MINIMAL HYPERSPACE ACTIONS OF HOMEOMORPHISM GROUPS
OF H-HOMOGENEOUS SPACES

ELI GLASNER & YONATAN GUTMAN

ABSTRACT. Let X be a h-homogeneous zero-dimensional compact Hausdorff space, i.e.
X is a Stone dual of a homogeneous Boolean algebra. Using the dual Ramsey theorem
and a detailed combinatorial analysis of what we call stable collections of subsets of a
finite set, we obtain a complete list of the minimal sub-systems of the compact dynamical
system (Exp(Exp(X)), Homeo(X)), where Exzp(X) stands for the hyperspace comprising
the closed subsets of X equipped with the Vietoris topology. The importance of this
dynamical system stems from Uspenskij’s characterization of the universal ambit of G =
Homeo(X). The results apply to X = C the Cantor set, the generalized Cantor sets
X = {0,1}" for non-countable cardinals k, and to several other spaces. A particular
interesting case is X = w* = fw \ w, where Sw denotes the Stone-Cech compactification
of the natural numbers. This space, called the corona or the remainder of w, has been

extensively studied in the fields of set theory and topology.

1. INTRODUCTION

1.1. Representative families. Let G be a (Hausdorff) topological group and X a Haus-
dorff compact space. We consider compact dynamical systems or G-spaces which we denote
by (X,G). The general theory of such systems ensures the existence and uniqueness of a
universal G-ambit denoted (S(G),ep,G). Here an ambit is a G-space (X, z9,G), with a
distinguished point x¢ whose orbit is dense in X. The universality means that for every am-
bit (X, zo, G) there is a (necessarily unique) homomorphism of pointed dynamical systems
7w (S(G),ep,G) — (X, z9,G). By Zorn’s lemma every dynamical system (X, G) admits, at

least one, minimal subsystem Y C X; i.e. Y is closed and invariant and the only invariant
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MINIMAL HYPERSPACE ACTIONS

subsets of Y are Y and (). It then follows that any minimal subset M of S(G) is a universal
minimal G-system, in an obvious sense, and moreover up to isomorphism this universal
system M(G) is unique.

The enveloping semigroup of a dynamical system (X, G), denoted E(X), is by defini-
tion the closure in the compact space X~ of the collection of maps {g : g € G}, where § is
the element of the group Homeo(G) which corresponds to g. We refer the reader to books
on the abstract theory of topological dynamics for more details. In particular [dV93] is a
suitable source from our point of view.

In [Usp09] Uspenskij introduced the following definition

Definition 1.1. A family {X, : a € A} of compact G-spaces is representative if the
family of natural maps S(G) — E(X,), where S(G) is the universal ambit of G and E(X,)
is the enveloping semigroup of X, separate points of S(G) (and hence yields an embedding
of S(G) into HaecaE(Xy)).

In the same article Uspenskij proved:

Theorem 1.2. If{X, : o € A} is a representative family of compact G-spaces, the universal
minimal compact G-space M(G) is isomorphic (as a G-space) to a G-subspace of a product
IIgY3s, where each Yz is a minimal compact G-space isomorphic to a G-subspace of some

X

Denote by Exp(X), the hyperspace of X, defined to be the collection all non-empty closed
sets of X, equipped with the Vietoris topology. Exzp(X) is known to be compact Hausdorff.
Let G = Homeo(X) equipped with the compact-open topology. Notice Exp(X) is a G-
space. The following is Theorem 4.1 of Uspenskij [Usp09]:

Theorem 1.3. Let X be a compact space and H a subgroup of Homeo(X). The sequence

{Bxp(Exp(X))"}22, of compact H-spaces is representative. !

Remark 1.4. We refer to the action of Homeo(X) on Exp(Exzp(X))", n = 1,2,... as the

hyperspace actions.

1By this we mean Exp((Exzp(X))")
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1.2. H-homogeneous spaces and homogeneous Boolean algebras. The following def-

initions are well know (see e.g. [HNV04| Section H-4):

(1) A zero-dimensional compact Hausdorff topological space X is called h-homogeneous
if every non-empty clopen subset of X is homeomorphic to the entire space X.
(2) A Boolean algebra B is called homogeneous if for any nonzero element a of B the

relative algebra Bla = {z € B : x < a} is isomorphic to B.

Using Stone’s Duality Theorem (see [BS81] IV§4) a zero-dimensional compact Hausdorff
h-homogeneous space X is the Stone dual of a homogeneous Boolean algebra, i.e. any such
space is realized as the space of ultrafilters B* over a homogeneous Boolean algebra B
equipped with the topology for which N, = {U € B*: a € U}, a € B is a base. Here are

some examples of h-homogeneous spaces (see [SR89)]):

(1) The countable atomless Boolean algebra is homogeneous. It corresponds by Stone
duality to the Cantor set C' = {0, 1}V.

(2) Every infinite free Boolean algebra is homogeneous. These Boolean algebras cor-
respond by Stone duality to the generalized Cantor spaces, {0,1}" | for infinite

cardinals k.

More examples are discussed in section 1.1 of [GG11|. In the next subsection we discuss an

especially interesting example:

1.3. The corona. For X a Tychonoff space (completely regular Huasdorff space), the Stone-
Cech compactification SX of X is a compact Hausdorff space, unique up to homeomorphism,
such that X densely embeds in X, X — (X and such that the following universal property
holds: Any continuous function ¢ : X — K, where K is compact Hausdorff, can be uniquely
extended to a continuous function ¢ : 6X — K. When X is discrete and in particular in the
case of the integers, 6Z has a concrete description as the collection of ultrafilters on Z. The
collection U = {Uy : A C Z}, where for each A C Z the set Uy is the set of ultrafilters in SZ
containing A (Uq = {p € BZ : A € p}), forms a basis for the compact Hausdorff topology
on (Z. The collection of fized ultrafilters; i.e. ultrafilters of the form p, = {A CZ :n € A}
for n € Z, forms an open, discrete, dense subset of 8Z, and one identifies this collection with
7. For more details on the Stone-Cech compactification see [GJ60], [Eng78| and [HS98].
Given a locally compact Hausdorff space Y it can be shown that Y embeds inside GY

as an open dense set. One defines the corona of Y (or remainder of Y') to be the compact
3
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space x(Y) = Y \ Y. Let w be the first infinite cardinal which we will identify with Z. The
corona of the integers x(Z) £ w*, which we will simply call the corona, has been extensively
studied in the fields of set theory and logic. An excellent survey article is [vM84]. The notion
of P-points received special attention, see [Kun80| and [BV80]. Specific corona spaces such
as X(Z) , x(Q) and x(R) appeared in the now classical monograph on commutative C*-
algebras [GJ60]. The name seems to originate in [GP84|. The non-commutative analogue
of the corona spaces, namely the corona algebras play an important role in the solution of
various lifting problems in the theory of C*-algebras (see [OP89)).

For an infinite subset A C Z let A = w* N Clsgz(A). One sees easily that A=DBiff AAB
is finite. The collection & = {A : A C Z, A infinite} is a basis consisting of clopen sets
for the topology of w*. For infinite A C Z one has A ~ X(A) and moreover A ~ Z implies
A~ W using the universal property of the Stone-Cech compactification. This shows that w*
is h-homogeneous. Let P(w) be the Boolean algebra of all subsets of w and let fin C P(w)
be the ideal comprising the finite subsets of w. Define the equivalence relations A ~;, B,
A,B € P(w), if and only if AAB is in fin. The quotient Boolean algebra P(w)/fin is

homogeneous. This Boolean algebra corresponds by Stone duality to w*.

1.4. The space of maximal chains. Let K be a compact Huasdorfl space. A subset
¢ C Ezp(K) is a chain in Exp(K) if for any E,F € c either E C F or F C E. A chain is
mazimal if it is maximal with respect to the inclusion relation. One verifies easily that a
maximal chain in Fxp(K) is a closed subset of Exp(K), and that & = ®(K), the space of all
maximal chains in Exp(K), is a closed subset of Ezp(Fzp(K)), i.e. ®(K) C Exp(Exp(K))
is a compact space. Note that a G-action on K naturally induces a G-action on Ezp(K)
and ®. It is easy to see that every ¢ € ® has a first element F' which is necessarily of the
form F' = {z}. Moreover, calling x = r(c) the root of the chain ¢, it is clear that the map

m:® — K, sending a chain to its root, is a homomorphism of dynamical systems.

1.5. The main theorem. In view of Uspenskij’s theorems mentioned in Subsection 1.1

oo
n=1

one is naturally interested in classifying the G-minimal subspaces of { Ezp(Exzp(X))"™
where G = Homeo(X). The aim of this work is to accomplish this task for the case of a
Hausdorff zero-dimensional compact h-homogneous space X and n = 1. This turns out to
be highly nontrivial and therefore hard to generalize for n > 2. Fortunately the universal

minimal space can be calculated in this case using different methods. We refer the reader
4
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to our paper [GG11], where we show that for these spaces M(G) = ®(X). Our main result

in the present work is the following:

Theorem. Let X be a Hausdorff zero-dimensional compact h-homogeneous space. The fol-
lowing list is an exhaustive list of the Homeo(X) - minimal spaces of Exp(Exp(X)) :

D {{X}}-

2) @
3) {H{zn 22, 25} ey amynwexs b (G EN).

4) {{{zr 22, 251 Xy a0, 0p)exi} (5 EN)

5 {{{z, 22, 251 Flaey an,.oy)exi peg beew (5 €N).
6) {{{z1, 22, %} @n,....sp)exi—1 Huex (G EN).

7) {({FU{z1,22,... axq}}(a:l,a:g,...,xq)qu,Fef}fe@(q > 1.).
)

8 {{F U {5131, L2y qu}v {T(§)7 Y2, ... 7xl}}(xl,xg,...,xq)GXq,(yg,...,yl,1)6X1—1,F€£}£€¢'
(1>q=>1).

(
(
(
(
(
(
(
(

(9) {{FU{.Z’I, L2y ey xq}v {zlv R2y .- 7zj}}(zl,xz,...,xq)eX‘l,(zl7zz,...,Zj)EXj,Fe§}£€<I>(Q7j > 1)
(10) {{F U {ZIIl, L2y 7xq}7 {T(S)vy% cee 7yl}7

{21522, 25 ey ) €X, (g1 ) EXI (21,2202, ) EXT FEE JEED
(I>qg>1<j<l).

(11) {{X {21, 22, -, T (ag,.0j)exs—1 Haex (4 EN).

(12) {{{7(&)s@2,- 25}, F} sy yyexit peeeca i € N).

(13) {{{y1,92,. .. 7%”}’ {w1,29,. .. 7xj}(12’.“’$j)er*17(y1’y2,”,7'yj,)er/}}ZElEX'

(14) {{X. {y1, 2, ... 7?!]"}: {21, 22,. .. ,ij}(@7,__%.)@(]'—1,(yhy%._,,yj,)exj/}}xlex-
(15) {{{y1, 92, -- ,yj/}a {7(&), 2, . .. a%'}a F}(xQ,,,,,xj)exj—l,Feg,(yl,y%,_,,yj,)exj/}geq»
(16) {{F|F € Exp(X)}}.

(17) {{Flz € F € Exp(X)}}oex-

(18)

18 {{{331, L2,. .. 7$j}7 F}(arl,azg,...,:cj)EXj,xEFEEa:p(X)}xEX (] € N)

The proof of the theorem is achieved by a detailed combinatorial analysis of collections
of subsets of a finite set, which we expect will be, in itself, of an independent interest
to combinatorists. We thank Noga Alon for his advise pertaining to some aspects of this
analysis.

It is interesting to compare this theorem to similar theorems in [Gut08|. In that article it

is shown that If X is a closed manifold of dimension 2 or higher, or the Hilbert cube, then
5
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M, the space of maximal chains of continua, is a minimal subspace of Exp(Exp(X)) under

the action of Homeo(X). Further investigating Exp(M) C Exp(Exp(Exp(X))) it is shown:

Theorem. If X is a closed manifold of dimension 3 or higher, or the Hilbert cube, then
the action of Homeo(X) on Exp(M), the space of non-empty closed subsets of the space of
maximal chains of continua, has exactly the following minimal subspaces:

(1) {M},

(2) {My}rex, where My ={ce€ M(X) :({ca: ca € ¢} ={z}},

(3) {{c} : ce M},

2. PATTERNS

The following section deals with results in combinatorics of finite sets. In subsequent

sections these results will be used in the context of hyperspace actions.

2.1. Patterns and partitions.

Definition 2.1. A non-empty collection P of non-empty vectors in (Exp(1m))™, where m =

{1,2,...,m} is called an m,-pattern. Thus an m,-pattern has the form
P={P;= (P}, P2 ,P"):s=1,2,...,t}

where each P! is a nonempty subset of 7. We denote the collection of m,,-patterns by

Cpn(m). The number of distinct my,-patterns is r = 22""~! — 1 (we exclude the empty
set). Denote by Cp, = |J,,,cny Cn(m), the collection of n-dimensional patterns. Denote by
C(m) = U, ey Cn(m), the collection of m-pattern.

The idea behind this definition is that patterns represent neighborhoods of element of
the space Exp(Exp(X))™. It is much easier to think about, or visualize, a 1-pattern than
a higher order ones. So we suggest that, in the sequel, the reader will consider, when each

new definition is introduced, the one-dimensional case first.

As a motivating example consider the m; pattern ¢, € Ci(m):

om = {{1},{1,2},...,{1,2,...,m}}.

Note that given a clopen ordered partition o = (A1, As...,A,) of the compact zero-

dimensional space X, the pattern ¢,, can serve as a typical neighborhood U = U(¢,)
6
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in the Vietoris topology on Exp(Exzp(X))) of a maximal chain ¢ € ®(x). Explicitly, set
U= ((A1), (A1, Ag), ..., (A1, Ag, ..., Ap))
= (U1,Us, ...,Un),
where for a compact space K and open sets V7, ..., Vi we let
(Vi,Va,...,Viy ={F € Bap(K): FCU\_\V;, and FNV; #0 V1< j<k}

In other words, a maximal chain ¢ € ®(X) is in Y if and only if every F' € ¢ is in at
least one of the sets U; = (A1, As,..., A;) and for every 1 < j < m there is at least one
F e cn (A, As, ..., Aj) (see Lemma 4.5 below). Pictorially we can think of ¢ as a chain
of closed subsets of X which grows continuously to fill the sets Ay, then A; U As, etc. and
eventually the entire space X = Aj U Ao U---U Ap,.

An ordered partition v = (C1,...,Ck) of {1,...,s} into k nonempty sets is said to be
naturally ordered if for every 1 < i < j < k, min(C;) < min(C;). We denote by II(}) the

collection of naturally ordered partitions of {1,...,s} into k nonempty sets.

Definition 2.2. Let P be an my-pattern and v = (Cy,...,Ck) € H(’:) The induced
kn-pattern P, is defined as the collection P, = {P, : P € P}, where

Py ={(j1.52, -+ dn) : Cjy x Cj, x -+- x Cj, N P # 0}

Let § = (B1,...,Bs) € H(';) and v = (C1,...,Cy) € H(qz), we define the amalgamated
partition v3 = (G1,...,G;) € () by:

Gi=Ja

1€B;

Notice 75 is naturally ordered and (Py)s = P,,.

2.2. Notation. Define * : Ezp(m) — Exp(m + 1) by the mapping
A AT ={j+1]j € A}.

In addition )" = (). Define ~ : Exp(ii \ {1}) — Exzp(m = 1) by the mapping
A— A" ={j—1|j€ A}

For j € m + 1, define Dj : Exp(m) — Exp(m + 1) by the mapping

A (Anj=1UA\j-1"
7
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For ~ € H(mnfl), v = (C1,0Cy,...,Cp), denote by p, : Exp(m +1) — Exp(m) the
mapping A — A, where, as above, A, = {j : C; N A # 0}.
Let 4,7 € m + 1 with ¢ < j. Define:

A = iy = (02 i = i) {i b U G = 1+ D {m o+ 1))

Notice ’ygljﬂ € H(m;;l). For P € Exp(m), with m € P we introduce the notation: P41 =

PU{m+1} and P = P41\ {m}. Notice p;! . (P)={P,P,Pyy1}.

2.3. The standard Patterns.

m

Definition 2.3. Let m = {1,...,m} and 0=10. Forl<i <ig<--<i;<mlet
I, o = m\{ii2,..., i} and define e(

l"fw”) = 41. The indices 41,19,...,% are
referred to as the holes of Igﬁi%m’il. For0O<h<m,1<I1l<m,h+1<m-+1 define
Hity =170 4, a4, h<di<ds<o<a, and EHYy = {13} ) ) biedy<dy<--<dy, Where we use the

convention Hy'y = FH{; = m.

The following mi-patterns are called standard :

1) {m} .
2) ¢m = {{1},{1,2},...,m}.
3) For every 1 < j < m the collection A;,, of all subsets of m of cardinality < j.

(1)
(2)
(3)
(4) For every 1 < j < m — 2 the collection A;,, U {m}.
(5) For every 1 < j < m — 2 the collection A;,, U ¢p,.
(6) For every 1 < j < m the collection A}m of all subsets of m of cardinality < j
containing 1.
(7) The collection A}, 5, UN U {ni} for ) # N C Hf", (N = corresponds to case
(12) and the case N' = H{", corresponds to case (6))
8) Am—om UN for N C H™, N # H™, with [N| =m — 1 (N = H™, corresponds to
: 1,1 1,2 1,2
case (14)).
9) Let 0 2 N C HI,. N # H!",. The collection A,,,_2., UNU{m} (N = () corresponds
=17 1,2 :
to case (4), N' = H! corresponds to case (3)and N/ = H!", corresponds to case (14)).
1,1 1,2
(10) For every 2 <r <r+1 < s < m the collection D,Ts £ A%n,r,lm U U;L=1 HiTs—hH U
{m} (s = m corresponds to case (13), s = r + 1 corresponds to Dty andr =1

corresponds to case (7) ).

(11) Forevery 2<r<r+1<s<mand 1 <j<m—r—1, D UAjn.
8
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For every 1 < j < m — 2 the collection A;m U{m}.

)
13) For every 1 < j < m — 2 the collection A}’m U G-

) For every 2 < j < m and j’ < j the collection .Ajl-m UAj .

) For every 2 < j < m—2 and j/ < j the collection A},m UAjmU{m} (j=m—-1m
correspond to case (14)).
(16) For every 2 < j <m —2 and j' < j the collection .A]l-m UAjmUo, (j=m—1,m

correspond to case (14)).

(17) For every 1 < j < m—2 the collection Aj,nUA,, 5, UNU{m} where § # N C H{%.

Note:
<1> D?lsl U D:‘;SQ = Dgin{rl,T’Q},min{Sj[,SQ}'

(2) D?fsﬂ = Dgn—Ls+1~

2.4. Stable patterns. The notion of a stable pattern which we are about to define is of
crucial importance for our analysis. We surmise that it may be relevant for other problems

in the combinatorics of finite sets.

Definition 2.4. An m,-pattern P is said to be k-stable if for every partition o € H(Z})
for 2 < k' < k the induced k] -pattern P, is a constant pattern (i.e. it does not depend on

«). Denote SP,(m) = {P : P is an m-stable m,-pattern}.

As an example the reader is advised to check that the mq-pattern ¢, is m-stable.
Lemma 2.5. Let 1 <i<j<m+1 and Q Cm withi ¢ Q then p;i}j(Q) = {D;(Q)}.
Proof. Trivial. (]

Lemma 2.6. Let m € N and let P be an (m + 1)-pattern. If there exists an m-stable
m-pattern Q so that for every v € H(m+1), P, = Q then P is (m + 1)-stable.

m

Proof. For every a,a’ € H(m,jl), there exist v,7 € H(m;;l) and 3,4 € II(7}) so that
Pa = (Py)p= Qs = Qs = (Py)g- O

Lemma 2.7. Let m € N and let P be an (m + 1)-pattern. Let m € H(mgl) and Q an
m-pattern so that Pr = Q then P = Jgeo pr1(Q)NP.

Proof. Trivial. O
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Lemma 2.8. Let m € N and let P be an (m + 1)-pattern. Let v € H(m;;l) and Q an
m-pattern so that P, = Q. Let Q € Q and assume p;l(Q) = {A}, then A€ P.

Proof. Trivial. O

Lemma 2.9. Let P be an (m + 1)-stable (m + 1)1-pattern. Let 1 < h <m, 1 <[ < m,
htl<m+1andm =~0t € (™). If PrNEHY, =0 for alli < 1, and PxNEH]", #0)
then PN H'Y = H'HY and Pr 0 HYy = HT.

Proof. Let Q € Py N EH}", which is non-empty by assumption. Our first goal is to show
that H;Zfl?l C P.Let R= Ig‘j;;_“’shﬂ € H;rfl}l We will show using induction that for any
I —1<j < sp there exists P = P(j) € Pr N EH}; so that P Nj=RNjand e(P) < e(R)
(obviously if the statement is true one can choose P(sy,) for all j but this can be concluded
only after the induction is carried through). First we verify the base case by choosing P = @
and noticing trivially that PNl —1=RNIl—1=1—1and [ = ¢(P) < e(R) . Secondly
let I =1 < j < sp—1 and assume there exist P € Pr N EHJ} so that PNnj=RNJ and
e(P) < e(R). We will prove there exists P’ € Pr N EH]]y so that P’ N j f1=RnNj+1
and e(P') < e(R). f PNj+1=RNj+1 we are done. Assume PNj+1# RNj+1.
We distinguish between several cases. We repeatedly use the fact that Dy(P) € P for any

e(P) < ¢ <m+1 as seen by Lemma 2.5.

ej+1¢ Rand j+ 1€ P. As R has at most h — 1 holesinj, sodoesPinj—Fl.
Therefore there exists k > j + 1 so that k& ¢ P. Moreover by assumption e(P) <
e(R) < j+1andasj+ 1€ P then e(P) < j+ 1. Define P’ = mj 19 p11(Djs1(P))
(P’ is constructed by adding a hole at j + 1 and canceling the hole at k). Clearly
P'e Pr N EHY and e(P') = e(P) < e(R).

e j+l1eR j+1¢ P, e(P)<jand 3k > j+1, ke P. Define P’ = 741 (Dmy1(P))
(P’ is constructed by canceling the hole at j + 1 and adding a hole at m). Clearly
P' € PrNEH". As P has a hole in j so does P’ and we have e(P') = e(P) < e(R).

o j+1ec R, e(P)=j+1 (equivalent to j+1 ¢ P, e(P) > j and implies e(R) > j+2)
and j + 2 € P. Define P’ = m j11(D;13(P)) (P’ is constructed by canceling the
hole at j+ 1 and adding a hole at j +2) Clearly P’ € P, N EHy",. In addition notice

e(P'y=j+2<e(R).
10
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o j+1e R, e(P)=j+1 (equivalent to j+1 ¢ P, e(P) > j and implies e(R) > j+2),
j+2¢ Pand 3k > j+2, k€ P. P =711 1(Dms1(P)) (P is constructed by
canceling the hole at j + 1 and adding a hole at m). Clearly P’ € P, N EH;Y. In
addition notice e(P’") = j + 2 < e(R).

ej+1€R j+1¢ P,e(P)<jand ~3Jk > j+ 1, k € P. Notice that by
assumption 7 + 1 < sp. However as j +1 € R, we conclude j + 1 < sp which
implies j + 2 < sp+1 < m+ 1. Define P’ = mj 19 m1(Dj41(P)) (P’ is constructed
by canceling the hole at j + 1 and adding a hole at j + 2) Clearly P’ € P, N EH,.
In addition notice e(P') = j + 2 < e(R).

ej+1eR, j+1¢ P, e(P)>jand ~Tk >j+1, ke P Asj>1-1
and e(P) = I, we conclude j =1 —1. As ~ Jk > j+ 1, k € P we must have
P =1, ., Thisimplies h =m — 1+ 1. In this case H'}!, = {I}7] .} As
Ilr:ﬁll7---7m+l = Din1({]]41, ), We have Hﬂ:ﬁ}l C P and we can stop the induction.

At the end of the induction we have either proven H;Zflll C P or shown that for all R =
Imtl € H}T[fl}l there exists P € Pr N EHJ; so that PN sj, = RN sj, and e(P) < e(R).

51,5258k 41
This implies R = D, ,(P) and therefore we have R € P. We can thus finally conclude
Hy'4' C P. This implies H}", C Pr. Indeed let P € Hj", then Q = Dpy1(P) € Hy'H
and P = 7w(Q). By assumption P, N EHY, = () for all i < I, we can therefore conclude
Pr N H,Tl = H}Tl' Assume for a contradiction A € PN Elr-[;L’j:rllZ for some ¢ < [. Select
j > iso that j ¢ A (such j exists as (h + 1) > 2). Notice p,, ;(A) € EH}"; which is a

contradiction. We conclude that P N H}T;flll = H,Tﬁll. O

Lemma 2.10. Let P be a (m + 1)-stable (m + 1);-pattern. Assume j < m. If Aj., C Pr
(A},m C Px) then Ajmi1 CP (A, 11 C P respectively).

Proof. Let Q € Ajmy1. Let 1 <i <k <m+1,sothat i,k ¢ Q. Notice |p,,, (Q)| = |Q| and
therefore p,, , (Q) € Ajm. As p;zlk (P, (@) = {Q} we have @ € P. The proof for A;mH

is similar. O

Lemma 2.11. Let P be a (m+1)-stable (m +1)1-pattern. Assume Pr N H{Y = H{", where

e >3, then PN H = H"EY | 1f in addition 17 € Pr, then m + 1 € P.

Proof. Denote M = {I;"*! : I;"*! € P}. Choose e < k < m and notice that p;llz ) =

1 1 1 1 1 1 1
(L IS I ) Clearly I, ¢ Pas1 ¢ pa, (175 Also IV € Paspy, o, (1555
11
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= I5" ¢ Pr. Conclude H{"}} C M. Let k' <, then p,,, ., (I7"") = Ii? ¢ Pr. Conclude

M = Hlmetrll If 17 € Py, then as 1 ¢ p,,_, (M) we conclude m + 1 € P. O

Theorem 2.12. Let m > 2. The standard patterns are m-stable m1-patterns and in partic-

ular for all v € H(m:nrl) :

(1) {m}y ={m -1}

(2) (m)y = Pm—1

B3) (Amm)y = Am—1,m-1

4) (Abm)y = A 1m

(5) (Ajm)y = Ajm-1 for 1<j<m—1.

(6) (Ajp)y =Aj g for1<j<m-—1.

(7) (DP)y =Dy for2<r<r+1<s<m.

(8) (AL _ ZmU./\/U{m})7 = AL _ Lm—1 where N C Hy

(9) (Am—2m UN U{mi})y = Ap1m—1 for N C HTy

(10) (Am—2m UN)y = A1 m1 for N' C HPY with [N =m — 1.

Proof

(1)

(2)

(3) Trivial.
(4) Trivial.

(5) Fix a = ;1 for some 1 <i < k < m. Trivially (Ajm)a C Ajm—1. Let Q € Aj 1.
If i ¢ Q, then by Lemma 2.5 p1(Q) = {Dk(Q)} and clearly Di(Q) € Aj,, as
IDR(Q)| = 1Q]. Tfi € Q, then p;'(Q) = {Dk(Q), Dr(Q) U {k}, Di(Q) U {k} \ {i}}
and again it is enough to note that Di(Q) € A; .

(6) Similar to the proof of (5).

(7) We start by proving that for all v € H(mH) (D)4 C D;”__ljls_l, where:

,
(DI)y = (A 1m U J B0 U 1),
=1

DI = A U U H'Zp U {m — “ 1)

mrlml

12
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This follows from (A}

e 1m)y = Ay (as trivially m—r—1 < m), {n;}y =

m—r—1,m—11
{m:l} and from (H[", ; 4)y C H{fii_lﬂ U Hl";:ll for I = 1,...,7. To prove
(D), D D:,n:l,lsfl, fix v = ~; ; and notice that for P € Hl’z:}, one has p,(D;(P)) =
P and D;(P) € H ..
(8) Trivial.
(9) Trivial.
(10) Notice that as |[N| = m — 1, for all v = =, ;, there exist P € AN so that ¢ ¢ P or
j ¢ P, which implies that m € (N),. The rest of the proof is trivial.

Our next goal is to show that, in fact, the standard patterns are the only mq-patterns

which are m-stable (Theorem 2.14). We begin by analyzing the 3-patterns.
Proposition 2.13. The 3-stable 31-patterns are standard.

Proof. We enumerate all 3-stable 3;-patterns. Denote o = 'yiz, 6 = 7{’73 and T = 7%3.
Assume P is a 3-stable 31-pattern. Obviously P; is one of the seven 2-patterns. We analyze

the different cases and show P must be standard:

(1) Pr = {{1}} = Al ,. Notice p;}({1}) = {{1}} and conclude by Lemma 2.7 P = A} ,.

(2) Pr = {{2}}. Notice p;'({2}) = {{2}}. Conclude P = {{2}}. However ({{2}})a =
{{1}}. Contradiction.

(3) Pr = {{1,2}} = {2}. Using case (1) of Theorem 2.14 which holds true for m > 2,
we conclude P = {3}

(4) Pr = {{1},{2}} = Ay2. Using case (3a.) of Theorem 2.14 which holds true for
m > 2, we conclude P = Aj 3.

(5) Pr = {{1},{1,2}} = ¢o. Notice p7'({1,2}) = {{1,2},{1,3},{1,2,3}}. We analyze
all @ € p71(¢2) in the following table:

13
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Q Stable | Identification / Reason for not being stable
{{1}.{1,2}} No. Qo = {{1}} # Qx
{{1}.{1,3}} No. Qs ={{1}} #Qn

{{1},{1,2,3}} Yes. Al 5 U {3}
{1}, {1,2},{1,3}} Yes. A3
{{1},{1,2}{1,2,3}} Yes. 3
{{1},{1,3}{1,2,3}} Yes. Al g UN U {3}, where N C H3,.
{{1},{1,2},{1,3}{1,2,3}} | Yes. Al 5

(6) P = {{2},{1,2}}. Notice pgl({Q}) = {{2}}. Conclude {2} € P. However
pa({2}) = {1} ¢ Px. Contradiction.

(7) Pr = {{1},{2},{1,2}} = Az2. Using case (3b.) of Theorem 2.14 which holds true
for m > 2, we conclude P = Ay 3 UN” for N C H} | with [N'| =2 or P = Ay or
P =A13UN U{3}, for N C H},.

Theorem 2.14. The standard patterns are the only mq-patterns which are m-stable.

Proof. By Theorem 2.12 the standard patterns are m-stable. We prove by induction on m
that the standard patterns are the only mi-patterns which are m-stable. The case m = 3 is
proven in Theorem 2.13. Assume the theorem is true for m > 3, we prove it for m + 1. Let
T = 'ymﬁﬂ. Let P be an (m + 1)-stable (m + 1);-pattern. By the induction assumption
P, must be standard. We analyze the different cases in order to prove P is standard. Note
that if P € P, and m ¢ P, then p;!(P) = {P} and therefore we will be mainly analyzing
P € P, with m € P.

(1) Pr = {m}. Recall p;' (1) = {m + 1,7, m}. We claim 7 ¢ P. Indeed let o = ’yf‘ntl
and observe that g = m — 1 ¢ P, (recall m > 2). Similarly let 3 = y{'%il and
observe that 1, = m —1 ¢ P (recall m > 2). We conclude P = {m + 1} using
Lemma 2.7.

(2) Pr = dm. Recall pZ1(m) = {m + 1,m,m}. We claim 7 ¢ P. Indeed let o = 7{'?;1
and observe 1y = {1,2,...,m — 2,m} ¢ Pr(recall m —2 > 1). We claim m ¢ P.

Indeed in that case m — 1 ¢ P,. Similarly we claim m + 1 ¢ P cannot hold as in
14
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that case 1 ¢ Pg. This implies 1, m + 1 € P. Notice p=1(5) = {j} for j < m — 1.
We conclude P = ¢y, 41 using Lemma 2.7.

We will divide Pr = A; ,,, into two cases:

a. Pr = Ajm, for j < m. By Lemma 2.10 A;,,4+1 C P. We only need to consider
P € Aj,, |P| = j and m € P, for which pz'(P) = {P, P, Pp+1}, and show that
Ppy1 ¢ P. Indeed select k ¢ P with k < m. Let v = 4", Ly, then [(Pri1)al = j +1
which implies (Pr41)a ¢ Pr. Finally we conclude P = A; 41 using Lemma 2.7.

b. Pr = Anm. By Lemma 2.10 A,,—1 41 C P. We therefore need to determine
which elements of H7" U {m 4 1} belong to P. Recall from article (5) of Theorem
2.12 that (Am—1,m+1)y = Am—1,m for all v € H(mq;:l% and notice that for any
Pe H{”{H U{m F 1}, P, = 1. First assume m + 1 € P. Conclude P = Ay, 1 ns1U
NU{m+ 1}, for N C H'™, or P = Apm—1m1 UN” for N C H"IE N = m+ 1,
P = Ammy1. If [N?| < m, then there exists i, j € m + 1,7 # j so that for all P € N,
i,j € P. This implies 7 ¢ (Am—1,m+1 UN"),, ;. Conclude P = Ay —1,m1 UN' for
N C HYYy with [N =m or P = Apmi1 ot P = A1 mi1 UN U {m F 1}, for
N c H

Pr=AjmU{m} for 1 <j<m—2 p-'(m)={m+1,m,m}. We claim m ¢ P.
Indeed let o = 71, and observe that m, = m 1 ¢ Pr. Similarly let 8 = v1m+41
and observe that 7, = m —1 ¢ P. We now continue as in case (3a). Conclude
P = Ajmi1U{m+1}.

Pr = Ajm Uy, for 1 < j < m —2. We start by analyzing p;(P) for P € Aj .
This is done as in case (3) with the sole difference that for the case P € Aj,, |P| =
J, m € P we choose 1 <i < k <m so that i,k ¢ P and notice that for a = ~; 3, we
have |(Pp+1)a| = j+1 and in addition ¢ ¢ (P,41)a and m € (Py41)q which implies
(Pm+1)a & Pr. Let now P € ¢, so that j < |P| < m — 1. Notice p;1(A) = {A}.
For P = m, we continue as in case (2). Conclude P = Aj 41U Oy

We will divide P, = A]{m into two cases:

a. Pr = Aj,, for j <m. Similar to the proof of article (3a). Conclude P = A} ..
b. Pr = Aj, - Similar to the proof of article (3b). Notice that P = A}, ;. j UN
for 0 # N' C H{?QH is ruled out because in such a case |N’| < m. Conclude

P=Ay 1mi1 UNU{m 1}, for N C HTZH or P =Ap i1

15
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(7) Pr = Al UN U {nm} where ) # N C H{Y. Let e = mingene(Q). A similar

m—2m
argument to case (9) yields e > 3, N = HT;FI and P = A,ln_Zm_i_l UH;?;FIUHT;TIU
{m —E 1} = Dg?e‘trll.
(8) Pr = Apm—am UN for N' C HY, N # H") with IN| = m — 1. This implies
N = Hﬂ"‘l \ EHjm1 for some 2 < j < m, so this case corresponds to Lemma 2.9
h =1,1 =1 and we conclude Pr N Hi"y = Hy"; which is a contradiction.
(a) Pr = Am—2m UN U{ni} for O # N C H", N # H'y. Let e = mingene(Q).
By Lemma 2.9 N' = H" and Hj.'' = PN HYY™'. By assumption N #
H{", H{") and therefore e > 2. For e > 3, we use Lemma 2.11 to conclude
HP'H =P HY™ and m+ 1 € P. By Lemma 2.10 Ay m41 C P. Finally
conclude P = Ay, —2.m+1 U Hg”eﬂ U H{’?eill u{m 1 1} = Dg?;_ll U Am—2m+1-
(9) Pr =Dy, for 2<r <r+1<s<m. Recall D], = A,ln,,,,lym UlUp—y Hy' iy U

{m}. By Lemma 2.10, Al C P. Apply Lemma 2.9 r times w.r.t. pairs

m—r—1m
h=1andl=s—1+1 to conclude H7"! NP = H{”;r_ll,ﬂ. Finally conclude

'+1,s—1'"4+1
_ mym+1
P = Dr—i—l,s—i—l :

(10) Pr =D\ UAjpfor2<r<r+l<s<mandl <j<m-r—-1 PeAn

is analyzed as in case (14). P € D"

i is analyzed as in case (10). Conclude P =

Dy o1 U Ajmet.

(11) Pr = A},m U{m} for 1 <j < m — 2. Similar to case (4). Conclude P = A;,mﬂ U
{m+1}.

(12) Pr = A}MU(f)m for 1 < j < m—2. Similar to case (5). Conclude P = A}mH Udm1-

(13) Pr = A}mU.Aj/,m for 2 < j <mand j' < j. By Lemma 2.10 ‘A},erl UAjr mi1 CP.
We treat two cases:
a. j < m. Similar to case (14). Conclude P = A},m+1 UAj s
b. j = m. Similar to case (6b). Conclude P = Ajs 11 U A}n—l,m+1 UN U {m+1}
with NV C H{'f;l or P=Ajrmy1 U .A,lmmﬂ.

(14) Pr = A}, UAj ,m U{ni} for2<j<m-—2andj’ <j. PeAj, U{m}isanalyzed
as in case (4). For P € Aj ;,, we only need to deal with P € AT . 1¢ P, [P| =

j' <m —2. This is done as in case (5). Conclude P = Aj . UAj i1 U{m 1}

16
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(15) Pr = A, UAjm Uy for 2 < j <m-—2and j <j. Pe A, Udpyis
analyzed as in case (4). P € Aj ,, is analyzed as in case (14). Conclude P =
A i1 YA m1 U bt

(16) Pr = Ajm UA}n,Zm UN U {m} where ) #N C Hiand 1 <j<m-—2 P€A,

is analyzed as in case (14). A}, _,,, UN U{m} is analyzed as in case (7). Conclude

P=Ajm1UAL o UH;’LH U H{’fe':ll U{m+1}=Ajmnm UDg’f;rll for some e > 3.

O
2.5. Hereditary patterns.

Definition 2.15. An m-stable m-pattern P is said to be hereditary if for every m’ > m
there exist an m’-stable m/-pattern Q so that for any v € H(Zg) it holds that P = Q.

Denote HSP,,(m) = {P : P is a hereditary m-stable m,-pattern}.

Theorem 2.16. The following are the only hereditary m-stable mq-patterns for m > 3:

.

1) {m
Prm-

2
3) For every 1 < j < m the collection A;p,.

4) For every 1 < j < m —2 the collection Aj,, U{m}.
5) For every 1 < j < m — 2 the collection Ajp, U ¢n,.

6) For every 1 < j < m the collection Ajl-vm.

8) Foreveryl <r<r+1l<s<mandl<j<m—r—1 DI\UAjmnm.

(
(
(
(
(
(
(
(
(

9) For every 1 < j <m —2 the collection A}, U {m}.

10) For every 1 < j < m — 2 the collection A]{m U P

)
)
)
)
)
)
7) For every 1 <r <r+1 < s <m the collection D}’;.
)
)
)
)
12) For every 2 < j <m —2 and j' < j the collection .A]l,m UAj o U{m}.
)

(
(11) For every 2 < j <m and j' < j the collection A},m UAjm-
(
(

13) For every 2 < j <m — 2 and j' < j the collection .Ajl-ym UAj U dm.

Proof. This follows from the proof of Theorem 2.14. O

Note that this list is the list of standard patterns (Definition 2.3) with the items (7),(8),(9),

and (17) removed (notice however that in some cases the allowed indices slightly differ).

17
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Lemma 2.17. Let2 <r <r+4+1<s<m, then
D::Ls = {{fU {71, .. 7jm—s}}1§l§m,1§j1§.,.§jm_s U A}n,r,lm.

Proof. Recall D;f" = AL 1m Y Unz1 HY 1 U {mi}. Notice that for 1 < h < 7,
Hi' 1 = {s h U {j1, - Jmes}}ts—ht1<ji<jo<..<jm_, SO clearly the left hand side is
contained in the right hand side. Fix 1 <l <mand 1< j; < ... < jm_s. We will show

FA2TU{j1, ..., jms} € Dy If Fe Al we are done, so assume F ¢ Al

m—r—1,m> m—r—1m:*

This implies the number of holes of F', which we will denote by h, is less or equal r. We
assume w.l.o.g. h > 1. Let e be the first hole of F. We will show ¢ > s — h + 1 which

will imply F' € H}" Assume for a contradiction that e < s — h 4+ 1. This implies

,s—h+1"
l<e<s—hand |F| <s—h+m—s = m—h. However as F has exactly h holes

|F'| = m — h and we have the desired contradiction. O

Definition 2.18. Let P € HSP,(m). We say that P is permutation stable if P €
HSP,(m) for some o € S, implies oP = P.

Theorem 2.19. The hereditary m-stable m1-patterns for m > 3 are permutation stable.

Proof. This is proven case by case using the list of Theorem 2.16. The only slightly non-

trivial cases are articles (7) and (8) where one uses the representation of Lemma 2.17. O

Definition 2.20. Let P € SP,(m). We say that P has unique stable lifts (usl) if for
every m’ > m there exists a unique Q € SP,(m’) so that for any v € H(T;L/) it holds that

Remark 2.21. If P € SP,(m) has usl then P € HSP,(m).

Theorem 2.22. The following mi-patterns (m > 3) have unique stable lifts:
1) {m} .
2

3) For every 1 < j <m —1 the collection Ajp,.

(1)
(2) ¢
(3)
(4) For every 1 < j < m —2 the collection A;,, U{m}.
(5) For every 1 < j < m —2 the collection Ajm U ¢p.
(6) For every 1 < j <m — 1 the collection Alm

(7)

7) For every 1 <r <r+1<s <m the collection Dy,
18
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(8) Foreveryl <r<r+1l<s<mandl <j<m—r—1 DI\UAjn.
(9) For every 1 < j < m — 2 the collection .A;m U {m}.
(10) For every 1 < j < m — 2 the collection A}’m U ¢m-
(11) For every 2 < j <m —1 and j' < j the collection .Ajl-,m UAj.
(12) For every 2 < j <m —2 and j' < j the collection Ajl-’m U Ajr o U {ni}.
(13) For every 2 < j<m—2 and j' < j the collection A;m UAjrm U dm.

Proof. The proof follows easily from the proof of Theorem 2.14. O

Note that this list is the list of Theorem 2.16 with the items (3),(6) and (11) for the case

7 = m removed. These cases do not have usl as the following lemma shows.

Lemma 2.23. Let m > 3. The following holds:

(1) Pz (Amm) N HSPy(m + 1) =
{Ammt1, Amttmsts Am—tm1 U AL g, Amtm U {m + 1}}
LD U A1 mi1 hiege,.. mt}-

(2) Pz (Afm) NHSPi(m +1) =
(At A tmi A1 m U{m +13u {DTlJrl}le{?),...,m—i-l}'

(3) For1<j<m—2, p;' (A, UAjm) VHSP(m+1) =
{A'}n,erl U Ajm+1, A%nfl,erl UAjme1U{m+1}, A7ln+1,m+1 U Ajm+1}

1
UADTT U A s hiegs,..ome1y-

Proof.

(1) Let P € p; (Amm)NHSP(m+1). According to article (3) in the proof of Theorem
2.14, Pr = Amm implies P = Ay1m1 UN' for NV C HYy with [N'| = m or
P=Anmsi or P=Ay_1me1 UN U {mq— 1}, for N C H{”IH By article (8),
if N'# H3" in the proof of the Theorem 2.14, Ap—1mt1 UN' ¢ HSPi(m + 1).
If N = HjY, we have P = Ap_1my1 U A, ... By article (8a) in the proof
of Theorem 2.14, A1 m+1 UN U {mjl— 1} € HSPi(m + 1) implies for N' # 0,
N = Hﬁ“ for some [ € {1,2,...,m+1}. l =1 corresponds to P = Ay 1 m+1 and
[ > 2 corresponds to P = D’f?ﬁl UAdm—imt1- TN =0, P = Ap_1me1 U{m F 1}.

(2) Let P € p; (A}, ) NHSPy(m+1). According to article (6) in the proof of Theorem
2.14, Pr = AL, implies P = AL . or P = Al UNU{m+1}, for

N C H?f;l By article (7) in the proof of Theorem 2.14, A}, . UN'U{m +1} ¢
19
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HSPi(m + 1) for N' # (Qimplies N' = Hf}“ for some | € {2,...,m+1}. [ =2
corresponds to P = A} ;.. and [ > 3 corresponds to P = DTIH. If N =0,
P = 'A71n—1,m+1 U {m+1}.
(3) Let P € pr'(Apyn U Ajm) N HSP(m + 1) for some 1 < j <m — 2.

According to article (13) in the proof of Theorem 2.14, Pr = A}, . U A;,, implies
P=AjmiUAL |,  UNU{m+1} with NV C H{S ™ or P = Aj i UAL L.
By article (16) in the proof of Theorem 2.14, Aj i1 UAL ;0 UN U{m +1} ¢
HSPy(m + 1) for N' # ) implies N' = H{?l"’l for some [ € {2,....m+1}. | =2
corresponds to P = Ajmi1UA}L, 1 g and I > 3 corresponds to P = DTZHUAj,mH-

EN=0,P=A, 11 UAjmi U{m +1}.

3. AN APPLICATION OF THE DUAL RAMSEY THEOREM TO STABLE PATTERNS

The tool which enables the application of the combinatorial results of the previous section

to hyperspace actions is the dual Ramsey Theorem.

3.1. Ramsey Theorems. We denote by fI(Z) the collection of unordered partitions of

{1,...,s} into k nonempty sets. Notice there is a natural bijection v : 1:[(2) < II(3).

Theorem 3.1. [The dual Ramsey Theorem| Given positive integers k,m,r there exists a
positive integer N = DR(k,m,r) with the following property: for any coloring of ﬁ(ZZ) by
r colors there exists a partition o = {Ay, Aa, ..., A} € ﬁ(z) of N into m non-empty sets
such that all the partitions of N into k non-empty sets (i.e. elements ofl:I(],X)) whose atoms
are measurable with respect to « (i.e. each equivalence class is a union of elements of «)

have the same color.
Proof. This is Corollary 10 of [GRT1]. O

Theorem 3.2. [The strong dual Ramsey Theorem| Given positive integers m,ra, ..., Ty
there exists a positive integer N = SDR(m;ra, . .., rm—1) with the following property: for any
colorings offI(J]\.[) by r; colors, 2 < j < m—1, there exists a partition a« = (A1, Aa, ..., Ap) €
ﬁ(%) of N into m non-empty sets such that for any 2 < 7 < m—1, any two partitions of N
into j non-empty sets whose atoms are measurable with respect to a (i.e. each equivalence

class is a union of elements of o) have the same color.
20
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Proof. |Using the dual Ramsey Theorem]| Set ng = DR(2, m;r2), ng = DR(3,ng;rs) and, by
recursion n; 41 = DR(j+1,n;;7rj41) for 2 < j < m—2. It is now easy to check that n = n,,_1
satisfies our claim. (As a demonstration set ng = DR(2,m;r2), N = ng = DR(3,na;7r3).
Start with a partition g = {Bji,..., By, } of N which is good for all partitions of N into
j = 3 atoms and the 73 colors. Next choose a partition g = {Ay,..., Ay} of n which
is ag-measurable, and which is good for all partitions of NV into j = 2 atoms and the ro
colors. It now follows that a := ag = {A1, Aa,..., Ay} has the required property: all 2-
partitions of N which are a-measurable are monochromatic and all 3-partitions of N which

are a-measurable are monochromatic.) U

Corollary 3.3. For any m, for any number N > SDR(m;ra,...,rm—1), with v = 22kn,
for any Ny-pattern P, there exists a partition « € H(7Nn) such that the my-pattern P, is an

m-stable m,,-pattern.

Proof. |Using the strong dual Ramsey Theorem| We define the mapping f : Hggkgm_lﬂ(]:) —
H?;ElCn(i) by (ag,...,Qm—1) — (Pai)?;gl. By the strong dual Ramsey Theorem applied
to f o v there exists a partition a = (A1, Ag, ..., An) € H(Z) of N into m non-empty sets
such that for any (m — 2)-tuple of naturally ordered partitions of N into k =2,...,m —1
non-empty sets (i.e. elements of H(]]X )) respectively whose atoms are measurable with re-
spect to « (i.e. each equivalence class is a union of elements of «/) have the same color. Let
(B1 and (B2 be two naturally ordered partitions of m into k elements for some 2 < k <m —1,
then as the amalgamated partitions ag, , ag, are measurable with respect to o and naturally

ordered, (Pa)g, = Pay, = Pay, = (Pa)g, as desired. O

Oéﬁl 0(52
4. THE MINIMAL SUBSPACES OF Exp(FEzp(X))

4.1. Clopen partitions. Let X be a Hausdorff zero-dimensional compact h-homogeneous
space. Denote by D (D) the directed set (semilattice) consisting of all finite ordered (un-
ordered) clopen partitions of X. We denote the members of D (D) by o = (A1, Ag, ..., Ap)
(& = {A1, As,...,Ap}). The relation is given by refinement: o < § (& < ) iff for any
Be (B ef), thereis A€ a (A€ a)so that B C A. The join (least upper bound) of «
and 8, aV 3 ={ANDB: A € a, B € 3}, where the ordering of indices is given by the lexico-
graphical order on the indices of o and 8 (&V 3 = {ANB: A€ &, B € 3}). It is convenient

to introduce the notations D = {o € D : |a| = k} and Dy = {a € D : |a| = k}. There
21
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is a natural G-action on D (D) given by g(A1,Az,..., An) = (9(A1),9(A42),...,9(An))
(9g{A1,Ag, ..., A} = {9(A1),9(A2),...,9(Amn)}). Let Sg denote the group of permutations
of {1,...,k}. Sk acts naturally on Dy, by o(B1, Ba, . .., Bx) = (Bs(1), Bo(2), - - - s Bo(k))- This
action commutes with the action of G, i.e. ogf8 = gof for any ¢ € S; and g € G. Notice
one can identify Dy, = Dy/Sk-

For a = (A1, As,...,Ay) € D and v = (C1,...,C) € H(ZL) define the amalgamated

clopen cover ay = (G1,G1,...,Gy), where G; = Uz’ecj A;. Notice that (ay)g = ay,.

4.2. Partition Homogeneity. The following definition was introduced in [GG11]:

Definition 4.1. A zero-dimensional Hausdorff space X is called partition-homogeneous
if for every two finite ordered clopen partitions of the same cardinality, a, 8 € D,,, a =
(A1, As, ..., Ap), B = (B1,Ba,...,B,,) there is h € Homeo(X) such that hA; = B,
i=1,...,k.

In [GG11] we proved:

Proposition 4.2. Let X be a zero-dimensional compact Hausdorff space. If X is h-homogeneous

then X is partition-homogeneous.

4.3. Signatures and Induced patterns. For every n € N let E, = Exzp(Exp(X))"
equipped with the Vietoris topology.

Definition 4.3. Let £ € E,, and o € D with m elements a = (A1, Ag, ..., Ay). Define the
(o, §)-induced my,-pattern P, ¢y = {Par) : F € &}, where P py = {(j1,J2,-- -, Jn) :
Aj x Aj, x - x Aj, NF # 0}. Inversely to an my-pattern P and clopen partition a one

associates £(o py = {Fla,p) : P € P} € Ep, where
F(OQP) = U(jl,jg,...,jn)GPAjl X A]2 NEEED % AJn

Denote &, = §(a,p(a7§)). It is easy to see:.

o ={Fo: Fet}
where
Fo = UA]-1><A]-2><-~~><A]'nﬂF7é®Aj1 X Aj2 Xoeee X Ajn

The signature of ¢ is defined to be the net in E,, sig(§) = (§a)acD-
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Lemma 4.4. Let{é € E,, a € D,,, 0 € .S, and g € G then

(1) Plae) = Pga.ge)
(2) 07Pag) = Ploasg)
Proof. Let a = (A1, Ag..., An). O
(1) Notice that for any F € §, FNAj, X Aj, x --- x Aj #0 < g(F)NgA; x gAj, X
X gA;, # 0.

(2) Notice that for any F' € §, F'N Ay X Ajy x -+ X Ayiiy 70 < (1,42, -+, Jn) €

Uilp(mp) .
4.4. The topology of E,. Recall that for a topological space K, a basis for the Vietoris
topology on Fxp(K) is given by the collection of subsets of the form

(Vi,Va,...,Viy ={F € Exp(K): F CU}_|V;, and FNV; #0 V1<j<k},

where V1,..., V) are open subsets of K.

Lemma 4.5. For a = (A1, Ag, ..., Ay,) let
UEn() = {I0oy (Ajy, Ay, Ay ) 2 ViV, iy i€ i, (Fs,r #0) 33 4 530}

and
BEn(a> = {(Z/ﬁ, ce ,Ul> Vi, U; € UEn(a)}

Define Bg, = Uyep BE, (). Then B, is a basis for E,.

Proof. A basis for the Vietoris topology of E,, is given by {f = (U1, ..., U;), where U; belong
to a fixed basis in (Exp(X))". O

Remark 4.6. Notice that distinct members of UE,(«) are disjoint and that for each F' =
(F1,Fs, ..., F,) € (ExpX)", there exists a unique member U € UE,(«), so that F' € U.
Denote U = UE,(a)[F].

Definition 4.7. For a = (A1,..., Ay,) € Dand P € Cy(m) with P = {Ps = (P}, P2,--- | P"):

s

s=1,2,...,r} and P! = {jg,lvjé,% . ’jé,k(i,s)} let

UE”(Q)[P] :< n:l <Aj7i"17Aﬁ'72a oA >7 H?:1<A]§ ey

T kG 2002207 g a2
n . .
LI} i:1<Aj:‘17Aj:‘27---’A >>-
23
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Define U(§, ) = U Ep(a)[Pq,¢)]-

Proposition 4.8. Let o € D. Let £,& € E,. The following statements are equivalent:

(1) U§, ) =U({, ).

(2) €U a)or €U, a).
(3) UE(a)[Pag)) = UE()[P(aer)-
(4) P Plagr-

(5) &a

Proof. The equivalences (1) < (2) < (3) < (4) follow from Definition 4.7. Recall &, =
§(a,Pa.¢)) Which implies (4) = (5). The direction (4) < (5) is trivial. O

Lemma 4.9. Let § € E,, then limsig(§) = & and {{} = (,ep U (6, @).

Proof. We will show that for any a € D, {g € U(§, a) for all 3 = a. This implies that the
limit of the net (&4 )aep is €. Fix 8 = (By,Ba, ..., Bn—1) = a. Acording to Proposition 4.8
it is enough to show (£g)a = &. However as § > « this is trivial. In order to prove the
second statement of the lemma notice that trivially £ € (N, ,cp U(§, ). If & € N,ep U, @)

then lim sig(¢') = lim sig(€) which implies by the first statement of the lemma & =¢'. O

4.5. Hereditary stable signatures. Notice there is a natural action of S, on Cy(m).

Definition 4.10. Let £ € E,,. The signature sig(§) is called hereditary stable if for all
a € D, there exists 0 € S|y s0 that P(5(q),e) € HSP,(m).

Lemma 4.11. Let { € E,. Let § € D with |3] = m. Assume Pge) € HSP,(m). Let
a € D with a X 8 and |a| = p, then there exists 0 € Sy, so that Py(a,e) € HSPu(p).

Proof. Denote o = (Ay,...,A,) and 3 = (By,...,By). Define C; = {j : B; C A;},
i=1,...,p. Lety = {é’i}?zl. Let v = (C;)F_, be a naturally ordered partition of {1,...,m}
into p sets, so that there exists o € S, so that C; = C’U(i), i = 1,...p. Denote v = (,.
It is easy to see that o(v) = a. Moreover P, ¢) = (P(g¢))y- The last assertion implies
Po(a),e) € HSPu(p). O

Our next theorem is a crucial step that connects the combinatorial condition of being

hereditarily stable to the topological dynamical condition of being minimal. Note that
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whereas our main result (Theorem 4.15 below) handles the case n = 1 only, this result

applies to all n € N.
Theorem 4.12. Let M C E,, be minimal, then for all ' € M, sig(&') is hereditary stable.

Proof. We start by showing there is £ € M so that sig(¢’) is hereditary stable. Fix £ € M.

2kn

Let a = (Ay,...,Ap) € D. Let N =SDR(m+1;rg,...,1rp), withry, =2 k=2,...,m.
Let 8 € D with |8] = N (see subsection 3.1). By Corollary 3.3 there exists a partition
e H(m]il) such that the (m + 1)-pattern (Pige))5 = Pg.e) is (m + 1)-stable. Fix
b€ H(mﬂfl). Denote v = 75. Conclude that the m-pattern (P(g¢))y = P(g, ¢) is a hereditary
m-stable m-pattern. Denote 3, = {A'1,...,A';,}. Let g € G be any element g = g, of G
with g(A'j) = A4;, j =1,...,m. By Lemma 4.4 P3¢ = P g.¢)- In particular P, g ¢) €
HSP,(m). Let £ be a limit point of the net {g,& : @ € D}. By definition there is a directed
set S and a monotone cofinal mapping f : S — D, so that {' = limses gf(5)¢. Fix again
some o € D. By definition there exists s € S so that for all 5 > s, g¢5¢& € U(¢', ) (which
implies (5§ € U(¢', 0(a)) for any o € Sy,) and in particular &, = (g¢(z)€)a- As f is cofinal

there is 7 € S so that f(r) = a A f(s). By construction Pz ) is a hereditary | f(r)-

97 €

stable | f(r)|-pattern. As f(r) > a, conclude by Lemma 4.11 P, () for some o € Sy,

95 E)
is a hereditary m- stable m-pattern. By Proposition 4.8, P(U(a),gm)g) = Plo(a)e). We
conclude sig(¢’) is hereditary stable. Let now £’ € M and fix @ € D. Using minimality and
Proposition 4.8 there is g € G so that P, ¢y = Pa,ge)- By Lemma 4.4 Pg gery = Pg-10,61)-

As sig(¢') is hereditary stable there is o € Sy, so that P y € HSP,(m). By Lemma

og g’

44 Plograg) = 0 Pgiag) = 9 Plage) = 0 Plagn) = Ploagr) and we conclude
sig(€") is hereditary stable. O

4.6. The main theorem.

Definition 4.13. We call a sequence of n-dimensional patterns P = {P,, } men so that P, €
HSP,(m) a pattern-family. A minimal subspace M C E, is said to be P-associated if for
every £ € M, m € N and a € D,, there exists o € S,,, (depending on &) so that &, = o Pp,.
One easily verfies that for a given pattern family P there is at most one minimal subspace

to which it is P-associated. If such a subspace exists it is denoted by M (PP).

In the following definition, use Lemma 2.17 to understand articles (7), (8), (9) and (10)
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Definition 4.14. The pattern-families in the following list are called standard. Each of
these is associated with a minimal subspaces of F; and we call these minimal subspaces the

standard minimal spaces.

(1) M({m}men) = {{X}}
(2) M({¢m}men) =
(3) M({Ajm}tmen) = {{z1. 22, 2} 2y 2m,ep)exs b (G EN).
(4) M({Ajm U{m}tmen) = {{z1, 22, 25}, X} oy n,.y)exi b (5 € N).
(5) M({Ajm U dmtmen) = {{{z1, 22, 25}, F oy 20, 2y)ex9,Fec feco (1 EN).
(6) M({A] men) = {{{z1, 22, %} 2y 2y)exs-1 Haex (J €N).
(7) Let ¢ > 1. Let PY = {P}, } men be given by

A 1<m<q+2

pe =7
Dy y—sm—q ™M>qt2

M(]}DQ) = {{F U {xl, To,. .. 7xq}}(zl,mg,...,zq)eX‘l,Feﬁ}E@b‘
(8) Let I > ¢ > 1. Let P% = {P%'},.cn be given by

1
1< <
ngl: Am <m<lI
D m >

m—Il—1,m—q

M (P = {{FU{x1, @2, ..., 20}, {7(€), 02, -+ U} o100, 9) € X, () €X 11 Fit FeCD-
(9) Let ¢,j > 1. Let P99 = {PL7},,cn be given by

pai _ Ajm UAL 1<m<q+2
4.7 —

-A]mUD m>q+2

m—Il—1,m—q

M<Pq’l) - {{FU{J)I, Z2,..., xq}a {zlv 22y .- 7zj}}(zl,xz,...,xq)qu,(zl7z2,...,Zj)EXj,FEE}§€‘I>'
(10) Let I > ¢ >1and 1 < j < I. Let P?4d = {PLHI}, y be given by

1
pali — Ajm U A m lsmsi
a1 —

Ajm UD m > |

m—Il—1,m—q

M(Pq,l,j) — {{F U {-rla €2, ... 733(1}7 {T(£)7 Y2, ... 7yl}>
{Z17 B2+ e Zj}}(xlva7"'7xq)qu7(y27"'7yl)eXl_17(zl7Z27"'7Zj)€Xj7Fe£}£€¢)
(11) M({A},,, U{m}tmen) = {X {1,202, -+, 25} 0y, . 0y)exi—1 Harex, (7 € N).

(12) M({Aj,, U dm}men) = {{{7(266)#62, i1 FY o, pexit pecheew (7 € N).
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(13) M({A],, UAjrmmen) = {{{y1, 42, .-, yjr},
(o122, 525} 4y e exi 1 (o gy exi Haex (4,57 € N).
(14) M({A},,, UAjrm U{m}men) = {({X {y1. 2,950}
{z1,22,.., xj}(xg,,..,itj)er_lv(y17y27--~vyj/)er/}}zlex.
(15) M({A},,, UAjrmUdmbmen) = {{y1, 52,y },
{7(§),72,...,2;}, F}(@,_,,,wj)exjfl,Feg,(yl,yQ,,,.,yj,)er'}gecb-
(16) M ({Amm}men) = {{F|F € Exp(X)}}.
(17) M({Apm}men) = Wx = {{F|2 € F € Exp(X)}}zex.
(18) M({A}, ;n UAjmtmen) = {{{z1, 22,25}, F} (2, 4.0 )€ X0 e FeBap(x) Joex (J €
N).

Theorem 4.15. The standard minimal spaces are the only minimal subspaces of Fy.

Proof. Let M C FE4 be a minimal subspace and £ € M. By Theorem 4.12 sig(€) is hereditary
stable. For a subspace N C Ey and a € D denote U(N,a) = ey U(§, @). Fix a € Dy
with m > 3. By Lemma 4.9, N = (5.5 U(IV, 8) for any cofinal set S C D, therefore it
is enough to to show for any § = « that £g € U(N, ) for N a standard space. By the
definition of hereditary stability there exists o1 € Sy, so that P 5, (a)) £ P is hereditary
stable. Assume first P has usl (see Definition 2.20). Let P = {Pi}ren be the unique
pattern-family so that P,, = P (it corresponds to one of the first 15 cases in Definition
4.14). Let # = o with 3 € D,,y. Again there exists o9 € Sy, s0 that P¢ 5, (g)) is hereditary
stable. Let v € H(%’) and o3 € Sy, so that (02(3))y = o301(). Conclude by Lemma 4.4
that (P¢.0(8)))7 = Ple,oso1(a)) = 03 (Pp). As Py, is permutation stable by Theorem 2.19,
conclude (P¢ 5y(8)))y = Pm- As Pp has usl one has that P ,,3)) = P, 1.6 Peg)y =
05 (Pyr), which implies &5 € U(M (P), ).

We now treat the case when P does not have usl. Considering Theorem 2.16 and the proof
of Theorem 2.12 it is clear that P = A, or P = A or P = A}, UA; 1 for 1 < j < m—
2. Asin the case that P has usl, we have (P(¢ 5, (5)) )y = Pm forall y € H(%) Let us consider
the case m’ = m + 1. Assume w.lo.g. P = A, and denote P = { A, }men. By Lemma
2.23, pr H(Amm) NHS Py (mA41) = {Am s 1, At ms 1, At ma1I{m + 1}7A}n,m+17“4m—1,m+1}u
{D?fl U.Am—l,m+1}l6{2,.,,,m+1}. Note that except for A, +1,m+1 all members in the list have
usl. This implies P 4,(g)) has usl or P 5,(8) = Am+1,m+1. This means that either we
have reduced to the usl case or g 627U (M(P),3). Using induction we see that only three
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more types of minimal subspaces are possible, namely the three last cases of the list in the

statement of the theorem. O

Theorem 4.16. The only minimal spaces of Ey up to isomorphism are {x}, X and ®.

Proof. The result follows easily from Theorem 4.15. U

5. AN OPEN QUESTION

In view of Theorem 4.12 the following problem is interesting:

Problem 5.1. Classify all hereditary m-stable m,, patterns for n > 2 and m € N.
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