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INTRODUCTION

The aim of this note is to determine certain closed subgroups of the
absolute Galois group G(@Q) of @, in particular subgroups generated by
involutions ( =elements of order 2).

Geyer [3, 4.1] has shown, in a far more general set-up, that subgroups
generated by finitely many involutions are almost always free profinite
products of copies of Z/2Z. To be precise, fix an involution ¢ G(Q); for
almost all (in the sense of the Haar measure) e-tuples (o,,..,0,) in
G(Q)=G(Q)x --- xG(Q) (e copies) we have

(e, oy €7 =CeM ) %% (e%> 2D, =7/2Z * --- % Z/2Z (e- times).

The above measure-theoretic restriction is necessary, since any closed
subgroup of D, generated by finitely many involutions also appears as a
closed subgroup of G(Q). However, the following characterization of
virtually projective closed subgroups of G(Q) shows that nothing worse
can happen. (Recall that a profinite group G is virtually projective if it
contains an open subgroup that is projective.)

THEOREM. Let G be a profinite group. The following conditions are
equivalent:

(a) G is isomorphic to the absolute Galois group of an algebraic
extension of Q and G is virtually projective;

(b) G is a closed subgroup of D,, where 3<e < w;

(c) G is real projective (Definition 1.1) and countably generated.

Moreover, if G is generated by involutions (but not necessarily by a
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Jinite number of them!) then (b), (c), and the following condition ('} are
equivalent.

(@'} G is isomorphic to the absolute Galois group of an algebraic
extension of Q.

The essential ingredients of the proof are the Local-Global Principle for
Brauer groups and the Strong Approximation Property for algebraic
number fields on one hand and some new group-theoretic results about
real projective groups on the other hand. In particular, we succeed in
characterizing real projective groups essentially by their Sylow subgroups.

1. REAL PROJECTIVE AND REAL FREE GROUPS

In this section we explain the equivalence (b) = (c) of the main theorem
and fix the notation.

DeriNITION 1.1 (cf. [5, p. 4727 and [4, Definition 4.1]). Let G be a
profinite group for which the set Inv(G) of involutions in G is a closed
subset of G.

(1) An embedding problem for G consists of a continuous
epimorphism oa:B—A4 of profinite groups and a continuous
homomorphism ¢: G — A. It is finite if B and A are finite groups. It is said
to be real if 1¢ ¢(Inv(G)) and for every involution x e G there exists an
involution e B such that a(b)=¢(x). A solution of the embedding
problem is a continuous homomorphism y: G — B such that aoy = ¢.

(2) G is projective if every finite embedding problem for G is solvable.

(3) G is real projective if every finite real embedding problem for G
is solvable.

(4) A finite Inv(G)-embedding problem (¢, «, C) for G consists of an
epimorphism a: B— A4 of finite groups, a continuous homomorphism
¢: G — A4 such that 1¢ ¢(Inv(G)), and a set C of involutions in B closed
under the conjugation in B such that ¢(Inv(G)) = a(C). Its kernel is Ker a.
A solution of such a problem is a continuous homomorphism y: G — B such
that y(Inv(G))= C and a-y=g.

Remark 1.2. (a) Let G be real projective and let ¢: G- A4, . B—> A
be a finite embedding problem for G such that for every involution xe G
with ¢(x)# 1 there exists an involution b€ B such that a(b)= ¢(x). Then
(9, «) is solvable. Indeed, since Inv(G) is closed (that is, 1 is not in its
closure), there exists an open normal subgroup N of G disjoint to Inv(G).
Therefore ¢ factors into ¢: G—» A=G/N and ¢, A —> A. Put B= Bx, A
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and let ¢: B— A4 and ¢,: B— B be the coordinate projections, so that
Qood=00@,. It is easy to see that (@, d) is a finite real embedding
problem for G. A solution § of (¢, &) gives a solution y= @7 of (¢, a).

This shows that our definition of real projective groups is the same as the
one given in [5].

(b} A group G (with Inv(G) closed in G) is projective relative to the
family X of all subgroups of order 2 of G (in the sense of [4, Defini-
tion 4.1]) if and only if every finite Inv(G)-embedding problem for G is
solvable. _

Indeed, Inv(G) is closed, so it is a Boolean space. If ¢, ¢, € Inv(G) are
not equal then there exists a clopen subset U of Inv(G) such that
g,€U, 6,¢ U As both U and Inv(G)N U are closed in G, the subsets
Usev <&y and J,,, &) of G are closed; thus X is separated [4, Defini-
tion 3.1]. Furthermore, as in (a), it is enough to consider only those finite
X-embedding problems (¢, a, Con(B)) for G that satisfy 1¢ ¢(Inv(G)).
Thus our assertion easily follows from the identification of a subgroup of
order 2 in X with its generator in Inv(G).

We shall use without mention the fact that a closed subgroup of a real
projective group is real projective (see [ 5, Corollary 10.5]) and that a real
projective group with no involution is projective (clear from the definition).

As an example of real projective groups we consider real free groups:

DeriNTION 1.3 (cf. [6, Definition 1.1]). Let % be a full family of finite
groups, let X be a Boolean space, and S a set. A pro-¢ group D =D (X, S)
is real free on (X, S) if it contains X and S as disjoint subsets such that X
is closed in Inv(D), S converges to 1, and

(*) every map ¢ from X' v S into a pro-% group G, continuous on X,
such that ¢(x)’=1 for every xe X and ¢(S) converges to 1, extends to a
unique homomorphism of D into G.

(The group Dy(X, S) is, in fact, the free pro-# product of the free pro-¢
group of rank [S| with the free pro-¢ product of copies of Z/2Z over the
space X.)

If € is the family of all finite groups, denote D, /-=13(6)(X, S), where
|X| =e and |S| = f; if f=0 write D, for D, ,. If X, is the Cantor “middle
thirds” set (cf. [7, Lemma 1.2]) and |S| =R, write D, for D (X, S) (cf.
[7, Section 2]). If € is the family of all 2-groups, write D,(X, S) for
D (X, S).

We note that the set X is a complete system of representatives of the
conjugacy classes of involutions in D(X, S) (see [6, Corollary 3.2]).

PROPOSITION 1.4. Every closed subgroup of D, ; is real projective.



396 DAN HARAN

Corzversely,A every countably genecated real projective group can be embedded
inD,, in D, withe=3,andin D, ,withe=1and f>1.

Proof. The first assertion follows from [6, Theorem 3.6]. By [7,
Proposition 2.3] (take H =1 there) every countably generated real projec-
tive group can be embedded in D,,, and hence, by [7, Corollary 4.4], also
in DP s» where e>1 and f22. If e>3 then D,~D, ,+D,, and Z is a
closed subgroup of D, (see Lemma 1.5), hence [9, Proposition 4]
D, =7/27 x 7 can be embedded in D,; clearly D, , can also be embedded
in D, s with e>1 and f> 1. Thus it suffices to show that D1 |, contains
D1 ,. But, by [7 Lemma 43] D11 contains DL1 for some e>3, and
D, , ~D, 21=|<D2 contains D, , *Z=D,,. 1

e, 1 =

The restrictions posed on e and f in the Proposition are the least
possible. Indeed, D, ,contains no involutions, the group D, =2/27 is finite
and the closed subgroups of D, containing involutions are dihedral groups.

We call a profinite group G dihedral if it is generated by two elements ¢
and t such that ¢?=1 and t*=1 "' (according to this definition cyclic
groups are not excluded). Note that G is the semi-direct product of (&)
with (7). The following (well known) property relates them to our subject:

LemMMa 15. (a) A profinite group is dihedral if and only if it is
generated by two elements of order <2.
(b) An infinite profinite group containing involutions is dihedral if and
only if it is a subgroup of D,.

Proof. (a) If G={e 1), and &’=1, *=1"', then G= (¢ er) and
(er)?= (1)t =1. Conversely, if G=<&,, &) and s;=¢e2=1, then G=
Cey, €185 and (g,8,)" =¢,8, = (£,8,) ",

(b) Let D=<(d,0), where (3)>~7/27Z, {(6>=Z, and ¢°=0c "
Clearly every dihedral group G = (¢, 1) is an epimorphic image of D (by
d—¢, o 1), hence by (a) and [2, Proposition 15.4] we have Dz=D,.

Note that D is the disjoint union of {¢) and (¢}, and all 6,€ (o) and
go€ (o) satisfy e2=1, 62 =0,"'. Thus if G is a subgroup of D containing
involutions, and 1, is a generator of G,=Gn (o), then G=G,{&y),
where ¢o€ G ()4, s0 G = (&, 1, is dihedral. Conversely, if G= {¢, 1)
is an infinite dihedral group with ¢*=1, t*=1 "', there exist embeddings
(1) > {6, (&) — {5, these give rise to an embedding G- D. |

2. REAL EMBEDDING PROBLEMS

Our aim is to find simpler conditions for a group to be real projective.
We begin with some results on finite groups.
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DeriNiTION 2.1, Let C, ..., C, be e distinct conjugacy classes of involu-
tions in a finite group G. Let G* = G*(C,, .., C,) be the intersection of all
groups in

M= {M | M is a maximal subgroup of Gand M N C,# Jfori=1, .., e}.

(If e=0 then G* is nothing but the Frattini subgroup of G.)

PROPOSITION 2.2. Let K#1 be a minimal normal subgroup of a finite
group G contained in G*. Then K is an elementary abelian p-group. If G is
a p-group then K=7/pZ and K is contained in the center of G.

Proof. We first show that K is a p-group for some prime p.

Let p be a prime that divides the order |K| of K, such that p=2 if |K]
is even. Let P < K be a Sylow p-subgroup of K (whence P# 1) and let 11 =
{P¢|geG}={P*| keK} be the family of all Sylow p-subgroups of K.
Then |I1| = (K:N(P)) divides (K: P) and therefore is odd. Thus the action
of an involution ¢ G on I by conjugation must have a fixed point, ie.,
P# = P# for some ge G, whence geg '€ Ng(P).

We deduce that every maximal subgroup M of G containing N4(P) is in
M, and so KNG (P)< G*Ng4(P)< M. But since KNg(P)=G (the Frattini
argument), there is no such group M. Thus N(P)=G, whence P is a
normal subgroup of G. By the minimality of K we get that K= P, so that
K is a p-group.

Using the minimality again we note that K equals its center, hence X is
abelian. Finally, K equals {oce K|o”=1}, whence K is an elementary
abelian p-group. (Cf. [2, Lemma 209].) If G is a p-group then the
G-conjugacy classes of K \ {1} have p-power orders, hence at least one of
them is of order 1, say {c}; thus ¢ is in the center of G and K= (o) by
the minimality of K. |}

ProrosITION 2.3. Let G be a profinite group and assume that Inv(G) is
closed in G. The following conditions are equivalent:

a) G is real projective.

(a)

(b) Every finite Inv(G)-embedding problem for G is solvable.

(c) Every finite Inv(G)-embedding problem for G with minimal normal
elementary abelian p-subgroup as kernel is solvable.

Proof. (b)=>(a) and (b)=>(c) are clear.

(a)=(b) follows from [5, Coroilary 6.27: Given a finite Inv(G)-
embedding problem (¢, a: B— A, C) for G, there exist a finite group B’ and
an epimorphism 6: B — B which maps the involutions of B’ \ Ker § onto
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C. Thus (@, a08) is a finite real embedding problem for G; its solution
y: G — B’ produces the solution 67 of our Inv(G)-embedding problem.

(c)=(b): It suffices to solve every finite Inv(G)-embedding problem
(o, a: B— A, C) for G in which the kernel Ker « is a minimal normal sub-
group of B. Indeed, otherwise let 1 # K < Ker « be a minimal normal sub-
group of B; let n: B— B= B/K be the canonical epimorphism, C =n(C);
and let &: B — A4 be the map induced by «. Then (g, 4, C) is a finite Inv(G)-
embedding problem for G. Suppose, by induction on the order of B, that
it has a solution j: G — B; in particular (Inv(G)< C. Then (§, 7, C) is a
finite Inv(G)-embedding problem with kernel K for G; its solution also
solves (g, a, C).

Assume therefore, that the kernel K is a minimal normal subgroup of B.
Let Cy, .., C, be the distinct conjugacy classes in C. If K & B*(C,, ..., C.)
then there is a maximal subgroup M of B such that M C,# & for
i=1,..,e, and K¢ M, whence a(M)=a(MK)=a(G)=A4. Thus
(@, resy, o, Cn M) is a finite Inv(G)-embedding problem for G; its solution
also solves (¢, o, C). If K< B*(C, .., C,) then K is an elementary abelian
p-group by Proposition 2.2, so the problem is solvable by assumption. |

Remark 2.4. Let G be a pro-p-group with Inv(G) closed in G. It easily
follows from the Sylow theory that G is real projective iff G is real projec-
tive in the category of pro-p-groups (i.e., every finite embedding problem
for G consisting of pro-p-groups is solvable). Carrying the proof of
Proposition 2.3 in the category of pro-p-groups we obtain that the
following are equivalent:

(a) G is real projective.

(b) Every finite Inv(G)-embedding problem (o, a: B— A, C) for G,
in which B is a p-group, is solvable.

(c) Every finite Inv(G)-embedding problem (¢, a: B— A, C) for G,
in which B is a p-group and Kera=Z/pZ lies in the center of B, is
solvable.

3. FieLDs WITH REAL PROJECTIVE ABSOLUTE GALoIsS GROUP

In this section we present some field-theoretic properties of a field whose
absolute Galois group is real projective.

DerFiNITION 3.1, Let G be a profinite group such that Inv(G) is closed
in G. We say that G has the Strong Approximation Property (SAP) if for
every proper clopen subset Z of Inv(G) closed under the conjugation in G
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there exists an open normal subgroup N of G such that (G:N)=2 and
Z =1Inv(G) n N. The motivation for this definition is explained below.

Remark 32. The absolute Galois group G of a field K has the SAP if
and only if K satisfies the following Strong Approximation Property for
fields:

For all a,be K* there exists ce K* such that in every
ordering P on K, a, b are positive if and only if ¢ is
positive.

Indeed, the set X(K) of all orderings on K is a Boolean space in the
topology given by the subbase of clopen sets of the form

H(a)={Q e X(K) | a is positive in Q}, where ae K~

(see [12, Section 6]). In this notation the SAP can be written as For all
a, be K* there exists c e K* such that H(a) n H(b) = H(c). The clopen sub-
sets of X(K) are the Boolean combinations of the subbasic sets. It is an
easy exercise in the theory of Boolean spaces to see that K has the SAP if
and only if every clopen subset of X(K) is in the subbase.

To every involution ¢ in G there corresponds the ordering P(e) of K that
extends to the unique ordering of the (real closed) fixed field of ¢ in K, the
algebraic closure of K. The map P: Inv(G) —» X(K) is surjective and P(g,) =
P(e,) iff &, is conjugate to ¢, (see [10, Chapter XI, Section 2, Theorems 4
and 37). Moreover, P is clearly continuous, hence a closed map, but it is
also open (if U is open in Inv(G) then U'={J,.; U’ is also open, so
X(K)NP(U)=X(K)\ P(U')=P(Inv(G)\ U’) is closed), so it induces a
bijection between the clopen subsets of Inv(G) closed under the conjuga-
tion in G and the clopen subsets of X(K). Thus the SAP for K is equivalent
to:

If Z is a clopen subset of Inv(G) closed under the conjugation then there
exists ¢ € K* such that Z= P~ '(H(c)), ie., all ¢ Inv(G) satisfy

e(\/Z):\/Z iff ee”Z

This is obviously equivalent to SAP for G.

PrOPOSITION 3.3. A real projective group G has the SAP.

Proof. If G is real free, say G=D(X, S), and Z is a proper clopen
subset of Inv(G) then the map ¢: XuS—> Z/2Z defined by ¢(S)=
o(XnZ)=1, (X NZ)+#1, induces a homomorphism ¢: G — Z/27. Tts
kernel N has the required property.

In the general case let X, be a closed system of representives of the
conjugacy classes of Inv(G), and let X be a homeomorphic copy of X,.
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For a suitable set S we have an epimorphism a: D(X, S) — G extending the
given homeomorphism X — X,. Thus « maps nonconjugate involutions of
D = D(X, S) into nonconjugate involutions in G; therefore a right inverse
7:G—= D of o (see [6, Lemma 3.5]) maps nonconjugate involutions into
nonconjugate involutions. Put Z'=1{J,_, 7(Z)“, then Z’ is a proper closed
subset of D and y " '(Z’}=Z. Let N be an open subgroup of D of index 2
such that NnInv(D)=Z'; then y "'(N)nInv(G)=y "(Z)=Z. |

LemMMA 34. Let K be a field, denote G=G(K), and let {R;},., be a
set of real closed extensions of K inducing the orderings on K (one for each
ordering on K). The following conditions are equivalent:

(a) Every finite real embedding problem (¢. G — A, a: B— A) with
Ker a = 7/27 contained in the center of B is solvable.

(b) Every central extension of profinite groups

0——>Z/2Z—>E7G—>1

splits if Inv(G) = f(Inv(E)).
(c) The natural map

H(G,227)- [ H*(G(R,), Z)22),

iel

where the groups act trivially on Z/2Z, is injective.
(d) The natural map

HYG,K*),={ae HYG,K*) | 2a= 0} - [] H(G(R,), R})

iel
is injective.
Moreover, if K is formally real and G(K(\/ —1)) is projective then (a)-(d)
are also equivalent to

(e) The natural map

H(G(K(/=1)/K), K(/=1)") - [T H¥(G(R,), R})

iel
is injective.
(f) Every totally positive element of K is a sum of two squares in K.

Proof. (a)=(b): Choose an open normal subgroup N of E such that
NnKerff=1 and f(N)nInv(G)# . Put B=E/N and A= G/B(N). We
obtain the following commutative diagram with a cartesian square:
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G

|

0 — 27222 — E £ G — 1
”l ¢
B =2, A

and (¢:G—o A4, a: B—> A) 1s a finite real embedding problem with
Ker a = Z/27Z contained in the center of B. Its solution y: G — B, together
with the identity G — G, induces a right inverse 6: G —» E of f (such that
ped=y)

(b)=(a): Let E=Bx,G and let p: E— B and f: E — G be the coor-
dinate projections. Check that Ker f§ lies in the center of E. By asumption
0222 -E—;G—1 splits via some 0:G—E; then p-0 solves
(p:G— A, 0: B— A).

(b)<>(c): This follows from the correspondence of H*(G, Z/2Z) with
the isomorphy classes of central extensions of G by Z/27 (see [13, p. 100]).
An extension 0 —» Z/27 - E— G — | corresponds to 0 iff it splits, and its
restriction to G(R;) corresponds to 0 in H*(G(R;), Z/2Z) iff the restriction
splits, ie., resge;, where ¢; is the generator of G(R;), is the image of an
involution in E. Recall also that {resge¢,},., represents the conjugacy
classes of involutions in G; therefore the condition “Inv(G) = B(Inv(E))” in
(b) is equivalent to “{resg ¢, };.,< f(Inv(E))".

(c)<«>(d): The short exact sequence of G-modules

1> {+1}»K* > K* -1,
"

where p(a)=a’, and Hilbert’s Theorem 90 induce the exact sequence
0- HG, 2/2Z) - HXG, K*) », H*(G, K*), which yields the isomor-
phism H*(G, Z/27)~ H*(G, K*),.

Analogously H?*(G(R,), Z/2Z)= H*G(R;), R}),= H}G(R;), R¥) for
every ie [ (the last group is annihilated by 2 by [13, p. 1387).

(d)<> (e): Assume that G(K(,/—1)) is projective. Then B(K(/—1))
=H*G(K(\/—1)),K*)=0 (see [13,p. 263]), hence the inflation
Hz(g(K(\/_—_l)/K), K(/—1)*) > H*G, K*) is an isomorphism (see [13,
p. 2497). In particular, the elements of H*(G, K*) are of order <2, whence
HY%K(/ - 1)/K), K(/—1)")= HYG, K"),.

(e)<>(f): There is a natural isomorphism

HYG(K(/ = 1)/K), K(/ = 1)) = K*/N =1 K/ = 1)

(if 9(K(\/~1)K)=<(e) then this isomorphism is induced by the
homomorphism at-»x, from K* to Z*({e), K(./—1)*) given by
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(1 )= (s 1y=x,(1,8)=0,x,(s, s)—a)andanalogouslsz(G(R ), Rx)
—RX/NR/RR for every iel Note that ae R is in NR/R/ Rx iff it is
positive in the unique ordering on R,. Thus the map in (e) is injective iff
every totally positive element ae K™ is in Ny —7,xK(\/—1)", ie, ae K~
is a sum of two squares in K. |

COROLLARY 3.5. Let K be a field such that G(K) is real projective and
let L be a formally real algebraic extension of K. Then L has the SAP,

G(L(\/—1)) is projective and every totally positive element of L is a sum of
two squares.

Proof. The subgroup (G(L) of G(K) is real projective. Apply Proposi-
tion 3.3 and Lemma 34. |

4. REAL PROJECTIVE PRO-2-GROUPS

For a profinite group with no involutions the notions of projectivity and
real projectivity coincide, by definition; likewise freeness and real freeness
coincide. Thus if G is a pro-p-group for an odd prime p then G is real free
if and only if G is real projective (cf. [2, Proposition 20.37]). We now
extend this result to pro-2-groups.

PrRoOPOSITION 4.1. Let G be a real projective pro-2-group, and let X be a
closed system of representatives of the conjugacy classes of involutions in G.
Then there exists a subset S of G converging to 1 such that G is the free
pro-2-group D,(X, S).

Proof. This is essentially proved in [4], in a more general setting,
though only for countably generated groups. We give here a simplified
proof for our case.

Let n,;: G — G denote the Frattini map ( =the quotient map modulo the
Frattini subgroup) of G, and denote X = n;(X). Note that 1 ¢ X, since there
is an open subgroup of G of index <2 not meeting Inv(G) (see [5,
Proposition 7.7]). There is a closed subgroup F of G such that G=
(X>x F (see [4, Lemma 9.2]). Let F be a minimal closed subgroup of G
mapped by n,; onto F. Then the restriction of n; to F is a Frattini cover
F— F. (Cf. [2, Section 20.6] for the notion of Frattini cover.) Moreover, F
is the Frattini quotient of F, since the Frattini subgroup of Fis trivial. Now
F is projective, since it is contained in the real projective group G and
has no involutions (the involutions of G are mapped by =, onto X,
and X n F= ). Therefore F is a free pro-2-group of the same rank as F,
say m. Fix a free set S of generators of F converging to 1.

Fix a space X’, a set §’, a homeomorphism ¢£: X' - X, and a bijection
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o: S’ — S and denote D = D,(X’, S’). Recall that D is the free pro-2 product
(XY % {8, where (X'} is the free pro-2-product of copies of C, over X',
and F'={S") is the restricted free pro-2-group of rank m. Let 6: D - G
denote the unique homomorphism extending ¢ and 6. Note that d maps F’
isomorphically onto F. We claim that & is an isomorphism.

Indeed, § is onto, since mgod is clearly surjective and 7 is a Frattini
cover (cf. [2, Lemma 20.27(b)]). By [6, Lemma 3.5] we know that é has
a right inverse y: G - D. Thus it suffices to show that y(G)=D.

For this purpose we consider the Frattini quotient map n,: D — D and
show that the homomorphism §: D — G induced by § is an isomorphism.
It then follows that the right inverse 7: G — D of §, which is induced by 7,
is necessarily surjective, hence n,0y=jon,; is surjective, whence y is onto,
since 7, is a Frattini cover.

Put X' =n,(X’) and F'=n,(F’); then (see [4, Lemma 93]) D=
(X'>x F'. Clearly §(X’)=X, and 6 maps F’ isomorphically onto F. But §
extends ¢, hence it maps nonconjugate involutions in D onto nonconjugate
involutions in G. Thus if xe X’ then y(d(x)) and x are conjugate in D,
whence their images in D are equal. Therefore j: X —» X' is the inverse of
§: X' - X, which implies that §: (X') —» (X) is an isomorphism. But §
maps F’ isomorphically onto F. Therefore §: D=<(X'>xF' - G=(X)x F
is an isomorphism. ||

PrOPOSITION 4.2. Let G be a pro-2-group and assume that Inv(G) is
closed in G. The following conditions are eqivalent:

(a) G is real free in the category of pro-2-groups.
(b) G is real projective.
(c) 1. Every finite real embedding problem (¢p: G — A, a: B— A) with
Ker a = Z/27 contained in the center of B is solvable, and
2. G has the SAP.

Proof. (a)=-(b): The pro-2 analogue of [6, Corollary 3.3] shows that
G is real projective in the category of pro-2-groups, whence G is real
projective (Remark 2.4).

(b)=-(a): This implication is Proposition 4.1.
(b)=(d): This is clear from the definition of a real projective group
and from Proposition 3.3.

(c)=(b): It suffices to solve elvery finite Inv(G)-embedding problem
(p,a: B— A4, C) for G in which B is a 2-group and K=Ker a=7/27 lies
in the center of B. By assumption there exists {y: G — B such that aoy = ¢.
We shall modify ¥ to ensure that it maps Inv(G) into C.
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Inv(G)ny ~'(X,), for i=1, .., n. The sets X, .., X, are clopen in Inv(G),
closed under the conjugation in G, and Inv(G) is their disjoint union. Let
1<i<n. As G has the SAP, there is a continuous homomorphism
p;: G- K=7/2Z such that p,(X;) is the generator, say ¢ of K, and
p(X;)=1forj#i Let m;=0if X,=C, and let m,=1if X, £ C (in which
case X.c<C, since (@, a: B— A, C) is an Inv(G)-embedding problem).
Define y: G- B by ¥'(g)=v(g)p,(g)™ --p.(g)™ Since K is in the
center of B, it is easy to see that ¥’ is a continuous homomorphism
such that aoy=¢ and ¢ (X,)=C for 1<i<n Thus ¥  solves
(p,a: B> A4,C). |

COROLLARY 4.3. Let K be a formally real field such that G(K) is a
pro-2-group. Then G(K) is a real free pro-2-group iff K has the SAP,
G(K(\/——_l )) is a free pro-2-group, and every totally positive element of K
is a sum of two squares. (The last condition can be replaced by any of the
equivalent conditions of Lemma 3.4.)

Proof. The conditions are necessary by Corollary 3.5. Conversely, if the
conditions hold, then G(K) has the SAP (Remark 3.2) and every finite real
embedding problem (¢:G —> A, a: B— A) with Kera=Z/2Z contained
in the center of B is solvable (Lemma 3.4). Thus G(K) is a real free
pro-2-group. ||

THEOREM 4.4. Let K be an algebraic extension of Q such that G(K) is a
pro-p-group. If G(K(L/ — 1)) is a free pro-p-group then G(K) is a real free
pro-p-group.

Proof. If K is not formally real then G(K) is torsion free, and hence a
free pro-p-group, by a theorem of Serre ([ 14, Corollaire 2]). Assume that
K is formally real, whence G(K) is a pro-2-group. For each valuation v on
K let K, be the completion of K with respect to v. Then H*(G(K), K*) -
[1. H*(G(K,), KX) is injective ([11, Satz I1]).

The group G(K,) may be identified with a subgroup of G(K), so its
subgroup G(K,(y/ —1)) is a subgroup of G(K(,/ —1)), and hence real free.
Thus if K, is not formally real then again by Serre’s theorem G(X,) (and
hence also every closed subgroup of it) is projective; in particular, B(K,)=
H*(G(K,), K*)=0 in this case (cf. [13, p. 263]). But if K, is formally real
then K, =, R is a real closed extension of K, it induces an ordering on K
via the embedding K — R, and nonequivalent valuations induce distinct
orderings on K. Therefore condition (d) in Lemma 3.4 is satisfied. As
K has the SAP ([12, Corollary 9.2]), our assertion follows from
Corollary 4.3. |}
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5. CHARACTERIZATION OF REAL PROJECTIVE GROUPS
BY THEIR SYLOW SUBGROUPS

A profinite group is projective iff its Sylow p-subgroup is a free pro-
p-group for every p ([2, Proposition 20.47]). The straightforward analog
of this is not valid for real projective groups. E.g., the direct product of
Z/27 and Z, is not real projective, although Z/2Z is a real free pro-2-group
and Z, is a (real) free pro-3-groups. However, the correct statement
(Proposition 5.5) is not very far from this.

LEMMA 5.1. Let A be an abelian normal subgroup of a finite group G and
let H be a subgroup of G containing A such that (G:H) is prime to * A.
Suppose that A has a complement K in H. Then A has a complement L in
G with the followng property: If é is an involution in G such that

0¢tcH=0%c | ) K",  forevery geG (1

heH
then & has a conjugate in L.

Proof (after Brandis [1, Section 2]). For x, ye G such that xy~'e H
let k(x, y) denote the unique element of K that satisfies k(x, y)4=xy 'A.
Fix a system & of representatives of the right cosets of G modulo H. Then
the set

L={geG|]](rig) "k(r g r))ra=1},

where the product ranges over pairs (r,, r,)e @ x @ with r  gry '€ H, is a
complement of 4 in G [1, Satz 2.6].

Let 0 €lInv(K) satisfy (1). If we replace @ in the above definition by
another system @’ of representatives of the right cosets of G modulo H
then the resulting complement L' is a conjugate of L in G [1, Lemma 2.7].
Using (1) we may choose @’ so that for all re @' we have

Hré#Hr=r,rbed,
Hré=Hr=rér 'ek.

(Indeed, the condition Hrd = Hr implies that rér ' H, hence rér ‘e K*
for some ke H, by (1); replace r by Ar to obtain rér '€ K.)

If ry,r,e® and Hr 6= Hr, then either Hr 6 # Hr, or Hr,6=Hr,. In
the first case ;e @', and Hr 6= Hr,, so r;6=r,. Thus k(r,8,r,)=1,
whence [(r,8) ' k(r;8,r)r,]1=(r;6) 'r,=1. In the second case
Hr,=Hr,, so r,=r,. In particular Hr,é = Hr, hence by the choice of @’
we have r ér;'e K. Thus k(r,8, r\)=r,6r7", whence (r;8)~" k(r,é,r,)r,
= 1. It follows that e L', whence a conjugate of § is in L. |

481:129/2-10
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We shall need a slight generalization of [8, Lemma 2.4]. The set
Subg(G) of closed subgroups of a profinite group G is a Boolean space: it
is the inverse limit of the finite sets Subg(G/N), where N runs through the
open normal subgroups of G. Let G continuously act on a Boolean space
X. Denoting by D(x) the stabilizer of xe X we get a map D:X — Subg(G).
Note that if ¥ <1G then G/N acts on X/N, and D(xN)= D(x)N for every
xeX.

LemMMmA 5.2. Let G be a profinite group continuously acting on a Boolean
space X. If the map D:X — Subg(G) is continuous then there exists a closed
system X of representatives of the G-orbits in X.

Proof. Assume first that G is finite, whence D is locally constant. (This
case is due to M. Jarden.) Then for every xe X there exists a clopen
neighbourhood U < X such that

(i) D{(y)= D(x) for every ye U and
(i) x“¢ U for each o ¢ D(x).
Replace U by UN (], nvy U7, if necessary, to assume that U° n U= ¢ for

all o ¢ D(x).
From this point one may proceed as in the proof of (8, Lemma 24]. }

LEMMA 5.3. Let G be a profinite group such that Inv(G) is closed in G
and

{ceGle’=¢}=1{¢e, 1}  forevery e€lnv(G). (2)

(a) There exists a closed system X of representatives of the conjugacy
classes of Inv(G).

(b) Let G, be a closed subgroup of G. If X is as in (a) and @ is a
closed system of representatives of the left cosets of G, in G then

X,={x"|xeX&red} NG, (3)

is a closed system of representatives of the conjugacy classes of involutions
in G,. Moreover, if r,se® and x, ye X such that x"= y*e X, then x=y
and r=s.

Proof. (a) G acts on Inv(G) by conjugation, and the map
D: Inv(G) - Subg(G), given by D(x)= {1, x}, is obviously continuous.
Apply Lemma 5.2.

(b) For the existence of @ see [13, p. 31].
Clearly X, is a closed set. If ¢ e Inv((,), there are xe X and ge G such

that e = x2. Write g as ry, where re€ @ and y € G,; then ¢ is conjugate in G,
to x’eX,. If r, se ® and x, ye X such that y*€ X, and x" is conjugate in
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G, to y°, then x and y are conjugate in G, hence x=y. Thus x*=x"
for some yeG,. By assumption, rys~'e {x), whence ryes(x’). But
x*=y*'e X, = G,. Therefore rG,=sG,, whence r=s. ||

For the next lemma let G, G,, X, &, X, be as in Lemma 5.2. Further-
more assume that G, is a Sylow 2-subgroup of G and that G, is a real free
pro-2-group. Fix a subset S of G, converging to 1 such that G,=
D,(X,, S); it exists by Proposition 4.1. Consider a finite Inv(G)-embedding
problem (¢, a: B— A4, C) for G such that ¢(G)=A4; then 4,=0¢(G,) is a
Sylow 2-subgroup of 4. Assume that B,=oa"!(4,) is a Sylow 2-subgroup
of B, ie., Ker a is a 2-group.

LEMMA 54. (a) There exist continuous maps Yy: X = C, Yys:S— B,
and p: @ — B such that ooy y=res, @, aofg=resg @ and wop=T1e€Sy4 Q.

Let Yy, W, and p be maps as in (a).

(b) There exists a unique continuous homomorphism ,: G, — B,
extending s and satisfying

Uo(x )=y 4 (x)?",  forall xeXandre® suchthat x"€G,. (4)

{c) We have ooy, =resg, ¢.

(d) Let N=¢ '(A4,). For every yelInv(N) there is ge N such that
y2eG,.

() Let x,eX, and beB. If Y (x,)"eB, then Y,(x,)’¢e
Upes ¥2(G2)"

(f) Let L be a subgroup of B mapped by « isomorphically onto A, and

let be L. If there is ce C such that a(b)=a{c) and ¢ has a conjugate in L
then be C.

Proof. (a) We have ¢o(X) < a(C). Let i: 4 - B be a set-theoretic right
inverse of a:B—> A4 such that A(p(x))eC for every xeX. Then
4o@(G,) S B, and the respective restrictions of Ao ¢ to X, S, and & satisfy
the requirements.

(b) By Lemma 5.3 there is a unique continuous map ¥,: X, — B that
satisfies (4). A fortiori Y,(X,) & B,; indeed, if x € X, r € @ such that x" € X,,
then

aoty(x") = “[‘/’x(x)p(r)] = (P(x)w(') =p(x")e@(G,)=A,.

Thus ¢, together with s extend to a unique homomorphism
Yy Gy =D,(X;, S) - B,.

(c) Clearly acresy,Y,=resy, ¢; also, waoresgy =aoig=resg .
Therefore aoy, =resg, @.
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(d) Consider the left cosets space G,\N. The supernatural number
(N:G,) is odd, since (N:G,) divides (G:G,). But gG, - ygG, is a permuta-
tion of G,\N of order <2. Therefore it has a fixed point, say gG,, with
ge N; clearly y%e G,.

(e) Write x, as x’, where xe X and se @, and put a= ¢(s) a(b) € A.
It suffices to find re G such that ¢(r) A,=ad, and x" € G,. Indeed, then
without loss of generality r € @, and p(r) B, = p(s) bB,, since B, =a"'(4,).
Let b’ € B, such that p(r)b’ = p(s)b; then

Va(33)" =P (x)P =g o (x) 7 = Yo(x") €Yo Gr)°,

as claimed.
Choose g, € G such that ¢(g,)=a and let y = x*°. Then

@)= @(x)* = (aof  (x))?)=®
= oc(l//X(x)p(s)b) — “(l//z(xz)b) ea(B,)=A,,

so by (d) there is ge N such that ¢(g)e 4, and y¥e€ G,. Thus r = g, g has
the required property.

(f) There is a conjugate ¢'e L of ¢; a fortiori ¢’ € C. Thus a(b) and
a(c’) are conjugate in A4, hence b and ¢’ are conjugate in L, and therefore
also in B, whence he C. |}

PROPOSITION 5.5. A profinite group G is real projective if and only if:

(a) For every prime p the Sylow p-subgroup G, of G is a real free
pro-p-group; and
(b) For every eeInv(G) we have {6eG | e"=¢}={¢, 1}.

Proof. 1f G is real projective then G, is real projective for every p. For
{b) see [6, Corollary 3.2 and Theorem 3.6].

Conversely, assume (a) and (b). Then Inv(G) is closed in G, since it is
the image of the compact Inv(G,) x G under the continuous map (g, 6) -
¢”. By Proposition 2.3(c) it suffices to solve every finite Inv(G)-embedding
problem (¢, a: B— A4, C) for G in which Ker « is an elementary abelian
p-group. Without loss of generality ¢(G)=A. Fix a Sylow p-subgroup G,
of G; then 4,=¢(G,) and Bp=fx"(Ap) are Sylow p-subgroups of A4 and
B, respectively. Choose (Lemma 5.3(a)) a closed system X of representa-
tives of the conjugacy classes of involutions in G.

If p=2, let @ be a closed system of representatives of the left cosets of
G, in G containing 1 and define X, by (3). Also choose Y : X — C,
Ys:S— B,, and p: @ — B satisfying Lemma 5.4(a). Let ¢,: G, > B, satisfy
Lemma 5.4(b); then a-y, =resg, ¢. If p#2, there exists y,: G, - B, such
that aoy, =resg, @, since G, is real projective. In both cases K=y ,(G,) is
mapped via « onto A,. We first make the following
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Assumption. « is injective on K, that is a complement to Ker o in B.

Note that (B:B,) is prime to p, hence Lo Kera|. By Lemma 5.1, Kera
has a complement L in B such that if p=2 and é € K is an involution and
d’eB,=d%e |) K”, forevery beB (5)

b'e By

then & has a conjugate in L. Let a': 4 — L be the inverse of res, a: L — 4.
Then Yy =a'o: G- B satisfies aoy =¢. To complete the proof it is
enough to show that y/(x)e C for every xe X.

Case 1. p is odd. By assumption there is ce C such that a-y(x)=
o(x)=a(c). As (B:L)=|Ker «| is odd, L contains a Sylow 2-subgroup of
B, whence ¢ has a conjugate in L. Thus y(x)e C by Lemma 5.4(f).

Case 11. p=2. There is reG such that x"eG,; without loss of
generality re®. Then xe€X,, so d=y,(x)=y,(x)*"eC, since
¥ x(X) < C. By Lemma 5.4(¢), 0 satisfies (5), therefore & has a conjugate in
L. But a(d)=acy,(x")=@(x")=acy(x"), hence Y(x) =y(x")eC by
Lemma 5.4(f). Thus ¥(x)e C.

To eliminate the above made assumption, let N be an open normal
subgroup of G such that NnG,<=Ker ,. Define A=GIN, B= Bx, A,
let &:B->4 and m:B-B be the projection maps, and put C=
{8eInv(B) | n(8)e C}. We obtain the diagram

G
A
B = A

1,

B = A

Clearly (¢, a: B— A, €) is a finite Inv(G)-embedding problem for G with
kernel isomorphic to Ker a, and a solution §/: G —» B of it gives a solution
moy of the original problem. Now let /i =¢(G,), B —oc*‘(A ). Let
l//,, G, >B . X>B ys:5— B, and p: d5—>B be the unique maps that
satlsfy

Goy,=resg, and no,=y,,
x=ICx @ and ""l//X:‘l’x,
s=TIess @ and Tos=s,

dop=resy @ and Top=p.
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Then ¥,(G)S B,, ¥x(X)=C, and J«(S)SB,, and §, is the unique
map defined by ¢, ¥, and § in Lemma 5.4(a). But & is injective on
K=y,(G,): if doi,(g)=1 then ¢(g)=1, hence geN, whence also
noy,(g)=1; therefore Y, (g)e(Kerd)n(Kern)=1. Thus replacing
a:B— A, ¢, C,Kbya: B— A, ¢, C, K we obtain the desired property. ||

6. REAL PROJECTIVE SUBGROUPS OF G(Q)

THEOREM 6.1. Let K be an algebraic extension of Q. The following
conditions are equivalent:

(a) G(K) is real projective;
(b) G(K) is virtually projective;
(¢) G(K(\/—1)) is projective.

Proof. 1 G(K) is real projective then its subgroup G(K(\/ —1)) is real
projective, but has no involutions, and hence is projective. If G(K) is vir-
tually projective then, obviously, so is G(K(,/ — 1)); but the latter is torsion
free, hence G(K( /—1)) is projective ([2, Proposition 20.47] and [14,
Corollaire 2]). Thus only (c)= (a) remains to be shown.

Assume that G(K(,/ ~1)) is projective. By the Artin-Schreier theory we
know that {ceG(K)|e"=¢}={¢ 1} for every e¢elnv(G). Thus by
Proposition 5.5 we may replace G(K) by its Sylow p-subgroup, and hence
assume that G(K(,/—1)) is a free pro-p-group. The assertion now folows
from Theorem 4.4. ||

COROLLARY 6.2. Let K be an algebraic extension of Q. If K(\/ —1) con-
tains the maximal abelian extension Q** of Q then G(K) is real projective.

Proof. One can deduce from [13, p. 303] that ¢d,(G(Q“")) = 1 for every
I, ie, G(Q“) is projective. ||

COROLLARY 6.3. Let G be a closed subgroup of G(Q) generated by
involutions. Then G is real projective.

Proof. All involutions in G(Q) are conjugate, therefore their restrictions
to Q“ are equal. Let ¢ € G(Q“/Q) be this restriction and let K, < Q“ be
its fixed field; then ¢=1 and &(\/—1)= —./—1, hence K,(\/—1)=Q%.
Let K be the fixed field of G in G(Q). Then KnQ“=K,, hence
Q*(e) < K, whence Q“ = K(,/—1). Thus G=G(K) is real projective by
Corollary 6.2. }
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We conclude with an open problem. Note that though we have necessary

and sufficient conditions for the absolute Galois group of a field K to
be real projective, we do not know to what extent these conditions are
essential. In particular we may even ask:

Problem 6.4. Let K be a field of characteristic 0 such that G(K(\/rﬂ_l))

is projective. Is G(K) real projective?

1

2.

3.

10.
11.

12.

13.

14.
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