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Abstract. We consider the problem of ray shooting in a three-dimensional
scene consisting of k (possibly intersecting) convex polyhedra with a to-
tal of n facets. That is, we want to preprocess them into a data structure,
so that the first intersection point of a query ray and the given polyhe-
dra can be determined quickly. We describe data structures that require
Õ(npoly(k)) preprocessing time and storage, and have polylogarithmic
query time, for several special instances of the problem. These include
the case when the ray origins are restricted to lie on a fixed line `0,
but the directions of the rays are arbitrary, the more general case when
the supporting lines of the rays pass through `0, and the case of rays
orthogonal to z-axis with arbitrary origins. In all cases, this is a sig-
nificant improvement over previously known techniques (which require
Ω(n2) storage, even when k ¿ n).

1 Introduction

The general ray-shooting problem can be defined as follows: Given a collection
Γ of n objects in Rd, preprocess Γ into a data structure so that one can quickly
determine the first object in Γ intersected by a query ray.

The ray-shooting problem has received much attention because of its appli-
cations in computer graphics and other geometric problems. Generally, there
is a tradeoff between query time and storage (and preprocessing), where faster
queries require more storage and preprocessing. In this paper, we focus on the
case of fast (polylogarithmic) query time, and seek to minimize the storage of
the data structures. For a more comprehensive review of the problem and its
solutions, see [12]. If Γ consists of arbitrary triangles in R3, the best known data
structure is due to Pellegrini [11]; it requires O(n4+ε) preprocessing and storage
and has logarithmic query time. If Γ is the collection of facets on the boundary
of a convex polyhedron, then an optimal algorithm, with O(log n) query and
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O(n) storage, can be obtained using the hierarchical decomposition of Dobkin
and Kirkpatrick [9]. For the case where Γ consists of the boundary facets of k
convex polyhedra, Agarwal and Sharir [4] describe a solution having polyloga-
rithmic query time and O(n2+εk2) storage, which is an improvement over [11].
Still, this solution requires Ω(n2) storage, even for small k, in contrast to the
O(n) storage achieved in [9] for the case k = 1.

A wide range of special instances of the ray-shooting problem have been con-
sidered, where restrictions are imposed either on the query rays or on the input
polyhedra. The most popular are the cases of C-oriented or fat input polyhedra,
as well as the case of vertical ray-shooting (amidst arbitrary convex polyhedra).
Another case, studied by Bern et al. [6], involves rays whose origins lie on a fixed
straight line in R3. Unfortunately, all the known solutions to the restricted prob-
lems mentioned above require Ω(n2) storage to achieve polylogarithmic query
time, even in the case where the input consists of k convex polyhedra, where k
is small relatively to n.

Our contribution. In this paper we focus on the case where the input consists of
k convex polyhedra with a total of n facets, and implicitly assume that k ¿ n.
Our goal is to derive algorithms with polylogarithmic query time, for which the
storage that they require is (nearly) linear in n. We achieve this in several useful
special cases, where one case involves ray-shooting with rays whose origins lie
on a fixed line. In this case our solution uses Õ(nk5) storage and preprocessing,
and answers queries in polylogarithmic time. (The notation Õ(·) hides polyloga-
rithmic factors.) We extend this solution for the case where the rays lie on lines
that pass through a fixed line, but their origins are arbitrary, and for the case of
rays orthogonal to the z-axis with arbitrary origins. This is achieved at the cost
of increasing the preprocessing time to Õ(nk6), with similar time and storage
complexity. The problems that we study have the common property that the
lines containing the query rays have only three degrees of freedom, as opposed
to the general case when the lines have four degrees of freedom. If we ignore
the issue of making the performance of the algorithm depend on k, there are
solutions that require O(n3+ε) storage and preprocessing, with polylogarithmic
query time (e.g., a simple adaptation of the technique of [3]). No previous al-
gorithm solves these problems with performance that depends subquadratically
on n, when k ¿ n.

Overview. We apply the following uniform approach to both problem instances.
Denote by P the set of input polyhedra. We define a parametric space S whose
points represent lines containing the query rays. Since the lines containing the
query rays have three degrees of freedom, we take S to be R3. Each polyhedron
P ∈ P defines a surface σP in S, which is the locus of all (points representing)
lines that are tangent to P . The arrangement C(P) of the surfaces σP yields a
subdivision of S, each of whose cells C is a maximal connected relatively open
set of lines which stab the same subset PC of P. When the polyhedra of P
are pairwise disjoint, the order in which lines ` in any fixed cell C intersect
the polyhedra of PC is the same for all ` ∈ C. Let r be a query ray, let `r



be the line containing r, and let C ⊂ S denote the cell of C(P) containing the
point representing `r. We can answer a query by a binary search with the ray
origin among the sorted list of polyhedra of PC . In Section 2, we modify the
analysis of Brönnimann et al. [7] to prove that the complexity of C(P), for lines
`r passing through a fixed line, is O(nk2). We use the persistent data structure
technique of [13] to search for the cell of C(P) containing `r. This results in
an algorithm for ray-shooting from a line into a collection of pairwise disjoint
polyhedra, which requires Õ(nk2) storage and preprocessing time, and supports
queries in polylogarithmic time.

The above approach fails when the polyhedra of P may intersect each other,
because the order in which the polyhedra of PC are intersected by `r need not
be fixed over `r ∈ C. To handle this difficulty, we apply a more sophisticated
technique. We add to P all pairwise intersections between the polyhedra of P,
and obtain a set Q, consisting of O(k2) polyhedra with a total of O(nk) facets.
Instead of C(P) we now consider the arrangement C(Q), which is a refinement
of C(P). Each cell C in C(Q) is a maximal connected region of S such that all
lines represented in C stab the same subset QC of Q. We can use essentially the
same spatial data structure as in the case of disjoint polyhedra, constructed over
C(Q) instead of over C(P), to locate the cell of C(Q) containing a query line `r.
Now the structure requires Õ(nk · (k2)2) = Õ(nk5) storage and preprocessing,
and supports queries in polylogarithmic time; see Section 3.

Let P and Q be any pair of polyhedra in PC . If P ∩ Q does not belong to
QC , that is, P ∩ Q is not intersected by lines represented in C, then P and Q
are intersected in the same order by all lines ` represented in C. This induces a
partial order ≺C on the polyhedra of P. Clearly, Ξ ⊂ PC is an antichain with
respect to ≺C if and only if, for all P and Q in Ξ, the polyhedron P ∩Q is in QC .
The one-dimensional Helly theorem then implies that the polyhedron

⋂
Ξ (the

intersection of all of the polyhedra in Ξ) (a) is nonempty, and (b) is intersected
by all lines represented in C.

Using parametric search, the ray-shooting problem reduces to testing a query
segment for intersection with P; see also [2]. The latter problem can be solved,
for segments contained in lines represented in C, using a small number of ray-
shooting queries amidst polyhedra of the form

⋂
Ξ, where Ξ is a maximal an-

tichain with respect to ≺C . Organizing the data to facilitate efficient implemen-
tation of these ray shootings requires several additional technical steps, which
are detailed in the relevant sections below.

The paper is organized as follows. In Section 2 we describe the solution
for ray-shooting from a fixed line `0 amidst disjoint polyhedra. In Section 3 we
describe the extra machinery used to handle intersecting polyhedra. In the full
version [10], we generalize our approach to solve the ray-shooting problem for
rays with arbitrary origins that contained in lines which intersect `0, and for
rays orthogonal to the z-axis. For lack of space some proofs are omitted from
this extended abstract.

Preliminaries. Let P be a set of k polyhedra in R3. A support vertex of a line
` is a vertex v of a polyhedron P ∈ P, so that v lies on ` (and ` does not meet



the interior of P ). A support edge of a line ` is an edge e of a polyhedron P ∈ P,
so that e intersects ` at its relative interior (and ` does not meet the interior of
P ). A support polyhedron of a line is a polyhedron that contains a support edge
or vertex of the line.

Let S be a set of edges and vertices. A line ` is a transversal of S if ` intersect
every edge or vertex in S. Line ` is an isolated transversal of S if it is a transversal
of S and it cannot be moved continuously while remaining a transversal of S. A
set S of edges and vertices admits an isolated transversal if there is an isolated
transversal ` of S.

Brönnimann et al. [7] prove that there are O(n2k2) minimal sets of relatively
open edges and vertices, chosen from some of the polyhedra, which admit an
isolated transversal that is tangent to these support polyhedra. This bound is
an easy consequence of the following main lemma of [7].

Theorem 1. Let P , Q and R be three convex polyhedra in R3, having p, q and
r facets, respectively, and let `0 be an arbitrary line. There are O(p + q + r)
minimal sets of relatively open edges and vertices, chosen from some of these
three polyhedra, which, together with `0, admit an isolated transversal that is
tangent to these support polyhedra (excluding sets that lie in planes which contain
`0 and are tangent to all three polyhedra, if such planes exist).

Clearly, the number of such transversals, over all triples of polyhedra, is
O(nk2). They can be computed in O(nk2 log n) time, as described in [7].

2 Ray-Shooting from a Line: Disjoint Polyhedra

In this section we present an algorithm for the case where we shoot from a
fixed line `0, and the input consists of pairwise-disjoint polyhedra. Our approach
somewhat resembles that of [7]. We parameterize the set of planes containing
`0 by fixing one such plane Π0 in an arbitrary manner, and by defining Πt, for
0 ≤ t < π, to be the plane obtained by rotating Π0 around `0 by angle t.

We represent a line ` passing through `0 by the pair (t(`), Dt(`)), where t(`)
is such that Πt(`) contains `, and Dt(`) is the point dual to ` in Πt(`). For conve-
nience, we choose Dt(·) to be a planar duality transform which excludes points
corresponding to lines parallel to `0. That is, if we choose in Πt a coordinate
frame in which `0 is the y-axis and the origin is a fixed point on `0, then the
duality maps each point (ξ, η) to the line y = ξx − η and vice versa. As above,
we denote by S the resulting 3-dimensional parametric space of lines.

We use the arrangement C(P) defined in the introduction, and recall that each
cell C of C(P) is a maximal connected region in S, such that all lines in C stab
the same subset of P. For a cell C ∈ C(P), we denote by PC ⊆ P the set of the
polyhedra stabbed by the lines in C. Clearly, the polyhedra of PC are intersected
in the same order by all lines in C (this follows by a simple continuity argument,
using the fact that C is connected). This allows us to reduce ray-shooting queries
with rays emanating from `0 to point location queries in C(P), in the manner
explained in the introduction.



Without loss of generality we assume that the interiors of all the polyhedra
in P are disjoint from `0. Otherwise, we can cut each of the polyhedra, whose
interior is intersected by `0, into two sub-polyhedra, by some plane through `0.
This will not affect the asymptotic complexity of the solution.

This allows us, for each cell C, to order the polyhedra in PC , and the line `0,
according to their intersections with a line ` ∈ C, where the order is independent
of `. In fact, it suffices to store, for each C ∈ C(P), the two polyhedra of PC that
are adjacent to `0 in this order. We denote these polyhedra by P+

C and P−C .
Next we describe how to construct the point location data structure over

C(P), and how to compute P+
C and P−C , as defined above, for each C ∈ C(P).

Point location in C(P). Consider a plane Πt, for some fixed value of the
rotation angle t. For each polyhedron P ∈ P, let Pt denote the intersection
polygon P ∩ Πt, and let Pt = {Pt | P ∈ P, Pt 6= ∅} be the set of all resulting
(non-empty) polygons. For each polygon Pt ∈ Pt we denote by U(Pt) (resp.,
L(Pt)) the upper (resp., lower) envelope of all the lines dual to the vertices of
Pt in the plane Πt. The following observation is elementary.
Observation: Let ` be a line contained in Πt, and let Dt(`) be the point dual to
` in the dual plane. Then ` does not intersect P if and only if Dt(`) lies above
U(Pt) or below L(Pt). Points on U(Pt) and L(Pt), are dual to lines tangent to
Pt (and, therefore, also to P ). (See Figure 1 for an illustration.)

We denote by A∗t the arrangement of the monotone piecewise-linear un-
bounded curves {L(Pt),U(Pt)}Pt∈Pt . Clearly, regions in A∗t correspond to max-
imal connected sets of lines passing through `0, such that all lines in the same
region stab the same subset of P.1

`

Qt

Pt`0
Πt

Q

P U(Pt)

L(Qt)
Dt(`)

L(Pt)

U(Qt)

Fig. 1. ` is a common tangent of Pt and Qt in the primal plane Πt (left). The dual
arrangement A∗t (right). Dt(`) is an intersection of two lines, which are dual to the
support vertices of ` in Πt.

Hence, for each cell C ∈ C(P), the intersection of C with the surface {t(`) = t}
consists of one or several connected cells in A∗t . Thus, answering a point-location
query in C(P), for a query point (t(`), Dt(`)), is reduced to answering a point-
location query in A∗t(`), with the point Dt(`).

To perform point location queries in A∗t , for all t ∈ [0, π], we employ an
adapted version of the technique of Preparata and Tamassia [13] for point loca-
1 We regard the polyhedra P ∈ P as closed, so tangency of a line to some P also counts

as intersection. This requires some (routine) care in handling lower-dimensional faces
of A∗t , which we omit.



tion in a dynamically changing monotone planar subdivision. There are certain
events, of two different kinds, at which A∗t changes combinatorially. Events of
the first kind occur when the sweep plane Πt passes through a vertex v of some
P ∈ P. It can easily be argued that all such events cause O(nk) topology changes
to A∗t in total (at each of there events, we either get O(k) new vertices of A∗t ,
or have to delete O(k) vertices from A∗t ). In events of the second kind, each of
the envelopes in {L(Pt),U(Pt)}Pt∈Pt is combinatorially unchanged. Events of
this kind either involve a concurrent triple of envelopes (where the intersection
point is dual to a line tangent to three polygons of Pt), or involve a vertex of
one envelope lying on another envelope (which is dual to a line supporting a
vertex of one Pt and tangent to another Qt). That is, each of the listed events
corresponds to a set of polyhedra edges and vertices which (together with `0)
admit an isolated transversal. Hence, by Theorem 1, the number of such events
is O(nk2). In summary, we have:

Theorem 2. Let P be a set of k convex polyhedra with a total of n facets, let
`0 be a fixed line, and let C(P) be the corresponding cell decomposition of the
parametric space S, as defined above. We can construct, in O(nk2 log2 n) time, a
data structure which supports point location queries in C(P) in O(log2 n) time,
and requires O(nk2 log2 n) storage.

Note that this theorem does not require the input polyhedra to be disjoint.
We will apply it also in Section 3, in contexts involving intersecting polyhedra.

To compute, for each cell C ∈ C(P), the pair of polyhedra P+
C and P−C

“nearest“ to `0, we note that the enumeration of the elements of PC ∪ {`0},
ordered according to their intersections with lines ` ∈ C, changes in at most one
position as we pass between neighboring cells of C(P) (across a common 2-face),
where in each such change we have to either insert a new polyhedron P into PC ,
or remove a polyhedron from this list. So we maintain this list in a persistent
search tree, as follows. After C(P) has been constructed, we construct a spanning
tree of the adjacency graph of its cells, and turn it into a linear-size sequence of
cells, each consecutive pair of which are adjacent. We then traverse the sequence,
and when we pass from a cell C to the next (adjacent) cell C ′, we update PC in
a persistent manner, and construct from it PC′ , by the corresponding insertion
or deletion of a polyhedron.

Theorem 3. Let P be a set of k pairwise disjoint convex polyhedra in R3 with a
total of n facets, and let `0 be a fixed line. Then we can construct, in O(nk2 log2 n)
time, a data structure of size O(nk2 log2 n), which supports ray-shooting queries
from `0 in O(log2 n) time.

3 Ray-Shooting from a Line: Handling Intersecting
Polyhedra

The solution described in the previous section fails for the case of intersect-
ing polyhedra because lines which belong to the same cell C may intersect the



boundaries of the polyhedra of PC in different orders. In this section we consider
this case, and derive a solution which is less efficient, but still nearly linear in n.

P Q

`
`0

P ∩Q

(a)

P1 P2

P4
P3

P5

`
`0

(b)

Fig. 2. (a) P ≺C Q, for the cell C containing `; the polyhedron P ∩ Q is not in QC .
(b) Illustrating Front(C), for the cell C containing `. We have Front(C) = {P1, P2}
and Front(C) = {P1, P2, P3}. The maximal antichains are {P1, P2, P3} and {P4, P5}.

As described in Section 1, we use parametric search to reduce the problem
to segment intersection detection. Specifically, the problem is reduced to testing
a segment s = o1o2, such that o1 is on `0, for intersection with the polyhedra of
P. We begin with the following trivial observation.

Observation: Let P be a set of convex polyhedra, let A denote the arrangement
of their boundaries, and let s be a segment. If the endpoints of s belong to distinct
cells of A then s intersects the boundary of a polyhedron of P.

The first ingredient of our algorithm is thus a data structure for point location
in A. For example, we can use the structure described in [13]. For this, we note
that A is not xy-monotone, as required in [13]. Nevertheless, we can replace
each polyhedron P ∈ P by two semi-unbounded polyhedra P+, P−, where P+

(resp., P−) consists of all the points that lie in P or above (resp., below) it. We
obtain 2k convex polyhedra, still with a total of O(n) facets, whose arrangement
is xy-monotone, and is in fact a refinement of A. Thus, locating a point in
the new arrangement, using the algorithm in [13], gives us the cell of A that
contains it. The complexity of the (extended) A is O(nk2)—an easy and well
known fact. Hence, the resulting data structure requires O(nk2 log2 n) storage
and preprocessing, and answers point-location queries in O(log2 n) time.

The more difficult part is to test whether s intersects a polyhedron of P when
the endpoints of s belong to the same cell of A. In this case, it is sufficient to test
s for intersection with the polyhedra of P which do not contain o1. Indeed, if s
intersects a polyhedron P containing o1 then the other endpoint o2 is outside of
P , and, therefore, o1 and o2 belong to different cells of A.

As in the previous section, we cut each of the polyhedra, whose interior is
intersected by `0, into two sub-polyhedra, by some plane through `0, and leave
rest of the polyhedra unchanged. Note, that we have just added artificial facets
to the polyhedra of P, whose affine extensions contain `0.

We replace P with the set Q = {P ∩ Q | P, Q ∈ P}; note that the original
polyhedra of P are also in Q. The new set contains O(k2) convex polyhedra of



total complexity O
(∑

P,Q∈P(nP + nQ)
)

= O(nk), where nP is the number of
facets of polyhedron P . As above, let C(Q) denote the 3-dimensional arrangement
in S defined by the surfaces of tangents to the polyhedra in Q.

We construct a point location structure over C(Q) as we did for C(P) in
Section 2. Each cell C ∈ C(Q) is a maximal connected region with the property
that all lines in C stab the same subset of polyhedra of Q, which we denote
by QC . This point location data structure supports queries in O(log2(nk)) =
O(log2 n) time, and requires O(nk · (k2)2 log2(nk)) = O(nk5 log2 n) storage and
preprocessing time. The following is an obvious but crucial observation, which
justifies the introduction of Q.
Observation: Let C be a cell of C(Q), and let ` be a line in C. For any pair
of distinct polyhedra P, Q ∈ PC , the segments P ∩ ` and Q ∩ ` intersect if and
only if P ∩Q is in QC .

We consider a query ray in a line ` to be positive if it is contained in the
halfplane of Πt(`) which lies to the right of `0 (in an appropriate coordinate
frame, as described above). We focus below on the case of positive rays, since
negative rays can be handled in a fully symmetric manner. We denote by `+ the
positive ray (emanating from `0) contained in the line `, and, for a cell C ∈ C(Q),
we denote by P+

C ⊆ P the subset of polyhedra of P intersected by `+, for any
line ` in C; since we have assumed that no polyhedron of P intersects `0, this
property is indeed independent of the choice of ` in C.

We define Front(C) to be the set of all polyhedra P ∈ P+
C for which there

exists a line ` in C, such that an endpoint of P ∩ ` is the closest to `0, among
all the boundary points, along `. That is, Front(C) consists of all candidate
polyhedra to be the first intersected by positive rays `+, for ` ∈ C.

We define a partial order ≺C on the polyhedra of PC , as follows. For P, Q ∈
PC , we say that P ≺C Q if P ∩Q /∈ QC (the polyhedron P ∩Q is not stabbed
by any line in C), and the segment P ∩ ` appears before Q ∩ ` along `, for any
line ` in C. See Figure 2 (a) for an illustration.

Lemma 1. The order P ≺C Q (a) is well defined and is independent of the
choice of ` in C, and (b) is indeed a partial order.

Recall that a subset T ⊆ PC is called an antichain of ≺C if any two distinct
polyhedra P,Q ∈ T are unrelated under ≺C ; T is called a maximal antichain if
no (proper) superset of T is an antichain.

Lemma 2. A subset T ⊆ PC is an antichain under ≺C if and only if every line
` in C intersects the polyhedron

⋂ T =
⋂

P∈T P .

Proof. Let T be an antichain under ≺C . For any P, Q ∈ T , the polyhedra P
and Q are unrelated under ≺C , so P ∩ Q ∈ QC . Therefore, for every line ` in
C, the segments P ∩ ` and Q ∩ ` intersect. Hence, by the one-dimensional Helly
theorem,

⋂
P∈T (P ∩ `) = (

⋂ T ) ∩ ` is not empty, for every ` ∈ C.
To prove the converse statement, let T be a subset of PC such that

⋂ T is
stabbed by every line in C. In particular, for any pair of polyhedra P and Q



in T , the polyhedron P ∩ Q is stabbed by every line in C. Thus, P and Q are
unrelated under ≺C . ¤

We define Front(C) ⊆ PC to be the set of all minimal polyhedra under ≺C .
It is easy to see that Front(C) ⊆ Front(C). (A proper inclusion is possible—see
Figure 2 (b).) Since Front(C) is a maximal antichain under ≺C , we obtain the
following corollary. See Figure 2(b) for an illustration.

Corollary 1. Every line in C intersects the polyhedron
⋂

Front(C).

For each cell C we store a pointer to a data structure which supports ray-
shooting queries at the polyhedron

⋂
Front(C) with positive rays contained in

lines ` ∈ C. Details about the structure, and the analysis of its storage and
construction cost, will be presented later in this section.

Answering Queries. The query algorithm is based on the following lemma.
See Figure 3(a) for an illustration.

Lemma 3. Let s = o1o2 be a query segment (where o1 ∈ `0), contained in a
positive ray. Let ` be the line containing s, and let C be the cell of C(Q) that
contains `. Then s intersects a (non-artificial) facet on the boundary of some
polyhedron of P if and only if one of the following two conditions holds:
(i) o1 and o2 belong to distinct cells of A.
(ii) s intersects the boundary of the polyhedron

⋂
Front(C) and o2 is not con-

tained in
⋂

Front(C).

Proof. If the first one of the two conditions holds then s clearly intersects the
boundary of some polyhedron of P. Now assume s intersects the boundary of⋂

Front(C) and o2 is not contained in Front(C). In particular, there is P ∈
Front(C) such that o2 is not contained in P , and s intersects P . Hence, s
intersects a non-artificial facet on the boundary of P .

For the converse statement, assume that s intersects a non-artificial facet
on the boundary of some polyhedron P of P. If o2 is contained in P then,
by assumption, o1 and o2 belong to distinct cells of A. Otherwise, let P be
the first polyhedron intersected by s, and let `+ denote the ray which contains
s. Since o2 is not contained in P , the segment P ∩ `+ is contained in s. By
definition, P belongs to Front(C). By Corollary 1, `+ intersects

⋂
Front(C).

Since Front(C) ⊂ P , the intersection of `+ with
⋂

Front(C) is also contained
in s. Hence, o2 is not contained in

⋂
Front(C), and s intersects

⋂
Front(C). ¤

Now we are ready to describe our query algorithm. First, we use the data
structure for point location in A to test whether the endpoints of s belong to
different cells ofA. If this is the case, we report intersection and finish. Otherwise,
we query the spatial point location structure of C(Q) to find the cell C which
contains the line ` containing s. Then, we test whether s intersects

⋂
Front(C),

and whether o2 is not contained in Front(C), and report intersection if and
only if the answer is positive. The correctness of this procedure follows from the
preceding analysis.



Query Time and Storage. For any collection of polyhedra P ′ ⊆ P, and a face
f of A, we say that f is good for P ′ if P ′ is the set of all (closed) polyhedra in
P that contain f .

Lemma 4. Let C be a cell of C(Q). If a line ` in C intersects f ∈ A, and f is
on ∂(

⋂
Front(C)), then f is good for Front(C).

Proof. We have to prove that the set of polyhedra that contain f is equal to
Front(C). Since f is on ∂(

⋂
Front(C)), it is clear that every polyhedron in

Front(C) contains f . Conversely, let P be a polyhedron that contains f . We
claim that P is minimal in P+

C under ≺C , and therefore P ∈ Front(C). Indeed,
if P is not minimal under≺C , then there exists Q ∈ Front(C) such that Q ≺C P .
It follows that Q ∩ ` is disjoint from P ∩ `, but this contradicts the fact that `
intersects f , which clearly lies in P ∩Q. ¤

Therefore, it suffices to solve, for each cell C, the ray-shooting problem only
amidst the faces of A that lie on the boundary of

⋂
Front(C) and are good for

Front(C). See Figure 3(b) for an illustration.

`+`0

o1 P

o2

(a)

`0

P

Q

`R

(b)

Fig. 3. (a) Query algorithm: case (ii). o1 and o2 lie in the same cell of A, s intersectsT
Front(C) and o2 lies out of

T
Front(C). (b) Good facets. For the cell C which

contains `,
T

Front(C) = P ∩Q. The facets of P ∩Q which are contained in R (bold)
are not good and are not intersected by lines in C.

Let P ′ ⊆ P be a set of polyhedra. Let f be a good facet for P ′, let hf

be the plane containing f , and let h+
f be the halfspace bounded by hf and

containing
⋂P ′. We define G(P ′) to be the polyhedron obtained by intersecting

the halfspaces h+
f , over all good faces f for P ′. Note that

⋂
P ′ ⊆ G(P ′), and

that every good face for P ′ lies on ∂G(P ′). In particular, we have the following
property (brought without proof).

Lemma 5. Let C be a cell in C(P), let ` be a line in C, and let `+ be the positive
ray of `, as defined above. Then

⋂
Front(C) and G(Front(C)) have the same

intersection with `+.

Hence, s intersects
⋂

Front(C), and o2 is not in Front(C) if and only if it
intersects G(Front(C)), and o2 is not in G(Front(C)). It suffices to test s for
the latter property.



For each cell C ∈ C(Q), we construct a data structure which supports ray-
shooting queries at G(Front(C)). If implemented as in [9], the structure uses
storage linear in the complexity of G(Front(C)), and can answer queries in
O(log n) time. With each cell C ∈ C(Q) we store a pointer to the ray-shooting
structure at G(Front(C)). As each face of A is good for exactly one subset P ′
of polyhedra, the total storage and preprocessing required for all these auxiliary
ray-shooting data-structures is O(nk2 log n).

Hence, the resulting data structure uses O(nk5 log2 n) storage (the major
part of which is consumed by the point location structure in the decomposition
C(Q)). Since we use parametric search, the actual query time is quadratic in the
cost of a segment intersection query, and is thus O(log4 n).
Preprocessing. The only nontrivial part of the preprocessing is the construction
of the ray-shooting structures at the polyhedra G(Front(C)), for all the cells
C ∈ C(Q). First, for each face f of A, we compute the unique subset Pf ⊆ P for
which f is good, which is done by testing, for each polyhedron P ∈ P, whether P
contains some fixed point pf ∈ f . Since the complexity of A is O(nk2), this can
be done in total time O(nk3 log n). We represent each subset Pf by a bitvector
in {0, 1}k. Next, we collect the faces f having the same set Pf . This can be done
by sorting the O(nk2) k-long bitvectors Pf , in time O(nk3 log n). We construct
for each of the resulting equivalence classes T a ray-shooting structure on the
polyhedron G(T ).

To supply each cell C ∈ C(Q) with a pointer to the ray-shooting structure
corresponding to G(Front(C)), we proceed as follows. Recall that C(Q) is a
refinement of C(P). For a cell C̃ ∈ C(P), the cells C ∈ C(Q) contained in C̃ form
a connected portion of the adjacency structure induced by the arrangement C(Q).
Let C and C ′ be a pair of adjacent cells in C(Q) which are contained in the same
cell of C(P). If the set P of original polyhedra is in general position, there is a
unique pair of polyhedra P and Q such that {P ∩ Q} = QC4QC′ . Therefore,
(P, Q) is the only pair of polyhedra related under ≺C and unrelated under ≺C′

(or vice versa). Thus in C we have, say, P ≺C Q, so Q is not in Front(C). Since
all other pairs do not change their status in ≺, the only possible change from
Front(C) to Front(C ′) is that Q may be added to the latter set, which is the
case if and only if the following property holds. Let ` be a line on the common
boundary between C and C ′, and let q be the singleton point in P ∩Q∩ `. Then
Q is added to Front(C ′) if and only if q ∈ ⋂

Front(C); In other words, we have
argued that |Front(C)4Front(C ′)| ≤ 1.

Let C̃ be a cell in C(P). We pick a representative cell C0 ∈ C(Q) contained
in C̃, and compute Front(C0) by brute force, as described above. Next we trace
the adjacency structure of C(Q) within C̃ in breadth-first fashion, and find all
the cells C ∈ C(Q) contained in C̃. For each newly encountered cell C ′, reached
via a previous cell C, we already have, by construction, the pair P, Q ∈ P such
that {P ∩ Q} = QC4QC′ . We can now compute Front(C ′) from Front(C) as
follows. We take a line ` on the common boundary of C and C ′, compute P ∩ `
and Q ∩ `, obtain their common endpoint q, verify that, say, P ∩ ` precedes
Q ∩ ` along `, and test whether q ∈ ⋂

Front(C ′). If so, Front(C ′) is obtained



by either adding or removing Q from Front(C) (we know which action to take);
otherwise Front(C) = Front(C ′).

To make the transition from Front(C) to Front(C ′) efficient, we precompute
a table on the equivalence classes T that were constructed at the preliminary
stage. For each class T and each polyhedron P we store a pointer to T ′ =
T 4{P}.

To bound the total preprocessing time, we note that the brute force method
for finding Front(C) takes O(k log n) time and is applied to O(nk2) represen-
tatives of cells in C(P). Also observe that in our traversal of C(Q), over all cells
C̃ ∈ C(P), we make a total of O(nk5) transitions, by the upper bound on the
overall complexity of A(Q). Each such transition takes O(log n) time. In sum-
mary, we have:

Theorem 4. Let P be a set of k possibly intersecting convex polyhedra with a
total of n facets, and a let `0 be a fixed line in R3. Then we can construct a
data structure supporting ray-shooting queries with rays emanating from `0, in
O(log4 n) time. The structure uses O(nk5 log2 n) storage and preprocessing.
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