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Æ˙ÂÚ˘ ≥ ∫ÔÁ·Ó‰ Í˘Ó

ÆÂ‰˘ÏÎ ¯ÊÚ ¯ÓÂÁ· ˘Ó˙˘‰Ï ÔÈ‡

Æ˙Â‡·‰ ˙ÂÏ‡˘‰ ˘˘ ÍÂ˙Ó ®„·Ï·© Ú·¯‡ ÏÚ ‰Ú

Æp –·ÂÏÈÒ ˙¯Â·Á ˘È ˙ÈÙÂÒ ‰¯Â·Á ÏÎÏ˘ ÁÎÂ‰Â ˙ÈÙÂÒ ‰¯Â·Á Ï˘ p –·ÂÏÈÒ ˙¯Â·Á ¯„‚‰ :1 äìàù
Æ®Æ±≥Æ≤ ËÙ˘Ó ‡Â‰ ËÙ˘Ó‰Â ±≥ ÛÈÚÒ ˙ÏÈÁ˙· ‰¯„‚‰‰© ˙¯·ÂÁ· ‰‡¯ ∫ÔÂ¯˙Ù

ÆÌÊÈÙ¯ÂÓÂÓÂ‰ ‡È‰ Sg: Sn → {±1} ‰˜˙Ú‰‰˘ ÁÎÂ‰Â σ ‰¯ÂÓ˙ Ï˘ Sg(σ) ˙ÂÈ‚ÂÊ ¯„‚‰ :2 äìàù
Æ®πÆπ ËÙ˘ÓÂ πÆ∑ ‰¯Ú‰ È‰ÂÊ© Æ˙¯·ÂÁ· ‰‡¯ ∫ÔÂ¯˙Ù

ÌÈÏÂÏÒÓ p ˙ÂÁÙÏ ˘È N ÏÚ G Ï˘ ‰„Óˆ‰‰ ˙ÏÂÚÙ·˘ ÁÎÂ‰ Æ{1} 6= N ⊳G È‰˙Â p –˙¯Â·Á G È‰˙ :3 äìàù
ÆN ∩ Z(G) 6= {1} ÈÎ ˙¯Á‡ ÁÎÂ‰ Â‡ ˜Ò‰Â 1 Í¯Â‡ ÈÏÚ·

˙Â˜ÏÁÓ‰ ˙ÁÒÂ ÈÙÏ ∫ÔÂ¯˙Ù

.|N | =
∑

i∈I′

(G : Gxi
) + |M | (1)

–Â Æ1 <Í¯Â‡ ÈÏÚ· G –ÈÏÂÏÒÓ Ï˘ ÌÈ‚ˆÈÓ ˙Î¯ÚÓ ‡È‰ {xi}i∈I′ ¯˘‡·

M = {x ∈ N | g ∈ G ÏÎÏ g gxg−1 = x} = {x ∈ N | x ∈ Z(G)} = N ∩ Z(G)

Ì‡Â ¨®p Ï˘ ‰˜ÊÁ ÂÈ‰˘ |G| ˙‡ ˜ÏÁÓ ‡Â‰ ÈÎ© p Ï˘ ‰˜ÊÁ ÂÈ‰˘ ¨(G : Gxi
) ‡Â‰ xi Ï˘ ÏÂÏÒÓ‰ Ï˘ Í¯Â‡

(1) Ï˘ ÔÈÓÈ Û‚‡· ÔÂ˘‡¯‰ ÌÂÎÒ‰ ÔÎÏ Æp –· ˜ÏÁ˙Ó˘ ¯ÙÒÓ Ë¯Ù·Â p Ï˘ ˙ÈÏ‡È·È¯Ë ‡Ï ‰˜ÊÁ ÂÊ Ê‡ ¨1 <‡Â‰

˜ÏÁ˙Ó |M | = |N ∩ Z(G)| ÔÎÏ Æ1 ÂÈ‡Â |G| ˙‡ ˜ÏÁÓ |N | ÈÎ p –· ˜ÏÁ˙Ó Ï‡Ó˘ Û‚‡ Ì‚ Æp –· ˜ÏÁ˙Ó

ÆN ∩ Z(G) 6= {1} ÔÎÏ ¨1 ‡Â‰ Ì‰Ó „Á‡ ÆÌÈ¯·È‡ È˘ ˙ÂÁÙÏ Â· ˘È Ë¯Ù·Â p –·



‰È‰ G Ï˘ ·ÂÏÈÒ ˙Â¯Â·ÁÓ ˙Á‡˘ ÁÎÂ‰ ÆÌÈÂ˘ ÌÈÈÂ˘‡¯ p, q ¯˘‡· ¨p2q ¯„ÒÓ ‰¯Â·Á G È‰˙ :4 äìàù
®Æ(p − 1)(p + 1) ˙‡ ˜ÏÁÓ ÂÈ‡ q Ê‡ 2 6= p < q Ì‡˘ ·Ï ÌÈ˘© ÆG –· ˙ÈÏÓ¯Â

˙‡ nq –·Â p –·ÂÏÈÒ ˙Â¯Â·Á ¯ÙÒÓ ˙‡ np –· ÔÓÒ ÆG Ï˘ q –·ÂÏÈÒ ˙¯Â·Á Q –Â p –·ÂÏÈÒ ˙¯Â·Á P È‰˙ ∫ÔÂ¯˙Ù

Ê‡ ¨‰„ÈÁÈ ‰È‰ ˙ÓÈÂÒÓ ·ÂÏÈÒ ˙¯Â·Á Ì‡ ÈÎ ¨nq = 1 Â‡ np = 1 ÈÎ ÁÈÎÂ‰Ï È„ ÆG Ï˘ q –·ÂÏÈÒ ˙Â¯Â·Á ¯ÙÒÓ

Æ˙ÈÏÓ¯Â ‡È‰

np ≡ 1 ¨·ÂÏÈÒ Ï˘ È˘ÈÏ˘‰ ËÙ˘Ó‰ ÈÙÏ Í‡ Ænp = q Â‡ np = 1 ÔÎÏ ¨np|(G : P ) = p2q/p2 = q ÌÈÈ˜˙Ó

¨np = 1 ÌÈÈ˜˙Ó q < p ‰Á‰‰ ˙Á˙ ÔÎÏ Æ1 < q < p ÈÎ ¨np = q ÔÎ˙È ‡Ï Ê‡ ¨q < p Ì‡ ÔÎÏ Æ(mod p)

Æ˘˜Â·ÓÎ

ÈÙÏ Í‡ Ænq = p2 Â‡ np = q Â‡ nq = 1 ÔÎÏ ¨nq|(G : Q) = p2q/q = p2 ÌÈÈ˜˙Ó Æp < q ¨‡ÂÙÈ‡ ¨ÁÈ

ÆÂÓÈÈÒ ¨nq = 1 Ì‡ Æ1 < p < q ÈÎ ¨nq = p ÔÎ˙È ‡Ï ÔÎÏ Ænq ≡ 1 (mod q) ¨·ÂÏÈÒ Ï˘ È˘ÈÏ˘‰ ËÙ˘Ó‰

¨ÈÂ˘‡¯ q –˘ ÔÂÈÎÂ ¨q|p2 − 1 = (p − 1)(p + 1) Â˘Â¯ÈÙ p2 ≡ 1 (mod q) Ê‡ Ænq = p2 ÈÎ ÔÎ Ì‡ ÁÈ

¯ÓÂ‡ ‰Ê p < q –˘ ÔÂÈÎ Æq ≤ p + 1 ¨¯ÓÂÏÎ ¨q ≤ p + 1 Â‡ q ≤ p− 1 Ë¯Ù· Æq|p + 1 Â‡ q|p− 1 ¯ÓÂ‡ ‰Ê

Æp = 2, q = 3 ¯ÓÂ‡ ‰Ê ¨ÌÈÈÂ˘‡¯ p, q –˘ ÔÂÈÎ Æq = p + 1

ÏÎ ÍÂ˙ÈÁÂ ¨3 ¯„ÒÓ ÌÈ¯·È‡ 2 ˘È Ô‰Ó ‡¢Î· Æ3 –·ÂÏÈÒ ˙Â¯Â·Á nq = p2 = 4 ‰Ï ˘È ¨12 ¯„ÒÓ G ‰Ê ‰¯˜Ó·

ÌÈ¯·È‡‰ „·ÏÓ Æ3 ¯„ÒÓ ÌÈ¯·È‡ 4 × 2 = 8 ˜ÂÈ„· 3 –·ÂÏÈÒ ˙Â¯Â·Á· ˘È ÔÎÏ ¨{1} ‡Â‰ 3 –·ÂÏÈÒ ˙Â¯Â·Á È˙˘

ÏÎ·Â ˙ÂÈ‰ ÆA ÍÂ˙· Ì‰ ÔÎÏ ¨3 ¯„ÒÓ ÌÈ‡ 2 –·ÂÏÈÒ ˙Â¯Â·Á· ÌÈ¯·È‡ ÆG –· ÌÈ¯·È‡ 4 ˙· A ‰ˆÂ·˜ „ÂÚ ˘È ‰Ï‡‰

ÆG –· ‰„ÈÁÈ 2 –·ÂÏÈÒ ˙¯Â·Á ˘È ÔÎÏ ÆA –Ï ‰ÂÂ˘ ‡È‰ ¨ÌÈ¯·È‡ ‰Ú·¯‡ ˘È 2 –·ÂÏÈÒ ˙Â¯Â·Á

˙ÈÏÓ¯Â ‰¯Â·Á ˙˙ ÏÎ Ê‡ ˙ÂËÂ˘Ù ˙ÂÈÙÂÒ ˙Â¯Â·Á G1, G2 Ì‡˘ ÁÎÂ‰ Æ‰ËÂ˘Ù ‰¯Â·Á Ï˘ ‰¯„‚‰ ·Â˙Î :5 äìàù
ÆG2 –Ï Â‡ G1 –Ï ˙ÈÙ¯ÂÓÂÊÈ‡ ‰È‰ {1} –ÓÂ G –Ó ‰Â˘‰ G = G1 × G2 Ï˘

ÆG –Â {1} „·ÏÓ ¨˙ÂÈÏÓ¯Â ˙Â¯Â·Á ˙˙ ‰Ï ÔÈ‡ Ì‡ ‰ËÂ˘Ù ‰È‰ G ‰¯Â·Á ∫ÔÂ¯˙Ù

ÈÎ ¨G Ï˘ ·Î¯‰ ˙¯„Ò {1} ⊳ G1 ⊳ G Ê‡ Æ˙ÂËÂ˘Ù ˙ÂÈÙÂÒ G1, G2 ¯˘‡· ¨G = G1 × G2 ÈÎ ÁÈ

˙ÈÏÓ¯Â ‰¯„Ò {1} ⊳ N ⊳ G Ê‡ Æ{1} –ÓÂ G –Ó ‰Â˘ N ⊳ G È‰˙ Æ˙ÂËÂ˘Ù G1/{1} ∼= G1, G/G1
∼= G2

¨˙ÂÏÂ˜˘ ·Î¯‰ ˙Â¯„Ò È˙˘ ÏÎ Jordan-Hölder ËÙ˘Ó ÈÙÏ Æ·Î¯‰ ˙¯„ÒÏ ‰˙Â‡ Ô„ÚÏ ¯˘Ù‡ Æ2 Í¯Â‡Ó ˙Â¯ÊÁ ‡ÏÏ

¯·Î {1} ⊳ N ⊳ G ÔÎÏ ¨2 Í¯Â‡Ó ‰Â˘‡¯‰ ·Î¯‰‰ ˙¯„Ò ÂÏ˘ ‰¯˜Ó· ÆÌÈ¯·È‡ Ï˘ ¯ÙÒÓ Â˙Â‡ Ô‰Ï ˘È Ë¯Ù·Â

ÔÎÏ Æ¯„Ò‰ È„Î „Ú ¨‰Â˘‡¯‰ ·Î¯‰ ˙¯„Ò· ÂÓÎ Ì‰ ‰ÈÓ¯Â‚Â ·Î¯‰ ˙¯„Ò

Â‡ ªG/N ∼= G2 ¨N ∼= G1 ®‡©

ÆG/N ∼= G1 ¨N ∼= G2 ®·©

ÆN ∼= G2 Â‡ N ∼= G1 ¨‰¯˜Ó ÏÎ·



ÁÎÂ‰ Æa ∈ A ÏÎÏ ma = 0 –˘ ÍÎ ¯˙ÂÈ· ÔË˜‰ ÈÚ·Ë‰ ¯ÙÒÓ‰ m È‰È Æ˙ÈÙÂÒ ˙ÈÙÂÏÈÁ ‰¯Â·Á A È‰˙ :6 äìàù
Æm ¯„Ò ÏÚ· a ∈ A ÌÈÈ˜˘

ÈÎ ÁÈ‰Ï ¯˘Ù‡ ˙ÈÙÂÒ ˙Â¯ˆÂ ˙ÂÈÙÂÏÈÁ ˙Â¯Â·Á Ï˘ È„ÂÒÈ‰ ËÙ˘Ó‰ ÈÙÏ ∫ÔÂ¯˙Ù

A = Z/ǫ1Z ⊕ · · · ⊕ Z/ǫkZ ⊕

r
︷ ︸︸ ︷

Z ⊕ · · · ⊕ Z

ÆA = Z/ǫ1Z⊕· · ·⊕Z/ǫkZ ÔÎÏ Ær = 0 ¨˙ÈÙÂÒ A –˘ ÏÏ‚· Æk, r ≥ 0 –Â ÌÈÈÚ·Ë ÌÈ¯ÙÒÓ ǫ1| · · · |ǫk ¯˘‡·

ÏÎÏ Ô‡ÎÓ Æǫkai = 0 ÔÎÏ ¨ǫi|ǫk –Â ǫi ˙‡ ˜ÏÁÓ˘ ¯„ÒÓ ‡Â‰ ai ∈ Z/ǫiZ ÏÎ Æ1 ≤ i ≤ k È‰È

„ˆÓ Æǫka = ǫka1 + · · · + ǫkak = 0 ÌÈÈ˜˙Ó a = a1 + · · · + ak ∈ Z/ǫ1Z ⊕ · · · ⊕ Z/ǫkZ = A

Æm ¯„ÒÓ bk ¨¯ÂÓ‡Î Æm = ǫk –˘ Ô‡ÎÓ Æǫk ¯„ÒÓ bk ∈ Z/ǫkZ ≤ A ˘È ¨È˘


