COVERS OF KLEIN SURFACES*
by

M. Emilia Alonso™*
Departamento de Algebra
Facultad de Ciencias Matematicas
Universidad Complutense de Madrid
28040 Madrid, Spain
e-mail: m_alonso@mat.ucnm.es

and

Dan Haran™**

Raymond and Beverly Sackler School of Mathematical Sciences
Tel Aviv University
Ramat Aviv, Tel Aviv 69978, srael
e-mail: haran@post.tau.ac.il

Abstract

We consider ramified (Galois) covers of the upper half plane in the category of Klein
surfaces. We study the connection between the group theoretical ramification data of the
cover and its geometrical properties, such as the number of the connected components

of the boundary and orientability of the surface.

* Project supported by the bilateral cooperation between TAU and UCM and by MEC
(SAB2004-0061).

** Partially supported by BFM2002-0497, MTM-2005-02865 and UCM-CAM 910444.
*** Partially supported by the Minkowski Center for Geometry at Tel Aviv University.



Introduction

In this paper we study certain aspects of the real forms of a ramified covering p: X — P!
of the complex projective line by a compact Riemann surface X. That is, we are dealing
with coverings of Klein surfaces p: Y — H, where H denotes the upper half plane as
a Klein surface, 7: X — Y is the canonical double covering of Y, and pon = £ o p,
where &: P! — H is the canonical double covering of the upper half plane by the
Riemann sphere. We are especially interested in the case where X /H is Galois, that is,
|Aut(X/H)| = deg(X/H).

It is well known that the existence of both Y and p (real form of the covering) is
equivalent to the existence of an antianalytic involution u of X such that pou = £op; we
call it a “lifting of £”. In particular, the set of ramification points T := {c1, ..., ¢ry2s} C
P! must be invariant under complex conjugation.

Assume that X/H is Galois and fix xo € P! N T. Put II = II; (P! \ T, z0) and
G = Aut(X/P!). There is an epimorphism f: II — G called the canonical map. Let
g; be the image in G of a closed loop through x( containing in its interior only one
ramification point ¢;. Then, g; generates the inertia group at a point lying above c¢;
and (G,T,g;| i =1,...,7+ 2s) is called ramification data*. The aim of the paper is to
characterize the existence, as well as the topology, of the possible real forms (Y, p) in
terms of the Galois group G, and the ramification data of p.

We recall that the topological type of a compact Klein surface Y is uniquely
determined by the topological type (the genus) of its canonical double covering Y (which
is a Riemann surface), the number of connected components of the preimage R in Y of
its boundary 9(Y), (also called the set of real points) and whether Y is orientable. This
last property is equivalent to Y <R being disconnected [BEGG, Prop. A.28|.

By the Riemann Existence Theorem we know that given G and any ramification
data, a compact Riemann surface X can be found that is a Galois unramified covering
of P! outside T with these data. One usually proves this by a cut-and-paste method,

first constructing only a topological model of X and then showing that it carries a

* Usually one considers the conjugacy class of g; instead, since changing xo changes the
canonical map up to group conjugation.



unique analytic structure. In Section 1 we give an alternative construction for X, called
the explicit Galois cover of Riemann surfaces corresponding to the ramification data
(G,T,g;| i = 1,...,7r + 2s), or shortly, the explicit model for X. Namely, we fit a
suitable path going through the ramification points 7" and glue the half spheres along
this path according to the ramification data. Unlike the classical construction, this one
gives the Riemann surface together with its analytic structure. We shall show how this
modification has the advantage that allows studying the topology of the set of points
invariant under antianalytic involutions.

The construction is quite simple, though its description requires a lot of notation,
probably since a sheet of paper is not the most appropriate media to convey intuitively
simple geometrical constructions (in which pieces of the surfaces are allowed to pass
through each other).

In Section 2 we introduce suitable systems of generators, with respect to the
complex conjugation for both the fundamental group II = II;(P! \ T, z0) and the
fundamental group ® = ®(H \ &(T),&(xp)) of the complement of £(T") in H (see also
[KN] and [HJ]).

In Sections 2 and 3 we answer the question of the existence of a real form of a
covering, in terms of the group G itself, and in a more general context. In fact, assume
we are given a Galois covering of Riemann surfaces p: X — Y such that Y is the
double covering of a Klein surface Y = Y /uo where ug is an antianalytic involution. We
show that X — Y is a Galois covering iff there is an antianalytic lifting u of ug to X,
or, equivalently, there is such a lifting having some fixed point, or iff there is a lifting
u: X — X which is an antianalytic involution having some fixed point (real involution,
cf. Lemma 2.1). There is an algebraic counterpart of this Lemma in the frame of
ramification theory of real valuations, saying that every lifting of a real involution is a
real involution (cf. [AV]).

Consequently, each lifting u of an antianalytic involution downstairs induces an
involutive automorphism of the group G of deck transformations, which we still call w.
Namely, for g = f(a) € G, f(a)" = f(a*) =wuo f(a)owu. Therefore, one can describe

the group H of deck transformations of X — Y as a semidirect product < u > G. In
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this way, in the case of the covering X — H, the canonical map f: II — G lifts to an
epimorphism f: & — H. Moreover, we prove that the existence of this u € Aut(G) also
suffices for the existence of a lifting of the complex conjugation. We heavily use here
the explicit model for X: to get the antianalytic involution u on X we glue together a
piece-wise definition, suggested by the automorphism of the group (cf. Proposition 3.2).
We call this construction explicit real involution, since we have an description of it in
terms of the group operation, and in particular a condition on a point on X to be real
that is, fixed by u, in terms of G (cf. Corollary 3.5).

Next, we are able to find out adjacencies of real segments (between two ramifica-
tion points) to recover the connected components, the real ovals. In fact, we obtain a
formula in terms of the index of the centralizer of v in H and the ramification orders
(cf. Theorem 4.10).

In Section 5 we conclude the study of the topology of the real form describing in
terms of the action of u on G whether or not the Klein surface X/ < u > is orientable.
To this end we consider the image A of a suitable system of generators of ® under the
canonical map f: ® — H, and associate with H and A a graph (a subgraph of the
Cayley graph of H with respect to .A) whose connectedness is equivalent to X/ < u >
being not orientable (cf. Theorem 5.3 and Corollary 5.4).

In Section 6 we use this presentation to study whether one can always cover a
given Klein surface Y, which is a covering of H unramified outside £(7T'), by another
Klein surface Y, such that ?/H is still unramified outside £(7") and Y is orientable,
respectively, not orientable. Because of the existence of the unramified orienting double
[AG, §6], this is interesting only if we require the complex double X of Y to be Galois
over H. We reduce this question to a problem in combinatorial group theory and
partially solve this. The full solution seems to be difficult — we hope that this paper
will stimulate experts to try to solve it.

Finally we stress that our results and methods are heavily algorithmic and mostly

inspired by classical ideas of Galois covers and combinatorial group theory.



1. An explicit model of a Riemann surface

Let X be a compact connected Riemann surface and let p: X — P! be a Galois
(branched) cover of the Riemann sphere P! = C U {co} with group G = Aut(X/P!).
Let T = {c1,...,c,} be aset of 2 < n < oo points in P! that contains the branch points
of X/P!.

Fix a point 79 € P! \ T and let II; (P! \ T, z0) be the fundamental group of
P! T. Then II;(P* \T,20) = (Y1, ... sYn | 71+ 7n = 1), where ~1,..., 7, are certain
closed loops from z( around ¢y, ..., ¢,, respectively [Voe, Theorem 4.27]. In particular,
1+ +Yn = 1. (The joining of paths is in the order “from left to right”: path af starts

at the origin of o and ends at the terminus of 3.)

Furthermore, fix z € X such that p(x) = x¢. There is an epimorphism
(2) frIL (PN T, 20) — G = Aut(X/P')

given as follows: f(v) is the unique element g € Aut(X/P!) such that g(x) € p~!(z0)
is the terminus of the path 4 on X from z that lifts . Put g; = f(v;), fori=1,...,n.
Thus p yields a branch data

(3> (Gacl7gl7"'7cnvgn)7



namely, a finite group G, elements ¢1,...,9, € G such that g1go---¢g, = 1, and n
distinct points ¢y, ..., ¢, € P'.

As is well known [Voe, Theorem 4.32], this branch data completely determines
the Galois cover p: X — P!, up to an isomorphism.

Given branch data (3), we are going to describe a cut-and-paste procedure that
explicitly produces such X and p: X — P!, together with the appropriate analytic

structure.

Construction 1.1: We first introduce some geometric description, together with termi-

nology and notation.

PART A: Use of P! for charts. We visualize P! as the unit sphere S = S? in R3. Now,
a Riemann surface is a topological space with an atlas of charts with maps into C. Since
any proper subset U C P! is mapped by a suitable Mobius transformation onto a subset
of C, we may as well give an atlas of charts with maps into proper subsets of S. This
seems at times more natural; for instance, P! itself can be given by an open covering

{U;};, where the maps of the charts are just the identities U; — Uj;.

PART B: A closed path on the sphere. An arc is a simple path on S lying on a
circle, with distinct endpoints. A path on S is piecewise linear, if it is the join
(concatenation) of finitely many arcs such that the angle between no two consecutive
arcs is 0.

Write T' = {c¢; }icr, where I = Z/nZ (thus, in this notation, ¢y = ¢, and ¢,41 =
¢1). For each i € I we choose a simple piecewise linear path from ¢; to ¢;41. We denote
it (as well as its underlying set) [c;, ci+1] ; put also (¢, ¢it1) = [¢i, Cip1] N {cisciv1}. Tt

is easy to see that we may choose these paths so that the join of

[co, 1], [e1, ¢2]y - - -y [Cna1, Cn]

is a simple closed piecewise linear path C on S.

Path C divides S ~\ C into two disjoint open regions: the ‘upper part’ and the
‘lower part’. Let S be the lower part, and let ST be the closure of the upper part with
T = {c;}ier removed, so that S is the disjoint union S =S+ U S~ UT.



PART C: Sheets. For each g € G consider a copy S, = {g} xS of the Riemann sphere
S. We use the following

Notation: The elements of S, will be written as (g, z), where z € S, rather than (g, 2),
to avoid confusion with the path notation (¢;, ¢;+1) introduced above.

For an ambient subset A of S put
(i) At =ANST and A~ =ANS~, and
(i) Ay = {g} x A= {{g,2) € S,| = € A}.

For each ¢ > 0 put h; = g192 - - - g;; this, in fact, defines h; for each ¢ € I, since
hn =919, =1. We have g; = hi__llhi and h,, = 1.

PART D: Cut and Paste. Let |J,cq S5 ={{9,2)| g € G, z € S} be the disjoint union
of the Sy; we visualize the S, as concentric spheres, infinitesimally close to each other.
Let J,cqSg — S be the projection {g,2) — 2. For each i € I, cut each S, along
the arc [c;, cit1]g and glue the lower part S of S, with the upper part (S* UT)yp, of
Sgn, along this cut. Le., if z, — 2z, where z € [¢;,¢i41] € STUT and {2,}5°, C S,
then (g, z,) — (gh;,2z). This implies that (g, c;) identifies with (h,¢;) if and only if
h(gi) = 9(9:)-

By abuse of notation, (g, ¢;) denotes also the equivalence class of the point (g, ¢;).

It is easy to see that the resulting set X has an obvious structure of a Riemann

surface that covers P! and the map p: X — P! induced from (- Sy, — S is a cover

geqG
with the prescribed ramification data. However, for the sake of rigour and to have a
future reference for the precise behaviour in the neighbourhoods of the critical points

(g, ci), we give a more formal proof in the next two parts.

PART E: An atlas for the unramified cover. Firstly, it is easier to see that X’ =
X ~{{g,ci)| i € I, g € G} is an unramified analytic cover of P! \ T. Indeed, for each
i € I choose an open subset U; of the Riemann sphere S containing the open path
(¢i,cig1), so that Uy, ..., U, are disjoint. (In particular, ci,...,cn, & (J;c; Us.) Let
Sy =S;ulJW)y  gead
iel

Sy =S, ulJWU gn,, g€G.
iel



Then X' = S ; us , and the projections on the first coordinate

p:S';HS+UUUi_:S+UUUi§P1by(h,z)»—>z;

iel il
p:S;HS_UUUl*:S_UUUiQIP’lby(h,z)l—>z
iel iel

obviously define an analytic atlas on X'.

PART F: An atlas for the ramified cover. To complete the above atlas to an analytic
atlas on X, let D; be an open disk on the sphere S around c¢; of radius p; so small that
(i) D1,..., D, are disjoint;

(ii) D;NU; =0 for j #i—1,4; and

(iii) D; N[ci—1,¢;] and D; N [e;, ¢;41] are arcs, say, (a;, ¢;] and [¢;, b;), respectively.

For each i € I and each left coset g(g;) of (g;) in G put

Digign = {gsctu | (DHa(D])p)
heg{gs)

Then, for each 7 € I, we have

p (D) = Jtg: )} U (D) U (D7)g = | Digians
geaG 9{(g:)
where g(g;) runs through the left cosets of (g;) in G. It now suffices to find, for each

i € I and each coset g(g;) of G, a bijection : D; — D; C P! such that

,9(g:)

pot (ST N Dy yigny) = P(ST N Digig))

(4)
poty i p(S; N Dy i) — p(Sy N Ds i)

are the restrictions of an analytic map ¢;: D; — D;.

Applying an appropriate Mobius transformation of § = P! we may assume that
¢; = 0 and D; is the unit disk in C. Let 0 < a < 27 be that angle between the arcs
(aj,c;] and [¢;, b;) that contains ST; the complementary angle of size 2 — « contains

S~. Let e be the order of (g;) and consider a representative ggf of g(g;). In this case
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we may write

9
< )T+
o e

}

(D) gy = {t97. 2] 0 < |2 < 1, ZF < arg2

2jm - 21+ «
e

. 2'
(D7) ={lgglh; 1,2 0 < |2| <1, <argz < %}

gglh;
j=0,1,...e—1,
(ga Ci) = (ga Oe)'
Using this presentation, define 1 by ¥{h, 2¢) = z. Then po~! is the map z — 2¢.
Thus the analytic neighbourhood D; 44,y of (g, ¢;) (more precisely, its image under

the chart 1) looks as follows

e = 2m even e=2m+1 odd

Figure 5

(Here a = a; and b = b;. Observe that (ggl-_l,a) = (ggf_l,a) and S_h,l =S em1p-1 )
ghy 99; i—1

PART G: Action of G and the map f: I1; (P! \ T,z9) — G. It is clear that G acts on
X by hg, z) = (hg, 2), and, for each h € G, the map (g, z) — (hg, 2) is analytic. As
p: X — Pl is of degree |G|, we have G = Aut(X/P!).

To verify that f(v;) = g;, for each i € I, let us assume that xo € ST and ; starts
in S*, passes at (c;_1,¢;) from ST to S, then passes at (c;, c;y1) from S~ back to ST,
and returns, through S*, to xg. Let o = (1,2¢) € S;"; then # € X and p(x) = z¢. The

lifting of ; to a path on X from z starts in S]", passes at the cut (¢;_1,¢;); from S;

_|_

T, = S/, and continues, through
i—1lvi

to Si:;_ll, then passes at (c;, ¢i+1)g, from S’:Z_l1 to S

S§, to {gi, xo) = giz. Thus f(vi) = g.



Definition 1.2: The above constructed Riemann surface X and the cover p: X — P!

will be called the explicit Galois cover corresponding to branch data (3). |

Remark 1.3: Let I = 1 (P! \ T, x).

(a) I ={(y1,-.-,% | 71 Yo = 1) is a free group on n— 1 generators y1, ..., Yp—1
[Voe, Corollary 4.29].

(b) For each 1 <i <n put

(6) 0 = Y172 Vi and hi = g192 - - gi-

Thus ¢; is homotopic to a closed simple loop that contains in its interior exactly the
first ¢ points of T" and f(0;) = h; = g1 - - gs, for each i € I.

(c) IT is a free group on &y,...,0,_1. Indeed, by (6), v; = ;%,6;, for each 4, so
01,...,0n_1 generate II. Since II is free on n — 1 generators, d1,...,0,_1 are necessarily
free generators.

(d) It follows from Part F in the above construction that the order of g; = f(7v;)
is the ramification index of ¢; in X/Pl. In particular, ¢; is unramified in X/P! if and
only if g; = f(vi) = 1.

(e) Let T" be a subset of T' containing co, say, T" = {c;,,...,¢;, = co}. Let
[’ = I (P! \ T",20). The inclusion ¢: P1 N\ T — P! \ T’ induces a homomorphism
te: II — I [Ma, §I1.4], by mapping the class in IT of a path 7 onto its class in II'.
In particular, if 1 < ¢ < n and ¢; ¢ T’, then .(y;) = 1; by (c¢), I’ is a free group
on Yiyy.--,%,, ,- Thus t,: II — II' is surjective. It easily follows that Ker(c,) is the
normal subgroup of IT generated by {v; | ¢; ¢ T"}.

By (d), the canonical map f: I — G of (2) factors through ¢,: IT — II" if and only
if T\.T' is unramified in X /P!. If this happens, the induced homomorphism f’: II' — G

is the corresponding canonical map.

Remark 1.4: Let E be a subgroup of G. Then p: X — P! induces a cover p: E\X — P!
Conversely, each (branched) cover of P! arises this way, for a suitable Galois cover
p: X — P'. In this sense the above construction produces all covers of P!, not just

Galois covers.



2. Real involutions and fundamental groups

Fix a complex conjugation z — Z of P! and denote H = P*/(c). Then &: P! — H
is a cover of Klein surfaces of degree 2, the so-called complex double of H [BEGG,
Construction 0.1.12]. For each path o on P! let @ be its complex conjugate, i.e., if
a: [0,1] — P!, then @(t) = a(t) for every t € [0,1].

More generally, let £&: Y — Y be the complex double of a Klein surface Y. There
is a unique dianalytic automorphism z —— % of Y /Y. For each path « on Y let @ be
its conjugate. Le., if o: [0,1] — Y, then @(t) = a(t) for every ¢ € [0,1].

Let T be a finite subset of Y closed under ¢. Choose zo € Y T such that Tg = .
Then o — @ is an involution of II; (Y ~. T, zg).

Let p: X — Y be a cover of Riemann surfaces. Denote by Aut(X/Y) the group
of analytic automorphisms of p. Further denote by Aut(X/Y) the group of dianalytic
automorphisms of the composite cover X —— Y Y. I particular, Aut(f/'/ Y)
is of order 2; let ¢ be its generator. In general, Aut(X/Y) < Aut(X/Y) and either
Aut(X/Y) = Aut(X/Y) or (Aut(X/Y) : Aut(X/Y)) = 2, in which case Aut(X/Y) ~
Aut(X/Y) consists of those automorphisms u that restrict to ¢ on Y, that is, satisfy
pou=cop.

The composite cover X/Y is Galois, if |[Aut(X/Y)| = deg(X/Y). By the preced-
ing paragraph this happens if and only if
(a) X/Y is Galois, i.e., |Aut(X/Y)| = deg(X/Y), and
(b) there is a dianalytic automorphism of X that restricts to ¢ on Y.

Let p: X — Y be a Galois cover of Riemann surfaces unramified outside a finite
subset T of Y. Let u be a dianalytic automorphism of X. We say that u is a real
involution of £ o p if it restricts to ¢ on Y and there is a point z € X such that
u(r) = x. We may assume that x € X \ p~1(T). Indeed, in the chart of a sufficiently
small neighbourhood of x, the map p is given by z +— 2€ in the unit disk, for a suitable
integer e. As powu = cop, the map u is given in this chart by z — 7n(z)z, where 7n(z)
is an e-the root of unity for each z. By continuity, n(z) is constant, say, n, and hence
z + 1z is a reflection with respect to the line through 0 and ,/7; each point on this line

corresponds to a fixed point of u.
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LEMMA 2.1: Let &Y — Y be the complex double of a Klein surface Y and letp: X — Y

be a Galois cover of Riemann surfaces unramified outside T'.

(a) Let u be a real involution of £ o p. Then w is of order 2.

(b) If ¢ lifts to a dianalytic automorphism of X (i.e., if X/Y is Galois) then c lifts to a
real involution.

(¢) Let 29 € Y ~T and & € X such that p(z) = x¢. Consider the canonical map
f: (Y \T,x9) — Aut(X/Y). Let u be a real involution of & o p such that
w(z) = x. Then f(@) = f(a)* = uf(a)u for every a € I (Y ~ T, xg).

Proof: (a) Let « € X such that u(z) = x and let o = p(x). If 0 is a closed loop on X
with origin at z, then ¢(p(0)) = p(u(#)). Thus [Ma, Theorem V.5.1 and its proof], u is
necessarily obtained in the following way. For z € X’ = p_l(f/ \.T), choose a path « in
Y T that lifts to a path from z to z; then u(z) is the terminus of the unique lifting of
«@ to a path with origin at x. Extend u from X’ to u: X — X by continuity. As @ = a,
we have u? = 1.

(c) Let a € Iy (Y \ T,x0). By the definition of f(a), a lifts to a path on X
from x to f(a)(z). The above description of w implies that @ lifts to a path on X from
z to u(f(a)(x)) = uf(a)u(x) = f(a)“(x). Thus, by the definition of f(@), we have
f@) = fle)*".

(b) Let 29 € Y ~. T such that ¢(x) = ¢ and choose 2 € X such that p(z) = zo.
Suppose ¢ lifts to u. As X/Y is Galois, we have u(z) = g(z) for some g € G. Multiply
u by g1 from the left to assume that u(z) = . i

Notation 2.2: Let Y = H and Y = P'. Assume that T = {cy,...,c,} consists of 2s

complex points

C1,C2,...,C25—1,C2s,
and r real points
C2541y -+ C2547r,
where cp; = ¢3;-1 and Imcg;—1 < 0 < Imecy; for j =1,...,5, and n = r +2s > 2. Let

YseeosYn = Yo € H1 (P N T, 20) be loops as in Section 1, and for each 0 < i < n let
0 =712 Vi-

11



Denote the involution « + 7 of IT{ (P \T, zo) by . We call the semidirect product
(1) @1 (H N E(T), &(20)) = (e) x IL (P' N T, )

the fundamental group of H \ £(T') based at £(zg) € H. For v € II; (P! \ T, x¢) we
may write 7 = ¢, where v — ¢ is the conjugation by ¢ in &1 (H \ &(T), {(z0)).

Ifr>1,let g = €dospi = ey1v2 - Yasti € P1H N E(T),&(xp)), for i =1,...,7.
Then ¢, = ¢. |

LEMMA 2.3: The involution v +— 7 of II{ (P! \ T, z) satisfies:

(a) Ejzégjl, forj =0,1,...,s;

(b) 6_2-:5;1, fori=2s,2s+1,...,25+7;

(c) 25 = 523’—252_3‘1—17 forj=1,...,s;

Proof: Conditions (a) and (b) follow as the subset of T' contained in the interior of dg;
or da54; is closed under complex conjugation by Remark 1.3(b). Condition (c¢) requires a
straightforward verification: In the following picture the dashed path d;_» is homotopic

to the solid path 75;02;_1:

[ |
LEMMA 2.4: Put Il = II; (P* \ T, z¢) and ® = &1 (H \ &(T), £(x)).
(a) II = (2,72, Y4, Vas - - - » Y255 V255 025415 - - - , 02544 Moreover,
(al) If r > 1, then Il is the free group on
(2> 727%7747%7"'77237%7628-1-17'"752S+7“—1'

(a2) If r =0, then II has presentation

IT= <’727%7’747%7 .. -7’7287m7| w = w)a where w = Y27Y4 2s-

12



(b) (e) acts on II by

. . -1 .
’75‘7':’72]'7 72j€:’72j7 ]:1,...,5, 5§S+i:62s—|—i7 7,:1’.“77a_1_

(c) If r > 1, then ® has presentation

(3) D = (V2,74 - -, V25, ELs - s Ep | €7 =+ = €2 = 1);

hence ® is the free product of r copies (1), ..., {e,) of Z/2Z and s copies of Z.

If r =0, then ® has presentation

D = (vo,74y. -, V25, €| g2 =1, le,w] =1), wherew = y2y4+ - Yas-

Proof:  (a) Let Iy = (2,72, Y4, Vas - - - » V25 V255 025415 « - + , 0254+1). We show that &y €
Iy, for 1 < k <2s+r.

We may assume that k& < 2s. Trivially, g = 1 € IIy. Assume, by induction, that
d1,...,02j_2 € Il for some 1 < j < s. Then, by Lemma 2.3(c), dgj_1 = ’YTj_lézj_Q €

Iy, and hence, 52j = (523‘_1’)/23‘ e Il.

In fact, by induction on j, d2; =72; "' -+ 72~ 72~ 7274+ 72;- In particular,
(5> (523 = w_lw, WheI‘e W ="Y2Y4" " V2s-

(al) Assume 7 > 1. As n = 2s + r, by Remark 1.3(c), II is the free group on
2s+1r—1 generators. As dasy, = 1, by the first paragraph of this proof (2) is a sequence

of 2s +r — 1 generators of II. Hence II is free on them.

(a2) Assume r = 0. As n = 2s, II is the free group on dy,...,d2s modulo the
relation do5 = 1. Thus, by the first paragraph of this proof and (5), II is the free group

Ly =1.

ON Y2, 72, V4, Vds - - - » V25, Y25 modulo the relation w™
(b) See Lemma 2.3(b).
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(c) First assume r > 1. Recall that d254, = 1. By (a) and (b)

@ :<67727747 s 77287%7%7 s 7%7 6254-17 .. '75284-7’—1 |

52 = 1775 = %7 ’)/i = %7 s 7753 = ﬁv 6§S+1 = 62_31—1—17 ] 5534-7“—1 = 62_81—|—r—1>
=(€,72,V4s - - -2 V25> 026415 - - -5 025471 |

62 = 17 5534—1 = 62_31—1—17 Tt 6;8—1—7"—1 = 5£91—|—r—1>
=(€, 025415+, 026 r—1,725 Vds - - - V2s |

(e6254r)® =1, (62541)* = 1,..., (€0251r—1)* = 1)
=(E1, .- »Ery Y2y Vas- -, V25| €3 =1,...,62 =1).
Now assume r = 0. Then s = § > 1. By (a) and (b),
D =(&, 72 Vs - - -5 V255 V2 V- -+ V25 |
W=w,e’ =195 =72, Vi =T - V3 = T25)
—=(&,72, V4, - - -, Y25 | €2 = 1, ewe = w)
=(&, 72,75 Y25 | €2 =1, [e,w] = 1)

So
P :<55727’747 cee 7723—27w| 52 = 1, [E,CU] = 1>

=((e) X (W) % (1) * -+ % (125-2),
where (¢) 2 Z/27 and (w) = (1) = -- Yos—3) = 7. i

||2

Furthermore, we may rewrite the assertion of Lemma 2.1(c) as follows:

LEMMA 2.5: Let p: X — P! be a Galois cover of Riemann surfaces unramified outside
a finite set T' closed under the complex conjugation and let u be a real involution. Let
29 € P \T and x € X such that p(z) = xo. Then the canonical map f: I = II; (P! \
T,z9) — Aut(X/P!) extends to an epimorphism f: ®1(H ~ &(T),&(zg)) — Aut(X/H)

such that f(e) = u. (We call this extension also the ‘canonical map’.)

Remark 2.6: Let T' C T be a set closed under the complex conjugation, say, consisting
of 25’ complex points ¢;, , ¢j,, - . -, C2j.,-1,C2;5,, and r’ real points cos4iy - - -, C2s4i,, Where
1<j1 < <jg<sand1<i3 <---<iw <r. Let

Hzﬂl(Pl \T,Jlo), (I) :q)l(H\f(T), (ZC())) <6}

3
II' = H1<]P)1 ~ T,,.’Eo), P = ¢1<H ~ g(T,)7§(xO)) = <6 > X H/

14



where ¢, ¢ are the complex conjugations of paths v — 7 in ®, &', respectively.

(a) By Remark 1.3(e), there is an epimorphism ¢,: IT — II’ induced by the identity
map v — ~ on paths. Since ¢, (F) = 1, (7), this epimorphism extends to an epimorphism
Ly: @ — @ by e — £,

(b) Assume r > 1 and 7’ > 1. By Lemma 2.4, ' has presentation

(3/> o' = <5;17"'75;T/7’72j1772j27--'7’72%/ | (8;1)2 == (5; />2 = 1>7

ks

where € = €'y, 75, Vi Vestir * 0 Vasti, for 1 <k < r'. (In particular, ggr, =€)

We observe that

/ /
(&) = telEriy2 Yo vast1 V2s i) = €V Via “Vier V2s+i1 T V2s+i = €4y

where k is the largest integer such that 75 < 7.
(c) By Remark 1.3(e), the canonical map f: & — Aut(X/H) factors through
Le: ® — @ if and only if T\ 7" is unramified in X/P!. If this happens, the induced

homomorphism f’: &' — Aut(X/H) is the corresponding canonical map.
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3. Complex conjugation

Let H = {z € P!| Imz > 0} be the upper half plane, as a Klein surface. We want to
study ramified covers p: Y — H, where Y is a Klein surface with nonempty bound-
ary. We are especially interested in the boundary and in the orientability of Y. This
study can be essentially reduced to Section 1 in the following way. Let n: Y — Y be
the complex double [BEGG, Construction 0.1.12] of Y and let u be the generator of
Aut(Y/Y) = Z/2Z. Then Y is a compact Riemann surface. The boundary of Y is the
image of Y = {y € Y| u(y) =y} in Y and its connected components are in bijection
with the connected components of Y. Moreover, Y is orientable if and only if Y N 6Y
is disconnected. Thus, instead of Y, we consider the pair (Y, u).

The complex conjugation ¢ on P! (2 — z,00 — o0) induces a cover of Klein
surfaces &: P! — H = P!/(c). This is the complex double of H. We have Aut(P!/H) =
(c) 2 7)27.

By the universal property of complex doubles, p: ¥ — H is induced from a cover
p: Y — P! of Riemann surfaces. There is a Klein surface X and a cover X — Y such

that its composition X — H with p is Galois and factors into a cover p: X — P! and ¢.

X—y —Y F FC Fy
NP, P N
Pl —>H C(t) ~ R(1)

(L.e., the corresponding extension of fields of meromorphic functions [BEGG, Appendix]
F/R(t) is Galois and C(t) C F. So X is a Riemann surface [BEGG, Remarks A.1(3)].)
Let G = Aut(X/P'), H = Aut(X/H), and Hy = Aut(X/Y). Then Y = Hp\X and p is
induced from & o p.

We want to restrict ourselves to Klein surfaces Hy\ X that have a nonempty bound-
ary and are “maximal” in the sense that there is no proper subgroup H; of Hy such that
H1\ X has a nonempty boundary. In Lemma 2.1 we have seen that for such surfaces Hg
is of order 2, that is, Y = X. Thus p: Y — H is a real form of p: X — P!,

For each path v on P! let 7 be its complex conjugate.

As in Section 1, let T' = {c1,...,¢c,} be a set of 2 < n < oo points in P! that
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contains the branch points of X /P!. It should be the lifting of its image in H, and hence
closed under the complex conjugation. Enlarging 7', if necessary, we may assume that
T contains at least one real point. (This allows us to avoid a separate treatment of the

easier special case.) Thus T consists of 2s > 0 complex points

C1,C2,...,C25—1, C2s,
and r > 1 real points
C2s5+15 -+ -5 Cos4r = Co,
where co; = ¢3;-1 and Imeyj—1 <0 <Imcy; for j =1,...,s, and n =r + 2s.

As in Section 1, let C' be a closed simple path on S = P!, the join of piecewise

linear paths

(la) [co,c1]s [e1,c2)s - -, [Cra25—1, Crp2s = Co.

However, we now may require some additional properties for C:

(1b) The real points of T lie on the equator R U {oo}, which is a great circle on S.
So after reordering them we may assume that C' has been constructed so that
its components [C2s11, C2s+2], [C2s42, C2s+3], -, [Cas4r—1,Co] are arcs lying on the
equator. If s =0, also [cg, c2s11] lies on the equator.

(1c) The rest of C' may be chosen to look as in the following picture:

C2s

das—1 das

C2s—1

Figure 2
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(1d)

(le)

(1f)

Here, if s = 0, then dy = da, is an arbitrary point on [cg, cas41]. Otherwise [cg, do]
is the intersection of [cg,c;] with the equator, [das,cos41] is the intersection of
[C2s, C25+1] With the equator, and d; is the unique point of intersection of [c;, ¢;11]
with the equator, j = 1,...,2s — 1. More specifically:

Path [cg, cas+1] from ¢g to co2511 on the equator (that avoids cog4a, .. ., Cas+r—1 and
— unless s = 0 — is not a subpath of C) passes through the points dg, d1, da, . . ., das
in this order.

For 1 < j <'s the complex conjugate of the piecewise linear path [co;_1, co;] is its
inverse (that is, the underlying set of [ca;_1,c2;] is closed under complex conju-
gation). It crosses the equator in dpj_;. Moreover, if Dyj_1, Dy; are open disks
(as in Construction 1.1, Part F(iii)) around cgj_1, c25, respectively and Daj_q1 N
[c2j—1, c25] = [e2-1,b2-1), and Da; N [e2;-1, c25] = (az;, c2;], then byj_1 = ag;.
We also introduce the following notation. Recall the definition of S*, S~ from
Construction 1.1, Part B. For each 1 < j < s let M; be the region of S* surrounded
by the paths [da;_2,c2j—-1], its complex conjugate, and [coj_1, c2;], together with
these three paths with their endpoints co;_1, caj, doj—o.

Also, let L; be the open region of S~ surrounded by the paths [ca;, da;], its complex
conjugate, and [cgj_1, c2;]. (In particular, points that lie on these three paths are

notin L;.)

C2s

Figure 3
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(Here a = a3, b = bs = Gz, c = by in the notation of Construction 1.1, Part F(iii).)

Choose xg € (cg,dp). Then Tg = z¢ and zg € P! \ T. Recall that II; (P* \ T, z¢)
is generated by d1,. .., 0,125 (Remark 1.3) and v — 7 is an involution of IT; (P! \. T, z;¢)
(Section 2).

For the rest of this section let p: X — P! be the explicit Galois cover of Riemann
surfaces corresponding to the branch data (G, c1, 91, ..., ¢, gn) constructed in Section 1
and let f be the canonical map from IT; (P! \ T, 2¢) to Aut(X/P!). Assume that there is
a group automorphism g — g of G such that f(y) = f(7) for every v € II;(P* \ T, zg).
By Lemma 2.1(c), this is a necessary condition for the existence of a real involution.

We will now show, by an explicit construction, that this condition is also sufficient. But

first we need a better description of the automorphism g — g. Put
hi=g1- 9, fori=0,1,...,n.

LEMMA 3.1: The automorphism g — g of G satisfies:

a) h_i:hi_l,fori:2s,23—|—1,...,25—|—r,

=
>

gj:hz_jl,forj:O,l,...,s,

(

(

(¢) Goj—1 = hzj_zgz_jlhgjl_z, fory=1,...,s,

(d) g5 = h’2j—2h2_jl_1 = hzj—zgz_jl_lhz_jl_z, forj=1,...,s,
(

e) g; = hi_lhi_l = higi_lhi_l, fori=2s+1,...,25+7.

Proof:  We have g; = f(vi), for i = 1,...,n and dy = 1+, for £k = 0,...,n.
Therefore hy = f(dx), for k = 0,...,n. So assertions (a), (b), and the left equality of
(d) follow from Lemma 2.3. The second equality of (d) follows from hoj_o = hoj_192;—1.
Assertion (e) follows from (a) and from g; = h; ', h;. Finally, applying the automorphism

g — g to (d) we get go; = hgj_gggj—_l_lhgj_g_l, from which (c) follows by (b). |
Here is the definition of the real involution:

PROPOSITION 3.2: For each point (g, z) € X put

(ghi,Z) = (gh;,z) ifz € ¢, cipa), fori=2s+1,...,2s+r —1,

(§h2s:z) = (§h237 Z) if 2 € [dZS: CQs—l—l]:

(5)  {g,2) = (§h2_j1,2) ifz€ Ly, forj=1,...,s,
(ghgj_g,f) jfZGMj,fOI‘jzl,...,S,
(g, 2) otherwise.
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Then (g, z) — (g, 2) is a real involution u of X which satisfies ugu = g for every g € G.

Proof:  Definition (5) is good: Firstly, the cases in (5) are disjoint, except for the
definition of m, for 2s4+1 <1i < 2s4r — 1. Namely, we have ¢; = ¢ € [¢;, ¢;41], but
also ¢; € [¢;_1,¢4], for i > 2s 4+ 1, and ¢; € [das, ¢;], for i = 2s + 1, so m is defined
to be (gh;, c;) and (gh;_1,¢;) at the same time. But gh; = gh;_1¢;, so these points are
equal.

Secondly, although for each i and k we have (g, c;) = (gg¥, ¢;), the definition of

{g, c;) does not depend on k. Indeed, for 2s+1 < i < 25+ 7 we have, by Lemma 3.1(e),
(9gF, i) = @ T hi, @) = (Ghig; ", @) = (Ghi, @) = (g, ci)-

(Case i = 2s + r is included here since hasy, = 1.) For i =25 — 1, where 1 < j < s, we

have cg;_1,C3;-1 = c2; € M, and hence by Lemma 3.1(c)

(9gF, ci) = (G G2;=1" haj—2,Ca=1) = (Ghaj—295": c2;) = (Ghaj—2, c2;) = (g, ci).

Similarly for ¢ = 27, where 1 < j < s, by Lemma 3.1(d),

(99F, ci) = (7 27" haj—2,C25) = (Ghoj—205;" 1, C2j—1) = (Ghaj—2, c2j—1) = (g, c3).

Notice that the map (g, z) — (g, z) is of order 2 by Lemma 3.1(a), (b).

By (5), p({g,2)) = Z = plg, 2, so {g,2) — (g, 2) restricts to z — Z on P1. Let
x.

x = (1, 20); as xg € (co,do) and Tg = xg, we have T =

Using Lemma 3.1 and the glueing instructions from Section 1, it is straightforward

(although tedious) to verify that the map (g, z) — (g, z) is antianalytic.

For instance, if s > 0, then c3,cq4 € My, so {g,c3) = (Gha,c4). Put ¢’ = gho
and consider analytic neighbourhoods of (g, c3) and (g’, c4) as described in Figure 5 of

Section 1. Denote
L=1Ly,M=DMy;,N=S" Ly, and N = ST\ M.

Let h € G. As we go around (g, c3) in the anti-clockwise direction, we pass from region

My, to Nhhz—l, from Nhh2_1 to th2_1, and from there to Mhh2—1h3 = Mpg,. As we go
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around (g’, c4) in the clockwise direction, we pass from region M} to N, from N}, to

th4—1, and from there to Mhh51h3 = th4_1. So the neighbourhoods look as follows.

f9g3, b) ,
-1
(ggs, aje ? tghy =) (9'94,9
\ I _
1
ggzhy ! \M993 9P No'ny
2 \ PR
(ggshy! Nongt I
993hy 0 \ (9’94, @)
\ (gv.a) -
\ - - g I' -~ - -
'l’ \ _ - - Mg / ~ - Lg/
| (9b) L @5
‘\ \ L99§71h271 ‘\/ - \ Mg/
N \N _ - \
\ e—1; —1 A
. \ 993 hg 1, .(;/gil E) \\ (g/v a)
See L \ (995~ hy ™, 0) f ’ \ Ng,
\ Ng’ggl Lg,hfl\
\ ‘M 7,1 4 \ ;=
( . ) (9/94; , @) 9794 *(g’, 0
993 ,a °
3 (9’95, b)

Neighbourhood of (g, ¢3)

Neighbourhood of {g’, c4)

Rule (5) says that in these neighbourhoods we have, by Lemma 3.1(b) and Lemma 3.1(c),

Wg = M§h2 = Mg’?

Nghgl = NE = _ghz = Ng’7
Lgh2—1 = Lﬁhgl = L§h2h4_1 = Lg,h4—1,
Mgg, = Magsn, = Myp,grr = Mygor,
N993h2_1 - NM - NE gzha — Nﬁhzgzl - 79_';4’
etc.

Thus if we identify these neighbourhoods with the unit disk around 0 via the appropriate

charts, then (g, z) — (g, z) in this disk is the antianalytic map z — Z.

Finally, let g € G. Then

ugufl, o) = ugfl, o) = ug(l, zo) = ulg, o) = (g, o) = (g, xo) = Gf1, o).

So both ugu and g coincide on x = (1, z¢). Therefore ugu = g.

Definition 3.3: We call the above constructed involution u the explicit real involu-

tion corresponding to the automorphism g — 3.
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Remark 3.4: Let p': X' — P! be a Galois cover of Riemann surfaces and let u’ be a
real involution of X’/H. Then, up to an isomorphism, X’ is an explicit cover p: X — P!
and u is an explicit real involution wu.

Indeed, by definition, v’ fixes a point 2’ € X’ unramified over P!. As ' lifts the
complex conjugation c of P!, the point p/(z’) lies on the equator of P1. Let T be a finite
subset of P! containing the branch points and avoiding p’(z’), with r > 1 real points
and s > 1 pairs of complex conjugate points. We may choose the ordering of T" and the
path C so that p'(z’) € (¢, dp). Let zo = p'(2').

As we have already mentioned in Section 1, we may assume that X’ is the explicit
cover X corresponding to this choice.

Let z = (1,29) € X. Then p'(z) = xg = p'(2’), hence there is ¢’ € G such that
2’ = 29", Replacing v/ by (v/)?", we may assume that v/(z) = z. So v/u~! € Aut(X/P!)

and u'u~!(z) = z. Therefore v/u~! = 1. i

A point (g, z) € X is real, if (g, z) = (g, 2). The explicit definition (5) allows us
to identify all real points:

COROLLARY 3.5: Let (g,2) € X. Then (g, z) is real if and only if
a) either z = ¢; and gh;(g;) = g{g;), fori =2s+1,...,2s+r,

b) or (g, 2) € (ci,cit1)g and gh; =g, fori=2s+1,...,2s +r — 1,
c) or(g,z) € (co,do)y and g =g,

d) or (g, z2) € [d2j—2,d2j—1]4 and Ghoj_o =g, for j =1,...,s,

or {g,z) € (daj_1,d2j), and §h2_j1 =g, forj=1,...,s,

or (ga Z) € [d237 CQs—l—l)g and ths =4g.

Proof:  Only case i = 2s +r = n in (a) needs clarification. As ¢, € [cos4r—1,Cnl, We

have

(g, Cn) — (§h2s—|—r—1: Cn) = (§h2s+r—lgn: Cn) = (ghn: Cn) - (?, Cn)- |

Remark 3.6: Let E be a subgroup of G. Consider the cover p: F\X — P! induced
from p: X — P!. The real involution u of X induces an automorphism of E\X if and

only if E = E* = E. Assume this is the case. It is easy to see that Corollary 3.5 holds
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also for F\ X instead of X, if we replace everywhere g by Fg. That is, (Eg, z) € E\X
is real (i.e. u-invariant) if and only if

(a) either z = ¢; and Egh;{(g;) = Eg(g;), fori =2s+1,...,2s+r,

(b) or {Eg, 2) € (¢i,cit1)Eg and Egh; = Eg,fori=2s+1,...,2s+r — 1,

etc.
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4. Real points and segments

The main goal of this section is a formula (Theorem 4.10) for the number of the con-
nected components of the boundary of a Klein surface which is a ramified Galois cover
of H. This formula looks similar to the one obtained by Gromadzki in [Gro] in terms
of signature of NEC groups*. Since Gromadzki’s formula relies on the representation of

H as an NEC group, it is not clear how to relate both.

Our result is framed in group theoretic terms. To this end we introduce the notion
of real segments which represent subsets of the boundary and show how to glue them
together. Retain the notation from the preceding sections. In particular, let p: X — P!
be the explicitly constructed Galois cover of Riemann surfaces corresponding to the
branch data (G,c1,91,...,Cn, gn) With respect to a path C satisfying condition (1) of
Section 3. Let f be the canonical map from II;(P* \ T, z0) to Aut(X/P!). Assume
that there is a group automorphism g — g of G such that m = f(¥) for every

v € I (P \T,z0). Let u: X — X be the corresponding explicit real involution, given

by Proposition 3.2.
We fix the analytic atlas for X introduced in Construction 1.1, Parts E,F.

A connected subset C’ of X is smooth at a point z € C’, if it is locally an arc
at z, i.e., there is an open neighbourhood V of z contained in some chart of the atlas
such that the restriction of the chart map V' — P! maps C’ NV into a circle on P'. We

say that C' is smooth, if it is smooth at every z € C’.

EXAMPLE 4.1: Let 2s 4+ 1 <i < 2s+r — 1. The paths (¢, ci+1)g, for g € G, on X are
the liftings of the path (c;,c;y1) on PL. They are smooth.

Proof: Chart 5’; — P! maps (c¢;, ¢iy1), onto the arc (¢;, ¢i11) on PL. |

LEMMA 4.2: Let g € G. Let C(g) be the disjoint union of the following 2s + 2 subsets

* Gromadzki’s formula expresses the number of connected components of the boundary of
a Klein surface S by means of its total group of automorphisms Ag, (more precisely in
terms of its representation as an NEC group). It seems that the formula still holds for
any group of automorphisms of S, A’ C As.

24



of X

(1) (607 dO)g7 [d07 dl]g7 <d17 d2)gh;1’ [d27 d3]ggz7 <d37 d4)992h§17 [d47 d5]ggzg47 v

ce [d23—27 d23—1]ggz"'925727 (d23—17 d25>ggz~~~925,2h2751_1’ [d237 C2s+1>ggz~~~gzs,gggs
Then C(g) lifts the path (cg,cas+1), which lies on the equator of P*. This lifting is
smooth. As g ranges over all elements of G, the sets C(g) are all the smooth liftings of

(Co, 628+1> to X.

Proof:  The theory of lifting of paths to unramified coverings shows that (cg, cost1)
has exactly |G| disjoint liftings to a connected set on the unramified covering X' =
X ~{{g,e)|i € I, g € G} of P! \ {¢;]| i € I}. Clearly C(g) lifts (co,c2s41), for
each g € G. Each of the subsets in (1) is connected and smooth at each point, except,

perhaps, at the points

(97 dO)? (97 dl), (9927 d2)7 IR (.99294 crg2s, dQS)'

We show that C(g) is smooth also at these points and connected. E.g., for € > 0 small
enough,

(dl - 5ad1)g U [d17d2>ghfl < (Uf_)g o Sg_hfl S Sg_}fl

1
(see Construction 1.1, Part E) and, using the chart p: Sg_h,l — P!, which maps the set
1
on the left handed side onto the arc (d; —e,dy) U [d1,d2) = (d1 — €,d2), we see that
[d1 —¢e,d1), is in the connected component of (d;, dg]ghfl and C(g) is smooth at (g, d1).
|

To allow a uniform formulation of certain assertions, we introduce the following

notation C(2s,g),C(2s+1,g),...,C(2s+r,g). First denote

(2) W = g2g4 ' g2s-

(3a) Put C(i,9) = (ci, cit1)g for i =2s+1,...,2s+r—1; let C(2s+1, g) be the union
of the first 2s + 1 sets in (1), that is, all of them, except the last one; and let
C(2s,9) = (das, c2s+1)4- Call the sets C(2s,g),...,C(2s + 1, g) segments.
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(3b) For i =2s+1,...,25+r let (g, ¢;) be the left endpoint of C(i, g); let (g, d2s) be
the left endpoint of C'(2s,g).
(3c) Fori =2s,...,2s+7r—11let (g, c;1+1) be the right endpoint of C(i, g); let {(gw, das)

be the right endpoint of C(2s + r, g).

Obviously, the endpoints of C(i, g) belong to its closure in X, for each i. Distinct
segments are disjoint, but they may have a common endpoint. By Example 4.1 and
Lemma 4.2, segments are smooth. In fact, by Lemma 4.2, C(2s 4+ r, g) U {{gw, d2s)} U
C(2s, gw) is smooth; here (gw, das) is the common endpoint of the two segments.

With a;, b; defined as in Construction 1.1, Part F(iii) we have:

Remark 4.3: Let C’ be a segment. Let 2s+1<:<2s+7r and g € G.
(a) (Cz‘,bi)g N’ 7& ) < (Ci,bi)g - C'= (0 = C’(i,g).
(b) (aj,c)gNC" #0 < (a;,¢)g CC' & C"'=C>i—1,9). |

A segment is real if all its points are real.

LEMMA 4.4: The following assertions about a segment C(i,g) are equivalent:
(a) C(i,g) is real;

(b) C(i,g) contains a real point;

(c) ghi=g.

Moreover,

(d) C(2s+r,g) is real < {gw, d,25) is real < C(2s, gw) is real.

Proof: Implication (a) = (b) is trivial. For 2s <i < 2s+r, (b) = (c) = (a) follows
from Corollary 3.5(b). For i = 2s, (b) = (¢) = (a) follows from Corollary 3.5(f).
(d) By Corollary 3.5(c)-(f) we have to show that the following conditions on g € G

are equivalent:
g=g9, gho =g, ghi'hy"' = ghi', Ggah2 = gga, gg2h3 'hi' = ggah3”,
9929aha = 99294, ... , 99291 g2shas = 99294 - - - gas-
Using Lemma 3.1, each of them is obtained from the preceding one by multiplication

from the right with
ho =1,hy " ho, hat b, oo hot 1, has,
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respectively. (It follows from Lemma 3.1(b) that hz_jl = ha; = ha;j_1 Ga;, hence hz_jl_l =

G2;h25.) Therefore they are equivalent. |

It follows from Corollary 3.5 that the set of real points on X consists of segments,
points (g, das), and points (g, ¢;), for 2s + 1 < i < 2s + r, though not necessarily all of
them. We therefore investigate the neighbourhoods D; 4,4,y (Construction 1.1, Part )
of the latter points.

LEMMA 4.5: Let 2s+1 <i<2s-+r and let g € G. Let R be the set of real points in
D; g(g:y- Then R # () if and only if (g,c;) € R. If R # (), then R is smooth: the chart
map Vit D g(g,y — D; maps R onto a diameter of D;. More precisely, let e; be the
order of g; in G. Then

(a) If e; = 2m + 1 is odd, then R = (ai,¢;) g m+m U {{g, ci} U (¢i, b;)ggr for some k,

g
unique modulo e;;
(b) Ife; = 2m is even, then exactly one of the following holds: either
(b1) R = (c;, bi)ggf+m U {fg, ci)} U (e, bi)ggf, for some k, unique modulo e;, or
(b2) R = (a;, Ci)ggf—&-m U{tg, ci} U (ai, ¢;) ggr, for some k, unique modulo e;.

Proof: First observe that for every integer k£ we have

” 99Fh; = ggf < ghi = gg7",
9gFhi_1 = ggF & gh; = gg?" .

Indeed, by Lemma 3.1(e), Ehi = Gi*h; = higi_k and we also have h; = h;_1g;. This
gives (4).

As D; N (RU{o0}) = (as,b;) = (ai, ) U{e;} U (e, b;), by Corollary 3.5 the
real points in D; (4. are contained in {{g,c)} U Upcq(ai, ci)n U Upeq(ci, bi)n. Since
(a;,¢:), (¢i,b;) € ST N D; = D, by the definition of D; 4., we have

5 (i, 0i)n N D; g1g,y 0 = (i bi)n € D grgy & h = ggf for some k € Z/e;Z,

(aiyci)n N Dj grgy # 0 S (@i, ¢i)n S Dj gg) © h = ggf/ for some k' € Z/e;Z.

By Corollary 3.5 there is a real point in (c;, b;) if and only if hh; = h and, if so, then
every point of (¢;, b;)p is real. Therefore by (5) and (4),
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(i) (ci,bi)n NR# 0 < (c;,bi)n C R < h = ggF, where gh; = gg?*.

Similarly, since (a;, ¢;) C (¢i—1,¢;) for ¢ > 2s+ 1 and (ags+1, cas+1) C (das, C25+1),

by (4) and (4),

(ii) (a4, ci)h NR#D < (as,¢)h CRS h= ggf/, where gh; = ggizklﬂ.

Finally, by Corollary 3.5(a),

(iii) (g,c;) € R < gh; = gg! for some £ € Z/e;Z.

It follows that if {g,c;) ¢ R then certainly R = ().

Assume that (g,c;) € R and let £ be such that gh; = gg’. Then (i) is equivalent
to

(i') h = gg¥, where 2k =¢ (mod e;)

and (ii) is equivalent to

(ii') h = gg¥, where 2k’ + 1=/ (mod ;).

We divide the rest of the proof into two cases:

(a) Assume that e; is odd, e; = 2m + 1. Then the congruences in (i’) and (ii’) have
unique solutions k, k¥’ modulo e;; these solutions satisfy ¥’ = k+m (mod e;). This
gives the asserted description of R.

(b) Assume that e; is even, e; = 2m. If £ is even, the congruence in (i’) has two solutions
k=% and k = £ +m, and the congruence in (ii’) has no solution. This gives the
asserted description (bl) of R. If ¢ is odd, the congruence in (i) has no solution
and the congruence in (ii’) has two solutions &' = 5t and k' = 52 +m. This gives
the asserted description (b2) of R.

Finally, descriptions (a) and (b) of R also show that R is smooth, since in Figure 5
of Section 1 these sets are in all cases diameters of the disk D; 4(4,). (In our setup, the

angle o between (a;, ¢;) and (¢;, b;) is 7.) |

Lemma 4.5 and Lemma 4.4(d) say that a real segment has real endpoints and a
real endpoint of a segment is the endpoint of a real segment. Moreover, by Corollary 3.5,

real points other than endpoints lie on real segment. We may summarize this as follows:

COROLLARY 4.6: The set of real points on X consists of (some) segments, each together

with its endpoints.
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The next result specifies how the real segments are connected among themselves.

Notation 4.7: For each 2s +1 < ¢ < 2s + r let e; be the order of ¢g; in G and put
v = giL?IJ, where | §-] is the integer part of §. Also, let ez = 1 (s0 eg, is odd) and put
v9s = w~t. Extend the definition of C(i,g),e;,v; from i € {2s,...,2s+ 1} to all i € Z

by defining these entities modulo r + 1. |

PROPOSITION 4.8: Let C(i,g) be a real segment and let y be its endpoint. Then there

exists a unique real segment C’ # C'(i,g) which has y as one of its endpoints:

(a) Ify is the left endpoint of C(i,g) and e; is even, then y is the left endpoint of C’
and C" = C(i, gv;).

(b) Ify is the left endpoint of C(i,g) and e; is odd, then y is the right endpoint of C’
and C' = C(i — 1, gv;).

(¢) If y is the right endpoint of C(i,g) and e;y1 is even, then y is the right endpoint
of C" and C' = C(i, gvis1).

(d) Ify is the right endpoint of C(i,g) and e; 11 is odd, then y is the left endpoint of C’
and C" = C(i + 1, gv; ).

Moreover, the union C' U {y} U C(i,g) is real and smooth.

Proof: We may assume that 2s <17 < 2s +r.
(a) We have i # 2s and y = (g, ¢;). By assumption, (c;,b;)y € C(1, g) is real. Also,

(ci,bi)g is contained in D; and in the set R of real points in it. By Lemma 4.5,

:9(g:)
R = (¢, bi) gv, U{y} U (ci,bi)g. So a segment C’ # C(i, g) has y as endpoint and is real
if and only if (¢;, b;)gu, € C’. The existence, uniqueness and the explicit description of
C' follow from Remark 4.3. The union C’" U {y} U C(i, g) is smooth at each point except
y, since segments are smooth. It is smooth also at y, since its intersection with D; ;¢4
is the diameter R.

(b) If i = 2s, then y = (g, dss), and C(2s,g),C(2s+r,gw™t) = C(i — 1, gv;) are
the only segments with endpoint y. So the assertion follows from Lemma 4.4(d). The
smoothness follows from Lemma 4.2.

Assume i # 2s. Then, as in (a), y = (g, ¢;) and (¢;, b;)4 is contained in the set R
of real points in D; (4, By Lemma 4.5, R = (a4, ¢;) g0, U {y} U (i, bi)g. So a segment
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C" # C(i,g) has y as endpoint and is real if and only if (a;, ¢;)g40; € C’. The existence,
uniqueness and the explicit description of C’ follow from Remark 4.3. The smoothness
follows as in (a).

(c) We have ¢ # 2s +r and y = (g, ¢;), where j =i+ 1 with 2s +1 < j <2s+ 7.
By Remark 4.3, (a;,¢j)y € C(i,g). So, by assumption, (a;,c;), is real. Also, (a;,c;)4

is contained in Dj ¢,y and hence in the set R of real points in it. By Lemma 4.5,

95)
R = (aj,¢j)gv; U{y} U (aj,cj)g. So, again, the existence, uniqueness and the explicit
description of C’ follow from Remark 4.3. The smoothness follows as in (a).

(d) If i = 2s 4+ 7, then y = (gw, dss), and C(2s + 1,9),C(2s,gw) = C(2s +
r+1, 9”2_51+r +1) are the only segments with endpoint . So the assertion follows from
Lemma 4.4(d). The smoothness follows from Lemma 4.2.

Assume i # 2s+r. Then, as in (c), y = {g, ¢;) and (aj, ¢j),4 is contained in the set
R of real points in Dj 4¢,.y. By Lemma 4.5, R = (aj,¢j)y, U{y} U (cj, bj)gvj—l. So, again,

the existence, uniqueness and the explicit description of C’ follow from Remark 4.3.

The smoothness follows as in (a). i

PROPOSITION 4.9: The set of real points on X is the disjoint union of finitely many

smooth sets (ovals). Each of them consists of finitely many segments, including their

endpoints. More precisely:

(a) Suppose ezsi1,...,€254+y are odd. Let v = vogy,Vosir_1 -+ Vs and let £ = ord(v)
be its order in GG. Then for each g € G with g = g there exists a real oval consisting

of the following segments and their endpoints:

0(28 + T, 9)7 0(28 +r— 17 ngs-i—T)? O<25 +r— 27 gU25+T025+7’_1)’ T
o, C(28, gUag iy - V2s11),
C(25+1,9v),C(25 + 1 — 1, gvv254,), C(25 + 7 — 2, gUV2s 4+ V26 41 —1)5 - - -

SR 0(28, guU2s 4y - - U23—|—1>:

0(28 +, gvé—l), O<2S +r— 17 gUE_IUZS—l-r)? O<2S +r— 27 gU€_1U25+T1)25+7’—1)7 s
SR C(2Sa glvg_lv2s—|—r U U23—|—1>:
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C(2s+, gve) =C(2s+m,9)

and every real oval is of this form.
(b) Suppose not all e; are odd. Let i < k be integers such that e;, e are even and
€it1y€it2,...,€k—1 are odd. Let v = v;_flv;rlz . -vk__llvkvk_l - vi41v; and let £ =
ord(v) be its order in G. Then for each g € G with gh; = g there exists a real oval

consisting of the following segments and their endpoints:
C(i,g),C>i+ l,gv;_fl), L Ck—1, gfu;rllvi__:2 . -vk__ll),
C(k - 1,gvi_+111)i112 = -vk__llvk), C(k - 2,gvijr11vi_+12 .- ~vk__11vkvk_1), ..
., O(d, gv[_ﬁlv;rg x "Uk__ll"Uk:Uk—l S V1),
C(i,gv),C(i + l,gvv;rll), Ok —1, gvv;rllv;:Q .. '01;—11)7
C(k -1, gvvijrllv;rlz o -vk__llvk), C(k -2, gvv;rllv;_lQ = -vk__llvkvk_l), e

, -1, -1 -1
oo, O(1, gUv; 0 g - U L VRVR—1 * *  Vig1),

Ce—1 : -1, —1 -1, -1, —1 -1
C(i,gv" "), CE+1,9v" v ), ., C(k =1, 90" 0, 00 -V ),
-1, -1, —1 -1 -1, -1, —1 -1
Clk—1,9v"" 0, v v k), Ok — 2, 90" 0, 0, 0 - U VU, 1), - - -
coe—1, -1 -1 -1
o O, gu™ ™ 0 Vg U URVR -1 - Vi),

C(i, gv*) = C(i, g)
and every real oval is of this form.

Proof: Let R be a connected component of the set of real points on X. By Corollary 4.6
it contains a real segment C(i, g); choose it. If e; is odd, then, by Proposition 4.8(b), R
contains also C(i — 1, gv;). So, by induction, we may assume that either i = 2s or e; is
even.

(a) Each segment in our list is the unique real segment connected, by Proposi-
tion 4.8(b), to its predecessor at its right endpoint (which is the left endpoint of the
predecessor). The loop continues until C'(i, g) appears again.

(b) Starting with C(i, g), using Proposition 4.8(d), the assertion successively lists

the real segments whose left endpoint is the right endpoint of their predecessor, until
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the first segment C'(k—1, gv;_ll vij_lz . -vk__ll) with right endpoint with even ramification
index ej occurs. (The latter segment can be C(i,g) itself; this happens if e;11 is
even. If e; is the only even number among ess, ..., €254, then k = i + (r +1).) By
Proposition 4.8(c), C'(k—1, gvijrllv;rlz -+ v ' ) is the real segment with the same right
endpoint as the preceding segment. Following it, using Proposition 4.8(b), the assertion
then lists the real segments whose right endpoint is the left endpoint of their predecessor,
until the first segment C’(z’,gv;_llv;rlz . -vk__llvkvk_l -+ -v;+1) with left endpoint with
even ramification index e; occurs. Using Proposition 4.8(a), this endpoint is also the
left endpoint of C(i, gv). From this point on we repeat the whole process, until C(i, g)

occurs again in the list. |

Let H = Aut(X/H) and let u € H be the real involution which satisfies ugu = g for
every g € G (Proposition 3.2). Let 2s+1 <14 < 2s+r. By Lemma 3.1(a), u; = uh; € H
is an involution. So condition gh; = g (which, for ¢ = 2s+r, reads § = g) can be written
as uguh; = g, that is, g7 tug = u;. If Cg(u) = {g € G| g~tug = g}, then the centralizer
Ch(u) of win H is Cy(u) = Cg(u) UuCqg(u). In particular, |Cy(u)| = 2|Cq(u)].

THEOREM 4.10: The number of real ovals (connected components of the set of real
points on X ) is

(a) [Cr (w)]
20rd(vas+rV2s+r—1°"V2s)’

(b) > = [Cr ()] otherwise. Here the sum runs through all

) —1 —1 )
40rd(vi 1V 40V 1 VkVE—1 Vig2Vi410;)

if ea541, ..., €254, are odd;

i €{2s,...,2s+r} with e; even and u; conjugate to u in H and, for each such i, k

is the smallest integer such that i < k and ey, is even.

Proof: Let 2s < i < 2s+ r. By Lemma 4.4, the number of real segments of the form
C(i, g) is the cardinality of the set

Ni={9€G|ghi=g}={9€ G| u'guh; =g} ={g € G| g 'ug = uh;}.

So if u; = wh; is not conjugate to w in H, then N; = (). If there is h € H such that
h=luh = wu;, then without loss of generality h € G (otherwise replace h by uh) and
N; = (GN Cg(u)h. Thus |N;| = |G N Cr(u)| = 3|Cr(u)| in this case.
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(a) By Proposition 4.9(a), each connected component of the real part of X contains
exactly £ = ord(vesy,vosir—1 - U2s) segments of the form C(2s + r, g). So the number
of components is |Nagir|/Y.

(b) By Proposition 4.9(b), for each connected component R’ of the real part of X
there is a unique 2s < i < 2s + r with e; even and C(i,g) € R’. Moreover, R’ contains
exactly 2¢; such components, where ¢; = 01rd(vi_+11vi_+12 . -vk__llvkvk_l S V2V 10;). SO

the formula follows by the first paragraph of this proof. |

|Cr (w)]

COROLLARY 4.11: If r =0, the number of real ovals is Sord(vas) -

Proof: Put T' = T U {casy1}, where ca511 is real. The appropriate loop y2541 around
it is homotopic to 1, so gas+1 = f(Y2s+1) = 1. Hence eas11 = 1 and vgs41 = 1. The

formula follows from Theorem 4.10(a). i

Remark 4.12: For each 1 < i < r let u; = uh;. By Lemma 3.1(a), u; is an element of
order 2 in H. Moreover, u; is a real involution, i.e., it has fixed points. In fact, u, = u
is real by Proposition 3.2 and if ¢ < r then u; fixes (1, z) for every z € [c;, ¢j+1], where
Jj = i+ 2s. Indeed, u;((1,2)) = uh;((1,2)) = u((h;,2)) = (h;,z). Now use the first

case in the definition (5) in Proposition 3.2 and Lemma 3.1(a): (h;,2) = (hjh;,2) =
(hy'hy,z) = (1,2). n

We can characterize geometrically the conjugacy classes of antianalytic involu-

tions. Keeping the notation of Remark 4.12, we have

COROLLARY 4.13: Let n € H be an antianalytic (i.e. n ¢ G) involution. Then n
has a fixed point lying over the arc [cy, Cas41], resp. [cas+i, Cas+it1], if and only if n is
conjugate to u = u,, resp. tou;, fort=1,...,r—1. In particular, every real involution

is conjugate to some u;, for 1 < i <r.

Proof: Write = uo, where 0 € G. Then nfg, z) = ufog,z) = (0g,z). By Propo-
sition 3.2, (0g,2) = (oghs,Z), where k € {0,2,...,25,25 + 1,...,25 + r} depends
on z, as described there. Hence n(g, z) = (uoguhy,z) = (nguhy,z), whence nfg, z) =
(g,2) & nguhy = g, 2 = z & n = g(uhg)"'g~!, Z = 2. Thus a fixed point of  must

lie over one of the above mentioned arcs, and n has a fixed point over z in such an arc
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if and only if 7 is conjugate to (uhy)~!, for the appropriate k& determined by z.

By Lemma 3.1, uhiu = h = hlzl. Hence uh, is an involution.

If z € [costi, C2stit1]), then k =i, by Proposition 3.2, and uhy = u;.

If z € [co, cos+1], then k = 2j for some 0 < j < s. It therefore suffices to show that
uhg; is conjugate to u. This follows by induction on j. For j = 0 we have uhy; = u.

For j <1 we have, by Lemma 3.1(d),
925 (uha;)gy;" = u(ugaju)(ha;gy;') = ugajhaj—1 = uhgj ohy) yhoj 1 = uhgj 5. W

Remark 4.14: Let E be a subgroup of G such that E = E* = E. As in Remark 3.6
consider the cover p: E\X — P! instead of p: X — P!. Then Proposition 4.9 still holds,
if we replace g by Eg everywhere (including in the definition of C(i, g)) and replace ¢ by
the smallest positive integer such that Fgv = Eg, that is, the order of (v)/({v) N EY).
From this an analog of the formulae in Theorem 4.10 and Corollary 4.11 can be deduced,

however, it is more complicated, since £ now depends on g.
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5. Orientability of Klein surfaces

Retain the notation from the preceding section. So p: X — P! is a Galois cover of Rie-
mann surfaces, unramified outside a finite set T closed under the complex conjugation,
such that X/H is a Galois cover of Klein surfaces; furthermore, v € H = Aut(X/H)
is a real involution. Assume that 7" has r > 0 real points and s > 0 pairs of conju-
gate complex points, with n = 2r 4+ s, and p: X — P! corresponds to the branch data

(G,c1,91,- -5 Cny gn). To start with, assume that r > 1.

Let R be the set of real points on X. Recall [BEGG, Proposition A.28] that the
Klein surface X /(u) is orientable if and only if X \ R is not connected. This is equivalent
to X ~ (RUp~Y(T)) being not connected, since p~1(T") consists of finitely many points

with neighbourhoods homeomorphic to open disks.

In this section we give an algorithm to decide the orientability of X/(u) in terms
of the group G and the action of the involution u on it (that is, in terms of H) by
means of the connectedness of a graph associated to this data. The proof of the result

(Theorem 5.3) is based in the following construction.

For each 1 < 5 < s let L; be that part of L; which is above the equator, that
is, above the arc (dz;j—1,dz;) and including it, and let M} be that part of M; which is
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under the equator, that is, under the arc (d2j—2,d2;—1), not including it. Put

s—=s5 L, st=st<JM
j=1 j=1
Then X \ (RUp~1(T)) consists of the connected regions Syt Sy, (L)) g, (M),

for g € G and 1 < j < s. Moreover, these regions are connected as follows:

/.
J

(la) Syt is always connected to (L )gh;jl_l, through (dgj_1, c2j)g, for 1 < j <'s;

(1a) S5~ is always connected to (M) gn,; ,, through (coj—1,d2j—1)gh,; , for 1 < j <s;

(1b) S;r is connected to S;;Li_l, through (c¢;, ci41)g, if this arc is not real, that is, if
gh; # g, for i = 2s+1,...,2s +r — 1; also, S;JF is connected to Sy~ = S;;L;i%,
through (co, do)g, if this arc is not real, that is, if g # g = Ghy42s;

(1c) S;+ is connected to S;;Q_Sl, through (das, cas41)g, if this arc is not real, that is, if
ghas # g.

(1d) (L})g is connected to S;~, through (dz;j—1,da;),, if this arc is not real, that is, if
§h2_jl7ég,for1§j§s;

(le) Syt is connected to (Mj),, through (daj_2,d2j-1)g, if this arc is not real, that is,
if ghoj_o # g, for 1 < j <s;

(1f) Sg~ is connected to (M})gn,, ,, through (d2j—2,c2j-1)gh,;_,, for 1 < j <'s;

(1g) S;t is connected to (L;-)gh;jl, through (c2;, daj)g, for 1 < j <'s;

Condition (1) determines the connected components of X ~\ R. We use (1f) to replace

S§~ by the connected set S;~ U szl(M;)gth_z. Similarly, we use (1g) to replace Sy

by the connected set S U U;:1(L;’> ohyt Then the rest of the conditions may then be

written as follows:

'+ 3 '+ _ QM+ . )
2a) Syt is connected to Sgh;jl,lhzj = Sgg,, for 1 <j <s;
/ /— 3 /— /— .
= __ <9 <s:
2a’) Sg is connected to LS”gh%ilh;jl_2 Sg(gzj)*lv for1 <j<s;

2b) St is connected to S;;__l, if gh; # g, fori=2s+1,...,2s5+r;
2¢) St is connected to S;;_l, if ghos # g;

2s
2d) S§~ is connected to S;ﬁzj, if §h2_j1 #g,for 1 <j <s;

(
(
(
(
(
(

2e) St is connected to 5;712]1,2’ if ghoj_o # g, for 1 < j <s;

(In (2a’) we have used Lemma 3.1(d).) By change of variable, using Lemma 3.1(b),

we see that (2d) is equivalent to:
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(2d") S;;Z_jl is connected to Sy, if ghz_jlhz_j1 + ghz_jl, that is, if ghy; # g, for 1 < j <s.
So the conjunction of (2d), (2¢), and (2e) can be written as
(2¢/) S5t is connected to S;;_l, if ghoj # g, for 7 =0,1,...,s.
2

We now show that condition (2¢’) follows from (2a), (2a’), and (2b).

For j = 0, condition (2¢’) is just (2b) with ¢ = 2s 4 r, since hg = has4, = 1. Let
1 < j < s and suppose, by induction, that (2¢’) holds for j — 1, that is, (2e) holds for
j- By (2a), S is connected to Sf, . By (2a’), 5;2%1_2 is connected to S;_;jl_QgTj' By
Lemma 3.1(d), ghy;' 925 = ghs; | = gg2;ha; and Ghoj 2 = g Gajhaj—1 = Gg2;h2;95; -
Therefore S;‘gzj is connected to S;;%h;jl’ if gnghgjgz_jl # g that is, if gga;ha; # 992;-
So if we change ggs2; to g, we get (2¢’) for j.

We now make a change of notation:

NOTATION 5.1: Denote S;+ simply by the symbol g and S~ by gu. Then {S;, Sy beea
are replaced by the elements of H = G x (u). Furthermore, let u; = uhos;, for i =
1,...,r. (By Lemma 3.1(a), these are elements of order 2 in H. Since ho,ys = h, =1,

we have u, = u.)

Then the remaining conditions (2a), (2a’), (2b) can be written as:
(3a) g is connected to ggg;, for allg € Gand all 1 < j <s.
(3a") gu is connected to g(gz;) " tu = gugz_jl, forallge Gand all 1 <j <s.
(3b) g is connected to gh2_81+iu, if ghosys # g, for all g € G and all 1 < ¢ <r. That is, g
is connected to gu,, if ugu; # g, that is, ug # gu,, for all g € G and all 1 <17 < r.
Conditions (3a) and (3a’) are equivalent to
(4a) h is connected to hgs;, for all h € H and all 1 < j <s.
As g runs through the elements of G, h = gu; runs through the elements of H \ G.
Changing variable in (3b) we get the following equivalent condition to (3b):
(3b") hu; is connected to h, if uh # hu;, for all h € H N G and all 1 <i < r.
So (3b) is equivalent to the conjunction of (3b) and (3b’), which can be concisely written
as
(4b) hu; is connected to h, for all h € H such that uh # hu; and all 1 <i <.

We may summarize this discussion as follows.

37



Definition 5.2: Let r > 1,s > 0. Let H be a finite group and let

(5> (Ul,UQ,---,US;Ul,...,UT)

be a sequence of its generators such that wi,...,u, are of order 2. The associated
orientation graph is the graph I' whose set of vertices is H and whose edges are of
two types:

(6a) an edge from h to hoj, for each 1 < j < s and every h € H; and

(6b) an edge from h to hu;, for each 1 < i < r and every h € H such that u,.h # hu;.

THEOREM 5.3: Assume r > 1. Let u; = uhosi; = ugi1ge - - - gos+i, for i = 1,...,r. The
Klein surface X /{u) is orientable if and only if the orientation graph I associated with

A=1(92,94,---,92s;U1,-..,u,) IS not connected.

Proof: By Lemma 2.4(c), A generates H. Apply the discussion preceding Defini-
tion 5.2. ]

COROLLARY 5.4: Assume r = 0. The Klein surface X/(u) is orientable if and only if

the orientation graph I' associated with A = (g2, g4, - - -, g2s; w) is not connected.

Proof: In this case n = 2s > 2. We put 77 = T U {cas11}, where cos11 is real.
Consider p: X — P! as a cover ramified inside 7’. By Theorem 5.3 (with » = 1), X is
orientable if and only if the orientation graph associated with (g2, g4, . .., g2s; U1 = u) is

not connected. |
The following proposition gives some properties of the orientation graph.

PROPOSITION 5.5: Let I' be the orientation graph associated with a finite group H
and a sequence (5). Put u = u,. Let I be the connected component of 1 and T'" the
connected component of w in I'. Then

(a) For every h € H either h € T and uh € T” or h € T” and uh € T’;

(b) I' =T'UT", that is, either T is connected or I and I are its connected components.

(¢) T is connected if and only if there is a path from 1 to u in T.

Proof: (a) Since the group H is generated by (5), there are ay,...,ar € AUA™! such

that h = ajas - - - ar. We prove the assertion by induction on k. For k = 0 the assertion
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is clear: 1 € IV and u € T by definition. Let A’ = ajas---ap_1, then h = h'ay. By
induction hypothesis, say, b’ € IV and uh’ € T"”.

If there is no 1 < ¢ < r such that ay = u; and uh’ = h'u;, then there are edges in
[ either from A’ to h and from uh’ to uh (if ax € A) or from h to h' and from uh to
uh’ (if a;;' € A). Therefore h € T" and uh € T".

If there is 1 < < r such that a, = u; and uh’ = h'u;, then u; is of order 2 and
h = h'u; =uh' €T” and uh = uh'u; = W'u? =h' €T,

Conditions (b) and (c) follow from (a). i

We can express orientability in still another way:

Definition 5.6: Let r > 1,s > 0. Let H be a finite group and let (5) be a sequence of its
generators such that uq,...,u, are of order 2. Let Hy be the subgroup of H generated
by 01,02, ...,0s and those u; that are not conjugate to w, in H, and let Iy be the set
of u; conjugate to u, in H. We say that H is orientable with respect to (5) if there
are no ai,...,ar € H such that

(7Ta) u, = ajas - --ag; and

(7b) for each 1 < ¢ < k either ay = u; € Iy and w,a1as---ap—1 # ajas---ag_1u; Or

ap € Hy. |

COROLLARY 5.7: The orientation graph I' associated with (5) is connected if and only
if H is not orientable with respect to (5). Hence the Klein surfaces X /(u) is orientable

if and only if H is orientable with respect to A given in Theorem 5.3 and Corollary 5.4.

Proof: We may replace condition (6) in Definition 5.2 by
(6’a) an edge from h to hg, for every h € Hy; and
(6'b) an edge from h to hu;, for each u; € Iy and every h € H such that u,.h # hu;.

Clearly, this graph contains I" (has more edges) but is connected if and only if T is.
By Proposition 5.5(c), I' is connected if and only if there is a path in T" from 1 to
Uy

Consider an arbitrary sequence of vertices of I', written as
L,a1,a1a9,...a102 - ag—1,0102 - - - Q-1 0f.
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Condition (7b) means that this is the sequence of vertices of a path in the graph.

Condition (7a) says that its terminus is u. i

Example 5.8: Suppose H = G x (u), where G < H. Then v is in the center of H, and
Iy = {u}. Therefore (7b) reduces to: aj,as,...,ar € Hy. Thus H is orientable if and
only if u ¢ Hy.

In particular, if also o1,09,...,05 € G and Uy = -+ = u, = u, then Hy C é, and

hence u ¢ Hy. Therefore H is orientable. |

When the number n = r + 2s of the branch points is 2, the genus of X is 0, by the
Riemann-Hurwitz formula. In this case X/(u) is orientable. Let us see how this also

follows from the above characterization:
COROLLARY 5.9: Ifn =r+ 2s =2, then X/(u) is orientable.

Proof: We have either r =2,s=0o0orr=0,s = 1.
(a) Assume r = 2,5 = 0. Then H = (uj,uz), where uj,us = u are of order 2. If
u1 = ug, then, by Example 5.8, X /(u) is orientable. So assume u; # uy. Let h € H.
(i) If u" # wuy, us, there are exactly two edges with endpoint at h, namely the edges
from h to hu; and to hus.
(i) If u” = u;, then u” # uz_;, and hence there is a unique edge with endpoint at h,

namely the edge from h to hus_;.

So every vertex of I" is of degree < 2, and hence I' consists of disjoint cycles and

paths. But there are
{he H| u" =wu}|+|{h € H| u" =uy = u}| = 2|Cr(u)| > 2|(u)| > 4

vertices of degree 1, and hence at least 2 disjoint paths. Therefore I' is not connected.
By Theorem 5.3, X/(u) is orientable.

(b) Assume r = 0,s = 1. Recall (Lemma 2.4(c)) that g2 = f(vy2),u = f(¢),
where e,v9 € ®(H, ~&(T), &(xo)) commute. Therefore H = (g2, u) is commutative. So,
H = G x {(u), where G = Aut(X/P!). By Example 5.8, X/(u) is orientable. i
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Remark 5.10: Let E be a subgroup of G = Aut(X/P!) such that E = E* = E. As in
Remark 4.12 consider the cover p: F\X — P! instead of p: X — P!. Then Theorem 5.3
goes through, if we replace in the definition of the orientation graph in Definition 5.2
the elements h € H by the classes Eh € E\H.

Le., its set of vertices is E\H = {Eh| h € H} and its edges are of two types:
(6a") an edge from Eh to Ehgyj, for each 1 < j < s and every Eh € E\H; and
(6b') an edge from Eh to Ehu;, for each 0 < i < r and every Eh € E\H such that

u,.Eh = Eu,h # FEhu;, that is, Fu, # E(hu;h™1).

We may also modify Definition 5.6 to this case. Let Hy be the subgroup of H
generated by g2, g4, . . ., g2s and those u; whose conjugacy class in H does not meet Eu,.,
and let Iy be the set of u; whose conjugacy class in H meets Eu,. We say that H is
orientable with respect to A if there are no aq,...,ar € H such that
(7a’) Fug = ajas - - - Eay; and
(7b’) for each 1 < ¢ < k either ay = u; € Iy and FEuyajas---as—1 # Fajas - --ap_ju; or

ap € Hy.

Then Proposition 5.5 and Corollary 5.7 go through, if we replace the 1, h, u,uh € H by
their cosets F, Fh, Eu, Euh in E\H.
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6. Large non-orientable Klein covers

Fix a finite set T" C P! consisting of r real points and s pairs of complex conjugate
points.

Let Y/H be a cover of Klein surfaces, unramified outside the image &(7") of T' in
H, such that Y has a nonempty boundary. Let X be the complex double of Y. We
say that Y/H is T-Galois if X/H is a Galois cover of Klein surfaces (in particular,
X /P! is a Galois cover of Riemann surfaces unramified outside 7" and Y/H is its real
form). Suppose Y/H is T-Galois. Let H = Aut(X/H) and let w € H be the generator
of Aut(X/Y). Then u is a real involution and Y = X/(u).

We would like to address in this section the question of orientability of “sufficiently
large” T-Galois covers. That is, we want to ask the following two questions:
(Q) Is there for every T-Galois cover Y/H a T-Galois cover Y /H which factors through

Y /H and Y is orientable, resp. Y is non-orientable?

If r+2s = 2, a complete answer is provided by Corollary 5.9: every T-Galois cover
Y of H is orientable. So assume r + 2s > 3. We show below (Proposition 6.4)that the
answer to (Q) with “is not orientable” is positive. The “is orientable” variant of (Q)
remains an open question.

If Y/H is a T-Galois cover then Y = X /(4), where X is the complex double of
Y and & € H = Aut(X /H) is a real involution. If Y /H factors through Y/H, say, via
a cover ¢: Y — Y, then ¢ lifts to a cover ¢: X — X of Riemann surfaces. This cover
induces a group epimorphism ¢: H — H such that q(t) = u. By Remark 3.4 we may
assume that X, 4 are given by our explicit construction in Sections 1 and 3. Thus, by
Corollary 5.7, question (Q) can be translated into group theory:

Fix 7o € P} \.T such that Tg = z¢. Let ® = & (H~&(T),&(z0)) and let f: & — H
be the canonical map. Recall (Lemma 2.4(c)) that ® = (y2, 74, ..., Y25, E,E1,E2, -« -, Er ),
where ¢ = ¢,., if r > 1. To allow for a uniform treatment, let

s T
(1) f:{g g:;é’ if r=0, put e; =e.

Then ¢ = <'.)/27’747 ey Y285€1,E2, - -75f>-
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A cover ¢: X — X as above induces a group epimorphism g: H — H and the
canonical map f: ® — H satisfies f=qo f
Thus (Q) is equivalent to:
(Q') Let H be a finite group and let f: & — H be an epimorphism. Are there a finite
group H and epimorphisms f . ® — H and q: H — H such that f=qo f and H

is orientable, resp., not orientable, with respect to

A

(2) f('72)7 f(74)7 SRR f(’725); f(gl)v f(52)7 SRR f(é?,:)7

Remark 6.1: Not every group epimorphism f: ® — H onto a finite group H corre-
sponds to a Klein cover of H. The necessary and sufficient condition is, as we have seen
in Sections 2 and 3, that f(e7) ¢ f(II), where Il = II;(P* \ T, o). That is, H is the
semidirect product f(IT) x (f(e7)) and f(7)f¢") = f(48) for every v € II. However,
we may replace f: ® — H in (Q') by fi: & — Hy with fi(er) ¢ fi(II), if there is an
epimorphism ¢;: H; — H such that ¢; o f; = f. Such f; always exists. For instance,
let f: ® — H correspond to a Klein cover and hence satisfy f(e;) ¢ f(II). Let H; be
the image of ® in H x H under the product map f; = (f, f) and let ¢;: H; — H and
g: Hi — H be the coordinate projections. Then f; has the required property, since

|

=qo fi.
Let D, s be the free product of s infinite cyclic groups (o1), (02), ..., (0s) and r
groups (€1), (€2),. .., (e,) of order 2. Thus

(3) DT’SI <61,€2,...é?r,O'l,O'Q,...,O'S‘ 6%:€%::€2zl>

Ifr>1,then ® = Dy = D, if r =0, then 7 =1 and & = D, /[g102---05,€1].
(Lemma 2.4(c).) So we may replace ® in (Q’) by Dr 4, but, for r = 0 (and hence 7 = 1),
we also have to require that [f(o1)f(02) - - f(os), f(e1)] = 1.

So the question can be reformulated as follows:

(Q"”) Let H be a finite group with a set of generators

(4) bl,bQ,...,bs;U1,U2,...,UF
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with uy,ug,...,us of order 2, such that [bibs---bs,u1] = 1 if r = 0. Is there a

finite group H with a set of generators

~

(5) b17b27"'7b5;a17a27'"7,&77

with 1, us,...,ur of order 2, such that [3132---Bs,ﬁ1] = 1if » = 0, and an
epimorphism ¢: H — H mapping (4) onto (5) such that H is orientable, resp. not

orientable, with respect to (5)?

LEMMA 6.2: Assume either s > 1 or v > 2. Then there exists v € D, , with the
following property. For every integer m > 2 there exists a finite group C' and an
epimorphism f: D, — C such that

(i) f(e1), f(g2),..., f(er) belong to distinct conjugacy classes in C;

(ii) if s > 2, then f(o1)f(o2)--- f(os) =1, and

(iii) f(v) is of order m.

Proof: If s > 1, let v = o1 and let C' be the direct product of r cyclic groups
(u1), (u2), ..., (u,) of order 2 and a cyclic group (c) of order m. Define f: D, s — C by
fler) = ur,..., fler) = up, flon) = ¢, flo2) = ¢!, and f(o3) = -~ = f(o5) = 1.

If s =0 and r > 2, consider the dihedral group Cy of order 2m: this is the
semidirect product of a group (uj) of order 2 acting on a cyclic group (c) of order m

by ¢t = ¢!,

Notice that us = wuic is of order 2 and not conjugate to u;. Let C
be the direct product of Cy and r — 2 cyclic groups (us), ..., (u,) of order 2. Define
fi Dyps — C by f(e;) = u;, fori =1,2,...,7. Let v = e162. Then f(y) = uvjus = c.

LEMMA 6.3: Let D = D, ,, with either r > 3 orr > 1,5 > 1, and let m > 2 be an
integer. Let Dy = (e1,€9,...64-1,01,02,...,05). Then there exist v € Dy, a finite
group H, and an epimorphism f: D — H such that, denoting u = f(¢,) and a = f(7),
(i) f(e1), f(g2),..., f(er) belong to distinct conjugacy classes in H;

(ii) if s > 2, then f(o1)f(o2)--- f(os) = 1.

(iii) (a™u)(au)?™(a™u) =1,
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(iv) a™(au)* ¢ Oy (u) for every integer k.
Proof: By assumption, D is the free product of the group (e,.) of order 2 and Dy, which
is isomorphic to D, _; ;. By Lemma 6.2, there is v € Dy, an epimorphism fo: Dy — C
onto a finite group C' such that
(i") fo(er), fo(ea),- -, fo(er—1) belong to distinct conjugacy classes in C,
(it') if s > 2, then fy(o1)fo(o2) -+ fo(os) = 1, and
(iii") ¢ = fo(y) is of order 2m.
Let (u) be a group of order 2, and let H be the wreath product of (u) with C.

That is, H is the semidirect product
H = (u)x (Cx(C),

where u acts on C' x C by (c1,c2)" = (c2,c1). There is an epimorphism f: D — H given
by f(o) = (1, fo(o)) € C x C, for o0 € Dy, and f(g,) = u. Then (i) easily follows from
(i) and (ii) from (ii’).

Let a = (1,¢) = f(y) and b = (¢,1) € C x C C H. Then orda = ordb = 2m,

[a,b] = 1, and b = a* = uau. Therefore
(a"u)(au)®™(a™u) = a™u((ab)"a™)u = a™(a*b")™(a")™ = a™ (ba)"b™ = 1.
Let k£ be an integer. If k is even, say, k = 2¢, then
a™(au)k = a™(auan)® = a™(ab)’ = a™ b’
if k is odd, say, k = 2i + 1, then
a™(au)® = a™(auau)'au = a™ (ab) au = a™ by,

As a™,a™*! £ 1, none of these elements is fixed by the conjugation by u on H, and

hence is not in Cy(u). |

PROPOSITION 6.4: Assumen = 2r+s > 3. Let f: Dz ; — H be an epimorphism onto a

finite group H such that [f(o1)f(o2)--- f(os), f(e1)] =1, if r = 0. Then there exists a
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finite group H and epimorphisms f D5 s — H and q: H — H such that q of = f, H is
not orientable with respect to (2), and, if r = 0, then [f(o1) f(02) - - - f(0s), f(e1)] = 1.

Proof: As n > 3, either r > 3 or s > 1; moreover, 7 > 1 and, if » = 0, then s > 2.

Fix a multiple m > 2 of the order of H. Let D = (¢1,e9,...67-1,01,02,...,0%).
This subgroup of Dy ¢ is isomorphic to Dy_1 5.

By Lemma 6.3, there is v € D, a finite group H, and an epimorphism f: Dy ¢ — H
such that @ = f(er),a = f(y) € H satisfy (a™a)(a)*™(a™a) = 1, and a™(au)k ¢
C'g () for every k. Moreover, f(e1), f(¢2), ..., f(e) belong to distinct conjugacy classes
in H, and, if » = 0 (and hence s > 2), then f(o1)f(02)--- f(os) = 1.

Put a = f(y) and u = f(e,). By our choice of m we have (a™u)(au)?™(a™u) =
u? = 1.

Define f: Dz, — H x H by f(o) = (f(0), f(¢)). Let H be the image of f and
let p: H — H and q: H — H be the restrictions to H of the coordinate projections
HxH—H,HxH— H. Thenf:DF,SHffsatisﬁesqof:fandﬁof:f.

Since f(e1), f(€2), ..., f(er) belong to distinct conjugacy classes in H, their preim-
ages f(e1), f(ez), ... f(er) under p belong to distinct conjugacy classes in H. If 7 = 0,
then f(o1)f(o
mutes with f(e1), and f(o1)f(02) - f(os) commutes with f(e;).

f(y) = (a,a) and @ = f(¢) = (@, u). Then

2)--- f(0s) commutes with f(e;), since f(o1)f(02)--- f(os) = 1 com-

@>
I

€ f(D) = (f(e1), f(e2), ... ferz1), F (o), f(o2), ..., flos)) = Ho

jo)

and (a™a)(aw)?™(a™a) = 1, that is,

m

D>
>
IS
I
>

& G-a-t-a-0-a-0 -

But none of the heads of the string on the left handed side (except the whole string)
centralizes @ in H. Indeed, these heads are of the form either a™ (ad)* or a™(aa)*a for

k

some k, and, by assumption, their images a™ (aw)*, @™ (aa)*a are not in Cz(a). i
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