MINIMAL ACTIONS OF THE GROUP S(Z) OF PERMUTATIONS
OF THE INTEGERS

E. GLASNER AND B. WEISS

ABSTRACT. Each topological group G admits a unique universal minimal dy-
namical system (M(G),G). For a locally compact non-compact group this
is a nonmetrizable system with a very rich structure, on which G acts effec-
tively. However there are topological groups for which M (G) is the trivial one
point system (extremely amenable groups), as well as topological groups G for
which M(G) is a metrizable space and for which one has an explicit descrip-
tion. One such group is the topological group S of all the permutations of the
integers Z, with the topology of pointwise convergence. In this paper we show
that (M(S),S) is a symbolic dynamical system (hence in particular M(S) is a
Cantor set), and we give a full description of all its symbolic factors.

0. INTRODUCTION

Let G be a topological group, X a compact Hausdorff space. A dynamical
system (X, Q) is given by a jointly continuous action of G on X. If (Y,G) is a
second dynamical system then a continuous onto map 7 : (X,G) — (Y, G) which
intertwines the G actions is called @ homomorphism. The dynamical system (X, G)
is minimal if every orbit is dense. The following fact is well known (see e.g. [4]).

There exists a unique universal minimal dynamical system, (M(G),G); i.e. for
every minimal dynamical system (X,G) there exists © : (M,G) — (X,G), and
any two such universal systems are isomorphic. Moreover the dynamical system
(M(G),G) is coalescent; i.e. every endomorphism ¢ : (M(G),G) — (M(G), Q)
(which is necessarily onto) is an isomorphism onto.

The existence of a vast collection of non-isomorphic minimal Z-systems means
that M(Z) is a huge space; for example one can show that it has the structure of a
semigroup and with respect to this structure it has 22" distinct idempotents. This
fact reflects the extremely complex nature of the proximal relation in some minimal
dynamical systems.

Nonetheless the universal minimal system M (Z) is restricted in the following
strong sense. We say that a function f € £°°(Z) comes from the dynamical system
(X,Z) if there exists a point g € X and a continuous function F' : X — R such
that f(n) = F(T™x¢), where T : X — X generates the Z-action. The map F' — f
defines an isometric isomorphism of the Banach algebra C(X) onto its image A,,,
a closed sub-algebra of ¢°(Z). If we choose another “base” point x; € X we
get another sub-algebra A,, and in general sums and products of functions in
Az, and A,, are no longer elements of either sub-algebra and, in fact, need not
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come from (X, Z). Thus usually the closed algebra A(X,Z) which is generated by
(U{A; : x € X} — that is by all the functions coming from (X,Z) — is very large.

If A is a translation invariant closed subalgebra of ¢>°(Z) we say that a subset
A of Z is an A-interpolation set if every bounded real valued function on A can be
extended to a function in A. A subset A of Z is called small if for every k > 0 there
exists Vi > 0 such that every interval of length V;, in Z contains an interval of
length k& which does not meet A. The following theorem is proved in [9]. The last
assertion of the theorem provides a negative answer to questions of H. Furstenberg
and R. Ellis (see [8]).

0.1. Theorem. Let A be the closed algebra of £>°(Z) generated by functions com-
ing from the dynamical system M(Z). A subset A of Z is small iff it is an A-
interpolation set. In particular A G (7).

The topological group G has the fized point on compacta property (f.p.c.) (or
is extremely amenable) if whenever it acts continuously on a compact space, it has
a fixed point. Thus the group G has the f.p.c. property iff its universal minimal
dynamical system is the trivial one point system.

Let (X,d, 1) be a metric space with probability measure (such a triple is called
an mm-space). For A C X, and € > 0 let A, be the set of all points whose distance
from A is at most e.

The concentration function:

afe) =1 —inf{pu(Ad) : AC X, u(A) 2 1/2},

is the least upper bound of measures of all the ‘caps’ X\ A for A C X, u(A) > 1/2.

A family of mm spaces (X, dp, itr,) is called a Lévy family if for every e, o, (€) —
0. When G is a topological group having compact subgroups Gy C Go C --- C G, C
-+ C @, such that, with respect to a global metric on G and with the sequence of
Haar measures p,, it is a Lévy family and moreover U2, G,, is everywhere dense,
then G is called a Lévy group. We refer to [16] and [10] as good references to
this theory. The classical example for a Lévy family is the family of unit spheres
{S8™},en with rotation-invariant probability measures and Euclidean (or geodesic)
distances.

The following theorem of Gromov and Milman, [11], is the source of many ex-
amples of topological groups with the f.p.c. property.

0.2. Theorem (Gromov—Milman). A Lévy group G has the f.p.c. property.

The following list contains most of the known examples of extremely amenable
groups.

e The unitary group U(oco) = U2 ,U(n) with the uniform operator topology
(Gromov-Milman, [11]).

e The monothetic Polish group L,,(I,S!), consisting of all (classes) of mea-
surable maps from the unit interval I into the circle group S* with the topology
of convergence in measure induced by, say, Lebesgue measure on I (Glasner, [8];
Furstenberg—Weiss). More generally, L,,(I,G), where G is any locally compact
amenable group (Pestov, [21]).

e The group of measurable automorphisms Aut (X, 1) of a standard sigma-finite
measure space (X, ), with respect to the weak topology (Giordano—Pestov [6]).
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e Using Ramsey’s theorem (rather than a concentration phenomenon) Pestov has
shown that the group Aut (Q, <), of order automorphism of the rational numbers
with pointwise convergence topology, is extremely amenable, [19].

The latter result was used by Pestov to demonstrate that the universal mini-
mal dynamical system (M(G),G) for the group G =Homeo, (S1), of orientation-
preserving homeomorphisms of the circle with the compact open topology, coincides
with the natural action of G on S'. This provided the first non-trivial example of
a metrizable universal minimal system, [19]. In [22] V. Uspenskij shows that the
action of a topological group G on its universal minimal system M (G) is never
3-transitive (in fact, can not satisfy the following property: for every three points
x,y,z € M(G) there is g € G such that gz = z, gy = z and gz = y). It thus follows
that, e.g., for manifolds X of dimension > 1 as well as for X = @, the Hilbert cube,
with G =Homeoy (X), (M(G),G) does not coincide with the natural action of G
on X.

Let S = S(Z) be the group of all permutations of the integers Z. With respect
to the topology of pointwise convergence S is a Polish topological group. The
subgroup Sy C S consisting of the permutations which fix all but a finite set in Z
is an amenable dense subgroup (being the union of an increasing sequence of finite
groups) and therefore S is amenable as well.

In [11] Gromov and Milman conjectured, in view of the concentration of measure
on S,, with Hamming distance, that Sy has the f.p.c? In [19] and [20] V. Pestov
has shown that, on the contrary, S acts effectively on M (S) and that, in fact, there
is no Hausdorff topology making Sy a topological group with the f.p.c. property.
He as well as A. Kechris (in private communication) asked for explicit examples of
S-minimal systems.

The main purpose of the present work is to provide an explicit description of the
universal minimal system (M (S),S), which turns out to be the Cantor set. In fact
we shall show that it is a ‘symbolic’ dynamical system, and we shall also provide
concrete formulas for all of its symbolic factors.

For every integer k > 2 let
7k = {(i1,i9,...,ix) € Z¥ :iy,io,... i are distinct elements of Z},

and set Q% = {1,—1}%. Consider the dynamical system (Q¥,S), where for o € S
and w € QF we let
(aw) (i1, i, ..., i) = wla Yy, a g, . o b)),

Let Q’;lt C QF consist of all the alternating configurations, that is those elements
w € QF satisfying

w(o(ir),o(i2),...,0(ix)) = sgn (o)w(iy, iz, ..., 0ik),

for all ¢ € Sy and (iy,42,...,ix) € ZF. Clearly Q’;ltis a closed and S-invariant
subset of QF.
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A configuration w € Q2 determines a linear order on 7Z if it is alternating, and
satisfies the conditions:

wm,n)=1 A wn,)=1 = wm,l)=1.

Let <, be the corresponding linear order on Z, where m <,, n iff w(m,n) = 1. Let
X = Q? be the subset of Q? consisting of all the configurations which determine a
linear order. The correspondence w «— <, is a surjective bijection between Q7
and the collection of linear orders on Z. Clearly X is a closed S-invariant set and
using Ramsey’s theorem we shall show that (X, S) is a minimal system.

Say that a configuration w € Q3 is determined by a circular order if there exists
a sequence {2, :m € Z} C St withm #n = 2, # 2, such that: w(l,m,n) =1
for (I,m,n) € Z3 iff the directed arc in S! defined by the ordered triple (21, 2/, 2n)
is oriented in the positive direction. Let Y = Q3 denote the collection of all the
configurations in Q3 which are determined by a circular order. It follows that the
set Y = Q2 is closed and invariant and using Ramsey’s theorem one can show that
it is minimal.

If we go now to Q%,,, can one find a sequence of points {z,,} on the sphere S?
in general position such that the tetrahedron defined by any four points z,,, Zn,,
Znss Zn, has positive orientation when ny < ng < ng < n4?

Starting with any sequence {z,} C S? in general position one can use Ramsey’s
theorem to find a subsequence with the required property. Another way to see this
is to use the ‘moment curve’

t (8,12, 1%).

Again it turns out that the orbit closure in Qilt which is determined by such a
sequence forms a minimal dynamical system.

It now seems as if going up to Q’;lt with larger and larger k’s we encounter more
and more complicated minimal systems. However, as we shall see this is not the
case and the entire story is already encoded in the simplest symbolic dynamical
system leo.

0.3. Theorem. Q7 is the universal minimal S-system.

The key result needed for the proof of the universality theorem is the following:

0.4. Theorem. Every minimal subsystem ¥ of the system (2*,S) is a factor of the
minimal system (Q2,S).

Once this is proven the rest follows from some general results about topological
groups, and by running along various commutative diagrams of homomorphisms of
dynamical systems.

In Section 8 we show that the dynamical system (©7,S) is in fact uniquely
ergodic; thus showing that every minimal S system is uniquely ergodic. In the
last section we consider a natural minimal action of the discrete group S (in fact
S/Sp) and, using Uspenskij’s ‘maximal chains’ construction, show that it is not the
universal minimal action of S/Sy.
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1. THE TOPOLOGICAL GROUP S

Let S = S(Z) be the group of all permutations of the integers Z. With respect
to the topology of pointwise convergence on Z, S is a Polish topological group. The
subgroup Sg C S consisting of permutations which fix all but a finite set in Z is
an amenable dense subgroup (being the union of an increasing sequence of finite
groups) and therefore S is amenable as well. The simplest minimal actions of a group
are the equicontinuous ones. The existence of non-trivial such actions is equivalent
to the existence of non-trivial continuous finite dimensional representations. When
a group admits none it is called minimally almost periodic (MAP). These were first
studied by von Neumann and Wigner [17] who showed that PSL(2,Q) has this
property. H. Dye [3] gave examples of countable amenable groups that are MAP.
The next theorem shows that the topological group S is MAP.

1.1. Theorem. The topological group S admits no non-trivial finite dimensional
unitary representations; i.e. it is minimally almost periodic.

Proof. By a theorem of Jordan (see e.g. [2], page 98) to every n > 1 corresponds
a natural number N = N(n) such that for every finite linear group H C GL(n,C)
there exists a normal abelian subgroup A < H with [H : A] < N. Assume now that
¥ : S — U(n) is a continuous homomorphism where U(n) is the unitary group in
dimension n. For any k£ > 1 we let Hy = ¥(S2k+1), where Sogy; is the symmetric
group of order 2k + 1, identified with the subgroup of elements o € Sp with o(j) = j
for |j| > k. Now Jordan’s theorem shows that for all sufficiently large k, ¢ | Sog41
can not be injective. Since Agp+1 < Sort+1 — the corresponding alternating group
— is the only normal subgroup of Sgxy1 and since Asiy; is simple, we conclude
that Agr41 C ker e and that the image of ¢ [ Sar41 consists of at most two points.

Since for every k, Sopy1 C Sokys and since So = Up>1S52x+1, it follows that
on Sy the homomorphism ¥ is either trivial or it is the “signum” homomorphism
(m) = sgnm. However the latter does not have a continuous extension to S (e.g.
the sequence m, = (1,2)(n,n + 1) tends to the limit 7 = (1,2) whereas, sgnm, =
1 but sgnm = —1). Thus 9 restricted to the dense subgroup Sy is the trivial
homomorphism and therefore so is ¢ : S — U(k).

It is well known that a topological group G is minimally almost periodic iff
any continuous homomorphism ¢ : G — U(n) is trivial, whence follows the last
assertion of the theorem. |

1.2. Remark. An alternative proof of this theorem that does not rely on Jordan’s
theorem may be deduced from the main result of our paper, Theorem 7.2.
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2. THE MINIMAL SET Q7

Let Z2 = {(m,n) € Z% : m # n} and set Q2 = {1,—1}%. Endow Q2
with the (compact metric) topology of pointwise convergence and consider the
dynamical system (Q2S), where for a € S and w € Q2 we let (aw)(m,n) =
w(a™(m),a"(n)). We call the elements of Q? configurations. Let Q%, C Q2
consist of all the alternating configurations, that is those elements w € 2 satis-
fying w(n,m) = —w(m,n) for all (m,n) € Z2. Similarly let Q2 = {w € Q:
w(n,m) = —w(m,n)} be the set of all symmetric configurations. Clearly Q?,, and
ngm are closed and S-invariant subsets of Q2. We say that a configuration w € Q2
determines a linear order on Z if it is alternating, and satisfies the conditions:

wim,n)=1 A wn,)=1 = wiml) =1,

for all m,n and [ distinct elements of Z. We let <, be the corresponding linear order
on Z, where m < n iff w(m,n) = 1. Let X = Q2 be the subset of Q? consisting of
all the configurations which determine a linear order. Of course any linear order on
Z also defines a configuration in X and the correspondence w «—— <, is a surjective
bijection between 2 and collection of linear orders on Z. Again it is easy to see
that X is a closed and S-invariant subset of 22,,. Finally let 1 and —1 denote the
constant configurations with values 1 and —1 respectively.

2.1. Theorem. The subsystem (X,S) is minimal and the subsystems {1},{—1}
and (X,S) are the only minimal subsystems of (Q22,S).

Proof. 1. We shall show that for every w € Q2 the orbit closure of w, Og(w) =
cls {aw : @ € S}, meets at least one of the closed invariant sets ngm or 2,

In fact fixing w € Q2 we define a coloring of the set P = {{m,n} : (m,n) € Z?}
of unordered pairs of distinct integers as follows. The pair {m,n} is colored black
if w(m,n) = w(n,m) and otherwise it is colored red. An application of Ramsey’s
theorem yields an infinite subset A of Z such that the subset P4 = {{m,n} :
m,n are distinct elements of A} of P is mono-chromatic, either black or red.

Let m < a,, be an arbitrary 1-1 correspondence of A with Z, A = {a,, : m € Z}
and choose a sequence of permutations ,, in S such that o, !(m) = a,, for m €
[—n,n]. We have (anw)(k,l) = w(ak, a;) for all k, [ distinct members of the interval
[—n,n], so that clearly lim,, o ajw exists and is either in Q2 or in Q2), according
to whether P4 is black or red.

2. Let w be an element of ngm. Again we use w to define a coloring of P as
follows. The pair {m,n} is colored black if w(m,n) = w(n,m) = 1, otherwise it
is colored red. Again we deduce that there exists an infinite A C Z for which Py
is mono-chromatic and as above we conclude that w’ = lim,,_,. a,w exists for a
suitable sequence of permutations «,, € S, where now ' is either 1 or —1.

3. Let £ € X be the configuration that determines the natural order on Z; that
is §o(m,n) = 1 iff m < n. Let w be an element of Q4;¢. This time the pair {m,n} is
colored black if w(m,n) = —w(n,m) = 1 and red otherwise. As above we see that
either & or —¢&p is in Og(w).

4. Define a sequence of permutations «a,, € Sy by

an(§) = -7, for j € [-n,n], and «,(j) = j otherwise;

then clearly lim,, o (&) = —&o.
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5. Our proof will be complete when we show that X is indeed minimal. From
steps 3. and 4. it follows that & € Og(w) for every w € X and thus it suffices
to verify that every ¢ € X is in Og(£y). This however is easy to see since if ¢
determines a linear order (i.e. £ is an element of X) then for every n we can find
a permutation o, € S for which &(k,1) = zo(ay,t(k), o, 1(1)) for all k, I distinct
members of the interval [—n, n] (all the linear orders on a finite set are equivalent).
Now & = lim,, ., & and the proof is complete. O

2.2. Remark. Let w € X = Q2 be determined by a linear order <,,. Observe that
the stability subgroup
H,={a€S: aw=uw},

is exactly the subgroup Aut (Z, <,,) of all the permutations in S which preserve the
order <. E.g. for the element &, € 9120 which is determined by the usual order on
7 we have

TZ:H&):{QESIQS():&)}:{OQ:tEZ}gZ,
where a; € Sis defined by a;(n) = n+t. Another example is obtained by fixing a 1-1
correspondence of Z with the set of rational numbers Q and considering the element
n € Q2 which is determined, via this correspondence, by the usual order on Q. We
then have H, = Aut (Q, <;). By a theorem of Pestov [18] the topological group
G =Aut (Q, <) =2 Aut (Q, <) C S (with the topology of pointwise convergence on
Q) has the ‘fixed point on compacta’ property and thus the existence of the G-fixed
point 77 € X is a manifestation of this property for the system (X, Aut (Q, <)).

The next proposition shows that, as far as minimal sets are concerned, on Z?2
there is no point in considering an alphabet larger than {+1}.

2.3. Proposition. A minimal subset M C {a,b, C}Zz is a set of configurations on
at most two symbols (e.g. M C {a, b} ).

Proof. Let 7 : {a,b, C}Zi — {1, —l}Zi be the map defined by a — 1,b — —1,c —
—1. Then w(M) is a minimal subset of {1, 71}23 hence is either the singleton {1},
the singleton {—1}, or the unique alternating minimal set. In the first two cases we
are done. In the third let w € M be an element with 7(w) = & where & € Q7 is
defined by &y (4,j) = 1iff i < j. Then for every i < j either w(j,i) = bor w(j,i) = c.
Ramsey shows that there is a two-symbol element in the orbit closure of w. (|

Similar results can be obtained for larger alphabets.

3. THE SYMBOLIC SYSTEM 3
Next let
73 = {(k,m,n) € Z*® : k,m and n are distinct elements of Z},
and set Q% = {1, —1}Zi. A configuration w € Q3 is called alternating if it satisfies
(aw)(l,m,n) = (=1)8"Du(1,m,n), Y (I,m,n) € Z3,

and we let Q3,, be the collection of all such configurations in Q3. Clearly O3, is a
closed S-invariant set.
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We say that a configuration w € Q3 is determined by a circular order if there
exists a sequence {z,, :m €Z} C St ={z€C:|z| =1} withm #n = 2z, # 2,
such that w(l,m,n) = 1 for (I,m,n) € Z3 iff the directed arc in S! defined by
the ordered triple (2, zm,2,) is oriented in the positive (i.e. counterclockwise)
direction. We let Y = Q2 denote the collection of all the configurations in Q23 which
are determined by a circular order. Clearly Q2 C Q3,,.

3.1. Lemma. A configuration w € Q3,, is determined by a circular order iff it
satisfies the following equations:

31) w(lmmn)=1 A whnkl)=1 = wkim=1A wkmn)=1
It follows that the set Y = Q2 is closed and invariant.

Proof. The necessity is clear. Suppose w € 3, satisfies the equations (3.1). We
shall construct inductively a sequence {z,}ncz C S! whose circular order deter-
mines w.

Step 1: We first show that for every four elements (k,l,m,n) (for simplicity
(0,1,2,3)) the finite pattern w | {0,1,2,3}2 is determined by the circular order
of four points zg, 21, 22,23 on S'. Suppose e.g. that w(0,1,2) = 1 and put down
20, 21, 72 in ST so that the arc (20, 21, 22) is positively oriented. We shall show that
exactly one of the relations

w(0,3,1) =1, w(1,3,2)=1, w(2,3,0)=1

holds. It follows then that if we choose z3 in the corresponding arc (Zg,z1, if
w(0,3,1) =1 etc.), all relations will be given by the circular order.

If one of these holds — say w(2,3,0) =1 — then by (3.1) the other two fail to
hold. It remains to see what happens when

w(0,3,1) = -1, w(1,3,2)=-1, w(2,3,0)=—1.

In that case we get, by the alternating property, w(1,2,3) = 1 A w(3,0,1) = 1
and (3.1) implies w(0,2,3) = 1, hence w(2,3,0) = 1. This however contradicts
our assumption that the relation w(2,3,0) = —1 holds and the proof of step 1. is
complete.

Step 2: Assume, by induction, that for some N > 4 the restriction of w to each
N-set can be represented by a circular order. We must show the same for N + 1
sets. Take 0,1,2,...,N. Find 21, 29,...,2n to represent 1,2,..., N and assume
with no loss in generality that the arc zi, z2,..., 2Ny is positively oriented. Also
find 29,25, ...,2% to represent 0,2,...,N. We may assume that zo = 25,23 =
25,..., 2N = 2}y since the circular order is unique. We now consider two cases:

Case I: The points zg and z; fall in different intervals defined by {22, z3,...,2n5}
In this case it is easy to see that we have found a circular imbedding consistent
with the data. In fact if 29 is in the arc m and 1 < i < N, we have two
subcases to consider. The first is w(1,¢,j) = 1. This together with w(j,0,1) =1
yields w(1,4,0) = 1, as required. The other subcase, namely w(j + 1,i,1) = 1, is
treated similarly. (We assumed, e.g. that z; # z1 and z; # z;, but the cases where
equality occurs are similar).

Case II: Both zy and z; fall in zy, z3. By step 1. (the case N = 4) there is
an imbedding {zn, 20, 21, 22}, say with zy, 20, 21, 22. Again we must verify that
w(0,1,4) = 1 for all 3 <i < N — 1. Since z; is in the arc 27, zy and since zp is in
the arc zy,z; we have w(1,i, N) A w(N,0,1) and (3.1) implies w(0,1,i) = 1 as
required.
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This concludes the proof by induction and shows that (3.1) characterizes the
configurations in Y. The last assertion of the lemma follows and the proof of the
lemma is complete. O

3.2. Remark. It was pointed out to us by the referee that this lemma may be
deduced from the work of E. V. Huntington on postulate systems for cyclical orders
cf. [13].

3.3. Theorem. (Y,S) is a minimal subsystem of (Q3,S).

Proof. As in step 4 of the proof of Theorem 2.1 we observe that our assertion follows
from the fact that all finite circular orders are equivalent. O

3.4. Remark. Using the notations of Remark 2.2 it is easy to see that there are
exactly two fixed points in X C Q2 for the action of the subgroup 7' C S, namely
& and —&y. On the other hand there are infinitely many fixed points for T in the
system Y C Q3. E.g. given any irrational number ¢ € R let z, = 2™ (n € 7Z)
and define we € Y by the requirement that we(l,m,n) = 1 iff (2, 2, 2,) defines
a positively oriented arc. Conversely, the order type of the sequence {z,}nez de-
termines the irrational number £ (mod 1), as is shown in the study of rotation
numbers for circle homeomorphisms. For every irrational £ and t € Z we clearly
have oywe = we and it follows that there are 280 distinct elements of the form we
in Y. We conclude that the minimal systems (X, S) and (Y,S) are not isomorphic.
However (Y, 5) is a factor of (X, 5), as the following theorem shows.

3.5. Theorem. The map 7 : Q2 — Q3 defined by

lo
is a homomorphism of X onto Y.
Proof. The continuity of 7 is clear and it is easy to check that 7€ is alternating
when ¢ is. In view of the minimality of X and Y, all we need to check is that m

intertwines the actions of S on X and Y and that ny := 7§, € Y; i.e. that ng is
determined by a circular ordering. In fact for « € S, ¢ € X and 7 := a& we have

(a(m€)) (i, 5, k) = —§(a™ i, a7 j)E(a™ g, a7 R)E(a™ ka7 h)
= —(a€)(i,7)(a€) (4, k) (ag) (k, 1)
= (m(ag))(i, j; k),
hence 7 is a homomorphism (of 22 into Q3). It remains to check that 7y = 7&, is
determined by a circular order.

Let z, = e™ ) for n > 0 and 2Zn = Z_p for n < 0. The fact that the circular
order of the sequence {z;, } nez determines the configuration 7 is easy to check. O

The analysis of the next section will enable us to determine all minimal subsets
of Q3.
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4. THE SYMBOLIC SYSTEMS §* AND THEIR MINIMAL SUBSETS
For every integer k > 2 let
7k = {(i1,12,...,i) € ZF :i1,is,..., 4 are distinct elements of 7}.
We write Z*) for the collection of un-ordered subsets with k distinct elements of
Z. Thus the map
(il, iQ, ey Zk) = {il,ig, N ,’ik},

is k! to 1 from Z¥ onto Z*). Let QF = {1, —1}25, and endow it with the (compact
metric) topology of pointwise convergence. Consider the dynamical system (QF,S),
where for o € S and w € QF we let

(aw)(in,dg, ... ix) = w(a™ Vi, a g, ..., a7 ig).

We call the elements of QF configurations. Let QZ” C QF consist of all the alter-
nating configurations, that is those elements w € QF satisfying

w(o(ir),o(ia),...,o(ix)) = sgn (o)w(is, ia, - - - , i),

for all ¢ € Sy and (i1,i2,...,i;) € ZF. Clearly Q’;lt is a closed and S-invariant
subset of QF.

We denote the involution that sends an element w € QF to —w by 3. Clearly
the map 7 : QF — QF commutes with the action of S; i.e. 7 is an automorphism
of the system (¥, S). Denoting by & the set {w, —w} and by QF = Q¥ /{id, j}, the
corresponding quotient space, we observe that the map w — @ from QF to QOF is a
group extension.

Set T = {1, —1}°* and consider the collection T2 of all maps from Z®*) to T.
We refer to elements of T as tables. For each w € QF define an element ¢ in T2
as follows. For {i1,ia,... i} € Z*),| with iy < iy < --- < i and o € Sy, set

d)(il, ig, e ,ik)(d) = w(ig(l), ig(g), N 7io(k))-

Clearly this is a continuous correspondence and, in fact, the configuration w € QF

is completely determined by @ € T2 50 that @ is just a different way of looking
at w.
We let Si act on T by multiplication on the left:

(L.T)(0) =T(r7 o), (1,0 € Sg).
Given T € T, we set
Hr ={n €Sy : L,T=T}={r€8S:T(r " o) =T(c), for every o € S;.}.
Clearly H is a subgroup of Si. Note that

HL-,T = THTT_l.

4.1. Lemma. For w € QF i; < iy < -+ < ig, a € S let {j1,J0,...,Jx} =
a Hiy,dg, ... ig ), with j1 < jo < -+ < ji. Set T = &(j1,J2,-.-,Jx). Then there
exists T = T(a; iy < g < -+ <iy) € Sk such that

aw(iy, iz, ... ig) = LT
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or more explicitly:
&b\u(il,ig, N ,ik)(U) = T(TO') = LT—l(f)(jl,jg, PN ,jk)(O'),
for every o € Sy.

Proof. By definition, for iy < iy < -+ < i,

aw(iy, iz, ., ik)(0) = (W) (ig(1)s lo(2)s - - - s lo(k))
= w(oz_lig(l), a_lig(g), - ,a_lia(k))
= Wiz, (1)1 Jry (2)s - - Jro (k)
= T(Tﬂ)>

where the permutation 7, = 7, (a; i1 <ig < -+ < i) € S is defined by

Jr0(p) :Oz_lia(p), p=1,2,... k.
Since for o0 = e we have
O‘(jﬂ'e(l’)) = ip,
it follows that
(Jr, () = lo(p) = Wr.00(p))-
Thus we get the identity 7, = 7. o 0. Taking 7 = 7. we obtain the formula claimed
in the lemma. U

For a subgroup H C S, we denote the conjugacy class of H by [H] and set
Oy ={w e Q" : V{iy,ig, ... ix} € ZF),
Hr e [H], where T = (.:}(il,ig, ey Zk)}

4.2. Corollary. The subset QFH] C QF is closed and S-invariant.

Given an element 7 € S;, we define an automorphism 7 : Q¥ — QF as follows:
(F(W)) (i1, 2, - -+ yik) = Wlirtyir2y o oyirg), Y (i1,00,...,0) € ZF

In terms of the representation & we have

(F(w))(o) =&(ooT).
It is easy to check that 7 is indeed an automorphism of the system (QF,S). Tt is
also clear that each QFH] is T-invariant.

We denote by gr (7) the graph {(w,7(w)) : w € QF} of the automorphism 7.

4.3. Theorem. (1) For every minimal set ¥ C QF there ewists a subgroup
H C Sy with ¥ C QfH] and there exists a configuration wg € % for which

Qo 1 ZF — T has a constant value T € T independent of the set of indices
{i1,42,...,9} and such that Hr = H.

(2) There is only a finite number (< 2%') of minimal sets in each QFH], and
hence in QF.

(3) Let H be a subgroup of Sk, and ¥ C Qf“H] a minimal subset. For every pair

(w,w') € B there exists a permutation T € Sy, with Og(w,w’)Ngr (7) # 0.
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(4) Set
K:{%GSkZTESk and%EﬁZ#@},
Then K = Aut (3,S), the automorphism group of the minimal system (3, S)
and ¥ — X = Y /K is a group extension with Y a prozimal system. (In
fact, as we shall see later, this group extension is either two-to-one or trivial
one-to-one).

Proof. 1. Given w € QF we consider & : Z*) — T as coloring of Z*) and then
Ramsey’s theorem yields an infinite set J C Z and a fixed element T" € T with
W(i1,42,...,1k)(0) =T(0), for all 0 € Si and all {i1,4s,...,ix} C J. Using an ap-
propriate sequence of permutations «,, € S we obtain an element wg = lim,, _, o QW
with

(:Jo(ihig,...,ik)(o) :T(O')
for all 0 € Sy, and {i1,d2,...,ix} € AN

If ¥ is a minimal subset of Q* and we start with a configuration w € ¥ we obtain
this way a configuration wy € ¥ for which the corresponding &g : Z*¥ — T has a
constant value T' € T independent of the set of indices {iq,is,...,ix}. From the
first part of the proof we deduce that there exists a subgroup H C Sj, namely
H = Hp, with ¥ C QFH].
2. There are 2*' tables.

3. Given (w,w’) € ¥ x ¥ we note that, since w’ = lim,_ . ayw for some se-

quence o, € S, for a fixed k-tuple (iy, iz, ...,ir) € Z¥, eventually ' (i1, ia, . . ., ix) =
wlay Yiy, oz g, . .., a;, tig) is independent of n and, by Lemma 4.1, there exists 7 €
Sj, with w’ = L,-1&. Define a map ¢ : Z*) — S, as follows: for iy < iy < --- < i},
c(iy,ig,... i) =7, where W =L, 1d,
i.e.
w’(il, ig, e ,ik)(d) = (I)(Z.l,ig, ey ik)(TO'), (U S Sk)

By Ramsey’s theorem there exist 7 € Sy, and an infinite J C Z with ¢(iy, 42, .. .,9) =
7 for every {i1,42,...,ix} C J. This implies that for some sequence «,, € S we have

(p,p') = lim,, o0 (W, w') with
f/)\/(ila i27 s 7Zk)(a) = /ﬁ(ilai27 o aik)(TU)v (U € Sk)
for every (i1, ia,...,ir) € ZF; ie. (p,p') € gr (7).

4. By the minimality of ¥, 7X NX # @) for 7 € Sy, implies 7% = ¥ and therefore
7:3 — ¥ is an automorphism. From the previous step we conclude that gr (7), for
7 € K are the only minimal subsets of ¥ x X. It follows that K is the automorphism
group of the minimal system (X,S) and ¥ — ¥ := 3 /K is a group extension with
Y. a proximal system. O

5. THE SYMBOLIC FACTORS OF X = Q7
In this section we show that all the minimal sets constructed so far are factors
of QZQO.
5.1. Theorem. Every minimal subset of the system (Q*.S) is a factor of the min-

imal system (Q2.S).

lo’
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Proof. Fix a minimal subset ¥ C QF. We shall construct a homomorphism ¢ :
Qfo — 2.
1. By Theorem 4.3 there exists a subgroup H C Sy such that ¥ C QFH] and

there exits a configuration wg € ¥ for which the corresponding &g : Z*¥ — T has a
constant value T € T independent of the set of indices {i1, iz, ...,i;} and such that
Hr =H.

2. Define the map ¢ : Q7 — ¥ as follows. For £ € Q2 and (uy,us,...,ux) € 7k
we recall that £ determines an order ? and set

(d)g)(ula uz, ... ,Uk) = T(U)7
where o € Sy, is defined by:

Ug—1(1) ? Ug—1(2) ? ? Ug—1(k)-

Note that ¢&y = wq, where & € Q%O is the configuration determined by the natural
order on Z.

3. We need to check that ¢ commutes with the S-actions on Q7 and ¥. This
will establish that 7 : Q2 — ¥ is a homomorphism with ¢(§) = wo. Since both
Q2 and ¥ are minimal this will complete the proof.

Given a € S and £ € Q7 , denote n = a€. Now

(¢a£)(i15 7:27 s 7i1€) = ((b’rl)(lla 7;27 LR 7i/€) = T(U)7
where
lo— < lg- < < lg-1(p)-
O '@ 5 h (k)
The latter conditions hold iff

(5.1) Oéilig—l(l) ? 04712'0—1(2) ? ? Oéilio-fl(k).

On the other hand, denoting a_lip =y p=1,2,... .k,
(¢£)(j1aj27 s ajk) - T(p)

means
j—l <j71 <"'<j—1
p(l)gp(2)g 5P(k)
hence we find that if

(a¢§)(i17 19, ... 7ik) = (d)g)(a_lil, Oé_liQ, - ,Oé_lik)
= (¢§)(j17j27 s ajk)
=T(p)

then

Tty et @ § S Aot
Since j,-1(q) = a‘lipfl(q), q=1,2,... k, we get
(5.2) Oé_lip—l(l) ? a_lip—l(z) ? oo ? Oé_lip—l(k).

Comparing equations (5.1) with (5.2) we get p = o, hence (pa)(€) = (a¢)(€) and
we conclude that indeed ¢ o o = a0 . ([
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5.2. Corollary. Let ¥ C QF be a minimal subset of the system (QF,S). Either
(%,8) is proximal or there is an automorphism 0 € Aut (X,S) of order two such
that o) = Qom, in which case ¥ — ¥ := X /{id, 0} is a two-to-one group extension
and (f],S) s proximal.

Proof. Let 7 : Q2 — ¥ be the homomorphism whose existence is established in
Theorem 5.1. Let £ be an arbitrary point in Q7 and consider the pair (7(€), w(5€)).
Since (&, 5€) is an almost periodic point of Q2 x Q2 (i.e. it belongs to a minimal
subset) it follows that (w(£),7(3€)) is an almost periodic point of ¥ x 3 and by
Theorem 4.3 we conclude that 7(y€)) = 7(n(§)) for some 7 € K = Aut(%,S).
Denote § = 7 and observe that, by minimality of ¥, 707 = § o w. Since 5% = 7 it
follows that #2 = § and the last assertion of the corollary follows. ]

In section 7 we shall show how the information we have gained about Q7 suffices
to show that all minimal systems are factors of it.

6. THE UNIVERSAL TRANSITIVE AND MINIMAL SYSTEMS OF A TOPOLOGICAL
GROuUP T

Let T be a topological group. We write L(T') for the commutative C*-algebra of
bounded left uniformly continuous C-valued functions on 7' with the norm || f]| =
super | f(t)|, and with f*(t) = f(t). Recall that a function f : T — C is in L(T) iff
it is bounded and for every € > 0 there exists a symmetric neighborhood V = V1!

of the unit element e € T' with

stthe Vo = |f(s)— f(t)] <e
An equivalent condition is | L, f — f|| < € for every r € V, where L, f(t) = f(r~'t).
It is easy to see that L(T') is right and left T-invariant; that is, f € L(T) =

Rof € L(T) and Lyf € L(T), where R f(t) = f(ts) and Lyf(t) = f(s~'t). The
next lemma is well known and its proof is straightforward.

6.1. Lemma. Let (X, x0,T) be a pointed T-dynamical system (i.e. X is a compact
Hausdorff space and the action (t,x) — tx, T x X — X is jointly continuous;
ro € X is a distinguished point with Op(zo) = X). Let F € C(X). Then the
function f = f., defined by the equation f,,(t) = F(txg) is an element of L(T). In
fact the map

O F— fa, o :C(X)— L(T),
is a linear isometry of C*-algebras such that for every s € T

bPoLy,=Ls0d.

In the situation described in the lemma, we say that the function f is coming
from the pointed system (X, xzo,T).

Let L be the Gelfand space corresponding to the C*-algebra L(T') and Iy € L
the multiplicative functional ¢y : f — f(e) corresponding to the evaluation of a
function in L(T") at the identity element e € T'.

6.2. Corollary. With the natural action of the group T on the Gelfand space L and
the distinguished point £y, the pointed dynamical system (L, xzo,T) is the universal
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point transitive T-system. Le. to every point transitive T-system (X, xo,T) with
distinguished transitive point xq there exists a unique homomorphism

(b : (L,fo,T) — (X,(Eo,T).

Proof. The map ¢ is realized by the dual of the isometric isomorphism ® : C'(X) —
L(T) on the corresponding Gelfand spaces. O

We shall use the notation |A| for the Gelfand space of a closed T-invariant
subalgebra A C L(T) (i.e. LgA = A for every s € T). Thus with this notation
L = |L(T)| and in the above corollary |A| & X where A = ®(C(X)).

Let now M C L be any minimal subset. If (X,T) is a minimal system then
the restriction of the map ¢ : L — X to M is a homomorphism ¢ : M — X. So
in this sense M is a universal minimal system. It turns out that in fact any two
minimal sets My and M5 of L are isomorphic as dynamical systems (we shall not
prove this fact, see for example [4]). Thus (M, T) is the unique universal minimal
system (although not as a pointed system; fixing a distinguished point my € M
and given a pointed minimal system (X, zg,T'), a homomorphism ¢ : L — X with
¢(mo) = xo may not exist). The next theorem is due to Pestov [19] (see also [14]).

6.3. Theorem. If the topology of T admits a basis for neighborhoods at e consist-
ing of clopen subgroups, then the topological space L (and hence also M) is zero
dimensional.

Proof. Given a clopen subgroup H C T let
Lu={fel(l): Lsf=f Vs H}
If f is any bounded function on the discrete space H \T then the corresponding

lift f(t) = f(Ht) is an element of Lz and conversely every element of Ly defines
a function in [ (H\T). Thus |Lg| = B(H\T) where 3(H\T) is the Stone-Cech
compactification of the discrete space H\T; in particular |L | is zero-dimensional
(in fact extremely disconnected when H\T is infinite; see [5]).

Given f € L(T) and € > 0 there exists a clopen subgroup H C T with
sup,c diam f(Ht) < e. The function § € [°°(H\T) defined by g(Ht) = inf{f(rt) :
r € H} lifts to a function g(t) = g(Ht) in Ly with ||g — f] <e.

It follows that the algebra

U{LH : H is a clopen subgroup of T'},

is dense in L(T') and by the Stone-Weierstrass theorem, its closure is all of L(T).
We conclude that

is the inverse limit of the zero dimensional spaces |L | over the directed system of
clopen subgroups H C T. In particular we conclude that L and therefore also its
subset M are zero dimensional. (]

Again let (X,T) be a T dynamical system and let F' € C(X) be a real valued
function. Let I be the interval [—||F||, || F|]], and consider the compact space I of
all maps from T to I (with the topology of pointwise convergence). We define a
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map ¥ : X — IT by (z) = fu; ie. fo(t) = F(tz), (t €T). Let Y = ¢(X). As
observed in Lemma 6.1 each f, is in L. It is easy to check that v is a continuous
map and if we let T" act on Y according to the formula ¢f,.(s) = f(st), then t¢(z) =
tfe = ftz = ¥(tz). In fact we have:

6.4. Lemma. The action of T on'Y is jointly continuous and the map ¢ : (X, T) —
(Y,T) is a homomorphism of T-systems.

7. THE UNIVERSAL MINIMAL S-SYSTEM

We recall that the system of clopen subgroups Hy, = {a € S: a(i) =i, V|i| < k},
k=1,2,..., forms a basis for the topology of S at the identity e € S. By Theorem
6.3 it follows that the universal minimal dynamical system M is zero-dimensional.
Let D C M be a clopen subset and Fp =21p —1 € C(M), with 1p the indicator
function of D. Let ¥p be the map constructed above (see the paragraph preceding
Lemma 6.4) using 1p as F. Fix a point mg € M, set Yp = ¢)p(M),yp = ¥p(mo)
and let (Yp,yp,S) be the corresponding pointed dynamical system as in Lemma
6.4. Of course (Yp,yp,S) as a factor of (M, mg,S) is minimal.

7.1. Lemma. There exists an integer k > 1 such that (Yp,S) is isomorphic to a
minimal symbolic system ¥ C Q2kF+1,

Proof. There exists a neighborhood V' of e € S such that vD = D for every v € V
— for otherwise we would have nets v, — e and z; € D with v, — y € D,
contradicting the continuity of 1p. For some k > 1 we have Hy C V and it follows
that vD = D for every v € Hy. Thus v € H,a € S imply

yp(ya) = Fp(yamg) = F,-1p(amg) = Fp(amg) = yp(a),
i.e. yp can be viewed as a function on H\S. Now the function
Hyoa v (@ (=k),...,a (=1),a(0),a”(1),...,a" (k)),

is a bijection of Hy\S onto Z2**1. This bijection is clearly equivariant with respect
to the S actions and thus we can view Yp as a subset of Q2**1 as claimed. O

7.2. Theorem. 9120 is the universal minimal S-system.

Proof. 1. We denote Q7 = X and choose & € X as the distinguished point. Since
M is the universal S-minimal system, there exists a homomorphism 7 : M — X
and we pick some my € M with 7w(mg) = & as the distinguished point for M.

2. Given a clopen subset D C M consider the following diagram:

(M, mo) L> (X, €0>

o) |+»

(Yp,yp) (YD, yp)-

The homomorphism ¥ p was defined above (see the first paragraph of the section)
and yp = ¥p(mg). In view of Lemma 7.1 we can apply Theorem 5.1 to define the
homomorphism ¢p, with ¢}, defined to be ¢p(&).
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Now the image (¢p X (ppom))(M,mo) = (W, (yp,yp)), with W C Yp xYp, is a
minimal subset of the product system (Yp x Yp,S) and we conclude from Corollary
5.2 that either yp = ¥}, or ¥y, = Oyp. In the latter case we replace ¢p by ¢p o j
and it follows that in either case the above diagram can be replaced by

(M,mo) . (X7 50)

(Yp,yp)

Next form the product space
In= H{YD : D a clopen subset of M},

and let ) : M — II be the map whose D-projection is ¢¥p (i.e. (¥(m))p = ¥p(m)).
We set Y = (M) and observe that, since clearly the maps 1)p separate points on
M, the map ¢ : M — Y is an isomorphism, with ¢ (mg) = yo where yo € Y is
defined by (y0)p = yp. Likewise define ¢ : X — Y by (¢(m))p = ¢p(m), so that
also ¢(&y) = yo. These equations force the identity 1) = ¢ o 7 in the diagram

(M, mo) - (X, o)
S A
(Y, y0)

Since 1 is a bijection it follows that so are m and ¢ and the proof is complete. [J

8. UNIQUE ERGODICITY

8.1. Theorem. The universal minimal system (QZO,S) is uniquely ergodic and
therefore so is every minimal S-system.

Proof. Denote X = Q2 and let Ms(X) be the set of S-invariant probability mea-
sures on X. Note that this is the same as the set of Sp-invariant measures.
Since Sy is amenable Mg(X) is non-empty. We fix u € Mg(X). For an array
{aij 1< j, |Z|, |j| < 710} with a;; € {1,—1} set

A={€€X :€(i)) = ay),
the corresponding cylinder set in X. Clearly the sequence Sai+1 C Sp is a Fglner

sequence for the amenable group Sy and the mean ergodic theorem implies that,
for every function f € L?(u), the ergodic averages

Apf = I BRNICY
2/<; +1

o‘ESzk+1

converge in L?(y) to the function E?(f) — the conditional expectation of f with
respect to the o-algebra J of Borel Sy-invariant subsets of X. In particular this
is true for the function f = 14. However, a moment’s reflection will show that
for k > ng the function Ap14(€) is a constant and we conclude that Apl4(§) =
Jx Ladp = p(A). Since this holds for every cylinder set A and every pu € Mgs(X),
we conclude that Mg(X) = {u} is a singleton; i.e. (X,S) is uniquely ergodic. The
second assertion of the theorem now follows by the universality of (X,S). O
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As described in Remark 2.2 fix a 1-1 correspondence of Z with the set of ra-
tional numbers Q and consider the element 7 € Q7 which is determined, via this
correspondence, by the usual order on Q.

8.2. Theorem. The unique S-invariant measure p on leo is supported by a single
S-orbit; namely u(Sn) = 1.

Proof. The orbit Sn consists of all the linear orders on Z whose order type is that
of the rational numbers Q; in other words w € Sn iff

(8.1) Vig, w(i ) =1 = Tk, wik)=wlk,j) =1,
and
(8.2) Vi 3k, 1, w(i, k) =w(l,i) = 1.

Now, given i # j € Z, the measure of the “event”
Aij={weQ, wij) =1 A 3k w(ik)=wkj) =1}

can be computed as

. . 1
nILIEOA”f = nlirrgom Z 14(cf).
0E€Sant1
Since, no matter which configuration £ we start from, for large k, for most ¢ € Soj 41
we shall have o€ € A, it follows that this limit is equal to one. Similarly every event
of the form (8.2) will have measure one and we conclude that the intersection of all
these events, namely the set Sn, has p measure one. (]

8.3. Remark. The measure p and its “factor” measures 75 (1), where 7y : Q2 — %
are the homomorphisms of Q7 onto the various minimal sets ¥ C QF, are by no
means the only invariant probability measures of the dynamical systems (QF,S).
For other such measures see Theorem 5.1 in [1].

9. A MINIMAL ACTION OF THE DISCRETE GROUP G = S/Sy

The discrete group S admits the following interesting minimal dynamical system.
Recall that 37Z, the Stone-Cech compactification of the integers Z, is the space of
ultrafilters on Z and that the collection U = {Uy4 : A C Z}, where for each A C Z
the set Uy is the set of ultrafilters in 8Z containing A (Ua = {p € BZ : A € p}),
forms a basis for a compact Hausdorff topology on (5Z. The collection of fized
ultrafilters; i.e. ultrafilters of the form p, = {A C Z :n € A} for n € Z, forms an
open, discrete, dense subset of 8Z. When this collection is identified with Z, the
space [(B7Z becomes the universal compactification of the discrete topological space
Z in the sense that any map ¢ : Z — K, where K is a compact Hausdorff space,
can be extended uniquely to a continuous map g?) : 87 — K. For more details see
[5], [4] and [12].

Consider the compact subspace X = 7\ Z of 8Z, sometimes called the corona.
The universal property of 5Z enables one to extend the natural action of S on Z
to an action on (Z. Evidently this action leaves X invariant and it is also clear
that each element of the normal subgroup Sy restricts to the identity map on X.
We can therefore view this action as a G = S/Sy dynamical system (X, G). As we
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shall see, this action is minimal and Uspenskij’s idea will serve us in showing that
it is not the universal one (see [22]).

9.1. Theorem. (1) The system (X,G) is minimal.
(2) The system (X, G) is extremely prozimal; i.e. for every closed set ) < F C
X there exists a net {g; }ier in G such that, in the Vietoris topology on the
compact space 2% of closed subsets of X, we have lim;e; g; F = {0} for
some point o € X (see [7]).
(3) The minimal system (X,G) is not isomorphic to the universal minimal
system (M(G),G).

Proof. 1. Note that the collection U = {clsgzA N X : A an infinite subset of Z}
is a basis for the topology on X consisting of clopen sets. Since clearly G acts
transitively on this collection, it follows that for every U € U we have U{a(U) : o €
G} = X. This property is equivalent to the minimality of the system (X, G).

2. Fix some xg in X such that o ¢ F. For an arbitrary basic clopen neigh-
borhood U = cls gzA N X of z¢ which is disjoint from F' choose ayy € G such that
ay(A®) = A. Then « satisfies oy (F') C U. Clearly now {ay : U a neighborhood of
xo} is the required net.

3. Using Uspenskij’s notation, let ® C 22" e the collection of maximal chains
on X. Recall that a chain is a nonempty family ¢ = {F;} (with ¢ running over some
parameter set) of closed subsets of X such that for every Fy, Fy € c either Fy C Fh
or Fo C Fy. A chain ¢ is maximal if it is not properly contained in another chain.
Uspenskij shows that for any dynamical system (X, G) the collection ® is a closed
invariant subset of the compact space 22 It is easy to see that every c € ® has a
first element F' which is necessarily of the form F' = {z}. Moreover, calling x the
root of the chain ¢, it is clear that the map 7 : ® — X, sending a chain to its root,
is a homomorphism of dynamical systems.

Suppose (X, G) is isomorphic to the universal minimal G system. Let Y C @
be a minimal subset of ®. Then, by the coalescence of the universal minimal
system (see the first paragraph of the introduction), the restriction = : ¥ — X
is an isomorphism. Fix ¢y € Y and let pg € X be its root; i.e. w(co) = po. Let
H ={a € G:apy = po}, the stability group of pg. Since 7 is an isomorphism we
also have H = {a € G : acy = ¢p}. Choose F' € ¢y such that {pp} € F € X and
let po # a € F. There exists an infinite B C Z such that cls gzB N X is disjoint
from F. Choose subsets P and A of Z with the following properties: P N A = (),
PUA= B¢ aé€clsgzA and pg € cls gzP. Thus {P, A, B} is a partition of Z.

Next choose a permutation o € G such that o | P =id, a(A) = B and o? = id,
and set b = a(a). We now have a(pg) = po, b = a(a) € a(F)\ F and a = «a(b) €
F\ a(F), so that F' and a(F’) are not comparable. On the other hand a(pg) = po
means « € H whence also a(cp) = ¢o. In particular a(F') € ¢y and as ¢g is a chain
one of the inclusions F C a(F') or a(F) C F must hold. This contradiction shows
that (X, G) cannot be the universal minimal G system. O
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