SETS WITH SEVERAL CENTERS OF SYMMETRY
GREGORY A. FREIMAN AND YONUTZ V. STANCHESCU

ABSTRACT. Let A be a finite subset of the group Z2. Let C = {cy,¢c1,...,cs_1} be
a finite set of s distinct points in the plane. For every 0 < i < s — 1, we define
Di={a—d :a€ Ad € Aja+a =2¢} and Rs(A) = |DgU D U...UDs_q|. In
[1] and [2], we found the maximal value of Rs(A) in cases s = 1,s =2 and s = 3
and studied the structure of A assuming that R3(A) is equal or close to its maximal
value. In this paper, we examine the case of s = 4 centers of symmetry and we
find the maximal value of R4(A). Moreover, in cases when the maximal value is
attained, we will describe the structure of extremal sets.

1. INTRODUCTION

Let A be a finite subset of the group Z? of cardinality |A| = k. Let M + N =
{m+n:m e M,n € N} be the algebraic sum of two finite sets M and N. We call
2A = A+ A the sum set of A and A — A the difference set of A. For every b € Z? we
define

Db)={a—d :a€ Ad € Aja+d =b},
r(b) = {(a,d') :a+d =ba€ A d € A}|.
We easily see that |D(b)| = r(b). Moreover, r(b) is equal to the number of pairs (a, a’)

such that a € A, @’ € A and a and @’ are symmetric with respect to the center ¢ = g,
ie.,
a+a
|ID(b)| = |{(a,d’) :a € A,d € A, 5 = c}|. (1)
Let C' = {co,c1,...,cs—1} be a finite set of s distinct points in the plane such that
b; = 2¢c; € 72, for every 0 < i < s — 1. We define

DZ:DZ(A) = {CL—CL/ZCLEA,CL/ EA,CL"‘CL/:bZ‘}, dz: ’Dz|7
DlﬁS(A) - DO U Dl U..u Ds—la
R(A) = |Diffs(A)| = |DogU Dy U ... U Ds_4].
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This means that d; = |D;| = r(b;) and thus Rs(A) counts the number of all distinct
differences d = a —a’ € A — A such that the end points a and a’ are symmetric with
respect to some set C' of centers of symmetry.

In [1] we determined the mazimal value of R3(A) for finite sets A C Z?, assuming
that by, b1, by are non-collinear, and we described the structure of planar extremal sets
A* ) i.e., sets of integer lattice points in the plane Z? for which we have |A*| = k and
R3(A*) = 3k — +/3k. In [2] we studied the structure of finite sets A C Z? assuming
that R3(A) is close to its maximal value, i.e., R3(A) > 3k — 0V, with 6 < 1.8,

In this paper, we continue the study of finite sets of lattice points in the plane and
we will examine the case of four centers of symmetry cg, ¢y, co, c3 defined by

b() = 200 = (O, O),bl = 201 = (1,0)7[?2 = 262 = (07 1),b3 = 203 = (17 1) (2)

We will obtain a sharp upper bound for Ry(A) = |Dy U Dy U Dy U D3| and we will
determine its mazimal value

Ry(k) = max{R,(A): A C Z* |A| = k}. (3)

Moreover, in cases when the maximal value is attained, we will describe the structure
of extremal sets. The case (2) which we will study in this paper is, of course, a
partial one. Nevertheless, we conjecture that this case gives the maximal number of
differences max R4(A) comparing with any other choice of four centers of symmetry.

We should mention that the proof given here, while representing a natural develop-
ment of [1], is significantly shorter. More importantly, this new method provides clear
intuition for the structure of extremal sets, and it seems plausible that our approach
can be applied to derive general results for sets of lattice points in Z<.

In order to describe the canonical form of an extremal set, we will use the following
notation. If p = (z,y) € R?, we denote by x and y its coordinates with respect to the
canonical basis {e; = (1,0),e2 = (0,1)} and ey = (0,0) represents the origin point.

Definition 1. For every integer ¢t > 2, we denote by E; the set of all lattice points
p = (z,y) € Z* which satisfy the following conditions:

(a) || <t,

(b) Iyl <t,

(¢) |z —yl <t

(d) |z +y— 3| <t
The set E; lies on 2t — 1 lines parallel to the line x = 0, on 2¢ — 1 lines parallel to the
line y = 0, on 2t — 1 lines parallel to the line z —y = 0 and on 2¢ lines parallel to
the line z + y = 0 (see Figure 1). Note that the set F; can also be defined using the
h-norm |[(z, y)|[x = || + [yl:

E, = {(v,y) €Z*: |[x — 0.25| + |y — 0.25| < t}.

Thus, F; is the set of all lattice points that lie inside a two-dimensional open [;-disk
of radius ¢ and center (0.25,0.25).
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FIGURE 1. The set E; for t = 4 and the centers ¢y, ¢, ¢2, ¢3.

We will prove the following theorem.

Theorem 1. Let A be a finite subset of Z* with |A| = k. If k is sufficiently large and
if bo = (0,0),by = (1,0),b0 = (0,1),b3 = (1,1), then

R4(A) = |Diff4(A)| < 4k — V8k + 1. (4)
Moreover, the equality

Ru(A) = 4k — 8k + 1 (5)

holds if and only if there is t € Z such that k = t(2t — 1) and A is the extremal set
E;.

This paper is organized as follows. In Sections 2 and 4, we introduce some basic
examples: a two-dimensional arithmetic progression S;, the extremal set E; and a
special octagon P. In Section 3, we state and prove a tight upper bound for R4(A).
Section 5 contains the proof of Theorem 1 for connected sets, and in Section 6, we
complete the proof by showing that disconnected sets are not extremal with respect
to (3).

We conclude the introduction with some results obtained in [1]. We will use them
in Sections 3 and 6.

Proposition 1. Let A be a finite subset of Z2.
(a) If A lies on the line (y = 0), then Ra(A) = |Do(A) U Dy (A)] <2|A4| — 1.
(b) If A lies on two parallel lines (y = h) and (y = —h), then

Ra(A) = |Do(A) U Dy (A)] < 2/4] —2.

(c) If A lies on a lines parallel to the line (x = 0), on b lines parallel to the line (y = 0)
and on c lines parallel to the line (x +y = 0), then

la+b+e)? 1
|A|_3 1 +1



4 GREGORY A. FREIMAN AND YONUTZ V. STANCHESCU

in view of Lemma 1 (b) from [1]. Finally, using the proof of Corollary 1 from [1], we

O

Proof. Assertion (a) is equivalent to Proposition 2 (a) from [1]. Assertion (b) is true
a

obtain assertion (c)

2. SOME EXAMPLES

We begin with a simple remark about the sets of differences Dy, D1, Dy and Ds.
As we mentioned in Section 1, the centers ¢; = % satisfy assumption (2).

Lemma 1. Let A C Z? be a finite set of k lattice points in the plane. Assume that
bo = (0,0),b; = (1,0),b2 = (0,1),b3 = (1,1). We have

Do(A) C 2Z x 2Z, Dy(A) C (2Z + 1) x 2Z,
Dy(A) C2Z x (2Z+ 1), D3(A) C (2Z + 1) x (2Z + 1)
and thus the sets of differences Dy(A), D1(A), Do(A) and Ds(A) are disjoint.
Proof. For every lattice point p = (x,y) € Z*, we denote by
pi=2c—p

the symmetric reflection of p with respect to ¢;, 0 < i < 3. If d € D;(A), then there
is a point p = (x,y) € A such that p; € A and

d=p—p; =2p—2¢; = (22,2y) — b;.
Lemma 1 is proved, in view of (2). O

We will first examine the case of a two dimensional arithmetic progression S;, which
includes the extremal example F; (see Figures 2 and 1). We will prove the following
result.

Lemma 2. Let t > 2 be an integer and let S; denote the set of all lattice points
p = (z,y) € Z* such that |z| < t,|y| <t. Thenn =S| = (2t — 1) and

R4(S;) = 4n —4y/n + 1. (6)

Proof. We will estimate |D;(S;)| using equality (1). Let us now examine Figure 2.

FIGURE 2. The set S; for t = 3 and the centers ¢, 1, o, c3.
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Wehaven = (2t —1)?and co =2 =L, =% =%, =2 =2 3 =% = af2,

The set S; is symmetric with respe(zzt to 20(; and t2hu5 : ’ ’
do = |Do(St)| = n. (7)
The set S; \ (x = —t + 1) is symmetric with respect to the center ¢; and thus
dy = Dy(S)] = n — (2t — 1). (®)
The set S; \ (y = —t + 1) is symmetric with respect to the center ¢, and thus
dy = [Da(Sp)| =n — (2t = 1). (9)

Finally, the set S; \ ((z = =t + 1) U (y = —t + 1)) is symmetric with respect to the
center ¢z and thus

ds = |D3(Sy)|=n—2(2t — 1) + 1. (10)
Moreover, the sets Dg(S;), D1(S;), D2(Sy), D3(S;) are disjoint by Lemma 1, so we
conclude that the total number of differences is
R4(St) - ’Do(St) U Dl(St) U DQ(St) U Dg(St)|
=dy+d +dy+ds=4n—42t —1)+1=4n —4y/n+ 1.
Lemma 2 is proved. O
In case of s = 2 centers of symmetry, the extremal sets are arithmetic progressions
of difference A = 2¢; — 2¢g (see [1], Proposition 2). Surprisingly, the maximal value
of R4(A) is not attained for a two dimensional arithmetic progression S;. In order to
describe the extremal set E}, let us recall that the canonical form of an extremal set
for the case of three centers co, c1, ¢y is a hexagon H, (see [1], Theorem 1). This set
(see Figure 3) lies on pairs of symmetric lines with respect to three lines
li:(x=0), ly:(y=0) and I3 : (z+y = 0.5).

Note that ¢y and ¢y belong to [y, ¢ and ¢; belong to [y and ¢; and ¢y belong to 3.
The definition of F; is similar in the sense that this set also lies on pairs of symmetric
lines with respect to four lines

li:(x=0),lb:(y=0), l3:(r+y=0.5)and ly : (x —y =0).

Note that ¢y and c3 belong to ly.
The following result determines the number of differences for F, and, at the same
time, implies that R4(k) = max{R4(A) : A C Z? |A| = k} is at least 4k — \/8k + 1:

Lemma 3. Let t > 2 be an integer and let E; denote the set of all lattice points
p = (z,y) € Z* such that |x —y| <t and |v +y — 3| <t. Then k = |E,| = (2t — 1)t
and

Ri(E}) =4k — 8k + 1. (11)
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FIGURE 3. The set H, and the centers ¢; = 5,7 = 0,1, 2.

Proof. We will estimate |D;(E};)| using equality (1). Let us now examine Figure 1.

Wehave k= (2t — 1)t and cg =2 = L.y =8 =L 0 =2 =2 5= & = ate

The set E; \ (z +y = t) is symmetric with respect to the center ¢y and thus
do = [Do(Er)| =k — (1 = 1). (12)
The set E; \ (—x +y =t — 1) is symmetric with respect to the center ¢; and thus
dy = |Dy(E)| = k —t. (13)
The set E; \ (—z +y = —t + 1) is symmetric with respect to the center ¢, and thus
dy = |Dy(Ey)| = k —t. (14)

Finally, the set E; \ (z +y = —t + 1) is symmetric with respect to the center ¢3 and
thus

dy = |D3(E)| = —t. (15)
Moreover, the sets Do(FE;), D1(E;), Da( Ey), D3(Ey) are disjoint by Lemma 1, so we
conclude that the total number of differences is
Ry(E}) = |Do(Ey) U Di(Ey) U Dy(Ey) U Ds(Ey)|
=dy+dy +dy 4 dy = 4k — (4t — 1) = 4k — 8k + 1.

Lemma 3 is proved. O

3. A SHARP UPPER BOUND

Let A C Z? be a finite set of k = |A| lattice points. In this section, the method of
[1] will be used in order to obtain a sharp upper bound for R4(A).

Let a be the number of lines ¢} : (z = h) such that AN (z = £h) # 0, let b be
the number of lines ¢, : (y = h) such that AN (y = +h) # 0, let ¢ be the number
of lines ¢4 : (x +y = h) such that AN (z +y — 0.5 = £(h — 0.5)) # 0 and finally,
let d be the number of lines ¢, : (x —y = h) such that AN (z —y = +h) # 0.
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For example, if A = E;, thena =b =c—1=d = 2t —1 and if A = §;, then
20—1=2b—1=c=d=4t — 3.

Lemma 4.

(a) dg+ dy = |Do(A) U D1(A)| < 2k —b.

(b) R4(A) < 4k — max(2a,2b,c + d).

(¢) Ru(A) <4k —L1(a+b+c+d)— 2, where§ =0 ifa+b+c+d is even and § = 1
ifa+b+c+d is odd.

Proof. We follow the argument used in the proof of Lemma 2 in [1]. For every integer
h, we denote by

Ap=AN(y=nh)

the set of points of A that lie on the line y = h. For every 0 < i < 3, the set D;(A)
consists of all differences d = p — p; such that both points p and p; = 2¢; — p belong
to the set A. Therefore each difference d € D; is of the form

d=2p—2c;=2p—b,.

Note that if p € Ay, then Po € A_y, p1 € A_; and P2 € A_h+1,p3 S A—h+1~ This
remark allows us to split each set of differences D;,i = 0,1, 2, 3, into a disjoint union
of sets:

D; =, Di(h),
where
Do(h) = Do(A,h) ={2p — ey : p € Ap,po € A_p},
Dy(h) = Di(A,h) ={2p—e1:p€ Ap,p1 € A1},
Dy(h) = Dy(A,h) ={2p —ez:p € Ap,p2 € Apia},
Ds(h) = D3(A,h) ={2p— (e1+e2) :p € Ap,p3s € A_p 11}

Let H be the set of all integers h such that Ay, = Ay U A_j, # (). We have
Do(A) = UhEHDO(h) = UhGH, hZOD()(Aih)u

Dy(A) = Uherl(h) = UheH’ g P (An);

Do(A) U D (A) = UheH’ - (Do(Axn) U Dy (Agy)).

If h = 0 belongs to H, we have | Dy(Ap)UD1(Ao)| < 2|Ao|—1, in view of Proposition 1
(a). For 0 < h € H, the set Ay, is contained by two parallel lines. If |A,| > 0 and
|A_p| > 0, then |Do(Axp) U Dy(Axpn)| < 2|Axp| — 2, by Proposition 1(b). If |Ay| =0
or [A_p| = 0, then Ay lies on a line and obviously |Do(Asr) U Di(Ass)| = 0 <
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2|Asp| — 2 < 2|Agp| — 1. We conclude that
do+dy = [Do(A)UDi(A)| = > [Do(Asn) U Di(Asn)|
heH, h>0

< |Do(Ao) U Dy(Ag)| + Z (2|Azn] —2)

heH, h>0

<2|A| —b=2k—b.
In order to prove (b) we will use Lemma 1 and get
R4(A) = |Do(A) U D1(A) U Dy(A) U D3(A)| = do + dy + do + ds.

Note that inequality (a) was obtained using a partition of A into sets lying on lines
0y : (y = h) parallel to the segment [cy, ¢;]. In a similar way, considering lines parallel
to the segments [ca, c3), [co, c2], [c1, 3], we obtain respectively that

d2+d3 §2]€—b, do+d2§2]€—a, d1+d3§2k—a.
Moreover, considering lines parallel to the segments [c1, ¢o], [co, 3], we obtain that
d1+d2 §2]€—C, d0+d3§2]€—d

Indeed, these last two inequalities are also valid, because ¢ represents the number of
lines ¢} : (x+y = h) such that AN(z+y—0.5 = £(h—0.5)) # 0 and d is the number
of lines ¢, : (x — y = h) such that AN (x —y = £h) # 0. Tt follows that

Ry(A) <4k —2a, Ry(A) <4k —2b, Ry(A) <4k — (c+d)
and thus
R4(A) < 4k — max(2a,2b,c + d). (16)
Moreover,

AR, (A) = 4(dy + dy + da + ds)
= (do+ di) + (da + ds) + (do + d2) + (dy + d3) + 2(dq + da) + 2(do + d3)
< (2k—0b)+ 2k —b) + (2k — a) + (2k — a) + 2(2k — ¢) + 2(2k — d)
=16k —2(a+ b+ c+d).

and thus

1 5
Ry(A) = do+d +dp +dy <4k — S(a+b+c+d) -3, (17)

where we put 0 =0ifa+b+c+disevenand 6 =1if a+ b+ c+d is odd. Lemma 4
is proved. 0]
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Remark 1. The upper bound Ry(A) < 4k — L(a+b+c+d) — $ is sharp. Indeed,
in view of Lemma 3, the set F,; satisfiesa =b=d =2t —1,c =2t and we have 6 = 1
and

1 1

2
We conclude that inequality (17) cannot be improved by reducing the upper bound
for Ry(A). O

Remark 2. Inequality (17) implies a first non-trivial upper bound for R4(A) in
terms of k:

R4(A)g4k—%(a+b)—%(c+d)g4k—¢a_—\/ag4k—2\/%.

In the following sections, we will improve this estimate and we will show that R,(A) <
4k — \/8k + 1, for every finite set of lattice points in the plane. O

4. SPECIAL OCTAGONS

In this section, we determine the number of differences R,(P) = |Diff4(P)| for a
special octagon P C Z? (see Figure 4).
Let a, b, v and v be four natural numbers such that a = 2a — 1, b= 25 — 1 and

u+ v+ 1 <min{a,b} — 1. (18)

We denote by A = (a—1,8—-1),B=(—a+1,5—1),F = —A and G = —B the four
vertices of the rectangle R(a,b) defined by R(a,b) = {(x,y) € Z* : |z| < a, ly| < B}.
This finite set lies on a = 2« — 1 lines parallel to (x = 0) and on b = 23 — 1 lines
parallel to (y = 0). Let us choose eight points on the edges of R(a,b) as follows:

A1:A—U61,A2:A—’U€2, BlzB—l—uel,Bng—ueg,
Fl :F+<U+1)€1,FQ IF+(U+1)€2, G1 :G—uel,Gg = G‘FU@Q
and we denote by
P = P(a,b,u,v)

the set of all lattice points that lie in the convex hull of { Ay, By, Be, Fy, F1, Gy, G, As}.
The set P = P(a,b,u,v) is described in Figure 4.

Let [L, M] be the line segment {(1 —t)L +tM : 0 <t < 1} between two points L
and M in the plane. Note that inequality (18) implies that each of the following sets

(A, AN (B, B, [B, Bo] N [F, B, [F, ] N[G1, G, [G,Go] N [A, Ay

contain no more than one point and therefore the eight points Ay, By, Bs, F5, F1, G1,
Go, As are all vertices of the convex hull conv(P). We conclude that P = P(a, b, u,v)
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is the set of all points (z,y) € Z* which satisfy the following conditions:

—a+1<z<a—1,

P = P(a,b,u,v) : (19)
—0+1<zr—y<di—1,
where ~ and § are given by
b—1 2041 b—1)—2u+1
(20)

Note that if « = § = 0 = ~, then P(a,b,u,v) is the extremal set E, described in
Figure 1. We will now find the number of lattice points located inside P = P(a, b, u, v)

ZEEEEEEN
ZEEEEEEENN
ALV L L]
ZES0ELIEEEaeE

B A=(a—-1,-1)

BQ G2
DESESEE0EEN%
F2 '
F=-A G

Fy G
A1:A—’U61, Bl B+u€1, F1 F+(U+1)61, G1:G—U61

FIGURE 4. The set P = P(a,b,u,v),a =20 — 1,b =25 — 1.

and we will determine the number of differences R4(P).

Lemma 5. The set P = P(a,b,u,v) lies on a = 2ac — 1 lines parallel to (x = 0), on
b =20 —1 lines parallel to (y = 0), on ¢ = 2v lines parallel to (x +y = 0) and on
d =28 — 1 lines parallel to (x —y = 0). We have

(a) k*=|P|=ab—u(u+1)— (v+1)2

(b) Ry(P) =4k* — (2a + 2b — 2u — 2v — 3) = 4k* — (c + d).

Proof. Every point (x,y) € P(a,b,u,v) belongs to the rectangle R(a,b). The set
P = P(a,b,u,v) is obtained from R(a,b) by removing the lattice points belonging to
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four triangles

Ty ={(z,y) € R(a,b) : x+y=t, wherey+1<t<a+ -2},
Tg ={(z,y) € R(a,b) : x —y =t, where —a—[+2 <t <=4},
Tr ={(z,y) € R(a,b) : x +y =1, where —a—[+2<1t< —~},
Te ={(z,y) € R(a,b) : x —y=t, where § <t < a+[—2}.

Thus P(a,b,u,v) lies on exactly a = 2 — 1 lines parallel to (z = 0), on b =26 — 1
lines parallel to (y = 0), on ¢ = 2+ lines parallel to (z +y = 0) and on d = 26 — 1
lines parallel to (x —y = 0). It is clear that:

na=|Tal=14+2+...+w—-1)+v, npg=Tg|=14+2+ ...+ (u—1) +u,

np=Tr| =142+ ... +v+(v+1), ng=Tg|=14+2+...+(u—1)+u
and thus

k* = |P| = |R(a,b)| — (na +np+npr+ng) =ab—u(u+1)— (v+1)>= (21)

We will estimate |D;(P)| using equality (1) and (19). Let us now examine Figure 4.
We have

bo €p b1 €1 bQ €9 b3 e1 + es
COZ_:_JCIZ_:_762:___703:_:
2 2 2 2 2 2 2 2
The set P\ [A;, Ay] is symmetric with respect to the center ¢y and thus
The set P\ ([By, Ba] U [Ba, Fy]) is symmetric with respect to the center ¢; and thus
dy = |Di(P)| = k" = (b= (v+1)). (23)
The set P\ ([F1, G1] U [G1, Gy]) is symmetric with respect to the center ¢o and thus
do = |Do(P)| = k" — (a — (v+1)). (24)

Finally, the set P\ ([Ba, F3] U [Fy, Fi] U [F1, G4]) is symmetric with respect to the
center c3 and thus

ds = |D3(P)[ = k* = ((b = u) + (a —u) = (v +2)). (25)

Moreover, the sets Do(P), D1(P), Do(P), D3(P) are disjoint by Lemma 1, so we con-
clude that the total number of differences is

R4(P) = |Do(P) U D1(P) U Dy(P) U D3(P)|
:d0+d1+d2+d3:4k*—(2a+2b—2u—2v—3).

Note that (20) implies that ¢ = 2y = (a+b—1)—(2v+1),d =20—1 = (a+b—1)—
and thus

c+d=2a+2b—2u—2v-—3. (26)
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We conclude that
Ry(P) = 4k* — (2a+ 2b — 2u — 20 — 3) = 4k* — (¢ + d). (27)
Lemma 5 is proved. 0
We will obtain now an upper bound for R4(P) depending only on k* = |P|:

Lemma 6. Let us define

e=(a—bP+(c+d—a—0b+2wv—-u)(v—-—u+1)—1. (28)
(a) € is a non-negative integer and
(c+d)*> = (8K* + 1) + 2 > 8k* + 1. (29)
(b) Every set P = P(a,b,u,v) satisfies
Ry(P) = 4k* — (c +d) < 4k* — V/8k* + 1. (30)

(c) We have equality Ry(P) = 4k* — (c+d) = 4k* —/8k* + 1 if and only if v =u—1,
a=0=0=v=u+1 and P(a,b,u,v) is the extremal set E,.

Proof. Let us put w = v — u. Using (26) and (18) we get that
c+d—a—b=(a+b)—2u+2v+3)>1

Thus (¢ +d —a —b)? > 1. This implies that € is a non-negative integer, because
(v—u)(v —u+1) = w(w+ 1), being a product of two consecutive integers, is non-
negative. We have

8ab + 2¢ = 8ab + 2(a — b)? +2(c+d —a — b)* + dw(w + 1) — 2
:8ab—|—2(a—b)2+2<(a+b)—(2u—|—20+3)>2+4w(w—|—1)—2
= (2a + 2b)* — 2(2a + 2b)(2u + 2v + 3) + 2(2u + 2v + 3)* + dw(w + 1) — 2
= ((2a + 2b) — (2u + 2v + 3))* + (2u + 2v + 3)* + dw(w + 1) — 2
= (2a+2b —2u —2v — 3)* + (2u+2v + 3)* + dw(w + 1) — 2
= (2a + 2b — 2u — 2v — 3)* + 8u(u + 1) + 8(v + 1)* — 1.
Therefore (26) gives
(c+d)?* = (2a +2b — 2u — 2v — 3)?
=8ab+2e —8u(u+1) —8(v+1)*+1
:8<ab—u(u—l—1)—(v—|—1)2> 142
= (8k™ + 1) +2¢ > 8k™ + 1.

Assertion (a) is proved. The upper-bound (30) is an immediate consequence of (29)
and (27). Moreover, we have equality Ry(P) = 4k* — (c+d) = 4k* — v/8k* + 1 if and
only if € = 0, which means
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(i)a=bct+d=a+b+1,v=u
or
(i) a=bc+d=a+b+1lv=u—1.
Case (i) is impossible because (¢c+d) — (a+b+1) = (a+b) — 2u+2v+3) —1 =
2a —4v —4 = 4o —4v — 6 # 0.
In case (ii), equality (26) and c4+d = a+b+1 imply that 2a+2b—2u—2v—3 = a+b+1
and so

2a=a+b=2u+2v+4=4u+2.
We apply (20) and get
a=b=2a—-1=20—-1=2u+1,
c=2yv=(a+b—1)—(2v+1)=2a—2u=2u+ 2,
d=20—1=(a+b—-1)—2u=(2a—1)—2u=2u+1.

In conclusion, « = =7 =9 = u + 1. The proof of Lemma 6 is complete. 0

5. CONNECTED SETS AND COVERING OCTAGONS

We can now prove Theorem 1 for connected sets. We need the following definition.

Definition 2. Let A C Z? be a finite set of k = | A] lattice points. Let us choose the
parameters a, b, u, v such that:
(i) A C P(a,b,u,v),
(ii) a and b are minimal,
(ili) u and v are maximal.

The finite set P(a, b, u,v) C Z? defined by the above three conditions will be called a
covering polygon of the set A and we will denote it by P(A). Let

r=*+(a—-1),y=F+@B-1),v+y=v,2+y=—y+Lar—y==+(0—1)

denote the supporting lines of the covering polygon P = P(A). We say that A is a
connected set if the following conditions are true:

(a) AN (z = +£t) #0, for every integer —a+1 <t < a—1,

(b) An(y = :I:t) # (), for every integer —G+1<t<3—1,

(c) AN(z+y— 1 ==%(t—3)) #0, for every integer —y + 1 <t<9,

(d) A (x—y—j:t)#(l) for every integer —6+1 <t <4 — 1.

Lemma 7. Let A be a finite subset of Z* with |A| = k. If A is connected, then
Ry(A) <4k —V8k +1

Moreover, the equality Ry(A) = 4k — «/8k + 1 holds if and only if there is an integer
a such that k = a(2a — 1) and A is the extremal set E,,.
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Proof. Let A* = P(a,b,u,v) be the covering polygon of A and denote k* = |A*|. We
clearly have

k<E*.

Define ¢ and d as in Lemma 5. The set A* lies on exactly a lines parallel to the line
[y : (x = 0), on b lines parallel to the line [ : (y = 0), on ¢ lines parallel to the line
l3: (x+y—1=0)and on d lines parallel to the line Iy : (x —y = 0). The set A is a
connected set and we may use inequality (b) of Lemma 4 with the same parameters
a,b, c,d. Combining with (29), we get that

Ry(A) < 4k —(c+d) = 4k —/(8k* + 1) + 2¢ < 4k—/8k* + 1 < 4k—+/8k + 1. (31)

We conclude that inequality (4) holds for every connected set of lattice points.
Let us assume now that the connected set A satisfies equality Ry(A) = 4k—+/8k + 1.
Using (31), we get that

Ry(A) =4k —(c+d) = 4k—\/(8k* +1)+2e=4k—V8k*+1=4k—V8k + 1. (32)
and thus
k=Fke=0A= A" Ry(A) = Ry(A") =4k — (c+ d) = 4k™ — (c + d).

We can use now assertion (c) of Lemma 6 and conclude that
A= A"= P(a,b,u,v) = E,.

Lemma 7 is proved. ([l

6. DISCONNECTED SETS

In this section, we describe the set of differences Diff,(A) for disconnected sets. We
will show that such sets satisfy inequalities (35) and (40) below and Theorem 1 will
be an easy consequence of Lemmas 7 and 10.

Definition 3. Let A C Z? be a finite set. Let
r=x(a-1),y=x(p-1),2+y=v,0+ty=—+1lLr—y=%0-1)

denote the supporting lines of the covering polygon P = P(A). We say that A is a
disconnected set if at least one of the following conditions is true:

(I) There is an integer ¢ such that —a+1 <t <a—1and AN (z = +t) = 0.
(IT) There is an integer ¢ such that —f+ 1<t < —1and AN (y = *t) = 0.
(IIT) There is an integer ¢ such that —y+1 < ¢ <y and AN(z+y—3 = +(t—3)
(IV) There is an integer ¢ such that —0 +1 <t <d—1and AN (z —y =+t

We will now present a detailed study of disconnected sets satisfying case (I). Cases
(IT), (III) and (IV) are similar. Let (m < x < n) be the region of the plane equal to
{(z,9): (z,y) e R:,m <z <n}.



SETS WITH SEVERAL CENTERS OF SYMMETRY 15

Lemma 8. Let A C Z? be a finite disconnected set satisfying condition (I). Let us
choose u > 0 minimal such that

AN(z==xu)=10. (33)

Deﬁne k= |A|, Al :Aﬂ(—u <x < U),AQ :A\Al, ki = |A1|,]€2 = |A2| =k — k.
Let ng be the number of points p € Ag such that —p ¢ As. We have Ry(A) = Ry(Ay) +
R,(A) and

(a) R4(A2) S 4]{32 — Ny,
(b) Zf ng < k‘g, then R4(A2) < 4ky — %\/ ko — ng — 0.5.

Proof. The set A is disconnected and thus ky = |A3| > 1. The sets D;(A;) and D;(Asz)
are disjoint, for ¢ = 0,1, 2,3 and thus

R4(A) = Ry(Aq) + Ry(As). (34)

Indeed, if w = 0, then A; = () and equality (34) is obvious. Assume that u > 1.
Using (33), we get that every difference d = (dy, dy) € Diff4(A;) satisfies |d;| < 2(u—1)
and every difference d = (dy,dy) € Diff4(As) satisfies |dy| > 2(u + 1). Therefore,
Diff,(A;) and Diff4(Ay) are disjoint and (34) follows.

Using equality (1), we get that |Dy(As)| = ka—ng and therefore Ry(Ay) = [Do(A2)U
Dl(Ag) U DQ(AQ) U Dg(A2)| S 3]{32 + |D0(A2)| = 3k2 + ]{?2 — Ng = 4]{32 — Nyo. It remains
to show that if ng < ko, then the subset A, satisfies the inequality

R4(A2) S 4]{72 — % kg — Ny — 0.5. (35)

The set A, is a disjoint union of

and
A_=AN(x < —u).

Let ky = |A | and ky; = |A_|. If k¥ = 0 or k; = 0, then R4(As) = 0. Therefore,
there is no loss of generality in assuming that k3 > 1 and k; > 1.

Denote by m(z,y) = x the projection parallel to line (z = 0), by ma(z,y) = y the
projection parallel to line (y = 0), by m3(x,y) = = + y the projection parallel to line
(x +y =0) and by my(z,y) = x — y the projection parallel to line (z —y = 0).

We claim that there is an integral vector w € N2 such that the sets

B, =A,+wand B_.=A_—w
satisfy the following assertions:
(i) B+ and B_ are disjoint,

(ii) the projections m;(By) and m;(B_) are disjoint, for i = 1,2, 3,4,
(iii) the set B = B, U B_ satisfies Ry(As) < Ry(B).
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If both coordinates of w are distinct and large enough, then assertions (i) and (ii)
are clearly true. Let us now explain (iii). Each difference d = (dy, dy) € Diff4(A3) can
be written as d = p — p/, where p + p’ = 2¢; and p,p’ € Ay. Therefore, we have
either

peA,peA di>2u+1)>2 (36)
or
pPeA peA d <-2u+1)< -2 (37)
This remark allows us to define a one to one map ¢ from
Diff4(As) = Do(Az) U D1(As) U Do(As) U D3(As)

to

Diff4(B) = Do(B) U D1(B) U Dy(B) U D3(B).
More precisely, if p; = 2¢; — p denotes the symmetric reflection of p with respect to
ci, then ¢ is given by

p(d) =

The image ¢(d) € Diff(B); indeed, if d=p —p;, p € Ay, p; € A_, then

d+2w=p—pi+2w=(p+w)— (p; —w),
p+we B, CB,p,—weB_CBHB,

d+2w7 lfd:p—p“ p€A+7 pieA77
d—2w, ifd=p—p;, peA_, p,e A,.

(p+w)+ (pi —w) =p+pi = 2¢;
ifd=p—p;, pe A_, p; € Ay, then
d—2w=p—p;,—2w=(p—w)— (p; + w),
p_wergBapl—i_weBJrgB?
(p—w)+ (pi +w) =p+pi =26,
In order to show that ¢ is one to one, it is enough to examine only differences
d',d" € Diff,(As) of the form
d=(d,d,)=p —pl, wherep' € A, p.e A_,
d' = (d},dy) =p" —p}, where p’ € A_, p € A,.
In view of (36) and (37), we have d} > 2 and d{ < —2 and thus d’' + 2w # d" — 2w,
because of w € N2. This implies that ¢ is one to one and assertion (iii) follows.
Assume that the set By lies on exactly a; lines parallel to the line (z = 0), on b;

lines parallel to the line (y = 0), on ¢; lines parallel to the line (x +y = 0) and on d;
lines parallel to the line (z —y = 0). In other words:

ay = |m(By)], b1 = |m2(By)|,e1 = |m3(By) |, di = |ma(By)]-
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The set B_ determines the parameters as, b, co and ds in a similar way, i.e.,
az = |m(B-)[, b2 = |m2(B-)|, c2 = [m3(B-)],d2 = |ma(B-)].

Therefore, property (ii) implies that the set B lies on exactly a; + ag lines parallel to
the line (z = 0), on by + by lines parallel to the line (y = 0), on ¢; + ¢ lines parallel
to the line (x +y = 0) and on d; + dy lines parallel to the line (xr —y = 0). Using
inequality (17) and (i), we obtain
(&1 + ag) + (bl + bg) + (Cl + CQ) + (d1 + dg)
2
a1+b1+61+d1 a2+b2—|—02—|—d2
+ ).
2 2
Note that ke = |B,| and ky~ = |B_|. We clearly have

mthtatd > \/a1b1 + \/Cldl > \/‘B+| + \/|B+| =2 k2+’

Ry(As) < Ry(B) < 4|B| -

= 4|A2’ - (

2
+by+ o+ d /1=
a2 2262 2> Vashy + /eady > /B[ + /B =2V ks

In order to prove inequality (35), we will improve these two estimates, using asser-
tion (c) of Proposition 1. Indeed, this result implies that

a+ b+ \/ﬁ
>4 [8kyT — =
2 VT oy
and thus
WZ 3k2+—§,%ﬁd12 3’@“%’W2 e

These four estimates give %(al +by+c+dy) >4y [3ky T — % and thus

a1+b1—|—61+d1> 4 k?+ 1
I 0 — —.

2 V3 4

A similar inequality is valid for the sum as + by + ¢5 + dy and therefore

ap +by+cr+di ag+by+ ey +dy
+ )

2 2

4 1 4 1
<A Ag| — —=p [kt — = — —1ko” — =
< 4] Ay 75 2 175 2 1
Let us estimate the cardinalities of the sets B, and B_. Let us recall that ng
denotes the number of points p € Ay such that py = 2¢o — p ¢ As; therefore, the

number of points p € Ay with —p € Ay is equal to ko — ng, and so

A~

Ry(Az) < 4[Ag| —(

]{32—710 k2_n0

bt = By = AL > T =B =]A | >
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Using ng < ko, we get

R(AQ><41<;2_7 _Z f\/i thy — 8 \/k‘zTo%

8
—dky — —/ks —n .
2 \/6 2 0 —

and Lemma 8§ is proved. 0

The following result is an easy consequence of Lemma 8.

Lemma 9. Let A C Z? be a finite set of k = |A] lattice points in the plane. If A is
disconnected, then we can split it into two disjoint subsets Ay and By such that:

(a) |41 > 0, [By| > 1 and Ra(A) = Ri(Ay) + Ra(By),
(b) R4(B1) < 4‘B1| —2.94/ |Bll or R4(Bl) < 399|Bl|

Proof. There is no loss of generality in assuming that the disconnected set A satisfies
condition (I): there is an integer ¢ such that —a+1 <t < a—1and AN(z = +t) = 0.
Choose u > 0 minimal such that AN(x = +u) = ) and define A; = AN(—u < = < u)
and B; = A\ A;. Let ng be the number of points p € B; such that py = 2¢o —p ¢ B;.
USiIlg Lemma 8, we get that kl = |A1’ Z O, ll = ‘B1| Z 1,0 S o S l17R4(A) =
R4(A1> + R4(Bl) and

R4(Bl) S 411 — Ny, if 0 S un S ll, (38)
and
8 .
R4(Bl) < 4[1 — % ll — Ny — 05, if ng < ll. (39)

We complete the proof by showing that inequalities (38) and (39) imply assertion (b)
of Lemma 9. We may assume that [; > 3. Indeed, if {; = 1, then Ry(B;) < 1 < 3.99;,
and if [; = 2, then R4(B;) < 3 < 3.99];. We distinguish several cases.

Case 1. Assume that 6.77l; > 32ng + 16. It follows that ng < l1,l; > 1, and
inequality (39) implies that

8
R4(Bl) S 4[1 - %\/ ll — Ng — 0.5 S 4[1 - 29\/E

Case 2. Assume that 6.77l; < 32n¢ + 16. Using [y > 3, we get ng > 1, and
inequality (38) implies that
6.771; — 16 6.720; — 16
Ry(By) < 4l —ng < 4l — # <4l — 5—2 — 3.791; + 0.5 < 3.991;.

Lemma 9 is proved. ([l

Theorem 1 follows from Lemma 7 and Lemma 10 below.
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Lemma 10. Let A C Z? be a finite disconnected set of k = |A] lattice points in the
plane. If k 1s sufficiently large, then

Ri(A) < 4k — V8 + L. (40)

Proof. Note that Lemma 9 does not imply directly inequality (40), because the set
Ay is not necessarily connected. Therefore, we apply Lemma 9 several times. Let
Ag = A. There is an integer n > 1 and a finite sequence of subsets of A

{A1, By, As, By, ..., Ay, Bn},
such that, for every 1 < 7 < n, we have
A1 =A;UB;, A;,NB; =0 and B; # 0,
Ry(Aj1) = Ra(Aj) + Ra(By), (41)
Ru(B;) < 4|B;| — 2.9\/|B;| or Ry(B;) < 3.99|B,],
A,, is connected or A4,, = (.
Denote k; = \A<|,l- = |B;| and define a partition of {1,2,...,n} as follows:
={j:1<j<nRu(B)) <4l —29L}, u=> 1,
jeh
={j:1<j<nRu(B)) <3990} v=> 1.
J€l2
It follows that k; +1; = k;_1, [; > 1 for 1 < j < n, and we have
k=|Al=k,+lL+l+.+l, k=k,+u+v, u+v>1
Using equality (41) several times, we get
Ry(A) = Ry(Ar) + Ru(B1) = (Ru(As) + Ry(Bs)) + Ru(By) =
= R4(A,) + Ry(By) + Ry(B_1) + ... + Ry(By) + Ry(By)

= Ry(An) + D Ra(B)) + ) Ru(By)

Jj€l J€l2
< Ry(An) + > (4 —29¢/1;) +> (41, — 0.011))
j€nh JEI2
= Ry(An)+ > A4, —29> /[;-001) 1
1<j<n Jjeh Jel2
< Ry(An)+ Y A4 —29 > 1, -0.01)
1<j<n Jjeh J€l2
= Ry(A,) +4(u +v) — 2.9v/u — 0.01v. (42)

We distinguish two cases.
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Case 1. The set A, is connected. Using (42), k = k, + u + v and Lemma 7, we
get

Ry(A) < 4k — /8ky + 1+ 4(u + v) — 2.9yt — 0.01v
< 4k — /8k, + 8.41u+ 1 — 0.01v.
If v =0, then k£ =k, + u,u > 1 and thus
Ry(A) < 4k — \/8k, + 8.41u+ 1 — 0.01v = 4k — \/8k,, + 8.41u+ 1 < 4k — \/8k + 1.
If v>1, then k =k, + u + v and thus

Ry(A) < 4k—+/8k, + 8.41u + 1—0.01v < 4k—+/8k, + 8u + 1—0.01v < 4k—+/8k + 1.

Note that the last inequality is true in view of

8v 8v
V8k+1—+/8k, +8u—+1= < < 0.01v
\/ V8k+1+4+ 8k, +8u+1 8k+1

and if we assume k& > 80000.
Case 2. The set A, is empty. Using (42) and k = u + v, we get

Ry(A) < 4(u+v) —2.9vu — 0.01v = 4k — 2.9y/u — 0.01v.
If v=0, then k = u,u > 1 and thus £ > 3 implies
Ry(A) < 4k —V/8.41u < 4k — 8k + 1.
If v > 1, then k = u 4+ v and thus
Ry(A) < 4k —V/8.41u — 0.01v < 4k — v/8u — 0.01v < 4k — /8% + 1.

Note that the last inequality is true in view of

Sv+1 v
V8k+1—+V8u= < 0.01v
Bk +1 —I-\/8u V8k +1
and if we assume k > 101250. Lemma 10 is proved. ([l
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