7 € Regn [+, k¥41)) | 1 < ¢) € AV, for every 7 € [+, w1+,

f) for every ¢ < 8 < k™, 7 € [k, k1] we have
Yy

CI(A?") is an initial segment of Cj(AF),

(&) pc = (pn | n < w),
(h) for every n > l(p¢)
— Ag’fl N 1T is the maximal ordinal of dom(ac,) and A2“+ Nkt € dom(acy,),

— Ag’_ﬂ is the maximal model of dom(b,) and A2”+ € dom(bcn),

Where an = (<a<n, AC”? f(n>7 <fQCn7 Bgn, gCn>>
Actually this condition is the reason for not requiring the equality in (a) above.
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Let pen = ({acn, Acn, fen)s (D an, Bans gan)) for every ¢ < x** and n > I(pc).
Let ¢ < k™", Fix some

(B, Biia, Di) | 7 € Regn[w™, 5 )) <pr ((ALL, ALy, Ol ) | 7 € Regn[w™, 741

which witnesses a generic suitability of structure dom(b,) for each n,l(p;) <n < w, as in
Definition 5.2.1, i.e. ((BY],, BTy, D7) | 7 € Reg N [T, k71 FH]) = p(X), for some suitable

generic structure X. Note that B¢7, need not be in C7,,(A%,) and even if it does, then

D

there are m < w and E, ..., E,, € UTeRegm[mJr b1 +1] A%TH such that

(BY7,) need not be an initial segment of C7,,(A7,). By the definition of the order <

swt(((AY, AL, CLy) | 7 € Regn [, k7 ™)), Ey, ..., E,,) and

(B, BYT,, DL,y | 7€ Reg N[5, k1))

are as in the definition of the order of P’ (Chapter 1,1.1.15, Chapter 2,2.2.6).

By Lemma 5.3.1 it is possible to add all Ej(i = 1,...,m) to dom(b,), for a final segment
of n’s. By adding and taking non-direct extension if necessary, we can assume that E;’s are
already in dom(b ¢, ), for every n > I(p¢).

Now we can apply the opposite switch (i.e. the one starting with E,,, then E,, 1, ...,and
finally £, ) to dom(b¢,) (and the corresponding to it under b¢, to rng(b¢y,)). Denote the
result still by 0 ¢,.

Finally, ((A%,, A{7,,CZ,) | 7 € Reg N [xF, T *1]) will witness a generic suitability of
structure dom( b ¢,) for each n,l(pc) < n < w.

In particular, we have now that the central line of dom(b ¢, ;) is a part of CZ,,(AZ},) and
AY is on it, for every n,l(pa) <n < w.

Shrinking if necessary, we assume that for all {,& < k™ the following holds:
(1) €= tlpc) = €(pe),
(2) for every n < {, p¢, and pg, are compatible in @1,

(3) for every n, { < n < w, (dom(fs,) | ¢ < x™1) and (dom(ge,) | ¢ < k77F) form a

A-system with the kernel contained in AJ*"
(4) for every n, w >n > {, rng(ac,) = rng(ag,),
(5) for every n, w >n > ¥, Ay = Agn,
(6) for every n, w >n >/{, B¢, = Bep,
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(7) for every n, w >n > {,n € Ag, and ¥/ from appropriate Be,’s we have rng b, [n, 7] =
rmg rQ&n [777 ﬁ]

Shrink now to the set S consisting of all the ordinals below k™" of cofinality k. Let ¢
be in S. For each n,¢ < n < w, there will be 3(¢,n) < ¢ such that

Kkt KT

Just recall that dom(b¢,) is not actually a name and [dom(b¢,)| < A,. Shrink S to a
stationary subset S* so that for some (* < min S* of cofinality k™ we will have 3({,n) < (*,
whenever ( € S*,/ < n < w. Now, the cardinality of Agii+ is k1. Hence, shrinking S* if

necessary, we can assume that for each (,£ € S*,/ <n<w
dom(b¢,) NAY" = dom(be,) N A"

Let us add Ag’f to each p, with ¢ € S*.

By 5.3.1, we can add it without adding ordinals and the only other models that probably
were added are the images of Ag'f under A-system type isomorphisms. Denote the result
for simplicity by p¢ as well.

Let now £ < ¢ be ordinals in S*. We claim that p, and p, are compatible in (P, —).
First extend p¢ by adding Agi;. This will not add other additional models or ordinals except

+ . .
T, under isomorphisms to p¢, as was remarked above.

the images of Ag
Let p be the resulting extension. Denote pe by ¢. Assume that ¢(q) = ¢(p). Oth-

erwise just extend ¢ in an appropriate manner to achieve this. Let n > {(p) and p, =

({ans Ans fn), (Dns Brs gn))- Let gn = ({ay, Ay f1), (Uny B, g7,)). Without loss of generality

we may assume that the ordinal an(Agig N k1) is k,-good with k, > 5. Just increase n if

necessary.

Realize the k, — 1-type of rg(al,) below a, (A, NK+*) over a,((A¥, Nk ) Ndom(ay)), ie.

above the common part on £™*. Denote the ordinal corresponding to max(rng(a,)) in this

realization by &'. Note that a,(A%", Nx*+) and ¢ have the same projection to the common

part a,((A%, N k**) N dom(ay)).

Fix now 7 € A,. Set ' = Tx, max(me(an)),o (1)-

Consider first b n’g(Agi; [ £7%)[n]. Recall that b, depends only on on the one element

Prikry forcing over ), and here only on a choice of an element from A,,.

Again we can assume that b n72(Agi; | k™3)[n] is an elementary submodel of 2, with

kn, >5 (and k, does not depend on 7). Now we have
H+ Ii+ /i+
77/ = T\, max(rng(an)),’ (77) < and A2+2 eC (A2+1)
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Hence, by Definition 5.2.1(10c,10d), the k,—1-type realized by b, 2(A%)[n/]isin b,2(AY) 1],
as well as the k, — I-type realized by b, 2(A¥ )] over b ,(A% N dom(b,2))[n], ie.

~~m,2

the common part of of the conditions. Realize the k, — 1-type of /l\)_’mg(Ag'i;)[n/] over
B2 o(AZ 0 dom (B2l in bya(AZ) ]

Doing the above for each n € A,, will result in compatibility of the second components
i.e. Q n,2’S.
Next we deal with b, 3 and use the compatibility of a,’s and 0, 5’s. Continue by induction
all the way to b, .,,. This eventually will produce a condition p; > p, with ¢, — p;, as in
Chapter 1.
O

Force with (P,— ). Let G(P) be a generic set. By the lemmas above no cardinals
are collapsed. Let (v, | n < w) denotes the diagonal Prikry sequence added for the normal
measures of the extenders (E), | n < w) and (ppe | 1 < o < wy), for each n < w, the Magidor

sequence for the normal measures of F,, . We can deduce now the following conclusion:
Theorem 5.3.6 The following hold in V[G(P'(kT)*...x P/ (k7o) x ..« P/ (k111 G(P)]:
(1) cof(I],., vii™?/ finite ) = k*+

(2) for each a,1 < o < wy,

cof(H pit2 ) finite ) = kot

nw

The proof follows easily from the construction.
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5.4 Arbitrary Gaps from weakest assumptions

In the present section we would like to combine ideas of Sections 5.5 and 5.1 in order to blow
up the power of x to kT0*! for arbitrary §. Start with a singular cardinal » of cofinality w
such that for each v < k and n < w there is o, ¥ < a < k, such that o(a) = a™™. The present
assumption is optimal by [6] and it is clearly weaker than those used in Section 5.5(for each
v < k and T < w there is o,y < a < K , such that o(a) = ') which is in turn optimal
once GCH holds below x, by [5].

We fix a sequence of cardinals kg < k1 < ... < kK, < ...,n < w so that

d Un<w Kn =K

e forevery 0 <n <w, K,is k" - strong, as witnessed by an extender E,,

e for every n < w, the normal measure of E,; concentrates on

7’s which are 772 + (7, n) - strong as witnessed by a coherent sequence of extenders
(E (&) ] £ <n(r,n)) of Tt 2 extenders , where n(7,n) may be taken to be 773 an
ordinal above 7" which is a repeat point (see C. Merimovich [17]).

Such a length insures, by [17], that 7 will remain a measurable after the Extender
Based Radin forcing with the sequence (E.(£)|£ < n(7,n)).

Fix also an increasing sequence (\,|n < w) such that

e )\ < Ko

® Ky 1 < Ay < Ky, forevery n,0 <n<w

o for every n < w, A, is AJ"2 - strong as witnessed by an extender E),

We proceed as in 5.2. Instead of the Extender Based Magidor forcing, the Extender
Based Magidor-Radin forcing of [17] is used. This leaves plenty of Mahlo cardinals of the

form p,, below p,g (the elements of the generic Magidor-Radin sequence at level n). So for

+n+2

ST to connect with

any regular cardinal pu < 6 there will be enough possibilities of a form p

i in a way similar to those of 5.2.
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5.5 Arbitrary Gaps with GCH below

In this section we would like using arguments under similar lines to obtain an arbitrary gap

starting with x such that for

for every 7 < k exists a <k o(a) = a7,

Assume that cof(k) = w. Obviously, the least x as above must have the cofinality w. As
usual we assume GCH in the ground model. Fix a regular cardinal § > k. Our purpose will
be to make 2% = 61 without adding any new bounded subsets to . In particular GCH will
holds below « in the final model. Note that by [5] our initial assumption is the necessary
one.

Force the preparation forcing P’(6) of Chapter 2.

Fix an increasing unbounded in x sequence of cardinals (k,|n < w) such that

o Ko is Ky 3_strong witnessed by an extender E,

thn—1
n—1

.+ .
® K, IS Kp - strong witnessed by an extender F,, for each n,0 <n < w.

We use Ey | k3 at the level 0. 67 is attached to kJ°. Let p be a cardinal in the interval
[kT,0]. In a typical condition models of size u will be attached to those of size kj*. In
particular models of different sizes over k will be connected to models of the same size over
ko. It would not be problematic, since a non-direct extension will be taken over k.

Next we will use indiscernibles created over kg to rule the attachment to the level 1. Thus,
given an indiscernible p which corresponds to one of models (a model will be picked gener-
ically, leaving a bit of freedom this way) connected to those of cardinality p over k, we

consider the cardinal £;”*? and connect it with p over the level 1. Let s "?

correspond to
0F. The conditions of the level 1 are similar to those of Chapter 4 only A; is replaced here
by ko. In particular size of domain of b, is less than kg and the cofinalities drop at this level
below k.

At the next level- level 2 we use the indiscernible p; for 7”2 as the cardinality of models

which correspond to those of cardinality p at this level. p as a cardinal will be connected

+ro+2
with £T7172. Again let 7 correspond to ry *2 An indiscernible p, for a model of

size p; will be used at the next level (level 3) to determine the cardinal £3”*™ which will
correspond to p there. The conditions of the level 2 are similar to those of Chapter 4 only Ao
is replaced here by ;. In particular size of domain of QJ 5 1s less than x; and the cofinalities
drop at this level below ;.

Continue to further levels in the same fashion.
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At the level 0 we use Fy | s3> Set g to be rg® and 1, = x]"*2. We force with E; |
over k1. The size of condition at this level will be below kg. Let n > 1. Set n, = /i,f””*“.

We use E, | n,, over k,. The size of condition at this level will be below &,,_;.

Let us explain the idea behind the above and the necessity of this kind of approach.
At each level n, starting with level 1, we have two types of objects: cardinal above k,, and
models of sizes below k,,_;. The indiscernibles for such cardinals will rule sizes of models
to be used at the next level. This is needed in order to guarantee a degree of completeness
of the main forcing. The use of models of small cardinalities (and droppings in cofinalities
that comes with it) is supposed to compensate the number of cardinals at level n that we are
allowed to use (which is smaller than k,). Thus, even if models Z of size k,, were allowed,
then all possible cardinals will be inside Z. Assuming that number of cardinals between
and 0 is k™" or beyond, it is unclear what to do with models over x (say of size x£T) which
do not contain all the cardinals of the interval [xT, 6], since no Z as above can correspond

to such models.

One complication here (relatively to the constructions of Chapter 2 and those of the
previous section with 2% = k% for § < k) is that we do not have \,’s which separate &,’s
one from an other. Namely, once a non-direct extension was made over some J\,, then the
same was done over the corresponding k,, as well. But we cannot do this here, since once
a non-direct extension over kg was made -the same must be done over x; and then over ko,
etc.

Here we will allow to make a non-direct extension at x, without making it at ,;. In this
setting not only rng(b,,1) will be a name, but also dom(b,1). This change is required
now in order to show the Prikry condition. Thus, after picking a non-direct extension at
a level k,, we need be able to keep a possible extension at the level k,,;. The number of
models allowed at this level is below x,. So, we need to deal with such names, in order to
accumulate together all the extensions at the level n 4+ 1 according to all possible non-direct
extensions at the level n.

Still we keep the maximal model explicit and not in a form of a name.

We need to make one change relatively to previous constructions with dropping cofinalities.
Thus, during the standard argument for showing the Prikry condition, say we go through
all the possibilities (non-directly) over a level n. Now, over the next level n + 1, it may be
need to add new models (direct extensions here) in order to decide a given statement. But
we do not have a control now over projection of such models to the level n. In previous

setting - once a non-direct extension was made over A, then such an extension was made
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over k, as well and there was no further connection to A, 11, k,11. So here we may get types
of models that do not appear inside other relevant models (remember that sizes of models
used are small, and so not every type is inside). As a consequence of this the chain condition
argument stops to work.
Let us suggest a way that allows to overcome this difficulty. It is possible to use it in the
previous construction with dropping cofinalities as well.

Let M be an elementary submodel of (H(x1, <, ...)) (for y regular large enough which
contains all relevant information) of size x,, and which is a union of an elementary chain

(M, | @ < K\) such that for every a < £,
1. My < En,
2. Mg | B<a)e Mair.

Now, as images of models of cardinality x* let us use only models M,,a < k,, and
models which realize similar types to the types of models of this sequence. Images of models
of bigger size will be models which are elements of models of the sequence or of models which
realize similar types to the types of models of the sequence. As before a choice of 7 in a set
of measure one for a maximal coordinate over k,, will determine the interpretation of 0,1,
i.e. b,y1[n] which a real function and not a name. Once 7 < 7, let us require that also an

index «(n) which corresponds to the maximal model over k,,; according to 7 is less than

a(n').
Note that this restriction to the sequence (M, | a@ < \) and similar types is not actually

very strict. Namely, the following holds:
Lemma 5.5.1 Let o < k,,. Then

My EVE <wVady(x € y A (Vo < xTFy'(sup(y’ Nx) > d Atpr(y') = toi(y)))).

Proof. Suppose otherwise. Then
My E Tk <waVy(z € y — (30 < x—=Fy (sup(y' N x) > d Atpr(y') = tpr(y))))-
Pick k < w and © € M, witnessing this. By elementarity then
H(x™) EVy(z € y — (36 < x=3y'(sup(y’ N x) > 0 Atpi(y') = tpr(y))))-

Consider the set
Z = {tpy(a) | v € a}
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of all k-types over x. The size of Z is bounded below y. This means that the same type
should appear y-many times. Which is impossible. Contradiction.
O

In particular, the following holds:

Lemma 5.5.2 For cach k < w and x € M, the k-type of M, N H(X*) over x appears
unboundedly often below x.

Proof. Let k,0 < k < w and z € M,. Pick y € M, as in the previous lemma. Then

H(x™) EVS < x3y (sup(y’' N x) > 6 Atpe(y') = toe(y)))-

Fix § < x. Find ¢ with sup(y’ N x) > 0 which realizes the same k-type as y over z. Let
t be the k — 1-type realized by M, over y. Then there will be ' which realizes the same
k — 1-type over 3'. Hence ¢’ will realize the same k — 1-type as those of M,,.
OJ

Note that on the other hand not every measure of the extender F,,; is in M,, since its
cardinality is just too small.

The next point will be to show xk*t-c.c. of the final forcing. The argument mostly
repeats the corresponding one of Chapter 4. The only new element here will be the starting
level for compatibility of two conditions, i.e. the one above which the extension will be a
direct extension.

Thus, suppose we have two conditions p = (p, | n < w) and ¢ = (g, | n < w) of the same
length. For simplicity let ¢(p) = ¢(q) = 1. Also suppose that the ranges at each n > 0 are
the same and the domains form a A-system as in 5.3.5. Let n < £ and Ag””, A2“+ etc. be as
in the proof of 5.3.5. We find a model X (not necessary in A2”+ ) which realizes the same
type (more precisely, by one less) over mg(b] [ A%") = g (b’ | AXTY as b”i(Ag”+) does
but has a smaller supremum. Note that ¢(p) = 1, so at the level 0 we have a non- direct
extension of say the weakest condition. Hence, at the level 1, the real models and not the
names are used (i.e. the interpretations of the names according the generic object at the
level 0). It is possible to insure the existence of such model X as follows:

we just can assume without loss of generality that sup( (Ag’ﬁ)) is an elementary submodel
M (of cardinality xi "***) of some H(x+**+!) with k > 5 or so. Then the k-type of bﬁ(Ag’ﬁ)
over rng(lﬁ i Ag"+) is in M. Using elementarity, it is easy to argue that there will be
unboundedly many in sup(M) models realizing this type over rng(b$ | Ag’ﬁ). Then pick X

to be one of them.
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Now the measure of the extender E; corresponding to X will be the same as those for
b§ (Ag"+). Let B; be the set of measure one for this measure in the conditions (note that it
is the same set in both. We increase the maximal coordinate in order to catch X in the new
maximal coordinate. Let (] be a set of measure one for this coordinate with corresponding
projections to bf(Ag’ﬁ) and to X inside B;. Pick some v € C;. Let v/ and V" be its
projections to (Ag“) and to X respectively. Then " < v/, but further projections to the
common part are the same, since it is inside both bf(Ag’#) and b?(A2“+).

The model X serves as b{(A%") on the &’s side. So we replace b](A%") by an equivalent
model. It is likely impossible to put things together at the level 1 in a direct extension
fashion due to a quite arbitrary place of X relatively to 5 (Ag“+). But there is no need here
to make a direct extension. So we will take a non-direct.

It may be (and typically would be once 6 is much larger than k) that Ag’§+ and Ag"“+ have
inside models of different cardinalities which are in domains of b7,55. The images of such

models should be of different cardinalities as well (at least starting from some level). The
R 343
number of available cardinals over k; is &, """ The size of X (as those of bg(Ag’ﬁ)) is

only p¢. Hence most of cardinals are outside.

The choice of X insures that at the next level (level 2) and up cardinalities will be different
from those that appear in bﬁ(Ag’#) \ X.

There may be a need to apply a similar procedure at level 2, since the cardinals from level 1
corresponding to those over x are determined at level 0 (remember that we assumed £(p) = 1).
It is possible that same cardinal over level 1 corresponds to different cardinals over k. So we
need to split between them at level 2, as it was done above.

Finally, given such " and " we go to the next level (level 2) and put together the conditions
at this level in the usual fashion, as it was done in Chapter 4 and in Lemma 5.3.5. No further

non-direct extension (beyond level 2) is needed here anymore.

5.6 Down to the first fixed point of the N—function

It is possible to incorporate collapse in the construction of Section 5.5 in a fashion of [4] and
to turn x into the first fixed point of the N—function. Basically what is needed is to collapse
all unused cardinals.

Set 1o to be rg® and 17, = k2. For n > 1 set n, = w172,

Denote by p,, the indiscernible for the normal measure of E,. Then the indiscernible which

+ro+2 5f

corresponds to 6% on level n will be pf™=1%2 if n > 1, pi®, if n = 0 and p; n=1.
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Now the relevant collapses will turn pg into Ry, will preserve pl, pit, pd®, pi*. Then g will

be turned into the immediate successor of pf?, all the cardinals xg,rg ", k3>, kg* will be
preserved. Next, p; will be turned into the immediate successor of xj*, the cardinals in

the interval [py, pi" "] will be preserved. Then ; will become the immediate successor of

pi*3 and all the cardinals in the interval [k1,7;7] will be preserved. py will be turned into

the immediate successor of ;. All the cardinals of the interval [ps, pi ™ ] will be preserved,

ko will be turned into the immediate successor of pi™*® all the cardinals of the interval
(k2,75 ] will be preserved, and so on.

Let us turn now to a modification of the construction of Section 5.4 which will allow to
finish with the least fixed point of the N—function. Note that here we will loose GCH below
% (and even SCH will break down below). We would like to blow up the power of & to kT0+1
for arbitrary 6 starting with a singular cardinal x of cofinality w such that for each v < &
and n < w there is o,y < a < K, such that o(«) = . In contrast to Section 5.4, we do not
intend to create too long Magidor or Radin sequences, since having too many indiscernibles
will prevent collapses needed in order to turn  into the first fixed point.

The present assumption is optimal by [6] and it is clearly weaker than those used in Section
5.5(for each v < k and 7 < w there is @,y < a < K, such that o(«) = @*7) which is in turn
optimal once GCH holds below &, by [5].

We fix a sequence of cardinals kg < k1 < ... < K, < ...,n < w so that

i Un<w Kn = K
o forevery 0 <n <w, K,is k"2 - strong, as witnessed by an extender E,,

e for every n < w, the normal measure of E,; concentrates on

7’s which are 772 + (7, n) - strong as witnessed by a coherent sequence of extenders
(E (&) | € < n(1,n)) of Tt 2 extenders , where n(7,n) is k,_1, if n > 0 and n(7,n) = 1,
if n=0.

The idea behind is like this:
once an indiscernible p,, for the normal measure of the extender E,  was picked, then we

use the coherent sequence (E, (£) | £ < n(r,n)) in order to change its cofinality to n(r,n)

+n+2

+nt2as well). We have

using the Magidor Extender Based forcing (blowing its power to p.
here k,_1 (say n > 0) cardinals available along the Magidor sequence.
Now we use the method of Section 5.5. Just instead of x,_1 over the level n placed

“horizontally” there, we have them placed “vertically” here.
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Finally, since a relatively small number of indiscernibles are generated in the process, it is
possible to define collapses as in the beginning of the section and turn x into the first repeat
point of the N—function. Note that SCH will break at each p,, 0 <n < w.
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Chapter 6

Two Stationary Sets with Different
Gaps of the Power Function

Starting with a strong cardinal a model with a cardinal x of cofinality N; such that both sets
{a<kr|2*=0a""}and {a < k| 2% = o™t} are stationary is constructed. Based on this
construction and using supercompacts a model in which both sets {a < k| 2% = o} and

{a < k|2 = a't} are stationary is obtained.

6.1 Introduction

The classical theorem of Silver states that if « is a singular cardinal of uncountable cofinality
and 2" > kT, then the set {o < k| 2 > o™} contains a club. But what if 2° = k™, can
both sets

{a<k|2=at}

and
{a<k|2*>at}

be stationary?

The purpose of the present paper is to provide an affirmative answer. The construction
uses supercompact cardinals. By [7], at least Woodin cardinals are necessary.

The main issue will be to construct a model with a cardinal x of cofinality ¥; such
that both sets {a < k | 2* = o™} and {a < Kk | 2* = a1} are stationary. We start
from a regular cardinal x having a coherent sequence of k%3 extenders of the length ¥;. A
variation of the extender based Magidor forcing (see [16], [18]) is used to change its cofinality
to N; blowing up powers of cardinals over the generic Magidor sequence below. The point

will be to arrange a different behaviour on stationary sets. For this a special short extenders
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forcing. Finally, for a model with {& < k | 2 = o™} and {a < Kk | 2 = a™*} both
stationary, we plugin supercompacts cardinals into the previous construction and use them
to collapse a™ to a by changing its cofinality to w, with ’s in the generic Magidor sequence

for k.

6.2 Preliminary Settings

6.2.1 Cofinal sequences and stationary set

Let us attach to every d, 0 < § < wy, a successor ordinal 6* < ¢ so that for every successor

ordinal 7 < w the set of §’s with 7 = 0* is stationary. Clearly, the set

C = {p<w;|p islimit ordinal and for every successor T < p

the set of §’s below p with §* = 7 is unbounded in u}

is closed unbounded.
Let S be a subset of lim(lim(C')). It can be nonstationary, but in the interesting cases
S will be stationary, costationary. For every pu € C fix a cofinal sequence () |n < w). Let

w € C. We define another cofinal sequence (u,|n < w) as follows:
po =0, flppr =min{d < p |06 limit, §¢&S, 6 =p, and 6> p, 4} +1.

The advantage of using such improved cofinal sequences is that once we have pu, then
(uk|k < n) is uniquely determined without need in p. Thus p,—1 = (pn — 1), pin_o =
(-1 — 1)*, ete.

6.2.2 The extenders sequence
We assume that the ground model satisfies GCH and has a coherent sequence
E=(E(p)|a<k, aecdom E, f<uw)

such that for every a < k and 3 < w; the following hold:

(a) FE(a,p)is an (a, a™T3)-extender over a.

(b) (coherence)

e (E) [ (a+1) = (B(,8) | (¢/ <a) or (a/=a and B <B)),
where jpp : V — M ~ Ult(V, E(a, 3)) is the elementary embedding by E(«, 3)
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(c) there are disjoint subsets (E,; | i < w;) of a such that E, s belongs to the normal
measure E(q, 3)(«) of E(a, ) and for every v < «, 7 € dom E i<uw

Eaim7: Yi

where for 7 < a3 the 7-th measure E(«, 3)(7) of E(a,3) is the set {X Ca | T €
JE@,8) (X))}

() E | (a,3) = JB(,p) (f)(c) for some f € “V,, i.e., essentially it depends on the normal

measure E(q, 3)(«), where

ET(a,f)=(E(,8)]| (@ <a) or (¢/=a and § <p)).

6.2.3 Types

Previously Short Extenders forcings were used in context of a singular cardinal x which is a
limit of cardinals k,’s carrying extenders and types were defined over k,’s (say %2 with
sequences (k, | n < w) converging to infinity). Here & is a regular cardinal, but we will work
around k1 and will use K™, n < w as a replacement.

Let x be a regular cardinal large enough (thus ™% will do it). For k& < w we consider

a structure
A, = (H(x**), €, E, the enumeration of [x**3]=% and of [x***+?]=

xX™n<k),k01,.. . a.. |a<kt

in an appropriate language which we denote Lj.

For an ordinal ¢ < y (usually € will be below £T3) we denote by tpi(£) the Li-type
realized by & in .

Let £} be the language obtained from £ by adding a new constant ¢’. For § < x let
a5 be the £ -structure obtained from a; by interpreting ¢’ as 6. The type tpi(9,§) is the
L)-type realized by £ in Uy 5. Further, we shall identify types with ordinals corresponding

to them in some fixed well ordering of P(x**).

Definition 6.2.1 Let £ <w and 8 < k™3 (or 8 < k¥ 12). 3 is called k-good iff

1. for every v < f3 tpr(7y, B) is realized unboundedly often below ™3 (or respectively,
H+w+2)

?
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2. for every bounded a C [ of cardinality < &k there is a < 3 corresponding to a in the

enumeration of [kTT3]=F (or respectively [kT¥T2]=F).

The next two lemmas are proved in [?].

Lemma 6.2.2 The set {3 < k™| 3 is w-good} contains a club, for every i < 2.

Lemma 6.2.3 Let 0 < k < w and (8 be k-good. Then there are arbitrarily large k — 1-good

ordinals below (3.

6.2.4 The Preparation Forcing P’

The relevant preparation forcing P’ here will be just P’ of Gap 3 with s replaced by x*¢
(and then st by kTt kT by kT2 kT3 by kT3). So, models of cardinality T+ and
those of cardinality s %2 (ordinals) will be the only one used. This way the final forcing

K+w+2

will satisfy only —c.c. and the cardinals of the interval [, kT *1] will be collapsed.

But that is what we actually desire. Thus (x7<%2)" will be turned into x** and (kT+3)V
into k3.
In order to force with P’ and preserve the desired strongness— the corresponded preparation

should be made below .

6.3 The Main Forcing

The next definition combines the Extender Based Magidor forcing with a certain short
extenders forcing.

The forcing will change the cofinality of x to w; by adding to it a Magidor sequence
(k; | T < wy). For each 7 < wy, we will have 2% > (kF“™2)V. This will be due to the
fact that extenders E(k.,[3),3 < 7 has length above x“*2? and nothing special (like new
assignments and equivalence relations «—) will be done for measures with indexes below
k7“2, So the correspondence (assignment) will be here the natural one:
¢ < k7“2 will correspond the £&~th measure of the extenders over ..

If 7 € S, then we would like to have 2°~ = (kF“™3)V "and 2% = (k1“*2)V whenever 7 ¢ S.
A new essential point in the present construction will be as follows. Let 7 € S. Suppose that
Kk, is determined and it is a limit of x,’s with v & S. We would like that {x}“** | v & S}
correspond to xf*t3 ie. {kf“** | v & S} C b, 4ots, where b, toss is the pef-generator.

This already requires drops in cofinality. Thus we need some sequence to correspond to
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riet? We will use (k1“2 | n < w) for this purpose, where (7, | n < w) is a cofinal in 7
sequence consisting of successor ordinals that was reserved in advance. So not all of the set
{kj“*? | v ¢ S} will be a part of b, +w+s, rather only

{5 v g SPA R [ n < w}.
Suppose also that for every n < w we have n, € S,7, < n, < Tn,11 such that /fj_jf” is
connected with Ii;:’JFQ (i.e. basically k}** € bmﬁi’w)‘ Note that since there are X; many 7’s
and both S,w; \ S are stationary, situations like above always must occur. Let n < w. We
have that # /2 is connected to £F**?, x7“*? is connected to £+ and 7+ is connected
to k™. This looks like a problem and in the actual setting has to do with the chain
condition (kF“™3—c.c. instead of the desired x“*2-c.c.). A way to overcome this difficulty
will be as follows. Once we have two conditions such that in the first some a < xF**3
corresponds to a measure o* < k2 of E(k,,n,) and o* corresponds to a measure v* of
E(k,, T,) via the assignment of F(k,,,) (i.e. on a set of measure one for a maximal measure
of the condition for E(k,,n,)). In addition some vy < 1“2 corresponds to the measure v* of
E(ks,7,). Suppose the second condition is the same, but instead of o we have some different
ordinal 3, say a < (3, but a* = * and the rest is the same.
We need to be able to put such two conditions into one stronger than both of them in order
to verify the chain condition. Say we like to extend the first condition. So, as usual, we find
some p > o which realize the same type over the common part and attach it to 3 instead
of a* (which corresponds to [ in the second condition). The problem with this is that o*
corresponds to v*, but u does not.
But let us do the following: attach u to v* as well. So, in a sense, we loose a one to one
correspondence of the assignment function for /4;;:’“. In order to compensate this, let us
require that the a*-th and p-th sequences to x,, differ all the time above x-,.

The above will be implemented as follows. A non direct extensions of a condition which
determine the value of x, will be allowed to identify o* and p as above, but then on a set of
measure one for x, (i.e. with different choices of k) they will be kept different.

Now, since a non:iirect extensions can be made only at finitely many places (i.e. a condition
decides only finitely many &,’s) the generic omega sequences corresponding from «,,, for o*
and p will be eventually different.

We do not require that assignments between r1“*? and measures of E(k,,7,) and between
measures E(k,,T,) and E(k,,n,) are identity. i.e. v < k1“2 corresponds to y-th measure

of E(kr,n,), and y-th measure of F(k,,7,) corresponds to y-th measure of E(k.,n,).
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Actually, it cannot be the identity once the above was implemented. The assignment func-
tions however will be identity on x“*!.
Let 7 < 1 < wi. Denote the connection function between levels n and 7 by a,.. There

are five possibilities.

1. ,negs.

Then we connect between 7“2 and #f*2.

2. ,mes.
This implies that 7 is not one of 7,,’s.

We connect £;7%% to both £F“** and to ">,

3. ngS,Tes.

Then we connect ,/“** to both £f“** and to ] *2.

4. ne S, ¢ S and 7 = n, for some n < w.

Then we connect ;7% to kF<+2.

5. n€ S, 7 ¢ S and 7 is not one of n,’s.

Then we connect ;%% to £7*2. Dropping in cofinality is used to deal with this case.

In all the cases ! is connected to £7“*! and the connection between them is just the
identity.

Let us explain more the cofinalities drops that will occur here. The complication is due
to the fact that the cofinality from w; many places may drop to a same value. Thus, for

example, 7o may be the first element of the fixed w-sequence for w; many ordinals o < wy.

+w+2
T0

the forcing (at least direct extensions in it).

So, we will have drops from "2 to x for wi- many «’s. This disturbs completeness of
Let us deal with this as follows (the explanation continues with 79, but 79 may be viewed as
an arbitrary point of the fixed w-sequence to arbitrary 7 € ). Let us assume that 7/ =: 79+1
is not in S and is not a member of any of this fixed w-sequences. Then we would like to add
k1t many w-sequences to k.. Now require that once k., is determined, i.e. a non-direct
extension of a condition was made over level 7y, then the same was done over 7/ and k., is
determined as well. x,/ is linked with the rest w; many cardinals (not yet determined) £ g’s.
We will now ”copy” more or less from k. to r5's.

Let us clarify one subtle point in this context (i.e. once there are many drops to a single

cofinality). Suppose for simplicity that w € S, but n € S, for each n < w. Suppose also that

146



(2n | n < w) is the fixed sequence for w. In a generic extension (and we are interested only
in its part below &) let f; be the generic w-sequence for i < k}<*3. Then f; € [, Kl
for i < k1“3, In addition, if cof(i) = k7“*2, then cof(fi(n)) = k3**%, because of dropping

in cofinality.

+w+2

3 3 +w—+2
new Ko 5 1.e. corresponding to k¥ 7. Let

Let (g; | j < k5“T2) be generic w-sequences in ]
Vi=V[{g; | j <rI2)]
Now suppose the following:

(*) for every i < k1“3 of cofinality k7“2 (or just for stationary many of such i’s) there
is a sequence (s(i,n) | n < w) € Vi such that for all but finitely many n’s s(i,n) is bounded
in ¢, but {f;(n) < fi(n) | j € s(i,n)} is unbounded in f;(n).

Work in V;. Consider a function i + sup(Un,s(i,n)). Find a stationary S C (k}«3)V
on which it takes a constant value §. Now, in Vi, we still have 6% = x* = (kJ“™?)V <
(kF“*3)V. Hence, there is S; C S stationary such that for every i,4i’ € S; we have (s(i,n) |
n<w)=(s(i',n)|n<w).

Let now i < i’ be in S;. Then in the full extension (*) implies that for all but finitely many
n’s we have f;(n) = fi(n). Which is impossible and hence (*) must fail.

The meaning of this is that in this type of a cofinality dropping it is impossible to relay
completely (i.e. once arranging assignment functions) on points of a drop corresponding to
smaller cofinality. This is a reason of taking ., and copping from it to relevant s s'’s as was
described above.

Let us explain the process of copping and assignment functions that allow it. For each
a < B < wy, we will have the assignment function ag, which will be as usual an isomorphism
between suitable structures and fz, that comes from a Cohen part of a condition. As before
the both components will be put together once a non-direct extension which decides k,, kg
was taken. The new element in the present context will be a commutativity.

Thus suppose that we have in addition 7, < v < w;. We would like require that

1. ayq = agq © a4,
2. f'ya = fﬁa o f’yﬁ

once non of x;’s is decided. Domains of f;;’s are sets of pairs which have the first coordinates
corresponding to potential choices of r;’s.

Suppose now that a non-direct extension was made and as a result x, was decided. Then
o and ag, are incorporated into new f,, and fz, respectively in the usual fashion. Now

a3, fvp together with fg, should give f,,.
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Assume that we have in addition o/, < o’ < (8 such that a dropping occurs from v to «
and o/ at the same level, i.e. for some n < w, we have 7,, < a, &’ < y,41, where (v, | v < w)
is the fixed sequence for 7. Assume also that k. is not decided yet. Then we use a3, s to
pick elements of the level 3, i.e. over k3, and then ag, to move them down to the level .
Note that it is possible that By < o’ < B4, for some k < w, and £ g, is not decided yet.
Once kg is decided, then the argument showing m;“’”fc.c. of the forcing up to xz turns now
the usual form.

One can try an other approach— instead of having single drops we allow w-many of
possibilities for a drop.
The problem with it is the closure of pcf-generators. Namely if we have some § < v with
K,Ew+2 corresponding to £F“*3 (ie. kj“T? € b, w3), /@g“’” is a dropping point which drops
to cofinally in it many points below, then /@E“H € pcf(Xjs), where X denotes the set of this
points. Which eventually means that /ﬁg“’“ cannot correspond to ¥+,
Hence drops (the set Xj3) are at least bounded in k.

Let us point out that the set of places where drops occur (i.e. of a type of fi;‘”” above)
should be rather big. Thus for any stationary subset Y C w; there are § € Y and v > 3 such

+w—+2

that /{;“H corresponds to /fj“”r?’ and K is a dropping point. Thus suppose otherwise.

Let Y be a stationary and for every § € Y and v > 3 we have /{E“’H € b@wz. Apply the

argument of [7] to Y. We will have a contradiction to stationarity of S, namely there will
not be v with 2" = /ﬁjw+3 and which is a limit point of a stationary subset of Y.
The above means that the setting we chose is rather general.

Let us turn to formal definitions. First let us define pure conditions.

Definition 6.3.1 (Pure conditions) The set P consists of sequences of the form

<<§7p£> | § € S>7 <Aoc | a < CU1>, <a"/,37f’%3 | ﬁ < Y S w1>7 <a%a7fga | a < 5 S 05(5)75 < ’i>>
satisfying the following conditions:

1. s C k%2 such that

(b) max(s) exists and it is above every other element of s in the order of each of the
extenders E(k,§),£ < wy.

2. p® is a finite increasing sequence of ordinals below &,
3. A, € E(k, a)(max(s)),
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4. a,g is an assignment function (an isomorphism between suitable structures) over k.

Let us state the particular properties a3 related to the fixed stationary set S.

(a)

If 3,7 € S, then a3 is an isomorphism between a generic suitable structure over
kT“*2 and a suitable structure over kT« +2,

This eventually will connect /ﬁ“’” with /izgw”, where k4, kg are y-th and (-th
elements of a generic Magidor sequence.

B,7 € S, then a3 is an isomorphism between a generic suitable structure over
kT@*3 and a suitable structure over k™“*3, but so that ordinals correspond to
models of cardinality x“** and x*“** drops down to x“** where 7, is the
maximal member < 3 of the fixed cofinal in 7 sequence (v, | n < w).

This way we would like to connect £1“*# with both £5“** and £}“*?, in addition
K92 will drop to £1<F2.

Note, that due to the dropping, the cardinality of a3 should be &.,,, once we have
K, is decided. It is bad (Prikry condition) to keep the cardinality of a3 below
x and then to choose k., above it. Instead let us allow the cardinality of a3 to
be a name which depends on the choice of x,,. Recall that in cofinality drops
rng(a,g) depends on the choice of a point from A, . So, here also the domain is

a name, but both are always subsets of the support of the condition s.

If v ¢ S and 8 € S, then a,g is an isomorphism between a generic suitable struc-
ture over k%2 and a suitable structure over x7“*3 so that ordinals correspond
to models of cardinality ™«

This way we would like to connect £F“*2 with both £/“** and x“*?. Thus, if
¢ € dom(a,5) N On then a,5(¢) will be a model of the size k™. a,5(&) N KTH2
will be an ordinal. We have here a kind of splitting where & corresponds to both
an ordinal a.5(§) N k%2 for w + 2 and a model a.5(€) for w + 3. No drops are

needed in this case.

If v € Sand f = ,, for some n < w (and, in particular, 5 ¢ S), then a,z is
an isomorphism between a generic suitable structure over x7*2 and a suitable
structure over kT2,

This eventually will connect x3“** with /{E“’H.

If ye€ S,8¢S and 3 is not one of 7,’s, then a5 is an isomorphism between a
generic suitable structure over kT and a suitable structure over kT2, but so

that k™2 drops down to the maximal v, < 3, where (v, | n < w) is the fixed
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10.

11.

12.

13.

cofinal in = sequence.

This way £3“" will be connected with x£“*?. In addition x}“*? will drop to

+w+2
/{Vn .

a%a is an assignment function (an isomorphism between suitable structures) over 4.

It satisfies the conditions 4a—4e above only with k replaced by 9.
f+s is a partial function of cardinality at most £ from £+ to k,

04 is a partial function of cardinality at most & from §*“*3 (or from 7*?) to 4,
(Disjointness of domains)

e dom(a,g) N dom(f,s)

e dom(a},) N dom(f3,)

= (), for every 3 < v < wy.
= (), for every o < 8 < o (5).
Let us state now the conditions which deal with a commutativity.

(o = Q3 O Agq, for each a < B < v < wy,

ad, = adgoay,, for each o < f <y < OE((S).
Note that only dom(a,,5) C s. If ¥ < wy and v € S, then dom(a,3) C k™*3 which
may be larger than s. Our main interest will in the type dom(a.) realizes and further

the equivalence relation («—) will identify conditions accordingly.

If v € dom(a,g) and cof(v) = kT, then cof(a,g(v) = k.
Note that such v’s will be usually non-limit points, since there will be drops in cofi-

nalities.

The next conditions deal with compatibility.
(Compatibility) For each § < v < w; and n € A, we require that

alg U{(f, p) | there are (£, p) € a,p such that 7 is permitted to both

pfypp’ 71-max(S),f(n) = g and 71-max(S),p(n) = 15}

is a function and it is an order preserving (or even an isomorphism between suitable
structures.

This means that the copy of a,3 over 1 is compatible with the "local” function azﬁ.

For every a < f <y < wj and £ € dom(f,,) the following hold:
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(a) €€ dom(fyp),
(b) if v = f,0(€) and § = f,5(£), then 0(6%) > a implies fg(oéo)a(é) =v.

14. For every v < wi, € € Uy, dom(a,5) and k < w

15.

the following set is a final segment in ~:

{8 <7 ayp(€) is defined and k good}.

Let us deal now with the following situation. Suppose that v € S, a <, a & {v; | i <
w} and n < w is a maximal such that 7, < a. Then 5F“*? is connected with <+
and £ 7T with 51, and if a € S, then also with £ f“**. On the other hand £ <+
is connected with %%, if o ¢ S and 3" is connected with <3 if a € S, but
Yn & {ai | i <w}. We need to break down this connections between « and ~,, in order
to keep the thing working. Namely the mj“’” chain condition of the forcing at the
level 7 is effected. It is easy to deal with a single =, (or with {v; | i < n}). We can
just identify images at the level =, of different ordinals (or models) from the level a.
The situation starts to be more involved once instead of a single v we have w—many
with the corresponding 7,’s unbounded in «. This always occurs due to stationarity
of S. The problem in this case is that if we identify too much, then there will not be
enough w-sequences to make 2% big.

Let us state now conditions that allow to identify certain ordinals (models), but still

keep many sequences different.

Suppose 0 € A,, for some v € S. Then 05(50) = . Consider a‘fm, ai%, where a < v

and n < w is the maximal such that v, < a.
5

AYn
to identify some values. There is EL‘;% C a‘fmn
5

QaYn,

We have a connection ag,, ~between r, and r,, . Let us disturb it. We will allow

. 5 . .
on which a?. is order preserving (or

Yn

isomorphism) but the rest of dom(al, ) is mapped into the image of @l by a?,, .
It will be allowed to change dg% (once extending a condition) and to pass to a different

set on which the order is preserved.

Now suppose that instead of a single =, (or even bounded many ones) « is a limit of
ordinals & which members of the w—sequences for ordinals & > ~.
Then for each such such & we will have a set ag& C ai& on which ag& is order preserving

(or isomorphism). Require the following:
(a) if v, are in the support over i, and v # pu, then the set
{i<al aigi(’/) = aigi(ﬂ)}
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is bounded in «;

(b) (Minimality) if v, 4 are in the support over ko, v € digi and a‘;£ (v) = ai&(,u),

i

then pu > v.

Let us explain how the above condition allows to run the chain condition argument.
We will need to prove £3“+?—c.c. of the forcing up to the level 7. As usual a A-system
is formed and at the final stage of the argument we will need to put together two
conditions with indexes from it. The problem here is that the kernel of the A-system
includes the parts of both conditions over /fj“’”. The assignment functions then will
move this common part to x,,. So over the level o we will have different things that
should correspond to the same one over the level ~,. Suppose for simplicity that o & S.
Then (over k,) we will have the kernel z (the image under a®,’s) the rest of the first
condition (again only over k,) y and the second z above it. We need to identify the
images of y and z over the level ~,, but still keep them different or even one above
the other co-boundedly often. Denote by 7,z the parts on which we have the order
preservation. Let v = min(y \ z) and g = min(Z \ z).The sequences for v and for p
behave the same way (i.e. equal, less, bigger) relatively the sequences for members of
x, as parts of the A—system. Densely often above the level v and hence in the sequence
of conditions above the level v used to determine the members of the antichain over 7,
both v and p appear. So, their sequence from the level « differ on a co-bounded subset.
This means that a final segment of both of them differs from any of the sequences of
the kernel x as well as one from an other. In particular this means that ¥ = min(y)
and 1 = min(z), by the minimality item above. Now we can combine the conditions

together.

The following situation is still problematic once using the approach above. There
always will be 7 < w; which is a limit of an increasing sequence (3, | n < w) of members
of S such that all of (3,’s have the same first dropping point 7. Suppose a non-direct
extension is made at 7 how do we gain unbounded in v degrees of completeness? An
other but a related problem is how do we connect ~’s level to levels below in particular
to B,’s and their dropping points?

Let us use models of cardinality 1« *! as values of a,, (the assignment function from

the level v to a level a). In particular, /ij“’” connects to both /iz;wH and /125‘”3 (0 is

one of f,’s). Thus a,3(A) (A € dom(a,g))is a submodel of size rj“* of xf“+

the connection to £3“ "% will be a,5(A) N K<+

and
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We require that a,g(A) is not a limit model relatively to those over x}“*?

is a last model from the chain of models of HEWH below it), unless it is a limit of

(i.e. there

cofinality below xg.
This is needed for x}“*?-c.c. of the forcing restricted to s. Thus in the kernel of the
A-system will not split then models of the form a,g(A), but rather the original ones

from /-i;‘”+3.

Suppose now that a« < # is a dropping point for 3 which drops to the level 7. We
require commutativity of the assignments (as far as no non—direct extension was made).
This is more or less necessary due to smoothness (transitivity) of pcf-generators.

The sizes of domains seem to be problematic, but let as arrange this as follows. The
domain of ag, may have size k, (and not , as usually once dropping to 7), but the
maximal model of the range has size k.. Models of sizes /i;‘”“ are allowed in the
range of ag, (this size is typical for models in the range of a.,3). They come in blocks
with each block having a maximal model, the number of blocks is at most .. Only
blocks are required to be members of models of smaller size (i.e. €— relation is not
fully preserved). The rest of conditions are the same as for the usual drops.

Let us address the situation where a non—direct extension was made over 7, i.e. Kk, was
decided. Now the further connection from ks to K, (K, is not decided yet, but here we
have a drop which leads to a luck of closure) is allowed not to be one to one. Namely,
outside of the images of models from k. (remember that we required them to be non

limit) we have intervals where it is allowed not to be one to one.

Suppose that o/ > « is also a dropping point to 7. In a pure condition we will have the
maximal models A, and A, at levels «, a’ of cardinality Q;W“. We require them to
be order isomorphic. The idea is that once k,, (or k) is decided, then we copy via this
order isomorphism the assignments inside A, to those inside A, (or from A, to A,, if
ko was decided). The same thing will be done with the rest of models of sizes x ]
i.e. the assignment functions inside corresponding models (some different models are
allowed to correspond to a same model) will be copied via order isomorphisms. No
requirements outside will be made. So inside small models one to one correspondence
may break down, however outside we will have it together with more closure of the

forcing.

The number of small models (over k,) need to be big (k, ) in order to have the Prikry
condition of the forcing. So we have the maximal model A, of the small size and inside

it model B, of the big size which has a long sequence of big and small models inside.
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16.

17.

18.

We continue now the definition in order to realize this idea precisely.

Suppose we have 7 < a, o/ < B <7,5,€ 5,7 €w; \ 9, «, in the fixed w—sequence of
(. Assume that we have droppings from the levels a, o’ to 7 for (.

If a model A, € dom(ag,), then A, € dom(ag, ) unless there is B D A, in dom(agy)
with ag. (B) being is 2-good but not more.

Intuitively we would like to have the situation in which all ag, have the same domain,
for a in the w—sequence of 5. In the situation with B above it is impossible to find a

candidate for the image of A,. So we require that this are the only cases.

Let us formulate a similar condition which involves different 3’s.

Suppose we have 7 < a < ;7 < o < [ <, < .68, € S,y € w \ S,a in
the fixed w—sequence of § and o’ in the fixed w—sequence of 3. Assume that we have
droppings from the levels «, @/ to 7 for both § and (3.

If a model A, € dom(ag,), then there is A, € dom(ag, ) such that ag, (AN r@g‘”z) =
agr (Ao N L@JE,”H), unless there is B € dom(ag,) with ag (B) being is 2-good but not
more, ag,(BN £3*"?) > ag(Aa N £ 572) and there is no way to add a model A C B
with ag-(B 0 £57?) > ap (AN £ 572) > ag (Ao N 55972,

Suppose we have 7 < a < B, 7 < o < [ <, < 3,6, € S,y € w \ S,a in
the fixed w—sequence of § and o in the fixed w—sequence of #'. Assume that we have
droppings from the levels a, ¢/ to 7 for both § and (.

Let A, and A, be models in dom(ag,), dom(ag ) with ag,(Aq N L{J;“’*?) = ag(Ax N
H+w+2)

~pB )

We would like to have then a certain correspondence between ag,(A,) and ago (Aa)
specially once a non-direct extension taken at one of them.

Suppose a non-direct extension was made at «.

(a) If B = @ and £,¢ < ng+3 are so that & € dom(ag,),dom(agy), ¢ is in A,
(but probably in dom(fs,), and so not in dom(ag,)) but does not belong to any
model in A, of bigger cardinality (i.e. ( may belong to models smaller than A,
but of small cardinality and above the last model inside A, of large cardinality.
In particular A, can be a limit model but there is a largest model inside A, of
bigger cardinality and ¢ not in it) and the value corresponding to ag,(§) in the
non-direct extension is the same as fz,((), then we link ¢ with agq(€).

The limitation on ( is needed in order to be able to put together similar conditions
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while running the chain condition argument. We like to avoid the situation when
¢ appears in the kernel of a A—system but it should correspond to different points

¢ and £ (which copy one an other) of two conditions that should be combined.

(b) If 3 # (' and £ < k;*"°, € € dom(ag,), then we first use a,4,a,5 to find
&< /f;,”+3, ¢’ € dom(ag) which corresponds to £ as follows: ¢ = aw,(a;ﬂl (€)).
Now given ( as above, we link ¢’ with ag (£'), where ' = aw,(agﬁl(g)).

This completes the first definition.

Define a direct extension order <* on P in the obvious fashion as follows.

Definition 6.3.2 (Direct extension order) Let p = ((£,p°) | € € 8), (An | @ < w1), (ays, f15 |
B <7 < wn) (@ i | 0 < B < 0P(0),6 < ) and g = ((€,) | € € 1),(Ba | o <
wi), (bys, gy | B < v <wi), (bga,gga | < B <0P(8),0 < k) bein P. Set g <* p iff

1. sDOt,

2. pt = ¢& for every £ € t,

3. Wg,max(s),max(t)Aa C B,, for every a < wy,
4. ayg 2 byg, for every B < v < wy),

5. fy5 2 gy, for every B < v < wy),

6. aga C bga, for every a < 3 < 05(5),5 < K,
7. fga C gga, for every a < 8 < 05(5),5 < K.

Let us define now an extension of a pure condition by one element.

Definition 6.3.3 (One element extension) Let p = ((£,p°) | £ € s), (Aa | @ < w1), (ays, f15 |
B <y <w)(ad, fle |l o< B < 0(8),6 < k)) € P, B < wy and n € Ag. Define the
extension of p by n, p~n. It consists of two parts the upper part p“? and the lower part p'°,

where
p'? = ((£,p°) | € € s and 7 not permitted for p¢), (Ay \ 7 | oﬁ(n) <a<w),

(s o | 05 () < B <y <), (0%, fon | 0P (n) < a < B<05(8),n < 6 < k),

(Froiiny 107 (0) <7 <wn) (F2 5 105 (m) <7 < 0P (8), {F, ey | 07 () <7 S wn)),
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lo

P = ((Tmax(s),e(N), P &) | € € s and 7 is permitted for p*), (A, N7 | a < oﬁ(n»,

(@5 75| B <7 < 0B (0), (s [l | @ < B < 0F(6),8 <)),

where

1. fyoﬁ(n) is a combination of fvoﬁ(n) with a ie.

voP (n)
Pt = Faos 1€ | (e (€)° = 1)U

{(¢, Tmax(s).a, 5 (€) (n)) | ¢ € dom(a, 5, ), is permitted for P}

Note that 0 oF () TAY be a name according to Definition 6.3.1(4b). So in such a case
also fwg(n) will be a name.
It is important that all connections between the upper part (including 1) and the lower

part go through the level n. This way a completeness of the upper part regains.

Note also that the following situation may occur:
the connection between levels v and « (i.e. a,,) used models of greater cardinality
g

than those between 0”(n) and « , for some a < of (n). If this happen, then we still

base the connection between 05(77) and « (i.e. @’ ) on smaller models, but require

oF (n)a
that the largest of bigger size belongs to one of the smaller size.
2. @)y = al,, unless v = of (n). If v = o (n), then a) s is the combination of a],; with the

copy of a3 over 7, i.e.

aly=al, U{(f, p) | there are (£, p) € a4 such that n is permitted to both

pg,pp, 71-rnax(s),,ﬁ(n) = g and 71-max(s),p(n) = ﬁ}

Note that such defined EL% is an order preserving function by 6.3.1 (12).
The connection a.g, for €’s above oﬁ(n), is replaced now by the composition of f:

(or its further extensions) with a”’ -
oB(n),8"

Denote the set of one element extensions of elements of P by P;. Extend <* to P; in
the obvious fashion. Repeat Definition 6.3.3 and define P, to be the set of one element
extensions of elements of P, etc.

Finally set

P =] Pu

nw

where Py = P. Extend <* to P,’s and P in the obvious fashion.
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Definition 6.3.4 (Order) Let p,q € P. Set p > q iff there exists a finite sequence (ry | k <
n < w) of elements of P such that

1. rg =q,

2.y = b,
3. 1 <* rryq or o is a one element extension of rg, for every k < n — 1.

Let p € P and for some o < w;y the value of k, is decided. Then p splits naturally into

two parts — the part p<, from the level a down and the part p-, above the level «.

Definition 6.3.5 Let o < w;.
1. Set P<, to be the set of all p<, with p € P which decides x,.

2. Set P~ to be the set of all p~, with p € P which decides k.

Lemma 6.3.6 Let o < wy. Then (P, <*) is k! —closed forcing.

Proof. The proof follows from the way conditions split-namely 6.3.3(1).
OJ

Lemma 6.3.7 (Prikry condition)
(P, <,<*) satisfies the Prikry condition.

Proof. The complication that appears in Definition 6.3.1(16-18) requires a special treatment.
Let us preserve the notation used there.

Suppose that we run through the set of measure one over a—th level. We allow two basic
possibilities of a non—direct extension:

(a) pick some v from the set of measure one as it is;

(b) make first a direct extension and move to a bigger maximal coordinate and only then
pick some p in a new set of measure one with projection to the old maximal coordinate v.
In the second case let us pick a model of larger cardinality which includes the direct extension
made and let us keep them for the next step. Continue then to the next v (from the new set
of measure one).

The total number of steps needed is k, which is too big for both sizes of possible models. In

order to handle this let us use ”barriers”, i.e. if v is in the final set of measure one, then we
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consider ° (the projection to the normal measure) and project v down only to the places
with the value of the barrier < 1°. Eliminate the rest of the places.

Given above and Lemma 6.3.6 the rest is standard.
O

6.4 The Main Forcing Order

Define a partial order — on P such that (P,— ) will be nice subforcing of (P, < ) and
(P<a, — ) will satisfy k1“T—c.c., for every a < wy.

We start with a definition of equivalences «—.

Definition 6.4.1 (Equivalence of pure conditions) Let n < w1,

p= {615 [€€s), (An| < n){ass, fop | B<7 <)y (00, fou | @ < B < 0"(6),8 < ky)) and

0= (&) £ €), (Ba [ a<n), (bypgys | B<7 <), (Mo Gl | @ < B < 07(6),0 < )

be in P<,,.
Set p «—, ¢ iff the following hold:

1. s=t,

2. A, = B, for each a < n,

3. p* = ¢¢ for every ¢ € s,

4. fyp = gyp, for every 8 <y <,

5. fga = gga, for every o < 3 < OE((S),(S < K,
6. a%a = bga, for every a < 5 < 05(5), § < Ky,
7. ayg=bys, <7y <,

8. dom(a,,) = dom(b,), for every v < n,

9. rng(a,,) and rng(b,,) realize the same k-type, for every k < w, for a final segment of

v’s below 1. Moreover they always (for each v < ) realize the same 4-type.

Definition 6.4.2 (Equivalence) Let < wy and p, ¢ € P<,,.
Set p «—, ¢ iff the following hold
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1. the sets of k,’s for v < 1 determined by p and by ¢ are the same.
Denote this set by X and let Y = {7 <7 | x, € X}. Clearly both X and Y are finite.

2. f Y =0, then p «—, ¢ as in Definition 6.4.1.
3. Y # (), then
(a) P<min(y) < min(Y) d<min(Y),

(b) P>max(Y) <1 @>max(Y);

(€) (p<y)>p <~ (g<v)>p, for any two successive elements 5 < v of Y.

Definition 6.4.3 (Main order of P<,) Let n < wy and p, ¢ € P<,,.

Set p —,, ¢ iff there exists a finite sequence (r; | ¢ < k) of elements of P, such that
L. p=ro,
2. q=ry,
3. for every ¢ < k either

o 7 < Ty

or

® T Tit1-
Definition 6.4.4 (Main order) Let p,q € P. We set p — ¢ iff either

1.p<gq
or

2. there is n < w; such that k, is determined the same way in both p, ¢ and the following
hold:

(a) Doy < Q>
It means that nothing new, not taken into account by “<”  happen above level 7.
(b) p<y —n d<n-
The next lemma insures that (P, — ) is a nice subforcing of (P, < ), i.e. every dense

open set in (P, — ) generates such a set in (P, < ). The proof is similar to the corresponding

lemma of [4, Sec. 5].
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Lemma 6.4.5 Suppose that p — q < ¢ then there is p' > p such that ¢ — p', where
p:q:q.p €P.

Lemma 6.4.6 The following hold in VF=), for every limit n < w;:

® 2fn > (K;—w—‘rQ)V

o ifi €S, then 2% > (k< T3)V.

Note that actually all the cardinals in the interval [+, £ *1] are collapsed to &, which

itself is preserved as the successor of a singular.
Lemma 6.4.7 Letn < wi. If n & S then, in VP=), 2% < (k)Y

Proof. Just the forcing splits into P-,, which is mf; closed, and into P<,. Formally the
cardinality of P<,, is /<;;7LW+3, but actually the forcing (P<,, —, ) produces n-sequences indexed
only by r“*2 since n ¢ S. The formal argument is given below.

Let M < H(x), for x big enough, containing all the relevant information such that
o [M]=kir?,

e M N /in“"*?’ is an ordinal,

e M is closed under /{,T “+1 sequences of its elements.

Let p € P<,. Then, using elementarity there will be a condition p™ € M N P, such
that p «—, p and even p | ki“t? = pM | kT2 This means that (P<y, —y ) and
(P<y N M, —, ) are just the same from forcing point of view. But |P<, N M| = x<+2.

O

Our next task will be to show £ *2-c.c. of the forcing (P<,, —, ) in V" for each n < wy.

Lemma 6.4.8 (Chain condition lemma) Suppose that n < wy and the value of k,, is decided.

. / .
Then, in VP, (P<yp,—, ) satisfies Ryt - e

Proof. Let us describe two cases that differ in the present setting due to Definition 6.3.1
(16-18). Let a, 3,7 be as in Definition 6.3.1 (16-18).

Suppose first that n = 3. We run the usual argument and let o = 3,, such that the goodness
of conditions at level a and up allows to put them together. For each m < n a non—direct

extension should be made at level ,,.
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Suppose now 1 = . Then we use the fact that models of larger cardinality should be put
together. Note that the assignment function need not be one to one here, but it is not a
problem since we have a separation of small models (on which it can be not one to one) by
models of large cardinality.

Work in V7',

Let us deal first with n ¢ S. If n € S, then the argument is very similar but with ordinals
replaced by models.

If n =1 +1, then we decide k,. The forcing (P,, —, ) will be then consists of two parts
P,y and a part isomorphic to the Cohen forcing for adding subsets to /ij{. As in Lemma
6.4.7, P,y is equivalent to a forcing of small cardinality, and so we are done.

Assume now that 7 is a limit ordinal.

Let (p, | 7 < K;7“*?) be a sequence of elements of P, and

pr= (&P 1 € € 50), (Ara | @ < 1), (g, frap | B <7 S 1) (@00 flga | @ < B < 07(6),8 < 1)

We may assume without loss of generality that p,’s are of this form, since the number of
possibilities for low parts is small and so they may be assumed to be the same and then
just ignored since then the incompatibility if occurs will be due to the upper parts of the
conditions.

Shrinking and replacing by «—, if necessary, we can assume that the following hold:
1. Arq = Apg for each 7, 7" < k7% and a <,

2. (s; | 7 < Kf¥F?) form a A-system with a kernel s,

3. S;, 8. are order isomorphic over s for every 7,7 < /-1;7F wt2,

(5), where 0.,/ is the order isomorphism between s, and s,-,

4' pg :p:;m—/
5. 52 s¢ Nt for every € < k%2,

6. min(s¢\s) > &,

7. (a0 [0 | 0 < B < 05(5),5 < hig) = (igas [lpa | @ < B < 05(5),(5 < Ky), for every

7,7 < R
8. fryp and frg are compatible for every § <y <n, 7,7 < 5,[“F?,
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9. Gryg = Ariag, for every <y <n, 7,7 < fif{“’“.
Note that in order to insure this we may need to pass to conditions that are +—,

equivalent to the original ones.

10. tng(aryp) = m0g(armp), for every B < n, 7,7 < K[<F2.

As in the previous item, the above may require to pass to +—,, equivalent conditions.

Extending, if necessary, we may assume that for every 7 if v € s, and cof(v) < &, then a

closed cofinal sequence witnessing cof(v) is contained in s,. This implies cof(min(s,\s)) >
K, . Let v, = min(s;\s) for 7 < k7“2 Consider (a,,s(v-) | < ). By Definition 6.3.1(14),
for every k < w, aryg(v;) is k-good, for a final segment of 5 < 7.
Shrinking if necessary, we may assume that this final segments are the same for all 7’s
and k’s. Fix an increasing sequence (k; | ¢ < w) which converges to infinity and kg > 4.
Make a non-direct extension and freeze (i.e. make it independent of 7’s) the initial segment
consisting of 3’s which are not kg-good.

Let now 7/ < 7 < /ﬁ{“’*z. We would like to show compatibility of p, and p,/ in (P<,, —, ).

We proceed similar to [3].
Let { < w and 7 be from the final segment of k,. Consider a,,,(v;). It is k;-good, of
cofinality /{,T and, once k- is determined, it will correspond to an ordinal of cofinality /ij, by
Definition 6.3.1(11)). Consider k; — 1-type that (rng(aryy) \ arp (7)) U (Ug., dom(ars) \
ary (V7)) Tealizes over (rng(aryy) N aryy(v7)) U (Ugo, dom(aryg) N aryy(v7)). Note that the
last set is bounded in a,,,(v;) since its size is < k,. Realize this type below a.,,(v,) over
(rng(arpy) N arpy (7)) U (Use, dom(arqp) N arpy(vr)). Let ¢ denotes the result. Now we
change a,,,, in the obvious fashion by sending the part that was above a,,,(v,) into ¢,. This
allows to combine a,,, with such changed a,/,.

The above takes care of assignment functions from the level . What remains is to change
arp, for § < < n, according to the commutativity requirements (Definition 6.3.1(9)). It
can be done easily using the fact that a,,5(v;) = arys(arm,(v-)), for every 8 <y <.

See the diagram:

O

6.5 Collapsing Successors of Singulars

+

In this section we describe how using supercompacts to collapse x; ’s one can obtain a model

satisfying
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dom a,
B
’ ‘ H+w+2 or R+w+3

Ay (V7

Arnp(Vr)

(1) 2% = ki ifi € S.
(2) 2% = kF,ifi ¢ S,

The construction repeats the previous one, but instead of using the usual extender se-
quence, we shall use here a P, (k") extender sequence of the length ™3, Let us define
such a sequence. Assume that s is k™3 — supercompact. Let j : V — M be a witnessing
embedding. Define from j a P,(x") — extender sequence (F, | 7 < x™T3) of the length

kT +3 as follows: for every X C P (k™) x V,
X e E, iff (jkT,7) € j(X).

Let N, = Ult(V,E;), N =Ult(V,(E; | T < s™**?)) and

v J M
iT \ /{5
N, N
k;

be the corresponding diagram with embeddings defined in the usual way.

Lemma 4.1 i."st € N,,"'N, C N,, i"s* € N, N C N, crit(k) = &3, Hyrors =
(Hrors)N.
Proof. Just note that i,”k™ is represented by the function (P, a) — P. O
The extender based Prikry forcing with such extender (E, | 7 < x™%3) will blow up the
power of k to kT3 but also will collapse k* to s changing its cofinality to w, due to the
P..(kT) — supercompact ingredient of the extender.
Here we will use a version of Magidor extended based forcing defined in previous sections,

with only change to P,(k™) — extenders. Thus we assume that
E= (E(a,B) |a < k,a € dom E | B <wi)
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is a coherent sequence satisfying condition (a) — (c) of E of Section 1. Only in (a) we require
here that E(a, ) is a (P,(a™),a™T3) extender, i.e one of the type considered above. Also,
E(a, B)(1) will be now the set

{X CP.(a") x| (Jp@s (@), T) € jp@s(X)} .

The rest of the construction is without changes. The supercompact part of the forcing will
change cofinality of each (x;)V (i < w;) to w by adding to it a cofinal sequence of order type

i.

6.6 Concluding Remarks

6.6.1 Cofinality Above X;

We like to describe changes in the previous construction that will allow us to deal with
cofinality above N.

Let 0 < k be regular cardinal above N;. We replace w; of the previous construction by 9.
The main idea here is to satisfy 2.1(2.5), which states that for every 1 < §, @ € s and k < w
the set {j < i | a;;(«) is not k-good} is finite. With ¢ = w; this was not problematic since
then each i is countable and so is a countable union of finite sets. Here the relevant i’s are
still of countable cofinality but they may be uncountable ordinals.

The following simple observation will be crucial.

Lemma 5.1. Let j < §, k < w and suppose that some p < kT3 is k-good in M; =
Ult(V,E(k,j)). Let p be an ordinal realizing the same 3-type (in'V') as p. Then p' is k-good
m Mj.

Proof. The set A = {v < k| v is k—good} belongs to the ultrafilter E(k,j)(p). Since p/
realizes the same 3-tupe as p does, A € E(k,j)(p'). But then, in M;, p" is k-good. O

So, passing to equivalent ordinals at certain level will not effect smaller levels. A typical
situation in which we identify certain conditions under «— is as follows:
i is limit, € s, (k, | n < w) a nondecreasing converging to infinity sequence and we
identify each a;, (o) with k,—equivalent to its ordinal. Then for each j, i1 > j > i, (for
some n < w) a;;(«) usually also will be identified with k,-equivalent to its ordinal. So, if
there are uncountably many j’s between i,, and 7,1 (and this will be certainly the case once
d > wy) all of them drop in their types and further identifying of such j’s looks problematic.

The way around this problem will be to use 5.1 and consider the types of a;;(a)’s in M;, .,
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instead of V. Then, once &;,,, is decided, we will have enough room to identify ordinals for
j.

The following requirement describes this situation precisely, only instead of a single ¢ we
will allow finitely many such 4’s.

a;;(a) is w-good with probably the following exceptions: there are finitely many ordinals

of countable cofinality °,4!,...,i""! such that
(1) 6> >l >... >4t

(2) for every j < 4% if it is the least element of the set {i’ | £ < n,r < w} above j, then
we require ap;(a) to be w-good in UlL(V, E(k,il,)), where (if | 7 < w) is the fixed

w-sequence for i°.

(3) for every m < n there is nondecreasing converging to infinity sequence of natural
numbers (k" | ¢ < w) so that for every j < i°, if i is the least above j and i is the
least which is at most j, then a; j(«) is kf -good in Ult(V, E(k,1")).

Incorporating these changes, the rest of the construction is as in the previous sections.
Finally we will have model with a stationary S C {i < § | cfi = w} satisfying, 2% = x} for
every i € S and 2% = k], for every i € {j < | cfj = w}\S.

6.6.2 Down to N,

Combining the present construction with the techniques for collapsing cardinals of Meri-

movich [16] or Segal [18] it is possible to turn & into R,,,. For i < wy, we start collapses from

+w+5
i

K and insure by this that they will depend only on the normal measure of the extender

E(k,1). This way the equivalence relation < will not effect them.

6.6.3 Other Stationary Sets

Recall that S was a subset of a club. Outside of a club we are basically free. Only, as in 5.2,
+w+5

for each ¢ < w; we need to start changes above &; in order to make the final thing work.
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