Real Hilbertianity and the field of totally real numbers

Michael D. FRIED*T, Dan HARAN*} and Helmut VOLKLEIN*®

Abstract: We use moduli spaces for covers of the Riemann sphere to solve
regular embedding problems, with prescribed extendability of orderings, over
PRC fields. As a corollary we show that the elementary theory of Q" is
decidable.

Introduction

The theory and use in [F] of moduli spaces of covers of the Riemann sphere with pre-
scribed ramification data has been further developed in [FV1]. There the main theme
is that K-rational points of the moduli spaces correspond to covers defined over K.
Furthermore, [F'V2] notes a correspondence between existence of K-rational points on
certain related spaces and the solvability of regular embedding problems over K. Thus,
using moduli spaces allows us to prove solvability of regular embedding problems over
fields K suitably large for such varieties to have the requisite K-rational points.

This principle appears in [FV2] to show that the absolute Galois group of a count-
able Hilbertian PAC field of characteristic 0 is free. The natural extension of this to the
(larger) class of Hilbertian PRC fields appears in [F'V3].

Recall [FJ, p. 129] that K is PAC (pseudo algebraically closed) if every
absolutely irreducible variety V defined over K has a K-rational point. Furthermore
[P2], K is PRC (pseudo real closed) if every absolutely irreducible variety V' defined
over I has a K-rational point, provided that V has a non-singular point over each real
closure of K. The latter condition on V is equivalent to the following one: the function
field K(V') of V is a totally real extension of I, that is, every ordering on K extends
to K(V).

Consider the field Q' of all totally real algebraic numbers. It is the fixed field of all
involutions in the absolute Galois group G(Q) of Q. By a recent result of Pop [P], Q" is
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PRC. By Weissauer’s theorem [FJ, Proposition 12.4] every proper finite extension of Q'"
is Hilbertian. Also, by Prestel’s extension theorem [P2, Theorem 3.1] every algebraic
extension of Q' is PRC. Hence, the absolute Galois group of a proper finite extension of
Q' is known [FV3]. The field Q' is not Hilbertian, however. For example, Z% —(a®+1)
is reducible over Q' for every a € Q.

In [FHV] we cover also the case of Q'". The key observation is that Q' satisfies a
certain weakening of the Hilbertian property. This allows specializing Galois extensions
of K(x) whose Galois group is generated by real involutions to obtain Galois extensions
of K with the same Galois group. As a result we determine the absolute Galois group
of Q'r.

In the present paper we accomplish several tasks. We extend the methods and
results of [F'V3] to solve regular embedding problems over a PRC field K in such a way
that the orderings of I{ extend to prescribed subfields (Theorem 5.2). This gives new
information about the absolute Galois group of the field K () of rational functions over
K (Theorem 5.3).

The first 5 sections provide the prerequisites for the proof of Theorem 5.2. We
need an approximation theorem for varieties over PRC fields (section 1), supplements
about the moduli spaces (section 2), some group-theoretic lemmas (section 3), and the
determination of the real involutions in Galois groups over R(x) (section 4).

In section 6 we define the concept of real Hilbertian, and show that Q' has this
property. In section 7 we combine all the previous results to determine the absolute
Galois group of a countable real Hilbertian PRC field with no proper totally real al-
gebraic extensions, whose space of orderings has no isolated points. This group is the
free product of groups of order 2, indexed by the Cantor set X, (Theorem 7.6). In
particular, G(Q') = Aut(@/@tr) is isomorphic to this group.

As a corollary we introduce the notion of real Frobenius fields: Q% is an example
(Corollary 8.3). Following the Galois stratification procedure of [F\J, Chap. 25] and
[HL] we show that the elementary theory of real Frobenius fields allows elimination
of quantifiers in the appropriate language. In particular, Q' is primitive recursively

decidable (Theorem 10.1). On the other hand (we thank A. Prestel for pointing this
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out to us) the ring of integers of Q" is undecidable (Julia Robinson [R2]). Thus we
obtain a natural example of an undecidable ring with a decidable quotient field (cf.
Robinson [R1, p. 951]). Furthermore, we give (Corollary 10.5) a system of axioms for
the theory of Q.

F. Pop has told us that the characterization of G(Q") also follows from his results,
in particular his “% Riemann existence theorem.” His method is based on rigid analytic
geometry, versus our use of the classical Riemann existence theorem. We look forward

to seeing a written account of these results.

1. Ordered fields and an approximation theorem for PRC fields

Let K be a field of characteristic 0, and let G(K) be its absolute Galois group. Recall
[P1, §6] that the set of orderings X (K) of K is a boolean topological space in its natural
Harrison topology. This topology is given by a subbase consisting of sets of the form
H(c) ={P € X(K)| ¢ € P}, for ¢ € K*. Here P denotes the positive elements in an
ordering.

By Artin-Schreier theory [L, XI,§2], the real closures of K (inside a fixed algebraic
closure K of K) are the fixed fields of the involutions in G(K'). This identifies the set X
of real closures of K with a topological subspace of G(I). It is a boolean space, since
the set of involutions is closed in G(K). Observe that H(z) = {R € X| z € R} is open
in X, for each z € K.

For each R € X let 7(R) be the restriction of the unique ordering of R to K.
Then n(Ry) = n(R2) if and only if Ry and R, are conjugate by an automorphism of
K over K. The map m X — X(K) is continuous: 7 ~(H(e)) = H(\/c). Moreover,
there exists a closed subset X of X such that = X — X(K) is a homeomorphism
[HJ1, Corollary 9.2]. The corresponding closed subset of involutions in G(K) contains
exactly one representative from each conjugacy class of involutions. Having fixed such

X, identify X () with it.

REMARK 1.1: (a) If K is PRC, then every clopen subset of X () is of the form H(¢)
for a suitable ¢ € K* [P2, Proposition 1.3].
(b) Let R be a real closed field, and let « € R, ¢ € R*. If either ¢ < 0 or a > 0, then
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the system Y2+ c¢Z?=a, Y #0 has a solution in R.
(¢) For X = (Xy,...,X,) put |[X||* = Yi_, X2. Let K be an ordered field, and let
a,b,c € K™ and v € K*. From the triangle inequality (over the real closure of K'), if

la = bl b —cf|* < (£)* then [a —c|* <v*.

PRrROPOSITION 1.2: Let K be a PRC field, and let V' C A™ be an absolutely irreducible
affine variety defined over K. Let X be a closed set of real closures of K, one for
each ordering of K. Let &1,...,X,, be disjoint clopen subsets of X that cover X.
Let x1,...,X,, be nonsingular points on V such that x; € V(R) for every R € X},
for j = 1,...,m. Let v1,...,vy € K*. Then there is x € V(I) such that for each
1<j<m

(1) Ix —x;|* < 1/]2 in R, for every R € X}.

Proof: Fix j and put L = K(x;). Let R € X;. Then L C R. As K is dense in R [P2,
Proposition 1.4], there is a; € K™ such that

2) I~ < (2) iR
This a; depends on R, but if R' € X is sufficiently close to R, then (2) holds also with
R' instead of R. Indeed, the restriction A; — X(L) is continuous, and (2) describes
a basic open set in X(L). Use compactness of X; to partition X into smaller clopen
subsets (and thereby increase m). Associate with each of them the original point x;
such that (2) holds with suitable a; for all R € X;.

By Remark 1.1(a), for each j thereis ¢; € K such that X; = H(c¢;). Suppose that
V is defined by f1(X),..., f(X) € K[X1,...,X,]. These together with the additional

polynomials
\ 2
Frai(X,Y,2) = (Z) = IX =) =Y =22, j=1....m

define an absolutely irreducible variety W C A"t2?™ of dimension dimV + m.
Indeed, by induction on m we may assume that m = 1. Let x be the generic point

of V over IN&’, that is, the image of X in in the integral domain I:’[V] = I:’[X]/(fl, ces fr)
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Let u = (”2—1>2 —||x —ay||?, and let y; be transcendental over I}(V) Observe that u # 0,

since, by (2), (”2—1>2 — |[x1 — a1]|* # 0. Therefore f41(x,y1,71) = u —y? — a1 Z}% is
irreducible over I:’(V)(yl) Let z; be its root in the algebraic closure M of I:’(V)(yl)
Clearly
KW] =KX, Y1, Z\)/(fise o frs frn) 2 K[V][y1, 1] C M.

It follows that K [W]is an integral domain, and tr.deg. (W) = tr.deg.(V) + 1. Thus W
is absolutely irreducible and dim W = dim V' + 1.

Let R € X. Without loss of generality R € X, and hence R ¢ Xs,..., &,.
Thus ¢; is positive, and ¢a,..., ¢y are negative in R. Apply (2) and Remark 1.1(b)

to complete the x; to a point (x1,y,z) € W(R) with y; # 0 foreach 1 <j < m. In

Ofrt
o,

particular, (x1,¥,2) # 0. Therefore (x;,y,2) is a nonsingular point on W.
By the PRC property of K there exists a point (x,y,z) € W(K). Clearly x €
V(K), and for each j we have ||x — a;||* < (4)? in R, for each R € X;. This and (2)

imply (1), by Remark 1.1(c). I

Applying Proposition 1.2 to V = A! yields the Block Approximation Lemma of
[P3, p. 354]:
COROLLARY 1.3: Let K be a PRC field. Let Hy,...,H,, be disjoint clopen subsets of
X(K), and let x1,...,am € K, and v1,...,vym € K*. Then there is ¢ € K such that
for every j
(x —z;)* <p 1/]2 for every P € H;.
DEFINITION 1.4: Let K be an algebraically closed field with 1 € Aut(IN&’) of order 2.
(a) Force K let |c|? = ¢ u(c).
(b) Fors e B let ) = S0, Jail?
(¢) For a K -linear morphism f: A" — A™ given by a matrix A = (a;;) € Man(I:’)
let || f|I? = Zz] |aij|?-
In the above definition, the fixed field R of ¢ is real closed, and ||c|?, ||z||?, || f||? are

nonnegative elements of R. If z € R" then ||z]|? = ||z||>. Furthermore, in the unique

ordering of R, the Schwartz inequality gives
(3) £ () < ILAIE - Nlzll?,
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for all z € K"

REMARK 1.5: The space X(Q%) is homeomorphic to X, = {0,1}"°, the universal
Boolean space of weight Ny (cf. the concluding Remark of [F'V3]). In particular it has

no isolated points.

LEMMA 1.6: If K is a finitely generated field, then the set X*(IK) of archimedian

orderings on K is dense in X(K).

Proof: By induction on the number of generators of K/Q it suffices to show the fol-
lowing. Let K /K, be a simple extension of countable fields, let P € X(K), and let
Py = resg, P € X(Ky). If Py is in the closure of X*(Ky), then P is in the closure of
XYK).

The restriction X (K) — X(Ky) is open [ELW, 4.bis], hence we may assume that
Py is archimedian. If K/K, is algebraic, then P is also archimedian. Otherwise K is
the field of rational functions in one variable t over K,. Replace (K¢, Py) by its real
closure (cf. [C, Lemma 8]) to assume that I is real closed.

By [C, Corollary 9(c)|, every neighborhood U of P in X(K') contains a set of
the form {Q € X(K)| a <t < bin @}, where a,b € Ky and a < bin Py. As Py is
archimedian, we can embed K into R. Since Ky is countable, there is ¢ € R~ K in the
interval (a,b) in R. This ¢ is then transcendental over I{y. The Ky-embedding ' — R

given by t — ¢ induces an archimedian ordering ) on K, and a < t < b in ). Thus

QeU. ]

For a subset I of a group G let Cong(I) = |J, ¢ I7. We say that I is a conjugacy

domain, if I is closed under the conjugation, that is, I = Cong(I).

DEFINITION 1.7: Let F/E be a Galois extension of fields with F not formally real, and
let € € G(F/E) be an involution. We say that e is real if its fixed field F(e) in F is
formally real. Equivalently, € is the restriction of an involution in the absolute Galois
group G(E) of E. Denote the set of real involutions of G(F/E) by I(F/E).
Furthermore, assume that E is a totally real extension of a field K, and let P €

X(K). Denote the involutions € € G(F/E) for which P extends to an ordering of F(¢)
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by Ip(F/E). For X C X(K), let Ix(F/E) = Jpcx Ip(F/E). If F is the algebraic
closure of E, write Ip(E) for Ip(F/E), etc.

REMARK 1.8: (a) If E = K, then Ip(F/E) is a conjugacy class in G(F/E). In
the general case Ip(F/FE) is a conjugacy domain in G(F/E); in fact, Ip(F/E) =
Uacsior To(F/E).

(b) If M/N is a finitely generated extension of fields, then the restriction map
of orderings X(M) — X(N) is closed and open [ELW, Theorem 4.1 and 4.bis]. In
particular, let I be a set of involutions in G(F/E), and assume that F/K is finitely
generated. Then so is F(e)/I, for every involution € € G(F/FE). Hence the set {P' €
X(K)| Ip(F/E)=1I} is closed and open in X(K).

LEMMA 1.9: Let (K,P) C (K', P') be an extension of ordered fields. Let x be tran-
scendental over K', and put E = K(x) and E' = K'(x). Furthermore, let F/E and
F'/E' be Galois extensions with F' = F - E. Assume that F, and hence also F', is not
formally real. Then Ip(F/E) = Cong(p/gyresplp(F'/E")

Proof: We have Ip(F/E) = Jeexwm Ig(F/E)and Ip/(F'/E') = Jqrexw) Lo (F'JE").
Q2P Q'DP!
As FE and K' are linearly disjoint over K, each extension () of P to E extends to an

ordering () of E' that extends P’. Thus it suffices to show
Io(F/E) = Cong(F/E)resFIQ/(F'/E')

for each ordering ) of E and for each extension @)’ of () to E'.
Let € € Ig/(F'/E") and € = respe’. There is an ordering R’ of F'(€') that extends
('. Its restriction to F(e€) is an extension of (), and hence € € Ig(F/E). Since Io(F/E)

is a conjugacy class in G(F/E), the assertion follows. I



2. Moduli spaces for covers of the Riemann sphere

In this section we recall notation and results from [FV1] in the form to be used later.

We also add some remarks. Let G be a finite group, and r > 3 an integer.

(2.1) Let P'1 = CU{co} denote the Riemann sphere. We consider covers y: X — P!1
of compact (connected) Riemann surfaces. Call two such covers y: X — P!1 and
't X' = P'1 equivalent if there exists an isomorphism a: X — X' with y' oa = y.
Let Aut(X/P'1) denote the group of automorphisms « of X with yoa = y. We say that
x is Galois if Aut(X/P'1) is transitive on the fibers of . From now on Y will always
denote a Galois cover. All but finitely many points of P!1 have the same number of
inverse images under y. These finitely many exceptional points are called the branch

points of y.

(2.2) Let ay,...,a, € P11 be the branch points of (the Galois cover) y: X — P,
and set a = {ay,...,a,}. Then y restricts to an (unramified) topological covering of
the punctured sphere P!1~a. Choose a base point ay on this punctured sphere, and
consider the (topological) fundamental group T' = II;(P'1\a, aq), based at ag (with
the composition law: ;173 is the path ~; followed by ~2).

Depending on the choice of a base point py € y~!(ag), we get an epimorphism
t: T — Aut(X/P'1) as follows. For each path 4 representing an element [y] of T, let p;
be the endpoint of the unique lift of 4 to X~ y~!(a) with initial point pg. Then, ¢ sends
[7] to the unique element a of Aut(X/P'1) with a(po) = p1.

(2.3)  Let H* = H,(G)*® be the set of equivalence classes [y] of all Galois covers
y: X — P! with » branch points and with Aut(X/P'1) = G. Let H™ = H,(G)™®
be the set of equivalence classes [y, h] of pairs (y,h) where y: X — P'1 is a Galois
cover with r branch points, and h: Aut(X/P'1) — G is an isomorphism. Here (y,h)
and (y': X' — P!, 1) are equivalent if there is an isomorphism §: X — X' with
X' 06 =y and I/ 0 6, = I, where &,: Aut(X/P11) — Aut(X'/P'1) is the isomorphism
ars§oaod ™t Let A: H"™ — H? be the map sending [y, ] to [x].

(2.4)  Think of points of H"™™ as equivalence classes [a,aq, f] of triples (a,aq, f).

Here a = {ay,...,a,} is a set of r points of P!1, and ay € PllNa, and f: T =

8



II;(P'1\a,ap) — G is an epimorphism that does not factor through the canonical
map [' — II; ((P'1\a) U {a;},ap), for any i. (The latter condition means that the cor-
responding cover x has exactly r branch points). Call two such triples (a,ag, f) and
(a, &o,f) equivalent if a = a and there is a path w from a¢ to @y in P'1\a such that

fow* = f. Here w*: II;(P'1\a,ap) — I (P'1\a, dp) is the isomorphism v — w ™ yw.

(2.5)  Here is the correspondence between the above pairs and triples [FV1, §1.2].
Given [y,h] € H"", with y: X — P'1 as above, let a be the set of branch points of y,
and choose ag € P'1~\a and py € Y '(ag). Set T' = II; (P'1\a, ag) as above, and define
f:T - Gas f=nhou where :: T' — Aut(X/P'1) is the map from (2.2). Recall that ¢
is canonical up to composition with inner automorphisms of Aut(X/P'1). Thus h and
f determine each other up to inner automorphisms of G. This is compatible with the

equivalence of pairs (resp., triples).

2.6 Now define a topology on H™ as follows. To specify a neighborhood N of the
pology pecily g

point [a,aq, f] of H", where a = {ay,...,a,}, choose pairwise disjoint open discs

Dy,...,D, around ay,...,a,, with ag € Dy U---U D,. Then N consists of all points

[a, ap, f] such that & has exactly one point in each D;, and f is the composition of the

canonical isomorphisms
I (P'1N&, a0) T (P'IN(Dy U+ U D,),a) 2T (P1Na, ag)

with f. These N form a basis for the topology. They are connected. The sets A(N)
form a basis for a topology on H®P, such that A: H*® — H3P becomes an (unramified)

covering.

(2.7)  Let U, denote the space of all subsets of cardinality r of the Riemann sphere P'1.
It has a natural structure of algebraic variety defined over Q [FV1, §1.1]; it is isomorphic
to P~ D, where D, the discriminant locus, is a hypersurface in P". In particular, i, is
an affine variety. Furthermore, if K is a subfield of C and a = {ay,...,a,} € U, with
at,...,a, # oo, then a is K-rational if and only if [[;_, (X —a;) € K[X]. As a complex
manifold, the topology of U, has a basis consisting of sets D of the following form:
Given pairwise disjoint open dises D1, ..., D, on P'1, let D be the set of all a € U, with
lanD;|=1 fori=1,...,r.



(2.8) Define ¥: H"® — f, and U: H*® — U, by sending [y, k] and [x], respectively,
to the set of branch points of . These maps are (unramified) coverings and o A = ¥.
Through these coverings the spaces H*? and H™ inherit a structure of complex manifold

from U,.

(2.9) Each cover y: X — P'1 as above is an algebraic morphism of algebraic varieties
over C, compatible with its analytic structure (Riemann’s existence theorem). An auto-
morphism /3 of C defines an automorphism 3* of P11 by (g : 21) — (37 (x0) : 7 (21)).
Consider the cover 3(x): 3(X) — P'1 obtained from y: X — P'1 through base change
with 8*. Furthermore, for each o € Aut(X/P11) let (o) = B(a) € Aut(B(X)/P11) be

the morphism obtained by the same base change.

(2.10)  The spaces H*P and H"* have a unique structure of (the set of complex points
of) a (reducible) algebraic variety defined over Q [FV1, Theorem 1]. This variety struc-
ture is compatible with the analytic structure of H* and H™, and it makes the maps
U, ¥ and A into algebraic morphisms defined over Q. Also, each automorphism 3 of
C—in its natural action (x1,...,2,) = (B(21),...,5(x,)) on the complex points of
(the affine pieces of ) a variety defined over Q—sends the point [x] € H*" to [3(x)] and
the point [y, k] € H™ to [B(x), h o A1)

(2.11)  We can describe the action of complex conjugation ¢ on the triples of (2.4)
that compose H'™. Namely, ¢ naturally acts on paths in P'1. Thus, it induces a map

I (P'1\a,ap) — I (P'1~c(a), c(ap)). Denote this map by v — cv.

LEMMA: Ifp = [a,ap, f] € H™, then ¢(p) = [c(a), c(ao), cf], where (cf)(ey) = f(7)
for each v € Tl (P'1\a, ap).
Proof: Write p as p = [x, h]. Then ¢(p) = [c¢(x), ko ¢;']. Tt remains to show that this

point is represented by the triple (¢(a), ¢(ag ), c¢f). This is a straightforward consequence
of the definitions (cf. [DF1, Lemma 2.1]). 1

(2.12) Let b={by,...,b,} € U, such that 0 ¢ b. We can choose generators v1,...,7r
for the fundamental group II; (P'1<b,0) so that 41 - - - 7, = 1 is the only relation among
them.
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Indeed, we may assume that b; = ¢/, for j = 1,...,r, where ( = ¢ » . Otherwise
apply a homeomorphism P'1 — P'1 that maps 0 onto itself and b; onto (;. Let 7, be
a path starting at 0, going up on a straight line to a neighborhood of b;, traversing a
small disk around b; in the counterclockwise direction, and following the same straight
line back to 0. Then 71,...,7, do not intersect except at 0. Let +; be the homotopy
class of 4j. Then ~1,...,7, generate II;(P'1x\b,0) and 71 - -7, = 1.

Represent a point p € ¥~1(b) by a triple (b,0, f). The r-tuple (o1,...,0,) =
(f(71),---, f(7r)) determines the epimorphism f: ITI;(P'1\b,0) — G. Tt has the fol-
lowing properties: oy --- o, = 1, 01,...,0, generate G, and o; # 1 for all j [FV1, §1.3].
Let &, denote the set of such r-tuples (o1,...,0,). Clearly, each (o1,...,0,) € &, arises
in the above way from some p € ¥~ !(b). Let L(G) be the collection of conjugacy
classes # {1} of G, and let £ be all r-tuples (o1,...,0,) € & where each C € L(G) is

represented exactly r/|L(G)| times among o1,..., 0.

(2.13)  For the rest of section 2 assume that r is a multiple of |£(G)| and suitably
large [FV1, Appendix], and the Schur multiplier of G is generated by commutators. We
explain the latter condition. Let R be a group of maximal order with the property that
R has a subgroup M < R'NZ(R) satisfying R/M = G. Then MN{¢~'h~'gh| g,k € R}
generates M, the Schur multiplier of G.

Fix b € U, and 71,...,7, as above. By [FV1, §1.3] there is a (unique) connected
component H of H™ containing {[b,0, f]| (f(71),..., f(7)) € EMY. Let H = A(H)
be its image in H*". We call H and H Hurwitz spaces. By [FV1, Thm. 1] they are
absolutely irreducible algebraic varieties defined over Q. Moreover, since ¥: ‘H — U,

and U: H — U, are finite normal covers of an affine variety, H and H are affine [H,

Exc. II1.4.1].

(2.14) For A € Aut(G) (acting from the left on G), let 6 4: H — H be the map sending
the point [y, ] to [x, Ao h]. Then 64 is an automorphism of the covering A: H — H. It
depends only on the class of A modulo Inn(G). In fact, A is a Galois covering, and the
map A + &4 induces an isomorphism §: Out(G) = Aut(G)/Inn(G) — Aut(H/H) [FV1,
§6.1]. Furthermore, 64 is a morphism defined over Q [FV1, §6.2]. In the description
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of Hi™ in (2.4), §4 sends the point [a, aq, f] to [a,ap, A o f]. As A: H™ — H2P is an

unramified covering (2.8), 64 has no fixed points.

For the rest of this section we further assume that G has trivial center. Accord-
ingly, identify G with the subgroup Inn(G) of Aut(G) (acting from the left on G).
Let p € H andlet K C L be subfields of C such that A(p) € H(K) and L = K(p).

(2.15) Write p as p = [x, k]. Then, the cover y: X — P'1 can be defined over L (in a
unique way) such that all automorphisms of y are defined over L [FV1, Cor. 1]. Thus,
there is a unique cover xr: X — P} such that base change with the embedding L — C

gives y from Y and the automorphisms of y from the automorphisms of vy .

(2.16)  We recall some facts from [F'V1, §6.3]. The function field FF = L(X ) is regular
over L, and the extension F//L(x) induced by y is Galois. Here, x is the identity function
on P'1. The group G(F/L(z)) (acting from the left on F') is canonically isomorphic
to Aut(X/P'1), via the map that sends a € Aut(X/P'1) to the element ¢ — g o a™!
of G(F/L(x)). Let hg: G(F/L(x)) — G be the composition of this isomorphism with
h: Aut(X/P'1) — G.

(2.17)  Furthermore, both L/K and F/K(x) are Galois extensions, and the central-
izer of G(F/L(x)) in G(F/K(x)) is trivial. This implies that hy extends to a unique
embedding hy: G(F/K(z)) — Aut(G). [FV1, Proposition 3| says:

H :=h(G(F/K(x))) ={A € Aut(G)| 64(p) is conjugate to p under G(L/K)}.

(2.18) Let § be an automorphism of C, and let K and K' be two subfields of C such
that B(K) C K'. Put p' = 3(p) and L' = K'(p'). Then 3(L) C L', and A(p') € H(K").
Let F'/L'(x) be the Galois extension associated to X' and the point p’ of H, and let
hy: G(F'"/K'(x)) — Aut(G) be the associated embedding. Then the following holds:
Let 3: L(x) — L'(x) be the extension of # (fixing x). This map extends further to
f3: F' — F' such that canonically

(1) F’%ﬂ(F)@ﬁ(L)ngF(@LLI.
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The ‘restriction’ map p*: G(F'/K'(x)) — G(F/K(x)) that sends ¢ € G(F'/K'(z))
to 37 'olgp 3 is injective, and yields an isomorphism G(F'/L'(x)) — G(F/L(x)).

Further, it makes the following diagram commutative:

G(F'|K'(2)) —— G(F/K(x))

) N /

Ry
Aut(G)

Proof: We have p' = [B(x),h o 371] by (2.10). The natural action of 3 € Aut(C) on
functions defined over L extends 3 to a map from F = L(X) to F' = L(3(X)). Then (1)
follows from the fact that F is regular over L, and [F": L'(z)] = [F : L(z)] (= deg(x)).
The proof of (2) is straightforward from the definitions.

(2.19) In the situation of (2.18) and Lemma 1.9 we have

W(Ip(F'[B") C n(Ip(F/E))  and  Conghl(Ip(F'/E") = h(Ip(F/E)).

where H is the image of h; in Aut(G). If the ‘restriction” map f*: G(F'/K'(x)) —
G(F/K(z)) is an isomorphism, then A} (Ip (F'/E")) = hi(Ip(F/E)).

Proof: Without loss of generality assume that the map 5: K — K' is an inclusion of
fields. Hence 3* = resp. In the commutative diagram (2) we may replace Aut(G) by
H. so that hy is an isomorphism. The assertions follow from the commutativity of that

diagram. 1
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3. Group-theoretic lemmas

Fix the following notation. For a group G and an integer r > 0 put G = G~A{1}. Let
L(G) be the collection of nontrivial conjugacy classes of G, and put [ = |£(G)|. For
an r-tuple ¢ = (01,...,0,) € G" and C € L(G), let n¢(o) be the number of indices,
1 <i¢<r, with o; € C. Then ECeL(G) ne(o) =r.

LEMMA 3.1: Let G be a finite group. Every sufficiently large multiple r of 4l satisfies
the following conditions. Let € € Aut(G) be of order 2, and let I be a set of involutions
n (Gx(e))\G such that e € I. Let e = 8- |G|l if |I| > 2, and e = 0 if |[I| = 1. Put

m =r — e. Then there are sequences ¢ € G¢, T € G™ with the following properties:

Q

-ai_lai_lai__ll---al_l, for each 1 <1 < ¢;

~
I <
DO =

Tf = ;}H j for each 1 < j <m;
(b
(¢) (o,7) € EVNQ), that is, (01,...,0¢,T1,...,Tm) =G, 01---GeTy -+ Tm = 1, and
ne(o,7) =1/l for each C € L(G).

I ={ee0y,€0109,...,€0109 - 0c};

)
)
)
)

Proof: It suffices to consider only one € € Aut(G) of order 2, and only one set I of

involutions.

PART A: Separation of ¢ from 7.  Define an equivalence relation on £(G) where the
class [C] of C is {C,C~1,C%,C~¢}. Part B constructs o € G€ satisfying (al), (b), and two
further conditions
(cl) o9---0e=1; and
(d1) for each [C] there is ye; > 0 such that ne(o) = 4pyc).
Observe that € = 3 ocpqyne(0) =4 ccr(a Hic)-

Furthermore, for each [C] let v¢) be a positive integer, and put m = 4 ECEﬁ(G) Vc]-
Part C shows that there is an m-tuple 7 € G™ satisfying (a2), and the following two

conditions:
(c2) (T4, ., Tm) =G and 71+ 7y = 1;
and

(d2) ne(r) = 4vje, for each C.
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Now, let n = 3, and assume that n > ey for each [C]. Do the last step with

o~

vic] = n — pfe)- Then

e+m=4 Z /,L[C]—I—ZL Z I/[C]:4 Z n =4In = r.

CeL(a@) CeL(a@) CeL(a@)

Clearly, (c1), (¢2), (d1), and (d2) imply (c). In fact, nc(o,7) = 4n = 7 for each
C € L(G).

PART B: Construction of @. If I = {e}, let e = 0 and o = (). Otherwise put
0 = (€1€2,€3€3,...,€.€1),

where €1 = €,€3,...,€. € I, not necessarily distinct, but 1 # €3 # --- # €. # €;. Then
o satisfies (al) and (cl). Furthermore, if I = {€1,..., €.}, then o also satisfies (b). To
construct such €1,..., €., let n' = m Observe that n' is an integer divisible by
4, because |I~{e}| < |G]|. Let ¢; = € for odd ¢, and choose €3, ¢€4,...,€ so that each
element of I~{e} occurs in this sequence exactly n' times.

Let g € G, and let ny(o) be the number of indices 1 < ¢ < e for which o; = ¢. From
the above, 4|n,(0). Moreover, o5, | = €(eez; )e = 02_1‘1—1 = 09;, for each 1 <7 < ¢/2.

Hence, ny(6) =ny-1(0) = ng(6) = ny-<(o). This yields (d1).

PART C: Construction of 7. For each [C] let vj¢) be a positive integer. Choose k and
g=1(91,---,9%) € G* such that ne(g) = ve), for each C. In particular, g contains an
entry from each C € L(G). A proper subgroup of G misses some conjugacy classes of G

[F'J, Lemma 12.4]. Therefore, G = (g1,...,gk). Farthermore, k = 3.4 ve] = T

Put

T=(g1.07 sevvs GhrGp 2G5 G oo er 05207 °)-

This choice satisfies (a2) and (¢2), and, for each C,

ne(T) =ne(g) + ne-1(g) + nee(g) + ne-<«(g) =4ve. 1

LEMMA 3.2: Let 1 - G — H-—+C — 1 be an exact sequence of finite groups, and let
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I be a set of involutions in H~G. There exists a commutative diagram of finite groups

1 - - %=C -1
g L
G - H —

1 .- C -1

Y

with exact rows and surjective vertical maps such that the Schur multiplier of T' is
generated by commutators and C-(I') = 1. Finally, every involution in I lifts to at least

two involutions in I'

Proof: Choose a presentation 1 - R — F — H — 1, where F is the free product
of a free group of finite rank with finitely many groups of order 2, say (61),...,(d.),
such that {61,...,6.} maps onto I. The inverse image F; of G in F contains no
conjugates of é1,...,0., hence by the Kurosh Subgroup Theorem [M, Theorem VII.5.1
and Proposition VII.5.3] it is a free group of finite rank. Let A" = [F;, R] be the group
generated by commutators [f,r] with f € Fy,r € R. Set F = F/N, Fy = Fi/N, and
R=R/N. Then1— R — F; — G — 1 is a central extension.

By the general theory of the Schur multiplier [Hu, Kap.5, §23], R is the direct
product of the Schur multiplier M(G) = RN(Fy)" and a free abelian group A. Let Ay be
the intersection of all the F-conjugates of A. Then Ag<F. Since (R: A) = |M(G)| < oo,
also (F : Ag) < oo. Set I'= F/Ay, I'= F1/Ap, and S = R/Ay, to get diagram (1).
The image I of {61,...,6.} in I'maps onto I. Notice that S is the direct product of
SN(T) =2 M(G) and A/Ay. As in the proof of [FV3, Lemma 2] the Schur multiplier of
I'is generated by commutators.

Replace G, H, and I by I, I, and T, to assume that the Schur multiplier of G is
generated by commutators.

Let T be a non-abelian finite simple group with trivial Schur multiplier. For
example, take T" = SLy(8) [Hu, Satz 25.7]. Form the regular wreath product I' of H
with T (e.g., [Hu, Def. 15.6]). Thus I' = T'xH, with j = |H|, and H acts on T’
by permuting the factors in its regular representation. Let I’ be TV xG < T. Clearly,
C2(T?) =1, and hence C+(T) = 1. If e € T and 7 € T’, then 7 !er is an involution in T

that maps to e. This proves the last assertion of the lemma.
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Since M(T) = 1, every central extension of T splits. This implies that every
representation group of I'has a normal subgroup isomorphic to TV such that the quotient
by this subgroup is a representation group of G. Therefore, M(T') =2 M(G) is generated

by commutators. 1

LEMMA 3.3: Let 7: H — H be an epimorphism of finite groups, and let I, ..., I,, C H
and Iy,...,1, C H be sets of involutions such that w(I;) = I;. Then there exists a
finite group ﬁ, a surjection p: H— H, and sets of involutions E, . ,fm C H such that
,0(12]) = I; for every j, and every automorphism & of H that satisfies a(I;) = I; for all
7, lifts to an automorphism & of H (that is, (top)oda = ao(wop) ) that satisfies

&(E) = f] for all j. Moreover, if the I; are conjugacy domains in H, then the TJ can

be taken conjugacy domains in H.

Proof: Let K be a set of cardinality Ker(7). Let H be the free product of cyclic groups

H = (M i) * (B o)) * (M Eere)) -5 CH Eeom)):

ReH eeT eeT eeT
kEK kEK kEK kEK

where (zj, ) = Z and (€ y ;) = Z /27, and let E = {&.rjlec1;, ke K} (Of course,
H is not yet finite.) Define a surjection p: H — H by mapping {#p x| k € K} onto
{h e H| n(h) = h} and {é& ;| € € I;} onto {e € I;| 7(¢) = €}. Then p(I;) = I;. Every
automorphism & of H that satisfies a(I;) = I; for all j, lifts to an automorphism & of
H defined by Thp = Ta(h)k and ek j — €a(e)k,j- Clearly &(E) = f] If I; and I; are
conjugacy domains, we can replace f] by the conjugacy domain that it generates in H.

Thus H satisfies the requirements of the lemma, except that it is not finite. To
make H finite, replace it by its quotient ﬁ/N, and p by the induced quotient map, where

N 1is a characteristic subgroup of finite index in ﬁ, contained in Ker(p). For example,

take N to be the intersection of all normal subgroups M of H with I:j/M ~ H. 1

They are connected.
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4. Points over ordered fields

Let G be a finite group with a trivial center such that the Schur multiplier of G is
generated by commutators. Identify G with the subgroup Inn(G) of Aut(G). Fix a suf-
ficiently large integer r that satisfies (2.13) and the assertions of Lemma 3.1. Associate

with G and r the moduli spaces H™® and H* (2.3).

Our aim is to choose Hurwitz spaces H and H and some points q = [b,0, fy] on

H (2.4). First, let

e=28- |G| and m =

so that r = ¢ + 2m, and define the base point b = {by,...,b,} in U, by

by =1,....b. =€, and bey; = =3+ (2m +1—2j)v/—1, for j =e,...,2m.

Next, fix generators of II;(P'\b,0). For each 1 < j < r let D; be the disc of
diameter % around b; (so that Dy,..., D, are disjoint). Define loops 71,...,7, in the

complex plane with the initial and final point 0 in the following way:

(1) 71 = B, v2 = By B2y -y Ye = Bl Be, where 3; is the circle in the counter-

clockwise direction with diameter [0,b; + %] on the real axis;

(2) for e < j <r the path 7, goes on a straight line from 0 towards b;, then travels
on a circle of diameter % < p < 1in the counterclockwise direction around b;, and

returns on a straight line to 0.
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Ye+1

Ye+m—1

Ye+m

Ye+m+1

Yed+m4+2

These loops are homotopic to the loops constructed in (2.12). Therefore they
represent generators of the fundamental group II; (P~ |JD;,0), subject only to the
relation 47 -+, = 1. If a is an r-tuple with |anN D;| = 1 for j = 1,...,r, then
Y1,.-.,7r also represent generators of I' = II;(P'\a,0). Indeed, II;(P'\|JD;,0) =T
via the inclusion P\ | D; — P'\a. Furthermore, for such a, we may use 71, ... ,7, also
to represent free generators of I' = II; (P~ (a U {c0}),0). The canonical epimorphism
A.: I' = T induced by the inclusion A\: P~ (a U {cc}) — P'~a maps the class of v; in
T onto the class of v; in T

Using b and v1,...,7,, define the Hurwitz spaces H and H and the maps A, ¥,
and ¥ as in (2.13).

Finally, assume that G has non-inner automorphisms of order 2, and let e be
such an automorphism. Let G'x(e) be the subgroup of Aut(G) generated by G and e.
In particular, the centralizer of G in G x(e) is trivial. Let I C Gx(e)~G be a set of
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involutions, with € € I and [I| > 2. Lemma 3.1 (with m replaced by 2m) produces an
r-tuple (o1,...,0,) € EM(G) (see (2.12)) with the following properties:

(3) of =0 ---aj_laj_laj__ll ooyt foreach 1 < j < e

€ _ 1 s .
(4) oy, = Ot (2mt1—j) for j =1,...,2m;
(5) I ={e e01,€0109,...,€0102--0.}.
Fix (for each € and each I) such an r-tuple (o1,...,0.). As o1---0, = 1, there is a

unique epimorphism fo: II1(P'\b,0) — G with fo(v;) =0, for j=1,...,r.

DEFINITION 4.1: The point q = [b,0, fo] € H is called the basic point associated
with G, ¢, and I. The neighborhood

N ={p=1a,0,f] € H"| anD; =1,f(v;)= foly;) =05, for y=1,...,r}
of q in H is called the basic neighborhood of q.

REMARK 4.2: (a) A priori, AV is a neighborhood of q in H™® (see (2.6)). Yet, A is
connected. Hence, N' C H.

(b) The point b is Q-rational (2.7). Hence q is algebraic over Q.

(c) Let p € NV, and let a = {a1,...,a,} = ¥(p). Then without loss of generality
a; € Dj, for y =1,...,r. If a is R-rational (i.e., (X —ay)--- (X —a,) € R[X]),
then @y < .-+ < @ are real, and d.y(2m+1—j) is the complex conjugate of a.;,
fory=1,...,m.

(d) Let ¢ be the complex conjugation. As H is an affine variety, we may embed it in
a fixed affine space A". Then the complex topology on it is given by the norm
|| = || defined in Definition 1.4. There are only finitely many choices of € and 1.
Hence there are only finitely many basic points associated with . Thus there is
a positive rational number v (that depends only on G) such that if q is a basic

point, p € H, and ||p — q||.? < ©?, then p is in the basic neighborhood A of q.

LEMMA 4.3: Let p € N such that ¥(p) is R-rational. Then é.(p) = c(p), where c is

complex conjugation.

Proof: Write p as [a,0, f]. Then a = ¥(p). We have 6.(p) = [a,0,e0 f] by (2.14) and
c(p) = [e(a),0,cf] =[a,0,cf] by (2.11). It remains to show that ¢f =€eo f.
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Observe that c3; = ﬂj_l, for y =1,...,e. Recursively:

(6) N = e =N N e e = e e Vel
Furthermore,
(7) Vet = Vot (2m+1—j) for j=1,...,2m.

Recall that (c¢f)(cy) = f(v). Combine (6) and (7) with (3) and (4) to get cf(v;) =
flevj) = a5 =(eo f)(v;), for each 1 < j <. I

PROPOSITION 4.4: Let (K, P) be an ordered field, and let ¢ be an involution in G(I)
inducing P on K. Assume that K CC. Let € G(Q), and let p € H(I:’) such that

(8) Ip = AMa)ll.” < v* in K(0),

and p = A(p) is K-rational. Let F/IK(x) be the Galois extension and hy: G(F/K(x)) —
Aut(G) the embedding corresponding to p over X (2.17). Put L = K(p) and let H be
the image of hy. The following hold:

(a) oc(p) = «p);

(b) P does not extend to L; in particular, P does not extend to F;
(¢c) Gx(e) < H, and therefore I C H;
)

(d) hy(Ip(F/K(x))) = Conp(I).

Proof: By (2.14), é.(p) # p. Therefore (a) implies «(p) # p. Hence L & IN&’(L), and
this implies (b). Furthermore, the criterion of (2.17) implies that e € H. Since G < H,
Gx(e) < H. So it suffices to prove (a) and (d).

PART I: Reduction to K with archimedian orderings dense in X(K). Let Ky be a
finitely generated subfield of I, containing the finitely generated subfield Q(p) of K. Let
Py be the restriction of P to K. This orderingis induced from the restriction ¢y € G(Ky)
of «. Let Fy/Ky(x) be the Galois extension and (hy)o: G(Fy/Ko(x)) — Aut(G) the
embedding corresponding to p over Ky. We may assume that F' = F, - K (2.18). If
Ky is sufficiently large, then the restriction map resp,: G(F/K(x)) — G(Fy/Ko(x)) is
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an isomorphism. If we can show that the assertions hold for K¢, Py, to, (h1)o, then, by
(2.19) and since ¢o(p) = «(p), they also hold for K, P, ¢, hy. By Lemma 1.6(a), the set
of archimedian orderings on K is dense in X(Ky). So we may assume that K enjoys

this property.

PART II: Reduction to P archimedian. By Remark 1.8, if P’ is an (archimedian)
ordering of K sufficiently near to P, then Ip(F/K(x)) = Ip/(F/K(x)). We may assume

that P’ is induced by an involution ¢' in G(K), which is so near to ¢ that

Ip = AMa)ll.> = llp = Ma)lls*  and  «(p)=/(p).

Thus we may replace P by P’ and ¢ by ¢'.

PART III: Reduction to K =R and A = 1.  Assume that P is archimedian. Extend
A7! to an automorphism 3 of C, and let // = $:37!. Then ﬂ([:’(e)) = (ﬂ(]:’))(e’) is a
real closure of (B(K), 5(P)). Hence it is also archimedian. Thus we may assume that
(ﬂ(]:’))(e’) C R. Hence 87t =/ = res ;76 where ¢ is complex conjugation on C.
Since q is algebraic over QQ, we have SA(q) = q. Therefore an application of 3 to

(8) yields

(8') 18(p) —all* < v* in R.

As p is K-rational, «(p) = p. Thus ¢(3(p)) = B(p), and hence 3(p) is R-rational. Also,
since 6, is defined over Q, it commutes with 3. Therefore (a) is equivalent to

(a') é(B(p)) = c(B(p))-
Finally, let F'/R(z) be the Galois extension and h: G(F'/R(z)) — Aut(G) the em-
bedding corresponding to 3(p) over R, and let H' be the image of . Then by (2.19),
condition (d) follows from

(d") By (Ip(F'/R(x))) = Conp(I),
where P’ is the unique ordering of R.

Thus, replacing I by R and p by 3(p), we may assume that ' = R and A = 1.

PART IV: K =R and A =1. By Remark 4.2(d) we have p € A'. Write p as [a, 0, f].
Then a = ¥(p) = ¥(p) is R-rational. So Lemma 4.3 gives assertion (a).
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Proof of (d): By (c¢) — that follows from (a) — we have Gx(e) < H. Check:
Gx(e)| =2 |G| =2-[F: Cx)] = [F: R(z)] = |H],

so H = Gx(e).

Write p in the form p = [y, k], with y: X — P! (2.1). Fix a point y € x~1(0).
Let Yy = P’ (aU {oo}), and let ¢: 1/}0 — Yy be the universal unramified covering of Yj.
Fix a point § € ¥ ~1(0). Put ¥ = y71(Yy) C X. As x: ¥ — Y} is unramified, there
exists a unique covering ¢: Yo — Y such that xop =1 and ¢(y) = y. Let F be the
field of algebraic meromorphic functions on Yo (in the sense of [KN, p. 199]). Then the
field extension ﬁ/@(:p) induced by 4 is the maximal extension of C(x) unramified in
Yo.

Let FF = C(X) = C(Y). We shall identify G(F/C(x)) with G via hg, and
G(F/R(z)) with H via hy (see (2.16) and (2.17)), so that h: Aut(X/P!) — G is
the canonical isomorphism Aut(X/P!) — G(F/C(x)) that sends a € Aut(X/P!) to
the element f — foa™! of G(F/C(x)). Similarly, let G = G(ﬁ/@(l‘)), and let
h: Aut(l/}o/Yo) — G be the canonical map that sends & to the element f — foa™!.

Let «: II;(P'\a,0) — Aut(X/P') be the epimorphism associated to the point
y € X" 10) (see (2.2)). Similarly define i: I1;(Yp,0) — Aut(l/}o/Yo), associated to the

point § € ¥»~1(0). Then there is a commutative diagram

I (Yp,0) — Aut(?o/YO)T.@

S Tk

Hl(Pl\a,O) - " Aut(X/[F’l) —h> G

where )\, is induced from the inclusion \: Y, — P'\a.

Put 6; = ho {(v;), for y=1,...,r. Then
(9) respo; =hotoA(y;) = f(y;) =05, forj=1,...,r

Let n = (r 4+ €)/2 = e + m. By Remark 4.2(c) we may assume a1 < --- < a, are

real, and @4 (2m+1—5) is the complex conjugate of ae4, for j =1,...,m. Observe that
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F is the maximal extension of R(2) unramified outside the primes of R(z) induced by
ai,...,ap,00. In this situation the proof of [KN, Satz 2] shows that there is € € H=
G(ﬁ/R(:p)) such that €,64,...,6, form a system of generators for H with the defining

relations

=67t 67167620061, forl1<j<e

(10) &=1 and &

Further, &g-l-j = &;:(Zm_i_l_j) for y =1,...,2m. By (3) and (4) this implies that respé
and € act on G in the same way. Since H is a subgroup of Aut(G), this implies that
respé = €.

Further, each involution of His conjugate to one of €, 61€, 6261€,...,0, -+ G207€.

Indeed, by [HJ2, Lemma 4.2 (Part E)] it follows that H is the free profinite product of

the free profinite group (6¢y1,...,0,) of rank n —e = m with e + 1 groups

~

<é>, <5’1é>, <5’25’1é>, ,<ae---&2&1é>

that are of order two. Thus by [HR, Theorem A’] the elements of finite order in H are
the conjugates of the elements of these e + 1 subgroups.
By Lemma 4.5 below, all involutions of H are real. Using (9) and (5) we finally
get
I(F/R(z)) = resFI(F\/R(:I;)) = resFConﬁ({é, G1€,...,0¢- -+ 01€}) =

= Cong({€,01€,...,0.---01€}) = Conpy(I). I

LEMMA 4.5: Let S be a finite set of finite prime divisors of the field R(x). Let
R(z)® be the maximal extension of R(z) unramified outside S U {occ}, and set G° =

G(R(z)®/R(x)). Then all involutions of G° are real.

Proof: By [KN, Satz 3] the absolute Galois group G of R(x) possesses a system of
generators

{6, 7p | p a finite prime of R(x)/R} with the defining profinite relations

62 =1 and Tg :< H T;,_,l> 7'p_1< H Tp_/1>_1 for all real p.
p<p pI<p
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Here Hp < 7'p_,1 is the unique accumulation point of the set of products TP_} e 7';,_1 €g
for real primes p,...,p, with p; < .-+ < p, < p. Furthermore, [KN] constructs this
system of generators in such a way that for every finite set S of finite primes and every

finite prime p ¢ S the natural restriction map G — G*° maps 7, onto 1 [KN, p. 207].
Let p; <--- <p, be thereal, and p_,,...,p, the complex primes of S. Let &; be
the image of 7 i for j = 1,...,n, and let € be the image of 6 in G°. Then é,6¢,...,6,
generate G° and satisfy (10). These are in fact defining relations for G*° by [KN, Satz
2]. As in the last part of the proof of Proposition 4.4, each involution of G is conjugate

to some ;- -- 1€, where 0 < j < e. Thus it suffices to show that each ;- -- ;€ lifts to

an involution of G. To this end put

so=8 and &=( [[ ) o=n,( J[ =" 6

p <y pI<p

for 1 < j < e. Then §; maps onto the involution &; - - - 61€ in G°. In fact, given another
finite set S’ of finite primes of R(x) that contains S, the same argument shows that ¢,

restricts to an involution in G, As g = li@n GS/, we get that 0; is an involution in §G.

S
1
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5. The regular real embedding problem over a PRC field

Let K be a PRC field of characteristic 0, and let ¥ > 0 be a rational number. We
proceed similarly as in the case of PAC fields [FV2, Section 1]. We take some extra care
at places.

Let X1,...,X,, be a partition of X(K') into disjoint clopen subsets. Fix a closed
system & of representatives of the conjugacy classes of involutions in G(K); then
{I:’(L)| t € X} is a closed subset of real closures of K, one for each ordering of K
(see Section 1). Put A; = AN IXj(IN&’/I&’). Then AXy,..., A&, is a partition of X into

disjoint clopen subsets.

LEMMA 5.1: Let A: H — H be an unramified Galois cover of absolutely irreducible,
non-singular varieties defined over K. Assume that all the automorphisms of H/H are
defined over K. Let 3: G(K) — Aut(H/H) be a homomorphism, and let L be the fixed
field of ker(f3). Assume that L is not formally real. Let qi,...,qm € H(I:’) satisfy

(1) «q; = B(e)(q;), for each t € X, for j =1,...,m.
Then there exists p € H(I:’) such that

(2) op = B(o)(p) for each 0 € G(K);

(3) |lp—qj|I? <v?in IN&’(L), for each t € X, for j =1,...,m;

(4) the point A(p) of H is K-rational and K(p) = L.

Proof: First notice that (4) follows from (2). Indeed, an automorphism of the unramified

cover H — H has no fixed points. If (2) holds, then for each ¢ € G(K) we have
o(A(p)) = Ao(p)) = A(B(o)(p)) = A(p) and

o(p)=p = Blo)(p)=p = Blo)=1 <= o€ G(L)

The rest is a straightforward modification of the proof of [FV2, Lemma 1]. Apply Weil’s
descent [W, Theorem 3] to the maps f., = 3(7) o B(p)~! to get a variety H' defined
over K, and a linear isomorphism f: H' — H defined over L with these properties.
The map Ao f: H' — H is defined over K and of = (o) o f, for each 0 € G(K). In
particular, suppose that q' € H'(I:’) and q = f(q') € H(I}) Then, for every o € G(K)

Blo)a) = (B(a) o f)d) = (ef)(d) =o(fle™ q)).
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Conclude that
(5) oq=plo)(q) <= d=0d <= d cH (K ).

Use (5) and equation (3) of Section 1 to translate (1)—(3) via f from H to H'. Let
q; = f'(a;) € H'(K), for j =1,...,m. Then
(1) q} € H'(K (1)), for cach « € Xj, for j =1,...,m.
We must find p’ € H'(K) such that
(2') p' € H'(K(0)) for each o € G(K), that is, p' € H'(K);
(3") |Ip' — a4 < v?/|If]1? in K(o), for each t € Xy, for j =1,...,m
Suppose that « € X; for some 1 < j < m. As ||f||? is algebraic over K, there is
a; € K such that a? > ||f]]? in I?(L) Replace X, ..., X, by a finer partition to assume
that this is true for each ¢ € X;. Thus (3') will follow from a stronger statement:
(3") Ilp" = djlI} < v*/a3 in IN&’(L), for each ¢ € X, for j =1,...,m.
By Proposition 1.2 there is p’ € H'(K') such that (3") holds. I

THE VALUE OF THEOREM 5.2: Let K be a PRC field with just two orderings,
and L = K(y/—1). Let H be a direct product of groups of order 2, with an epimorphism
m: H — G(L/K). Then we can realize H over K(z) such that = coincides with the
restriction to L(x), and: all involutions in H \ ker(nw) are real. Previously you would
only get that at least one involution in H \ ker(n) is real. Using tricks (replace L by a
larger field, replace H by a cover of it), you could achieve that at least two involutions in
H \ ker(r) are real. This is the improvement, and this is all the improvement. However,
suppose you want to use it to say something about G(L ), where K has some kind of
(real) hilbertian property. Thus you want to specialize the above realization of H over
K(x) to a realization of H over I{. Presumably you want to keep the real involutions
still real (otherwise why bother to make them real in the first placel’). But G(L') has
only two conjugacy classes of real involutions, so you can do it only if there are only

two involutions in H \ ker(7). So the improvement is not used.

THEOREM 5.2: Let L/K be a finite Galois extension with L not formally real and let

m: H — G(L/K) be an epimorphism of finite groups. For each 1 < j < mlet I; C H
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be a conjugacy domain of involutions such that w(I;) = Ix,(L/K). Then there exists a
regular extension F' of L, Galois over K (), and an isomorphism hy: G(F/K(x)) - H
that maps Ix;(F/K(x)) onto I;. In addition, the following diagram commutes.

N2

G(L/K)

G(F/K(x

In particular, hy maps I(F/K(x)) onto U]‘ I;.

Proof: By Skolem-Lowenheim Principle [FJ, Proposition 6.4] we may assume that I C
C. We divide the proof into five parts.

PART 1: Weakening of the commutativity.  Let G = Ker(w). Instead of the com-
mutativity of the diagram it suffices to show that h; maps G(F/L(x)) onto G. Indeed,
apply Lemma 3.3. This gives an epimorphism of finite groups p: H — H and conju-
gacy domains of involutions 121, e ,fm C H such that ,0(7]) = I;. In addition, every
automorphism of G(L/K) that preserves the Iy, (L/K) lifts (under the map po7) to
an automorphism of H that preserves the f] Let G = Ker(p o).

Assume that we can find a regular extension F of L, Galois over K(x), and an
isomorphism h1: G(F\/K(:p)) — H that maps G(F\/L(d/‘)) onto G and the Iy, (ﬁ/]x’(:p))
onto the j; In particular, Ker(mopo iLl) = G(ﬁ/L(l‘)) = Ker(resy, ). Hence there exists
an automorphism o of G(L/K) such that « omopo hi = res; and « preserves the
Ix;(L/K). We can lift « to an automorphism & of H that preserves the j; Thus, by
composing hy with & we may assume that (7 0 p)o iLl = resy,.

Now let F' be the fixed field of Ker(p) in F. Then h; induces an isomorphism

G(F/K(x)) — H with the required properties.
PART 2: Reduction to commutators generate M(G), H C Aut(G), and |I;| > 2. As
L is not formally real, 1 ¢ Ix,(L/K) = n(I;), for each 1 < j < m. Thus I; C H~\G.
Let H and G be as in Lemma 3.2, and let Ij be the inverse image of I; in the set

of involutions of H. Suppose that there is F regular over L, such that ﬁ/K(:L') is
Galois, and an isomorphism A G(F\/K(:p)) — H that maps G(ﬁ/L(:L‘)) onto G and
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Iy, (ﬁ/]x’(:p)) onto f] As in part 1, the subfield of F corresponding to the kernel of the
map H — H (sending G to () is the desired F.

Thus, assume that commutators generate M(G), Cy(G) = 1, and |I;| > 2 for
each j. In particular, the conjugation action of H on G induces a monomorphism
H — Aut(G). Identify H with its image in Aut(G) (and G with Inn(G)). Then G(L/K)
is a subgroup of Out(G) = Aut(G@)/Inn(G), and 7=: H — G(L/K) is the restriction of
the quotient map m: Aut(G) — Out(G) to H.

PART 3: Construction. Let A : H — H be the cover of Hurwitz spaces, associated
with G, defined in Section 4. Let 3: G(K) — Aut(H/H) be the composition of the
restriction G(K) — G(L/K) < Out(G) with the isomorphism é: Out(G) — Aut(H/H)
(2.14). Furthermore, let v be as in Remark 4.2(d).

Let M be the field generated over Q by /—1 and the conjugates of basic points
associated with G, €, and I as in Definition 4.1, for all possible € and I. This is a finite
extension of Q (Remark 4.2(b)). Refine the partition Xq,...,X,, of X(K'), and hence
also the corresponding partition Xy, ..., &, of X', so that for each 1 < j < m there are
unique €; € G(L/K) and ¢; € G(M/Q) such that res; X; = {€;} and respr X; = {i;}.

Fix 1 < j < m. Put I} = {e € I;| n(e) = ¢} and choose ¢; € I;. Then
Ii C G(ej). Let g be the basic point associated with G, €;, and I}. Then Q(q) C M.
As the real involutions in G(M/Q) are conjugate, there is A\; € G(M/Q) such that
/\j_lzj/\j = respsc, where ¢ is complex conjugation. Set q; = Aj(q). By Lemma 4.3,
bula) = e(). Therefore, 5.(a;) = S\ (@A;8c(a) = (e )(ay) = 75(ay).

Let € A, Then 8, = 8(x(e;)) = 8(e}) = (Foress (1) = B(1). Soi(ay) = 5(ay) =
oc;(qj) = B(¢)(qy). Thus qi,...,qy satisfy (1). Therefore there exists p € H(K) that
satisfies (2)-(4). Let F/K(x) be the Galois extension and hy: G(F/K(x)) — Aut(G)
the embedding associated with p over K (2.17).

PART 4: The image of hy. Let 7 € H. There is 0 € G(K) such that respo = 7(7).
By (2), o(p) = d(respo)(p) = é-(p). Hence by the criterion of (2.17), 7 is in the image
of hy. Thus H <im(hy). But

|H| = |G| [G(L/K)| =[F: L(z)] - [L: K] = [F: K()] = [im(h1)],
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and hence H =im(hy).

PART 5: hi(Ix;(F/K(2z))) = I;. Let1 <j <mandlet P € X;. By Proposition
4.4((1), hl(Ip(F/I&’(l'))) = COHH(I). As Cong(K)(Xj) = IXj (I?/I&’), Cong(L/K)(Ej) =

J

Ix;(L/K). Conclude that ConH(I}) = I;. Thus hi(Ip(F/K(2))) = I;. I
Theorem 5.2 says more about the structure of the absolute Galois group of IK(x).
For instance, every finite group is realizable over K (). This is not new [DF2, Theorem

5.7]. Still, the precise information about real involutions gives more.

THEOREM 5.3: Let K be a formally real PRC field. Let G be a finite group, and let
Gy be a normal subgroup of G generated by involutions. There is a Galois extension
N/K(x) with Galois group G such that the fixed field of Gy in N is the maximal totally

real extension of K(x) in N.

Proof: Let (€) be a group of order 2. Put H = G x (¢) and Hy = Gy x (€), and let
7 H — G(K(v/=1)/K) be the epimorphism with kernel G. The set I of involutions
in Gy generates Gy. Therefore I; = (Ip U{1}) x {€} generates Hy. It is a conjugacy
domain in H. Theorem 5.2 (with m = 1) gives a Galois extension F of E = K(z) that
contains y/—1 such that G(F/E) = H, G(F/E(/—1)) = G, and I; is the set of real
involutions in G(F/E). Let N be the fixed field of € and N' the fixed field of Hy = (I1).

The last condition means that N’ is the maximal totally real extension of E in F, and,

thererefore, also in N. Clearly G(N/FE) = G and N' is the fixed field of Gy in N. I
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6. Real Hilbertian fields

As in the preceding sections, all fields are of characteristic 0.

Let S/R be a Galois cover of rings [FJ, Definition 5.4], and let F//E be the corre-
sponding Galois extension of the quotient fields. Thus R is an integrally closed domain
and there is z € S integral over R such that S = R[z] and the discriminant dg(z) of z
over E is a unit of R. We call such z a primitive element for S/R. Assume that S/R
is real [HL, Definition 4.2], that is, R is a regular ring and F' is not formally real.

LEMMA 6.1: The integral closure S' of R in each intermediate extension F' of F/E is

also a regular ring.

Proof: Observe that S/S' is also a Galois cover. By [R, p. 75] it suffices to show that
S'/R is étale. i.e., flat and unramified. We have S = 4= Rz?, where d = [F : E], and
so S/R is faithfully flat. Similarly S/S’ is faithfully flat. By the descent property [Ma,
(4.B)], S'/R is (faithfully) flat.

To show that S'/R is unramified, let q be a prime of S, and let p = qN S’ and
m = qN R. Replace R, §', and S by their localizations at these primes to assume
that they are local rings. Then $/S’ and S'/R are still faithfully flat. As S/S' is
unramified, the field extension (5/q)/(R/m) is separable and finite. Hence so is its
subextension (S'/p)/(R/m). As S/R and S/S' are unramified, mS = q and pS = q.
Thus (mS)S N ' =pS N §'. But S/ is faithfully flat, hence [Ma, (4.C)], mS' = p.
|

Let M be a field. Every homomorphism ¢: R — M extends to a homomorphism
P S — M, and v induces a group homomorphism ¢*: G(M) — G(F/E), given by

(1) ;/)(;/)*(U)(:Jc)) =o(x) for x € S.

[FJ, Lemma 5.5]. If ¢' is another extension of ¢, then "™ and ¢* differ by an inner
automorphism of G(F/E) [L, Corollary 1 on p. 247]. In particular, for o € G(M) and
a conjugacy domain I C G(F/E) we have ¢"*(o) € I if and only if ¢*(o) € I. This
allows us to abuse the notation and write ¢*(o) € I instead of ¢*(0) € I. (Cf. also
[HL, Remark 4.1].)
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REMARK 6.2: (a) Let So/Ro be another real Galois cover of rings, with L/K the
corresponding extension of the quotient fields. Assume that R is finitely generated over
Ry, the field K is algebraically closed in E, and L is the algebraic closure of K in F.
Furthermore, Ry C M and ¢: R — M is an Ry-homomorphism.

We may choose the extension ¥ of ¢ to be an Sp-homomorphism. It then follows
from (1) that the composition of ¢* with resy: G(F/E) — G(L/K) is the restriction
map res;: G(M) — G(L/K).

(b) For each P € X(K) we have p*(Ip(M)) C Ip(F/E). In particular, o*(I(M)) C

Indeed, let € € Ip(M), and let p: S — M be an extension of @. It follows from (1)
that ¢ maps the integral closure S’ of R in F(1*(¢)) into M(e) The latter field is real
closed. Thus, by Knebusch’ Theorem [HL, Proposition 1.2], P extends to an ordering

on F(1*(e).

For the rest of this section and for an ambient field A consider the following setup:
(2) Let x be transcendental over K, let E = K(z) and R = K[z, h(2)™!]. Let S be a
real Galois cover of R and let F'/E be the corresponding extension of the quotient
fields. Let X1,...,X,, be a partition of X(K) into disjoint clopen subsets, and

for each 1 <j < mlet Q; € X(E) such that resx@Q; € X;.
In this setup, each a € K with h(a) # 0 defines the homomorphism ¢,: R — K by

r = a.

LEMMA 6.3: In (2) let Q be an ordering on E and P its restriction to K. Let K be the
real closure of (K, P). There exist branch points ¥y < x5 in K of the extension F/E

with no other K branch points between them, having the following property. For each

a € K in the interval (x1,22), ¢i(Ip(K)) C Io(F/E)

Proof: Let € € Io(F/E). Choose a primitive element y for F(e)/E, integral over K[z],
and let f. =irr(y, E) € K[z,Y]. Let S’ be the integral closure of R in F\(e).

The sentence (IX,Y)[f(X,Y)=0A %(X, Y') # 0] holds in F(e), and therefore
also in the real closure of (E, Q). By Tarski’s principle it is valid in K. Thus there is

a € K such that f(a,Y) has a simple root in K. This certainly remains true if a is
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replaced by a in the neighborhood U of @ in K determined by nearest branch points of
F/E in K.

Let ¢ be the generator of G(K), and let S’ be the integral closure of R in F(e).
Let a € UN K. Then p,: R - K C K extends to a homomorphism ¢: ' — K. It
follows that its extension 1: S — K satisfies Y*(1) =e. As Ip(K) and Ig(F/E) are the
conjugacy classes of ¢ and e in the respective groups, we have ¢}(Ip(K)) C Io(F/E).

DEFINITION 6.4: A formally real field K is real Hilbertian, if in each setup (2)
the following holds. Assume that G(F/E) = (UL, Iq,(F/E)). Then there exists
a K-homomorphism ¢: R — K such that o*(G(K)) = G(F/E) and ¢*(Ix;(K)) =
Io,(F/E), for each 1 < j < m. In particular, o*(I(K)) = I(F/E).

COROLLARY 6.5: If K is a number field, then K is real Hilbertian.

Proof: Consider (2). For each j put P; = resg@);. Since |X(K)| < oo, by refining
Xi,...,X,, we may assume that X; = {P;}. As K is dense in each of its real closures,

Lemma 6.3 gives a nonempty open subset U; of K (with respect to P;) such that
u(Ip,(K)) C Ig,(F/E) for each a € U;. Consider the Hilbert set

Hy = {a € K| h(a) 0 and 9}(G(K)) = G(F/E)}

[FJ, Lemma 12.12]. By [G, Lemma 3.4], Hx is dense in K in the product topology
induced by Py,..., Py, that is, thereis a € Hx NU1 N ---NUy,. Observe that Ig, (F/E)
is a conjugacy class in G(F/E). The surjectivity of ¢} implies that o} (Ip, (K)) =
Io; (F/E). "

PROPOSITION 6.6: Let I = Q. Then K is real Hilbertian.

Proof: Assume (2). Let z be a primitive element for the cover S/R. Let K' C K be a
number field such that h(z) € K'[z]. Put R' = K'[z,h(2)7!] and S' = R'[z], and let
E' and F' be their quotient fields. For each j let @ be the restriction of @; to E', and
let X7 be the restriction of X; to K'. Take K' sufficiently large to assume that

(i) S'/R' is a real Galois cover;
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(ii) [F': E'] = [F : E], and therefore I{ and F' are linearly disjoint over K'; and
(iii) the sets Xi,...,X], are distinct.
Then X71,...,X,, is a partition of X(K') and G(F'/E') = G(F/E).

By Corollary 6.4 there exists a € K' such that an extension ': S’ — K of
va: R' — K' satisfies ;/)’*(IX]{ (K)) = Iy (F'/E"). Extend ¢, to the K-homomorphism
va: R = K. As K and S’ are linearly disjoint over K', it is possible to extend this
vq and ?' to the same K-homomorphism : S — K. By (1), the following diagram

commutes.

G(F/E) 7 G(K) — I(K)

- L

G(F'/E") ~ G(K') «— I(K')

From (ii), the left vertical map is an isomorphism. As K = Q", I(K) = I[(Q) = I[(K').
Thus, the right vertical inclusion is surjective and maps Iy, (I{) onto IXJ( (K'). Diagram
chasing yields ¢*(Ix,;(K)) = Ig,(F/E). But G(F/E) = <U;n:1 I, (F/E)), and hence
P(G(K)) = G(F/E).
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7. The absolute Galois group of the field of totally real algebraic numbers

In this section we consider the following category. An involutory structure is a pair
(G, Ig) = G for short, where G is a profinite group and I is a closed set of involutions
in G. A morphism of involutory structures ¢: G — H is a continuous homomorphism
of groups ¢: G — H such that ¢(Ig) C Iy. We say that ¢: G — H is an epimorphism
if o(G)=H and ¢(Ig) = Ig.

EXAMPLE 7.1: (a) Let L/K be a Galois extension with L not formally real. Then
G(L/K) = (G(L/K),I(L/K)) is an involutory structure. Let E be an extension
of K, and let F//E be a Galois extension such that L C F. Then the restriction
res;: G(F/E) — G(L/K) is a morphism. Moreover, suppose that E/K is regular and
totally real: every ordering on K extends to E. Then resy, is an epimorphism (cf. [HJ1,
Lemma 3.5]).

(b) Let S/R be a real Galois cover with F/E the corresponding Galois extension
of fields. Let M be a field and let ¢: R — M be a homomorphism. Extend ¢ to a
homomorphism t: S — M. Then the group homomorphism ¢*: G(M) — G(F/E) is a
morphism of involutory structures ¢*: G(M) — G(F/E) (Remark 6.2(b)).

A finite image of G is a finite involutory structure H for which there ex-
ists an epimorphism ¢: G — H. Clearly, up to an isomorphism, it is of the form
(G/N,{eN/N| € € I}), where N is an open normal subgroup of G not meeting Ig.
Let Im G be the class of all finite images of G.

A finite embedding problem for G consists of an epimorphism 7: H — A of
finite involutory structures, together with an epimorphism ¢: G — A. A solution is
an epimorphism ¢: G — H such that 7 01 = . We say that G has the embedding
property if every finite embedding problem (7m: H — A, ¢: G — A) for G, in which

H is a finite image of G, has a solution.

EXAMPLE 7.2: Let D be the free profinite product §] .. () of groups of order 2 over
X, (Remark 1.5), and let I, = {¢,| € X,}. A finite involutory structure (A, I) is
a finite image of (D, I) if and only if A is generated by I4. Furthermore, (D, I%) has
the embedding property.
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With D and IY, as above, put D = (D, Ip), where Ip is the conjugacy domain
Conp(I}) of D generated by I9.

LEMMA 7.3: (a) Ip is the set of all involutions in D, and D is of rank Ny.
(b) A finite involutory structure A is in Im D if and only if I4 # () is a conjugacy
domain in A and A = (I4).
(¢) D has the embedding property.

Proof of (a): See [HJ2, Corollary 3.2 and Lemma 2.2]
Proof of (b): Immediate from Example 7.2.

Proofof (¢): Let m: H — A, ¢: D — A be afinite embedding problem for D. Then I4 C
A and Iy C H are conjugacy domains. Let I = o(I%) and let I, = {e € Iy| 7(e) €
I%}. As Conp(I}) = Ip, we have Cona(I%) = La; it follows that Congy (%) = Iy.

By Example 7.2, I% generates A. But H € Im D implies that Iy generates H.
We have 7(I%) = I% and Cong(I%) = Iy. By an analogue of Gaschiitz’ lemma [HL,
Lemma 3.3 with n = 0], I¥, generates H.

By Example 7.2 there is an epimorphism : D — H such that 7 oy = ¢ and
O(IY) =IY,. Clearly v(Ip) = Iy. I

THEOREM 7.4: Let K be a real Hilbertian PRC field. Assume that K has no proper
totally real algebraic extensions and X (IK) has no isolated points. Put G = (G, Ig),
where G is the absolute Galois group of K and Ig is the conjugacy domain of all
involutions in G. Then
(a) A finite embedding problem (m: H — A, ¢: G — A) for G has a solution, if
(*) Iy # 0 is a conjugacy domain in H and H = (Ig).
(b) A finite involutory structure H is in Im G if and only if (*) holds.

(¢) G has the embedding property.
Proof: The fixed field of I in G is totally real over K. Thus G = (Ig).

Proof of (a): As1¢ I4 = ¢(Ig), Ker(¢)NIg = 0. Therefore the fixed field L of Ker(yp)
is not formally real. Without loss of generality A = G(L/K) and ¢ is the restriction

map.
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Theorem 5.2 (with m = 1, X1 = X(K), and I1 = Iy) identifies m: H — A with
the restriction map resy: G(F/E) — G(L/K), where E is a simple transcendental
extension of K, and F' is a Galois extension of E that contains L and is regular over L.

In particular, G(F/E) = (I(F/E)). Choose Q1,...,Qn € X(FE) with I(F/E) =
U;nzl Ig;(F/E). We may assume that their restrictions Pi,..., P, € X(K) to K are
distinet. Indeed, each P; is not isolated in X (), and hence there is P € X(K) distinct
from Py,..., P, and arbitrarily close to P;. By Remark 1.8(b) we may assume that
Ip(F/E) = Ip,(F/E). As Ip(F/E) = Joexw) Ig(F/E), there is Q € X(E) above P
such that Io(F/E) = Ig,(F/E). We repla(cjegaj by Q.

Let Xy, ..., X,, be a partition of X (K) into disjoint clopen sets such that P; € X;.
This gives the setup (2) of Section 6. As K is real Hilbertian, there is ¢ € K and
an epimorphism ¢¥: G(K) — G(F/E). By Remark 6.2(a), ¢! is a solution to our
embedding problem.

Proof of (b): Condition (*) is necessary, since I # ) is a conjugacy domain in G and
G = (Ig). Conversely, assume (*). Let A = (a) = G(K(v/—1)/K) and A = (4, {a}),
where a 1s the generator of A, and let ¢: G — A be the restriction map. We construct
below a finite involutory structure H that satisfies (*), with epimorphisms H — H and
m H — A. By (a) there is an epimorphism ¢: G — H, and hence H € Im G.

If there is an epimorphism 7: H — A, let H = H. If not, let H = (HxA, Iyx{a}).
Both A and H are quotients of H. Observe that (*) holds for H. Otherwise Iy; x {a}
generates a proper subgroup I' of H x A such that the projection H x A — H maps
I'onto H = (Ig). Thus I' = {(h,n(h))| h € H}, where 7: H — A is an epimorphism.
As I'y x {a} C T, we have n(Iy) = a. Thus 7 induces an epimorphism H — A, a

contradiction.
Proof of (¢): Clear from (a) and (b). I

If, in addition to the assumptions of the theorem, K is countable, then G is of

rank at most Ny. Thus the involutory structures G and D are very similar, by Lemma
7.3 and Theorem 7.4.

In fact, we have the following straightforward modification of [FJ, Lemma 24.1]:

37



LEMMA 7.5: Let G and H be involutory structures with embedding property, such that
G and H are of rank at most Xg. If InG = ImH, then G = H.

THEOREM 7.6: Let K be a countable real Hilbertian PRC field. Assume that K has
no proper totally real algebraic extensions and X(I) has no isolated points. Then

G(K) = D, and hence G(K) = D.

The field Q" of totally real algebraic numbers is PRC by [P]. (We remark that
although Pop [P] states this result, he only gives the proof for an analog. Therefore in
all our results about Q" the reference [P] should be replaced by a subsequent version,

where this omission will be remedied.) It is clearly countable. By Proposition 6.6 it is

real Hilbertian, and by Remark 1.5, X(Q") has no isolated points. Therefore:

COROLLARY 7.7: The absolute Galois group of the field Q' of totally real algebraic

numbers is the free profinite product D of groups of order 2 over the universal Boolean

space X, = {0,118 of weight N.

8. Real Frobenius fields

Let S/R be a real Galois ring cover, and let F'//E be the corresponding field extension.
Let K be a subfield of R and L the algebraic closure of K in F.
We say [HL, Definition 4.2] that
(a) S/R is regular over I, if the extension E/K is regular. In that case L/K is a
finite Galois extension.
(b) S/R is finitely generated over I, if R and S are finitely generated rings over
K.
(¢) F/E is amply real over I{ if E/K is a regular extension, the algebraic closure
L of K in F is not formally real, and the extension F(e)/L(€) is totally real for
every real involution € € G(F/E).

DEFINITION &8.1: A field M is said to be real Frobenius if it satisfies the following
condition: Let S/R be a real Galois ring cover, finitely generated and regular over
M, with F/FE the corresponding field extension amply real over M. Let N be the
algebraic closure of M in F. Let H < G(F/E) such that H € Im G(M) and resyH =
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G(N/M). Then there exists an M-homomorphism ¢: S — M such that Yp(R) = M
and Y*(G(M)) = H.

PROPOSITION 8.2: Let M be a PRC field. If G(M) has the embedding property, then

M 1is real Frobenius.

Proof: (Cf. [HL, Proposition 5.6].) Let S/R, F/E, N, and H be as in Definition 8.1.
The embedding property gives an epimorphism of involutory structures h: G(M) — H
with resy o h = resy. Put L = MF. Then

G(L/E) = G(ME/E) xg(vpp) G(F/E) = G(M) x g(x/m) G(F/E).

Let D be the fixed field of A = {(6,h(6))| 6 € G(M)} in L. Then D/M is regular,
DF = DM = L,and DNF = E [FJ, p. 354]. We show that D/M is totally real. Let P
be an ordering on M. There is € € I(M) such that P is the restriction of P, from M(e)
Then h(e) € Iy C I(F/E). Observe that M(e) and F(h(e)) are linearly disjoint over
N(e) and L(e, h(€)) = D(e)F(h(e)) contains D. By assumption there is an ordering @
of F(h(e)) such that resy @ = resy()Pe. Therefore P, and @ extend to an ordering
of L(e, h(e)) [J, p. 241]. The restriction of this ordering to D extends P.

The integral closure U of R in D is finitely generated over M [FJ, p. 354] and
hence U is the coordinate ring of an absolutely irreducible variety V' defined over M.
Since M 1s PRC, there exists an M-homomorphism ¢g: U — M. Extend ¢y to an
M—epimorphism MU — M, and let ¢: S — M be its restriction to S. Then Pp(R) =M,
and, by [FHJ, Remark on p. 9], we may arrange it so that ¢*: G(M) — G(F/E)
coincides with h. Therefore ¢*(G(M)) = H. I

By Corollary 7.7 and Lemma 7.3(c), G(Q"'") has the embedding property. By [P],
Q" is PRC. Therefore:

COROLLARY 8.3: Q" is real Frobenius.
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9. Real Galois Stratification

This section gives a quantifier elimination procedure for the theory of real Frobenius
fields in the language below. The procedure is similar to that in [FJ, Chapter 25] and
almost the same as in [HL]. Therefore we only comment on the differences.

A Galois ring/set cover C'/A over a field I [FJ, p. 403] is real if A is nonsin-
gular, char(K) = 0, and K(C) is not formally real. Put G(C/A) = G(K(C)/K(A))
(Example 7.1(a)) and let Sub[C'/A] be the set of involutory substructures of G(C'/A).

Let K C M be afield. Each a € A(M) determines a K-homomorphism : K[A] —
M, and therefore (see Section 6) a homomorphism ¢*: G(M) — G(C/A) (unique up to
an inner automorphism of G(C/A)). Example 7.1(b) says that ¢*(G(M) < G(C/A).
Omitting the reference to C' and M, define the Artin symbol Ar(A, a) as the set
{e*(G(M)?| 0 € G(C/A)}. This is a conjugacy class in Sub[C'/A]. For properties of
the Artin symbol see [HL, Section 6].

For n > 0 let m: A"*! — A" be the projection on the first n coordinates. Let
A C A" and B C A" be two non-singular basic sets [FJ, p. 244] such that 7(A4) = B.
Then K[B] C K[A]. Let x and (x,y) be generic points of B and A, respectively. Then
K(A) = K(B)(y). Furthermore, let C/A and D/B be real Galois covers such that
K (D) contains the algebraic closure of K(B) in K(C).

DEFINITION 9.1 ([HL, Definition 7.1]): Let M be a field extension of K. An M-
specialization of the pair (C'/A, D/B) is a K-homomorphism ¢ from C into an overfield
of M with these properties: (K [B]) C M; and if y is transcendental over K (B), then
©(y) is transcendental over M.

For such a specialization put y' = ¢(y), N = M[p(D)], R = M[p(K[A])], E =
M(y") (the quotient field of R), S = M[p(C)], and F = E[¢(C)] (the quotient field of
S). Then ¢ induces an embedding ¢*: G(F/E) — G(C/A).

Assume that dim A = dim B + 1. The pair (C'/A, D/B) is specialization com-
patible if the following properties hold for every M and each M-specialization ¢ as

above.

(i) K(D) is the algebraic closure of K(B) in K(C).
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and for every M and each M-specialization ¢ as above
(i) [K(C): K(D)(y)] = [F: N(y')]
(iii) The cover K(C)/K(A) is amply real over K(B).
(iv) For each involution € € G(F/E) with ¢*(€) real the extension F(e)/N(e€) is totally
real.
Assume that dim A = dim B. The pair (C/A, D/B) is said to be specialization
compatible if K [A] is integral over K[B] and C = D.

LEMMA 9.2: Assume that dim A = dim B + 1 and that (C'/A, D/B) is specialization
compatible. Let Con(A) be a conjugacy domain in Sub[C'/A], and let S be a a set of
(isomorphism types of ) involutory structures. Define
Con(B) = resg(py(S N Con(A)) ifdimA=dimB + 1;
{G?| G € Con(4), 0 € G(C/B)} ifdim A = dim B.
Let M be a real Frobenius field that contains I, and let b € B(M). Assume Im G(M)N

Sub[C/A] = S. Then Ar(B,b) C Con(B) if and only if there is a € A(M) such that
m(a) =b and Ar(A,a) C Con(A).

Proof: See [HL, Lemma 7.2] in case dim A = dim B + 1 and [HL, Lemma 7.3] in case
dim A = dim B. (Replace everywhere the e-structures of [HL] by our involutory struc-

tures. ) I

LEMMA 9.3 (= [HL, Lemma 7.5]): Let Ky be a finite extension of K(D). There are
Zariski open subsets A' C A, B' C B and a specialization compatible pair of real Galois
covers (C'/A" ,D'/B'") such that K(C) C K(C") and Ky C K(D'").

From now on we can proceed exactly as in [F\J, Chapter 25]. Replace Galois covers
with real Galois covers, and conjugacy classes of subgroups of G(C;/A;) with conjugacy

classes of involutory substructures of G(C;/A;) (cf. [HL, Sections 8 and 9]).
This includes the definition of Galois stratification [F'J, p. 410], and Galois formulas
[FJ, p. 410]. Thus, a real Galois stratification

A= <An,CZ/A“COIl(AZ)| 1€ I>,
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is a partition of the affine space A" over K as a finite disjoint union A" = |J,.; A; of
nonsingular K -basic sets, each of them equipped with a real Galois cover C;/A; and a
conjugacy domain Con(A;) in Sub[C;/A;,Py]|. The corresponding real Galois formula
is a formal expression Ar(A, X) C Con(.A) with the following interpretation. For be an
extension M of K and a € M" write M = Ar(A,a) C Con(A) if Ar(A4;,a) C Con(4;)
for the unique ¢ such that a € A;(M).

If K is a presented field with elimination theory [FJ, Definition 17.9], we get an
effective elimination of quantifiers for the theory of real Frobenius fields in this language.

Moreover, every formula in the language L(K') of rings with parameters from K
is equivalent to a real Galois formula (cf. [FJ, Remark 25.8]): The corresponding real

Galois stratification may satisfy C; = K[A;][v/—1], for each ¢ € I. Thus we get:

PROPOSITION 9.4 (cf. [HL, Theorem 9.2(a)): Let K be a presented field with elimi-
nation theory, and let ¥ be a sentence in L(K). We can effectively find a finite Galois
extension L of K with \/—1 € L, a finite family H D Sub[L/K] of (isomorphism types
of ) finite involutory structures, and for each S C H a conjugacy domain Con(S) in
Sub[L/K] contained in S with the following property. For every real Frobenius field
M that contains K and satisfies InG(M) N'H = § we have M |= 9 if and only if
res; G(M) € Con(S).

In particular, Proposition 9.4 holds for K = Q.
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10. Model theoretic results.

Let ' be a given finite extension of Q, say as K' = Q[X]/(f), where f € Z[X] is a
given monic irreducible polynomial. Then K’ is formally real (resp. K' C Q') if and
only if f has a root in R (resp. f splits over R). We can effectively decide whether this
condition holds [L, p. 276].

In particular, given a finite Galois extension L of Q, we can effectively find the
field L N Q" and the involutory structure G(L/L N Q™).

Let L£(K) denote the elementary language of fields with parameters from K.
THEOREM 10.1: The elementary theory of Q' is effectively decidable.

Proof: Apply Proposition 9.4. The field Q" is real Frobenius (Corollary 8.3) and
Im G(Q") = Im D (Corollary 7.7) is the family of finite involutory structures H in which
Iy # 0 is a conjugacy domain in H and H = (Iy) (Lemma 7.3(b)). Furthermore, if
L/Q s a finite Galois extension and K’ = LNQ", then Q' /K’ is totally real, and hence
resgr X(Q") = X(K'). Therefore res;, G(Q") = (G(L/K'"),I(L/K")) = G(L/K").

Let ¥ be a sentence in L£(Q). Proposition 9.4 effectively gives a finite Galois
extension L of Q with /=1 € L, a finite family H of (isomorphism types of) finite

involutory structures, and, for
S={H € H| Iy # 0 is a conjugacy domain in H and H = (Iy)},

a conjugacy domain Con = Con(S) in Sub[L/Q] contained in S. For these, Q" = 9 if
and only if G(L/LN Q") € Con. This condition is checkable, by the remarks preceding

this corollary. 1

LEMMA 10.2: There is a formula 6(Xy,...,X,) € L(Q) with the following property.
Let M be a PRC field, let a = (ay,...,a,) € M", andput f = Z"+ a1 Z" ' +---+a, €
MI[Z]. Then M |= 6(a) if and only if

() f has a root « in M such that M(a) is formally real.

Proof: Condition (%) is equivalent to this: There is an ordering P on M such that
f has a root in the real closure of (M, P). By Tarski’s principle [HL, Proposition
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1.4] this statement is equivalent to a finite disjunction of statements of the form:
There is an ordering P on M such that A._, fi(a) = 0 A /\;n:1 gj(a) € P, where
fioeeosfroGls oy gm € Z[X4,. .., X,] do not depend on M and a.

Put gy = 1, and let A be the set of finite sums of squares in M. By [P1, Corol-
lary 1.6], E” o gi(a)g;(a)A is the intersection of all orderings on M that contain
g1(a),...,gm(a). Therefore the last statement is equivalent to: Al_, fi(a)=0 A —1 ¢
E??j:o gi(a)gj(a)A. As A is the set of sums of two squares in the PRC field M [P2,

Proposition 1.5], a formula in £(Q) expresses this statement. I

PROPOSITION 10.3: Every real Galois formula 6 over a field K is equivalent to a formula

in L(K), modulo the theory of PRC fields M containing I .

Proof: It suffices to express in L(K) the statement Ar(A,X) € Con, with C/A a real
Galois ring/set cover over K and Con = {H?| 0 € G(C/A)}, where H = (H,Iy) is
a involutory substructure of G(C/A). Let E = K(A) and F = K(C) be the quotient
fields. For each G < G(C/A) = G(F/E) let F(G) be the fixed field of G in F, and let z¢
be a primitive element for F(G)/E. Replacing A by an open subset A’ (that is, replacing
the given Galois stratification by its refinement) we may assume that K[A][z¢]/K[A4] is
a ring cover [FJ, Definition 5.4] and z¢ is a primitive element for it.
Write K[A] as K[x, ¢g(x)71], where x is a generic point of A over K. Let fg be

a polynomial over K such that fg(x,g9(x)™1,Z) = irr(zg, E). Furthermore, for every
e € H let h, be a polynomial over K such that he(x,9(x)™!, 25, 2") = irr(z(o, F(H)).

Then M = Ar(A4,a) € Con means:
a) a € A, that is, there is a specialization x — a such that g(a) # 0; and
b) x — a extends to a homomorphism ¢: C' — M such that P*(G(M)) = H and
(©)
(c0) ¢ € $*(I(M)).
Assume (a). Then (b) means the conjunction of the following two statements:
(b1) fu(a,g(a)™!, Z) has a root ¢ € M;
(b2) if G < H, then fo(a,g(a)™!, Z) has no root in M.
(Cf. [FJ, Remark 25.14].) Furthermore, assume (a) and (b), and let ¢ € H be an

(
(

*(I(M)) = Iy, that is, for every involution e € H we have € € Iy if and only if
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involution. Condition (c¢.) says
(c!) he(a,g(a)™!, ¢, Z") has a root a € M such that M(a) is formally real. Therefore
the assertion follows by Lemma 10.2. 1

REMARK 10.4: The following collection of conditions on a field M is equivalent to a
primitive recursive set of elementary sentences in L(Q):

(1) M is PRC.
2) MNQ=Q".
3) I G(M) = {H| I = (L)}
4
5) M/Q™ is totally real.

(2)
(3)
(4) G(M) has the embedding property.

(5)

Proof: For (1) see [P2, Theorem 4.1].

Condition (2) says, for each irreducible polynomial f € Q[X], that f has a root
in M if an only if f has a root in Q', that is, f splits over the real closure of Q. The
latter clause is expressible in £(Q) either by Tarski’s principle [HL, Proposition 1.4] or
by Sturm’s Theorem [L, Chapter XI, §2].

Conditions (3) and (4) easily follow from Lemma 10.2.

Assume (1) and (2). By Remark 1.8(b), the image X of the restriction map
X(M) — X(Q") is closed in X(Q"). Thus (5) is equivalent to ‘X is dense in X(Q")’.
Now, X(Q') has a basis consisting of sets {P € X(Q")| P extends to Q"(«)}, where
a runs through the elements of Q. (Indeed, by Remark 1.8(b) these sets are clopen. By
[P1, Corollary 9.2], Q' is SAP, that is, the sets

H(c)={P € X(Q")| c€ P} ={P € X(Q")| P extends to Q" (v/¢c)}

form a basis for the Harrison topology on X(Q"), as ¢ varies on Q".) It suffices to
consider only those o € Q with Q(«) formally real, otherwise the corresponding set of
orderings is empty. Thus (5) is equivalent to ‘for every finite formally real extension

Q(a) of Q the field M(«) is formally real’. Now use Lemma 10.2. I

COROLLARY 10.5: A field M is a model of Th(Q") if and only if it satisfies conditions
(1)=(3).
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Proof: The conditions hold for M = Q. Hence by Remark 10.4 they also hold for each
model M of Th(Q"). Conversely, assume (1)~(5). Then M is a real Frobenius field
(Proposition 8.3), and Im G(M) = Im G(Q'), by (3). Furthermore, (2) and (5) imply
that resyG(M) = G(Q"). Therefore by Proposition 9.4 (with ' = Q) the fields M

and Q" satisfy the same sentences in L£(Q). I
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