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;0210 NY2IRN 0N

(or1n nMpa) {0} oarn ann :0 TN (R)

JOVURIN TIT DWW 1 T (3)

JPVRID TIT DNVN 2 TR ()

{((2)4.46 VOV *aY) ANINN Y9 :3 NN (T)
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DN NN S Moo

P11 % oann-nn o U, W v F aTw Syn ooy anm Vo :4.49 7700

U+W=A{u+w|lueUweW}

v manmnn sy U, W v F' p1e Sypoomopr anmn Vs :4.50 0DWUD
NVowanmommU+W  (®)

UOWCU+W ()

U4+WCV w,UW CV'wpV 5wanmmnn V' ox ()

w,U = Sp(u,ug, ..., un), W = Sp(wy, ws, ..., wy,) D& (1)

U+ W =Sp(ug,ug, ..., Uy, wi,Ws,...,W,)

D0=040€U+Wpb0ecU W (®) :An0n

u+uv eUw+w e Wwo(u,v e Uyw,w € Wrwa)u+w, v +w' € U+ W pw
(u+w)+u(+w') = (u+d)+ (w+w) e U+ Wy (mannnn U, W »)

mUWD ,aueceUaweWika e FrmuweUweWarwayu+w e U+ Worw
alu+w) =au+aw € U+ W 135 (oann

W CU+Wammtpwa U CU+Wphau=u+0ecU+WmwraueUd > (a)

P aut+tweV pouweV w (ueUweWawa)u+w e U+ W o (3)
U+wcCcv!

nR 990 810 T 1R .U NR 19Y ,u, Ug, . . ., Uy DR D90 R0 .V 50 ann nn R0 P 9ar (1)
U 4+ W onr Do xn (3) 2ad W

YT 19N U, U, - - ., Uy DR DD U DR Do 30 (2) 08 .V Sv anmnn i U + W 39009

| J AR DR 9190 RN aY 4,12 VaVn 1Y W, Wa, . . ., Wy DR DN RIN

xow mannn 2w U, W v F' p1w Spn moo 331 1pupr ann Vo ((Tmn vawn) 4.51 DOWUD

Aim(U + W) = dim(U) + dim(W) — dim(U N W)

0N 4.46 Vavn 2aY ow wn anm v oanm o U W C U + W C V onpn vawnn a5 :anom
v v1,v2,...,0, 02N N0 = dim(W) ,m = dim(U) ,» = dim(U N W) v .waw oawm
mr oo U N W

;U DO 01,02, oy Upy Upg 1y e ey Uy DDIY (R)
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(1)4.50 VOVN 22D IR .V YV V1, Ve, ..., VUp, Wyt 1, ..., Wy DOIY (2)
U+ W =Sp(v1,V2, .+ Uy Upids ooy Uy V15,02, + oy Upy Wy 1y - o W)
:Sp(vlav27"'7v7’7u7‘+17"'7um7wr+1;"'7wn)
JYIRDY DWON NV V1, V2, ooy Upy Up gy e - oy Uy Wi 1y - - - 5 Way (TN YT 13D
WP A1,02, -y Apy byt by Cra1y . Gy € F VD DRI OON
(]-) 101 + agv2 - - + AUy + b'rJrlu'rJrl R bmum + Cr41Wr1 + -t cpwy, = 0
™

(2) a1 + agv2 - -+ apvy + br+1ur+1 e+ bmum = (_cr+1)wr+1 + -+ (_Cn)wn

MR v € U 195 ,U »R 5w mrvy 9118 R0 YR1DY QR 072 (MY 21 0109) (1) Y9 D2IRD 1w DR 170)
L eUNWPYwe W py, W mambw mred g1y Xin oy
W =djvy+abvy - +alv.wPpal,a, ... a4 € Fo UNW S ooavg, ..., 0,70

92PN (2) YV HRNY GaRNI 1RON
v =ajvy + ajve -+ + arvy + 0uppg - + Oy,
UV =a101 + aV2 - -+ + @ Uy + by 1Upgq A by,

DYapn (4.37 VaVN) U YO v1,02, ..., U, Upgl, - - -, Uy DDIN 07 NOP DV MIXAN M 092 IR
.br+1 :O,...,bm :0

52PN (1) IRNVYNI NRT 27X
.a1v1 + agve -+ apUr + Crp1Weg1 + - F cpwy, =0
,7IRYY 710N v 1PN W HY 901 v, vV, ., Uy Weg 1,y - - -, Wy 7Y DV
| a1 =y =+ =0p =Cpgp1 =-=0Cp =0

dim(U N W) = 8w .am ar onw ,9 momn R Yo wapwm nnonw U, W v :4.52 20

vavn 19 . dim(U + W) < dim(RY) = 10 ,(x)4.46 vavn 299 195 R Yw anm nn U + W :anam
O+9—dim(UnNW) <10 1% ,dim(U + W) = dim(U) + dim(W) — dim(U N W) ,mmn
dim(U N W) > 8 yom
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R . dim(UNW) < dim(U) = 9 ,(r)4.46 vawn a5 135 ,U Sw amm nn UNW »nw 1en
Adim(U) = dim(W) = 9non .U CUNW C W pn , UNW = U mn ,(2)4.46 00N 289 IR ]IV
MY nvnoa U = W ,(2)4.46 vawn 2aY 18On yan

i Adim(UNW) =8ymdim(UNW) <9,dim(U NW) > 8 mn

U N W pnmy ooa oren 103 L Yo manm nn v U, W C F™ yp
Az € Mmyxn(F)Y A1 € M, xn(F) ora W = Ker Ay U = Ker A;-v mn

A
Y M2 IR '(Al € M(m1+m2)xn(F) nNR A¥MvN Yv MY Ap, Ao Yw nmvn DR 9w
1

A
1Y% NN NI AN LA annd ooa jiend e nmb U N W = Ker ( Al
1

:N2N 9900 NR DI TV 172009 1YY 13 Y
.U = Ker B w13 B nyonren .U = Sp(v1,...,0p) 100101, ..., 0y € F™ v 1453 9290

..., we € F™ vy Ker A9 o012 ieny wmnd A = (vi,...,0,) € Muxm (F) 00 :pno

B € Myxn(F)w.Bt = (wy,...,w.) € Mpx,(F) nn
.U = Ker B :myo

.U = Ker B ,4.46 vavn »av 1xon .dim U = dim Ker B (2) ;U C Ker B (r) 3 a®M :amm

1P A'B = 0 xon LAlwy = 0,..., Alw, = 0 ovpnn ,wy, ..., w, € Ker A nvn (r)
WM wi,..., v, € Ker B 9% ,Bv; = 0,...,Bv,, = 00 wmr m .BA = (A'BY)t =0
U =8p(vy,...,0,) C Ker B

1Y . dim U = dim Col(A) =rk A 139 ,U = Col(A) o»pnn (2)
r=dmKerA' =n—1kA* =n—-1kA=n—dimU

Sv ooa 10 199 ,(Ker AP v o2 10 ) mIreY nvdn v ja B Yv wq, ..., w, mMTnyn
won rk(B) = rk(B*) = dim Col(B?*) = r 135 .Col(B?)
i dimKerB=n—-rtkB=n—r=n—(n—dimU) =dimU
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moanIvT 5

9310 NYRPpNS

LPYIUIN

5Y AYapn mYapnn Yv (1monn) nown R A (v1, v2)"2 1901 MW vy, Ve TTVPY N NI (1)
(PWA TP T ,IMDI AP RN Uo7 U1 P I DR 1APNY AWM NVYN) .PYRINN DIRND U1, Vg 0T

(1monn) noan nr N (v1, v, v3)1 A0 AN V1, V2, V3 DNVP SV AWIY MY AMT 1IN (2)

JOVRINN XN U1, Vg, U3 YT DY Yapin norapnn Y

(2) (1M

7YY N7V Fwry Y aroom 2R™-5 nbrn oawinn Yv miYhon v orn 7omR awny w0 (3)

(vn oMom PA”) 7PN PINT) N9 IINPNA v mon :5.1 1N
N(UhUQ) +N(v17vé) = N(U17U2 + Ué) (R)

OB = Vg + Ué (730 97 MNYNI 0N DTIVPIN YO 1) RN TR PR

E
Ué (%) B U1 ‘V’C
A

O U1

(WY YNVNN NVY DR A7 10nny 1'9apnn NVY NR yn [ 9KRd) 0opnm

N (v1,v2) + N (vy,v5) = O(OACB) + O(BCED) =
C(OACB) + O(BCED) + A(OBD) — A(ACE) = D(OAED) = N (vy, vs + vb)

N(vi,v2) + N (v],v2) = N(v1 + v],v2) nmT 10182
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a € F 95 N(avy,va) = aN(v1,v2) = N(v1,ave) ()
N(vi,v3) =0mv; = vy O ()

(.1 2 nPIER M7 NOVY M) e = ((1)) €9 = <0> wo N(ep,ex) =1 (1)

1
TV W U, v2,...,0, € F omopy n 939 nmrnnw Noepna v F oo 52 2mn
or F™ 9y noy mxpaa nIpy N (vq, va, ..., vp,) € F

RPN N (R)

V1, U2y ey Uny U € 99 1 <4 <mY5 ('R)
/
../\/'(vl,...,vi_l,vi+Ui,vi+1,...,vn) =
/
N(vla"'7Ui—lavi7vi+17"'7vn)_'_N(Ula"'7vi—17viavi+17"'7vn)

a€ F9YNov,vg,...,0, € FP"95%,1 <1< nbHH ("R)
N(Ulv"'avi—laavi7v’i+17'"7Un) :ClN(Ul,...7U»L'_1,UZ',UZ'+1,.-.,’U”)

N(vi,v9,. .. 0n) = 018,0MY v1, Vg, . .., v, DNOPA PN (MNAY) DMV DR (2)
N(ei,ea,...,en)=1:mmmmN ()
SNy LA YO MY vy, Vg, .., Uy ORI LN (A) = N (vg, 09, .., 0,) P A € My (F) My

N(I,) = 1 wn (3) man

N (CCL Z) = ad—be :m¥vn Sv N1 N((a, b), (c, d)) —ad—bcrym™min=2nm1 537007

DAY TYXpNa AN

H(NPYT72Y NP Y WA ;(R) NMNONN DR P71 IR PITA) PR

N((a,b) + (d', ), (c,d)) =N ((a+d,b+V),(c,d)) =(a+a)d— (b+V)c=
i (ad — be) + (a'd — b'c) = N'((a,b), (c,d)) + N ((a, V), (c,d))

OMNY U1, Vo, .., Uy 00N A € My, (F) Jnoa mepna A onn nnyn
N(A) =0 mooor nmw A2 o8 :54 920

., = 0 A

| N(A) :N(Ul,...,vi,l,Ovi,UHl,...,vn):O/\/'(vl,...mi,...,vn) =0
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-1 P=Pr 0K
L=< a P=Pyla)ox wxa N(P(A) =5 -N(A) w.mwms nowa P oan :5.5 0owUD
1 P = Pk:l()\) DN

ANNY NVP PR 1RO WD 1Y P = Py o (R) o

0 = N(i,...,v-1, U4V, Vkti,--- V-1, Vk+0, Vig1,...,0p)
= N(vi,...,06_1, Vk, Vktly e - Ul—1, Vg, Vig1y -5 Un)
+ N(vi,...,vp—1, Uk, Vk415---5VI-1, vy, V15 -5 Un)
+ N(vi,...,v6-1, vy, Ukt 1y V1, Uk, Vidgls -5 Un)
+ N(vi,...,06-1, vy, Ukt 1y V1, vy, Vid1y--yUp)

N(A) + N(Pri(A)) = 0199 N (Pri(A)) rwdvom N (A) xin nwn ,0 on m»029m porin 1nnn
5.2 11 N Yw (r) manan N (Pr(a)(A) = aN(A) m.P = Pr(a) ma (2)

:5.2 12 N Y0 () ,("R),('R) Mona wanwl P = Py (A) mn (3)

NPri(N(A) = N(vi,.oo,Uk—1, Uky Ukils---sU—1, U+ Ak, Ups1--.,0p)
= N(Ul7--~,7)k_1, Vg, UVk+1y---5Vi-1, Ur, Ul+1"'>vn)
+ )\N(vl,...,vk_l, Vky Uk4ly---,U—1, Vi Ul+1---7vn)

i = N(A)+ X0 = N(A)

N(P(A)) £0 & N(A) # 0w mvmss nwa P ba :5.6 170D
i L A0,mpnoalwanr—1xngwxa, N(P(A)) = BN(A) vavnn rab :anmn
N(A) # 0 or p1ox (tk(A) = n 1m9) 1001 A :5.7 0OUD

JDPI0INOR MY Sv 1170 0P Y A-n nvapnn R0 LA Sv mamp mmymn nxvnn A’ onn o
N(A) # 0 5.6 mpon 9 1o N(A) =1#0p9,A" = I, mn>an A or
;5.6 mpon 2% 1PN N (A') = 0 ,5.4 9390 295 2% ,moar nmw v A’-2 w n»on vk A DR

i N(A)=0

5.5 vowna 03 5 wxa N (E) = [ 18P m1vmsx n9wa5 pmsnnn mvmss nyon E nn 5.8 nzon
i N(E)=p-N(I,) = :55v00m A = I, v21.E = P(I,) ,mmnn 0% :anmn
N(EA) = N(E)N (A) & ,n70mbx nyrvn E DX :5.9 Mj7on

ora N (P(A)) = BN (A) 5.5 vavnah EA = P(A) P mivimdr nnway nmornn E or :an0
1 B =N(FE) 58 mpon Y (P-275n) vavma w1 S € F

N(AB) = N(A)N(B) x,A, B € M,(F) ox :(nbaomn vawn) 5.10 DOWUN
Anonn pom N (A) =0 N(AB) =019 tk(AB) <rk(A) < nm,rk(A) < nor (1) a0
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kN LA = Ej - - - Eqp Ry nroindr myion Yv abaon ph nxan A R ,rk(A) = n DR (2)
Koy mwepvra N(Ey - E1B) = N(Ey -+ - E1)N(B)
5.9 mponomr k = 1 12y

IRPYITIRD NNINY 5.9 Mpon »ah K — 1y mno o

N(EyEj_y - E\B) = N(Ex)N(Ey—1 - E\B) = N(EW)N (Bj_y - - E1)N(B) =

" N(ExEp_1 - E)N(B)

N nnx nas moxpna mvn 95w n 55 :5.11 bOWN

Ni(A) = Ny (A) orpnn A € M, (A) 9950 nra nas nvepns nw N, No mvan :anan
5.7 vawn a9y N1 (A) = 0 = Na(A) wnvan nor A ox (1)
5.8 mpon a9 N1 (A) = No(A) w nromir A or (2)

nY95nn VaVn 2a% 19N A = E}. - - - E1 nv1vindr menon Yv nvaon 80 Rk ,nan A or (3)
B MNi(A) =N(Ep) - Ni(Ey) = No(Ey) - - Na(Er) = Na(A)

N(AY) =N(A) 5.12 vown

5.7 Vawn 0,0 On DAIRN MW 199 ,n>an AR AL oy 1k nen R A or (1) :anom

Jomdr ane P awvra A = P(I,) imH ,mvanhr A-w mon (2)

N(AY) = N(A) 19 At = AP = Pr(a) WP = Py oy

58 mpon Y P (X) n9vab nrnn ®n nvmnor avaon AP o P o= Pi(N) or
N(AY) =1=N(A)

Y Al = E{ . E,i P9 ,A = Ej, - - - E1 nyivindr mxon 5w nbaon xR0 1R ,n>an A or (3)

,(2) 225
B NA)=N(E) - -N(Ep) =N(Ey) - N(Ey) = N(Ey - E1) = N(4)

det(A) D nOIPNIVIN DNIPI N7 (N X 1 170N MWIVN 5Y) AT DAY PN NP N 539 :5.13 DOWUN

A€ M, (F) wna,|A| w

N HY RPITIRL NVYI AT 72T .0 HIY NNR DAY TORPNS RIND *T 199 ,5.11 VAVYNI NNNN MTPN NN

J(@)| =avmn=1my
a b
d

.(n—1) x (n — 1) 7700 M¥vnY (|A| pPon oY) Nay WEPNa MIHNY ,MEPITIRI M)

(.5.3 N1 AR AN =ad — bcvmn =2 Mmy)
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7700 N¥nn AT, A Sv (i, 7) " rannr Ao 1 <4, 5 <nmay LA € M, (F) an
nxR onw ,(A);;"n »7anY) 570 aTmym i-n imwn npnn T Yy An nbapnnw (n — 1) x (n — 1)

PTI IR (7N DTIYL i Mwa A Yv 150

n

(1) JAL =D (=) (A); | A

i=1

ANVY) 7 TUR1

(N2N2 VAITR RY ANPTI NPV RN RY T INNN) NA1 PPN SMTY ,NINY NN

W8 Lk Amwa p1 am w mvTaw mvon A, B, C € M, (F) nman .1 < k < nonw ()
|C| = |A| + |B| b v LA, B S k-0 mmwn oo »n C Yv k-0 nwn

ppnn 1 <72 < n HHY I»NN DR
(2) (C)ij|Cij| = (A)ij|Aij| + (B)ij| Bijl

091 A;j, Bij, Cij € Mp—1(F) wmrnn o3 )3 wm3 (A);; = (B)ij = (C)ij ™ i # k DR
,[OYPYVIPRD NMN 08 139 LA;5, Biim2 mmwrnnn mmwn 010 20 C572 1 A1 Ik AMva pY am

(2) won | C5| = |Agj] + | Bij|
2) won (k- mmva o) (C)i; = (A)ij + (B)ij &y Ajj = By = Ci i = k or

199
101 = (=1 (C)ij|Cijl =Y (=1)" ((A)ij| Aijl + (B)is| Bij)
=1 =1
= Y (D) (Al + D (-1 (B)y|By| = | Al + | B
=1 =1
e nmwa proam e mvTaw mvon A, B € M, (F) mvan.a € Fom 1 < k < now ("R)

| B| = a|A| :mny e LA Sw k-n nmwn Yv a2 091990 R0 B Y9kt nmwvn ToRd

opnn 1 <7 < n YHw nYnn nrm
(3) (B)ij|Bij| = a(A)ij|Aijl

i pram m o1 A, Bij € My—1(F) ornnoa,pmd . (A);; = (B); R ,i # k DR
| Bij| = alAij| ,mepyIvnn nminoab 1pv A7 nornnn nmwn Yv @71 n9190 ®n B;;71 1 amwr nnk
{3) 180

3) o0 (k0 nwa 3 AR ) (B); = a(A);j o A;j = B;j i =k DR
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179

1Bl = (=1)(B)y|Bi| = > (~1)"a(A)ijlAij| = a > _(=1)"(A);;]Aij| = alA]
i=1 i=1 i=1

R Lk < 1awra s amom k0 amwn minr ;v nw Y ww i A € M, (F) nn (2)
JA| = 0w

P LA =0 P mar mmw onw A vwvma m i # kL ok 1 < i < now
oy Az Mrnnn Yaph war Ag; Menn DR mrIY o (mam mmwa o1 YR Y0n) (A)g; = (A);
A7 k=n nmwn nabnnh mcpw ndr naoim aponn (1 — 1)=n nmwn MR AnooMm k= nMwn nponn T
nr (—1)-1 a%eon w nabnmn 93 (k4 1,k +2,...,0 — 1 jpmoonw) ke mw ([ — 1 — k) oy
199 | Akj| = (=1)717F| Ay5] 195 mnn Yo nvarproTh

JA =) (=1 (A)ij|Asj| = (1R (A)gj| Agj| + (1) (A)5] Ay | =

=1

= (1) (1) R A Ayl A+ (1) (A)y] A | =

= (=) 4+ (=1)")(A)y| Ayl =0

Py .(A)i; = {(1) i ;; P A =18 JA] =1mA =1, oxwaxn ()

JAl = Z(_l)i—’_j(A)iﬂAij‘ = (—1)j+j(A)jj|Ajj‘ = (—1)2j1 -1=1

| DAY NORPIIA RN 19D ,NA1 TPRPND DY MINIONN 9 NYXRIND XPNAYY 1NN

MY NYIIVAR 1 0N (1) 199 .5 DPN22 9N MIPR (1) D770 ,NAIN XN YO MTNN %Y (574 1790

170 DTNYN aY NYIPRIVTH DY MNAN NNOI 1Y DIRNP .NVIPHIVTY 1IWND

L9WNa 77NN 295 MOUIPHIVT WN 515 AHNT

:J = 1np1(R)

) Z’ = (=1)"*ad| + (—1)**'c|b| = ad — be
27 = 2 ,50n% ,np) (2)
a b oc d f a c a c
d e f :(—1)1+2b‘ |+ (—=1)2T2e 4 (=1)3T2h y =
g h i g i g /

= —b(di — gf) + e(ai — gc) — h(af — dc) =
= aei + dhc + gbf — ceg — fha — ibd
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wn =40r ()
4

Al = (=1)"" (A |Aa]

=1

o0 LA Sv 203790 Yv MYaIn 6 5w DD (2) NNNT 7Y ,2INDY TVAR PR IR TIINNA NPIIRN TNR HN

1909 5.18 nonT 03 X1 A Sv D97 4 5w 1Yo TR 3,020 24 YV Do ’n | Alv

5w MYaInn 790N LA SV MY MTINYM MNY MMYN PN 00 NYRN D70 NYIIRY 15 DY)

ITPRNN .AVIPHIVTN MNP MIYAIN 1YRN MIYacnN Y3 19Y .24 pPTa RID T 1NN 10 WY D127 YA

(.00 NY”7apd H5a1 1nn IR A0 RY .— N0 DY 1NXNNY + 100 OY MYaIn

1<, <n9v AL = (Aj)' 576 90

A 3 P IR 770 NTINYM 470 MV DPPRN MTINYY MY N2an 1 5y A 1 YR R A0

DMNMY DIYY N2 .MITINYY MMY N9 ¢-0 ATIYN 7-0 MWD Npmn o Yy

A€ Mn(F) 95mw.1 < i < mnom (4" nMwn 2% N0IrNIvTI M) 5.17 DOYD

n

JA =D (1) (A); | Al

J=1

:5.16 939021 -0 ATnYn a9 | AY| Yv mman nnowa wanw:

n n

JA] = A =) (=17 (A5l A5 = D (1) (A)y] Ayl

air  a12
a21 Aa22
az; as2
ag1 Q42

+ a42(a11a23a34 + A210a33014 + A31A13G24 — A14A230G31 — (24033011 — (34013021
— 43(G11022034 + 21032014 + A31A12024 — A14022031 — 24032011 — A34012021

+ a44(a11022a33 + A21032013 + 31012023 — Q13022031 — A23032011 — G33G12021

(
(
(
(

a13
a23
a33
Q43

= — a41(012023034 + (22033014 + Q32013024 — 014023032 — (24033012 — (34013022

Jj=1 Jj=1
=4 NPy 518 ApNT
a14
a24

asa
Q44

)
)
)
)

= — 12023034041 — 014022033041 — 013024032041 + 414023032041 + G12G24033041

+ (13022034041 + 011023034049 + Q14021033042 + 013024031042 — (14023031042

— 11024033042 — A130210A34A42 — Q11022034043 — A140210A32043 — Q12024031043

+ (14022031043 + Q11024032043 + Q12021034043 + A11022033044 + G13021032044

+ 12023031044 — 013022031044 — 111023032044 — 012021033044
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oy nimm adj A € M, (F) A5 namxnn nyvnn A € M, (F) »nn :519 1710

(adj A)i; = (—1)"|A4 ;] M9 ((adj A)")i; = (—=1)"7| Ay

mA=|" g | B® 2520 0T
- An| —|Axn| ‘ d —b
adja=| |4n =
adj —LAlﬂ |A22| —C a
ei—fh fg—di dh—eg a b c
(adjA)t = hc—bi ai—cg bg—ah | WA=[d e [ | on
bf —ec dc—af ae—bd g h 1

et — fh hc—bi bf —ec
adjA=| fg—di ai—cg dc—af | 12
dh —eg bg—ah ae—bd

adj At = (adj A)t  :5.21 911
B (adjA)y; = (1) |AY,| = (1) |(Aij)"| = (1) |Ay| = ((adj A)")i; :anam
A € My, (F) »an :5.22 oowDn
A 0
AadjA = |A|l, = )

0 Al
adjA A= AL, @

(AadjA);; = { l)A‘ i ;? s vl < i, 5 < noviw(R) a0
(AadjA)y; = (Ai(adj gy = > (=1)7F(A)ix| Aji
k=1 k=1

JAJPS mmw 19Y 0 nmwn raY |A] Y mman pyTa ’In P aR1 NN i = j DR
50 7 1 1MYN Dpna A YV it AMYN IR Y ox ,A n nYapnnn nxnvnn A’ nn i £ j DR
k939 19 ma A =0 pY ,mnr mmvwonw A1 LA
/ /
(Ajk = A)ir,  Ajp = Aji

(j=n amwn e A’ S mmo) Yapa Y'Y 21w Na N 1Y) OR

(AadjA)y =) (—1)7FH(A) jul Ay | = |4 = 0
k=1

LA 5 nwvn (®) 299 5.21 Y70 29 (1)
(adj A A)' = A'(adj A)" = A'(adj AY) = |A'|I,, = |A|L, = (|A|1,,)"

| YO RO
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AT = ﬁadj A x|A] # 0 oy :5.23 nR¥IN

a b\ ' ) d —b
. c d = (/Ld——bc ¢ a :5.24 7anT

JA| # 0 ma . F a1w 5vn onbys n-a mmnry mxnwnn v nown AX = b an ((Cramer) 5.25 05wUN
A-nnsaprn A; € M (F) wr1c; = % anown s 9y pmnc = (1, Ca, . .., cn)t PR PING NIWNY IN

.b nmoya A 5w it amnya nabnn o by

,5.23 RN 9% .c = A71h 199 Ac = b e .c P 3Ing w2 1R PY avan A R |A| # 0 or :anon

MMON YO Yan 993099 B = A; mon b = (by, ba, ..., b,)" € F" mn.c = ﬁ(adj A)b

1 < 1 < : 1 < : 1

i == > (adj A)iebe = — > (=1 F[Apilbe = — > (=1 ¥|Byi|(B)ri = —| B
[A] & [A] & |A] & 4]

| 47 nmnyn Y | B| Yv mman pani pankn jpnwn

nownd 1526 N7

2X +3Y =4
5X +6Y =1
081 ,(c1, c2)t P ng
4 3 2 4
1 6 4.6—-3-1 7 1 2-1—-4-5 6
.C1 = - = — Co = = =
" T2 3] 26-3-5 ’ 2 3] 2.6-3-5
5 6 5 6
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NYIRYDY MpNYn .6
TINIP P (NPRNTIADITV ,NVEPND =) MPHRYN MTIR D1YY) D117

7Y ("onnn”) Voaiap MR apnvnw T owa apnyn gpwon V x, WawT:V— W :61n00
, & € V 599 omani npnynn ow NR rxY oo PR oR Vo — TV 2im0% oy qwar ("nnvn”) WWoaviapn
T nnp 2 50 annnn xIp1 A IDR . poyn vor Wonviapa arn nr jnon T'(x) jon

IPIYNN ,YVNY NNV DRI IMNN DR ,1NY DR ¥1aNa 1782 Y1 ,npnyn PTnY Ty — INYon 03
A9 P111Y DR 9 APNYRY APNYIN RN T > 2

DR DTAY 72 HRPVM PRNY TP ,MIXEP MTMY —2 HRNwN PRm 0% 1% 0w

AT (w)| w € U} nwnapn nr ypon T'(U) prvon ,V Yo U nx1ap nn May

W EV Y 1y (v) = v 1Y mmm V anap Yo 1y mar npnyn

ToS:U — W apnyn v mpnynonw S: U =V, T:V — W aman :mpnyn Yv nasn
welUToS(u)=T(S(u)) Y

T 0SS =.50T nmnrHw v

eV Sv)=Tw) armwin S, T: V — W mpnyn nv

TV — W apnyn  :6.2 77710
w=v mT(v) =T ") or:0pnn v,v" € V 9% or (y"nn) maw mm  (R)
Tw)=wovpoveVwvwe W ord (2)

535 :xa0 A2 M R T W — V omasn apnyn 19w oy y'n T: V. — W oor
T s pmwn ;o Tooorp an v 1er) T(v) = wmay V o pronsvrn e won T Hw) w € W

ToT ' =1wnT toT =1y 1w 5 ynn T mw mxab 9 (»’nn

NN OR PIRYY NI TV — W oapnyn JF 7w ymik Yyn oomopy ooann v V, Wy 6.3 1m0
0,0 €V 99 T(v+v)=T(v)+T(V) nnmmw (1)
a € Fo9v eV 9y T(aw) = aT (v) %01 %5 naimw  (2)

. 2z + 3y
Jwry T .T(( )) =| z—y | T:F? = F>vm@®) :64mxom7
Y —X
SNVN MIMY ROD IR

() () -n(Gip)- (EA ) -

y y y+y A
2x + 3y 22" 4+ 3y’ . 2
Y A I Y =T<( )>+T<( ,)>
. . y y
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219902 Y9 NIMY RN

2 + 3ay 2z + 3y
.T(a(x)):T((a'x>): axr — ay =al| z—vy zaT((Z))
— QT —T

JRyY ®n Voropy anan Sw 1y st npnva ()

9y mmnn S: V. — W ooarn npnyn LF 11w Syn onvwYr ormopy mann V, W oor ()
vy v, e Vs S(v) =0

935 R DY T4 1R T4 (v) = Av o 9y Tyt F* — F™ v . A € Munxn(F) 00 (7)
a€ Fomov € F
Ta(v+0")=Av+v)=Av+ AV =Ty (v) + Ta(v') (1)
Ta(av) = A(av) = alAv = aTs(v) (2)

DMIRPY apnyn 800 @ nnm mora 0 wran 10 wna S: R?2 — R2 21von ()

nGE e Syn oomopy poann 5w manes apnya T: V. — W onn :6.5 nn'7

T(0)=0 (r)

weVomT(—v)=-Tw) Q)

A1y Op € F 9901, .. 0, €V 25T (a1v1 + -+ apvy) = a1 T(v1) + -+ a,T(v,) )

T(0) = 0 mxnen %9309 ,0 + T(0) =T(0) =T(0+0) = T(0) + T(0) (®) :an>n
T(—v)=-TW) P, T(—v)+T(w) =T(-v+v)=T(0) =0 ()

| A1 (y)
S y'nm ey T W — V. opam oy y’nn ey apoyn T: V. — W DN :6.6 nDY

v .« € Fom w,w’ e W v .pyRpdHn pR IR .5Y YN PHn moann apnyan

DReY T=w P 1% T mmnoey T(v) = w, T(V) = w' wo=T"1w),v =T w')
Two+d)=TwW)+TW)=w+w', T(aw)=aT(v)=aw
1 paman sy o,
B T ' wrw)=v+d =T w)+ T W), T ' aw)=av=al (w)
APSNMIPRY NPT 190D X023 . DPATMPR NRIPI HYI YNN PIRPY Dpnyn
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M aooa B = (v1,v2,...,0,) ™ n Tenn FoaTw Syn mopy amn Vo 67 mmn
P01 LW = a1 + AUz + -+ AU,V P DT aq,a9,...,0, € F O v €V 935 ,(4.38 vawn)
YN 1 1IN 19 DY) B 295 v Yo MurTNRIPH WP [V]EY RPN [v]g = (a1, a2, ..., a,)t € F™

(.70 023 B Yy 721 nRT wiaTnY 010 B R 1702
$6.8 1ONT

(?) :2(;>+1(§) ’D’K?)L: (?) ™ (;),(? nMBIV = F2or ()
= . S = (e

9% [v]g = v, M (a1, .. am) s = (a1, .., am)" ™

Ly-y€m)V =F"or (2)
wevV
w,B=(1,X, X2, ... , X™) ooan oy n > ndynn mmrnen anin V ok (3)

Jan X"+ + a1 X + aolg = (ag, a1, ..., an)"

OPANMIPRY NNNT NNNN RID VAVYND

apnyan ix .V oSw mo ooa B = (v, ..., vy) 0, F AT Svn o 1000 mvpy ann Vo 6.9 0OWUND

DPIMMPR M U = [v]g oy mTma Vo — F

Jvls = (a1,...,an) v =ajvy + -+ apv, VM, (a1, ..., a,)t € F™ 0r 5 npnynn :anm0
U =a1v; + o+ agv, =0 R ulg = (a1, ..., an)t = [V]g DR :y’Nn apnynn

M, € F 90,0 € V9% mrany pax ,nvaryd mmnd »1m
[v+']s = [v]s + [V]s, [av]s = afv]s (4)

D N LR

/ / /
U =a1V1+ - F apy, UV =av1+ -+ a,vy

™
Qv = qaivy + -+ Qapvy, v+v = (a; +a))v + -+ (an +al,)v,
RN
aq al a; + a} aaq
Pe=| | Ws=| ¢ [v+ds= : lav]s =
an, al, an + a,, aan,
| 9P (4) YA IRIN
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V1, ..U €V v s apnvanT: V. — W oan , F amw ovn ormvproanm V, W vy :6.10 0owUDn
N

W oswanmanwn T(Sp(vi, ..., Um)) ,0192.T(Sp(v1, ..., um)) = SP(T(v1), ..., T (V) (R)

T(V) swowr o T(vy),...,T(vy) vV 50 0¥r 0170 01, . .., U, DX (2)
SRS OMON N5 V1, . L Uy D3R, INDS D005 T (v1), ..., T'(vy,) D8 (3)
PY,Sp(v1, ..o, 0m) = {a1vy + -+ amUm| a1, ... am € F}(®) :ann

T(Sp(viy...,vm)) ={T(a1v1 + - + amom)| a1,...,am € F} =
={a1T(v1) 4+ + anT(vm)| a1,...,am € F} =

=Sp(T(v1),...,T(vm))

oy T(V) = Sp(T(v1),...,T(vy)) &) 299 .V = Sp(vi,...,0n) M ()
T(V)yooxr mto T'(v1), ..., T (vm)

5931 ,92pn RN v Y T Yyar .av1 + -+ Uy = 000 P ar,...,a, € F v (3)
,NPIRDON

a1 T(vy) + -+ apT(vm) =0

| ap = =a, =0,mwro o nh T (v1),...,T (V)0
UV1yen ey Uy €V ovimroponymr TV — W o F atw 5vn ormopry oann V. W v :6.11 majzon
W wooaT(vy),...,T(vy) oxpnorV S0 o030y, .., 0 18

dim V' = dim W = paso 31 2w oa 18 oo 3 V. W pan mnx ox 0792

ya pann pran W v ova T (vy), ..., T (vy,) mV 50 001 vy, .. ., Uy DRY AN T 220007
T(v1),...,T(vy,) o020 5 T~ noyann
V5w oy ma1o T(vy), ..., T'(vy,) ,0Mpn vownn 5w (2) a5 W = T'(V) Yy T-w o
0aVNN YV () 85 PARYY MdN ma vn vy = T (T (vy)), ... v, = T7HT (vy,))"0 P

| 2wy mononva T(vy), ..., T(vm) B3 ,(T~1 nppyn Yy owwn) ompn

JRPY apnyn T V' — Woam F a7 Svn ovnopy anm V., W vy :6.12 1710
KerT ={v € V| T(v) =0} nxapnwn T Y0 Ker T pyun  (®)

nxiapn 0 T 59 Im 1" pnvnnn (2)

ImT={weW|T(w)=wvpveVopt={TWw)|veV}=T()
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Jowrs apnyn TV — W san :6.13 nnY
VoowammnnanKerT (R)

W owanmonamImT (2)
i D1ITNN 2% ,nPW AprTa AN
KerT = {0} oxpmory'nnT te.nwrsapnyn T: V. — W oan :6.14 0owD

o KerT C {0} wom .o =0 T(v) =0=T(0) w.ve€ KerT v .ynn T »nm :ann
KerT = {0} 199 ,(y”nn nrr oxr 03) mIx»H npnyn 935 A naenn

w.T(v) =TwW)wpPov,v € Vvrr KerT = {0} »nn,jon
T(v—2")=Tw)—T{)=0
| ymTpoo=vmno—v =0m»,v—2v €KerT = {0} pn

Ta:V—o>WoamV = F* W = F™ v avnon A € My« (F) 'nm a1o F o :6.15 790

R T4 (v) = Av o Yy anmin marrY npnyan
KerTy={v e V|Av =0} =Ker A

dimKerTy =n —rk A ,00m

12 MO
ImTA = TA<V) = TA(Sp(el, “eey en))

= Sp(Ta(er),..., Talen)) = Sp(Aey, ..., Aey) = Col(A)
dimImTy =1k A ,0701.1 < 5 < nvv,A5% j-nnmnynrn Ae; »

Y RYT IR
dimKerTy +dimImT4 = dimV
$99 19182 1101 DY 127

wn . wes apnva L Vo — Woam F 7w dvn ornvpy mann V, W »ip (1000 0991) 6.16 DOWUD

dimKerT +dimIm7T = dim V x.(00215 w2 ,95) mow su V

MY NITO VIDL T DDA VU, ..., Upy P JIOID XN RN DY 1Y ,V 59 amn nn 2 KerT' :anon

K1,V 50 902 nmir 0YwnY 107 1%,V 11 moarey mdn

W1y Umy Ungl - - -5 Un

o orTP ovY . dimImT = n — m v vy ,dim V = n, dimKer T = m~ nvn

58



NYIRDY Mpnyn .6

ImT 5w voavn T'(vm41), ..., L (vy) Y0
PR
ImT =T(V)=T(Sp(v1,--,Vmy---,0n)) =Sp(T(v1),...,T(vm),...,T(vy,))

m

—
=Sp(0,...,0,T(Vimt1),---,T(vy)) = SP(T (Vin+1)s - - - T(vp))
.(3¥130 2NN NN DR NIYY *Yan DDAR VNVYAY TWAR TNV YV AITO NN I, 1191 PINRD MWD TYRI)
Im T 50 01wy m10 T (vpg1), -« -, T'(vn) 199

DOPINY P Ayt 1y - - -5 Ay € F P :1IRDY 70150 502 03 RODY IR
.CLm+1T(’Um_|_1) + -+ anT(Un) =0

Ay 41Vm41+ - anv, € Ker T' 199 T (am410m41+- -+ an0p) ™2 MY YRV I8 DPIR1ON K932

WP A, .., Ay € F omrpw jRon
yA1V1 + ¢ F AU = Gy 1Um+1 + -0+ QpUn

Rial bl

(=ar)vr + -+ (=m)Vm + Gpg1Vmg1 + -+ apvy, =0
[ | Qg1 = = Ay = 07199 ,0R0Y On M1 vy, ..., 0, IR

y'on T & .weo ppnvn T: V- — W osam F' 21w 5pn 100 mmsn orpopr ooann V, W vy :6.17 najzon

v T oy poN

vy Hpw ar,oanm nn {0} € Ker 7" nam nvn Ker 7' = {0} ox pm oxr y"nn T npnynn 70010
0 = dim{0} = dim Ker 7" onn

DR PNy pw nr,manin nn Im 7 C W pamneaIm T = W or pn or Yy T npnynn
dmImT =dimW =dimV

amounn yan PR . dimIm7 = dimV or 91 ok dimKerT = 0 305 v 199

[ | b.16 vavn Yw dim Ker 7'+ dimIm 7T = dim V

wm LV v ooa B = (vg,...,0,) 0 L F 0To amr Syn ornopy anm v V, IV v 618 17110
W [T18 € Mumxn(F) neron vm T: V — W naxeY apnyn 939 W Sw 001 C = (w1, . .., wy,)
T

716 = (IT(vD)le, .-, [T(va)lc)

o pn o [T]5 = Am A = (a;;) € Mmxn(F) OR :mang mhna

.T(Uj) = a1W1 + -+ Ay Wi, Jj=1...n
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:6.19 MNONT
T
_ (2 -y . T3 2
v (t(pma) oy T T(|y |) = v+ 3n Yy Tt R° — R vm (R)
z

or1 ,R? Y0 001 C = (w1, w2)" ,R3 Y 001 B = (v1,v2,v3)

0 1 1
1 1
U1 = 1 y V2 = 0 , U3 = 2 7w1:<0>7w2:<1)
0 1 0

™

) AR DY NPT

,T(’Ul) = —Wwiy, T(’Uz) = —211)1 + 4’11)2, T(Ug) = —wi + wsy

me= (T 5 )

59 "071voN oan B = (€1, €2) ' 0 nnma mra 0 mwran 2020 wrpa nvon S: R?2 — R? s (2)

1Y

19% (10K 0022 P21 P RY 1) Lol = v iDpNn v € R? 9350 91511 .R?

1818 = ([S(en)]s. [S(e2)]s) = (S(er), Slez)) = (0 —sinf )

sinf  cos@

0»v1mYon »ooan B,C v v — Av apnyan Ta: F™ — F™oam A € Muxn(F) 00 (3)

A Y9 j-n nmnyn won Ae;my nvn R aanxnna BT ET Y
[T]lcg = ([A€1]07 I [Aen](,’) — (Ael, Ce 7A€n) = A

JT)E = 0 = (0) = .onwH Dooa B, C v oarn npnyn 0: V. — W onn (7)
LV 50 nwhs ooa B oy minm npnyn 1y Vo — Voan ,n monn sopy anan Voo (1)

JWwE =1,

orpnnv € V' 935,6.18 117377 SW 021D DININI :6.20 DOWN

[T(v)le = [TIE[v]s

nn :non
all a12 e A1n €1
C2
B a1 Q22 cee A2 n
[T]e = € Mumxn(F) vls = . eF
am1  Am2 Qmn Cn,

60



NYIRDY Mpnyn .6

R T (v) = 1 T(v1) + T (v2) + -+ + T (vp) PNV = c1v1 + covg + -+ - + cpvp ™

ail ai2 Q1n
a21 a22 A2
T)le=1 . [ [T@)le=] . |- s[T(on)lc=
am1 am?2 Amn
1PN
T(’U1> = a11wW1 + a21W2 + -+ A1 Wiy
T(v2) = ajowy + agowWs + « + -+ + ApmoWim,
T(vn) = arpwi + G2pwa + -+ + QWi
MR 72NN NNRNNA ¢, Co, . . ., C, 72 NYR MIRNVN D200

Tw) =c1T(v1) + 2T (v2) + -+ + e,/ T(v,) =
= (1101 + a12¢2 + -+ - + A1) W1
+ (a2101 —+ agacy + - -+ + azncn)wg
+ (am1c1 + @maca + -+ + QmnCn )W,

0 [T'(v)]e nTnynw ran

a11C1 + @12¢C3 + -+ - + A1pCp a1 a2 ... Q1p €1
a21€1 + ag2¢2 + -+ + aspcy | a1 a2 ... ao, 21 8
i = = [T]c[v]s
Am1C1 + Qm2C2 + -+ - + GmnCn Gml1 Am2 --. Omn Cn

1 .R? v »0113v0n voan C ,0 i 0 mwrin 2220 N1 1on S R2 — R?2 > :6.21 10m7

I .[v]e = v :opnn v € R? 995w

x\ x Bl [ cosf —sind x
S(y)_[S<y)]3_[5]3[<y>}3_<sin9 cos 6 ) (y)
W owooaCn'V odwooa B vy, mwrs apnyn TV — W ran :6.22 'mn

T1k[T)8 = dimIm T (%)

(o127 v103) n>en [T15 ox 3 ox orommx T (2)

apnynaw [T € Mumxn(F) m C = (w1,...,wn) B = (v1,...,0,) ' a0

DPPNN DPONMDR RN W — [w]e T Yy anman p: W — F™
Col([T1E) = Sp([T(v1)le, - - -+ [T(vn)le) = Sp((T(v1), - - (T (vn))) =
p(Sp(T'(v1), -, T(vn))) = P(T(Sp(v1, - -, vn))) = @(T(V)) = ¢(Im T)
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oraTMIPR 2 Or 0 Im 75 ¢ S0 ownen [T]5 5w mmnya ann 9p Im T’ nr apnyn @ ,3m9
(%) won 1k[T15 = dim Col([T]5) = dimIm T ,6.11 mpon »ab 135 Im T — Col([T)5)

A€ Mu(F) 9 ,m = dimW = dimV = n w ,orammer T or A = [T]5 »an (2)
A € My (F) m,n»an A or oy aavan A Y 17k A = dimIm 7T = dim W = n o»pnm
| yomomen,dimW =dim Vo S T P ,dimW =n =rk A = dimIm T

mn nvreY mpnyn 1,5 V. — W nman LF n1v Syn ooy oanm V. W v :6.23 1m0
weVu (T+S)Ww) =Tw)+Sw)»ywT+S, oV — W mpnyn v . € F
v eV Y ,(al)(v) =aT(v)

Jvwrcympnynn T+ S, o1 :mayo

P (2N MINMY 1AV Oy DININ INIT 19I1X1) VPR HAd NIINIY 10 D ,MPNYNN DY 223D N a0

R (M an amrwavow) . e FrveV

(T +8)(Bv) =' T(Bv) + S(Bv) =* BT (v) + BS(v) =*
=% B(T(v) + S(v)) =* B(T + S)(v)
19 D0 NUPNVN TR
T+ .S mmnoay (4), (1)
A%0a %0 mmw S, T (2)

LO”TVPY TANINL NN YPINN TR (3)

19 15

(aT)(Bv) =" aT(Bv) =2 a(BT(v)) =* (af)T(v) =" (Ba)T(v) =
=" B(aT'(v)) =° B(aT)(v)
$79 D720 NRPNVA TYRD
a1 namnad (6), (1)
Apoabay namw 11 (2)
V71 95p0a Yaon Y9 nyaurowiorn 70 (5), (3)

| JFm2 5000 Sw voomn pin (4)

Wi, ..., Wy m,V 5000101, ... 0, 2. F 21w 1ms oyn ormopy manm aw V, W v :6.24 0owD
novppn TV — W npme manes apnya novp iy W28 by 7770

T(v) =wy,...,T(v,) = wy (1)
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oy LV Y0 002 v, ..., 0,70 T IR AWYY v € Voo nnvp 1R wd 1w yah moa canom
WP T a,...,a, € F
W =a1v1 + -+ apvy, (2)

(1) npn wnw v T'(v) = a1 T (v1) + -+ + a, T (vy) DReS T-0 1
T(v) =ajwy + -+ + apwy (3)

50 mypmen Ron (1772 RY R L0729 1m0 D022 YN DNk RIN) 171 599 10N I0R I IRNYNIA PR AR
a2 n T (v) ,(2) oopnw v € V may k(1) nnrpnw nrey apnyn 77 oy ox 03719 1071)
(T =T veVumm.T(v)=T (v) P (3) Y0 P g
090 (2) YR o ay, ..., G, ORI,0 €V 939 ,(3) 7 Sy T v :ovp

w,1 <7 <now,pr:(1) nopn TR
wj=0v +---+0v;_1 + 1lv; + 0vjp1 + -+ Ovy,
50 (3) nmmann Y 1
T(vj) =0wy + -+ 0wj—; + lwj + Qw1 + - -+ + 0w, = w;,

M L(NNTT 19INT DIRIN NNN NPRY) 2P0 93 NIMY RONW PI IR AR LR IR1Y T 15 mnd

R .(2) opv P aq,...,a, € Fym.a € FormveV
av = (aa1v1) + -+ + (aap)vy,

5w (3) mmann e 129
T(av) = aa1T(v1) + -+ + aa,T(v,) = aawy + -+ + aa,w, =
| =alawy + -+ apwy,) = aT'(v)

MPIRYSN Mpnynn 93 nwap nr L(V, W)-1 o1 .F 77w Yyn omopy oanmm V. W vy :6.25 17170

W5V
w5 1N 15p0a Sa3m n mMnwas omra o anm xma L(V, W) :6.26 bown
SV NPDOVRIVIOR HYNY .NNR NRPOPR P IR IR 2NOP 2NN YV MNVPOPRD 93 NR INY PIX 77997
opon S, T, R € L(V, W) 93% » nmnb g :n2nn
(S+T)+R=S5S+(T+R)
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. e Vo pn
(S+T)+R)(v)=(S+T)(v)+ R(v) = (S(w) +T(v)) + R(v)
(S+(T'+ R))(v)=Sw)+ (T+ R)(v) =Sw)+ (T(v) + R(v))
| V-1 12000 Sw npoRorn Y931 oy 07Moan v
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wPma(X) € F[X] v (1 w5y p1pn 5v3,1m5) jpnn ore ovp i . A € M, (F') ’an :8.13 oown
;ma(A) =0 (r)
ma(X)aponnn g(X) mg(A) = 0w pown g(X) ox ()

LA 5w rymn mpan X1 1 orho

MN (R)  :8.74 AonT

0O 0 O 0 0
1 0 O 0 0
0O 1 0 0 0
N=N, = 0 0 1 0 0 = (e2,€3,...,€n,0) € M, (F)
0O 0 O 1 0

19 ,N2 = N(es,e3,...,e,,0) = (Nea, Nes, ..., Ne,, NO) m
N? = (e3,e4,...,€,_2,0,0), N> = (e4,e5,...,0,0,0),...,
N"' = (e,,0,...,0,0,0), N* =0 =N""' =...
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wm,g =" ;X" e F[X] oxpY

ag 0 0 ... 0
ai ag 0 ... 0
9(N) =aol, + a;N +ayN* + -+ +a,_ N"1 = as ay a ... O
anp—-1 Aapn-2 0AaAp-3 ... QQ
PY X2 phnnn g PY Y Mo MR 9P ap = - = ap—1 = 0 DR pMOR g(N) = 0 PY
mN(X) = X"

g(I,) = Z?:o a; I, = (Zf:o a;)l, =m .g= Zf:o a; X' € F[X]»mm A= I, »n (1)
M9 Lg(X) Yo prvaa wawm (X — 1) or pnor g(1) = 0 or pn or g(1,) = 0 Y .g(1)1,
myg =X —1135.g(X) nepomm (X — 1)

A € My (F) »an :8.15 bowD

maapmmm fa (R)

905 o0 (A 5w py am) fa wemw mamy v enw 5 (2)

20 DIPDI MR MMT MYI0Ns  (3)

Ao Ay, .. A W8I, mA(X) = (X — Ap) - (X — Ag) oxpm oy mmoaons am71 A ()

ma(A) = 0w nranwpn noynan jpmnn ownen mama(X) ()

ni n2 s

A = diag(s\l, - )\I,S\g, . ,A;,S\k, e ,)\Z) NN (7) 93 m098 A Swm 4 (X)) w0 :8.16 1onT
M fa(X) = (X = A)™ (X — A2)™2 - (X — Ag)™ m am ot onw Ag, Ao, ..., Ap TOR2
MY ,ma(X) = (X — A)™H(X — XAg)™2 -+ (X — Ag)™F ;o010 omr fa(X), ma(X)H0

AR DARNY NP2 MVPA NYYHAN 17NN DINaN R M4 (X)=0 pa .omeRnn my, ma, ..., my > 1
NP LA IR DARY NINRA ARNVAN YV PR PRV T2 IV DIVPA M1, Mo, ..., Mk > 1 Mo Px A
nroarn A(X) = (X — A\)(X = Ag) -+ (X — Ag) owanw pyman ,my =mo = --- =my = 1

:ma(X)=h(X)m A

h(A) = (A—MI,)(A—=Xoly) - (A= M 1p) =

ni no Nk

diag(0 . A VS VS VS W Vs VR W A1)
diag\1 — Az, ..., A1 — A2, 0 0, Ak — Alyeeos Ak — A1) -
diagM1 — Mo+ o3 A — Ak Ao — Ay e oy A — A, 0 0) =0

| 7.6 97N 1ab
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1 0
1 0
0 0 1
P72 LA R DaRN AT DAY P N upn ’n 1 1 < < 3 wra (X — 1)7 xn mvmn orhian

0
Ja(X) = | XI5 — Al = (X — 130 mmu(X) vn A = 1 MmN :8.17 T

JNDIORY AT v A vawnn b o =2 195 (A — 1)2 =09 (r>1p9M A—1# 0vnxm
|

oirna 9 1Y .g(A) = 0 or p1 or X — A oo phnnn g(X) € FIX] oiwhaw 1non
m > 01 ,h(N) # 0wra ,9(X) = (X — A)™h(X) ranjowa »end war 0 # g(X) € F[X]

9(X)m2 (X — X) 5» npmn xin m 1900

Y omey 7w A € Fo Ae M, (F)»nn :8181711
Ja(X)m2 (X — X) Yw apmn 20 A 59 123580 N0 (R)

dim Vy 80 A S mumnan naan (2)

Mwmey 7w A € Foam A € M, (F) »an :8.19 vowp
1 <wmwnan nn<»2080 170 (R)
DM A1, .., A € Faora, fa(X) = (X — Ap)™ -+ (X — A\g)™ ox pmoxmnoaors imm1 A (2)

L1995, SY 0mINIA NN R My 2IAONA NI D T

©01% IR DYWLV Y0 D01 v, ..., g 0 A YW oman N0 d = dim Vy 0 (R) anon
ooprn 1 < i < d%nnyan P .P = (v1,...,0,) € Mu(F) 00 F" 99 v1,...,04,...,0p

Pra=1,...,dmy Av; = v; pw P71

Vi = €; 13'71 Pei = V;
P 'AP = P A(v1, ..., v, %, ..., %) = (P 1 Avy, ..., P Aug, %, ... %) =

</\P_11)1,...,)\P_l?)d,*,...,*) :()\617...,>\6d7*7"'a*): ()\éd g)

M) MMYRI MTIYA d 29> e B € Max (n—d)(F), C € Myp—q(F) mon apr my

JAC0) = fpoap(x) = | VI TE o (vt x, -0 =

= (X =N fe(X)
A mnay nrn fa(X) mawn oirhiaa (X — A) b apmn 130
DMUMRIN DM dy, ..., di P 1 A 5w omwn 0oneyn N 99 Aq, ..., A P (Q)
fa(X) = (X = A)™ (X — Ap)™g(X) ™ .0nY0 MR 00 Ny, ..., 1 PN ,DNYY
4991 <d; <mn;,R)av.degg=n—(ny+---+ni)) Fapwvw vy g(X) € FIX] oxa

A 50 orney DMvpIn 2137100 002 F7H v DR P71 OR NM03ORY nmT A ,7.9 vawn »ab
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Va, 20 B, ooaw i 9990 9% d; = 11 fa(X) = (X — A)™ -+ (X — Ag)™ »omp mom

RIN IR 790N IRVY A1ON oNY2 B 1770 RN NYRA DD0AN PR 7.11 Vavn Y .oMR d; = N, 12
’Zdi = an =deg fa =n=dimF"
i i

A 50 orney omvpIn 100w LF” Yv ooa B 125
JNRY TV NPRY POV ONRY MUP Y3 LA Y ornxy oopIin 2010w F7 Sw B ooa vw moan jond

199 .V, 72 mrymw B or omrn naonm B; qwra By, ..., B Mo nnn Yo gy B Y
n=dmF" = #B = Z#Bi < Zdi < Zm <deg fa=n

Ja(X) = (X = A)™ - (X = Ag)™ 9 ,g(X) =115 ,) . n; =ni 95 di = n; 1800
|

nwon A € Fo 1820 1m0

A 0 O -+ 0
1 X 0 - 0
O -~ 0 1 X
A0 ,
J2(A) = YA M2 (F) ,J1(A) = (A) € M1 (F) :07018 01pn .1 1700 17377 912 DRI

15 vy LA Yo omepn Twn A xapr Y Lfa(X) = (X = A" LA = J,(N\) an
ma(X) = (X = N)" = fa(X) P2 .k >noxpnoroaR®n (A — M, )k = Nk-w

NIRNN NIVN RN ATH VA T Nwun L\ € Fond (R) 1821 110

']()‘) :diag<Jn1()‘)7“-7Jnk()‘))> ny 2. 2ng > 1
nwn 1T neon J () wora,J = diag(J (A1), ..., J(Ar)) ngnan axmon 00 17 neon - (2)
DM AT DNV A, .., AT 290 N\

2% D02 :8.22 LOWDN

mJ(X) = mJ(Al)(X) . -.mJ()\7,)(X) ,fJ(X) = fJ(>x1)(X) R fJ()\,.)(X) (R)
My (X) = (X =)™, fr00(X) = (X - Ayt ()

1123 AN ) ANYNT ASYNN DMP9N9 W 7190910 KA 72w o ooy i A € M, (F') ' :8.23 oown
5w 1700 2 Y AT om A amtn J = diag(J (A1), ..., J(A.)) 7 nyon npop s (F = C ox

A S0 vy nnx o J avon A bw ooneva oown oa Aq, .., A 359000 (A1), ..o J(Ay)
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PV 5w B voaw .y apoyn T: V. — V ooan .C Spn maio aen mopr anm Voo :8.24 mij7on

/
Jrwrnma [T)5, v

P avan P w ,amb L,J 1wt nwond amvt [T]8 ,vawnn sab .V S0 1wy B ooa ann o
a5 .V R Sw B a1o nwirrd Bon qapn nyon v P 633 Yaan sy PTLTIEP = J-v

] (T1B = J 15 [T1E, = P~UT]EP ,6.37 vavn a5 .V Y 003 B’ ,6.34 0avn

TV ITIE NN AMN I W DR PN O8 MMT I N Tt e i ww A B € M, (F) man :8.25 mijjon

D505 MIPWA JTIITMYIVN 17D 1T

:(C-2 5mn) F 07w 0w Yyn mmT 1R MIRIN MYI0ND :8.26 220

2 0 0 O 2 0 0 0
1 2 00 1 2 0 0
A= 0 0 2 0 B= 0 1 2 0
0 0 1 2 0 0 0 2

mm1 A, B va ,P € M,(C)w s ,P~LAP = B-v 79 nvan P € M, (F) nn»p amn 19 o8
mMmT PR P9 LA = A = 2197 = 1 8.21 mImnn HYv noa) nnw 11T myon A, B R .C Yyn

.C Yyn

ma(X) = (X-1)?(X—-2)21 fa(X) = (X-1)3(X—=2)2or A% J j1wrnneonn  :827 90

50900 (X))o ma(X) =my(X),38.15 vavn0a% .f4(X) = f7(X) ,8.8 vavn Y
n¥Aon J(2)1 159 navwn 71w nvnon J(1) qwra ,J = diag(J(1), J(2)) orpnn .J € M5 (F)
a1on J(1) 199 .f52)(X) = (X — 2)* fy0)(X) = (X — 1)? ,(%)8.22 vawn »% .29 na»wn 1107
) (X) = (X =2)*1myq)(X) = (X —1)% ,000n0 1mr %0 13103 .2 X 2 7100 J(2)1 3 X 3

o Yy m; =3 m,ng > -0 >n, > 1w LJ(1) = diag(J,, (1), ..., J,,.(1)) DR
J(1) = diag(J2(1), J1(1)) 1Y g = 2,n9 = 1,1 = 2 1890 .07 = 2 ,(2)8.22 VaWYN

an Yl = 2w 4y > - > 0y > 1 qoma L J(2) = diag(Jp, (2),...,J0.(2)) DR
J(2) = J2(2) 1Y 4 = 2,,5 = 1 00 L7 = 2 ,(2)8.22 vawn

1 0 0 0 O
1 1.0 0 O
| J=10 0 1 0 0]
0 0 0 2 0
0O 0 0 1 2

99 7TV DR DR YR TR0 RY NRIVN HY IPTHNI IMAIRD DIPDIANY VI
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2 X 2 77010 MXvNRY 17V NN DRYNND LRSE

2 X 2 1701 MYIvNd 17T BTN NNYYN N8

mu A, B 1\ 5w romanan npanx gasw ey 7w A € Fom mmt A, B € M, (F) a7an :x8.1 '7aan

P nvan P € M,(F) v amnn a9 A, B mwrnna oopevn wanma VA VE v canon
B=P1APv
P lveVE s, BP v = AP v ,PBP v = Av = v v e Vi ox

xSy apoyan P vy, ..., Py, € VAB »PY RN 2ah .VAA Y® V01 V1, ...,V W
dim VAB > r = dim VAA IRIN .IRPY DM NY2 0N 1PN U1, ..., U 9P DMK APRYD U — Po
| 9NN MV R IR ORIN IMT 19IR

177771 w1 7900 817 A1 X Sw romwan nn v A swonvy 7w A € F o A € M, (F') 'an :x8.2 'mn

1X71
A0 0 - 0
1 A 0 0
Ly=[0 1 2 0
0 0 1 A

A 5w mvr nyvna

A — A,71 1R 59 D910 TIVW 1200 KO JTI v AW mnh Twar oTpn Yann 2aY :anam
RN AVRIN NNV JTIVT VI 993 7 DDAR YV MMV & pYT (1) RI0VNR YV AT mannd nxl R) W
Sv MMV k& oy mmp mnT Avion A — A, oYapn muiva nYIvindk moya MNRY - 0DAR NN

| K mn xn (A — ML) X = 0 mmmnn naynn Yv mnanan ann wawv V) 139 .pr1a moar

Ja(X) = (X — M) (X — Ag) nmmxnan f4(X) ndwoomawn owrhanw o A € Ma(F) »nn
(.m229% Yv Mo vawnn Y L F = C YwnY ,.or np 1) A, A\ € Fawvra

DR P xignh 703 101 nys J1wr nvon P LAP-w pavon P € Ma(F') » Rw 15

A 5o omey Mo 0 # vy € F2 or oy monoodry am1 A o\ £ Ay or (R)
w P = (v1,v2) € M2(F) ™1 o1 ,A27% pon A S myy Moy 0 # vg € F2- A5 7on
JTWI NYA0NR VI ,NoIoR PTLAP = ()61 )?2 )

A 9w M9RN N fa(X) = (X —A)2 R A = Ap = Ay 1903 ;A = Ag 03 )9 or o
dR 2 20 A Yw dim V), momiean a0 199 .2 xin

180N LA YV OYHRY DNV DN e, €2 V101 1PN,V = F2 1r,2 10 A Hv 10mRan 21270 oR (1)

(.P = I np1) .neya nnoavr 120 A = (Aeq, Aes) = (Mer, Aeg) = (())\ g)\)
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2 X 279701 MxRHonY 1TV DTN NRNN LR8
M. € VAo p o € F? .V, ; F? w1 x0 )\ Y0 momroan 1270 R (3)
Lo = (A — )\12)’01

™

g Vamue#0 (1)

(A — Mo)%v; = 0199 ,0arn nwvn 20 (A — A2)? pornnovmp vavn 189 R s € V) (2)
(A = A3)vg = 0 100

VA 900 00 R0 (2) 8% 0w a%ad v R R g # 0 (1) 2aY F Yyn nrareb onbn onva vy, ve  (3)
aNnad nnoa

Avi = Mg + v (4)

.an P o(3) 09 P = (v1,v2) € Ma(F) P

PY g =1,2mMmy,e = P v p,Pe; = v; 0opnn
P_lAP = P_lA(Ul, UQ) = P_l(Avl, AUQ) = P_l(/\vl —+ Vo, /\Ug) =

(P_l)\vl + P_va,P_l)\UQ) = ()\61 + €2,>\€2) = ()\ O)

1 A
B J7wrneaon
JaX)=X2 —4X +4=(X-2)2m.A= (_12 _;g) :N8.3 N7

P=( % )= (2 2 N () mo = 2)
T3 )P T 20)\—3) T 4) T3

_ 2 0
PTAP = (1 2) 0PN

L(91T) *¥av 1900 M WRY AT R R¥M
nnow »aY 09apn ,(21)N = N(2) non P~rAP =2, + N .N = <(1) 8> 1703
0PI YV DN
PP = (PTHAP)™ = (21 + N)™ =3 (m> N'(2L)™
3
=1

Py N2 = N3 =... =0Y%x
_ m m _ _ 2m 0
PIA™P = <0)N0(212)m+ (1)N1(212)m =2+ 2" IN = <2m_1 2m)

IRON

m e P S om0\ (4 5
o prnrewe = () (2 0) ()
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J1039 NYaon anIm 9

F =CwF=Rnpmpnpn

" YY 11NN Z 10w mmen o7p z € C Y25w 1on
z,y €R ,THily=x—1y

:NPDDIN MIDNN
21tz =2Z1+22 (N)

2122 = 122 (3)

Zz=|z]7 O

;2 90 onnn ponn Re(z) = Z£2 ()
;2 =ZoRpNoRowon z ()

szl =0okpnorz=0 ()

]
I

z (1

Sv u, v € V a9 nornnw npnyn X0 V5 memnaa nbaan LF Syn omopy anan Voo o1 mmn
a € Fo% u,v,v" € V 99 orpnnw 1 (u,v) € F 15po onom

{u,v 4+ 0") = (u,v) + (u,v’) (

{u, av) = alu,v) (

{v,u) = (u,v) (
((v,v) €R (3)09:25Dw) .0 £ v eV 9y (v,0) >0 (4)

M9 (U, v)ge = T 1,V = F™ 19590 D) NRIPI ,MUITvon ndaomn (R) 9.2 7onT

aq b1 by
az bo ba
(0 . |, . Dst=@naz,....,a,)| . | =a1bi +azbs+--- +a,by E a;b;
, Oy, y b, by
IR .DAR D9 RY a1, a9, . .., a4, € F 11 :Dn»pnn N2 (4) MIONNY PIT2)
ai ai
2
< . ) . st - az |az| >0
. . i=1 i=1
9 an 9 an

a; # 008 |a;)? > 0 ]a;|? >0
.<(a1) , (b1)> = 2a1b1 + a1bs + asby + azby ,V = F? (2)
as by

82



N4 nYa5n *1ANIN .9

:N7ITIN2 (4) NNONA DR M1

a a o o . L . - B
<(a;) I (a;)> = 2a1a1 + a1as + 201 + a209 = (a]. + CLQ)(G]_ + a2> + aiaq

= |ay + az)® + |a1|*> > 0

a1 # 0 ag # 0998 Im9 ,a1 + az # 0 IR as # 079X

:9.3 NN7
Hu+u vy = (u,v) + (W 0) (1)
;<O{'LL, U) = a(“’v U> (2)

A0,v) = (u,0) =0 (3)

:9.4 17T
2 5 (TIRD) mmn &I |[v]| = v/ (v, v) (1)

Au,v) =008 —ulvnmnn —vvawu (2)

a4 #7990 u;Luj DR MOMINMR IRIPY U, Uz, ..., Uy € V NITO (3)

IR 0902 6 930 ||u;]| = 17 ONNRNIIR R0 OR PORMNNNR DRIPI U, U, . .., Uy € V DITO (4)
1 1=
AU, wi) = 055 1= R
(s = b= {5 15

JPVITIV0N 19990 ONa HNININIR N FT Y e, eq, ..., €, Y07TIV0N D0IAN 9.5 N7

™ A = (a1,az) OR .PWRIN DN V 072K NR AR vInvon nvamn oy V = R2 9.6 1wn
vavn 1% v R .B = (b, by) 03NN 13 1M .OZ Y9 NN MYy [/ a% + a% RN OZ PAVRRRIN
(b1 —a1)?+ (ba — az)? = ,3m93,AB? = OA? + OB? oxr p7 oxR MY 01 DaRN OZ, OB omme

{OA,0B)s = 0,99 ,arby + asby = 0 5pw 1 (a3 +a3) + (b] + b3)
19 D120 MM TNRA DN PVITIVEN 1Y9ONY oma Vo= R3-1 mawam TR0 nmT (o

PIONMIRNN

vy V2 mhannmN 7170 Uq, Us, . .., Uy AN P32 A%00n ann Voom :(Iparn nnY) 9.7 any

U =auy + -+ apy, v=bjus+---+byu, €V

<ui7u>

a; = (ug,u) i 99 ||u|| =1 ox,0103.0; = Tas 7z ™o 7 0 8,103 aillui||? = (ug,u) ()

{u,v) =300 @b i 95| |ug|| = 1 ok ,v103.(u,v) = S0 @b wil]* ()

Jal? = 325 asl? mi 25 [Jui]| = 1 ox w0z [Jul|* = 320 faq*||ui|* @)

Aug,u) = a1 (ug, ur) + as(ug, ug) + -+ -+ an (U, Un) = a;{ug, us) = ai||uz~||2 (®) :Amm

{u,v) = 3000 D0 @by {ug, ug) = D00 @b ug]|* (2)

| OMpn poma v = w axn (3)
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(u,v) = ([ulp, [v]B)st ™ .u,v €V v .V mmio psosn ann 5 'onmnnmx 001 B o :9.8 Mj7on

(.TPVITIVDA KT 129907 PP QINI)

TPINDY DN MO UL, U, - - - , Uy TR .DIRND DINY WIDRY JPIMNNR 1ITO U, U, - - - , Uy T 9.9 DOWUN
I 5vn

[ | A9 ,a; = ﬁi?’ﬁ% = IIuQIIZ = 0 varn Y Y .aiuq + asus + - - -+ apu, = 00 a0
Sp(v1, ..., Uk) 30 D5 NNIN VL, ..., UL 22T U DR :9.10 AN

F 5vn oo ndaon anm Voo ((Gram-Schmidt 790n) 9.11 bown
nrppw Voaug, us, . .., Uy OINNTIR MTO W IRV 21177001, Vo, . . ., Uy 20

1<k <n9,Sp(v,ve,...,vx) = Sp(ug,ug,. .., ux) (1¥)

1<k<n9 v, €Sp(vy,va, ..., 06 1) D8I ORUE =0 (2F)

U792
7 5pn IRy o900 0nb1v1, Vo, ..., Uy OR P DR DOND DN UL, U, . . -, Uy (3)
YV owooaug, ug, ..., U, IRV S0 DDV, Ve, ..., U, D8 (4)

(1™ yan (4)7 (2)n yan (3)-v 15 v nYnn 0010
P ,(2%) ,(1F) oran m»pmew 79 n7Ton Nk k S oepriona M
TSN Uq, Us, . .., u, (0F)

ay =v; =0 & vy € Sp(0) :(2Y) ;o (1Y) ,0h .y = vy vk =11y

11 .(2F) ,(1%) ,(0%) nx PN wy, ug, . . ., ug 122 1DV PEPITIRI NN
(%) U1 = Vk41 — (C1ur + coug + -+ - + cpug)
. (Wi, Vht1) Us 75 0
A<i<k%h ¢ = [ui[]2 g Twra

A <i<kY%y Cz||uz||2 = <ui,U]€+1> ™
(17 sa% (%) »ab (1K)
Sp(u, v, ... Uk, upr1) = Sp(ug, ug, .« ., Uk, V1) = Sp(v1, V2, .., Vg, Vkt1)

PRy <0 < k999 (U, ugg 1) = 0 NS T ONNANMR U, Us, . .., Uk, U1 H(0FFT)

k
(g wpg) = (uiy vp1) = Y (s, ug) = (uiy vppn) — eilful[* = 0

7j=1
(%) 209 ™ up4 1 = 0 or (28 1)
Vg1 = C1U1 + CoUg + -+ - + cpup € Sp(u1, U2, . .., ug) = Sp(vi, v2, ..., V)
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k
PR MY V1 = g Gl R U1 € Sp(vi,ve, ..., 0;) = Sp(ui, g, ..., ur) DR J90Y

| g1 = 0,(%) 202199 0 939 ,u; # 0 0R a; = ¢; ,orn NnY 8 .aq,as, ... a5 € F

w1 =(0,3,4),v2 = (1,2,1),v3 = (0,0, 2) 5y vPnwDH Po>IN DOV :9.72 7007

Jur]? =02 +32+42=25 u; =v; = (0,3,4) (R

Au1,v2)se =0-14+3-24+44-1=10 (2
up = (1,2,1) — 32(0,3,4) = (1,2,1) — (o,g 8)=(1,4%, —53) 1(5,4,-3)
lual® = 32 + 35 + 55 =2

(g, v3)se =0-04+3-04+4-2=8 ,(uz,v3)s :1-0+§-0+—?3-2: =% @)
ag = (0,0,2) — £(0,3,4) — 52 (1,4,33) = L(15,-12,9)

JONTNADR DD 19 W IR JPOID I 19 1990 ann Vo :9.13 nj7on

M1 YD U, Ug, .. ., Uy IIBNNNR DDA 1Y W DTIPN VAVNN Y U1, Vo, ..., U, D02 W VYm0
1

T U
? unll

| DHMNNR MO ||u1, ”u e %25 - - - n

1001 .(%) ANONA NN .UTAY DN PIAN LY NIIVMNGA MYPYNA :9.14 1V
= cuy +cgug + -+ cpur U = Sp(vr,v2,. .., 08) = Sp(ug, ug, . .., ug)

U2 ommopin 9% av ug 7 ,u € U 041 = Ugg1 + IR
™AW R IR RN UV = R3 »n mn
U 9 vy Yo 50onn v u (R)
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