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ABSTRACT. For a topological group GG, we show that a compact metric G-space is
tame if and only if it can be linearly represented on a separable Banach space which
does not contain an isomorphic copy of l; (we call such Banach spaces, Rosenthal
spaces). With this goal in mind we study tame dynamical systems and their repre-
sentations on Banach spaces.
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1. INTRODUCTION

1.1. Some important dichotomies. Rosenthal’s celebrated dichotomy theorem as-
serts that every bounded sequence in a Banach space either has a weak Cauchy subse-
quence or admits a subsequence equivalent to the unit vector basis of [1 (an l1-sequence).
Thus, a Banach space V' does not contain an /;-sequence (equivalently, does not contain
an isomorphic copy of /1) if and only if every bounded sequence in V has a weak-Cauchy
subsequence [38]. In the present work we will call a Banach space satisfying these equiv-
alent conditions a Rosenthal space.

The theory of Rosenthal spaces is one of the cases where the interplay between
Analysis and Topology gives rise to many deep results. Our aim is to show the relevance
of Topological Dynamics in this interplay. In particular, we examine when a dynamical
system can be represented on a Rosenthal space, and show that being tame is a complete
characterization of such systems.

First we recall some results and ideas. The following dichotomy is a version of a
result of Bourgain, Fremlin and Talagrand [2] (as presented in the book of Todorcevié
[43], Proposition 1 of Section 13).

Fact 1.1 (BFT dichotomy). Let X be a Polish space and let {fn}32, C C(X) be a
sequence of real valued bounded functions which is pointwise bounded (i.e. for each
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x € X the sequence {fn(z)}72, is bounded in R). Let K be the pointwise closure of
{fa}o2, in RX. Then either K C B1(X), where B1(X) denotes the space of all real
valued Baire 1 functions on X, or K contains a homeomorphic copy of BN.

In [13] Theorem 3.2] the following dynamical dichotomy, in the spirit of Bourgain-
Fremlin-Talagrand theorem, was established.

Fact 1.2 (A dynamical BFT dichotomy). Let (G,X) be a metric dynamical system
and let E(X) be its enveloping semigroup. We have the following dichotomy. FEither

(1) E(X) is separable Rosenthal compactum, hence with cardinality
card E(X) < 2%; or

(2) the compact space E contains a homeomorphic copy of BN, hence card E(X) =
92"

In [I0] a metric dynamical system is called tame if the first alternative occurs, i.e.
E(X) is a Rosenthal compactum. By [2] every Rosenthal compactum is a Fréchet space
(and in particular its topology is determined by the converging sequences). Thus, either
E(X) (although not necessarily metrizable) has a nice topological structure, or it is as
unruly as possible containing a copy of SN. As to the metrizability of E(X), recent
results [13] and [16] assert that £(X) is metrizable iff the metric compact G-space X is
hereditarily non-sensitive (HNS), iff X is Asplund representable (see Section [3.3.2). (A
Banach space V is an Asplund space if its dual V* has the Radon-Nikodym property.
Reflexive spaces and spaces of the type co(I") are Asplund.)

1.2. The main results and related facts. The main result of the present work is
the following:

Theorem 1.3. Let X be a compact metric G-space. The following conditions are
equivalent:

(1) (G, X) is a tame G-system.

(2) (G, X) is representable on a separable Rosenthal Banach space.

This theorem continues a series of recent results which link dynamical properties
of G-systems (like WAP and HNS) to their representability on “good” Banach spaces
(Reflexive and Asplund respectively). See Sections and below for more details.

One of the important questions in Banach space theory until the mid 70’s was how to
construct a separable Rosenthal space which is not Asplund. The first examples were
constructed independently by James [21] and Lindenstrauss and Stegall [27]. In view of
Theorem [I.3] we now see that a fruitful way of producing such distinguishing examples
comes from dynamical systems. Just consider a compact metric tame G-system which
is not HNS (see e.g. Remarks below) and then apply Theorem

In order to get a better perspective on the position of tame systems in the hierarchy
of dynamical systems we remind the reader of some enveloping semigroup characteriza-
tions. For a recent review of enveloping semigroup theory we refer to [12]. A compact
G-space X is WAP (weakly almost periodic) if and only if its enveloping semigroup
E(X) c XX consists of continuous maps (Ellis and Nerurkar [7]). Recently the follow-
ing characterization of tameness was established.

Fact 1.4. [16] A compact metric dynamical system (G, X) is tame if and only if every
element of E(X) is a Baire class 1 function (equivalently, has the point of continuity
property) from X to itself.

A function f : X — Y has the point of continuity property if for every closed
nonempty subset A of X the restriction f|4 : A — Y has a point of continuity. For
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compact X and metrizable Y it is equivalent to the fragmentability (see Section
and Lemma of the function f. The topological concept of fragmentability comes
in fact from Banach space theory (Jayne-Rogers [23]). For dynamical applications of
fragmentability we refer to [28| 29, 30, [13], 15].

Fact suggests the following general definition.

Definition 1.5. Let X be a (not necessarily metrizable) compact G-space. We say
that X is tame if for every element p € E(X) the function p : X — X is fragmented.

The class of tame dynamical systems contains the class of HNS systems and hence
also WAP systems. Indeed, as we already mentioned, every function p : X — X
(p € E(X)) is continuous for WAP systems. As to the HNS systems they can be char-
acterized as those G-systems where the family of maps {p : X — X} cpx) is a frag-
mented family (see Fact and Definition below). In particular, every individual
p: X — X is a fragmented map. Thus, these enveloping semigroup characterizations
yield a natural hierarchy of the three classes, WAP, HNS and Tame, dynamical systems.

In [26] Kohler introduced the definition of regularity for cascades (i.e. Z-dynamical
systems) in terms of independent sequences and, using results of Bourgain-Fremlin-
Talagrand has shown that her definition can be reformulated in terms of [1-sequences.
Extending Kohler’s definition to arbitrary topological groups G we say that compact
G-space X is regular if, for any f € C(X), the orbit fG does not contain an l;-sequence
(in other words the second alternative is ruled out in the Rosenthal dichotomy). As
we will see later, in Corollary a G-system is regular if and only if it is tame (for
metrizable X this fact was established in [10]).

In Theorem [6.10] we give a characterization of Rosenthal representable G-systems.
As a particular case (for trivial G) we get a topological characterization of compact
spaces which are homeomorphic to weak* compact subsets in the dual of Rosenthal
spaces. A well known result characterizes Rosenthal spaces as those Banach spaces
whose dual has the weak Radon-Nikodym property [42), Corollary 7.3.8]. It is therefore
natural to call such a compact space a weakly Radon-Nikodym compactum (WRN).
Theorem gives a simple characterization in terms of fragmentability. Namely, a
compact space X is WRN iff there exists a bounded subset F C C(X) such that the
pointwise closure of F in RX consists of fragmented maps from X to R and F separates
points of X.

Theorem [6.10]is related to yet another characterization of Rosenthal Banach spaces.
Precisely, let V' be a Banach space with dual V* and second dual V**. One may consider
the elements of V** as functions on the weak star compact unit ball B* := By C V*.
While the elements of V' are clearly continuous on B* it is not true in general for
elements from V**. By a result of Odell and Rosenthal [35], a separable Banach space
V' is Rosenthal iff every element v** from V** is a Baire one function on B*. More
generally E. Saab and P. Saab [41] show that V' is Rosenthal iff every element of V** has
the point of continuity property when restricted to B*. Equivalently, every restriction
of v** to a bounded subset M is fragmented as a function (M, w*) — R (see Fact
below).

Answering a question of Talagrand [42], Problem 14-2-41], R. Pol [30] gave an example
of a separable compact Rosenthal space K which cannot be embedded in B;(X) for
any compact metrizable X. We say that a compact space K is strongly Rosenthal if
it is homeomorphic to a subspace of B;(X) for a compact metrizable X. We say that
a compact space K is admissible if there exists a metrizable compact space X and a
bounded subset Z C C(X) such that the pointwise closure cls,(Z) of Z in R¥ consists
of Baire 1 functions and K C cls,(Z). Clearly every admissible compactum is strongly
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Rosenthal. We do not know whether these two classes of compact spaces coincide.
Note that the enveloping semigroup K := F(X) of a compact metrizable G-space X is
admissible iff (G, X) is tame (Proposition [6.14)).

As another consequence of our analysis we show that a compact space K is an
admissible Rosenthal compactum iff it is homeomorphic to a weak-star closed bounded
subset in the second dual of a separable Rosenthal Banach space V' (Theorem .

Remark 1.6. We note that the main results of our work remain true for semigroup
actions once some easy modifications are introduced.

Remark 1.7. The attentive reader will not fail to detect the major importance to our
work of the papers [4], [2], and the book [42].

1.3. The hierarchy of Banach representations. In the following table we encap-
sulate some features of the trinity: dynamical systems, enveloping semigroups, and
Banach representations. Let X be a compact metrizable G-space and E(X) denote the
corresponding enveloping semigroup. The symbol f stands for an arbitrary function in
C(X) and fG = {fog:g € G} denotes its orbit. Finally, cls(fG) is the pointwise
closure of fG in R¥.

Dynamical characterization Enveloping semigroup Banach representation
WAP | cls (fG) is a subset of C(X) | Every element is continuous | Reflexive
HNS cls (fG) is metrizable E(X) is metrizable Asplund
Tame | cls (fG) is Fréchet Every element is Baire 1 Rosenthal

TABLE 1. The hierarchy of Banach representations

2. TOPOLOGICAL BACKGROUND: FRAGMENTABILITY AND BAIRE 1 FUNCTIONS

Let X be a topological space and A C X. We say that A is relatively compact in X if
the closure cls (A) is a compact subset of X. We say that A is sequentially precompact
in X if every sequence in A has a subsequence which converges in X. Compact space
will mean compact and Hausdorff.

The following definition is a generalized version of fragmentability.

Definition 2.1. [22] 28] Let (X, 7) be a topological space and (Y, ) a uniform space.
We say that X is (7, u)-fragmented by a (typically not continuous) function f: X — Y
if for every nonempty subset A of X and every e € p there exists an open subset O
of X such that O N A is nonempty and the set f(O N A) is e-small in Y. We also say
in that case that the function f is fragmented. Notation: f € F(X,Y’), whenever the
uniformity p is understood. If Y = R then we write simply F(X).

Remarks 2.2. (1) In Definition 2.111 when ¥ = X, f = idy and p is a metric
uniform structure, we get the usual definition of fragmentability in the sense
of Jayne and Rogers [23]. Implicitly it already appears in a paper of Namioka
and Phelps [34].

(2) It is enough to check the condition of Definition only for closed subsets
A C X and for € € pu from a subbase v of p (that is, the finite intersections of
the elements of v form a base of the uniform structure p).

(3) Namioka’s joint continuity theorem [32] implies that every weakly compact sub-
set K of a Banach space is (weak,norm)-fragmented (that is, idy : (K, weak) —
(K,norm) is fragmented).
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(4) Recall that a Banach space V' is an Asplund space if the dual of every separable
Banach subspace is separable, iff every bounded subset A of the dual V* is
(weak* norm)-fragmented, iff V* has the Radon-Nikodym property. Reflexive
spaces and spaces of the type cy(I") are Asplund. For more details cf. [3] 9], 33].

(5) A Banach space V is Rosenthal if and only if every bounded subset A of the
dual V* is (weak* topology, weak uniformity)-fragmented. This follows by

Proposition

Recall that f : X — Y is barely continuous, [31], if for every nonempty closed subset
A C X, the restricted map f [4 has at least one point of continuity. Following [42]
Section 14] the set of barely continuous functions f : X — R is denoted by B.(X).

Lemma 2.3. (1) Ewvery barely continuous f is fragmented.

(2) Let a : X — Y be a continuous map. If f Y — (Z,u) is a fragmented map
then the composition foa: X — (Z,u) is also fragmented.

(3) Let p: X — Y be a map from a topological space X into a compact space Y.
Suppose that {f; : Y — Z;i}ier is a system of continuous maps from Y into
Hausdorff uniform spaces Z; such that it separates points of Y and f;op €
F(X,Z;). Thenp € F(X,Y).

(4) Let (X,7) and (X', 7") be compact spaces, and let (Y, p) and (Y', ') be uniform
spaces. Suppose that: « : X — X' is a continuous surjection, v : (Y,pn) —
(Y', i) is uniformly continuous, ¢ : X — Y and ¢’ : X' — Y’ are maps such
that the following diagram

(X,7) —2— (¥, )

<Xl O pa. <Y% :w

commutes. If X is fragmented by ¢ then X' is fragmented by ¢'.

(5) Let o : X — X' be a continuous onto map between compact spaces. Assume
that (Y, p) is a uniform space, f: X —Y and f': X' =Y are maps such that
floa=f. Then f is a fragmented map iff f' is a fragmented map.

(6) If X is fragmented by f : X — Y, where (X, T) is a Baire space and (Y, p) is a
pseudometric space, then f is continuous at the points of a dense G subset of
X.

Proof. (1): is straightforward.

(2): Let A be a nonempty subset of X and let € € u. Choose an open subset O in Y
such that a(A4) N O is nonempty and f(a(A) N O) is e-small. Since a(ANa~1(0)) =
a(A) N O we get that AN a~1(0) is nonempty and (f o a)(ANa~1(0)) is e-small in
Y. This completes the proof because a1 (0) is open in X by the continuity of a.

(3): Consider the weak uniformity p,, on Y generated by the system {f; : ¥ —
Z;i}ier. Since this system separates the points and each Z; is a Hausdorff uniform
space we get that p,, is a Hausdorff uniformity on Y. Furthermore p,, is continuous
on Y. Now it is clear that p,, coincides with the unique compatible uniformity on the
compact space Y. The system of entourages

{f7 )| & € pa}

is a subbase of the uniformity p,,. Now use Remark [2.2]2.
(4): This is [13, Lemma 6.4] which in turn was inspired by Lemma 2.1 of Namioka’s
paper [33].



(5): If f’ is fragmented then f is fragmented by (2). If f is fragmented then f’ is
fragmented by (4) (with Y =Y”).
(6): For a fixed € > 0 consider

O¢ := {union of all T-open subsets O of X with diam,f(O) < €}.

The fragmentability implies that O is dense in X. Clearly (1{O1 : n € N} serves as
the required dense G5 subset of X. O

2.1. Baire class one functions. Given two topological spaces X and Y, a function
f: X — Y is of Baire class 1 or more briefly Baire 1 if the inverse image of every open
set in Y is F,, (the union of countably many closed sets) in X. In general a Baire 1
function need not be the same as a limit of a sequence of continuous functions. The
following results are well known. Mainly they are classical and come from R. Baire.
See for example [5l 24] 16].

Lemma 2.4. (1) If Y is metrizable and {f, : X — Y }nen is a sequence of contin-
uous functions converging pointwise to f : X — 'Y then f is Baire 1.
(2) If X is separable and metrizable then a real valued function f : X — R is Baire
1 if and only if f is a pointwise limit of a sequence of continuous functions.

We denote by B1(X) the space of all real valued Baire 1 functions on X equipped
with the pointwise convergence topology. That is, B1(X) is a topological subspace of
the product space RX.

As usual, a space is Baire if the intersection of any countable family of dense open
sets is dense. Hereditarily Baire means that every closed subspace is a Baire space.

Lemma 2.5. Let (X, 7) be a hereditarily Baire (e.g., Polish, or compact) space, (Y, p)
a pseudometric space. Consider the following assertions:

(a) X is (1, p)-fragmented by f : X —Y;

(b) f is barely continuous;

(¢c) f is of Baire class 1.

) f
)
(1) Then (a) < (b).
(2) If X is Polish and Y is a separable metric space then (a) < (b) & (c).

Proof. For (a) < (b) use Lemma[2.3]
The equivalence (b) < (c) for Polish X and separable metric space Y is well known
(see |24, Theorem 24.15]) and goes back to Baire. O

Corollary 2.6. (1) F(X) = BL(X) for every compact space X .
(2) F(X) = B1(X) = BL(X) for every Polish space X.

2.2. Fragmented families. The following definition was introduced in [I3] and inde-
pendently in the Ph.D. Thesis of M.M. Guillermo [19].

Definition 2.7. (1) We say that a family of functions F' = {f : (X,7) — (Y,u)}
is fragmented if the condition of Definition 2:1}1 holds simultaneously for all
f € F. That is, ON A is nonempty and f(O N A) is e-small for every f € F. It
is equivalent to say that the mapping

T X =Y m(2)(f) = f(a)

is (7, uy )-fragmented, where pgr is the uniform structure of uniform convergence
on the set Y of all mappings from F into (Y, ).
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(2) Analogously one can define the notion of a barely continuous family. The latter
means that every closed nonempty subset A C X contains a point a € A such
that Fqa = {f [a: f € F} is equicontinuous at a. If u is pseudometrizable then
so is py. Therefore if in addition (X, 7) is hereditarily Baire then it follows
by Proposition 2.5]1 that F is a fragmented family if and only if F is a barely
continuous family.

Fragmented families, like equicontinuous families, are stable under pointwise closures
as the following lemma shows.

Lemma 2.8. Let F' = {f;: (X,7) — (Y, ) }icr be a fragmented family of functions.

(1) Then the pointwise closure cls ,F' of F' in YX is also a (1, u)-fragmented family.

(2) Let o : X — X' be a continuous onto map between compact spaces. Assume
that (Y, p) is a uniform space, F :={f; : X = Y}ier and F' :={f/: X' - Y}
are families such that floa = f; for everyi € I. Then F is a fragmented family
iff F' is a fragmented family.

Proof. (1) A straightforward “3e-argument”.

(2) If F’ is fragmented then an obvious modification (for families) of Lemma [2.32
shows that F' is fragmented.

If F is fragmented then this means that the identity map (X,7) — (X, &) is frag-
mented, where £ is the weak uniformity induced on the set X by the natural map
X — (YT, uyr) (see Definition . Analogously, the map X’ — (Y, j7) induces the
uniformity ¢ on X’. Then a : (X,€) — (X', ¢) is a uniform map. Now Lemma [2.3/4
implies that the identity map (X',7) — (X’,¢') is fragmented. This means in view
Definition that F” is a fragmented family. O

Lemma 2.9. (1) Suppose F is a compact space, X is Cech-complete, M is a
metrizable space and we are given a separately continuous map w : X X F' — M.
Then the naturally associated family

F:={f:X — M}cr

is fragmented, where f(z) = w(x, f).

(2) Suppose F is a compact and metrizable space, X is Polish and M is separable
and metrizable. Assume we are given a map w : X X F — M such that every
2:F — M, fw— w(x, ) is continuous and y : X — M is continuous at every
§ €Y for some dense subset Y of F. Then the family F is barely continuous
(hence, fragmented).

Proof. (1): Use Namioka’s joint continuity theorem [32].

(2): Since every Z : F' — M is continuous, the natural map j : X — C(F, M), j(z) =
z is well defined. For every closed nonempty subset A C X the induced map j|4 : A —
C(F, M) has a point of continuity by virtue of [16, Proposition 2.4], where C(F, M)
carries the sup-metric. Hence, Fy = { f a: A — M}scp is equicontinuous at some
point a € A. This means, by Definition 2, that the family F is barely continuous
(hence, fragmented). O

Definition 2.10. We say that a family of functions F = {f : (X,7) — (Y,pn)} is
sub-fragmented if every sequence in F' has a subsequence which is a fragmented family
on X.

Ezxample 2.11. Let V be a Banach space. Then we can treat By as a family of functions
on the weak®™ compact space By .



(1) By is a fragmented family of functions on By - if and only if V' is Asplund. This
fact easily follows from the following well known characterization of Asplund
spaces: V is Asplund iff By« is (weak* norm)-fragmented (Remark [2.2/4).

(2) By is asub-fragmented family of functions on By~ if and only if V' is a Rosenthal
Banach space (see Proposition .

3. DYNAMICAL BACKGROUND: (GG-FLOWS AND BANACH REPRESENTATIONS

By a G-space (G-system, or a G-flow) X we mean a continuous action of a topological
group G on a topological space X. Sometimes we write it as (G, X). The Banach
algebra (under the supremum norm) of all continuous real valued bounded functions
on a topological space X will be denoted by C'(X). The material in this section is mostly
well known. For more details and undefined concepts see for example [13], 12, [14].

3.1. Cyclic G-spaces.

Definition 3.1. A function f € C(X) on a G-space X comes from a compact G-space
Y if there exist a G-compactification v : X — Y (so, v is onto if X is compact) and a
function fp € C(Y') such that f = fyowv.

Then necessarily, f is right uniformly continuous (notation: f € RUC(X)) that is,
the orbit map f: G — C(X), g+ fg is norm continuous.

For every G-space X a function f : X — R lies in RUC(X) iff it comes from a
compact G-space Y. Among all possible G-compactifications v : X — Y of a G-space
X such that f comes from (v,Y") there exists the smallest one. One may define it by the
smallest closed unital G-subalgebra A of RUC(X) generated by the orbit fG of f in
RUC(X). Denote by X¢ the Gelfand space of the algebra A;. Then the corresponding
G-compactification f : X — Y := Xy is the required one. We call X the cyclic
G-system of f. The function f comes from X;. There exists a continuous function
fo: Xy — Rsuch that f = fyo f; and furthermore the family of functions foG separates
points of X;.

3.2. Enveloping semigroups. The enveloping (or Ellis) semigroup E = E(G,X) =
E(X) of a dynamical system (G, X) is defined as the closure in X* (with its compact
pointwise convergence topology) of the set G = {§ : X — X }gec of translations
considered as a subset of XX. With the operation of composition of maps E(X) is a
right topological semigroup. Moreover, the map

j=ix:G—EX), g—g

is a right topological semigroup compactification of G. The compact space E(X)
becomes a G-space with respect to the natural action

G x E(X) — E(X), (9p)(z) = gp().

Let E = E(X) be the enveloping semigroup of a compact G-system X. For every
f € C(X) define

El = {p;: X = Rypen, ps(x)= f(pz).

Then Ef is a pointwise compact subset of RX, being a continuous image of E under
the map ¢y : £ — Ef, p— ps. The orbit fG of f is a dense subset of ET. Tt follows
that B/ = cls,(fQ).
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3.3. Banach representations of flows. Let V be a Banach space. Denote by Iso (V)
the topological group of all linear isometries of V' onto itself, equipped with the point-
wise convergence topology.

Definition 3.2. [30] Let X be a G-space. A continuous representation of (G, X) on a
Banach space V is a pair

h:G—1Iso(V), a:X—-V"

where h : G — Iso (V) is a continuous co-homomorphism and o : X — V* is a weak*
continuous bounded G-map with respect to the dual action G x V* — V* (gp)(v) :==
©(h(g)(v)). We say that a continuous representation (h,«) is faithful when « is a
topological embedding.

Every compact G-space admits a canonical faithful representation on the Banach
space C'(X). A natural question is to characterize dynamical systems according to
their representability on nice Banach spaces.

3.3.1. Reflexive representations and WAP flows. A compact dynamical system (G, X)
is weakly almost periodic (WAP) if C(X) = WAP(X). As usual a continuous function
f: X — R is WAP if the weakly closure of the orbit fG is weakly compact in C'(X).
A compact G-space X is WAP iff every element p € E(X) is a continuous selfmap of
X (see Ellis and Nerurkar [7]).

Fact 3.3. (See [30]) Let X be a compact metric G-space. The following conditions are
equivalent:
(1) (G, X) is weakly almost periodic (WAP).
(2) (G, X) is reflexively representable (that is, admits a faithful representation on
a reflexive Banach space).

3.3.2. Asplund representations, RN and HNS flows. A dynamical system is Radon—
Nikodgm (RN) if it admits a faithful representation on an Asplund Banach space [30),
13]. If G = {1}, we get the class of Radon—Nikodym compact spaces in the sense of
Namioka [33].

We recall the concept of non-sensitivity (see for instance [I7, [}, B0, [I3] 15] and the
references therein). Let d be a compatible metric on a compact G-system X. We
say that (G, X) is non-sensitive if for every £ > 0 there exists a non-empty open set
O C X such that for every g € G the set gO has d-diameter < e. (G, X) is hereditarily
non-sensitive (HNS) if all its closed G-subspaces are non-sensitive.

For a nonmetrizable version of HNS in terms of uniform structures and some related
properties we refer to [13].

Fact 3.4. (See [13] and [16]) Let X be a compact metric G-space. The following
conditions are equivalent:
(1) (G, X) is hereditarily non-sensitive (HNS).
(2) (G,X) is RN, that is, admits a faithful representation on an Asplund Banach
space.
(3) the enveloping semigroup E(X) is metrizable.
Fact 3.5. [13] Let X be a compact G-space. The following conditions are equivalent:
(1) (G,X) is HNS.
(2) (G,X) is RN-approzimable, that is, admits sufficiently many representations
on Asplund Banach spaces.
(3) E(X) ={p: X — X},cpx) is a fragmented family.
(4) G= {9: X — X}yeq is a fragmented family.
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4. BANACH SPACE BACKGROUND AND THE DYNAMICAL BFT DICHOTOMY

4.1. Bourgain-Fremlin-Talagrand theorems. Recall that a topological space K is
a Rosenthal compactum [18] if it is homeomorphic to a pointwise compact subset of
the space B1(X) of functions of the first Baire class on a Polish space X. All metric
compact spaces are Rosenthal. An example of a separable non-metrizable Rosenthal
compact is the Helly compact [8] of all (not only strictly) increasing selfmaps of [0, 1]
in the pointwise topology. Another is the “two arrows” space [8] of Alexandroff and
Urysohn. Recall that a topological space K is Fréchet (or, Fréchet-Urysohn [§]) if for
every A C K and every x € cls(A) there exists a sequence of elements of A which
converges to x.

The following theorem is due to Bourgain-Fremlin-Talagrand [2, Theorem 3F], gen-
eralizing a result of Rosenthal. The second assertion (BFT dichotomy) is presented as
in the book of Todorcevié¢ [43] (see Proposition 1 of Section 13).

Fact 4.1. (1) BEwvery Rosenthal compact space K is Fréchet.

(2) (BFT dichotomy) Let X be a Polish space and let { f,}>°, C C(X) be a point-
wise bounded sequence of bounded functions. Let K be the pointwise closure of
{fn}o2, in RX. Then either K C B1(X) (i.e. K is Rosenthal compact) or K
contains a homeomorphic copy of BN.

Clearly, AN the Stone-Cech compactification of the natural numbers N, is not Fréchet,
and hence it is not a Rosenthal compact space.

Definition 4.2. Let X be a topological space. We say that a subset F' C C(X) is a
Rosenthal family (for X) if ' is norm bounded and the pointwise closure cls,(F) of F'
in R¥ consists of fragmented maps, that is,

cls p(F) C F(X).

In the following result we combine two theorems from Talagrand’s book [42]. Here we
reformulate assertion (3) in terms of F(X) using the equality F(X) = B.(X) (Corollary

2oL

Fact 4.3. (Talagrand [42]) Let X be a compact space and F C C(X) a bounded subset.
The following conditions are equivalent:

(1) F does not contain a subsequence equivalent to the unit basis of ly.

(2) Each sequence in F has a pointwise convergent subsequence in RX (i.e., F is
sequentially precompact in RX ).

(3) clsp(F) C F(X) (i.e., F is a Rosenthal family for X ).

(4) Every sequence in F has a weak-Cauchy subsequence.

(5) Ewvery countable subfamily S of F' is a Rosenthal family for X.

Proof. The equivalence of (1), (2) and (3) is a part of [42], Theorem 14.1.7]. The
equivalence of (2) and (4) is a part of [42, Theorem 7.3.1]. The equivalence of the
assertions (1), (2), (3) and (4) implies now that each of them is equivalent also to
(5). O

Let ' C C(X) be a norm bounded subset. Then the pointwise closure cls,(F')

in RX is compact. The following lemma examines four natural conditions expressing
“smallness” of F' (compare Proposition [5.9)).

Lemma 4.4. Let FF C C(X) be a norm bounded family where X is a Polish space.
Consider the following conditions:

(a) clsp(F) C C(X).
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(b) cls,(F) is a (compact) metrizable subspace in RX.
(¢) F is a fragmented (equivalently, barely continuous) family of functions on X.
(d) clsp(F) C Bi(X).

Then always (a) = (b) <= (c) = (d).

Proof. (a) = (b): Let Y be a dense countable subset of X. Since every function
¢ € cls,(F) is continuous we get that the natural continuous projection RX — RY
induces an injection on cls,(F'). Since cls,(F') is compact we get its homeomorphic
embedding into the second countable space RY .

(b) = (c): Apply Lemma [2.92 to the evaluation map X x cls ,(F) — R.

(¢c) = (b): The family F' is fragmented means by Definition that the natural
map X — R is fragmented, where RY" carries the uniformity of uniform convergence.
Then the image of X is separable as it follows by [I3, Lemma 6.5]. Now [33, Theorem
4.1] implies that the pointwise closure cls ,(F) of F in R¥X is metrizable.

(c) = (d): Since F is a fragmented family its pointwise closure cls,(F) is again
a fragmented family (Lemma ). In particular, every member ¢ € cls,(F) is a
fragmented map on X. Since X is Polish this means by Corollary that ¢ € B1(X).

U

Lemma 4.5. Let q: X1 — X9 be a map between topological spaces. Then

(1) The natural map v : RX2 — R¥1 y(¢) = ¢ o q is pointwise continuous.
(2) If ¢ : X1 — Xo is onto then v is injective.
(3) Let q : X1 — Xy be continuous and Fy C C(X3) and Fy C C(X1) be norm
bounded subsets such that Iy = Fsoq. Then
(a) F1 is a Rosenthal family for X1 if and only if F5 is a Rosenthal family for
Xs.
(b) If in addition q : X1 — Xo is onto then -y induces a homeomorphism
between the compact spaces cls ,(F») and cls p(F1).

Proof. Claims (1) and (2) are trivial.

(3)(a): By the continuity of v we get v(F) C ~y(cls p(F2)) C clsp(y(F2)). Since Fy
is bounded the set cls,(F,) is compact in R*2. Then v(cls ,(F3)) = cls(y(F2)). On
the other hand, v(F2) = Fy 0 ¢ = Fi. Therefore, cls ,(F2) o ¢ = cls,(F1). Now apply
Lemma [2.315.

(3)(b): Combine the assertions (1) and (2) taking into account that vy(cls,(F32)) =

cls p(v(F2)). O

Proposition 4.6. Let X be a compact space and F a bounded subset of C(X). The
following conditions are equivalent:

(1) F is a Rosenthal family for X.
(2) Every sequence in F has a subsequence which is a fragmented family on X (i.e.
F is a sub-fragmented family of maps on X ).

If X is metrizable then each of these conditions is equivalent to the following:

(3) The pointwise closure cls ,(F) of F in RX is a subset of B1(X).
Proof. (1) = (2): Let S be a sequence in F. By the implication (3) = (2) from Fact [4.3]
we can choose a pointwise convergent subsequence { f,, },en with ¢ = lim f,,. Denote by

K the compact metrizable subset { f,, }nenU{#} in R¥. Define the pointwise continuous
map

q: X =R q(z)(f)=f(x) VfeS
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and denote by X’ the subspace ¢(X) C R®. Clearly, X’ is pointwise compact because
S is norm bounded. Furthermore, X’ is metrizable since S is countable. For every
f € S we have the uniquely defined continuous map f': X’ — R, f'(¢(z)) = f(z) such
that f = f'oq = v(f’). By Lemma 3(b), ~ induces a homeomorphism between
the compact spaces cls,(A") — clsp(A), where A = {fy}nen and A" == {f] }nen.
Therefore, there exists ¢ € X’ with v(¢)) = ¢ such that v induces a homeomorphism
K' — K, where K’ := {f] }nen U {¢}. Consider the evaluation map X’ x K’ — R.
Then we can apply Lemma 2 which implies that K’, and hence also its subfamily
A’, are fragmented families of maps on X’. Now Lemma .2 implies that A is a
fragmented family of maps on X.

(2) = (1): We have to show that F' is a Rosenthal family for X. By Fact it is
equivalent to check that every sequence S in F' has a pointwise convergent subsequence
in RX. By our assumption there exists a subsequence of S which is a fragmented family
of functions on X. So without restriction of generality we may assume that S itself is
a fragmented family. As in the proof above consider the quotient ¢ : X — X’ C R¥.
Then the family 5" := {f' : X’ — R} tcg is a fragmented family by Lemma 2. Now
by Lemma the pointwise closure cls,(S’) is a (compact) metrizable subspace in
RX'. Therefore there exists a convergent subsequence of S (in cls,(S’) ¢ RS"). By
Lemma[4.5[3(b), v induces a homeomorphism between the compact spaces cls ,(.5) and
cls »(S"). Hence there exists a convergent subsequence of S (in R¥), as desired.

(1) & (3) (For metrizable X): Since X is compact metrizable we have F(X) = B;(X)
by Corollary [2.6]2. O

Let X = {0,1}" be the Cantor cube and F := {p,}nen the family of all projection
mappings (with p,(z) = x(n)). It is well known that the pointwise closure of F' in R¥
is homeomorphic to SN (see for instance [43, p. 4]). By Fact it follows that F' is
not a Rosenthal family for X = {0, 1}".

4.2. Banach spaces not containing /;.

Definition 4.7. Let us say that a Banach space V is Rosenthal if it does not contain
an isomorphic copy of ;.

Clearly the class of Asplund spaces (see Remarks 4) is a subclass of the class of
Rosenthal spaces. The difference between these two classes can be illustrated in terms
of fragmentability. Compare the last two items of Remarks 2.2 and Proposition [£.12]

Recall the following famous result of Rosenthal.

Fact 4.8. (Rosenthal [38]) Let V' be a Banach space. The following conditions are
equivalent:

(1) V is a Rosenthal Banach space.
(2) Ewvery bounded sequence in V' has a weak-Cauchy subsequence.

Every Banach space V can be treated as a natural subspace of the Banach space
C(By+), where By~ is the weak* compact unit ball of V*. Furthermore, the corre-
sponding weak topology on V' coincides with the weak topology inherited from C(By+).
Therefore taking into account Fact and Definition 4.2| we get the following refor-
mulation of Fact 4.8

Lemma 4.9. Let V' be a Banach space. The following conditions are equivalent:

(1) V is a Rosenthal Banach space.
(2) The unit ball By of V is a Rosenthal family for the weak® compact unit ball
Bv* Of V.
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For the separable case, we have the following theorem.

Fact 4.10. ([35], [39 p. 374] and [40, Theorem 3|) Let V be a separable Banach space.
The following conditions are equivalent:

(1) V is a Rosenthal Banach space.
(2) card (V**) = card (V).
(3) Bvery v** € V** is a Baire 1 function when restricted to By~.

Thus a separable Banach space V does not contain an isomorphic copy of [y if
and only if every element x** € V** is Baire 1 when restricted to the unit ball By«
with its weak-star topology o(V*, V). This classical result of Odell and Rosenthal was
generalized in [41].

Let A be a weak* compact subset of a dual Banach space V*. Following [37] we say
that A has the scalar point of continuity property if for each weak™ compact subset M
of A and every x** € V** the restriction x**|); of 2** to M has a point of continuity.

Fact 4.11. (E. Saab and P. Saab [41]) A Banach space V' (separable or not) is Rosenthal
if and only if By« has the scalar point of continuity property.

The following result gives three characterizations of Rosenthal spaces in terms of
fragmentability.

Proposition 4.12. Let V be a Banach space. The following conditions are equivalent:

(1) V is a Rosenthal Banach space.

(2) Each x** € V** is a fragmented map when restricted to the weak™ compact ball
By-.

(3) Ewvery bounded subset A of the dual V* is (Ty*, tw)-fragmented (that is, ida :
(A, Ty ) — (A, w) 18 fragmented) where T+ is the weak* topology and pu, is
the weak uniformity on A.

(4) By is a sub-fragmented family of functions on (By«,w").

Proof. By Corollary 2.6]1, F(X) = BJ(X) for X = By~. Now Fact yields the
equivalence (1) & (2).

(1) < (3): This follows by Fact and Lemma [2.5]1 taking into account Remark
2.22.

For (1) < (4) use Proposition [4.6| and Lemma O

Remark 4.13. (1) The equivalence of (1) and (2) in Proposition is indeed a
natural generalization of the Odell-Rosenthal result [35] because for compact
metrizable X we have B1(X) = F(X) (Corollary 2.6/2) and the weak* compact
ball By« is metrizable for separable V.

(2) Let V be a Banach space and A a weak® compact absolutely convex subset of
V*. Then by [37, Theorem 9|, A has the scalar point of continuity property if
and only if A is a weak Radon-Nikodym subset (WRN for short). We refer to
[3, 141, B7] for exact definitions and additional information about WRN subsets.
See also Theorem [6.5] below.

4.3. Convex hulls. The following result is proved in Bourgain-Fremlin-Talagrand [2].

Fact 4.14. [2] Theorem 5E]| Let X be a complete metric space, A C B1(X) a pointwise
compact uniformly bounded set. Then its convex hull co(A) is relatively compact in

B1(X) (equivalently, cls,(co(A)) C Bi(X)).

For Rosenthal families we get the following result.



14

Proposition 4.15. Let F' be a Rosenthal family for a compact space X. Then its
convex hull co(F) is also a Rosenthal family for X.

Proof. First case: For a compact metrizable X combine Fact and Proposition [4.6
Second case: For a general compact space X, by Fact we have only to examine

sequences. That is, it is enough to show that every countable subset M of co(F) is a

Rosenthal family. There exists a countable subset S C F' such that M C co(S).

As in the proof of Proposition consider the quotient ¢ : X — X’ ¢ R® induced
by the collection S. Then every f € S induces a continuous map f’ : X’ — R such
that f = f'oq.

By our assumption S is a Rosenthal family for X. Then S’ is a Rosenthal family for
X' (use Lemma 3). Since X’ is metrizable we can apply the first case and deduce
that the convex hull co(S’) is a Rosenthal family for X’. The map

v:RY S RX) ~(¢)=¢oq

(see Lemma is linear. Therefore, v(co(S’)) = co(S). It follows, by Lemma [4.53,
that the collection co(S), and hence its subcollection M, is a Rosenthal family for
X. O

4.4. The natural affine extension map 7 : bB;(X) — bB;(B*). For every com-
pact metric space X denote by bB1(X) the collection of bounded Baire 1 real valued
functions on X. That is,

bB1(X) = B1(X) Nl (X).

Then bB1(X) is a topological subspace of B1(X) with respect to the pointwise topol-
ogy (inherited from RX). One can define a natural injective map

T: b%l(X) — b'Bl(B*),

*

where B* as before, is the weak® compact unit ball of C(X)*. We will use Riesz
representation theorem and Lebesgue’s Dominated Convergence Theorem.

Each f € bB1(X) is universally measurable for every compact metric space X (see
for example [2, Proposition 1F]). That is, for every measure p € B* we can define

T = [ san

This map is well defined. Indeed, first note that when f € C(X), T(f) = i(f), where

5 CX) = OB, i)W i=(f) = [ fau
is the canonical isometric inclusion of the corresponding Banach spaces and
()1 C(X) x C(X)* — R

is the canonical bilinear mapping. Now if f € bB;(X) then f is a pointwise limit
of a sequence of continuous functions h, € C(X) (Lemma ). Since f: X — R
is a bounded function we can assume in addition that the sequence h,, is uniformly
bounded. By Lebesgue’s Convergence Theorem it follows that T'(f) is a pointwise
limit of the sequence T'(h,,) = i(h,), n € N. Since every i(h,) € C(B*) we conclude
by Lemma [2.4}(2) that T'(f) € B1(B*). The sequence i(hy) is uniformly bounded in
C(B*) hence T'(f) is a bounded function. This means that T'(f) € bB1(B*).

The map T is injective because T(f)(d,) = f(x) for every point mass 0, € B*
(x € X).
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Remark 4.16. Each T'(f) for f € bB1(X) can be treated as an element of the second
dual C(X)** of C(X). Moreover the pointwise topology of Bi(B*) and the weak*-
topology on C(X)** agree on T'(bB1(X)).

Lemma 4.17. Let X be a compact metric space. For every uniformly bounded subset
A C bB1(X) the restriction T'|a of the natural injective map

on A is sequentially continuous. Furthermore, T(A) is also uniformly bounded.

Proof. Lebesgue’s Convergence Theorem implies that 1" is sequentially continuous. The
boundedness of T'(A) is easy. O

Proposition 4.18. If F C C(X) is a Rosenthal family for a compact metric space X
then the restriction of T' on cls ,(F) induces a homeomorphism

cls o (F) — cls ,(T(F)) C bB1(B*) N C(X)*™.

Proof. As F is a Rosenthal family for X its pointwise closure cls,(F) is a compact
subset of B1(X). Moreover, cls,(F') is a uniformly bounded subset of bB;(X) because
F is bounded (Definition[4.2). In view of Lemma [4.17]the restricted map T : cls ,(F) —
bB1(B*) is sequentially continuous. By the Bourgain-Fremlin-Talagrand theorem, Fact
(1), we know that cls ,(F) is Fréchet. For a Fréchet space a sequentially continuous
map is continuous and we conclude that the map 7" : cls ,(F') — bB;(B*) is a continuous
injection, and therefore a homeomorphism, of cls ,(F') onto its image in bB;(B*). O

Proposition 4.19. Let X be a compact space and F C C(X). The following conditions
are equivalent:

(1) F is a Rosenthal family for X.
(2) F is a Rosenthal family for B*.

Proof. We use Fact [£.3|which depends on sequences only. Since F' is a Rosenthal family
for X, by Fact Ethe set F is sequentially compact in RX (that is, every sequence in F
has a subsequence which converges in R¥). Since F is bounded we can apply Lebesgue’s
Dominated Convergence Theorem which implies that F' is sequentially compact also in
RE". Thus cls ,(F) C F(B*) by Fact [4.3] Hence F is a Rosenthal family for B*.

O

5. TAME DYNAMICAL SYSTEMS

A compact metric dynamical G-system X is called tame [10] if in the dynamical
BFT-dichotomy (Fact [L.2)) the first alternative occurs, i.e. E(X) is Rosenthal compact
(see also Proposition below).

Fact 5.1. [16] A compact metric dynamical G-system X is tame if and only if every
element of E(X) is a Baire 1 function (equivalently, fragmented) from X to itself.

This result suggests the following general definition.

Definition 5.2. Let X be a (not necessarily metrizable) compact G-space. We say
that X is tame if for every element p € E(X) the function p : X — X is fragmented.
That is if B(X) C F(X, X).

We will see later that this class is the same as the class of all regular systems in the
sense of Kohler [26]. In particular this gives an enveloping semigroup characterization
of regular systems.

Lemma 5.3. Every compact HNS G-space is tame.
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Proof. E(X) = {p: X — X}yepx) is a fragmented family when X is HNS by Fact
In particular we get E(X) C F(X, X). O

Roughly speaking the difference between HNS and tame systems is the difference
between “fragmented families” and “families which consist of fragmented maps” (see

Facts and .

Lemma 5.4. For every G the class of tame G-systems is closed under subsystems,
arbitrary products and factors.

Proof. The case of subsystems is trivial because the fragmentability of maps is a hered-
itary property. The cases of products and factors both can be proved using Lemma
23l

For factors: let a : X — Y be a G-factor. By [6, p. 20] for every p € E(Y) there
exists px € E(X) such that the following diagram commutes.

vy
al ia
vy

Then px € F(X,X) because (G,X) is tame. By Lemma [2.3]4 we obtain that
py € F(Y,Y). This shows that (G,Y) is tame.

For products: let X = [[, X; be a G-product of compact tame G-spaces X; with
canonical G-projections a; : X — X;. For every p € E(X) and every index i we have
the following commutative diagram

|

X p
. i
pi

Xi —

X
-
Xi
for some p; € E(X;). By our assumption p; € F(X;, X;) because (G, X;) is tame.
Hence each p; o a; belongs to F(X, X) (Lemmal[2.3]2). Then the same is true for a; op.

The family of projections «; separates points of X. Now directly from Lemma[2.3]3 we
conclude that p € F(X, X). O

If X is a tame G-space then E(X) is also tame as a G-space. For every G-space
X there exists a maximal tame G-compactification (universal tame G-factor if X is
compact).

Definition 5.5. We say that a continuous function f : X — R on a G-space X is tame
(notation f € T'ame(X)) if it comes from a tame G-system.

As one can easily verify, the collection T'ame(X) is a G-subalgebra of RUC(X) for
every G-space X.

Proposition 5.6. Let X be a compact G-space, f € C(X) and EY = cls ,(fG) is the
pointwise closure of the orbit of f in RE. The following conditions are equivalent:

(1) The function f: X — R is tame.

(2) The cyclic G-space X is tame.

(3) clsp(fG) C F(X) (i.e. the orbit fG is a Rosenthal family for X ).

(4) For every countable subset S C G, fS is a Rosenthal family for X.
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Proof. The implication (2) = (1) is obvious because f comes from the cyclic G-space
Xy

(1) = (3): There exist: a tame compact G-system Xy, a G-quotient map ¢ : X — X
and a function fy € C(Xp) such that f = fy o ¢. By Lemma [4.53 it suffices to show
that foG is a Rosenthal family for X,. Clearly fyG is norm bounded in C'(Xj). We
have to show that the corresponding pointwise closure of foG = {foog: g € G} c RX0
is a subset of F(X). Observe that cls ,(foG) = ET0 := { fo ° PlpeB(xy)- Our G-system
Xy is tame means that every p : Xg — Xy (p € E) is fragmented. Thus every fpop
is also fragmented (because fj is uniformly continuous). So, foG is a Rosenthal family
for Xp.

(3) = (2): If fG is a Rosenthal family for X then E/ = cls,(fG) € F(X). This
means that fop € F(X) for every p € E. Consider the cyclic G-system X; and
the natural G-quotient f; : X — X;. By elementary properties of cyclic G-spaces
(Section [3|) there exists a continuous function fo : Xy — R such that f = fyo fy and
(foG) o fy = fG. By Lemma we obtain that foG is a Rosenthal family for X.
Therefore, foop € F(Xy) for every p € E(Xy). Then also foogp = fogop € F(Xy) for
every p € E(Xy) and g € G. Now since fyG separates points of X; (Section , by
Lemma 3 we conclude that p : Xy — X is a fragmented map for every p € E(Xy).
This means that (G, X¢) is tame.

(3) < (4): Follows from Fact O

Remark 5.7. By Rosenthal’s dichotomy every bounded sequence in a Banach space
either has a weak Cauchy subsequence or a subsequence equivalent to the unit vector
basis of [; (the so-called li-sequence). Recall the definition of regularity of dynamical
systems (originally introduced by Kohler [26] for cascades in terms of independent
sequences). A compact G-space X is regular iff for every f € C(X) the orbit fG
does not contain an [j-sequence (in other words the second alternative is ruled out
in Rosenthal’s dichotomy). By Fact it is equivalent to requiring that fG be a
Rosenthal family for X for every f € C(X). In fact the notions of regularity and
tameness coincide (see [I0] (for metrizable systems) and Corollary [5.8) below).

Corollary 5.8. Let X be a compact (not necessarily metrizable) G-space. The following
conditions are equivalent:

(1) (G, X) is a tame dynamical system (that is, E(X) C F(X, X)).

(2) C(X) =Tame(X).

(3) (G, X) is regular (in the sense of Kdhler).

Proof. (2) < (3): Use Proposition and Fact
(1) < (2): Observe that the universal tame G-factor of X is naturally isomorphic

to X iff C(X) = Tame(X). O

Let X be a compact G-space. Then WAP functions on X come from reflexively
representable factors. Similarly, Asplund functions on a compact G-system X are
exactly functions which come from Asplund representable (that is, RN) factors. Every
RN (being HNS) is tame in virtue of Lemma Hence

WAP(X) C Asp(X) C Tame(X)
Another way to see these inclusions for metrizable X is the following proposition (see
also Lemma and Section .
Proposition 5.9. Let X be a compact metric G-space and f € C(X). Then
(1) clsp(fG) C C(X) iff f € WAP(X).
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(2) cls,(fG) is a (compact) metrizable subspace in RX iff f € Asp(X) iff fG is a
fragmented family of functions on X.
(3) clsp(fG) C Bi(X) =F(X) iff f € Tame(X).

Proof. (1) Use Grothendieck’s theorem: for a compact space X, a bounded subset
A C C(X) is relatively weakly compact in C'(X) iff it is pointwise relatively compact.
(2) By [13] we know that f € Asp(X) iff fG is a fragmented family of functions
on X. At the same time Lemma shows that cls,(fG) is a (compact) metrizable
subspace in R¥ iff fG is a fragmented family of functions on X.
(3) Apply Proposition O

Remarks 5.10. (1) Note that the equivalence “f € Asp(X) < cls,(fG) is metriz-
able in RX” is a new characterization of Asplund functions on metric compact
G-systems.

(2) For a concrete example of a metric tame system which is not RN see [13|
Example 14.10].

Question 5.11. As was shown in [13] a subshift Y C {0,1}% is RN iff it is countable.
Find a characterization of tame subshifts.

Further results concerning tame systems can be found in [26], [10], [11], [20], [25].

6. THE MAIN RESULTS

6.1. Banach representations of tame flows. Let us say that a compact G-space X
is Rosenthal representable if it admits a faithful representation on a Rosenthal Banach
space (see Definition [4.7]above). Our main result (Theorem [6.9) asserts that a compact
metric G-space is tame iff it is Rosenthal representable.

Theorem 6.1. Every Rosenthal representable (not necessarily metrizable) compact
G-space is tame. In particular, the dynamical system (Iso(V'), B*), where B* is the
weak-star compact unit ball of V*, is tame for every Rosenthal Banach space V.

Proof. Tt is enough to show that for every Rosenthal Banach space V' the associated
flow (G, X) is tame, where G = Iso (V) is the group of linear isometries of V' and
X = B* the weak-star compact unit ball of V*. Now observe that F(G,X) can be
identified with E := E(G, V™) (the G-orbits in V* are relatively weak-star compact so
the pointwise closure E(G, V*) of the set of all G-translations G = {j : V* — V*}gea
in V*V" is compact). With this identification every element p € E can be treated as a
linear map p : V* — V* with norm < 1. Then, for every vector f € V', the composition
fop:V* — Ris alinear bounded (hence norm continuous) functional on V*. That is,
f op e V* belongs to the second dual. By the reformulation of a theorem of E. Saab
and P. Saab (see Fact and Remark 1) mentioned above, the corresponding
restriction fop|ly : X — R on X = B* is a fragmented function (where B* C V* is
endowed with its weak-star topology). Next note that V' separates points of X. Since
any f op|x is fragmented for every f € V we can apply Lemma 3. It follows that
p: X — X is fragmented for every p € E. This means, in view of Definition that
(G, X) is tame as required. O

Lemma 6.2. Let X be a compact metric G-space. The following conditions are equiv-
alent:
(1) (G, X) is representable on a separable Rosenthal Banach space.
(2) (G, X) admits countably many representations on separable Rosenthal Banach
spaces which separate points of X.



19

Proof. Observe that the lo-sum of a sequence of separable Rosenthal Banach spaces is
again Rosenthal. Indeed, this follows for instance from the equivalence of (1) and (2)
in Odell and Rosenthal’s Theorem (Fact |4.10)). O

Theorem 6.3. Let X be a compact G-space, F C C(X) a Rosenthal family for X such
that F' is G-invariant (that is, fG C F Yf € F). Then

(1) there exist: a Rosenthal Banach space V', an injective mapping v : F' — V with
bounded image and a continuous representation

h:G—Iso(V), a:X—>V"

of (G,X) onV such that o is a weak® continuous map (topological embedding
if F' separates points of X ) and

flx)=(w(f),a(x)y VfeF VzelX.

Thus the following diagram commutes

FxX—R
VJ/ ia llR
VxV*—R

(2) If X is metrizable then in addition we can suppose that V' is separable and there
erists a homeomorphic embedding

vy : K :=cls,(F) — V™

Sfurnishing V** with its weak® topology and the following diagram commutes

KxX—R
11k
V= xV* —R
Proof. Let W be the symmetrized convex hull of F'; that is,
W :=co(FU—-F).
Claim 1: W is also a Rosenthal family for X.

Proof. 1t is easy to see that F'U—F" is a Rosenthal family for X. Now apply Proposition
4. 15 O

For brevity of notation let A := C(X) denote the Banach space C(X), B will
denote its unit ball, and B* will denote the weak* compact unit ball of the dual space
A* = C(X)*.

Claim 2: W is a Rosenthal family for B*.

Proof. Apply Proposition [£.19] O
Consider the sequence of sets M,, := 2"W +27"B. Since W is convex and symmetric,

we can apply the construction of DFJP [4] as follows. Let || ||, be the Minkowski
functional of the set M,,. That is,

[vlln = inf {A>0|ve AM,}.
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Then || ||, is a norm on A equivalent to the given norm of A. For v € A, set

0o 1/2
Nv) = <Z Hv”%) and V :={v e A|N(v) < oo}.
n=1

Denote by j : V < A the inclusion map. Then (V, N) is a Banach space, j : V — A is
a continuous linear injection and

W C ](Bv) = By.

Indeed, if v € W then 2"v € M,, hence |[v|l, < 27" and N(v)? <}, 272" < 1.

As W and B are G-invariant the natural right action V- x G — V, (v,g) — vg is
isometric, that is, N(vg) = N(v). Moreover, by the definition of the norm N, we can
show that this action is norm continuous (use the fact that, for each n € N, the norm
||-||,, on A is equivalent to the given norm on A). Therefore, the co-homomorphism
h:G —1TIso(V), h(g)(v) := vg is well defined and continuous.

Let j* : A* — V* be the adjoint map of j : V — A. Define o : X — V* as follows.
For every x € X C C(X)* set a(z) = 7*(x). Then (h, @) is a continuous representation
of (G, X) on the Banach space V. It is now easy to see that (a(z), f) = j(f)(z) = f(z),
where f € W is our original function.

Claim 3: j(By) C ey Mn = N,en(2"W + 27" B).

Proof. The norms ||-||,, on A are equivalent to each other. It follows that if v € By
then ||v||, < 1 for all n € N. That is, for every n € N, v € A\, M,, for some 0 < \,, < 1.
By the construction M,, is a convex subset containing the origin. This implies that
An M, C M,. Hence j(v) =v € M, for every n € N. O

Claim 4: The set [,y M, (and hence also its subset j(By)) is sequentially precom-
pact in the second dual (A**, o (A**, A*)) (i.e. A** endowed with its weak* topology).

Proof. We use the argument of [4, Lemma 1 (xii), p. 323] with some minor changes.
Let {c,}° be a sequence in (,cy Mg. Then for each fixed n € N and every k € N
we can represent ¢, as

(6.1) cn = 28wk 4 27Fbk

with w® € W, b* € B. By Claim 2 we know that W is a Rosenthal family for B*. Thus
by Fact W is sequentially precompact in RZ”, hence also in REX)". It follows
that W is sequentially precompact in (A**, o(A**, A*)) (as A = C(X)). Applying a
diagonal process we can choose a subsequence {n;}:°; such that for each k the sequence
{wk }22, is o(A**, A*)-convergent to an element, say, z;* € A**. In order to simplify
our notation we will relabel our sequences and now assume that for every k,

(6.2) w*- liTan wh = 23
in A**.

Claim 5: The sequence 2’“:[32* is norm Cauchy in the second dual A**.

Proof. Note first that by (6.1)) we have:

(6.3) 28wk — ol || = |27 FbE — 27 1pL || < 2. 9~ min{kd),
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Now for a fixed unit vector z* € A* we have:
[(z*, 2% — 2'a})| <
* ok k% k. k * ok, kol 1 * ol 1 k _xx
(2", 2% — 2%wy) | + [(27, 28wy, — 2'wy,))| + (27, 2'wy, — 2%277)| <
(2%, 26 — 2Fwk)| 4+ 2. 27 mintbl 4 (g oyl — 2Faf)).

By (6.2) and (6.3)) we get
|<l‘*’ 2k$;;* - 2l$2<*>| <2.27 min{k,l}’

hence

H2k$l:* o 2lxz<*’| — HSUHP 1 |<$*,2k$z* - 2l$2k*>| < 9. 27min{k,l}'
x*||=

We let € := limg_. Qkxz* in the Banach space A**.
Claim 6: w*-lim,_. ¢, =§; i.e. {cp}02, is o(A*™, A*)-convergent to £ € A**.
Proof. Again fix a unit vector z* € A*. Given € > 0 fix ky € N such that 27%0 < ¢, and
2%z — ¢l <&
for k > ko. By (6.1)), |lcn — 2Fwk| < 27%, hence for k > ko and every n € N we get
(2", en = )| <
[(@*, e — 25w) | + ({2, 2wy — 28 f) |+ [(a*, 28 — €)] <
e+ |(z*, 28wk — 2k a2y + €.
For an arbitrary but fixed k > ko, by (6.2) again, there is an ng € N such that for
n > nyg,
[(z*, 28wk — 2F2*)| < e
Combining these inequalities we see that for n > ng
(2", en — )] < 3e.
[l

Note that now we have completed the proof of Claim 4. O

Let By be the o(V**, V*)-closure of the unit ball By in V** (in fact By is the
unit ball of the second dual V** by Goldstine’s theorem). Similarly, j**(By) = j(By)
denotes the o(A**, A*)-closure in the second dual A**. From Claim 4 we know that
j(By) is sequentially precompact in j(By). In order to show that V is a Rosenthal
space we have to establish that By is a Rosenthal family for B* (Lemma . In turn,
this is equivalent by Fact to showing that By is sequentially precompact in RE",
or equivalently in the o(V**, V*)-compact space By .

It is enough to find a homeomorphism 7 : By — j(By) such that n(b) = j(b) for
every b € By . Consider the canonical second adjoint map

This map is injective by [4, Lemma 1(iii)]. Using the compactness of j**(By) we get
7*(By) = j**(By) = j(By). Now the required homeomorphism 7 is the restriction of
J** to the o(V**, V*)-compact space By .
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By the construction F¥ C W C By. Define v : F' <— V as the natural inclusion.
Clearly, v(F) is norm bounded and it is easy to see that

fle)=(w(f),a(x)) VfeF VxelX.

(2) If the compact space X is metrizable then C'(X) is separable and it is also easy
to see that (V, N) is separable. Consider the injective map v : F' — V. The pointwise
closure K := cls,(F) of F in R¥ is a subset of bB1(X). Consider now the mapping
T : bB1(X) — C(X)™ (see Remark [4.16). This map induces by Proposition a
homeomorphic embedding

T: K =cls,(F) — cls,(T(F)) CbBi(B*)nC(X)**
of K into A** = C(X)**.
By construction F is a subset of V. Consider the second adjoint map

Recall that this map is injective by [4, Lemma 1 (iii)]. Therefore j** induces a homeo-
morphism between the compact spaces cls v+« (F') and cls 4+« (F"). Summing up we can
define the desired homeomorphic embedding as follows

v K = V™ fe () HT(S)).
Finally, it is easy to see that
f(x) = (w(f),a(x)) VfeK, VeeX.
O

Recall again (see Section that a compact space X is called Radon-Nikodym
(RN) if X is homeomorphic to a weak* compact subset of the dual V* for an Asplund
space V. A well known result characterizes Rosenthal spaces as those Banach spaces
whose dual has the weak Radon-Nikodym property [42], Corollary 7.3.8]. It is therefore
natural to introduce the following definition.

Definition 6.4. We say that a compact topological space X is weakly Radon-Nikodym
(WRN) if X is homeomorphic to a weak™ compact subset of the dual V* of a Rosenthal
space V. This definition agrees with the definition of WRN subsets (cf. Remark
2). A compact G-space X is called a WRN G-space if X as a G-space is Rosenthal
representable.

As a corollary of Theorem [6.3] we get the following characterization of WRN com-
pacta.

Theorem 6.5. Let X be a compact space. The following conditions are equivalent:

(1) X is WRN.
(2) There exists a Rosenthal family FF C C(X) of X which separates the points of
X.

Remark 6.6. We mention without proof that a compact G-space X is RN (that is,
Asplund representable) if and only if there exists a bounded subset F' C C(X) such
that I’ separates points of X, F'is G-invariant and F is a fragmented family of functions
(Definition [2.7). Comparing this with Theorem below we see that there exists a
complete analogy between RN-systems and fragmented families on one side and WRN-
systems and Rosenthal families on the other.
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Next we present a characterization of tame functions in terms of Banach represen-
tations.

Theorem 6.7. Let X be a compact G-space. The following conditions are equivalent:
(1) f: X — R is tame.
(2) f : X — R comes from a Rosenthal Banach space. That is, there exist a
continuous representation (h,«) of (G, X) on a Rosenthal Banach space V' and
a vector v € V' such that

f(z) = (v,a(x)) VzelX.
If X is metrizable we can suppose in addition in (2) that V is separable.

Proof. (2) = (1): Directly follows by Theorem (6.1
(1) = (2): Let f € Tame(X). This means By Proposition that the orbit fG is
a Rosenthal family for X. Now we can apply Theorem to the family F := fG. [

Here are the promised Banach space characterizations of tame and metrizable tame
systems.

Theorem 6.8. Let X be a compact G-space. The following conditions are equivalent:
(1) (G, X) is a tame G-system.
(2) (G, X) is Rosenthal approximable.

Proof. (2) = (1): Apply again Theorem and take into account that the class of
tame G-systems is closed under subsystems and arbitrary products for every given G
(Lemma [5.4).

(1) = (2): First of all note that C(X) = Tame(X) by Corollary Applying
Theorem we conclude that every f € C(X) = Tame(X) on a compact G-space
X comes from a Rosenthal representation. Continuous functions separate points of X.
This implies that there exist sufficiently many Rosenthal representations of (G, X). O

Theorem 6.9. Let X be a compact metric G-space. The following conditions are
equivalent:

(1) (G, X) is tame.

(2) (G, X) is representable on a separable Rosenthal Banach space.

Proof. (2) = (1): Apply once again Theorem

(1) = (2): Since the compact space X is metrizable there is a sequence of functions
fn € C(X) = Tame(X) which separate points of X. For each f,, we can construct
by Theorem a continuous Rosenthal representation (h, ) of (G, X) such that our
original function f, comes from the flow (G, a(X)). Applying Lemma we conclude
that (G, X)) is Rosenthal representable. O

If X is a tame, not necessarily metrizable, dynamical G-system then the induced
systems (G, B*) (on the unit ball B* of C'(X)*) and (G, P(X)) (where P(X) denotes
the compact subspace of B* consisting of all probability measures on X) are tame as
well. For metrizable X this is [10, Theorem 1.5]. In fact one may show a stronger
result:

Theorem 6.10. Let X be a compact G-space (no restrictions on X and G). The
following conditions are equivalent:
(1) (G, X) is Rosenthal representable (i.e. X is a WRN G-space).
(2) There exists a G-invariant Rosenthal family A C C(X) for X which separates
points of X.
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(3) (G, B*) is Rosenthal representable.
(4) (G, P(X)) is Rosenthal representable.
=

Proof. (1) < (2): Apply Theorem [6.3]

(2) & (3): Let A be a G-invariant point separating Rosenthal family for X. We will
show that there exists a G-invariant point separating Rosenthal family for B*. Produce
inductively the sequence A,, := Ay - Ay --- A1, where A; := A. We can suppose that A
contains the constant function 1. We can show by diagonal arguments (use Fact
that A, is also a Rosenthal family for X. Then it is easy to show that the G-invariant
family M := U,27"A,, is Rosenthal for X. By Stone-Weierstrass theorem the algebra
span(M) (linear span of M in C(X)) is dense in C(X). This implies that M itself
separates the points of B*. By Proposition M is a (G-invariant) Rosenthal family
for B*. Now we apply the part (1) < (2) to the case of (G, B*).

(3) = (4) and (4) = (1) are obvious. O

Theorems and[6.8/imply that (G, X) is tame iff (G, B*) (equivalently, (G, P(X)))

is tame.

Theorem 6.11. Let G be a topological group. The following conditions are equivalent:

(1) f:G — R is tame.

(2) f is a matriz coefficient of a continuous co-representation of G on a Rosenthal
space. That is, there exist: a Rosenthal space V', a continuous co-homomorphism
h: G — Iso(V), vectors v € V and ¥ € V* such that f(g) = ¥(vg) for every
geq.

Proof. (1) = (2): Choose a tame G-compactification v : G — X of G and a continuous
function fp : X — R such that f = foor. Now we can apply Theorem [6.7]to fo getting
the desired V and vectors v and 9 := a(v(e)).

(2) = (1): Apply Theorem [6.1] O

6.2. Compact spaces in the second dual of Rosenthal spaces. Again we remind
the reader that a compact topological space K is Rosenthal if it is homeomorphic to a
pointwise compact subset of the space B1(X) of functions of the first Baire class on a
Polish space X.

Definition 6.12. (1) We say that a compact space K is strongly Rosenthal if K
is a subspace of B1(X) with compact metrizable X.
(2) We say that a compact space K is an admissible Rosenthal compactum (or
simply admissible) if there exists a compact metric space X and a Rosenthal
family F' for X such that K C cls,(F').

In the second definition it follows that K C cls,(F) C B1(X). Hence every admissi-
ble compactum is a strongly Rosenthal compactum. Clearly every strongly Rosenthal
compact space is Rosenthal.

Every subset F' C C(X) is norm separable for a compact metric X. Hence such
an F' is also separable with respect to the pointwise convergence topology. Thus in
Definition [6.12]2, we can assume that F' is countable.

Pol’s example, mentioned in the introduction, shows that not every separable Rosen-
thal compactum is strongly Rosenthal (and a fortiori also not admissible).

Lemma 6.13. The classes of Rosenthal, strongly Rosenthal and admissible compact
spaces are closed under the operations of passing to closed subspaces and taking count-
able products.
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Proof. The hereditarily property of each of these classes is obvious. In order to see that
the countable product K := [],, K, of Rosenthal compact spaces K, is again Rosenthal
we consider the topological (disjoint) sum X := ][], . Xn, where X, is a Polish space
for which K,, C B1(X,). Then K can be embedded into B;(X) as follows. For each
element
f= o) e][En=K

there exists a uniquely defined function j(f) : X — R such that the restriction of
j(f) on X, is exactly f,. Clearly, j(f) is a Baire 1 function on X. This defines the
continuous map j : K — B1(X). Since j is injective and K is compact we conclude
that j is a topological embedding.

Suppose now that each K, is strongly Rosenthal. Then, by definition, we can assume
in addition that each X, as above is a compact metric space. Now it is easy to see
that K admits a topological embedding into B1(X*), where X* := X U{oo} is the one
point compactification of X = [, .y Xn. In this case we define j* : K — By (X*) by
J(f)(00) = 0 and j*(f)(z) = j(f)(x) for every € X. Then again j* is well defined
and it embeds K into Bq(X*).

Finally we consider the case where each K, is admissible. As in the second case we
have the topological embedding

J i K — Bi(XY)
We have to show that there exists a family F' C C(X*) such that j*(K) C cls,(F'). For
each n € N fix a countable subset F,, C C(X,,) such that K,, C cls,(F},). It is enough

to show our assertion in the case where cls,(F},) = K,. For each k € N consider the
elements of the type

f:: (f17f27'” 7fk70k+170k+27"') S HKn :K7

where f; € F; for every ¢ < k and each O, denotes the constant zero function on Xy,
(again without restriction of generality we can assume that 0; € F; for every t € N).
Varying k € N and f; € F; with i < k we get a countable subset Fy C K. Clearly this
subset is dense in the product space K = [], oy Kn. It is easy to see that its image
F := j*(Fp) is the required family. That is, F' C C(X*) and j*(K) C cls,(F). O

Proposition 6.14. Let X be a compact metric G-space. The following conditions are
equivalent:

(1) (G,X) is a tame system.

(2) E(X) is a separable admissible compactum.

(3) E(X) is a Rosenthal compactum.

Proof. (2) = (1): If E(X) is an admissible compactum then F(X) is Rosenthal. There-
fore (G, X) is a tame system by the original definition.

(1) = (2): Let (G, X) be a tame system. Then every continuous function f € C'(X)
is tame. This means that fG is a Rosenthal family for X. Then the compact space
E7 :=cls(fG) is a subset of By (X) (Proposition and Corollary 2). Since C(X)
is norm separable then fG is also norm (and hence pointwise) separable. There exists
a sequence g, € G such that the sequence F' := {fgn}nen of continuous functions is
pointwise dense in E/. So the compactum E is admissible. Since X is a metrizable
compact space one may choose a countable set of functions { fy, }men which separates
the points in X. Then E(X) can be naturally embedded into the countable product
K :=[],, E/™ which is admissible by Lemma

(1) < (3): Follows directly from the definitions. O

We have the following related purely topological result:
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Theorem 6.15. Let K be a compact space. The following conditions are equivalent:

(1) K is a weak-star closed (bounded) subset in the second dual of a separable
Rosenthal Banach space V.
(2) K is an admissible compactum.

Proof. (1) = (2): We have to show that K is an admissible compactum. It is enough
to show this for the particular case where K := B** := By, the unit ball in the
second dual. Since V is separable, X := B*  the weak® compact unit ball in V* is a
metrizable compact space. By our assumption V is a Rosenthal space. Then by Fact
3, K = B** is naturally embedded into B;(X) with X := B*. By Goldstine’s
theorem the unit ball B := By of V is weak*-dense in B**. At the same time B can be
treated as a (bounded) subset of C'(X). Thus, B is a Rosenthal family for X. Hence
the compactum K is admissible in the sense of Definition [6.12]2.

(2) = (1): Let K be an admissible compactum. By Definition there exists a
compact metric space X and a Rosenthal family F' C C(X) such that K C cls,(F) C
B1(X). We have to show that K is homeomorphic to a weak-star closed bounded
subset in the second dual of a separable Rosenthal Banach space V. It is enough to
establish this for the case of K = cls ,(F"). But this fact follows directly from Theorem
[6.3]2 when one considers a trivial (identity) G-action on X. O
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