THE UNIVERSAL MINIMAL SYSTEM FOR THE GROUP OF
HOMEOMORPHISMS OF THE CANTOR SET

E. GLASNER AND B. WEISS

ABSTRACT. Each topological group G admits a unique universal minimal dy-
namical system (M(G),G). For a locally compact non-compact group this
is a nonmetrizable system with a rich structure, on which G acts effectively.
However there are topological groups for which M (G) is the trivial one point
system (extremely amenable groups), as well as topological groups G for which
M(G) is a metrizable space and for which one has an explicit description. In
this paper we show that for the topological group G = Homeo (E) of self home-
omorphisms of the Cantor set E, with the topology of uniform convergence,
the universal minimal system (M(G),G) is isomorphic to Uspenskij’s ‘max-
imal chains’ dynamical system (®,G) in 227 . In particular it follows that
M (G) is homeomorphic to the Cantor set. Our main tool is the ‘dual Ram-
sey theorem’, a corollary of Graham and Rothschild’s Ramsey’s theorem for
n-parameter sets. This theorem is used to show that every minimal symbolic
G-system is a factor of (®,G) and then a general procedure for analyzing G-
actions of zero dimensional topological groups is used to show that (M(G),G)
is isomorphic to (@, G).

0. INTRODUCTION

This work is a sequel to our paper [3] and it establishes results similar to those
obtained in [3] for the group S(Z) (see also Pestov [7]). This time we are dealing
with the Polish topological group G = Homeo (E) of self homeomorphisms of the
Cantor set F. More explicitly, we identify in the present work the universal minimal
G dynamical system (M(G),G) as the natural induced action of G on Uspenskij’s
‘maximal chains space’ ® (a subset of the compact hyper-hyper-space 22E). In
particular it follows that M (G) is a compact metric space (in fact homeomorphic
to the Cantor set) and can be described as the inverse limit of a countable collection
of minimal symbolic G-systems. We also show that the system (®,G) is proximal
thereby establishing the fact that every minimal G-system is necessarily proximal.
Our methods of proof are similar to those employed in [3]. However, whereas in [3]
the main combinatorial tool was the well known Ramsey theorem, here we use one of
the consequences of Graham and Rothschild’s ‘Ramsey’s theorem for n-parameter
sets’ as the key tool for proving the dynamical results. It is perhaps worthwhile
to point out the reversal of roles which takes place here; combinatorial results are
employed for proving dynamical theorems rather than the reverse situation in which
dynamical methods are utilized in order to prove (number theoretical) combinatorial
results — situations with which the Furstenberg school made us familiar in recent
years.
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The motivation for considering the question of identifying the universal mini-
mal Homeo (E) system becomes clear upon recalling some results established by
V. Pestov and V. Uspenskij. First, Pestov in [6], showed that the universal mini-
mal dynamical system (M (G),G) for the group G' = Homeo  (S!), of orientation-
preserving homeomorphisms of the circle with the compact open topology, coincides
with the natural action of G on S'. This provided the first non-trivial example of
a metrizable universal minimal system. He then proposed the possibility that sim-
ilarly for G = Homeo (X), the group of homeomorphisms of any compact manifold
X (say a sphere), the universal minimal G system coincides with the natural action
of G on X. Then, in [9], V. Uspenskij showed that the action of a topological
group G on its universal minimal system M (G) is never 3-transitive so that, e.g.,
for manifolds X of dimension > 1 as well as for X = @Q, the Hilbert cube, and
X = FE, the Cantor set, M (G) can not coincide with X. To establish this result he
constructed, for any compact dynamical system, the associated dynamical system
of maximal chains ®, which in the case of the canonical action of G = Homeo (E) on
E turns out to be isomorphic to the universal minimal system (M (G), G). We refer
to the introduction to our previous paper [3] for further motivation and background
concerning the study of universal minimal systems.

We thank Noga Alon for confirming the validity of the relevant combinatorial
result, which our investigation of the dynamical problem led us to formulate. Later
we found it mentioned explicitly in [8] where it is called the ‘dual Ramsey theorem’.

1. THE SPACE ®(F) OF MAXIMAL CHAINS

For a compact space Y, given a finite collection of open sets U = {U;, Us, ..., Uy}
in Y, we set
k
(1.1) (U1,Us, ..., Uy ={F €2V j,FNU; #0 and F C | J U;}.
j=1

The family of sets of the form (1.1) forms a basis for the Vietoris topology on 2Y,
the space of closed subsets of Y. Let E be the Cantor set and let G denote the
Polish group of self homeomorphisms of E equipped with the topology of uniform
convergence. The Cantor set F is characterized, up to a homeomorphism, by being
compact, separable, perfect and zero dimensional. However, we will consider it here
as the classical Cantor set — i.e. the ternary subset of the interval [0, 1]. Thus E
has the following representation:

o0
E=()1I"
n=0
where [ = Uf:l I7, is the disjoint union of the 2" closed intervals obtained by

removing from I = [0, 1] the appropriate 2" — 1 open ‘middle third’ intervals, which
we call the adjacent intervals. In the sequel we will write I7" for the clopen subset
I N E of E. For each integer m > 1, I = {Ijm : 1 < j < 2™} denotes the basic
partition of E into 2™ clopen “intervals”.

Let ® = ®(F) C 22" be the collection of maximal chains on E. Recall that a
chain on E is a family of closed subset ¢ = {F,, }oeca linearly ordered by inclusion
(for Fy, Fg € c either F,, C Fg or Fg C F,). A chain c is called mazimal if it is
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maximal with respect to inclusion (if ¢ C ¢ and ¢ is a chain then ¢ = ¢/). As was
shown by Uspenskij (see [9]), @ is a closed subset of the compact and metrizable
space 22" The natural action of G on E induces an action of G on 22” and,
with respect to this action ® is an invariant set. Clearly every ¢ € ® has a first
element of the form {r(c)} with r(c) € E. It is easy to verify that the root map
r:(®,G) — (E,G) is a homomorphism of dynamical systems.

For each permutation o € Son and 1 < k < 2" let

k _ n n n
Ja = Uay Loy - Lawmy)-
Thus J¥ is a clopen subset of 2F and we now set

ur = (94,72, ne

= <<Ig(1)>7 <Ig(1)7lg(2)>7 R <Ig(1)alg(2)a .. 712(2")>> neo
={ced®:VjIFecen¥, andVFeccIj Fel}

a?

The proof of the following lemma is straightforward.

1.1. Lemma. The collection {U? : o € |Joo, Son} is a basis for the Vietoris

topology on ® C 22°.

Let P C G be the group of order preserving homeomorphisms of E. With
every p € P we associate the unique homeomorphism p : [0,1] — [0, 1] such that
p [ E = p and p is linear on the adjacent open intervals. The map p — p is a
topological isomorphism of the group P onto the closed subgroup P = {p:pe P}
of the Polish group Aut (I, <) of order preserving homeomorphisms of I = [0, 1].

1.2. Theorem. The topological group P is topologically isomorphic to the Polish
group Aut (Q, <) of order preserving bijections of the rational numbers Q, equipped
with the topology of pointwise convergence. In particular then, P has the fixed point
on compacta property.

Proof. Let {V,}nen be some enumeration of the set of adjacent open intervals
associated with the construction of E. The order induced on the collection of these
intervals by the natural order on [0, 1] has the order type of the rational numbers
Q (it is linear, there is no first nor last element and there are infinitely many
intervals between any two). It is easy to check that any element p € P defines an
element A(p) = ¢y, € Aut (Q, <) and that the map p — A(p), p € P is a topological
isomorphism of P onto Aut (Q, <). By a theorem of Pestov [6] the group Aut (Q, <)
has the fixed point on compacta property and therefore so does P. ([l

For t € [0,1] let By = EN0,t] and set ¢ = {F; : t € [0,1]}. It is easy to
check that ¢y is a maximal chain on FE; i.e. an element of ®. Two more examples
of chains with roots at 0 € E are the chains ¢f = {{0}} U{E, U {1} : ¢t € [0,1]}
and ¢; = {{0}} U{F, U {0} : t € [0,1]}, where F; = EN[t,1]. We let ¢1, T be the
images of the chains ¢y, cg: under the homeomorphism ¢ € G, 0 : E — E obtained
by restricting the reflection of [0, 1] about its midpoint 1/2 to E. Note that for any
dense sequence of distinct points in E, say {xo, z1, 2, ... }, the ascending sequence
of finite sets ¢ = {{xg,z1,22,..., 2} :n=0,1,2,...} U{{E}} forms an element
of ® with root r(c) = xg.
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1.3. Theorem. (1) The action of G on ® is minimal.
(2) The stability subgroup Ste, = {g € G : gco = co} coincides with P.
(3) The siz points {co,(ﬁ, ci, cf} are the only fized points of P in ®.
(4) The action of G on ® is prozimal.

Proof. 1. Given two basic neighborhoods of the same “rank” Uy and U, a, 8 € San,
as given in Lemma 1.1, there exists a homeomorphism h € G which maps one onto
the other, e.g. the obvious piecewise linear homeomorphism associated with the
permutation o 371, This property clearly implies minimality of (®,G).

2. For every p € P and t € [0,1] we have p(E;) = E,4) and it follows that
pco = {p(E:) : t € [0,1]} = ¢o. Conversely, if geg = ¢y for g € G then for every
t € E, g(E:) = E, for some s € E. The fact that ¢g is a chain implies that s = g(¢),
and that g is in P.

3. Clearly each of these six points is a fixed point for P. Conversely, assume that
¢ € ® is P-fixed with r(c) = 0. We first observe that elements F' € ¢ can have no
nontrivial “gaps”. In fact, if F' € cis such that for some real numbers 0 < a < b < 1
we have E N (a,b) # 0, F N (a,b) =0 yet FN(0,a] # 0 as well as FN[b,1) # 0,
then there surely is a homeomorphism p € P with F'\ pF' # () # pF \ F. However,
as pc = ¢, we also have F,pF € c. Since these two sets are not comparable this
contradicts the fact that c is a chain. We observe that this immediately rules out
the possibility that the chain c is of the “discrete type” described above. It follows
that for every F € ¢ with {0} & F & F, there exists 0 < a < 1 such that either
FnN[0,a) or FN(a,1] is an infinite set. In the first case it is then easy to verify that
for every t € [0, 1] there exists a sequence p,, € P such that either lim p, F = E; or
limp, F = E; U{1} (in the compact space 2F). Since for each n, p,c = ¢, it follows
that either E; or E, U {1} is in ¢. It is now clear how one finishes the proof.

4. Let ¢1,co be two chains in ®. Let Z = cls{(gc1,gce) : g € G} be the orbit
closure of the point (¢1,c2) in the product system (® x ®,G). By the fixed point
property of P, there exists a point (a1, a2) € Z with pa; = a; for every p € P, i =
1,2. By part 3 we know that both a; and as are in {cy, cg, c1, cli} It therefore
suffices to show that any pair of points in this set is proximal. Let us consider
the case a1 = ¢p and az = ¢;. Let U] be the basic neighborhood of ¢y at level
m. By considering the canonical partition {IJ" :j=1,...,2"} of a much higher
order n, it is easy to “cook up” a homeomorphism g € G that will map the first
2™ and the last 2" intervals of this partition into the 2™ corresponding intervals
{I;* + j = 1,...,2"} in their natural order. For such g we have gco,ge1 € Uf;
and we conclude that indeed ¢y and ¢ are proximal. The arguments proving the
proximality of the other pairs are similar and we omit the proofs. ([l

2. ON THE STRUCTURE OF THE GROUP G = Homeo (E)
For each n we let
H,={geG:g(I})=1I}, V1<j<2"}
Clearly H, is a clopen subgroup of G and we note that the system of clopen
subgroups {H, : n = 2,3,...} forms a basis for the topology of G at the identity

e € G. The results in this section are not required for the proof of our main result.
We include them for completeness’ sake.
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2.1. Theorem. Let L be the subset of G consisting of all homeomorphisms g € G
which preserve A, the Cantor-Lebesque measure on E. Then L and P are closed
subgroups of G, LN P ={id} and G = LP = PL.

Proof. Let g € G be given and set v = gA. For every I} we have v(I})
)\(g’lljn) and it follows that to each number in the set {v([0,¢]) : E; = E
[0,¢] is a clopen subset of E} corresponds a unique p(t) € E such that E,
[0,p(¢)] N E is clopen and A([0,t]) = v([0,p(t)]). The map p extends uniquely to
a homeomorphism p € G and we have p~tgA([0,t]) = gA([0,p(t)]) = v([0,p(t)]) =
A([0,#]). Thus [ = p~'g € L and g = pl. The relation L N P = {id} is easy to
verify. O

>l

It is also easy to verify that in the unique decomposition i = Ip of an element
h € H, as a product of l € L and p € P we havel € L, = LN H, and p € P, =
PnNnH,,ie H,=L,P,. Similarly H,, = P, L,,.

The next proposition shows that a direct proof of the universality of (®, G) along
the lines of Pestov’s proof in [7] of the main result of [3] (i.e. by showing that G/P
uniformly embeds into (M(G),G)) is not possible.

2.2. Proposition. (1) The natural projection @ : G — G/P restricts to a
homeomorphism onto w: L — G/P.
(2) The map gP +— gco from G/P onto the G orbit Geyg C ® is 1-1 and
continuous but not a homeomorphism.

Proof. 1. Clearly the restriction 7 : L — G/P is 1-1 continuous and onto. A basic
open neighborhood of g € G has the form U = gH,, for some n > 0. Clearly for
geL, LNU =g(LNH,) = gL, and therefore the sets gL,, n € N form a basis
for the relative topology at g € L. Now = (¢9L,) = gL,P = gL,P,P = gH,P =
w(gHy) and as the latter is open in G/P we see that 7 : L — G/P is also open,
hence a homeomorphism.

2. Consider the commutative diagram

we have a = $ o m. Since the maps 7 and « are continuous, so is . Now it is not
hard to construct a sequence [,, € L such that l,co — ¢g in ® but I, /~ e in L so
that 3 is not a homeomorphism. 0

2.3. Lemma. The closed subgroup P C G satisfies the following properties:
(1) Pc gPg™! = geE PUoP.
(2) Nyeg 9~ ' Py = {e}-
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Proof. 1. We have
Pgco C (gPg~")geo = gPco = geo,

hence, by Theorem 1.3.3, gcy is an element of the set {co,coi,cl,cli} of P-fixed
point in ®. Clearly then gcg € {co,c1} and we either have gcg = ¢, in which case
g € P, or gcg = ocy and then og € P.

2. For h € ﬂgGG g~ 1 Pg we have hgcy = gcg for every g € G. Thus h acts as the
identity on a dense subset of ®, hence on all of ®. In particular hr(c) = r(c) for
every ¢ € ® and we conclude that h acts as the identity on F;ie. h=id=e O

3. THE SYMBOLIC DYNAMICAL SYSTEMS (QF, G)

Fix an integer k£ > 1 and consider the collection
AF ={a={A},As,..., Ay} : a partition of E into k nonempty clopen sets}.

As above we let, for each integer m > 1, I'™ = {Ijm : 1 < j <2™} denote the basic
partition of E into 2™ clopen “intervals”.

Each a € AF determines a smallest integer m’, with om’ > k, such that a is
I = {I}"/ 1 < j < 2™} measurable. We denote by A¥, the (finite) collection
of all a whose m’ < m. Thus AF = Um21Afn. It will be convenient to identify
elements of A% as labelling with exactly & labels of the collection I"™. Thus

'A’]::VL g {]"2’ ctt k}i”“?

where the * means that only ordered sequences (of length 2™) where all k digits
appear are counted.
For a fixed partition of E into k nonempty clopen sets {By, Ba, ..., By}, let

Then H is a clopen subgroup and the discrete homogeneous space H\G can be
identified with A*. In fact an element Hg € H\G is uniquely determined by the
partition a = {g71B; : 1 < j < k}, and conversely to every partition a € A*
corresponds a coset Hg € H\G. In fact, if a = {A;, Ag, ..., Ar} we can choose g
to be any homeomorphism of E with A; = g~'B;.

In particular for k = 2", taking B; = I}',1 < j < 2" we have a parameterizations
of A¥ = A?" by the discrete homogeneous space H,\G.

Set

OF = {1, -1} = {1, -1}71\¢,
The group G acts on the compact space QF as follows. For w € QF and g € G let
gw(a) = w(gilAlv 971A27 s 7971Ak)7

for any a = {A;, Ay, ..., Ax} € AF, and the G action on QF = Q2" can be described
equivalently by gw(H,g') = w(H,g'g), for every H,g' € H,\G.

Again for k = 2™ let Sy denote the group of permutations of {1,2,...,k} and
set

TF = {1, -1}
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We call elements of % tables. The natural action of Sy on {1,2,...,k} defines
induced actions of Sj on T*, A* and QF as follows. For 0,0 € S, T € TF,a =
{A], Ay, ... Ay} € AF and w € QF let

(LUT>(9) = T(U_19)7 ca = {AU—1(1)7 A071(2), . 7A0.—1(k)},
and (ow)(a) =w(oa).
Clearly this Sy action on QF commutes with the G action, i.e. Sy acts as a group
of automorphisms of the dynamical system (Q%, G).
Using tables we can give an alternative description of elements of Q¥ = {1, —I}Ak.
Let A* be the quotient space A¥/Sy; i.e. the collection of unordered partitions of
E into k non-empty clopen sets. Given w € QF let & € OF = (‘T’“)Ak be defined by

(@)(@)(0) = w(oa™),
where a* is obtained from the partition a = {4, Ao, ..., Ay} € A* by rearranging
the sets A; in the order in which they appear on E going from left to right.
It is easy to see that w + & is an isomorphism of the G system (QF, G) onto the G
system (QF, G), where the G action on the latter is defined by (g&)(a) = (©)(g~'4a).

4. THE SYMBOLIC FACTORS OF (®,G)

In this section we show that all the minimal subsets of the system (QF G) are
factors of (®,G). Throughout the section k& = 2™. We first indicate how one asso-
ciates with each table T € T* a minimal subsystem 7 C QF and a homomorphism
d)T : ((I)7G) - (ETvG)

Let Ur C @ be the clopen subset

Uz s a e Sk, T(a) =1}
We let ¢ : @ — QF be the associated “name map”. As indicated in Section 3 we
identify A* with H,\G and set
1 gc e Ur
-1 gc& Ur.
It is easily seen that ¢r is indeed a homomorphism from (@, G) into (2, G) and we
set ET = ¢T(q))

4.1. Theorem. Every minimal subset of the system (QF,G) is a factor of the
minimal system (®,G).

¢r(c)(Hng) = {

Proof. Fix a minimal subset ¥ C QF. We shall construct a homomorphism ¢ : ® —
Y. Fix a point w € X. A

As described in the Section 3 the corresponding element & € QF = (TF)A" is
defined by

(@)(@)(0) = w(oa™),
where a* is obtained from the partition a = {4, Ao, ..., Ay} € A* by rearranging
the sets A; in the order in which they appear on E going from left to right. We

consider w as a coloring of elements of Ak (i.e. unordered k-partitions) by r “colors”,
where the colors we use are the tables in T% = {1, —1}%*, so that r = card T* = 2*'.
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Applying the dual Ramsey theorem (Corollary 10 of [4], see also Corollary 4.2
of [8], page 130), for each m there exists a large number n = DR(k,m,r) and a
partition of {0,1....,2™ — 1} into 2™ sets so that when inducing a coloring on flﬁl
from the coloring defined by @ | Aﬁ we get a monochromatic coloring.

This means that applying a suitable g,, € G to w, we get an w,, = gyw in the
G-orbit of w which has a constant table on A¥,.

Taking a subsequence m; so that lim; .. wm; = wo exists we find that wp is in
the minimal set ¥ and that as an element of QF it has a constant table 7. Clearly
¢r(co) = wp and we conclude that ¥ = X as required. O

5. THE UNIVERSAL TRANSITIVE AND MINIMAL SYSTEMS OF A TOPOLOGICAL
GRoOuP T

This section is reproduced verbatim from [3] in order to make the exposition self
contained.

Let T be a topological group; we write L(T') for the commutative C*-algebra of
bounded left uniformly continuous C-valued functions on T' with the norm || f]| =
sup,er |£(1)], and with f*(t) = f(t). Recall that a function f : T — C is in L(T) iff
it is bounded and for every e > 0 there exists a symmetric neighborhood V = V1!

of the unit element e € T with
stleV = [f(s)— f(t)] <e.

An equivalent condition is | L, f — f|| < € for every r € V, where L, f(t) = f(r~'t).
It is easy to see that L(T) is right and left T-invariant; that is, f € L(T) =
Rsf € L(T) and Lsf € L(T), where R f(t) = f(ts) and Lsf(t) = f(s~'t). The
next lemma is well known and its proof is straightforward.

5.1. Lemma. Let (X, z0,T) be a pointed T-dynamical system (i.e. X is a compact
Hausdorff space and the action (t,x) — tr, T x X — X is jointly continuous;
xo € X is a distinguished point with Or(xg) = X). Let F € C(X). Then the
function f = fz, defined by the equation fy,(t) = F(txg) is an element of L(T). In
fact the map
O :F— fa, o :C(X)— L(T),
is a linear isometry of C*-algebras such that for every s € T
bolLy=Ls0®.

In the situation described in the lemma, we say that the function f is coming
from the pointed system (X, xq,T).

Let L be the Gelfand space corresponding to the C*-algebra L(T) and ¢, € L
the multiplicative functional ¢y : f — f(e) corresponding to the evaluation of a
function in L(T') at the identity element e € T

5.2. Corollary. With the natural action of the group T on the Gelfand space L and
the distinguished point Ly, the pointed dynamical system (L, xo,T) is the universal
point transitive T-system. Le. to every point transitive T-system (X, z,T) with
distinguished transitive point xo there exists a unique homomorphism

¢ . (L,Eo,T) — (X,ZC[),T).
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Proof. The map ¢ is realized by the dual of the isometric isomorphism ® : C'(X) —
L(T) on the corresponding Gelfand spaces. O

We shall use the notation |A| for the Gelfand space of a closed T-invariant
subalgebra A C L(T) (i.e. LsA = A for every s € T). Thus with this notation
L = |L(T)| and in the above corollary |A| =2 X where A = &(C(X)).

Let now M C L be any minimal subset. If (X,7T) is a minimal system then
the restriction of the map ¢ : L — X to M is a homomorphism ¢ : M — X. So
in this sense M is a universal minimal system. It turns out that in fact any two
minimal sets M; and My of L are isomorphic as dynamical systems (we shall not
prove this fact, see for example [1]). Thus (M, T) is the unique universal minimal
system (although not as a pointed system; fixing a distinguished point mo € M
and given a pointed minimal system (X, z(,T), a homomorphism ¢ : L — X with
¢(mg) = xo may not exist). The next theorem is due to Pestov [6] (see also [5]).

5.3. Theorem. If the topology of T admits a basis for neighborhoods at e consist-
ing of clopen subgroups, then the topological space L (and hence also M) is zero
dimensional.

Proof. Given a clopen subgroup H C T let
Ly={fel):Lsf=f VseH}
If f is any bounded function on the discrete space H\T then the corresponding

lift f(t) = f(Ht) is an element of Lz and conversely every element of Ly defines
a function in [ (H\T). Thus |Lx| = B(H\T) where 3(H\T) is the Stone-Cech
compactification of the discrete space H\T; in particular |L | is zero-dimensional
(in fact extremely disconnected when H\T is infinite; see [2]).

Given f € L(T) and € > 0 there exists a clopen subgroup H C T with
sup,cp diam f(Ht) < e. The function g € [°°(H\T) defined by g(Ht) = inf{f(rt) :
r € H} lifts to a function g(t) = g(Ht) in Ly with ||jg — f] <e.

It follows that the algebra

U{LH : H is a clopen subgroup of T},

is dense in L(T) and by the Stone-Weierstrass theorem, its closure is all of L(T).
We conclude that
L = lim |Ly|

is the inverse limit of the zero dimensional spaces |L | over the directed system of
clopen subgroups H C T. In particular we conclude that L and therefore also its
subset M are zero dimensional. (]

Again let (X,T) be a T dynamical system and let F' € C(X) be a real valued
function. Let I be the interval [—||F||, || F|]], and consider the compact space I of
all maps from T to I (with the topology of pointwise convergence). We define a
map ¥ : X — IT by o(x) = fo; ie. fo(t) = F(tz), (t € T). Let Y = (X). As
observed in Lemma 5.1 each f, is in L. It is easy to check that v is a continuous
map and if we let T act on Y according to the formula tf,(s) = f(st), then
t(x) =tfy = frz = ¥(tx). In fact we have:
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5.4. Lemma. The action of T on'Y is jointly continuous and the map ¢ : (X, T) —
(Y,T) is a homomorphism of T-systems.

6. THE UNIVERSAL MINIMAL G-SYSTEM

Recall that the system of clopen subgroups H,, = {g € G : g(I}') = I}, V1 <
j<2™ n=1,2,..., forms a basis for the topology of G at the identity e € G. By
Theorem 5.3 it follows that the universal minimal dynamical system (M (G),G) is
zero-dimensional. Let D C M(G) be a clopen subset and Fp =21p —1 € C(M),
with 1p the indicator function of D. If H = {g € G : ¢D = D} then H is a clopen
subgroup of G and hence it contains H,, for some n. It follows that the map vp
constructed above (see the paragraph preceding Lemma 5.4) using Fp as F' can be
defined as a mapping into {1, —1}»\ and thus we have ¢p : (M,G) — (22",Q),
so that with Yp = ¢p(M(Q)), the system (Yp, G) is a minimal symbolic subsystem
of 02",

6.1. Theorem. (®,G) is the universal minimal G-system. Hence all minimal ac-
tions of G are proximal.

Proof. Since (M(G),G) is the universal G-minimal system, there exists a homo-
morphism 7 : M(G) — ® and we pick some mg € M(G) with w(mg) = ¢ as a
distinguished point for M(G).

Given a clopen subset D C M (G) consider the following diagram:

(M(G),mq) —— (®, co)

o) J+»

(YD7yD) (YDvle)

The homomorphism ¥ p was defined above (see the first paragraph of the section)
and yp = ¥p(mg). We apply Theorem 4.1 to define the homomorphism ¢p : & —
QOF, with 3/}, defined to be ¢p(co)-

Now the image (¥ x (¢p0m))(M(G), mo) = (W, (yp, 4},)), with W C Y x Vp,
is a minimal subset of the product system (Yp x Yp, G). Since the system (Yp, G)
is proximal the diagonal A = {(y,y) : y € Yp} is the unique minimal subset of
the product system and we conclude that yp = y},, so that the above diagram is
replaced by

(M(G),mo) - (@, o)

k\ %
(Yp,yp)
Next form the product space

I = H{YD : D a clopen subset of M(G)},

and let ¢ : M(G) — II be the map whose D-projection is ¢¥p (i.e. (¥(m))p =
Yp(m)). We set Y = ¢(M(G)) and observe that, since clearly the maps ¥p
separate points on M (G), the map ¢ : M(G) — Y is an isomorphism, with ¢¥(mg) =
Yo, where yo € Y is defined by (yo)p = yp. Likewise define ¢ : & — Y by
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(p(m))p = ép(m), so that also ¢(co) = yo. These equations force the identity

o7 in the diagram

(M(G), mo) i (®, co)

A

(Y, %0)

Since 9 is a bijection it follows that so are m and ¢ and the proof is complete. O
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