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that the reader is familiar with some of the basic notions of Algebra and Topology, and
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5 The Euler-Poincaré characteristic . . . . . . . . . . . . . . . . . . . . 224

6 Generators and relations . . . . . . . . . . . . . . . . . . . . . . . . 231

Chapter V Galois Cohomology of fields

1 Hilbert’s Theorem 90 . . . . . . . . . . . . . . . . . . . . . . . . . 246

2 The Brauer group . . . . . . . . . . . . . . . . . . . . . . . . . . 250

3 Cohomological dimension of Galois groups . . . . . . . . . . . . . . . . 253

4 The property C1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

5 Cohomological dimension and field extensions . . . . . . . . . . . . . . 271

6 Henselian fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

7 Algebraic extensions of Qp . . . . . . . . . . . . . . . . . . . . . . . 281

8 Algebraic extensions of Q . . . . . . . . . . . . . . . . . . . . . . . 293

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 310

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312

3



CHAPTER Ip. 1

PROFINITE GROUPS

§1. Infinite Galois extensions.

Let K be a field and N a Galois extension of K (i.e. algebraic, normal and separable).

Let

G = GN |K = {σ ∈ Aut(N)| σ|K = idK}

be the Galois group of this extension. Denote by {N : K} and {G : 1} the lattices of

intermediate fields L, K ⊆ L ⊆ N , and subgroups H ⊆ G, respectively.

The main theorem of Galois theory for finite extensions can be stated then as

follows.

Theorem 1.1: Let N |K be a finite Galois extension. Then

(i) [N : K] = #GN |K ;

(ii) The maps

{N : K} Φ−→←−
Ψ
{G : 1}

defined by
Φ(L) = {σ ∈ GN |K | σ|L = idL} = GN |L,

Ψ(H) = {x ∈ N | Hx = x},

(K ⊆ L ⊆ N ; H ⊆ G),p. 2

are inverse lattice anti-isomorphisms;

(iii) If L ∈ {N : K} and Φ(L) = GN |L, then L is normal over K iff GN |L is a normal

subgroup of G, in which case GL|K ≈ GN |K/GN |L.

Let us assume now that the Galois extension N |K is not necessarily finite. The

maps Φ and Ψ can still be defined as above and it is clear that they are lattice anti-

homomorphisms. Moreover one has the following

Proposition 1.2: Ψ ◦ Φ = id{N :K}.

Proof: If K ⊆ L ⊆ N one certainly has

Ψ(Φ(L)) = Ψ(GN |L) = {x ∈ N | GN |Lx = x} ⊃ L.
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On the other hand, if x ∈ N and GN |Lx = x, then x is the only conjugate of x, i.e.p. 3

x ∈ L.

Corollary 1.3: Φ is injective and Ψ is surjective.

However in the general case Φ and Ψ are not anti-isomorphisms; in other words in

the infinite case it could happen that different subgroups of GN |K have the same fixed

field, as the following example shows.

Example: Let K = Fp be the finite field with p elements. Let ℓ ̸= 2 be a prime number,

and consider the sequence

K = K0 ⊂ K0 ⊂ · · · ,

where Ki is the unique extension of K of degree [Ki : K] = ℓi. Let

N =
∞∪
i=1

Ki;

then

Ki = {x ∈ N | xp
ℓi

− x = 0}.

Let G = GN |K . Consider the Frobenius K-automorphism φ:N −→ N defined byp. 4

φ(x) = xp.

Set

H = {φn| n ∈ Z}.

We shall prove that (a) H and G have the same fixed field, i.e. Ψ(G) = Ψ(H), and (b)

H ̸= G, establishing that Ψ is not injective.

For (a): It suffices to show that Ψ(H) = K. Let x ∈ N with Hx = x; then φ(x) = x;

so xp = x; hence x ∈ K.

For (b): We construct a K-automorphism σ of N , which is not in H, in the following

way. For each i = 1, 2, . . . , let ki = 1+ℓ+ · · ·+ℓi−1, and consider the K-automorphisms

φki of N . Since

φki+1 |Ki
= φki |Ki

,
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we can defined a K-automorphism

σ:N −→ Np. 5

by setting

σ(x) = φki(x), when x ∈ Ki.

Now, if σ ∈ H, say σ = φn we would have for each i = 1, 2, . . . ,

σ|Ki
= φn|Ki

= φki |Ki
,

and hence

n ≡ ki (mod ℓi)

for each i, since GKi|K is the cyclic group generated by φ|Ki
. Multiplying this by (ℓ−1)

we would obtain (ℓ− 1)n ≡ 1 (mod ℓi), for each i, which is impossible if ℓ ̸= 2.

Remark: The key idea in the above example is the following: as we will see later (see

ex. (4) on p. 26) the Galois group GN = GN |Fp
is isomorphic to the additive group Zℓ of

the ℓ-adic integers. The Frobenius automorphism φ corresponds to 1 ∈ Zℓ, so that the

group H is carried onto Z ⊆ Zℓ. The elements of G which are not in H correspond top. 6

the ℓ-adic integers which are not in Z (for instance, in our case σ = 1+ ℓ+ ℓ2+ ℓ3+ · · ·).

Although the above example shows that Theorem 1.1 does not hold for infinite

Galois extension, it suggest a way of modifying the theorem so that it will in fact be

valid even in those cases. The map σ of the example is in a sense approximated by the

maps φki , since it coincides with φki on the subextension Ki which becomes larger and

larger with increasing i, and N =
∪∞
i=1Ki. This leads to the idea of defining a topology

in G so that in fact σ = limφki . Then σ would be in the closure of H and once could

hope that G = cl(H), suggesting a correspondence of the intermediate fields of N |K

and the closed subgroups of G. In fact this is the case as we will see.

Definition 1.4: Let N |K be a Galois extension and G = GN |K . The set

S = {GN |L| L|K finite, normal extension, L ∈ {N : K}}

determines a basis of open neighborhoods of 1 ∈ G. The topology defined by S is calledp. 7

the Krull topology of G.
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Remarks: 1) If N |K is a finite Galois extension, the the Krull topology of GN |K is the

discrete topology.

2) Let τ, σ ∈ GN |K . Then τ ∈ σGN |L ⇔ σ−1τ ∈ GN |L ⇔ σ|L = τ |L, i.e., two

elements of GN |K “are near” if they coincide on a large field L.

Proposition 1.5: Let N |K be a Galois extension and let G = GN |K . Then G endowed

with the Krull topology is a

(i) Hausdorff,

(ii) compact,

(iii) totally disconnected

topological group

Proof: For (i): Let Fn denote the set of all finite, normal subextension L|K of

N |K. We have ∩
U∈S

U =
∩

L|K∈Fn

GN |L = 1,

since

N =
∪

L|K∈Fn

L.
p. 8

Then, σ, τ ∈ G, σ ̸= τ ⇒ σ−1τ ̸= 1 ⇒ ∃U0 ∈ S such that σ−1τ /∈ U0 ⇒ τ /∈ σU0 ⇒

τU0 ∩ σU0 = ∅.

For (ii): Consider the homomorphism

h:G −→
∏

L|K∈Fn

GL|K = P,

defined by

h(σ) =
∏

L|K∈Fn

σ|L.

(Notice that P is compact since every GL|K is a discrete finite group.)

We shall show that h is an injective continuous mapping, that h(G) is closed in

P and that h is an open map into h(G). This will prove that G is a homeomorphic to

the compact space h(G).
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Let σ ∈ G with h(σ) = 1; then σ|L = 1, since N =
∪
L|K∈Fn

L. Thus h is

injective.

To see that h is continuous consider the composition

G −→ P
gL|K−→GL|Kp. 9

where gL|K is the canonical projection. It suffices to show that each gL|Kh is continuous;

but this is clear since

(gL|Kh)
−1({1}) = GN |L ∈ S.

To prove that h(G) is closed consider the setsML1|L2
= {
∏
σL ∈ P | σL1

|L2
= σL2

}

defined for each pair L1|K,L2|K ∈ Fn with N ⊇ L1 ⊇ L2 ⊇ K. Notice that ML1|L2
is

closed in P since it is a finite union of closed subsets, namely, if GL2|K = {f1, f2, . . . , fr}

and Si is the set of extensions of fi to L1, then

ML1|L2
=

r∪
i=1

( ∏
L̸=L1,L2
L|K∈Fn

GL|K × Si × {fi}
)
.

On the other hand

h(G) ⊆
∩

L1⊇L2

ML1|L2
;

and if ∏
L|K∈Fn

σL ∈
∩

L1⊇L2

ML1|L2

p. 10

we can define a K-automorphism σ:N −→ N by σ(x) = σL(x) if x ∈ L; so that

h(σ) =
∏
L|K∈Fn

σL. I.e.,

h(G) =
∩

L1⊇L2

ML1|L2
,

and hence h(G) is closed.

Finally h is open into h(G), since if L|K ∈ Fn,

h(GN |L) = h(G) ∩
( ∏

L′ ̸=L

L′|K∈Fn

GL′|K × {1}
)

which is open in h(G).
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For (iii): It is enough to prove that the connected component H of 1 is {1}. For

each U ∈ S let UH = U ∩H; then UH ̸= ∅ and it is open in H.

Let

VH =
∪
x∈H

x/∈UH

xUH ;

then VH is open in H, UH ∩VH = ∅ and H = UH ∪VH . Hence VH = ∅; i.e., U ∩H = H

for each U ∈ S. Therefore

H ⊆
∩
U∈S

U = {1},
p. 11

so H = {1}.

Proposition 1.6: Let N |K be a Galois extension. The open subgroups of G = GN |K

are just the groups GN |L, where L|K is a finite subextension of N |K. The closed

subgroups are precisely the intersections of open subgroups.

Proof: Let L|K be a finite subextension of N |K. Choose a finite normal extension L̃

of K such that N ⊇ L̃ ⊇ L ⊇ K. Then

GN |L̃ ⊆ GN |L ⊆ G;

so

GN |L =
∪

σ∈GN|L

σGN |L̃;

i.e., GN |L is the union of open sets and thus open. Conversely, let H be an open

subgroup of G; then ∃ a finite normal extension L̃ with

GN |L̃ ⊆ H ⊆ G.p. 12

Consider the epimorphism

G −→ GL̃|K

defined by restriction. Its kernel is GN |L̃. The image of H under this map must be of

the form GL̃|L, for some field L with L̃ ⊇ L ⊇ K, since GL̃|K is the Galois group of a

finite Galois extension. Thus

H = {σ ∈ G| σ|L = idL} = GN |L.
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Since open subgroups are closed so is their intersection. Conversely, suppose H is

a closed subgroup of G; clearly

H ⊆
∩
U∈S

H · U.

On the other hand, let σ ∈
∩
U∈S H · U ; then U ∈ S ⇒ σU ∩ H ̸= ∅; so every

neighborhood of σ hits H; hence σ ∈ H. Thus H is the intersection of the open

subgroups H · U , U ∈ S.

We are now in a position to generalize Theorem 1.1 to infinite Galois extensions.p. 13

Theorem 1.7 (Krull): Let N |K be a (finite or infinite) Galois extension and let G =

GN |K . Let {N : K} be the lattice of intermediate fields N ⊇ L ⊇ K, and let {G : 1}

be the lattice of closed subgroups of G. If L ∈ {N : K} define

Φ(L) = {σ ∈ G| σ|L = idL} = GN |L.

Then Φ is a lattice anti-isomorphism of {N : K} to {G : 1}. Moreover L ∈ {N : K}

is a normal extension of K iff Φ(L) is a normal subgroup of G; and if this is the case

GL|K ≈ G/Φ(L).

Proof: Since Φ(L) = GN |L is compact (Prop. 1.5), it is closed in G; so Φ is in fact a

map into {G : 1}. Define

Ψ: {G : 1} −→ {N : K}

by

Ψ(H) = {x ∈ N | Hx = x}.

Clearly Proposition 1.2 is still valid and we have Ψ ◦Φ = id{N :K}. Now we prove thatp. 14

Φ ◦Ψ = id{G:1}. If L|K is finite,

Φ(Ψ(GN |L)) = Φ(Ψ(Φ(L))) = GN |L.

If H ∈ {G : 1}, then, by Proposition 1.6,

H =
∩
GN |L,
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the intersection running through a collection of extensions N |L with L|K finite. Then

Φ(Ψ(H)) = Φ(Ψ(
∩
GN |L)) =

Φ(
∪

Ψ(GN |L)) =
∩

Φ(Ψ(GN |L)) =∩
GN |L = H.

Assume that L is a normal extension of K, and let H = Φ(L). Then σL = L,

∀σ ∈ G; but since σL = Ψ(σHσ−1), this is equivalent to saying that σHσ−1 = H, ∀σ,

i.e., that H is normal in G. Conversely, suppose that H is an invariant subgroup of

G, and let Ψ(H) = L. So σL = L, ∀σ ∈ G, i.e., L is the fixed field of the group of

restrictions of the σ ∈ G to L. Thus L|K is Galois and hence normal ([B2] §10, Prop. 1).p. 15

Finally, since every K-automorphism of L can be extended to a K-automorphism of N

(cf. [B2] §6, Prop. 7), the homomorphism

G −→ GL|K ,

given by restriction, is onto. The kernel of this homomorphism is Φ(L); thus GL|K ≈

G/Φ(L).

§2. Profinite groups.p. 16

The groups which occur as Galois groups of field extensions belong to a class of topolog-

ical groups, the so-called profinite groups. They can be defined in the following abstract

way:

Definition 2.1: A profinite group is a Hausdorff, compact, totally disconnected topo-

logical group.

By Proposition 1.5 every Galois group with the Krull topology is a profinite group.

It may be mentioned that, conversely, every profinite group is representable as a Galois

group of some field extension.

Theorem 2.2: The profinite groups are precisely the projective limits of projective

systems (over directed sets) of finite groups.

In the proof of this theorem we will need the following lemmas.
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Lemma 2.3: Let X be a compact, Hausdorff space. Let x ∈ X and let {Uq| q ∈ Q}p. 17

be the family of all compact open sets containing x. Then

A =
∩
q∈Q

Uq

is connected.

Proof: Assume A = U ∪ V , U ∩ V = ∅ with both U and V closed. Since X is normal

∃ open sets U ′, V ′ such that U ′ ⊇ U , V ′ ⊇ V and U ′ ∩ V ′ = ∅. So

[X \ (U ′ ∪ V ′)] ∩A = ∅.

Since X \ (U ′ ∪ V ′) is compact ∃ a finite subfamily Q′ ⊆ Q such that

[X \ (U ′ ∪ V ′)] ∩ (
∩
q∈Q′

Uq) = ∅.

Let b =
∩
q∈Q′ Uq. Then B is open and compact, x ∈ B and B = (B ∩ U ′) ∪ (B ∩ V ′).

Say x ∈ B ∩ U ′. Since B ∩ U ′ is open and compact

A ⊆ B ∩ U ′ ⊆ U ′.

Hence A ∩ V ⊆ A ∩ V ′ = ∅. Thus V = ∅.p. 18

Lemma 2.4: Let G be a compact, Hausdorff, totally disconnected topological group.

Then every neighborhood of 1 contains an open normal subgroup. Moreover this sub-

group has finite index in G.

Proof: By the above lemma {1} =
∩
q∈Q Uq where {Uq| q ∈ Q} is the family of all

compact open neighborhoods of 1. Let U be an open neighborhood of 1. Then G \U is

compact and

(G \ U) ∩ (
∩
q∈Q

Uq) = ∅.

Hence ∃ a finite subset Q′ ⊆ Q such that

(G \ U) ∩ (
∩
q∈Q′

Uq) = ∅.
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Let A =
∩
q∈Q Uq. Then A is compact open neighborhood of 1 and A ⊆ U .

Let F = (G \ U) ∩A2. Since A is compact, so is A2; hence F is closed. Let V be

a symmetric open neighborhood of 1 such thatp. 19

AV ∩ F = ∅ and V ⊆ A.

Therefore, since AV ⊆ A2, one has AV ∩ (G \A) = ∅, i.e. AV ⊆ A. Hence

AV n ⊆ A, ∀n.

Hence K =
∪
n V

n ⊆ A is an open subgroup contained in A. Since G is compact K has

only a finite number of cosets in G, say, G =
∪r
i=1 xiK. Let

H =
∩
x∈G

xKx−1 =
r∩
i=1

xiKx
−1
i .

It is clear that H is the desired open normal subgroup of finite index.

Lemma 2.5: Let {Xi, hij} be a projective system of topological spaces. Let X be a

topological space and hi:X −→ Xi a set of compatible surjective maps. Then either

lim←−Xi is empty or the induced mapping

h:X −→ lim←−Xi

sends X onto a dense subset of lim←−Xi.p. 20

Proof: Consider a basic open set

V = (lim←−Xi) ∩ (
∏

i ̸=i1,...,in

X1 × U1 × · · · × Un)

of lim←−Xi, where Uj is a non-empty open subset of Xij . Let i0 > ij (j = 1, . . . , n), and∏
i xi = x ∈ V ; then hi0ijxi0 = xij (j = 1, . . . , n). Choose y ∈ X such that hi0y = xi0 .

Then hy ∈ V .

Proof of Theorem 2.2: Let

G = lim←−
L

GL
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where {GL} is a projective system of finite, discrete groups. Then

G ⊆
∏
L

GL,

and the topology in G is induced by that of
∏
LGL. Since each GL is a Hausdorff,

totally disconnected group, so is
∏
LGL (cf. [B3], §11, Prop. 10), and hence G. Onp. 21

the other hand G is closed in
∏
LGL (cf. [B3], §8. Cor. 2 to Prop. 7), and therefore

compact. Thus G is profinite.

Conversely, suppose G is profinite. Consider the family

S = {U | U open, normal subgroup of G}.

By Lemma 2.4 S is a basis of open neighborhoods of 1 ∈ G. For each pair U, V ∈ S

with U ⊆ V , consider the natural map

φU,V :G/U −→ G/V.

It is plain that

{G/U,φU,V | U, V ∈ S}

is a projective system of groups. Hence the compatible family of homomorphism

φU :G −→ G/U, U ∈ S.

defines a map

φ:G −→ lim←−
S

G/U ⊆
∏
S

G/U.
p. 22

We will show that φ is a topological isomorphism:

(1) φ is injective: σ ∈ G, φ(σ) = 1⇒ σ ∈ U , ∀U ∈ S ⇒ σ ∈
∩
S U = {1}.

(2) φ is continuous: it suffices to show that the composition

G
φ−→ lim←−

S

G/U ⊆
∏
S

G/U
pU−→G/U

is continuous for each U ∈ S. This is clear since

(puφ)
−1{1} = U

14



is open in G. (Notice that {1} is a basis of open neighborhoods of 1 in G/U , for

each U ∈ S.)

(3) φ is surjective: by Lemma 2.5 φ(G) is dense in lim←−
S

G/U ; hence φ(G) = lim←−
S

G/U

since φ(G) is closed.

Since G is compact, (1), (2) and (3) imply that φ is a topological isomorphism.p. 23

The above theorem gives a new way of looking at profinite groups. In fact profinite

groups appear in most concrete situations as projective limits of finite groups. However

we have preferred not to use this as a definition since a profinite group may be the limit

of different projective systems.

Proposition 2.6: Let G = lim←−
I

Gi be a profinite group ({Gi| i ∈ I} is a projective

system of discrete finite groups). Then

S = {Ker(G −→ Gi)| i ∈ I}

is a basis of open neighborhoods of 1 ∈ G.

Proof: Since each Gi is finite {1} is a basis of open neighborhoods of 1 ∈ Gi. Hence

the neighborhoods of 1 ∈ G of the formp. 24

∏
i ̸=i1,...,in

Gi × {1}i1 × · · · × {1}in ∩G =
∩

j=i1,...,in

ker(G −→ Gj) (1)

form a basis of open neighborhoods of 1 ∈ G. Let i0 > i1, . . . , in ; then

ker(G −→ Gi0) ⊆
∩

j=i1,...,in

ker(G −→ Gj).

Thus S is a a basis of open neighborhoods of 1.

Examples of profinite groups.: (1) Every Galois group GN |K of a Galois extension of

fields N |K is a profinite group. In fact GN |K = lim←−GN |K/GN |L = lim←−GL|K , where

L|K runs through the finite normal subextensions of N |K.
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(2) The Prüfer group

Ẑ = lim←−
m

Z/mZ,

(if m,n ∈ Z define m > n,iff n|m; then Z/mZ −→ Z/nZ is the natural projection),p. 25

and moreover

o = lim←−
a

o/a,

where o is the ring of algebraic integers of an algebraic number field and a runs through

the ideals of o, are profinite groups.

Notice that if Fp denotes the field with p elements and F̄p its algebraic closure,

we have

GFp
= GF̄p|Fp

= lim←−GKm|Fp
≈ lim←−

m

Z/mZ = Ẑ

([Km : Fp] = m) where the isomorphism is induced by the natural isomorphisms of

projective systems

{GKm|Fp
| [Km : Fp] = m} −→ {Z/mZ| m ∈ Z}

given by

φ|Km
7→ 1 +mZ.

(φ: F̄p −→ F̄p is the Frobenius automorphism φx = xp.)

(3) The multiplicative group U of the p-adic units of a p-adic number field is ap. 26

profinite group. In fact one has

U ⊇ U1 ⊇ U2 ⊇ U3 ⊇ · · ·

U i = 1 + pi,

U = lim←−
i

U/U i.

(4) The additive group of the p-adic integers

Zp = lim←−
n

Z/pnZ
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(p is a prime number; if n,m ∈ N and m ≤ n, define Z/pnZ −→ Z/pmZ to be the

natural projection), is a profinite group. More generally, the additive group of the ring

of integers of a p-adic number field

Op = lim←−
n

O/pn

(O denotes the ring of integers of an algebraic number field and p a prime ideal), is a

profinite group.

An example of a Galois extension whose Galois group is Zℓ can be constructedp. 27

as follows. Let p and ℓ be prime numbers. Let K = Fp be the field with p elements,

and let N |K be defined as in the example on page 3. Then

GN |K = lim←−
i

GKi|K ≈ lim←−
i

Z/ℓiZ = Zℓ,

(the isomorphism is induced, as in example (2), by isomorphisms GKi|K −→ Z/ℓiZ

given by φ|Ki
7→ 1 + ℓiZ).

(5) Let A be and abelian torsion group considered as a discrete topological group.

Its Pontrjagin dual

χ(A) = Hom(A,Q/Z)

is a profinite group. For, one has

A = lim
−→

Ai,

where Ai runs through the finite subgroups of A, and therefore

χ(A) = lim←−χ(Ai)

with χ(Ai) finite.

For instance χ(Q/Z) = Ẑ.p. 28

(6) Let L|K be a normal extension of algebraic number fields. Then

N =
∪
L|K

L

17



where N ⊇ L ⊇ K, L|K finite, normal. To every L associate its ideal class group CL(L),

and to every pair L,L′ with N ⊇ L′ ⊇ L ⊇ K the norm map NL′|K : CL(L′) −→ CL(L).

Then

I(N) = lim←−CL(L)

is a profinite group. The group GN |K operates on I(N) making it into a module, the

Iwasawa module.

(7) Let G be any group, S the system of its normal subgroups of finite index.

The profinite group Ĝ is defined by

Ĝ = lim←−
U∈S

G/U

and it is called the profinite completion of G.

§3. Properties of profinite groups.p. 29

Proposition 3.1: A closed subgroup H of a profinite group G is profinite. In fact if

G = lim←−
S

G/U , with S = {open, normal subgroups of G}, then

H ≈ lim←−
S

HU/U ≈ lim←−
S

H/H ∩ U.

Proposition 3.2: A quotient group G/H of a profinite group G by a closed normal

subgroup H, is profinite. In fact if S = {open, normal subgroups of G}, then

G/H ≈ lim←−
S

G/HU.

The above propositions follow easily from Lemma 2.5.

Proposition 3.3: If each Gi, i ∈ I is a profinite group, so is G =
∏
I Gi.

Proof: This is clear since G is Hausdorff, compact and totally disconnected.

Corollary 3.4: If {Gi| , i ∈ I} is a projective system of profinite groups, thenp. 30

G = lim←−
I

Gi

18



is profinite.

Proof: By Cor. 2 to Prop. 7 in §8 of [B3], G is a closed subgroup of
∏
I Gi. Hence the

result follows from Prop. 3.3.

Example:

Ẑ ≈
∏
p

Zp

where p runs through the set of prime numbers (cf. example (2) and (4) ). To see this

consider the natural projection

αmp :Zp −→ Z/pmpZ,

defined for each prime p and each natural number m =
∏
p p

mp . Thenp. 31

αm =
∏
p

αmp :
∏
p

Zp −→
∏
p

Z/pmpZ ≈ Z/mZ

is onto. So the maps αm, m ∈ Z induce a continuous surjection

α:
∏
p

Zp −→ Ẑ = lim←−
m

Z/mZ

according to Lemma 2.5. On the other hand (
∏
xp) ∈

∏
Zp, with

α(
∏

xp) = 0⇒ αm(
∏

xp) = 0, ∀m⇒ αmp (xp) = 0, ∀p,m⇒ xp = 0, ∀p⇒ x = 0.

I.e., α is injective. This suffices to show that α is a topological isomorphism since
∏
p Zp

is compact.

Proposition 3.5: Let K ⊆ H ⊆ G be profinite groups. Then there exists a continuous

section

σ:G/H −→ G/K,

i.e., a continuous map σ of topological spaces of the left cosets such that if

π:G/K −→ G/H
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is the canonical projection then πσ is the identity.p. 32

Proof: We divide the proof into two cases.

1) Assume that K has finite index in H. Then K is open in H, and therefore

there exists an open normal subgroup U of G with U ∩H ⊆ K. Let x1, x2, . . . , xn be

representatives of the distinct cosets of UH in G. Then G/H is the disjoint union of

the spaces xiUH/H, i = 1, 2, . . . , n. We will prove that the maps

πi:xiUK −→ xiUH/H

i = 1, 2, . . . , n, defined as restrictions of π, are homeomorphisms. Then it will follow that

σ =
∪n
i=1 π

−1
i will be the desired section. It is plain that πi is a continuous surjection.

On the other hand if πi(xiu1) = πi(xiu2), (u1, u2 ∈ U), then xiu1u
−1
2 x−1

i ∈ H. But

since U is normal, xiu1u
−1
2 x−1

i ∈ U , and hence xiu1u
−1
2 x−1

i ∈ H ∩ U ⊆ K. Thus

xiu1 and xiu2 represent the same element in xiUK, i.e., π is injective. Since xiUK is

compact, π must be a homeomorphism.p. 33

2) General case. Let T be the set of pairs (T, t) where T is a closed subgroup

of H with K ⊆ T ⊆ H, and t:G/H −→ G/T is a continuous section. Define a partial

order in T by (T, t) ≥ (T ′, t′) ⇔ T ⊆ T ′ and the diagram

G/H −−−−−→t G/T

@
@
@R

t′

yp
G/T ′

commutes, where p is the canonical projection. Then T is inductively ordered. For

assume {(Tα, tα)| α ∈ A} is a totally ordered subset of T , and let T =
∩
α∈A Tα. The

projections G/T −→ G/Tα induce a surjective, continuous map (Lemma 2.5, and the

fact that G/T is compact)

φ:G/T −→ lim←−
α

G/Tα,

which is also injective, for

x, y ∈ G, φx = φy ⇒ xTα = yTα, ∀α ∈ A⇒

x−1y ∈ Tα, ∀α ∈ A⇒ x−1y ∈
∩
α

Tα = T.
p. 34
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Therefore φ is a homeomorphism, since G/T is compact. The sections tα define a

continuous map

t:G/H −→ G/T

which is easily seen to be a section. Moreover, we obviously have (T, t) ≥ (Tα, tα),

∀α ∈ A. Hence T is inductive. By Zorn’s lemma there is a maximal element in T , say

(T̄ , t̄). Then

K ⊆ T̄ ⊆ H ⊆ G.

We will show that T̄ is contained in every open subgroup U containing K. This will

imply T̄ = K. Consider an open subgroup G ⊇ U ⊇ K. Let S = T̄ ∩ U ; Then S ⊆ T̄

and (T̄ : S) <∞. Hence by part 1), there is a section

t′:G/T̄ −→ G/S,

and clearly (S, t′ ◦ t̄) ∈ T with (S, t′ ◦ t̄) ≥ (T̄ , t̄). So S = T̄ , and thus T̄ ⊆ U .p. 35

Proposition 3.6: lim←− is an exact functor from the category of projective systems,

over a (directed) indexing set I, of profinite groups to the category of profinite groups.

Proof: Let

1−−−→{Hi, φij} −−−−−→
{fi} {Gi, ψij} −−−−−→

{gi} {Ki, ηij} −−−→ 1

be an exact sequence of projective system (over I) of profinite groups. We will show

that the corresponding sequence

1−−−→ lim←−Hi −−−→
f

lim←−Gi −−−→
g

lim←−Ki −−−→ 1

is exact. All except the ontoness of g is easy to verify. Let x = ⟨xi⟩ ∈ lim←−Ki. Then, for

each i , the set Xi = g−1
i (xi) is compact. Moreover if i < j, ψijXj ⊆ Xi, i.e., {Xi, ψij}

is a projective system of non-empty compact sets. Hence lim←−Xi ̸= ∅ (cf. [B3], §9,p. 36

Prop. 8). Clearly, if y ∈ lim←−Xi then g(y) = x.
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§4. Supernatural numbers.

For finite field extensions and finite groups we have the notions of degree and order

respectively. In considering infinite field extensions L|K of infinite profinite groups G

it is convenient to have also a notion of degree and order, but to introduce ∞ or a

cardinal number as degree or order respectively in those cases, would be useless since

this would add nothing new to the internal description of the extension or the group. If

L|K contains a finite subextension of degree n or if G has a closed subgroup of index n,

we would like to say that n “divides” the degree of L|K or the order of G respectively.

This leads to the notion of supernatural numbers, which we shall use as degrees ofp. 37

infinite field extensions, and as orders of profinite groups and discrete torsion groups.

Definition 4.1: A supernatural number is a formal product

n =
∏
p

pn(p)

where p runs through the set of all primes, and where each n(p) is a non-negative integer

or +∞. If m =
∏
p p

m(p) and for each p 0 ≤ m(p) ≤ n(p), we say that m divides n,

and write m | n.

Definition 4.2: Let ni =
∏
pn(p,i), i ∈ I be a family of supernatural numbers. Then

we define

(i)
∏
ni =

∏
p p

n(p), where n(p) =
∑
i n(p, i),

(ii) g.c.d.{ni} =
∏
p p

n(p), where n(p) = mini{n(p, i)},

(iii) l.c.m.{ni} =
∏
p p

n(p), where n(p) = maxi{n(p, i)}.

Definition 4.3: Let G be a profinite group and H a closed subgroup. Then the indexp. 38

(G : H) of H in G is defined by (G : H) = l.c.m.{(G/U : HU/U)} = l.c.m.{(G : HU)},

and the order #G of G by #G = (G : 1), where U runs over all open normal subgroups

of G.

Remark: (G : H) = l.c.m.{(G : U)| U open subgroup containing H}.

Examples:

(1) #Zp = p∞;
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(2) #Ẑ =
∏
p p

∞;

(3) #(
∏
p(Z/pZ)) =

∏
p p.

Proposition 4.4: (a) Let K ⊆ H ⊆ G be profinite groups. Then

(G : K) = (G : H)(H : K);

(b) If {Hi| i ∈ I} is a family filtered from below of closed subgroups of G and

H =
∩
i∈I Hi, then one has

(G : H) = l.c.m.
i
{(G : Hi)};p. 39

(c) Let {Gi, φij | i, j ∈ I} be a surjective projective system of profinite groups (i.e.

each φij is surjective), and G = lim←−
I

Gi. Then

#G = l.c.m.
i
{#Gi};

(d) #(
∏
iGi) =

∏
i#Gi ;

(e) (G : H) is a natural number ⇔ H is open in G.

Proof: For (a): Let

S = {U | U open normal subgroup of G}.

Then

H ∩ S = {H ∩ U | U ∈ S}

is a basis in H of open, normal subgroups. Hence

(H : K) = l.c.m.{(H/H ∩ U : K(H ∩ U)/H ∩ U)| U ∈ S}

= l.c.m.{(HU/U : KU/U)| U ∈ S}.

Now, for each U ∈ S we have

(G/U : KU/U) = (G/U : HU/U)(HU/U : KU/U). (1)p. 40

Let p be a prime. If p∞ | (G : K) it follows from (1) that either p∞ | (G : H) or

p∞ | (H : K). If p∞ ∤ (G : K), let n1, n2 and n3 be the exponent (finite) of p in (G : K),
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(G : H) and (H : K) respectively. Then there exist open subgroups Ui (i = 1, 2, 3)

of G such that pni | (G/Ui : KUi/Ui) (i = 1, 2, 3). Take U =
∩3
i=1 Ui. Then it is

clear that pni divides (and pni+1 does not divide) (G/U : KU/U) (i = 1, 2, 3), since

(G/Ui : KUi/Ui) = (G : KUi) divides (G : KU) = (G/U : KU/U) (i = 1, 2, 3). Then

from (1) we obtain n1 = n2 + n3 as desired.

For (b): Let U be an open subgroup of G with U ⊇ H. Put H ′
i = Hi ∩ (G∖U);

then
∩
i∈I H

′
i = ∅; and since G is compact and each H ′

i closed there is a finite subset F

of I with
∩
i∈F H

′
i = ∅, i.e.

∩
i∈F Hi ⊆ U . But since {Hi| i ∈ I} is filtered from below

it follows that U ⊇ Hi0 for some i0 ∈ I.

For each i ∈ I let {Uij}j be the set of all open subgroups containing Hi. Then

SH = {U | U open ⊇ H} = {Uij}i,j .

Hencep. 41

(G : H) = l.c.m.
U∈SH

{(G : U)} = l.c.m.
i,j
{(G : Uij)} = l.c.m.

i
{l.c.m.

j
{(G : Uij)}}

= l.c.m.
i
{(G : Hi)}.

For (c): Notice first that each projection G −→ Gi is onto since each Gi is compact

and the system is surjective (cf. [B3], §9, Prop. 8, 1◦). For each open normal subgroup

U of Gi let NU = G ∩ (
∏
j ̸=iGj × U). Then the set of all NU forms a basis of open

normal subgroups of G; hence

#G = l.c.m.{#(G/NU )| U open, normal subgroup of some Gi}

= l.c.m.{#(Gi/U)| i ∈ I, U open, normal subgroup of G}

= l.c.m.{#Gi| i ∈ I}.

For (d): Consider the set

F = {F ⊆ I| F finite}

ordered by inclusion. Then {
∏
i∈F Gi| F ∈ F} is a projective system in an obviousp. 42

way, and one easily sees that ∏
i∈I

Gi = lim←−
F

(
∏
F

Gi).
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Hence, using part (c) we get

#(
∏
i∈I

Gi) = l.c.m.
F
{#(

∏
i∈F

Gi)} =
∏
i∈I

#Gi.

For (e): Suppose (G : H) = n <∞. Let U be an open subgroup of G containing

H such that

(G : U) = max{(G : V )| V open subgroup containing H}.

Then U is contained in every open subgroup V that contains H (for if V is an open

subgroup of G with V ⊇ H but V ̸⊇ U then V ∩ U ⊇ H but U ̸⊇ V ∩ U , contradicting

the definition of U). Now, H is the intersection of the open subgroups containing it.

Thus U = H.

Definition 4.5: Let N |K be any algebraic field extension. Define

[N : K] = l.c.m.{[L : K]| N ⊇ L ⊇ K, L|K finite}.p. 43

Proposition 4.6: Let N |K be a Galois extension. Let H be a closed subgroup of

G = GN |K and L the fixed field of H. Then

[L : K] = (G : H).

Proof: Notice that if (G : H) < ∞ then the number of distinct K-isomorphisms of L

into N is precisely (G : H). Then, when (G : H) is finite the result is a consequence of

§8, Prop. 8 in [B2]. The general case follows now from the bijective correspondence in

Theorem 1.7 and the definitions of (G : H) and [L : K].

Proposition 4.7: Let N |K be a Galois extension of fields.

(a) Let N ⊇ L ⊇ K. Then

[N : K] = [N : L][L : K];

(b) Let {Li| i ∈ I} be a family filtered from above of subextensions Li|K of N |Kp. 44

with N = lim−→Li. Then

[N : K] = l.c.m.{[Li : K]| i ∈ I};
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(c) If N |K is finite then [N : K] is the usual degree.

Proof: (a) and (b) are consequences of the above Proposition, Th. 1.7 and Prop. 4.4.

(c) is trivial.

Definition 4.8: Let A be an abelian torsion group. Then

#A = l.c.m.{#Ai| Ai finite subgroup of A}.

Examples:

(1) #(Q/Z) =
∏
p p

∞;

(2) #(Qp/Zp) = p∞.

Proposition 4.9: Let A be an abelian torsion group. Then

#χ(A) = #A,p. 45

where χ(A) = Hom(A,Q/Z), the Pontrjagin dual.

Proof: #χ(A) = #(lim←−Ai) = l.c.m.#Ai = #A, where Ai runs through all finite

subgroups of A (see Prop. 4.4, (c)).

§5. The Sylow theorems.p. 46

A large part of the definitions, statements and results of the theory of finite groups

can be carried into the theory of profinite groups. Having introduced the supernatural

numbers, this is especially true for those notions and results concerning order and

indices. Thus, for instance the theory of p-groups and p-Sylow groups has its exact

analog for profinite groups. To show this is the aim of this paragraph.

Definition 5.1: Let p be a prime number. A profinite group is called a pro-p-group if its

order is a power of p, i.e., if it is a projective limit of finite p-groups. A closed subgroup

H of a profinite group G is called a p-Sylow group of G if H is a pro-p-group and p does

not divide (G : H).
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Example:

Zp = lim←−
n

Z/pnZ

is a pro-p-group.

Proposition 5.2 (The Sylow theorems.): Let G be a profinite group. Thenp. 47

(a) For every prime p there exists a p-Sylow subgroup of G.

(b) Any two p-Sylow subgroups of G are conjugate.

(c) Every pro-p-subgroup of G is contained in a p-Sylow group of G.

(d) If h:G1 −→ G2 is a continuous surjective homomorphism of profinite groups then

the image of a p-Sylow group is a p-Sylow group.

(e) #G =
∏
p#Gp, where Gp is a p-Sylow group of G.

Proof: For (a): Let S be the set of all open normal U of G, and let P (U) denote the set

of all p-Sylow subgroups HU of G/U . (Notice that if p ∤ #(G/U), then P (U) = {1}). If

U ⊆ U ′ are in S, then natural epimorphism G/U −→ G/U ′ induces a map P (U) −→

P (U ′) making {P (U)| U ∈ S} into a projective system of finite non-empty sets. Hence

lim←−
S

P (U) ̸= ∅

(cf. [B3], §9, Prop. 8, 2◦). Let ⟨HU ⟩ ∈ lim←−P (U). Then ⟨HU ⟩ is a projective surjectivep. 48

system of p-Sylow groups. Let

H = lim←−
S

HU .

Certainly H is a pro-p-group. On the other hand from the commutative diagram

1 1 1.y
y

y
1 −−−−−→ H ∩ U −−−−−→ H = lim←−

S

HU −−−−−−→ HU −−−−−→ 1y
y

y
1 −−−−−−−→ U −−−−−−→ G = lim←−

S

G/U −−−−−→ G/U −−−−−→ 1
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with exact rows (cf. [B3], §9, Prop. 8, 1◦) and columns, one one gets that H ⊆ G and

that

(G : H) = l.c.m.
U

(G/U : UH/U) = l.c.m.
U

(G/U : H/U ∩H) = l.c.m.
U

(G/U : HU )

which is prime to p since each (G/U : HU ) is prime to p.

For (b): Let H,H ′ be p-Sylow groups of G. Then for every U ∈ S, HU = HU/Up. 49

and H ′
U = H ′U/U are p-Sylow groups of G/U . Set

Q(U) = {σU ∈ G/U | σUHUσ
−1
U = H ′

U}.

If U, V ∈ S with U ⊆ V , the homomorphism G/U −→ G/V induces a map Q(U) −→

Q(V ) making {Q(U)| U ∈ S} into a projective system of finite non-empty sets. Hence

lim←−Q(U) ̸= ∅. Thus we may choose

σ = ⟨σU ⟩ ∈ lim←−G/U = G, σU ∈ Q(U).

Clearly σHσ−1 = H ′, since σUHUσ
−1
U = H ′

U for every U ∈ S.

For (c): Let H be a pro-p-subgroup of G. Then HU = HU/U is a p-subgroup of

G/U for every U ∈ S. Let P (U) be as in (a), and

R(U) = {H ′
U ∈ P (U)| H ′

U ⊇ HU}.

As in (a), {R(U)| U ∈ S} is a projective system of non-empty finite sets. Let ⟨H ′
U ⟩ ∈

lim←−R(U), and define

H ′ = lim←−H
′
U .

It is plain that H ′ is a p-Sylow group of G containing H.p. 50

For (d): Let H be a p-Sylow group of G1. For each open normal subgroup U of

G2, h induces an epimorphism G1/h
−1(U) −→ G2/U mapping H · h−1(U)/h−1(U)

onto h(H) · U/U . Thus the result.

For (e): This follows immediately from

#G = (G : Gp)(#Gp)

see Prop. 4.4(a) ).
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Application. Let k be a field, ks its algebraic separable closure, and Gk = Gks|k.

Proposition 5.3: Let

#Gk =
∏
p

pn(p)

Thenp. 51

p ̸= 2 ⇒ n(p) = 0,∞;

p = 2 ⇒ n(p) = 0, 1,∞.

This theorem is in fact an immediate generalization of the following theorem of

Artin-Schreier: “Let k be a field, k̄ its algebraic closure and [k̄ : k] < ∞. Then either

k̄ = k or k̄ = k(
√
−1)”. (Cf. [J], p. 316.)

Proof of theorem 5.3: Let H be a p-Sylow group of Gk and k′ the fixed field of H.

Then H = Gk′ , and so

pn(p) = #H = #Gk′ = [ks : k
′]

(see Prop. 4.6). Suppose 0 < n(p) <∞; then ks ̸= k′, and [ks : k
′] <∞.Then we must

have k′(
√
−1) = ks, for let σ be a k′(

√
−1)-automorphism of ks; let σ̄ be its (unique)

extension to k̄, and k1 the fixed field of σ̄. Clearly if x1, x2, . . . , xt are k1-linearly

independent elements of k̄ and char (k) = p, there is some e such that xp
e

1 , x
pe

2 , . . . , x
pe

t

are k′(
√
−1)-linearly independent elements of ks; therefore [k̄ : k1] <∞. So by Artin-p. 52

Schreier theorem k1 = k̄. Thus k′(
√
−1) = ks, i.e., [ks : k′] = 2 and hence p = 2 and

n(p) = 1.

Proposition 5.4: Let G be an abelian profinite group, and for each prime p let Gp

denote its p-Sylow group. Then

G =
∏
p

Gp.

Proof: For each open normal subgroup U of G, let Up denote the p-Sylow subgroup of

G/U . Since G/U is finite, G/U =
∏
p Up. On the other hand {Up| U open, normal

subgroup of G} is a projective system in a natural way and lim←−
U

Up = Gp (see proof of

Prop. 5.2(a) ). Hence

G = lim←−
U

G/U = lim←−
U

∏
p

Up =
∏
p

lim←−
U

Up =
∏
p

Gp
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(cf. [B1], §6, Prop. 3).

The concept of pro-p-group has a natural and useful generalization as follows.p. 53

Definition 5.5: Let C be a class of finite groups. A profinite group G is a pro-C-group

if G/U ∈ C for every open normal subgroup U of G.

Besides the case when C consists of all p-groups other interesting examples of C

are (i) all finite groups; (ii) solvable groups; (iii) abelian groups; (iv) nilpotent groups;

(v) cyclic groups.

Let us consider now a class C of finite groups satisfying the conditions

(1) H ⊆ G and G ∈ C ⇒ H ∈ C;

(2) H normal subgroup of G ∈ C ⇒ G/H ∈ C;

(3) H,K ∈ C ⇒ H ×K ∈ C.

Let G be a profinite group and put

G(C) = {U | U open, normal subgroup of G, with G/U ∈ C}.

Note that U1, U2 ∈ G(C)⇒ U1∩U2 ∈ G(C), for G/U1∩U2 is isomorphic to a subgroup

of G/U1 ×G/U2 ∈ C. Let

N =
∩

U∈G(C)

U,

and setp. 54

G(C) = G/N = lim←−
U∈G(C)

G/U.

The group G(C) is a pro-C-group for assume V/N is an open normal subgroup of G/N

with V open and normal in G; then (Prop. 2.6) there is some open normal subgroup U

of G such that U ∈ G(C) and U ⊆ V ; so

G/N/V/N ≈ G/V ≈ G/U/V/U

is an epimorphic image of G/U , and therefore G/V is in C. The group G(C) is called

the maximal pro-C quotient group of G, and plays an important role in Galois theory.
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Namely, given a field k, denote by k(C) the compositum of all Galois extensions of k

whose Galois group is in C. Then

Gk(C) ≈ Gk(C)|k ≈ Gk/Gk(C)

and

Gk(C) =
∩
L|k

GL,

where GL|k ∈ C. (Gk = Gks|k, where ks is the separable closure of k.)p. 55

Remark: Consider the canonical epimorphism π:G −→ G(C). The pair (G(C), π) is

uniquely characterized by the following universal property: given a continuous homo-

morphism φ:G −→ H, where H is a pro-C-group, there exists a unique continuous

homomorphism ψ:G(C) −→ H such that ψ ◦ π = φ.

§6. Classification of pro-cyclic groups.p. 56

As in the finite case, pro-cyclic groups have very simple structure and can be classified

by their orders.

Lemma 6.1: A finite pro-cyclic group is cyclic.

Proof: Obvious.

Proposition 6.2: Let p be a prime number. Then for every power pn there exists a

unique pro-cyclic group G of order pn. Namely, if n <∞, G = Z/pnZ, and if n =∞,

G = Zp.

Proof: If n < ∞, G is finite cyclic of order pn; so G = Z/pnZ. Supppose n = ∞. Let

U,U ′ be open subgroups of G of the same index in G. Then U/U ∩ U ′ and U ′/U ∩ U ′

are subgroups of the finite cyclic group G/U ∩U ′ of the same order; hence U = U ′. For

each i let Ui be the open subgroup of G of index pi. Then

G = lim←−
i

G/Ui ≈ lim←−
i

Z/piZ = Zp.
p. 57
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Proposition 6.3: Let p be a prime. For every power pn there exists a unique closed

subgroup H of G = Zp of index pn. Moreover if n < ∞ then H ≈ Zp, and if n = ∞

then H ≈ 1.

Proof: Let Ui be the open subgroup of index pi (i = 1, 2, . . .). Then

G ⊇ U1 ⊇ U2 ⊇ · · · .

Let H be a closed subgroup of Zp of index pn <∞. Since

pn = (G : H) = l.c.m.
i
{(G : UiH)},

we must have UiH ⊇ Un, ∀i. But H =
∩
i UiH; so H ⊇ Un; therefore pn = (G : Un) =

(G : H)(H : Un) = pn(H : Un), implies that (H : Un) = 1, i.e., H = Un since Un is

open. It is obvious that in this case #H = p∞, i.e, H ≈ Zp by Prop. 6.2. Now assumep. 58

n =∞. Then, given i ∃j with UjH ⊆ Ui; so

1 =
∩
i

UiH = H.

Corollary 6.4: Every pro-cyclic group of order pn appears uniquely as a quotient

group of Zp.

Theorem 6.4: (i) For every supernatural number n =
∏
p p

n(p) there exists a unique

pro-cyclic group of order n;

(ii) For each n =
∏
p p

n(p) there exists a unique closed subgroup H of Ẑ = lim←−
m

Z/mZ

(the Prüfer group) of index n. Moreover

H ≈
∏
p∈S

Zp,

where S = {p| n(p) ̸=∞};

(iii) Every pro-cyclic group is uniquely obtained as a quotient group of Ẑ.

Proof: For (i): Let Gp be the unique pro-cyclic group of order pn(p) (see Prop. 6.2).p. 59

Clearly

G =
∏
p

Gp
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has order n. To see that G is pro-cyclic, consider a basic open normal subgroup

U =
∏

p ̸=p1,...,pr

Gp × Up1 × · · · × Upr

of G where Upi is an open normal subgroup of Gpi ; then

G/U ≈
r∏
i=1

Gpi/Upi ,

which is a finite cyclic group since each Gpi/Upi is cyclic and i ̸= j ⇒ pi ̸= pj . Finally,

the uniqueness follows from Prop. 5.4.

For (ii): First notice that the p-Sylow group of Ẑ is Zp = lim←−
n

Z/pnZ; so, by (i)

Ẑ =
∏
p Zp. For each p let Hp be the unique closed subgroup of Zp of index pn(p)

(Prop. 6.3). Then H =
∏
pHp is the desired subgroup of Ẑ.

For (iii): This is immediate from (i) and (ii).p. 60

§7. Free profinite groups

From now on C will denote a class of finite groups which is closed under the operations

of taking subgroups, quotient groups and finite direct products (see p. 53). It is evi-

dent that then the corresponding category of pro-C-groups is again closed under those

operations.

Definition 7.1: Let A be a set and G a pro-C-group. We say that a map x:A −→ G is

convergent to 1 if every open normal subgroup of G contains a.e. (almost every, i.e. all

but finite number) xα, α ∈ A.

Definition 7.2: A free pro-C-group on a set A is a pro-C-group F together with a mapp. 61

x:A −→ F convergent to 1, satisfying the following universal property: if y:A −→ G is

any map convergent to 1 of A into a pro-C-group, then there exists a unique continuous

homomorphism h:F −→ G such that the diagram

A −−−−−−−−−−−→x F

S
S
Sw

y
�

�
�/

h

G
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commutes.

The xα’s generate a dense subgroup of F and are said to be a (topological) system

of generators of F .

Proposition 7.3: For every set A there exists a unique free pro-C-group on the set

A. It is denoted by FA(C). [If C consists of all finite groups we write FA instead of

FA(C); if A is a finite set with n elements we write Fn(C) instead of FA(C) and call n

the rank of Fn(C).]

Proof: If x:A −→ F and x′:A −→ F ′ are free groups generated by A, let h:F −→ F ′p. 62

and h′:F ′ −→ F be the unique continuous homomorphisms such that hx = x′ and

h′x′ = x. Then we must have h′ ◦ h = idF and h ◦ h′ = idF ′ . Thus F and F ′ are

isomorphic, and hence FA(C) is unique.

We shall construct FA(C) in the following manner. Let x0:A −→ F be the discrete

free group generated by A and denote by S the system of all normal subgroups N of F

such that

(1) F/N ∈ C, and

(2) N contains a.e. x0α.

Then S is a basis of neighborhoods of 1 in F . For if N1, N2 ∈ S then N1 ∩N2 is clearly

normal satisfying condition (2), and since F/N1 ∩N2 is isomorphic to a subgroup of

F/N1×F/N2 we see that N1∩N2 satisfies also condition (1). Hence S defines a topology

in F .

Set

FA(C) = lim←−
S

F/N.

The compatible family F −→ F/N of continuous homomorphisms defines a continuousp. 63

homomorphism i:F −→ FA(C). By Lemma 2.5 i(F ) is dense in FA(C). Take x = i◦x0.

Clearly x is convergent to 1. The group FA(C) is a pro-C-group because if U is an open

normal subgroup of FA(C), let U
′ = kerFA(C) −→ F/N for some N so that U ⊇ U ′;

then FA(C)/U is a homomorphic image of FA(C)/U
′ ≈ F/N and hence FA(C)/U ∈ C.

Finally FA(C) is free, for suppose G is a pro-C-group and let y:A −→ G be convergent
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to 1. Let h0:F −→ G be the unique homomorphism such that h0 ◦ x0 = y.

A −−−−−−−−−−−→x0

F −−−−−−−→i FA(C)

S
S
Sw

y
�

�
�/
h0

�������
h

G

The map h0 is continuous since, if U is open and normal in G and N = h−1
0 (U), the

natural map

F/N −→ G/U

is injective; so G/U ∈ C implies F/N ∈ C. Moreover yα ∈ U ⇒ x0α ∈ N ; hence a.e. x0α

is in N .

For each open normal subgroup U of G consider the continuous homomorphismsp. 64

FA(C) −→ F/h−1(U) −→ G/U.

This compatible family of maps defines a continuous homomorphism

h:FA(C) −→ lim←−G/U = G.

Clearly h ◦ i = h0. Hence h ◦ x = h ◦ i ◦ x0 = h0 ◦ x0 = y. Finally, if h′:FA(C) −→ G is

a continuous homomorphism satisfying h′ ◦ x = y, put h′0 = h′ ◦ i; then h′ ◦ x0 = y, so

h′0 = ho, i.e., h ◦ i = h′ ◦ i. Since i(F ) is dense in FA(C) we have h = h′.

Examples:

(1) The free profinite group of rank 1 is Ẑ = lim←−
m

Z/mZ.

(2) The free pro-p-group of rank 1 is Zp = lim←−
n

Z/pnZ.

(3) Let C be a class of finite groups satisfying the conditions of p. 53, and letp. 65

n = l.c.m.{#G| G ∈ C}.

Then the free pro-C-group of rank 1 F , is the unique pro-cyclic group of order n. For,

F is clearly pro-cyclic and of order n (see Prop. 4.4(c) ).
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(4) Suppose C ⊆ C ′ are classes of finite groups satisfying the conditions of p. 53.

Let A be any set. Then the free pro-C-group FA(C) is just the maximal pro- C-quotient

of FA(C
′). (This follows easily from the remark on p. 55.)

Let B ⊆ A be sets, and C a class of finite groups satisfying the conditions of

p. 53. Let x:B −→ FB(C) and y:A −→ FA(C) be the free pro-C-groups on B and A

respectively.

Define continuous homomorphisms i, π

FB(C)
i−→←−π FA(C)

x
x xy
B A

to be the liftings of B −→ FA(C) given by α 7→ yα, and of A −→ FB(C) given byp. 66

α 7→ xα if α ∈ B and α −→ 1 if α ∈ A∖B. Clearly x = π ◦ i◦x; hence π ◦ i = identity.

Thus i is injective and π is surjective.

Proposition 7.4: Let B ⊆ A, i, π be as above. Then there exists a canonical split

extension

1−−−→K −−−→ FA(C)−−−→π FB(C)−−−→ 1

where K is the smallest closed normal subgroup of FA(C) containing FA∖B
(C).

Proof: We have already shown that the extension splits. Certainly K ⊇ F
A∖B

(C) (we

identify F
A∖B

(C) and FB(C) with their canonical images in FA(C) ). Then if N is

the intersection of all closed normal subgroups of FA(C) containing FA∖B
(C) we have

N ⊆ K. Notice that both K · FB(C) and N · FB(C) are compact subgroups of FA(C)

containing A, and therefore

K · FB(C) = N · FB(C) = FA(C).

On the other hand

K ∩ FB(C) = N ∩ FB(C) = 1.p. 67

Thus K = N .
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Given a set A consider the projective system consisting of objects FS(C) for all

finite S ⫅ A, and consider maps

πSS′ :FS(C) −→ FS′(C)

defined for S ⊇ S′ as the canonical surjections described above. Then the continuous

epimorphisms

πS :FA(C) −→ FS(C)

define a continuous homomorphism

π:FA(C) −→ lim←−FS(C).

Proposition 7.5: The map π is an isomorphism of pro-C-groups.

Proof: Since FA(C) is compact it suffices to show that π is injective and surjective.p. 68

By Lemma 2.5 it is surjective. Let

K = kerπ.

Then

K =
∩

ker(πS)

(S runs through all finite subsets of A.) We shall show that K is contained in every

open normal subgroup of FA(C); this will imply K = 1. Let U be one such subgroup;

choose a finite set S ⊆ A so that xα ∈ U for every α ∈ A∖S. Then, by Prop. 7.4

kerπS ⊆ U . Thus K ⊆ U .

Proposition 7.6: A surjective continuous endomorphism f :G −→ G of finitely gen-

erated profinite group G is an isomorphism. [ A topological group G is said to be

(topologically) generated by {xα}α∈A if the {xα}α∈A generate a dense subgroup of G.]

Proof: Since G is compact it will suffice to show that ker f = 1, i.e. that ker fp. 69

is contained in every open normal subgroup. Denote by Sn the set of open normal

subgroups of index n in G. Then Sn is finite, for there exist finitely many nonisomorphic
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groups of order n and finitely many homomorphisms of G into each of those groups since

G is finitely generated. Define

h:Sn −→ Sn

by h(U) = f−1(U). Then h is clearly injective and therefore bijective.

Let U be an open normal subgroup of G; then U = f−1(V ) for some open normal

subgroup V of G. Hence U = f−1(V ) ⊇ ker f .

Corollary 7.7: If G1 and G2 are (topologically) isomorphic finitely generated profi-

nite groups, then every surjective continuous homomorphism G1 −→ G2 is an isomor-

phism.

§8. The Galois group of C(t)/C(t).p. 70

As an application to Galois theory we shall prove now the following result due to Douady

[D2].

Theorem 8.1: Let K = C(t) where C is the field of complex numbers and t an inde-

terminate. Let K̄ be an algebraic closure of K. Then GK = GK̄|K is the free profinite

group on the set C.

Proof: Let A be the set of all rank 1 valuations of C(t). Then there exists a 1-1

correspondence between A and the set C. For each finite subset S of A let KS |K be the

maximal normal extension of K unramified at the elements of A∖S. Let GS = GKS |K .

Clearly if S ⊇ S′ then KS ⊇ KS′ and the restriction map κSS′ :GS −→ GS′ is a surjective

continuous homomorphism. Then

{GS , κSS′ | S ⊇ S′ finite subsets of A}

is a projective system and the set of compatible continuous epimorphisms GK −→ GS ,p. 71

defines a continuous epimorphism (cf. Lemma 2.5)

φ:GK −→ lim←−GS ,

which is also 1-1 since

K̄ =
∪
KS
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(S runs through all finite subsets of A). This implies that φ is a homeomorphism since

GK is compact.

Let us consider now the free profinite group FA. By Prop. 7.5 FA = lim←−
S

FS

(finite S ⊂ A). Hence to prove the theorem it will suffice to show that there exists an

isomorphism

{FS} −−−→i {GS}

of projective systems of profinite groups, i.e., a collection of isomorphisms of profinite

groups iS :FS −→ GS such that for any pair S ⊇ S′ of finite subsets of A, the diagram

FS −−−−−−−−−−−−−−→ GSyπS
S′

yκS
S′

FS′ −−−−−−−−−−−−−−→ GS′p. 72

commutes.

To see this we will use the following proposition whose proof will be given later.

Propositon 8.2: For every finite set S ⊂ A there exists an isomorphisms of profinite

groups jS :FS −→ GS such that if S ⊇ S′ then there exists an isomorphisms of profinite

groups kS′ :FS′ −→ GS′ making the diagram

FS −−−−−−−−−−−−−−→
jS GSyπS

S′

yκS
S′

FS′ −−−−−−−−−−−−−−→kS′
GS′

commutative.

To continue with the proof of the theorem, for each finite S ⊆ A let JS be the set

of isomorphisms jS mentioned in Prop. 8.2. Then JS ̸= ∅. Moreover if S ⊇ S′ therep. 73

exists a mappings JS −→ JS′ given by jS −→ kS′ making {JS | finite S ⊆ A} into a

projective system of sets. We intend to show that lim←−
S

JS ̸= ∅. For this it suffices to

endow each JS with a compact topology so that the maps JS −→ JS′ are continuous.

Notice first that by Cor. 7.7 the isomorphisms FS −→ GS are in 1-1 correspondence
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with the systems {g1, g2, . . . , gn} of elements of GS which generate GS (topologically)

where n = #S. Then consider the subset

XS ⊆ GnS =

n︷ ︸︸ ︷
GS × · · · ×GS

consisting of all (gα)α∈S such that

(i) the gα’s generate GS , and

(ii) κSS′(gα) = 1 for α ∈ S∖S′, S′ ⊆ S′.

We claim that XS is closed. First notice that (gα)α∈S generate GS if and only if for

every open normal subgroup V of GS the images of the gα’s in GS/V generate GS/V .

Let X̄S be the subset of GnS satisfying condition (i); then if X̄SV is the image of X̄S in

(GS/V )n one has X̄S = lim←−
V

X̄SV , and therefore X̄S is closed. It is obvious that the
p. 74

subset of X̄S satisfying condition (ii) is closed, i.e., XS is closed and thus compact.

Given (gα)α∈S consider the isomorphism of profinite groups jS :FS −→ GS given

by jS(α) = gα, α ∈ S. Then if S′ ⊆ S′, define kS′ :FS′ −→ GS′ by kS′(α) = κSS′(gα),

α ∈ S′. Then

FS −−−−−−−−−−−−−−→
jS GSyπS

S′

yκS
S′

FS′ −−−−−−−−−−−−−−→kS′
GS′

commutes, and by Cor. 7.7 kS′ is an isomorphism. Hence jS ∈ JS . It is plain that

there is a 1-1 correspondence

XS ←→ JS .

Moreover, if S ⊇ S′ then
XS ←→ JS
↓ ↓
XS′ ←→ JS′

commutes, where the mapp. 75

XS −→ XS′ ,

which is given by (gα)α∈S 7→ (κSS′gα)α∈S′ is continuous since κSS′ is continuous. Thus

we can define a compact topology in JS so that the maps JS −→ JS′ , S ⊇ S′ are
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continuous. This shows that lim←−
S

JS ̸= ∅ (cf. [B3], §9, Prop. 8). Let ⟨is⟩ ∈ lim←−
S

JS .

Then i = {iS} is an isomorphism of the projective systems

{FS} and {GS}

as desired.

Proof of Proposition 8.2 (Sketch): Here we use a few facts about the Riemann surface

of a field that can be found in [Ch2], p. 133ff., and [Sp] chps. 4 and 10. If L|K is a

finite field extension, where K = C(x) the Riemann surface of L, R(L), consists of

all rank 1 valuations of L. A topology is defined on R(L) in the following manner:

for each x ∈ L consider a function x:R(L) −→ C given by x(v) = image of x in thep. 76

residue class field of v; the topology on R(L) is the weakest with respect to which all

the maps x become continuous. Then R(L) is a 2-dimensional, connected, compact,

analytic manifold. In particular, R(K) is the Riemann sphere. The function field of all

meromorphic functions on R(L) is precisely L.

Let S be a finite subset of C ≡ A as before; then KS =
∪
L|K L, where L|K

is a finite extension unramified at C∖S. So if L|K is finite with K ⊆ L ⊆ KS ,

then R(L) is a finite sheeted covering of R(K) with no branch points on R(K)∖(S ∪

{∞}), where the projection p:R(L) −→ R(K) is the restriction map. So, if RS(L) =

R(L)∖ points above S ∪ {∞}, we have that

p:RS(L) −→ RS(K)

is a finite covering with no branch points.

Let τ(RS(L)) be the group of covering transformations, i.e., the group of all

homeomorphisms

τ :RS(L) −→ RS(L)

such that p(P ) = p(τP ), P ∈ RS(L). Then, for every finite, normal extension L|Kp. 77

with K ⊆ L ⊆ KS , one has τ(RS(L)) ≈ GL|K . For if σ ∈ GL|K , define τσ ∈ τ(RS(L))

by τσ(P ) = P ◦ σ; clearly the homomorphism σ 7→ τσ is injective. It is also surjective,
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for given τ , set σ(x(P )) = x(τ(P )), where we are identifying each x ∈ L with its

corresponding meromorphic function; then σ ∈ GL|K and τσ = τ .

Fix a point z0 in RS(K), and let P0 ∈ RS(L) be above z0. Consider the funda-

mental group

ΠS(L) = Π1(RS(L), P0).

Then ΠS(K) is isomorphic, in a non-canonical way, to the free group generated by S.

For each finite subset S of A choose one isomorphism ΠS(K) ≈ FS . Moreover for each

finite normal extension L|K we get an exact sequence

1−−−→ΠS(L)−−−→ΠS(K)−−−→t τ(RS(L)) ≈ GL|K −−−→ 1

where the map t can be described in the following manner: given a loop π in RS(K)

starting and ending at z0 lift it to a curve in RS(L) starting at P0, and suppose that thep. 78

end point of this curve is P1; then define t(π) to be the unique covering transformation

τ with the property τ(P0) = P1. Now, if N ⊇ L ⊇ K are finite normal extensions of K

contained in KS , we obtain a commutative diagram

1 −→ ΠS(L) −→ ΠS(K) −→ τ(RS(L)) ≈ GL|K −→ 1x ∥
x x

1 −→ ΠS(N) −→ ΠS(K) −→ τ(RS(N)) ≈ GN |K −→ 1

where the vertical maps are the obvious ones. Therefore the projective systems

{ΠS(K)/ΠS(L)| L|K finite, K ⊆ L ⊆ KS}

and

{GL|K | L|K finite, K ⊆ L ⊆ KS}

are isomorphic. By definition, GS = lim←−GL|K . On the other hand, lim←−(ΠS(K)/ΠS(L))

= F̂S (the free profinite group on S). To see this it suffices to show that for every

normal subgroup H of ΠS(K) of finite index there is a finite normal extension L|K,

KS ⊇ L ⊇ K, such that the canonical image of ΠS(L) −→ ΠS(K) is precisely Hp. 79

(see the construction of FS in Prop. 7.3). But this follows from Riemann’s existence

theorem; namely, consider the covering R of R(K) corresponding to H by the existence
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theorem, and let L be the field of meromorphic functions of R. Then L is the desired

finite normal field extension of K.

Thus we have obtained an isomorphism

jS :FS −→ GS

for each finite set S of A. Moreover if S′ ⊆ S, then the chosen isomorphism between

ΠS(K) and FS induces an isomorphism between ΠS′(K) and FS′ . Now, by the process

indicated above we obtain an isomorphism kS′ :FS′ −→ GS′ , and it is then clear that

the diagram

FS −−−−−−−−−−−−−−→
jS GSyπS

S′

yκS
S′

FS′ −−−−−−−−−−−−−−→kS′
GS′

commutes.p. 80

Remark: Theorem 8.1 is still valid if K = F (t) where F is any field of characteristic

zero. Cf. [D2].

§9. The embedding problem.

Let K be a field and let H be a profinite group. One may pose then the following

question: is there a Galois extension N |K with GN |K ≈ H? Or, more generally, assume

L|K is a Galois extension of fields with GL|K = H ′; let j:H −→ H ′ be an epimorphism

of profinite groups. Then one may ask: is there a Galois extension N |K such that

σ:H
≈−→GN |K and the diagram

H −−−−−−−−−−−−−−−→j
H ′y≈ σ

wwwwww
GN |K −−−−−−−−−−−−→r GL|Kp. 81

commutes where r is the natural restriction map?

Given a fieldK letKs denote its separable algebraic closure, and setGK = GKS |K .

The existence of a Galois extension T |K with Galois group GT |K = S is equivalent to
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the existence of an epimorphism of profinite groups φ:GK −→ S, as one easily verifies.

Hence the above question can be reformulated in the following terms: given a field K,

a Galois extension L|K and an epimorphism j:H −→ GL|K , is there an epimorphism

ψ:GK −→ H such that the diagram

GK

�
�

�	

ψ

yφ
H −−−−−→j GL|K

commutes, where φ is the natural restriction?

All these considerations lead to the following purely group-theoretical definitions.

Definition 9.1: Let C be a class of finite groups satisfying the conditions of p. 53. Letp. 82

G be a profinite group. A C-embedding problem for G is a diagram

Gyφ
1 −−−−−→ H ′′ −−−−−→ H −−−−−→

j
H ′ −−−−−→ 1y
1

where H,H ′,H ′′ are pro-C-groups and where the row and the column are exact se-

quences of continuous homomorphisms. We say that this problem is solvable if there

exists a continuous surjective homomorphism ψ:G −→ H such that j ◦ ψ = φ. We

say that this problem is weakly solvable if there exists a continuous homomorphism

ψ:G −→ H such that j ◦ ψ = φ. If C consists of all finite groups we write “embedding

problem” instead of “C-embedding problem”. It is usually a difficult task to determine

in which circumstances an embedding problem is solvable. Especially when the ground

fieldK is an algebraic number field one is far away from knowing which embedding prob-

lems have a solution. Perhaps the most general result in this direction is the following

theorem of Shafarevich ([Sh]) which we mention without proof.
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Theorem 9.2: Let G = GK̄|K where K is an algebraic number field and K̄ itsp. 83

algebraic closure. Then the embedding problem

Gy
1 −−−−−→ H ′′ −−−−−→ H −−−−−→ H ′ −−−−−→ 1y

1

where H,H ′,H ′′ are finite groups, is solvable if H ′′ is nilpotent and the short exact

sequence splits.

Example: As one of the many instances of an embedding problem which has no so-

lution, consider the following. Let Q be the ground field and let L = Q(i). Then

GL|Q = Z2. We claim that the embedding problem

GQ̄/Qy
1 −−−−−→ Z2 −−−−−→ Z4 −−−−−→ Z2 = GL|Q −−−−−→ 1

has no solution. For, suppose N |L is a Galois extension with GN |Q ≈ Z4. We may

assume that N ⊆ C. Then C = N(R) and 2 = [C : R] = [N : N ∩ R] (cf. [B2], §10,p. 84

Th. 1), i.e., N ∩ R = Q(i), which is certainly impossible.

Theorem 9.3 ((Iwasawa, [I])): Let G be a pro-C-group satisfying the first axiom of

countability. Then the following are equivalent:

(i) G is a free pro-C-group on a countable set;

(ii) Every C-embedding problem for G

Gy
1 −−−−−→ H ′′ −−−−−→ H −−−−−→ H ′ −−−−−→ 1y

1
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where H,H ′,H ′′ are in C is solvable.

In the proof of this result we will use the following

Lemma 9.4: Let G be a profinite group. The following are equivalent

(i) G satisfies the first axiom of countability;

(ii) G can be generated by a countable set A converging to 1 (i.e., if U is an open

neighborhood of 1, then it contains a.e. element of A).

Proof: (i) ⇒ (ii): Letp. 85

U1 ⊇ U2 ⊇ · · · ⊇ Ui ⊇ · · ·

be a countable basis of open normal subgroups of G. Use induction to choose a set

Ai = {σ(i)
1 , σ

(i)
2 , . . . , σ(i)

ri } ⊆ G

of generators of G/Ui, so that Ai ⊆ Ai+1 and Ai+1 ∖Ai ⊆ Ui (i = 1, 2, 3, . . .). Let Γ

be the (closed) subgroup of G generated by A =
∪∞
i=1Ai. Certainly A is countable and

convergent to 1. On the other hand Γ = G = lim←−
i

G/Ui, for the canonical projection

Γ −→ G/Ui, (i = 1, 2, 3, . . .)

is an epimorphism and therefore Γ is dense in G (see Lemma 2.5).

(ii) ⇒ (i): Let G be generated by the set A = {σ1, σ2, σ3, . . .} convergent to 1.

Let S be the set of all open normal subgroups of G. We shall show that S is countable.p. 86

Let Sk denote the set of open normal subgroups of G containing σk+1, σk+2, . . .. Then

S =
∞∪
k=1

Sk.

Let H be the smallest closed normal subgroup containing σk+1, σk+2, . . .. Then

U ∈ Sk ⇒ U is open, normal in G and H ⊆ U ⊆ G.

Hence there is a 1-1 correspondence between Sk and the open, normal subgroups of

G/H. Since G/H is generated by σ1, σ2, . . . , σk, the number of open, normal subgroups
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of G/H is countable (each open normal subgroup of G/H is the kernel of some epi-

morphism of G/H onto some finite group, and G/H being finitely generated there are

only a finite number of such epimorphisms for each finite group). Thus each Sk, and

therefore S, is countable.

Proof of theorem 9.3:

(i) ⇒ (ii): Let G be a free pro-C-group on the set {σ1, σ2, . . .}. Consider thep. 87

embedding problem

Gyφ
1 −−−−−→ H ′′ −−−−−→ H −−−−−→

j
H ′ −−−−−→ 1y
1

where H,H ′,H ′′ ∈ C. Then H ′ is generated by the φ(σi)’s, and there exists some k such

that φ(σi) = 1 for i > k, since kerφ is open and normal. Choose hi ∈ H, i = 1, 2, . . .

satisfying the following conditions:

1) The hi’s generate H,

2) hi = 1 for a.e. i,

3) j(hi) = φ(σi).

Define ψ:G −→ H by ψ(σi) = hi, i = 1, 2, . . .. Clearly ψ is surjective and j ◦ ψ = φ.

(ii) ⇒ (i): Let F be a free pro-C-group on a countable set. By Lemma 9.4 there

is a basis

F = F1 ⊇ F2 ⊇ · · · ⊇ Fn ⊇ · · ·

of open, normal subgroups of F . Let

G = G1 ⊇ G2 ⊇ · · · ⊇ Gn ⊇ · · ·

be a basis of open, normal subgroups of G. We shall construct bases of open, normal

subgroups
F ⊇ F ′

1 ⊇ F ′
2 ⊇ · · · ⊇ F ′

n ⊇ · · · ,

G ⊇ G′
1 ⊇ G′

2 ⊇ · · · ⊇ G′
n ⊇ · · ·
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of F and G respectively, such that the projective systems

{F/F ′
i | i = 1, 2, . . .} and {G/G′

i| i = 1, 2, . . .}

are isomorphic. This will imply

F ≈ lim←−
i

F/F ′
i ≈ lim←−

i

G/G′
i ≈ G.

We proceed by induction on i. Let F ′
1 = F1 = F , G′

1 = G1 = G, and assume we have

found F ′
i , G

′
i (i = 1, 2, . . . , n) such that

1) F ′
i ⊆ Fi, G′

i ⊆ Gi (i = 1, 2, . . . , n),

2) F ⊇ F ′
1 ⊇ F ′

2 ⊇ · · · ⊇ F ′
n,

G ⊇ G′
1 ⊇ G′

2 ⊇ · · · ⊇ G′
n,

3)p. 89

F/F ′
i −−−−−−−−−−−−→≈ G/G′

iy
y

F/F ′
i−1 −−−−−−−−−−→≈ G/G′

i−1

commutes (i = 2, 3, . . . , n).

We will construct F ′
n+1 and G′

n+1 as follows. Let Φ = F ′
n ∩ Fn+1 and Γ =

G′
n ∩Gn+1. Let ψ:G −→ F/Φ be a solution to the embedding problem for G

Gy
F/Φ −−−−−→ F/F ′

n −−−−−→≈ G/G′
n −−−−−→ 1,y

1

and let ∆ = (kerψ) ∩ Γ. Then ψ induces a natural epimorphism G/∆ −→ F/Φ. Let

φ:F −→ G/∆ be a solution to the embedding problem for F

Fy
G/∆ −−−−−→ F/Φ −−−−−→ 1,
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and let Λ = kerφ. Then Λ ⊆ Φ and therefore φ induces an isomorphism F/Λ −→ G/∆.p. 90

Take F ′
n+1 = Λ and G′

n+1 = ∆. Then F ′
n+1 ⊆ Fn+1, G

′
n+1 ⊆ Gn+1 and

F/F ′
n+1 −−−−−−−−−−→≈ G/G′

n+1y
y

F/F ′
n −−−−−−−−−−−−→≈ G/G′

n

commutes, as desired.
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CHAPTER IIp. 91

COHOMOLOGY OF PROFINITE GROUPS

§1. Cohomology groups

Definition 1.1: Let G be a profinite group. A discrete G-module (or simply a G-module,

if there is no danger of confusion) consists of a discrete abelian group A on which G

operates continuously, i.e., a G-module is an abelian group A together with a continuous

map G×A −→ A, denoted by (σ, a) 7→ σa, satisfying the following conditions

(i) (στ)a = σ(τa);

(ii) σ(a+ b) = σa+ σb;

(iii) 1a = a,

for a, b ∈ A and σ, τ ∈ G, where 1 is the identity of G.

Remark: If G is a finite group then the above definition coincides with the usual

definition of G-module.

Proposition 1.2: LetG be a profinite group and A an abelian group. LetG×A −→ Ap. 92

be an action of G on A satisfying conditions (i), (ii), (iii) as above. Then, the following

are equivalent:

(1) G×A −→ A is continuous;

(2) For each a in A, the stabilizer of a,

Ua = {σ ∈ G| σa = a}

is an open subgroup of G;

(3) A =
∪
U A

U , where U runs through the set of all open subgroups of G, and where

AU = {a ∈ A| ua = a, u ∈ U}.

Proof: Trivial.

Examples of G-modules:

1) Let G be any profinite group and A any abelian group. Define an action of G on

50



A by σa = a, ∀a ∈ A and ∀σ ∈ G. Then A is a G-module. This action is called thep. 93

trivial action on A, and A a trivial G-module.

2) Let N |K be a Galois extension of fields and G = GN |K . If σ ∈ G and x ∈ N

define σx = σ(x). Under this action the following are examples of G-modules:

a) N∗ (the multiplicative group of N);

b) N+ (the additive group of N);

c) The roots of unity in N (under multiplication).

If A and B are discrete G-modules, by a G-homomorphism or a G-map φ:A −→ B

we mean an abelian group homomorphism for which

φ(σa) = σφ(a), ∀σ ∈ G, ∀a ∈ A.

The class of discrete G-modules and G-maps constitutes an abelian category that we

denote by Mod(G).

Let G be a profinite group, and denote by Gq the cartesian product of q copies of

G. For A ∈ Mod(G) and q ≥ 0 we set

Cq(G,A) = {x:Gq+1 −→ A| x continuous and

x(σσ0, σσ1, . . . , σσq) = σx(σ0, σ1, . . . , σq) ;σ, σi ∈ G}.p. 94

Cq(G,A) is an abelian group under the obvious addition, and it is called the group of

homogeneous q-cochains. For each q ≥ 0 define a group homomorphism

∂q+1:C
q(G,A) −→ Cq+1(G,A)

by

(∂q+1x)(σ0, σ1, . . . , σq+1) =

q+1∑
i=0

(−1)ix(σ0, σ1, . . . , σ̂i, . . . , σq+1)

where the symbol ˆ indicates that the corresponding coordinate has been cancelled.

The maps ∂q are called coboundary operators. It is easily seen that ∂q+1 ◦∂q = 0, q ≥ 1,

so that

0−−−→C0(G,A)−−−−→∂1 C1(G,A)−−−−→∂2 · · ·
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is a cochain complex, that will be denoted by
(
C(G,A), ∂

)
. The q-th cohomology group

of this complex will be denoted by Hq(G,A), and is called the q-th cohomology group

of G with coefficients in A. In detail,

Hq(G,A) = Hq
(
C(G,A), ∂

)
= Zq(G,A)/Bq(G,A),

where Zq(G,A) = ker ∂q+1 (group of q-cocycles) and Bq(G,A) = Im∂q (group of q-p. 95

coboundaries).

An equivalent way of describing the cohomology groups Hq(G,A) could be the

following. Define the group C̄q(G,A) of non-homogeneous cochains by

C̄q(G,A) = {x:Gq −→ A| x continuous}.

Consider the cochain complex
(
C̄(G,A), ∂̄

)
:

0−−−→ C̄0(G,A)−−−−→∂̄1 C̄1(G,A)−−−−→∂̄2 C̄2(G,A)−−−→ · · ·

where the homomorphism

∂̄q+1: C̄
q(G,A) −→ C̄q+1(G,A)

is given by

(∂̄q+1x)(σ1, σ2, . . . , σq+1) =σ1x(σ2, σ3, . . . , σq+1)+

q∑
i=1

(−1)ix(σ1, σ2, . . . , σiσi+1, . . . , σq+1)+

(−1)q+1x(σ1, σ2, . . . , σq).

Then
(
Cq(G,A), ∂

)
and

(
C̄q(G,A), ∂̄

)
are isomorphic cochain complexes, where a pairp. 96

of inverse isomorphisms

C(G,A)
φq−→←−
ψq

C̄(G,A)

is given by
(φqx)(σ1, σ2, . . . , σq) =x(1, σ1, σ1σ2, . . . , σ1σ2 · · ·σq),

(ψqy)(τ0, τ1, . . . , τq) =τ0y(τ
−1
0 τ1, τ

−1
1 τ2, . . . , τ

−1
q−1τq).

Therefore

Hq(G,A) = Hq
(
C(G,A), ∂

)
= Hq

(
C̄(G,A), ∂̄

)
= Z̄q(G,A)/B̄q(G,A),

where Z̄q(G,A) = ker ∂̄q+1 and B̄q(G,A) = Im∂̄q.
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§2. Hq(G,A) in low dimensionsp. 97

In low dimensions one can describe the cohomology groups as follows:

H0(G,A) = {a ∈ A| σa = a, σ ∈ G} = AG,

i.e., the subgroup of elements of A invariant under the action of G.

H1(G,A) =Z1(G,A)/B1(G,A), where

Z1(G,A) ={x:G −→ A| x cont., ∂̄2x = 0} =

{x:G −→ A| x cont., x(στ) = σx(τ) + x(σ), σ, τ ∈ G}.

B1(G,A) ={x:G −→ A| x = ∂̄1a, some a ∈ A} =

{x:G −→ A| x(σ) = σa− a, some a ∈ A}.

The elements of Z1(G,A) and B1(G,A) are called (continuous) crossed homomorphisms

and principal crossed homomorphisms respectively.

Notice that if G operates trivially on A, i.e., σa = a ∀σ ∈ G and ∀a ∈ A, thenp. 98

H1(G,A) is precisely the group of all continuous group homomorphisms from G to A.

Finally H2(G,A) = Z̄2(G,A)/B̄2(G,A), where

Z̄2(G,A) ={x:G×G −→ A| x cont., ∂̄3x = 0} =

{x:G×G −→ A| x cont. and σ1x(σ2, σ3) + x(σ1, σ2σ3) =

x(σ1σ2, σ3) + x(σ1, σ2), σ1, σ2, σ3 ∈ G}.

B̄2(G,A) ={x:G×G −→ A| x = ∂̄2y, some cont. y:G −→ A} =

{x:G×G −→ A| x(σ1, σ2) = σ1y(σ2)− y(σ1σ2) + y((σ1),

for some cont. y:G −→ A}.

The elements of Z2(G,A) are called (continuous) factor systems.

§2. H2(G,A) and extensions of profinite groupsp. 99

Consider a short exact sequence

1−−−→A−−−→ Ĝ−−−→G−−−→ 1
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of profinite groups and continuous homomorphisms, with A abelian. Let u:G −→ Ĝ be

a continuous section (see Prop. 3.5, Ch. I). Define ψ:G×A −→ A by ψ(σ, a) = uσau
−1
σ .

Clearly ψ is continuous. Assume that A is finite; then A has the discrete topology and

the map ψ makes A into a G-module.

Given a profinite group G and finite G-module A, by an extension E of A by G

we mean an exact sequence, with continuous homomorphisms,

E: 0−−−→A−−−→ Ĝ−−−→G−−−→ 1 (1)

where Ĝ is a profinite group, A and Ĝ are written additively, and the canonical action

of G on A described above is precisely the given action of G on A.

If E,E′ are two extensions of A by G, we say that they are congruent if therep. 100

exists a continuous homomorphism (necessarily a homeomorphism) Ĝ −→ Ĝ′ such that

E: 0 −−−−−→ A −−−−−→ Ĝ −−−−−→ G −−−−−→ 1wwwwww
y

wwwwww
E′: 0 −−−−−→ A −−−−−→ Ĝ′ −−−−−→ G −−−−−→ 1

commutes.

Denote by E(G,A) the set of congruence classes of extensions of A by G.

Theorem 3.1: Given a profinite group G and finite G-module A, there exists a 1-1

correspondence between E(G,A) and H2(G,A).

Proof: Consider the extension (1) of A by G, and let u:G −→ Ĝ be a continuous section.

Then the action of G on A is given by

σa = u(σ) + a− u(σ), a ∈ A, σ ∈ G.

Since u is a section, if σ1, σ2 ∈ G, then u(σ1) + u(σ2) and u(σ1σ2) belong to the samep. 101

coset of A in Ĝ. Hence there exists some x(σ1, σ2) ∈ A such that u(σ1) + u(σ2) =

x(σ1, σ2)+u(σ1σ2). It is clear that x:G×G −→ A is a continuous map. We shall show

that it is in fact a continuous factor system. Let σ1, σ2, σ3 ∈ G; then

u(σ1) + [u(σ2) + u(σ3)] = u(σ1) + [x(σ2, σ3) + u(σ2σ3)] =

σ1x(σ2, σ3) + u(σ1) + u(σ2σ3) = σ1x(σ2, σ3) + x(σ1, σ2σ3) + u(σ1σ2σ3),
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and
[u(σ1) + u(σ2)] + u(σ3) =[x(σ1, σ2) + u(σ1σ2)] + u(σ3) =

x(σ1, σ2) + x(σ1σ2, σ3) + u(σ1σ2σ3);

hence

σ1x(σ2, σ3) + x(σ1, σ2σ3) = x(σ1, σ2) + x(σ1σ2, σ3),

i.e., x ∈ Z2(G,A).

The definition of x depends on the choice of u. However, if u′:G −→ Ĝ is another

section, and x′:G×G −→ A its corresponding factor system we will show that x−x′ ∈p. 102

B̄2(G,A). For if σ ∈ G, there exists y(σ) ∈ A such that

u′(σ) = y(σ) + u(σ).

It is plain that y:G −→ A is continuous. On the other hand, if σ1, σ2 ∈ G we have

x′(σ1, σ2) + y(σ1σ2) + u(σ1σ2) = x′(σ1, σ2) + u′(σ1σ2) = u′(σ1) + u′(σ2) =

y(σ1) + u(σ1) + y(σ2) + u(σ2) = y(σ1) + σ1y(σ2) + u(σ1) + u(σ2) =

y(σ1) + σ1y(σ2) + x(σ1, σ2) + u(σ1σ2);

hence

x′(σ1, σ2)− x(σ1, σ2) = σ1y(σ2)− y(σ1σ2) + y(σ1) = (∂1y)(σ1, σ2).

So, x− x′ ∈ B̄2(G,A), and therefore x and x′ define a unique element of H2(G,A). In

fact this last argument shows that if E and E′ are congruent extensions of A by G, they

have the same corresponding element in H2(G,A). Hence we have shown the existence

of a well defined map E(G,A)−−−→Φ H2(G,A).

Conversely, let x:G × G −→ A be a continuous factor system representing anp. 103

element of H2(G,A). We may assume that x(σ, 1) = x(1, σ) = 0, ∀σ ∈ G. Define

a profinite group Ĝ in the following manner. The elements of Ĝ are the pairs (a, σ),

a ∈ A, σ ∈ G. We set

(a1, σ1) + (a2, σ2) = (a1 + σ1a2 + x(σ1, σ2), σ1σ2), a1, a2 ∈ A, σ1, σ2 ∈ G.
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With this definition Ĝ becomes a group (the associativity follows from x being a factor

system) whose zero element is (0, 1), and where −(a, σ) = (−σ−1a − x(σ−1, σ), σ−1).

We endow Ĝ with the product topology A × G. Then Ĝ is a profinite group as one

easily checks. Moreover

E(x): 0−−−→A−−−→i Ĝ−−−→j G−−−→ 1,

where i and j are the natural injection and projection, is an extension of A by G.

The congruence class to which this extension belongs depends only on the elementp. 104

of H2(G,A) we started with. For, if x + ∂f is another representative of that element

(f :G −→ A, continuous and such that f(1) = 0) whose corresponding extension is

E(x+ ∂f): 0−−−→A−−−→ Ĝ′ −−−→G−−−→ 1,

define a continuous homomorphism η: Ĝ −→ Ĝ′ by η(a, σ) = (a− f(σ), σ), a ∈ A, σ ∈

G. Then
0 −−−−−→ A −−−−−→ Ĝ −−−−−→ G −−−−−→ 1wwwwww

yη
wwwwww

0 −−−−−→ A −−−−−→ Ĝ′ −−−−−→ G −−−−−→ 1

commutes, and therefore E(x) and E(x + ∂f) are congruent. Hence we have obtained

a map Ψ:H2(G,A) −→ E(G,A).

One sees without difficulty that Φ ◦ Ψ = id and Ψ ◦ Φ = id. This ends the proof

of the theorem.

Remark: The above correspondence induces an abelian group structure on the setp. 105

E(G,A). It should be noticed that the extension corresponding to the zero of H2(G,A)

is the split extension, i.e., an extension (1) for which there exists a continuous section

G −→ Ĝ that is a homomorphism. (All split extensions are congruent.)

§4. Behavior of Hn(G,A)p. 106

Let g:G −→ G′ be a continuous homomorphism of profinite groups. Let A ∈ Mod(G),

A′ ∈ Mod(G′), and let f :A′ −→ A be a group homomorphism. We say that g and f
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are compatible maps if

f
(
g(σ)a′

)
= σf(a′), σ ∈ G, a′ ∈ A′,

i.e., if f is a G-map when A′ is considered as a G-module by means of the action

σ · a′ = g(σ)a′, a′ ∈ A′, σ ∈ G.

Example: Let N ⊇ L ⊇ K be Galois extensions of K. Then the natural projection

and injection

π:GN |K −→ GL|K and i:L∗ −→ N∗

respectively, are easily seen to be compatible. (See example 2(a) on p. 93.)

A pair of compatible maps g, f as above, induces homomorphisms of the groups

of q-cochains (g, f): C̄q(G′, A′) −→ C̄q(G,A), q ≥ 0, given by

(g, f)x′ (σ1, . . . , σq) = fx′(g(σ1), . . . , g(σq)).p. 107

In fact (g, f) is a map of cochain complexes, i.e.,

C̄q(G′, A′) −−−−−→∂̄q+1
C̄q+1(G′, A′)y(g,f)

y(g,f)
C̄q(G,A) −−−−−−→∂̄q+1

C̄q+1(G,A)

commutes for q ≥ 0. From this one easily defines homomorphisms

(g, f):Hq(G′, A′) −→ Hq(G,A)

of the cohomology groups. (See [M], p. 40 for a general setting.)

Remark: The maps (g, f), that we have just constructed behave functorially in the

following sense. Let Gi, i = 1, 2, 3 be profinite groups, Ai ∈ Mod(Gi), and let

G1 −−−−→
g1 G2 −−−−→

g2 G3

andp. 108

A1←−−−−
f1 A2←−−−−

f2 A3
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be continuous homomorphisms and abelian group homomorphisms respectively, such

that g1 and f1, and g2 and f2 are compatible. Then g2g1 and f2f1* are compatible, and

(g2g1, f2f1) = (g1, f1) ◦ (g2, f2).

Moreover, if g1:G1 −→ G1 and f1:A1 −→ A1 are identity maps so is (g1, f1).

In particular, for each q, Hq(G,−) is a functor from the category Mod(G) to the

category Ab of abelian groups.

Let I be a directed index set. Let (Gα, παβ)I be a projective system of profinite

groups, and (Aα, λαβ)I an inductive system of abelian groups, where each Aα is a

Gα-module, such that for each pair α ≥ β in I, the maps

παβ :Gα −→ Gβ and λαβ :Aβ −→ Aα

are compatible. Then for each q, we obtain in a natural way an inductive systemp. 109

(
Hq(Gα, Aα), λ̄αβ

)
I
.

Let G = lim←−
I

Gα and A = lim−→
I

Aα; let πα:G −→ Gα and λα:Aα −→ A be the

corresponding canonical homomorphisms. Then A can be considered as a G-module

in the following manner. Given a ∈ A and σ ∈ G, let α ∈ I such that aα ∈ Aα and

λαaα = a; define then σa = λα[(πασ)aα]. This is a well defined continuous action of G

on A. Moreover, we have

Proposition 4.1: For each q ≥ 0

Hq(G,A) ≈ lim−→
I

Hq(Gα, Aα).

Proof: Since lim−→ is an exact functor in the category of abelian groups one has

lim−→
I

Hq(Gα, Aα) ≈ Hq
(
lim−→
I

C̄q(Gα, Aα)
)
,

p. 110

* Error: should be f1f2; ditto in the following displayed equation
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where the cochain complexes C̄q(Gα, Aα) form an inductive system by means of the

maps *

λ̄αβ = (παβ , λαβ): C̄
q(Gα, Aα) −→ C̄q(Gβ , Aβ), α ≥ β

(see p. 106). Hence, to prove our assertion it will suffice to show the existence of

isomorphisms

lim−→
I

C̄q(Gα, Aα) ≈ C̄q(G,A), q ≥ 0,

commuting with the coboundary maps ∂̄q. For each α ∈ I, define

φα: C̄
q(Gα, Aα) −→ C̄q(G,A)

by φα(xα) = λαxα πα. It is plain that α ≥ β ⇒ φαλ̄αβ = φβ ; so the maps φα induce a

homomorphism

φ: lim−→
I

C̄q(Gα, Aα) −→ C̄q(G,A).

It is easily seen that φ commutes with the coboundary operators. It remains to bep. 111

shown that φ is an isomorphism.

φ is injective: Let x ∈ lim−→
I

C̄q(Gα, Aα) be such that φx = 0, and let xα0
∈

C̄q(Gα0
, Aα0

) with λ̄α0
xα0

= x. For α ≥ α0 let xα = λ̄α0αxα0
. Then 0 = φx = λαxαπα,

α ≥ α0. If α ≥ α0 define

Xα = {σα = (σα1, . . . , σαq) ∈ Gqα| xα(σα) ̸= 0}.

We shall show that for some α ≥ α0: Xα = ∅, i.e., xα = 0; this will imply that

x = 0, as desired. Since xα is continuous, Gqα compact and Aα discrete, xα takes only

a finite number of values; hence Xα is closed and, therefore, compact. On the other

* Error: should be

λ̄αβ = (παβ , λαβ): C̄
q(Gβ , Aβ) −→ C̄q(Gα, Aα), α ≥ β
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hand α ≥ β ≥ α0 implies παβXα ⊆ Xβ , for if σα ∈ Xα, 0 ̸= xα(σα) = λ̄αβxβ(σα) =

λαβxβπαβ(σα); so xβπαβ(σα) ̸= 0; hence παβ(σα) ∈ Xβ . Thereforep. 112

{Xα, παβ | α, β ≥ α0}

is a projective system of compact spaces. Clearly

σ = (σ1, . . . , σq) ∈ lim←−
α≥α0

Xα ⊆ Gq ⇒ (φx)σ ̸= 0.

Hence lim←−
α≥α0

Xα = ∅. Thus Xα = ∅ for some α ≥ α0 ([B3], §9, Prop. 8).

φ is surjective: Let x:Gq −→ A be continuous. We shall prove that there is a

continuous map xα:G
q
α −→ A such that x = λαxαπα, for some α ∈ I. Notice first that

x takes only a finite number of values, say

x(Gq) = {a1, . . . , an} ⊆ A.

Hence λβAβ ⊇ x(Gq) for some β. Also, we may choose an open normal subgroup U1 ofGp. 113

such that x is constant on the cosets of Uq1 in Gq. Since the groups π−1
γ Uγ , where Uγ runs

through the open normal subgroups of Gγ for all γ, form a basis of open neighborhoods

of 1 in G, there exists an open normal subgroup Uα of Gα with U1 ⊇ U = π−1
α Uα,

for some α. We may assume α ≥ β. Then x = x̄ ◦ p, where p:Gq −→ Gq/Uq is the

natural projection, and x̄:Gq/Uq −→ A is defined by x̄(σUq) = xσ; moreover πα induces

an injection π′
α:G

q/Uq −→ Gqα/U
q
α. Let x̄α: (G/Uα)

q −→ Aα be any map such that

λαx̄απ
′
α = x̄. Define xα = x̄αpα, where pα:G

q
α −→ Gqα/U

q
α is the natural projection.

Clearly xα is continuous and x = λαxαπα, as desired.

Corollary 4.2: Let G be a profinite group and A ∈ Mod(G). Thenp. 114

Hq(G,A) = lim−→Hq(G/U,AU )

where U runs through all open normal subgroups of G.

Proof: G = lim←−G/U and A =
∪
AU = lim−→AU . Notice G/U acts on AU by (gU)a = ga,

g ∈ G and a ∈ AU . Finally, it is plain that if U ⊆ V , G/U −→ G/V and the inclusion

AV −→ AU are compatible maps.
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Corollary 4.3: Let G and A be as above. Then

Hq(G,A) = lim−→Hq(G,B)

where B runs through all finitely generated G-submodules.

Proof:p. 115

A = lim−→B.

Remark: If G is profinite and A ∈ Mod(G), then A is finitely generated as a G-module

iff it is finitely generated as an abelian group. For, assume a1, . . . , an are G-generators

of A; then for each i

Gai = (G/Ui)ai,

where

Ui = {σ ∈ G| σai = ai};

since Ui is open, G/Ui is finite ( as a set) and hence
∪n
i=1(G/Ui)ai is a finite set of

Z-generators of A.

Proposition 4.4: For every short exact sequence

0−−−→A−−−→i B −−−→j C −−−→ 0

of G-modules and G-maps, there exists canonical homomorphisms (the “ connecting

homomorphism”)p. 116

δ = δq:Hq(G,C) −→ Hq+1(G,A), q ≥ 0

such that the sequences

0−−−→AG −−−−→
i0

BG −−−−→
j0

CG −−−→
δ
H1(G,A)−−−−→

i1

H1(G,B)−−−−→
j1

H1(G,C)−−−→
δ
H2(G,A)−−−−→

i2
· · ·
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is exact, where the iq’s and iq’s are induced by i and j respectively.

Proof I.: The existence of this exact sequence is well-known in the case of finite groups

(see, e.g., [M]. p. 116 and p. 97). Since lim−→ is exact, the result follows from Cor. 4.2.

Proof II.: (Sketch): Consider the short exact sequence of cochain complexes induced

by i and j:

0 0y
y

· · · −−−−−→ Cq(G,A) −−−−−→∂ Cq+1(G,A) −−−−−→ · · ·yi
yi

· · · −−−−−→ Cq(G,B) −−−−−→∂ Cq+1(G,B) −−−−−→ · · ·yj
yj

· · · −−−−−→ Cq(G,C) −−−−−→∂ Cq+1(G,C) −−−−−→ · · ·y
y

0 0p. 117

Let c̄q ∈ Hq(G,C) and cq ∈ c̄q; then ∂cq = 0. Let bq ∈ Cq(G,B) with jbq = cq. Then

0 = ∂j bq = j ∂ bq. Hence there exists aq+1 ∈ Cq+1(G,A) with i aq+1 = ∂bq. Clearly

∂aq+1 = 0. Define

δc̄q = āq+1 ∈ Hq+1(G,A).

It is an easy exercise to check that δ is well defined homomorphism and that the long

sequence of the theorem is exact. (Cf. [M], page 45.)

Proposition 4.5: Letp. 118

0 −−−−−→ A −−−−−→i B −−−−−→j C −−−−−→ 0yf
yg

yh
0 −−−−−→ A′ −−−−−→i

′
B′ −−−−−→j

′

C ′ −−−−−→ 0
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be a commutative diagram of G-modules and G-homomorphisms, with exact rows. This

induces a commutative diagram

···−−−−−→ Hq(G,B) −−−−−→j Hq(G,C) −−−−−→δ Hq+1(G,A) −−−−−→i Hq+1(G,B) −−−−−→···yḡ
yh̄

yf̄
yḡ

···−−−−−→ Hq(G,B′) −−−−−→j
′

Hq(G,C ′) −−−−−→δ
′

Hq+1(G,A′) −−−−−→i
′

Hq+1(G,B′) −−−−−→···

Proof: This follows immediately from Remark on p. 107 and the definition of δ and δ′.

Proposition 4.6: Let A =
⨿
i∈I Ai, Ai ∈ Mod(G) (direct sum in the category

Mod(G)). Then

Hq(G,A) ≈
⨿
i∈I

Hq(G,Ai).

Proof: Definep. 119

φ:
⨿
i∈I

Cq(G,Ai) −→ Cq(G,A)

to be the lifting of the homomorphism

φi:C
q(G,Ai) −→ Cq(G,A)

given by

φi(fi) = ρi ◦ fi,

where ρi:Ai −→ A is the natural injection.

The reader will have no difficulty in checking that φ is an isomorpism which

commutes with the maps ∂q, q ≥ 0. Thus our result.

§5. Some Homological Algebrap. 120

In this section we introduce some terminology and prove some general homological re-

sults. (For more detail the reader may consult, e.g., [G].) The use of this abstract

language will allow us to describe in a compact manner the essential features of the co-

homology groups Hq(G,A). The main purpose of this section is to prove Theorem 5.10.
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Definition 5.1: Let A be an abelian category. A cohomological functor H = (Hq)q∈Z on

A is a sequence of covariant additive functors Hq:A −→ Ab, where Ab is the category of

abelian groups, which assigns to every short exact sequence 0 −→ A −→ B −→ C −→ 0

in A and every n ∈ Z a connecting homomorphism δ = δn:Hn(C) −→ Hn+1(A)

satisfying the following conditions:

a) For every commutative diagram

0 −−−−−→ A −−−−−→ B −−−−−→ C −−−−−→ 0yf
yg

yh
0 −−−−−→ A′ −−−−−→ B′ −−−−−→ C ′ −−−−−→ 0

in A with exact rows, the following diagram commutes for every qp. 121

Hq(C) −−−−−→ Hq+1(A)yHq(h)

yHq(f)

Hq(C ′) −−−−−→ Hq+1(A′)

b) For each short exact sequence 0 −→ A −→ B −→ C −→ 0 in A, the long sequence

· · · −−−→Hq−1(C)−−−−−→δq−1

Hq(A)−−−→Hq(B)−−−→Hq(C)−−−−→δ
q

Hq+1(A)−−−→ · · ·

is exact.

Definition 5.2: Let H,F be cohomological functors on A. A morphism φ:H −→ F is a

family φq:Hq −→ F q, q ∈ Z, of morphisms of functors such that, for every short exact

sequence 0 −→ A −→ B −→ C −→ 0 in A, the following diagram commutes:

Hq(C) −−−−−→δ
q

Hq+1(A)yφq(C)

yφq+1(A)

F q(C) −−−−−→δ
q

F q+1(A), q ∈ Z.

Corollary 5.3: Let G be a profinite group and A ∈ Mod(G). Thenp. 122

H(G,−) = {Hq(G,−)}q∈Z

where Hq(G,−) = 0 if q < 0, is a cohomological functor on Mod(G).

Proof: This is the content of Prop. 4.4 and Prop. 4.5.
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Definition 5.4: Let H be a cohomological functor on A. We say that H is effaceable at

q by a subclass M ⊆ A if for every A ∈ A there exists a monomorphism

E :A −→MA, MA ∈M,

with Hq(MA) = 0.

If H is a positive cohomological functor, i.e., if H = 0 for q < 0, we say that H is

effaceable by M , if for every A ∈ A there exists a monomorphism

E :A −→MA, MA ∈M,

with Hq(MA) = 0 for q > 0.p. 123

Theorem 5.5: Let H,F be positive cohomological functors on A. Assume H is efface-

able by the class of injectives of A. Suppose φ0:H0 −→ F 0 is a morphism of functors.

Then there exists a unique morphism ψ:H −→ F such that ψ0 = φ0.

Proof: (Sketch)

Let A ∈ A and let 0 −→ A −→ MA −→ XA −→ 0 be exact in A with MA

injective.

Uniqueness of ψ: Suppose ψ̄:H −→ F is another morphism with ψ̄0 = φ0. Assume

ψq−1 = ψ̄q−1. Then from the commutativity of

. . . −−−−−→ Hq−1(XA) −−−−−→ Hq(A) −−−−−−−→ 0y
yψq(A) ψ̄q(A)

y
. . . −−−−−→ F q−1(XA) −−−−−→ F q(A) −−−−−→ F q(MA) −−−−−→ · · ·

it follows that ψq(A) = ψ̄q(A), ∀A ∈ A: hence ψq = ψ̄q; thus ψ = ψ̄ by induction.

Existence of of ψ: Suppose the existence of morphisms ψi:Hi −→ F i, i = 0, 1, . . . , q−1,p. 124

has already been shown, and that they commute with the connecting homomorphisms

δ. Define ψq(A):Hq(A) −→ F q(A) to be the unique map making the following diagram

commutative

. . . −−−−−→ Hq−1(MA) −−−−−→ Hq−1(XA) −−−−−→δ Hq(A) −−−−−−−→ 0y
yψq−1(XA)

yψq(A)

. . . −−−−−→ F q−1(MA) −−−−−→ F q−1(XA) −−−−−→δ F q(A) −−−−−→ F q(MA) −−−−−→ · · ·
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Now, it is straightforward to check that ψq is a morphism of functors, and that ψ0,

ψ1, . . . , ψq commute with the δ’s. Thus by induction we construct a morphism ψ:H −→

F with ψ0 = φ0.

Corollary 5.6: Let H,F,E be cohomological functors on A, with H and F effaceable

by (the class of) injectives. Let

H0 φ0

−→F 0, F 0 ψ0

−→E0, H0 ρ0−→E0

be morphisms of functors, and letp. 125

H
φ−→F, F

ψ−→E, H
ρ−→E

be their extensions to morphisms of cohomological functors. Then

ρ0 = ψ0 ◦ φ0 ⇔ ρ = ψ ◦ φ.

Corollary 5.7: Let H,F be effaceable by injectives, cohomological functors on A.

Let

H0 φ0

−→F 0

be a morphism of functors, and

H
φ−→F

its corresponding extension. Then φ is an isomorphism ⇔ φ0 is an isomorphism.

Proposition 5.8: Let G be a profinite group. Then Mod(G) has enough injectives,

i.e., for every A ∈ Mod(G), there exists a monomorphism A −→ MA in Mod(G) withp. 126

MA injective.

Proof: Let G0 be the discrete group underlying G. Let A be a discrete G-module; then

obviously A ∈ Mod(G0). It is well known that Mod(G0) has enough injectives (see [M],

p. 93). Let 0 −−−→ A −−−→φ M be an exact sequence in Mod(G0) with M injective in

Mod(G0). Take

MA =
∪
U

MU
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where U runs through all open normal subgroups of G. Clearly MA ∈ Mod(G). Let

a ∈ A, and let U be an open normal subgroup of G such that a ∈ AU . Then φa ∈MU .

Hence φA ⊆MA. Finally MA is injective in Mod(G) because any diagram

0 −−−−−→ B −−−−−→ψ Cyζ
MAy
M

where ψ, ζ are mappings in Mod(G) with ψ a monomorphism, can be completed to a

commutative diagram by a G0-map ξ:C −→M . But since C is a G-module, ξC ⊆MA.p. 127

Proposition 5.9: Let N be a closed normal subgroup of G, and let A be an injective

G-module. Then AN is injective in Mod(G/N).

Proof: Trivial.

Theorem 5.10: Let G be profinite. Then the cohomological functor H(G,−) is efface-

able by the injectives of Mod(G).

Proof: Let A be injective in Mod(G). For every open normal subgroup U of G, AU

is G/U -injective. Hence Hq(G/U,AU ) = 0 if q > 0 (see [M], p. 92). So Hq(G,A) =

lim−→
U

Hq(G/U,AU ) = 0.

Proposition 5.11: Let N ⊆ G be profinite groups. Then H(N,−) is a cohomologicalp. 128

functor on Mod(G) which is effaceable by the injectives of Mod(G).

Proof: It is obvious that H(N,−) is a cohomological functor on Mod(G). Suppose A is

an injective G-module. We shall show that H(N,A) = 0 if q > 0. Since

Hq(N,A) = lim−→
U

Hq(NU/U,AU )

(U open normal subgroup of G), and since AU is G/U -injective, it will suffice to prove

the following lemma.
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Lemma 5.12: If N ⊆ G are discrete groups and Q is an injective G-module, then Q is

injective in Mod(N).

Proof: Consider a diagram

0 −−−−−→ A −−−−−→φ Byψ
Q

in Mod(N), where φ is a monomorphism. We need an N -map ζ:B −→ Q such that

ζφ = ψ.

Construct a new diagramp. 129

0 −−−−−→ ZG⊗ZN A −−−−−→φ̄ ZG⊗ZN Byψ̄
Q

of G-modules and G-maps, where ZG is the group ring over the integers (cf. [M],

p. 104); ZG⊗ZN A and ZG⊗ZN B are considered as G-modules by means of the action

σ(r ⊗ a) = σr ⊗ a, σ ∈ ZG, a ∈ A (or a ∈ B); the G-maps φ̄ and ψ̄ are given by

φ̄(r ⊗ a) = r ⊗ φ(a),

ψ̄(r ⊗ a) = rψ(a), r ∈ ZG, a ∈ A.

Since ZG is free as a rightN -module, φ̄ is again a monomorphism. SinceQ isG-injective,

there exists a G-map ζ̄:ZG ⊗ZN B −→ Q such that ζ̄φ̄ = ψ̄. Define ζ(b) = ζ̄(1 ⊗ b).

This is easily seen to be the desired N -map.

As a first application of the results obtained in this section we prove the followingp. 130

proposition that will be used later.

Proposition 5.13: Let G be a profinite group, A ∈ Mod(G), and σ ∈ G. Let φ:G −→

G be the inner automorphism given by φ(τ) = στσ−1*, and f :A −→ A the group

* Error: should be σ−1τσ

68



homomorphism defined by f(a) = σa. Then φ and f are compatible maps and the

homomorphisms induced in the cohomology

(g, f):Hq(G,A) −→ Hq(G,A)

* are identity maps (q = 0, 1, 2, . . .).

Proof: From the definitions of (g, f) (§4) one immediately sees that

(g, f):H(G,−) −→ H(G,−)

is a morphism of cohomological functors. Hence, by Th. 5.5, it suffices to show that

(g, f):H0(G,−) −→ H0(G,−)

is the identity. But if a ∈ H0(G,A) = AG, then (g, f)(a) = σa = a.p. 131

§6. Special mappings

The inflation.

Let N be a closed normal subgroup of a profinite group G, and let A ∈ Mod(G).

Then G/N operates continuously on AN by (σN)a = σa, σ ∈ G, a ∈ AN ; i.e.,

AN ∈ Mod(G/N). It is clear that the projection G −→ G/N and the inclusion AN −→

A are compatible maps. Hence (see p. 107) for each q they induce homomorphisms

Inf = Inf
G/N
G :Hq(G/N,AN ) −→ Hq(G,A) that we call inflations.

More specifically:p. 132

Inf:H0(G/N,AN ) ≈ AG −→ H0(G,A) ≈ AG

is the identity mapping.

Assume q > 0, x ∈ x̄ ∈ Hq(G/N,AN ), i.e., x: (G/N)q −→ AN (continuous) is a

q-cocycle. Then Inf x̄ has one of its representatives a q-cocycle y:Gq −→ A (continuous)

given by

y(σ1, σ2, . . . , σq) = x(σ1N, σ2N, . . . , σqN).

* Error: g should be φ throughout the proof.
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Proposition 6.1: Let N be a normal closed subgroup of a profinite group G. Let

f :A −→ B be a G-map. Then f induces a G/N -map fN :AN −→ BN , and the diagram

Hq(G/N,AN ) −−−−−−−−→(id .,fN )
Hq(G/N,BN )yInf

yInf
Hq(G,A) −−−−−−−−−−−−→(id .,f)

Hq(G,B)

commutes, i.e., Inf is a morphism of functors Hq(G/N, ∗N ) and Hq(G, ∗) on Mod(G),p. 133

for each q ∈ Z.

Proposition 6.2: If f :G −→ G1 and g:G1 −→ G2 are surjective continuous homo-

morphisms of profinite groups, then

InfG1

G ◦ Inf
G2

G1
= InfG2

G .

Proof: These propositions are consequences of Remark on p. 107.

Proposition 6.3: Let 0−−−→A−−−→i B −−−→j C −−−→ 0 be an exact sequence of G-modules,

and assume 0−−−→AN −−−−→i
N

BN −−−−→j
N

CN −−−→ 0 is again exact. Then

Hq(G/N,CN ) −−−−−→δ Hq+1(G/N,AN )yInf
yInf

Hq(G,C) −−−−−−−−→δ Hq+1(G,A)

commutes for each q.

Proof: This is an easy exercise in diagram chasing.

The restriction.p. 134

Let S be a closed subgroup of the profinite group G. For each A ∈ Mod(G),

AG ⊆ AS . In fact this inclusion defines a morphism

H0(G,−) −→ H0(S,−)

of functors on Mod(G). By Theorems 5.5 and 5.10, this extends to a sequence of

morphisms

Res =
G

Res
S

:Hq(G,−) −→ Hq(S,−), q ≥ 0
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that are called restrictions.

In terms of cochains these maps can be described as follows. Let x ∈ x̄ ∈

Hq(G,A), i.e., let x:Gq −→ A (continuous) be a q-cocycle; then a representative q-

cocycle y:Sq −→ A (continuous) of Res x ∈ Hq(S,A) is given by

y(σ1, σ2, . . . , σq) = x(σ1, σ2, . . . , σq) ∈ A, σ1, σ2, . . . , σq ∈ S.

Notice that if 0 −→ A −→ B −→ C −→ 0 is an exact sequence of G-modules, it is still

exact when considered as a sequence of S-modules. Therefore, by the definition of Res

we obtain a commutative diagramp. 135

···−−−−−→ Hq−1(G,B) −−−−−→δ Hq(G,A) −−−−−→ Hq(G,B) −−−−−→ Hq(G,C) −−−−−→···yRes

yRes

yRes

yRes

···−−−−−→ Hq−1(S,B) −−−−−→δ Hq(S,A) −−−−−→ Hq(S,B) −−−−−→ Hq(S,C) −−−−−→···

with exact rows. (Cf. Theorem 5.5).

Proposition 6.4: Let G ⊇ S ⊇ T be profinite groups. Then

S

Res
T
◦

G

Res
S

=
G

Res
T
.

Proof: By Cor. 5.6, it suffices to show this in dimension 0. If A ∈ Mod(G), it is plain

that

(AG ↪→ AS ↪→ AT ) = (AG ↪→ AT ).

The corestriction.

Let S be any open subgroup of a profinite group G, and let A ∈ Mod(G). Since

S is of finite index, we can define a group homomorphismp. 136

NG|S :A
S −→ AG

by

NG|S(a) =
∑

σa, a ∈ AS , and

71



σ runs through a set of representatives of the left cosets of S in G.

It is easily seen that in fact NG|S is a morphism of H0(S,−) to H0(G,−) as

functors on Mod(G). Hence, by Proposition 5.11 and Theorem 5.5, NG|S extends to a

unique morphism of cohomological functors

Cor = CorSG:H(S,−) −→ H(G,−).

In particular for every A ∈ Mod(G) and every q, we have a natural homomorphism

Cor = CorSG:H
q(S,A) −→ Hq(G,A)

that we call corestriction.

Proposition 6.5: Let G be a profinite group and let T ⊆ S be open subgroups of G.

Then

CorSG ◦Cor
T
S = CorTG .p. 137

Proof: By Cor. 5.6, it suffices to verify this result in dimension 0. If A ∈ Mod(G)

NG|S(NS|Ta) =
∑

τ∈G/S

τ(
∑

σ∈S/T

σa) =
∑

ρ∈G/T

ρa = NG|Ta.

Theorem 6.6: Let S be an open subgroup of a profinite group G. Then

CorSG ◦
G

Res
S

= (G : S) · id,

where id is the identity on H(G,−).

Proof: Since both CorSG ◦Res
G
S and (G : S) · id are endomorphisms of the cohomological

functor H(G,−), it suffices to prove the result on dimension 0 (Cor. 5.6). Let A ∈

Mod(G). Then if a ∈ AG we have

NG|S(a) =
∑

σ∈G/S

σa = (G : S)a

as desired.
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Corollary 6.7: If G is a profinite group and A ∈ Mod(G), then Hq(G,A) is a torsionp. 138

group for q ≥ 1. Moreover the order of any element c ∈ Hq(G,A) divides #G.

Proof: By Corollary 4.2, every element of Hq(G,A) is in the image of Hq(G/U,AU ) for

some open normal subgroup U of G. Hence, we may assume that G is finite and prove

that (G : 1)Hq(G,A) = 0. By the above theorem

(G : 1)Hq(G,A) = Cor1G ◦
G

Res
1
Hq(G,A) = 0

since obviously Hq(1, A) = 0 if q ≥ 1.

If G is a profinite group, A ∈ Mod(G) and p is a prime number, we will denote the

p-primary component of the torsion group Hq(G,A), q ≥ 1, by Hq(G,A)(p). Notice

that

Hq(G,A) =
⨿
p

Hq(G,A)(p).

Corollary 6.8: Let N ⊆ G be profinite groups, and let p be a prime such thatp. 139

p ∤ (G : N). Then the mapping

Res:Hq(G,A) −→ Hq(N,A), q ≥ 1

is injective when restricted to Hq(G,A)(p). If moreover N is open in G, then the

mapping

Cor:Hq(N,A) −→ Hq(G,A)

is a surjection of Hq(N,A)(p) onto Hq(G,A)(p).

Proof: It is clear that

N =
∩
V = lim←−V

where V runs through the set V of all open subgroups containing N . Therefore, by

Proposition 4.1,

Hq(N,A) = lim−→Hq(V,A).
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Notice that the canonical map Hq(V,A) −→ Hq(N,A) is precisely the restriction map.

For each V ∈ V we have a commutative diagram (see Prop. 6.4).p. 140

Hq(N,A)←−−−−−−−−−−−−−Res3 Hq(V,A)

Z
Z

ZZ}
Res1

�
�

��>
Res2

Hq(G,A)(p)

Suppose Res1(c) = 0, c ∈ Hq(G,A)(p). Then there exists some V ∈ V such that

Res2(c) = 0. So, by Theorem 6.6,

0 = Cor2 ◦Res
2
(c) = (G : V ) · c;

and hence c = 0, since
(
(G : V ), p

)
= 1. Thus Res1 is injective. Assume now that N is

open in G. Again by Theorem 6.6,

CorNG ◦
G

Res
N

:Hq(G,A)(p) −→ Hq(G,A)(p)

is a multiplication by (G : N). However since p ∤ (G : N), multiplication by (G : N) is

an automorphism of Hq(G,A)(p). Thus, the injectivity of ResGN on Hq(G,A)(p) implies

* the surjectivity of

CorNG :Hq(N,A)(p) −→ Hq(G,A)(p).

This corollary can be applied in particular to the p-Sylow groups ofG. Specifically,p. 141

we get

Corollary 6.9: Let G be a profinite group, p a prime number and Gp a p-Sylow

groups of G. Let A ∈ Mod(G). Then

Res:Hq(G,A)(p) −→ Hq(Gp, A), q ≥ 1.

is an injection. If (G : Gp) <∞,

Cor:Hq(Gp, A)(p) −→ Hq(G,A)(p)

is a surjection.

* Error: instead of ‘implies’ should be ‘and’
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Corollary 6.10: Let G, Gp and A be as above. If Hq(Gp, A) = 0 for every prime p

(and a fixed q ≥ 1), then Hq(G,A) = 0.

Proof: By Cor. 6.9, Hq(G,A)(p) = 0 for each p. Thus

Hq(G,A) =
⨿
p

Hq(G,A)(p) = 0.

§7. Induced modulesp. 142

Let S ⊆ G be profinite groups. For A ∈ Mod(S) set

MS
G(A) = {f :G −→ A| f continuous, f(στ) = σf(τ), σ ∈ S, τ ∈ G}.

We define an action of G on MS
G(A) by

(σf)(τ) = f(τσ), σ, τ ∈ G, f ∈MS
G(A).

Proposition 7.1: The action defined above is continuous, i.e., MS
G(A) ∈ Mod(G).

Proof: Let f ∈ MS
G(A) and let Uf = {σ ∈ G| σf = f}. We will show that Uf is open.

For each σ ∈ G choose an open normal subgroup Uσ of G such that σUσ ⊆ f−1(f(σ)).

By compactness there exist a finite number of points σ1σ2, . . . , σn such that

G =
n∪
i=1

σiUσi
.

Put U =
∩n
i=1 Uσi

. Then, σ ∈ G⇒ σU ⊆ f−1(f(σ)). So, σ ∈ G, u ∈ U ⇒ (uf)(σ) =p. 143

f(σu) = f(σ). Hence U ⊆ Uf . Thus Uf is open.

The G-module MS
G(A) is called an induced module. It is easy to see that MS

G(A)

is an additive functor from Mod(S) to Mod(G).

Proposition 7.2: MS
G(A) is an exact functor.

Proof: Let

0−−−→A−−−→i B −−−→j C −−−→ 0
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an exact sequence in Mod(S). A standard reasoning shows that the corresponding

sequence

0−−−→MS
G(A)−−−→

ī MS
G(B)−−−→j̄ MS

G(C)−−−→ 0

is exact at MS
G(A) and MS

G(B). We shall prove that j̄ is surjective. Let f ∈ MS
G(C).

Say f(G) = {c1, c2, . . . , cn} ⊆ C. Let bi ∈ B be such that jbi = ci, i = 1, 2, . . . , n. Forp. 144

each i consider the open subgroup of S,

Vi = {τ ∈ S| τbi = bi};

put V =
∩n
i=1 Vi. Let U1 be an open normal subgroup of G such that U1∩S ⊆ V . Since

f is continuous we can find an open normal subgroup U2 of G such that u ∈ U2, σ ∈

G⇒ f(σu) = f(σ) (see proof of Prop. 7.1). Let U = U1 ∩ U2; then (G : SU) <∞, say

G =
∪t
i=1 SUσi. For each i = 1, 2, . . . , t let b̄i ∈ {b1, b2, . . . , bn} be such that jb̄i = f(σi).

Define g:G −→ B by

g(τuσi) = τ b̄i, τ ∈ S, u ∈ U.

Then g is well defined. It is continuous since u ∈ U, σ ∈ G ⇒ g(uσ) = g(σ), so that

Uσ ⊆ g−1(g(σ)). Finally, g is S-linear since

µ ∈ S, σ = τµσi ∈ G⇒ g(µσ) = g(µτuσi) = (µτ)b̄i = µ(τ b̄i) = µg(σ), u ∈ U, τ ∈ S.

Thus g ∈MS
G(B). It is plain that j̄g = j ◦ g = f .

Given S ⊆ G and A ∈ Mod(S), there exists a canonical S-epimorphism

π:MS
G(A) −→ Ap. 145

given by

π(f) = f(1), f ∈MS
G(A).

Proposition 7.3: MS
G(A) sends injectives into injectives.

Proof: Let Q be an injective S-module. Let i:A −→ B be a monomorphism of G-

modules, and let φ:A −→MS
G(Q) be a G-map.

0 −−−−−−→ A −−−−−−−→i Byφ �
�

�	

φ̄ y¯̄φ
MS
G(Q) −−−−−→π Q
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Then π ◦ φ is an S-map. Let ¯̄φ:B −→ Q be an S-map such that ¯̄φ ◦ i = π ◦ φ. Define

φ̄:B −→MS
G(Q) by

φ̄b(σ) = ¯̄φ(σb), b ∈ B, σ ∈ G.

Then φ̄ is a G-map into MS
G(Q) and φ̄ ◦ i = φ.

Theorem 7.4 (Lemma of Shapiro): Let S ⊆ G be profinite groups, and let A ∈

Mod(S). Then there exist natural isomorphisms

Hq(G,MS
G(A)) ≈ Hq(S,A), q ≥ 0.

Proof: Consider the cohomological functors Hq(S,−) and Hq(G,−) ◦MS
G on Mod(S).

By Prop. 7.3 and Theorem 5.10 they are both effaceable by the injectives of Mod(S)

Hence by Cor. 5.7 it is enough to show the existence of a natural isomorphism in

dimension 0. Consider the composition

MS
G(A)

G = H0(G,MS
G(A))−−−−−→

Res MS
G(A)

S = H0(S,MS
G(A))−−−→

π̄ AS

where π̄ is induced by π (see p. 145). This obviously is an isomorphism of the functors

MS
G(−)G and IdS .

Corollary 7.5: Let G be a profinite group, A an abelian group, and MG(A) =

M1
G(A). Then H

q(G,MG(A)) = 0 if q > 0.

Proof: Hq(G,MG(A)) ≈ Hq(1, A) = 0, q > 0.
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CHAPTER IIIp. 147

SPECTRAL SEQUENCES AND CUP PRODUCTS

In this chapter we give a self-contained presentation of the theory of spectral

sequences in a fairly general setting. The main objective is to obtain the spectral

sequence of Lyndon-Hochschild-Serre (Th. 5.3) that we will use rather frequently in

Chapters IV and V. In sections 6 and 7 we study another important tool, the cup

product.

§1. Spectral Sequences

In this section R will denote an arbitrary ring.

Definition 1.1: A bigraded module E is a family E = (Ep,q), p, q ∈ Z, of R-modules.

A differential d of E of bidegree (r,−r + 1) is a family of R-homomorphisms

d:Ep,q −→ Ep+r,q−r+1p. 148

such that d ◦ d = 0.

Definition 1.2: A spectral sequence consists of a sequence E = {E1, E2, E3, . . .}, of

bigraded modules Er = (Ep,qr ), p, q ∈ Z, with differentials dr:Er −→ Er of bidegree

(r,−r + 1), such that

Ep,qr+1 ≈ Ker(dr:E
p,q
r −→ Ep+r,q−r+1

r )/drE
p−r,q+r−1
r .

The bigraded module E2 is called the initial term of the spectral sequence. The bigraded

module E1 is often omitted.

It is sometimes convenient to think of the modules Ep,qr of a spectral sequence as

arranged in layers of points.

(picture missing) !!

Lemma 1.3: Each Ep,qr is a subquotient of Ep,q2 , i.e., there exist submodules L ⊆M ofp. 149

Ep,q2 such that Ep,qr ≈M/L. Moreover, for each p, q ∈ Z there exists a tower of modules

0 = Bp,q2 ⊆ Bp,q3 ⊆ Bp,q4 ⊆ · · ·Cp,q4 ⊆ Cp,q3 ⊆ Cp,q2 = Ep,q2
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such that Ep,qr = Cp,qr /Bp,qr .

Proof: It suffices to prove the second statement. Set Bp,q2 = 0 and Cp,q2 = Ep,q2 , p, q ∈ Z;

then Ep,q2 = Cp,q2 /Bp,q2 . Define inductively

Bp,qr+1/B
p,q
r = Im

(
Ep−r,q+r−1
r = Cp−r,q+r−1

r /Bp−r,q+r−1
r

dr−→Ep,qr = Cp,qr /Bp,qr
)

Cp,qr+1/B
p,q
r = Ker

(
Ep,qr = Cp,qr /Bp,qr

dr−→Ep+r,q−r+1
r = Cp+r,q−r+1

r /Bp+r,q−r+1
r

)
;

then

Bp,q2 ⊆ Bp,qr ⊆ Cp,qr+1 ⊆ Cp,qr ⊆ Cp,q2 ,

and

Ep,qr+1 ≈ C
p,q
r+1/B

p,q
r

/
Bp,qr+1/B

p,q
r ≈ Cp,qr+1/B

p,q
r+1.p. 150

Definition 1.4: Let Cp,qr , Bp,qr be as in Lemma 1.3. Define

Cp,q∞ =
∩
r

Cp,qr , Bp,q∞ =
∪
r

Bp,qr and Ep,q∞ = Cp,q∞ /Bp,q∞ .

The bigraded module E∞ = (Ep,q∞ ), p, q ∈ Z, is completely determined by the

spectral sequence. We shall think of the terms Er of the spectral sequence as approxi-

mating E∞.

Definition 1.5: (i) A filtered module A with filtration F consists of an R-module A

together with a family of submodules FnA of A, n ∈ Z, such that

A ⊇ · · · ⊇ FnA ⊇ Fn+1A ⊇ · · · .

To each filtered module A we associate a grading in the following mannerp. 151

GpA = F pA/F p+1A, p ∈ Z.

(ii) A filtered (single) graded module with filtration F , consists of a family H =

(Hn) n ∈ Z, of filtered modules Hn.

Definition 1.6: A spectral sequence E = (Er) is said to converge to the filtered graded

module H = (Hn) with filtration F if

Ep,q∞ ≈ GpHp+q = F pHp+q/F p+1Hp+q

We indicate this situation by Ep,q2 ⇒ Hn, or by E ⇒ H.
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§2. Positive spectral sequences

Definition 2.1: A first quadrant or positive spectral sequence is one with Ep,q2 = 0 for

p < 0 or q < 0.

It is clear that if E is a positive spectral sequence then Ep,qr = 0 for r ≥ 2 andp. 152

p < 0 or q < 0.

From now on we will assume that all spectral sequences are positive.

If E is a spectral sequence and Ep,q2 ⇒ Hn, where H = (Hn) has filtration

F , we will assume that for each n ∈ Z,

∪
p

F pHn = Hn, and
∩
p

F pHn = 0.

Proposition 2.2: Let E be a positive spectral sequence converging to H. Then

(1) Ep,qr = Ep,q∞ if r > max(p, q + 1),

(2) Hn = 0 if n < 0,

(3) F pHn = 0 if p > n,

(4) Hn if p ≤ 0.

Proof: (1) Ep−r,q+r−1
r −−−−→dr Ep,qr −−−−→dr Ep+r,q−r+1

r . If r > p, Ep−r,q+r−1
r = 0; if

r > q + 1, Ep+r,q−r+1
r = 0, So, r > max(p, q + 1) ⇒ Cp,qr = Cp,qr+1 = · · ·, andp. 153

Bp,qr = Bp,qr+1 = · · · (see Lemma 1.3) ⇒ Ep,qr = Ep,qr+1 = · · · = Ep,q∞ .

(2) p + q = n < 0 ⇒ p < 0 or q < 0 ⇒ F pHn/F p+1Hn ≈ Ep,q∞ = Ep,q2 =

0, p ∈ Z, ⇒ F pHn = F p+1Hn, p ∈ Z ⇒ F pHn = 0 (since
∩
p F

pHn = 0) ⇒ Hn =∪
p F

pHn = 0.

(3) Let p+ q = n < 0. Then Ep,q∞ ≈ F pHn/F p+1Hn. Now,

p < 0 or q < 0⇒ Ep,q∞ = 0⇒ F pHn = F p+1Hn.

So, · · · = F−2Hn = F−1HnF 0Hn and Fn+1Hn = Fn+2Hn = Fn+2Hn = · · ·. Thus

Hn = F 0Hn and Fn+1Hn = 0.
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Proposition 2.3: For each n there is a sequence

En,0∞
i

>−→Hn j−→→ E0,n
∞

where i is an injection and j is a surjection. The sequence is exact if n = 1.p. 154

Proof: ??Diagram

From the diagram it is clear that

En,0∞
≈−→FnHn>−→Hn−→→ Hn/F 1Hn ≈−→E0,n

∞ ,

and so En,0∞
i

>−→Hn j−→→ E0,n
∞ . Im(i) = FnHn ⊆ F 1Hn = Ker(j), so ji = 0. If n = 1,

Im(i) = Ker(j), so the sequence is exact.

The base terms.

The terms of the form Ep,0r are called base terms.

Proposition 2.4: There exist epimorphismsp. 155

Ep,02 −→→ Ep,03 −→→ · · ·−→→ Ep,0p+1
≈−→Ep,0∞ .

Proof: The last arrow is an isomorphism by Prop. 2.2. Since Ep,03 ≈ Ker d2/ Im d2 =

Ep,02 / Im d2, we have a surjection Ep,02 −→→ Ep,03 . One obtains the other maps in a similar

way.

Definition 2.5: Each of the maps of Proposition 2.4 and the map Ep,02 −→→ Ep,0∞ >−→Hp

obtained by combining the maps of Proposition 2.3 and 2.4, are called edge homomor-

phisms on the base, and will be denoted by eB .

The fiber terms.

The terms of the form E0,q
r are called the fiber terms.

Proposition 2.6: There exist monomorphismsp. 156

E0,q
2 ←<E

0,q
3 ←< · · ·←<E

0,q
q+2

≈←−E0,q
∞ .

Proof: The last arrow is an isomorphism by Prop. 2.2. Since E0,q
3 ≈ Ker d2/ Im d2 =

Ker d2, we have an injection E0,q
3 >−→E0,q

2 . The other injections are obtained similarly.
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Definition 2.7: Each of the maps of the Proposition 2.6 and the map Hq−→→ E0,q
∞

>−→E0,q
2 obtained by combining the maps of Proposition 2.3 and 2.6, are called edge

homomorphisms on the fiber, and will be denoted by eF .

Definition 2.8: For n ≥ 1, the homomorphism dr:E
0,n
n+1 −→ En+1,0

n+1 is called the trans-

gression.

For a fixed n ≥ 1, we will say that the spectral sequence E satisfies ∗(n) if

Ep,q2 = 0 when 1 ≤ q ≤ n− 1 and p+ q = n

or when 1 ≤ q ≤ n− 1 and p+ q = n+ 1

Note that condition ∗(1) is vacuous.p. 157

Proposition 2.9: Under the condition ∗(n)

(1) the monomorphism eF :E
0,n
n+1 −→ E0,n

2 is an isomorphism;

(1) the epimorphism eB :E
n+1,0
2 −→ En+1,0

n+1 is an isomorphism.

Proof: (1) Er,n−r+1
r = 0 if r ̸= n + 1. So Ker(dr:E

0,n
r −→ Er,n−r+1

r ) = E0,n
r if

r ̸= n+ 1. Therefore E0,n
2 ≈ E0,n

3 ≈ · · · ≈ E0,n
n+1.

(2) En−r+1,r−1
r = 0 if r ̸= n + 1. So Im(dr:E

n−r+1,r−1
r −→ En+1,0

r ) = 0.

Therefore, En+1,0
2 ≈ En+1,0

3 ≈ · · · ≈ En+1,0
n+1 .

By the above Proposition, we can define a map

E0,n
2 −−−−−→

e−1
F E0,n

n+1 −−−−→
dr En+1,0

n+1 −−−−−→
e−1
B En+1,0

2

if condition ∗(n) is satisfied. This homomorphism will also be called transgression andp. 158

denoted tr.

Theorem 2.10: Let E = (Ep,qr ) be a positive spectral sequence converging to H =

(Hn), and satisfying condition ∗(n). Then there exists a five term exact sequence

0−−−→En,02 −−−−→eB Hn −−−−→eF E0,n
2 −−−−→tr En+1,0

2 −−−−→eB Hn+1.

Proof: First notice that

Ker(Ep,0r
eB−→Ep,0r+1) = Im(Ep−r,r−1

r
dr−→Ep,0r ) (1)

Im(E0,q
r+1

eF−→E0,q
r ) = Ker(E0,q

r
dr−→Er,q−r+1

r ) (2)
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We now prove the exactness at each point.

I. Exactness at En,02 : It is enough to prove that each En,0r −→ En,0r+1 is an injection,

(r = 2, 3, . . . , n). But this follows from (1) since Ep−r,r−1 = 0, (r = 2, 3, . . . , n).

II. Exactness at Hn:

Im eB = Im(En,02 −→ Hn) = Im(En,0∞ −→ Hn) = FnHn;p. 159

and

Ker eF = Ker(Hn −→ E0,0
2 ) = Ker(Hn −→ E0,0

∞ ) = F 1Hn.

But, by condition ∗(n),

n = p+ q, 1 ≤ p ≤ n− 1⇒ 0 = Ep,q∞ = F pHn/F p+1Hn ⇒ F pHn = F p+1Hn.

Hence F 1Hn = FnHn. Thus Im eB = Ker eF .

III. Exactness at E0,n
2 : By Proposition 2.9 and the definition of tr we have

Im eF = Im(Hn −→ E0,n
n+1) = Im(E0,n

n+2 −→ E0,n
n+1)

and

Ker tr = Ker(E0,n
n+1 −→ En+1,0

n+1 ).

Thus Im eF = Ker tr.

IV. Exactness at En+1,0
2 : Analogously,p. 160

Im tr = Im(E0,n
n+1 −→ En+1,0

n+1 ),

and

Ker eB = Ker(En+1,0
n+1 −→ Hn+1) = Ker(En+1,0

n+1 −→ En+1,0
n+1 ).

Thus Im tr = Ker eB .

Remarks: 1) Since condition ∗(1) is vacuous, there always exists a five term exact

sequence

0−−−→E1,0
2 −−−−→

eB H1 −−−−→eF E0,1
2 −−−−→

tr E2,0
2 −−−−→

eB H2.

2) Condition ∗(n) is satisfied if, for instance, Ep,q2 = 0 for 1 ≤ q ≤ n− 1.
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§3. Spectral sequence of a filtrationp. 161

Let

X = (X, ∂) = · · · −→ Xn−1 ∂−→Xn −→ Xn+1 −→ · · ·

be a complex of R-modules. We say that X is filtered if each Xn has a filtration F

compatible with the ∂, i.e., for each p, ∂F pXn ⊆ F pXn+1.

Assume that X is a filtered complex.

Xn−1 ⊇ · · · ⊇ F pXn−1 ⊇ · · ·
↓ ↓
Xn ⊇ · · · ⊇ F pXn ⊇ · · ·
↓ ↓
Xn+1 ⊇ · · · ⊇ F pXn+1 ⊇ · · ·

Let p+ q = n and r ∈ Z. Set

Zp,qr = {a ∈ F pXn| ∂a ∈ F p+rXn+1},

Bp,qr = ∂Zp−r+1,q+r−2
r−1 = ∂F p−r+1Xn−1 ∩ F pXn

and

Ep,qr = Zp,qr /(Bp,qr + Zp+1,q−1
r−1 ). (1)p. 162

Since

∂Zp,qr ⊆ Zp+r,q−r+1
r ,

and

∂(Bp,qr + Zp+1,q−1
r−1 ) = ∂Zp+1,q−1

r−1 = Bp+r,q−r+1
r ,

we have that the map ∂ induces homomorphisms

dr:E
p,q
r −→ Ep+r,q−r+1

r , (2)

with dr ◦ dr = 0.

Moreover, one easily checks that

Ker(Ep,qr
dr−→Ep+r,q−r+1

r ) = (Zp,qr+1 + Zp+1,q−1
r−1 )/(Bp,qr + Zp+1,q−1

r−1 ),

and

Im(Ep−r,q+r−1
r

dr−→Ep,qr ) = (Bp,qr+1 + Zp+1,q−1
r−1 )/(Bp,qr + Zp+1,q−1

r−1 ).p. 163
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Hence

Ker dr/ Im dr ≈ (Zp,qr+1 + Zp+1,q−1
r−1 )/(Bp,qr+1 + Zp+1,q−1

r−1 ) ≈

Zp,qr+1/(B
p,q
r+1 + Zp+1,q−1

r−1 ) ≈ Ep,qr+1.

Thus we have proved the first part of the following

Theorem 3.1: Let (X, ∂) be a filtered complex. Then

(i) There exists a spectral sequence E, where Ep,qr is given by (1).

(ii) Assume, in addition that the filtration F of (X, ∂) is bounded, i.e., for each n

there are integers s = s(n) < t = t(n) with F sXn = Xn and F tXn = 0. Then

E converges to the graded module H(X) (the cohomology groups of X) with a

suitable filtration.

Proof: (ii) Consider the filtration ofHn(X) induced by F , i.e., F p
(
Hn(X)

)
is the imagep. 164

of Hn(F pX) under the injection F pX −→ X. To describe F pHn(X)/F p+1Hn(X),

write
Zp,q∞ = {a ∈ F pXn| ∂a = 0}, and

Bp,q∞ = ∂Xn−1 ∩ F pXn (p+ q = n).

Then,

F pHn(X) ≈ (Zp,q∞ + ∂Xn−1)/∂Xn−1.

So

F pHn(X)/F p+1Hn(X) ≈ (Zp,q∞ + ∂Xn−1)/(Zp+1,q−1
∞ + ∂Xn−1) ≈

Zp,q∞ /[(Zp+1,q−1
∞ + ∂Xn−1) ∩ Zp,q∞ ] ≈ Zp,q∞ /(Zp+1,q−1

∞ +Bp,q∞ ),

by Noether isomorphism theorem.

Since the filtration of (X, ∂) is bounded, it is clear that

Zp,qr ≈ Zp,q∞

and

Bp,qr ≈ Bp,q∞p. 165
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for r large enough. Hence

F pHn(X)/F p+1Hn(X) ≈ Ep,qr

for r large enough.

Finally, it is immediate that the boundedness of the filtration of (X, ∂) implies

that Ep,qr ≈ Ep,q∞ for r large enough. Thus E ⇒ H(X).

§4. The spectral sequence of a double complex

A double complex is a family K = (Kp,q), p, q ∈ Z of R-modules together with differ-

entials

∂′:Kp,q −→ Kp+1,q, ∂′′:Kp,q −→ Kp,q+1,

such that ∂′∂′ = 0, ∂′′∂′′ = 0 and ∂′∂′′ + ∂′′∂′ = 0.

(picture missing)p. 166

From K we define a complex (X, ∂) = X = Tot(K), the total complex of K, by

Xn =
⨿
p+q=nK

p,q and where ∂:Xn −→ Xn+1 is ∂ = ∂′+∂′′. Then (X, ∂) is obviously

a complex, for

∂∂ = ∂′∂′ + ∂′∂′′ + ∂′′∂′ + ∂′′∂′′ = 0.

Now we will use the fact thatX is defined from a double complex to obtain in a canonical

way two filtrations of X.

The first filtration ′F of X is given by

′F
p
Xn =

⨿
x+y=n
x≥p

Kx,y.

The second filtration ′′F of X is defined byp. 167

′′F
q
Xn =

⨿
x+y=n
y≥q

Kx,y.

Using these filtrations we can construct corresponding spectral sequences ′E =

(′E
p,q
r ) and ′′E = (′′E

p,q
r ) called the first and second spectral sequences of the double
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complex K (see §3). Now assume the double complex K is positive, i.e., Kp,q = 0 if

p < 0 or q < 0. Then both the first and second filtration are bounded. In fact

Xn = ′F
0
Xn ⊇ ′F

1
Xn ⊇ · · · ⊇ ′F

n+1
Xn = 0

and

Xn = ′′F
0
Xn ⊇ ′′F

1
Xn ⊇ · · · ⊇ ′′F

n+1
Xn = 0.

So, according to Theorem 3.1 there exist corresponding spectral sequences ′E = (′E
p,q
r )

and ′′E = (′′E
p,q
r ) (the first and the second spectral sequences of K) converging both of

them to H(X) with the induced filtrations. Now we wish to specify what the Ep,q1 andp. 168

Ep,q2 terms of these spectral sequences are. We have

′Z
p,q
1 = {a ∈ ′F

p
Xn| ∂a ∈ ′F

p+1
Xn+1} ≈ Ker(Kp,q ∂

′′

−→Kp,q+1)⊕ ′F
p+1

Xn;

′B
p,q
1 + ′Z

p+1,q−1
1 ≈ ∂′F pXn−1 + ′F

p+1
Xn ≈ Im(Kp,q−1 ∂′′

−→Kp,q)⊕ ′F
p+1

Xn;

hence

′E
p,q
1 ≈ Ker(Kp,q ∂

′′

−→Kp,q+1)/ Im(Kp,q−1 ∂′′

−→Kp,q) ≈

Hq(· · ·Kp,q−1 −→ Kp,q −→ Kp,q+1 −→ · · ·) ≈ Hq(Kp,·)

The mapping d1:
′E
p,q
1 −→ Ep+1,q

1 is induced by ∂′, so that

′′E
p,q
2 ≈ Hp(Hq(Ki,·), ∂′) = ′H

p
(′′H

q
(K)),

where ′′H indicates that we are taking the homology of a vertical complex Ki,·, and ′Hp. 169

that we are taking the homology of the horizontal complex of homology groups induced

by ∂′.

In a similar manner we obtain for the second spectral sequence

′′E
p,q
1 ≈ Hq(· · ·Kq−1,p −→ Kq,p −→ Kq+1,p −→ · · ·) ≈ Hq(K ·,p),

and

′′E
p,q
2 ≈ Hp(Hq(K ·,i), ∂′′) = ′′H

p
(′H

q
(K)).

We collect our results in the following
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Theorem 4.1: Let K = (Kp,q) be a positive double complex. Then there is a “first

spectral sequence” ′E = (′E
p,q
r ) canonically associated to K such that

i) ′E
p,q
2 ≈ ′H

p
(′′H

q
(K)),

ii) ′E
p,q
2 ⇒ Hn(TotK);

and there is a “second spectral sequence” ′′E = (′′E
p,q
r ) canonically associated to Kp. 170

such that

i) ′′E
p,q
2 ≈ ′′H

p
(′H

q
(K)),

ii) ′′E
p,q
2 ⇒ Hn(TotK).

§5. The Lyndon-Hochschild-Serre spectral sequence

Now we wish to apply our results on spectral sequences to a concrete case, namely

profinite groups.

Let G be a profinite group, N a closed normal subgroup of G and let A ∈ Mod(G).

We recall that Hq(G,A) is defined as the q-th cohomology group of the chain complex(
C(G,A), ∂

)
of homogeneous cochains (cf. §1, Ch. II). Now define

CqN (G,A) = {x:Gq+1 −→ A| x continuous, x(σσ0, . . . , σσq) = σx(σ0, . . . , σq),

σ ∈ N, σ0, . . . , σq ∈ G},

and define

∂:CqN (G,A) −→ Cq+1
N (G,A)

by

∂x(σ0, . . . , σq+1) =

q+1∑
i=0

(−1)ix(σ0, . . . , σ̂i, . . . , σq+1).
p. 171

Then ∂ ◦ ∂ = 0, so that
(
CqN (G,A), ∂

)
is a complex.

Lemma 5.1: Hq(N,A) ≈ Hq
(
CqN (G,A), ∂

)
.

Proof: By Theorem 7.4, Ch. II, it suffices to show that there are morphisms of complexes

(
CN (G,A), ∂

) Φ−→←−
Ψ

(
C(G,MN

G (A)), ∂
)

88



such that Φ◦Ψ and Ψ◦Φ are identity maps (i.e., that the two complexes are isomorphic).

Define
(Φx)(σ0, . . . , σq)(σ) = x(σσ0, . . . , σσq);

(Ψy)(σ0, . . . , σq) = y(σ0, . . . , σq)(1).

Then it is easily checked that Φ,Ψ are inverse isomorphisms.

We consider each CqN (G,A) as a G/N -module by means of the following actionp. 172

of G/N on CqN (G,A). Let

σ ∈ G and x ∈ CqN (G,A)

then

xσ:Gq+1 −→ A

is defined by

xσ(σ0, . . . , σq) = σx(σ−1σ0, . . . , σ
−1σq).

It is easily seen that xσ ∈ CqN (G,A) and that CqN (G,A) ∈ Mod(G/N) under this action.

Moreover since

∂xσ = (∂x)σ

the groups Hq
N (G,A) are also G/N -modules.

Remark: In terms of non-homogeneous cochains the action of G/N on Hq(N,A) is

given by

xσ(σ1, . . . , σq) = σx(σ−1σ1σ, . . . , σ
−1σqσ).p. 173

Now, define a double complex
(
Kp,q, ∂′, ∂′′

)
by

Kp,q = Cp
(
G/N,CqN (G,A)

)
and where

∂′:Cp
(
G/N,CqN (G,A)

)
−→ Cp+1

(
G/N,CqN (G,A)

)
is induced by

∂:Cp(G/N,−) −→ Cp+1(G/N,−)
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and

∂′′:Cp
(
G/N,CqN (G,A)

)
−→ Cp

(
G/N,Cq+1

N (G,A)
)

is induced by

(−1)p∂:CqN (G,−) −→ Cq+1
N (G,−).

Clearly ∂′ ◦ ∂′ = 0, ∂′′ ◦ ∂′′ = 0 and ∂′ ◦ ∂′ + ∂′′ ◦ ∂′′ = 0.p. 174

Lemma 5.2: Hq
(
G/N,CpN (G,A)

)
= 0 if q > 0.

Proof: Consider x ∈ Cq
(
G/N,CpN (G,A)

)
with ∂x = 0. We shall construct y ∈

Cq−1
(
G/N,CpN (G,A)

)
with ∂y = x. If σ ∈ G, denote by σ̄ its corresponding coset

in G/N . Define

y(σ̄0, . . . , σ̄q−1)(τ0, . . . , τp) = x(σ̄0, . . . , σ̄q−1, τ̄0)(τ0, . . . , τp), σi, τj ∈ G.

Since ∂x = 0, by expanding ∂x(σ̄0, . . . , σ̄q, τ̄0) one immediately sees that ∂y = x.

Theorem 5.3 (Lyndon-Hochschild-Serre): Let N be a normal closed subgroup of a

profinite group G, and let A ∈ Mod(G). Then there exists a spectral sequence E =

(Ep,qr ) such that

Ep,q2 ≈ Hp
(
G/N,Hq(N,A)

)
andp. 175

Ep,q2 ⇒ Hn(G,A).

Proof: We shall show that E is the first spectral sequence of the double complex

Kp,q =
(
Cp
(
G/N,CqN (G,A)

)
, ∂′, ∂′′

)
.

We will make use of the second spectral sequence of this double complex to show that

E converges to Hn(G,A).

Using the results in §4 we have

′E
p,q
1 ≈ Hq(Kp,·) = Hq

(
Cp
(
G/N,C ·

N (G,A)
)
, ∂′′
)
.

And since Cp
(
G/N,−

)
is an exact functor, we obtain

′E
p,q
1 ≈ Cp

(
G/N,Hq(N,A)

)
.
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From this we get

′E
p,q
2 ≈ Hp

(
G/N,Hq(N,A)

)
.p. 176

This spectral sequence converges to Hn(TotK) as we saw in Theorem 4.1. To

compute Hn(TotK), we consider the second spectral sequence of K. We have

′′E
p,q
1 ≈ Hq(K ·,p) = Hq

(
G/N,CpN (G,A)

)
.

By Lemma 5.2, ′′E
p,q
1 = 0 for q > 0. Hence the the second spectral sequence of K

collapses, i.e., ′′E
p,q
r = 0 for q > 0 and 1 ≤ r ≤ ∞. Since

′′F
p
Hn(TotK)/′′F

p+1
Hn(TotK) = ′′E

p,q
∞ = 0

if p+ q = n, q > 0, we have

′′E
n,0
∞ ≈ ′′F

n
Hn(TotK) ≈ ′′F

n−1
Hn(TotK) ≈ · · · ≈ Hn(TotK).

On the other hand ′′E
n,0
2 ≈ ′′E

n,0
∞ . Thus

Hn(TotK) ≈ ′′E
n,0
2 ≈Hn

(
H0(K ·,i), ∂′′

)
≈ Hn

(
H0
(
G/N,C ·

N (G,A)
)
, ∂′′
)
≈

Hn
(
C ·
N (G,A)G/N , ∂

)
≈ Hn

(
C ·(G,A), ∂

)
≈ Hn(G,A).p. 177

Corollary 5.4: Let G, N and A be as above. Assume Hq(N,A) = 0 for 0 < q < n.

Then we obtain a 5-term exact sequence

0 −→ Hn(G/N,AN )
Inf−→Hn(G,A)

Res−→Hn(N,A)G/N
tr−→

Hn+1(G/N,AN )
Inf−→Hn+1(G,A).

Proof: It follows from Theorem 2.10 applied to Lyndon-Hochschild-Serre spectral se-

quence.

Corollary 5.5: Let N be a normal closed subgroup of a profinite group G, and

A ∈ Mod(G). Assume
(
#N, (G : N)

)
= 1. Then, for each n ≥ 1 there exists a split

exact sequence

0 −→ Hn(G/N,AN ) −→ Hn(G,A) −→ Hn(N,A)G/N −→ 0.
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Proof: Let #N = h, (G : N) = t. Then by Cor. 6.7, Ch. II, hEp,q2 = t Ep,q2 = 0,p. 178

p, q > 0 where Ep,q2 is as in Theorem 5.3. But, the condition of Theorem 2.10 being

satisfied, we obtain, for each n, an exact sequence as in Cor. 5.4. However in this case

each transgression map tr is zero if n ≥ 1. For clearly h · Im(tr) = 0 since Im(tr) is the

homomorphic image of Hn(N,A)G/N , and t · Im(tr) = 0 since Im(tr) is a subgroup of

Hn+1(N,A)G/N ; and so Im(tr) = 0. Thus we obtain a short exact sequence

0 −→ Hn(G/N,AN ) −→ Hn(G,A) −→ Hn(N,A)G/N −→ 0.

This sequence splits since t ·Hn(G/N,AN ) = 0, h ·Hn(G/N,AN ) = 0 and (t, h) = 1.

§6. Cup products

Let G be a profinite group and A,B ∈ Mod(G). Consider the tensor product over the

integers A⊗Z B, and define an action of G on A⊗Z B by σ(a⊗ b) = σa ⊗ σb. Underp. 179

this action A⊗Z B becomes a discrete G-module, for obviously

A⊗Z B =
∪
U

(A⊗Z B)U ,

where U runs through the set of all open subgroups of G.

For the remainder of this chapter we write A⊗B instead of A⊗Z B.

Definition and Theorem 6.1: Let G be a profinite group. Then there is a unique

family of Z-linear maps, called cup-products,

Hp(G,A)×Hq(G,B) −→ Hp+q(G,A⊗B),

denoted (a, b) 7→ a ∪ b, defined for every pair (p, q) of non-negative integers and every

pair of discrete G-modules A,B, satisfying the following properties:

(i) These maps are morphisms of functors when we consider both members as co-p. 180

variant bifunctors on (A,B);

(ii) For p = q = 0, the map

AG ×BG −→ (A⊗B)G
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is given by (a, b) 7→ a⊗ b ;

(iii) Let B ∈ Mod(G). If

0 −→ A −→ A′ −→ A′′ −→ 0

is an exact sequence in Mod(G) and if

0 −→ A⊗B −→ A′ ⊗B −→ A′′ ⊗B −→ 0

is also exact, then the diagram

Hp(G,A′′)×Hq(G,B) −−−−−→(δ,1)
Hp+1(G,A)×Hq(G,B)y∪

y∪
Hp+q(G,A′′ ⊗B) −−−−−−−−−−→δ Hp+q+1(G,A⊗B)p. 181

commutes, where δ denotes the connecting homomorphism corresponding to the

above exact sequence; i.e., if a′′ ∈ Hp(G,A′′) and b ∈ Hq(G,B) then

δ(a′′ ∪ b) = δa′′ ∪ b;

(iv) Let A ∈ Mod(G). If

0 −→ B −→ B′ −→ B′′ −→ 0

is an exact sequence in Mod(G) and if

0 −→ A⊗B −→ A⊗B′ −→ A⊗B′′ −→ 0

is also exact, then the diagram

Hp(G,A)×Hq(G,B′′) −−−−−→(1,δ)
Hp(G,A)×Hq+1(G,B)y

y
Hp+q(G,A⊗B′′) −−−−−−−−−−→(−1)pδ

Hp+q+1(G,A⊗B)p. 182

commutes, i.e., if a ∈ Hp(G,A) and b′′ ∈ Hq(G,B′′), then

(−1)pδ(a ∪ b′′) = a ∪ δb′′.
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Proof: Uniqueness: Let A ∈ Mod(G), and consider the exact sequence

0−−−→A−−−→
i
MG(A)−−−→A′′ −−−→ 0

where MG(A) = M1
G(A) (see §7, CH. II), and i is the G-homomorphism given by

i(a)σ = σa. This sequence is Z-split, for the map

p:MG(A) −→ A

defined by p(x) = x(1) is an abelian group homomorphism such that p i = identity.p. 183

Therefore

0 −→ A⊗Z B −→MG(A)⊗Z B −→ A′′ ⊗Z B −→ 0

is an exact sequence of G-modules for every B ∈ Mod(G). On the other hand, by

Cor. 7.5, Ch. II, Hn(G,MG(A)) = 0 if n ≥ 1. Hence by property (iii) we obtain a

commutative diagram with exact upper row

Hp(G,A′′)×Hq(G,B) −−−−−→(δ,1)
Hp+1(G,A)×Hq(G,B) −−−−−→ 0y∪

y∪
Hp+q(G,A′′ ⊗B) −−−−−−−−−−→δ Hp+q+1(G,A⊗B)

for p, q ≥ 0.

This diagram together with an induction argument shows that

H0(G,A′′)×H0(G,B) −→ H0(G,A′′ ⊗B) (1)

uniquely determines the maps

Hp(G,A)×H0(G,B) −→ Hp(G,A⊗B). (1)

Similarly, using property (iv) one sees that the map (1) uniquely determines the mapsp. 184

H0(G,A)×Hq(G,B) −→ Hq(G,A⊗B).

This last fact, the diagram above and an induction argument on p show the uniqueness

of the cup-product.
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Existence: Here we use the notation of §1, Ch. II. Given p, q ≥ 0 and A,B ∈ Mod(G),

we define a mapping

ψp,q:C
p(G,A)× Cq(G,B) −→ Cp+q(G,A⊗B),

by

ψp,q(a, b)(σ0, . . . , σp+q) = a(σ0, . . . , σp)⊗ b(σp, . . . , σp+q).

It is easy to see that ψp,q(a, b) ∈ Cp+q(G,A ⊗ B), and that each ψp,q is Z-linear. We

show now that each of these mappings induces a map

ψ̄p,q:H
p(G,A)×Hq(G,B) −→ Hp+q(G,A⊗B).p. 185

To see this notice that

∂(a ∪ b) = ∂a ∪ b+ (−1)pa ∪ ∂b

for a ∈ Cp(G,A) and b ∈ Cq(G,B), and therefore

a ∈ Zp(G,A), b ∈ Zq(G,B)⇒ ψp,q(a, b) ∈ Zp+q(G,A⊗B),

a ∈ Zp(G,A), b ∈ Bq(G,B)⇒ ψp,q(a, b) ∈ Bp+q(G,A⊗B),

a ∈ Bp(G,A), b ∈ Zq(G,B)⇒ ψp,q(a, b) ∈ Bp+q(G,A⊗B),

We set ψ̄p,q(a, b) = ψp,q(a, b) = a ∪ b, where we let a, b stand both for the classes

and representatives of those classes.

Finally we prove that the products (a, b) 7→ ψ̄p,q(a, b) = a∪b satisfy the conditions

of the theorem. Property (i): Let f :A −→ A′ and g:B −→ B′ be G-maps. Then the

diagram

Hp(G,A)×Hq(G,B) −−−−−−→ψ̄p,q
Hp+q(G,A⊗B)yf̄×ḡ

yf⊗g
Hp(G,A′)×Hq(G,B′) −−−−−→ψ̄p,q

Hp+q(G,A′ ⊗B′)p. 186

commutes, where f̄ , ḡ, f ⊗ g are the maps induced on the cohomology groups by f̄ , ḡ,

f ⊗ g (see §4, Ch. II). For[
ψ̄p,q ◦ (f̄ × ḡ)

]
(a, b)(σ0, . . . , σp+q) =

(
f̄(a) ◦ ḡ(b)

)
(σ0, . . . , σp+q) =

f
[
a(σ0, . . . , σp)

]
⊗ g
[
b(σp, . . . , σp,q)

]
=
[
f ⊗ g ◦ ψ̄p,q

]
(a, b)(σ0, . . . , σp+q).
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Property (ii): This is clear.

Property (iii): Let B ∈ Mod(G) and let

0−−−→A−−−→α A′ −−−→β A′′ −−−→ 0

be an exact sequence in Mod(G) such that

0−−−→A⊗B −−−−−→α⊗1
A′ ⊗B −−−−−→β⊗1

A′′ ⊗B −−−→ 0p. 187

is again exact.

If X ∈ Mod(G) we shall write Cn(X) instead of Cn(G,X). Consider the (non-

commutative) diagram with exact rows, which is shown on p. 188.

Recall that if a′′ ∈ Zp(G,A′′) then δa′′ is defined as folows (see Prop. 4.4, Ch. II):

let a ∈ Cp(A′) with β̄a′ = a′′ and let a ∈ Cp(A) such that * ᾱa = ∂a′ (a exists since

β̄∂a′ = ∂β̄a′ = 0); then ∂a = 0; we set δa′′ = a. Assume also that b ∈ Zp(G,B); * then

we have

β ⊗ 1(a′ ∪ b) = a′′ ∪ b,

α⊗ 1(a ∪ b) = ∂(a′ ∪ b)

and

∂(a ∪ b) = 0.

* Error: should be a ∈ Cp+1(A)
* Error: should be b ∈ Zq(G,B)
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Hence

0→ Cp(A)× Cq(B) −−−−−−→(ᾱ,1)
Cp(A′)× Cq(B) −−−−−−−−−−→(β̄,1)

Cp(A′′)× Cq(B)→ 0

�
�

�
��+

y

�
�

��=

φp,q

y

∂×1

�
�

�
��+

y

0→ Cp+q(A⊗B) −−−−−−−−−−−→ Cp+q(A′ ⊗B) −−−−−−−−→ Cp+q(A′′ ⊗B)→ 0y

y

∂

y
Cp+1(A)× Cq(B) −−−−−−→(ᾱ,1)

Cp+1(A′)× Cq(B) −−−−−−−−→(β̄,1)
Cp+1(A′′)× Cq(B)→ 0

�
�

�
��+

�
�

��=

�
�

�
��+

0→ Cp+q+1(A⊗B) −−−−−−−−−→α⊗1
Cp+q+1(A′ ⊗B) −−−−−−→β⊗1

Cp+q+1(A′′ ⊗B)→ 0p. 188
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∂(a′′ ∪ b) = a ∪ b = ∂a′′ ∪ bp. 189

(notice that a′′ and b stand both for cocycles and for the corresponding elements of the

cohomology groups.)

Property (iv): This can be verified in a similar manner.

§7. Properties of cup products

Proposition 7.1: Let G be a profinite group, A,B ∈ Mod(G), a ∈ Hp(G,A) and

b ∈ Hq(G,B). Then

a ∪ b = (−1)pqb ∪ a,

where A⊗B and B ⊗A are identified in the canonical manner.

Proof: This is plain if p = q = 0. We proceed by induction. Suppose the result holdsp. 190

for p = p0 and q = q0, and assume a ∈ Hp0+1(G,A) and b ∈ Hq0(G,B). As in the

uniqueness proof of Th. 6.1 we find a commutative diagram with exact upper row

Hp0(G,A′′)×Hq0(G,B) −−−−−→(δ,1)
Hp0+1(G,A)×Hq0(G,B) −−−−−→ 0y∪

y∪
Hp0+q0(G,A′′ ⊗B) −−−−−−−−−−→δ Hp0+q0+1(G,A⊗B)

Let a′′ ∈ Hp0(G,A′′) be such that δa′′ = a. Hence, using property (iv) of Th. 6.1,

a ∪ b = δ(a′′ ∪ b) = (−1)p0q0δ(b ∪ a′′) = (−1)p0q0(−1)q0b ∪ δ(a′′) = (−1)(p0+1)q0b ∪ a.

One proves similarly that if the result holds for p = p0 and q = q0 then it holds for

p = p0 and q = q0 + 1.

Proposition 7.2: Let G be a profinite group, A,B,C ∈ Mod(G) and a ∈ Hp(G,A),p. 191

b ∈ Hq(G,B), c ∈ Hr(G,C). Then

(a ∪ b) ∪ c = a ∪ (b ∪ c)
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modulo the identification of (A⊗B)⊗ C and A⊗ (B ⊗ C).

Proof: This follows immediately from the definition of the cup product by means of

cochains (see proof of “existence” in Th. 6.1).

We now turn to the study of the relationship between cup products and the maps

Res, Cor and Inf (see §6 Ch. II).

Proposition 7.3: Let H ⊂ G be profinite groups, A,B ∈ Mod(G) and a ∈ Hp(G,A),

b ∈ Hq(G,B). Then

Res(a ∪ b) = Res(a) ∪ Res(b),

where Res is the restriction map.p. 192

Proof: This follows immediately from the definition of Res in terms of cochains (cf. §6

Ch. II).

Proposition 7.4: Let H be a closed normal subgroup of a profinite group G. Let

A,B ∈ Mod(G), a ∈ Hp(G/H,AH), b ∈ Hq(G/H,BH). Then

Inf(a ∪ b) = Inf(a) ∪ Inf(b),

where Inf is the inflation map.

Proof: This follows from the definition of Inf in terms of cochains (cf. §6 Ch. II).

Proposition 7.5: Let G be a profinite group and H an open subgroup of G. Let

a ∈ Hp(G,A) and b ∈ Hq(G,B), where A,B ∈ Mod(G). Then

Cor
(
a ∪ Res(b)

)
= Cor(a) ∪ b,p. 193

where Cor and Res are the corestriction and restriction maps respectively.

Proof: Assume first that p = q = 0. Then a ∈ AH and b ∈ BG. Let σ1, σ2, . . . , σt be a

set of representatives of the left cosets of H in G. Then (see §6 Ch. II)

Cor
(
a∪Res(b)

)
=

t∑
i=1

σi(a∪b) =
t∑
i=1

σia⊗σib =
t∑
i=1

σia⊗b =
( t∑
i=1

σia
)
∪b = Cor(a)∪b.
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We proceed now by induction. Assume the formula holds true for p = p0 and q = q0.

Let a ∈ Hp0+1(G,A) and b ∈ Hq0(G,B). Consider the Z-split exact sequence

0 −→ A −→MH(A) −→ A′′ −→ 0

(see proof of uniqueness in Th. 6.1). Since Hn
(
H,MH(A)

)
= 0 if n ≥ 1 there isp. 194

a′′ ∈ Hp0(H,A) with δa′′ = a, where δ is the connecting homomorphism corresponding

to the above short exact sequence. Since

0 −→ A⊗B −→MH(A)⊗B −→ A′′ ⊗B −→ 0

is also exact, we can apply property (iii) of Th. 6.1. Hence, taking into account that

Res and Cor commute with δ (cf. §6 Ch. II), we have by the induction hypothesis

Cor
(
a∪Res(b)

)
= Cor

(
δa′′∪Res(b)

)
= Cor

(
δ(a′′∪Res(b))

)
= δ Cor

(
a′′∪Res(b)

)
=

δ
(
Cor(a′′) ∪ b

)
= δCor(a′′) ∪ b = Cor(δa′′) ∪ b = Cor(a) ∪ b.

One proves similarly using property (iv) of Th. 6.1 that if the formula holds for

p = p0 and q = q0 it also holds for p = p0 and q = q0 + 1. Thus, by induction, thep. 195

formula is valid for all p, q ≥ 0.

Corollary 7.6: Under the hypothesis of Proposition 7.5 we have

Cor
(
Res(b) ∪ a

)
= b ∪ Cor(a).

Proof:

Cor
(
Res(b) ∪ a

)
= Cor

(
(−1)pqa ∪ Res(b)

)
= (−1)pq Cor(a) ∪ b = b ∪ Cor(a).
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CHAPTER IVp. 196

APPLICATIONS

§1. Cohomological dimension

If G is a profinite group, Modt(G) denotes the full subcategory of Mod(G) consisting

of the torsion modules (torsion as abelian groups).

Definition 1.1: Let G be a profinite group, p a prime number and n a natural number.

We say that the cohomological p-dimension cdp(G) (respectively the strict cohomological

p-dimension scdp(G) ) is n if n is the smallest number such that

Hq(G,A)(p) = 0 for all q > n and A ∈ Modt(G)

(resp. all q > n and A ∈ Mod(G)).

If no such an n exists we say that cdp(G) =∞, (resp. scdp(G) =∞).

Proposition 1.2: The following are equivalentp. 197

(i) cdp(G) ≤ n, (resp. scdp(G) ≤ n),

(ii) Hq(G,A)(p) = 0 for all q > n and A ∈ Modt(G)

(resp. Hq(G,A)(p) = 0 for all q > n and A ∈ Mod(G)).

Proof: Trivial.

Definition 1.3: Let G be a profinite group. Set

cd(G) = sup
p

cdp(G),

(respectively,

scd(G) = sup
p

scdp(G)).

Proposition 1.4: Let G be a profinite group and p a prime. Then

cdp(G) ≤ scdp(G) ≤ cdp(G) + 1.
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Proof: The first inequality is clear. For the second we may suppose that cdp(G) <∞.p. 198

Let n = cdp(G) + 1. Assume A ∈ Mod(G) and let p:A −→ A be multiplication by p.

Consider the short exact sequences

0−−−→Ap −−−→A−−−→p pA−−−→ 0,

0−−−→ pA−−−→A−−−→A/pA−−−→ 0.

Then Ap and A/pA are torsion; so if q > n− 1

Hq(G,Ap) = Hq(G,A/pA) = 0.

Therefore from the long exact sequences

· · · −→ Hq(G,Ap) −→ Hq(G,A)
φ−→ Hq(G, pA) −→ · · · ,

· · · −→ Hq−1(G,A/pA) −→ Hq(G, pA)
ψ−→ Hq(G,A) −→ · · · ,

one obtains that the maps φ and ψ are injections if q > n. Hence their composition

ψφ:Hq(G,A) −→ Hq(G,A)

is again an injection. On the other hand it is clear that ψφ is multiplication by p. Thusp. 199

Hq(G,A)(p) = 0, if q > n.

The second inequality follows now from Proposition 1.2.

Example:

Consider the group G = Ẑ. As we will see later (Cor. 3.3) for every p, cdp(G) = 1.

On the other hand let G act trivially on Q. Then Hn(G,Q) = 0 if n ≥ 1, for, by

Cor. 6.7, Ch. II, Hn(G,Q) is a torsion group for each n ≥ 1 and clearly multiplication

by any non-zero integer m is an automorphism of Hn(G,Q) (since multiplication by m

is an automorphism of Q). So from the exact sequence

0 −→ Z −→ Q −→ Q/Z −→ 0

we obtain isomorphismsp. 200

Hn+1(G,Z) ≈ Hn(G,Q/Z), n ≥ 1.
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In particular H2(G,Z) ≈ H1(G,Q/Z) = Homc(G,Q/Z) = Q/Z.

Thus scdp(G) = 2.

If A ∈ Modt(G) and p is a prime number, denote by A(p) the p-primary part of A,

i.e., those elements of A of order pn for some n. If A = A(p) we say that A is p-primary.

Our next proposition simplifies the problem of finding the cohomological p-dimension

of a group.

Proposition 1.5: The following are equivalent:

(i) cdp(G) ≤ n,

(ii) Hq(G,A) = 0 for all q > n and all p-primary A ∈ Modt(G),

(iii) Hn+1(G,A) = 0 for all simple, p-primary G-modules A.

Proof: The implications (i) ⇒ (i) ⇒ (iii) are trivial.p. 201

(ii) ⇒ (i): Let A ∈ Modt(G). Then

A =
⨿
p

A(p)

So (see Prop. 4.6, Ch. II)

Hq(G,A) =
⨿
p

Hq
(
G,A(p)

)
.

Hence

Hq(G,A)(p) ≈ Hq
(
G,A(p)

)
.

Thus, if q > n we have

Hq(G,A)(p) = 0.

(iii) ⇒ (ii): First we show, by induction on the order of A, that Hn+1(G,A) = 0 for

all finite p-primary G-modules. If A = 0 it is obviously true. If A ̸= 0, assume true for

those modules of order less than #A. Let A1 be a simple G-module contained in A.p. 202

Consider the exact sequence

0−−−→A1 −−−→A−−−→A/A1 −−−→ 0
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and its corresponding long exact sequence

· · · −−−→Hn+1(G,A1)−−−→Hn+1(G,A)−−−→Hn+1(G,A/A1)−−−→ · · ·

Since Hn+1(G,A1) = Hn+1(G,A/A1) = 0, one has Hn+1(G,A) = 0.

Now we prove that Hn+1(G,A) = 0 for all p-primary A ∈ Modt(G). If A1 is a

finitely generated G-submodule of A it is also finitely generated as an abelian group

(see p. 115), and hence A1 is finite since it is p-primary. Now

A ≈ lim−→Ai

where Ai runs through all the finitely generated (i.e., finite) modules of A. So,p. 203

Hn+1(G,A) ≈ lim−→Hn+1(G,Ai) = 0.

Finally, let A be a p-primary, torsion G-module and let q ≥ n. Consider the induced

module M1
G(A) =MG(A) and the exact sequence

0−−−→A−−−→i MG(A)−−−→A1 −−−→ 0

where i(a)σ = σa, a ∈ A, σ ∈ G; A1 =MG(A)/i(A).

From the corresponding long exact sequence

· · · −−−→Hq(G,A1)−−−→δ Hq+1(G,A)−−−→Hq+1(G,MG(A))−−−→ · · ·

and the fact that Ht(G,MG(A)) = 0 if t > 0 (see Cor. 7.5, Ch. II) we deduce

Hq(G,A1) ≈ Hq+1(G,A)

for q ≥ n+ 1. By an induction argument on q we have

Hq(G,A) = 0, if q > n.
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§2. Cohomological dimension of subgroups

p. 204

Proposition 2.1: Let H ⊆ G be profinite groups, and p a prime. Then

(a) cdp(H) ≤ cdp(G),

(b) scdp(H) ≤ scdp(G).

Moreover, equality holds in either of the following cases

(1) p ∤ (G : H),

(2) H is open in G and cdp(G) <∞.

Proof: We will give proofs for the case of cohomological dimension, the case of strict

cohomological dimension being analogous.

For (a). Let A ∈ Modt(H) and let q > cdp(G). Using Shapiro’s Lemma we get

Hq(H,A)(p) ≈ Hq
(
G,MH

G (A)
)
(p) = 0,

as desired.p. 205

For (1). Let n ≥ 1 be such that there exists A ∈ Modt(G) with Hn(G,A)(p) ̸= 0.

By Cor. 6.8, Ch. II,

Res:Hq(G,A)(p) −→ Hq(H,A)(p)

is an injection if q ≥ 1, since p ∤ (G : H). Therefore

Hn(H,A)(p) ̸= 0.

Hence cdp(H) ≥ cdp(G). By part (a) we obtain equality.

For (2). Let cdp(G) = n. Then there exists A ∈ Modt(G) with Hn(G,A)(p) ̸= 0.

Set A∗ =MH
G (A) and define G-homomorphisms

A∗ π−→←−
i

A

byp. 206

πa∗ =
∑

σ−1
i a∗(σi),
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and

(ia)(τσi) =

{
τa if σi = 1
0 if σi ̸= 1 ,

where the {σi} form a set of representations of the left cosets ofH in G. Then π◦i = idA.

So π is surjective. Let A1 = Ker π. Consider the exact sequence

0−−−→A1 −−−→A∗ −−−→π A−−−→ 0.

From the corresponding long exact sequence in cohomology we obtain that

Hn(G,A∗)(p)−−−→π Hn(G,A)(p)−−−→δ Hn+1(G,A1)(p)

is exact. Since Hn+1(G,A1)(p) = 0, π is surjective. Hence, since Hn(G,A) ̸= 0,p. 207

Hn(G,A∗)(p) ̸= 0.

So by Shapiro’s Lemma,

Hn(H,A) ̸= 0.

Thus cdp(H) ≥ n. Equality follows then from part (a).

Remark: The condition cdp(G) < ∞ in part (2) above is necessary, for as we will see

later (Th. 8.8, Ch. V) if

G = GQ and H = GQ(i)

then

cd2(G) =∞ and cd2(H) = 2.

Corollary 2.2: Let Gp be a p-Sylow group of G. Then

cdp(G) = cdp(Gp) = cd(Gp),

scdp(G) = scdp(Gp) = scd(Gp).p. 208

Corollary 2.3: cdp(G) = 0⇐⇒ p ∤ #G.

Proof: By Cor. 2.2, cdp(G) = 0⇐⇒ cd(Gp) = 0. On the other hand p ∤ #G⇐⇒ Gp =

1. Hence we have to show that

cd(Gp) = 0⇐⇒ Gp = 1 .
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Certainly Hq(1, A) = 0 if q ≥ 1. Conversely, assume cd(Gp) = 0. Consider Z/pZ as a

trivial Gp-module, i.e., σ ∈ Gp, a ∈ Z/pZ⇒ σa = a. Then (cf. Ch. II, §2)

0 = H1(Gp,Z/pZ) ≈ Homc(Gp,Z/pZ)

(continuous homomorphisms). However, if Gp ̸= 1 there exist non-trivial continuous

homomorphisms of Gp to Z/pZ (take U open and normal in Gp; then Gp/U is a finite p-

group, which admits a non-trivial homomorphism into Z/pZ since, by a Sylow theorem,

it contains a normal subgroup of index p). Therefore Gp = 1.

Corollary 2.4: If cdp(G) ̸= 0, ∞ then p∞ divides #G.p. 209

Proof: By Cor. 2.2, cdp(G) ̸= 0,∞⇐⇒ cdp(Gp) ̸= 0,∞. On the other hand cdp(Gp) ̸=

0,∞ implies Gp is infinite, for if Gp is finite the subgroup {1} is open and by Prop. 2.1

0 = cdp({1}) = cdp(Gp).

Finally since Gp is infinite #Gp = p∞ and so p∞ | #G.

Corollary 2.5: If G is finite and p divides #G, then cdp(G) =∞.

Proposition 2.6: Let N be a normal closed subgroup of a profinite group G, and let

p be a prime. Then

cdp(G) ≤ cdp(N) + cdp(G/N).

Proof: Consider the Lyndon-Hochschild-Serre spectral sequencep. 210

Ei,j2 = Hi
(
G/N,Hj(N,A)

)
=⇒ Hn(G,A).

Let m > cdp(N) + cdp(G/N). We shall show that Hn(G,A)(p) = 0 if A ∈ Modt(G).

Set i+ j = m, i, j ≥ 0. Then j > cdp(N) or i > cdp(G/N). So

Ei,j2 (p) = 0, if i+ j = m.

Therefore

Ei,j∞ (p) = 0, i+ j = m.
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Thus

Hm(G,A)(p) = 0.

p. 211

§3. Groups G with cdp(G) ≤ 1

Let G be a profinite group. Recall that an embedding problem for G is a diagram of

profinite groups and continuous homomorphisms

Gyγ
1 −−−−−→ P −−−−−→ E −−−−−→φ W −−−−−→ 1y

1

with exact row and column. We denote such a problem by I(G). We say that I(G) is

weakly solvable if there exists a continuous homomorphism η:G −→ E such that φη = γ.

We recall that a finite elementary abelian p-group A is one for which pA = 0.

Proposition 3.1: Let G be a profinite group and p a prime number. The following

statements are equivalent:

(i) cdp(G) ≤ 1;

(ii) I(G) is weakly solvable if E is finite and P is a finite elementary abelian p-group;

(ii)′ Every extensionp. 212

1−−−→ P −−−→E −−−→G−−−→ 1,

where P is a finite elementary abelian p-group, splits;

(iii) I(G) is weakly solvable if P is a pro-p-group;

(iii)′ Every extension

1−−−→ P −−−→E −−−→G−−−→ 1,
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where P is any pro-p-group, splits.

Proof: We shall prove the implications in the following order

(i) −→ (ii) −→ (iii) −→ (iii)
′ −→ (ii)

′ −→ (i).

(i) −→ (ii): Let x:W 2 −→ P be a representative in H2(W,P ) corresponding to

the extension

1−−−→ P −−−→E −−−→φ W −−−→ 1,

(see Ch. II, §§2,3). To x we associate a cocycle y:G2 −→ P by defining

y(σ, τ) = x
(
γ(σ), γ(τ)

)
.

(I.e., y = Inf x; see Ch. II, §6). Recall that the action of G in P is induced by γ:p. 213

if a ∈ P and σ ∈ G, then σ · a = γ(σ)a.

To y there corresponds an extension

1−−−→ P −−−→E −−−→
φ

W −−−→ 1,

which must split, since by hypothesis H2(G,P )(p) = 0; say ψ:G −→ E is a continuous

homomorphism with φ · ψ = idG. We identify E and E with the cartesian products

P ×W and P ×G, respectively (see Ch. II, §3, p. 103). Define

f :E −→ E

by f(a, σ) = (a, γ(σ)), a ∈ P , σ ∈ G. One easily checks that f is a continuous

homomorphism (see Ch. II, §3 for the definition of operation in E and E, and their

topologies) making the diagram

1 −→ P −→ E
π−→←−
φ

G −→ 1∥∥∥ f

y yγ
1 −→ P −→ E −→

φ
W −→ 1
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commutative.

Define η:G −→ E by η = f · ψ. Thenp. 214

φη = γ

as desired.

(ii) −→ (iii): First we show that I(G) is solvable if P is any finite p-group. Let

P ′ be a subgroup of P of index p, and let

P =
∩
σ∈E

σP ′σ−1.

Then the canonical map

P/P −→
∏
σ∈E

P/σP ′σ−1

is injective, so that P/P is p-primary abelian.

By (ii) there exists a map η:G −→ E/P with φ · η = γ.

1
↓
P̄

Gy �
�

�
�

�
�

�
�/

η̄

�
�

�
��+

η

yγ
1 −−−−−−→ P −−−−−−−→ E −−−−−−−−−−−→φ Wy

yψ
wwwwww

1 −−−−−→ P/P̄ −−−−−→ E/P̄ −−−−−−−−−→φ̄ W −−−−−→ 1

Then, again by (ii) and induction on the order of P , there exists η:G −→ E such thatp. 215

ψ · η = η. Hence

φ · η = φ · ψ · η = φ · η = γ .

We consider now the general case where P is any pro-p-group. Let the set P

consist of the pairs (P ′, η′) where P ′ is a closed normal subgroup of E contained in P ,

and η′:G −→ E/P ′ is a continuous homomorphism such that

G

�
�

�	

η′

yγ
E/P ′ −−−−−→

φ′ W
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commutes. Set (P ′, η′) < (P ′′, η′′) when P ′ ⊇ P ′′ and

G

�
�

��=

η′

yη′′
E/P ′ −−−−−→ E/P ′′

commutes. Then P is inductively ordered, for if (P ′
λ, η

′
λ) is totally ordered, then put

P ′ =
∩
λ

P ′
λ and η′ = lim←−

λ

η′λ:G −→ E/P ′ = lim←−
λ

E/P ′
λ. Then

p. 216

G

�
�

�	

η′

y
1 −−−−−→ P/P ′ −−−−−→ E/P ′ −−−−−→

φ′ W −−−−−→ 1

commutes.

Let (P , η) be a maximal element of P . We shall show that P = 1. Suppose P ̸= 1;

then there exists an open normal subgroup P of P which is normal in E, such that

P ̸= P (if P ̸= 1, it contains a proper open subgroup P ∩U where U is open in E; then

U contains an open normal subgroup U of E; put P = P ∩ U).

Since P/P is finite, by the first part, there exists a map η:G −→ E/P such that

(G −→ E/P −→ E/P ) = (G −→ E/P ).

Then (G −→ E/P −→ W ) = (G −→ W ), which contradicts the maximality of (P , η).

Thus P = 1.

(iii) −→ (iii)′ and (iii)′ −→ (ii)′ are trivial implications.

(ii)′ −→ (i): By (ii)′, H2(G,P ) = 0 for P elementary abelian p-group. Now, every

simple, p-primary G-module is elementary abelian (for if P is simple, let P ′ consist ofp. 217

the elements of P of order p; then P = P ′). Hence the result follows from Prop. 1.5.

Corollary 3.2: Let G ̸= 1 be a free pro-p-group. Then

cdp(G) = cd(G) = 1.
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Proof: Since G ̸= 1, cd(G) ≥ 1. We shall prove that (iii)′ of the proposition above

holds. Let G be free on the set A, and x:A −→ G the canonical mapping. Given an

exact sequence

1 −→ P −→ E
φ−→ G −→ 1,

where P is a pro-p-group, let s:G −→ E be a continuous section with s(1) = 1. Then

y = s · x converges to 1. Since P and G are pro-p-groups so is E. Hence there is a

continuous homomorphism ψ:G −→ E with ψ · x = y = s · x. Thus φ · ψ = identity.

This verifies (iii)′, and so cd(G) ≤ 1.

Corollary 3.3: Let G ̸= 1 be a free profinite group. Then for every prime p,p. 218

cdp(G) = 1.

Proof: Similar to the proof of Cor. 3.2.

§4. Cohomology of pro-p-groups

Proposition 4.1: If G is a pro-p-group, every simple p-primary G-module A is iso-

morphic to Z/pZ (where the abelian group Z/pZ is considered as a G-module on which

G operates trivially, i.e., σn = n, σ ∈ G, n ∈ Z/pZ).

Proof: Let 0 ̸= a ∈ A, and let U = {σ ∈ G| σa = a}. Then U is open, and since A is

simple U operates trivially on A. Hence A is a G/U -module, and as such still simple.p. 219

So, we may assume that G is finite. Then, since A is simple and p-primary A is finite.

Consider the decomposition

A =
r∪
i=1

Ki

of A into G-orbits. Clearly

#A =

r∑
i=1

#Ki

and

#Ki | #G.

Assume 0 ∈ K1. Then #K1 = 1. The group Gmust operate trivially on A, for otherwise

AG = {a ∈ A| σa = a} = 0,
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since A is simple; and hence #Ki ̸= 1 if i ̸= 1, so that each #Ki is a multiple of p if

i ̸= 1, i.e.,

#A ≡ 1 (mod p),

which contradicts the fact that A is p-primary. Finally, since Z/pZ is the only simple

p-primary abelian group, we have A ≈ Z/pZ.p. 220

Corollary 4.2: Let G be a pro-p-group. Then

cd(G) ≤ n⇐⇒ Hn+1(G,Z/pZ) = 0.

Proof: It follows from Prop. 1.5.

Corollary 4.3: If G is a pro-p-group and cd(G) = n then Hn(G,A) ̸= 0 for every

finite, p-primary G-module A ̸= 0.

Proof: Let A be a finite p-primary G-module. By Prop. 4.1 there exists some submodule

K of A such that A/K ≈ Z/pZ. Consider the exact sequence

0 −→ K −→ A
φ−→ Z/pZ −→ 0

of G-modules. The corresponding long exact sequence in cohomology

· · · −→ Hn(G,A)
φ−→ Hn(G,Z/pZ) −→ Hn+1(G,K) = 0p. 221

shows that φ is onto. So, since Hn(G,Z/pZ) ̸= 0 we have Hn(G,A) ̸= 0.

Proposition 4.4: Let G be a profinite group and let N be a closed normal subgroup

of G. Assume that cdp(G/N) = m and cdp(N) = n are finite. Then

cdp(G) = cdp(G/N) + cdp(N)

in either of the following cases

( i) N is a pro-p-group and Hn(N,Z/pZ) is finite;

(ii) N is in the center of G.

In the proof of this proposition we shall use the following
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Lemma 4.5: Let G be profinite and N normal and closed in G. Assume cdp(G/N) = m

and cdp(N) = n are finite. Then, for every prime p

Hn+m(G,A)(p) ≈ Hm
(
G/N,Hn(N,A)

)
(p).p. 222

Proof: Consider the Lyndon-Hochschild-Serre (L-H-S) spectral sequence

Ei,j2 = Hi
(
G/N,Hj(N,A)

)
⇒ Hn(G,A).

If i > m, then Ei,j2 (p) = 0, and if i < m and i+j = m+n, then j > n, and so Ei,j2 (p) = 0.

Hence Ei,j∞ (p) = 0 if i+ j = m+ n, i ̸= m. Thus the filtration of Hm+n(G,A) is trivial

and

Hm+n(G,A) ≈ Em,n∞ .

Finally one easily sees that

Em,n2 ≈ Em,n∞ .

Proof of proposition: Let (G/N)′ be a p-Sylow group of G/N , and let G′= preimage

in G of (G/N)′. Then

G′/N ≈ (G/N)′,

and thereforep. 223

cdp(G
′/N) = cdp(G/N)′ = cdp(G/N) = m.

By propositions 2.1 and 2.6,

cdp(G
′) ≤ cdp(G) ≤ m+ n.

So, it will suffice to prove that

cdp(G
′) = m+ n.

Hence we may assume that G/N is a pro-p-group.
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Case (i). By Lemma 4.5 and Cor. 4.3

Hn+m(G,Z/pZ) ≈ Hm
(
G/N,Hn(N,Z/pZ)

)
̸= 0

since Hn(N,Z/pZ) is p-primary and finite by hypothesis.

Case (ii). Since N is in the center of G and the action of G on Z/pZ is trivial, the

group G/N acts trivially on Hn(N,Z/pZ) (see Remark on p. 172). Since N is abelianp. 224

it is the direct sum of its Sylow subgroups N(p). By Cor. 4.3 Hn
(
N(p),Z/pZ

)
̸= 0.

From this one easily sees, by working with the cochains, that Hn
(
N(p),Z/pZ

)
is a

direct summand of Hn(N,Z/pZ), and so Hn(N,Z/pZ) ̸= 0. Hence Hn(N,Z/pZ), as a

vector space over Z/pZ and therefore as a G/N -module, is isomorphic to a direct sum⨿
I

(Z/pZ) where I ≠ ∅. Thus we have

Hn+m(G,Z/pZ) ≈
⨿
I

Hm(G/N,Z/pZ) ̸= 0.

§5. The Euler-Poincaré characteristic

Let G be a pro-p-group. We denote by Hq(G) the Z/pZ-vector space Hq(G,Z/pZ). Set

bq(G) = dimHq(G) = dimZ/pZH
q(G).

These are called the Betti numbers of G. Assume bq(G) = 0 for a.e. q, and bq(G) <∞p. 225

for all q. Then define the Euler-Poincaré characteristic χ(G) of G by

χ(G) =
∑
q

(−1)qbq(G).

Lemma 5.1: Let G be a pro-p-group, and assume χ(G) exists. Let A be a G-module

such that pA = 0, dimA = a < ∞ and dimHq(G,A) = nq(A) < ∞ (as Z/pZ-vector

spaces). Let

χ(G,A) =
∑
q

(−1)qnq(A).
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Then χ(G,A) exists and

χ(G,A) = aχ(G).

Proof: e use induction on a. If a = 1, then A ≈ Z/pZ. So χ(G,A) = χ(G). Assume the

result holds if dim(A) < a, and suppose dim(A) = a > 1. Let A1 be a G-submodule of

A with dimA1 = a− 1 (see Prop. 4.1). Then from

0 −→ A1 −→ A −→ Z/pZ −→ 0,p. 226

one obtains the exact sequence

0 −→H0(G,A1) −→ H0(G,A) −→ H0(G,Z/pZ) −→

H1(G,A1) −→ H1(G,A) −→ H1(G,Z/pZ) −→ · · ·

But by hypothesis Hn(G,A1) = 0 and Hn(G,Z/pZ) = 0 for n large enough, and

therefore the above long exact sequence ends. Hence

n0(A1)− n0(A) + n0(Z/pZ)− n1(A1) + n1(A)− n1(Z/pZ) + · · · = 0.

So ∑
q

(−1)qnq(A1)−
∑
q

(−1)qnq(A) +
∑
q

(−1)qnq(Z/pZ) = 0

i.e.,

χ(G,A1)− χ(G,A) + χ(G) = 0 .

Thus

χ(G,A) = χ(G,A1) + χ(G) = χ(G) + (a− 1)χ(G) = aχ(G).

Proposition 5.2: Let H be an open subgroup of a pro-p-group G. Assume χ(G)p. 227

exists. Then χ(H) exists and

χ(H) = (G : H)χ(G).

Proof: By Shapiro’s Lemma

Hq(H,Z/pZ) ≈ Hq
(
G,MG

H (Z/pZ)
)
.

116



Then, χ
(
G,MG

H (Z/pZ)
)
exists by Lemma 5.1, and

χ(H) = χ
(
G,MG

H (Z/pZ)
)
= dimMG

H (Z/pZ) · χ(G).

But

MG
H (Z/pZ) = {x:G −→ Z/pZ| x continuous, x(στ) = σx(τ) = x(τ), σ ∈ H, τ ∈ G}

≈ {x:G/H −→ Z/pZ} = (Z/pZ)(G:H) ;

so dimMG
H (Z/pZ) = (G : H).

Proposition 5.3: Let N be a normal closed subgroup of a pro-p-group G. Assumep. 228

χ(N) and χ(G/N) exist. Then χ(G) exists and

χ(G) = χ(N) · χ(G/N).

Proof: Consider the Lyndon-Hochschild-Serre spectral sequence

Ei,j2 = Hi
(
G/N,Hj(N,Z/pZ)

)
⇒ Hq(G,Z/pZ) .

Notice that by our assumptions and Lemma 5.1, each Ei,j2 is finite and Ei,j2 = 0 for

large i or j.

Since Hq(G,Z/pZ) has a filtration whose corresponding quotients are the Ei,j∞ ,

i+ j = q, one has

χ(G) =
∑
q

(−1)q dimHq(G,Z/pZ) =
∑
q

(−1)q
∑
i+j=q

dimEi,j∞ =
∑
i,j

(−1)i+j dimEi,j∞ .

If A = {Ai,j} is a bigraded vector space with each Ai,j finite dimensional, and

Ai,j = 0 for large i or j, we write

χ(A) =
∑
i,j

(−1)i+j dimAi,j .
p. 229

Now we show that in the case of the Lyndon-Hochschild-Serre spectral sequence

χ(E2) = χ(E∞). For this we use the following notation

Bi,jr = drE
i−r,j+r−1
r ⊆ Ei,jr

Zi,jr = ker(dr:E
i,j
r −→ Ei+r,j−r+1

r ).
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Then we obtain canonical short exact sequences (see Ch. III, Def. 1.2)

0 −→ Bi,jr −→ Zi,jr −→ Ei,jr+1 −→ 0

0 −→ Zi,jr −→ Ei,jr −→ Bi+r,j−r+1
r −→ 0 .

From them we deduce

χ(Er+1) = χ(Zr)− χ(Br), and − χ(Br) = χ(Er)− χ(Zr).

Hence, χ(Er+1) = χ(Er), and so χ(E2) = χ(E∞).

Finally,p. 230

χ(G) =χ(E∞) = χ(E2) =∑
j

(−1)j
(∑

i

(−1)i dimEi,j2

)
=

∑
j

(−1)j
(∑

i

(−1)i dimHi
(
G/N,Hj(N,Z/pZ)

))
=

∑
j

(−1)jχ
(
G/N,Hj(N,Z/pZ)

)
=

∑
j

(−1)j dimHj(N,Z/pZ) · χ(G/N) = χ(N) · χ(G/N).

Remark. Propositions 5.2 and 5.3 suggest the following definition. Assume G is a

pro-p-group, and let H be an open subgroup of G for which χ(H) exists. Then define

χ(G) =
1

(G : H)
χ(H).

Then one can prove that this definition is independent of the choice of H.

§6. Generators and relationsp. 231

Let G1, G2 be pro-p-groups. A continuous homomorphism f :G1 −→ G2 induces a

homomorphism

H1(f):H1(G2) = Homc(G2,Z/pZ) −→ H1(G1) = Homc(G1,Z/pZ),
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given by

χ 7→ χ · f,

where Homc(G,Z/pZ) denotes continuous homomorphisms.

Lemma 6.1: f surjective ⇔ H1(f) injective.

Proof: ⇒ : Trivial

⇐: Assume that H1(f) is injective and that f(G1) ̸= G2. Choose an open normal

subgroup U of G2 such that f(G1)U ̸= G2, and put P2 = G2/U . Let P1 be the canonical

image of f(G1) on P2; then P1 ̸= P2. Let N be a normal subgroup of index p of P2

with N ⊇ P1 (cf. [H], p. 44). Then the homomorphism

χ:G2 −→ P2 −→ P2/N = Z/pZp. 232

is non-trivial. However H1(f)χ = χ · f = 0. A contradiction.

If C is a pro-p-group let

G∗ = ∩N

where N runs through the set of open normal subgroups of G of index p. G/G∗ is

clearly compact, and from the natural injection

G/G∗ −→ πG/N

one sees that G/G∗ is abelian, annihilated by p. Moreover, let G0 be the closure of

the subgroup of G generated by the commutator of G and the elements of the form σp,

σ ∈ G. Then G∗ = G0. For assume σ ∈ G∗\G0; let U be open normal in G such that

σU ∩G0U = ∅; then (G/U)/(G0U/U) is elementary p-primary, i.e., of the form ⊕Z/pZ;

hence there is a continuous homomorphism φ:G −→ Z/pZ with φ(σ) ̸= 0; thus σ ̸∈ G∗;

a contradiction.

Proposition 6.2: H1(G) and G/G∗ are (Pontrjagin) dual.p. 233

Proof:

Homc(G/G
∗,R/Z) ≈ Homc(G/G

∗,Z/pZ) ≈ Homc(G,Z/pZ) = H1(G).

119



Now we can extend Lemma 6.1 to the following

Proposition 6.3: Let f :G1 −→ G2 be a continuous homomorphism of pro-p-groups.

Then the following are equivalent statements

(i) f is surjective,

(ii) H1(f):H1(G2) −→ H1(G1) is injective,

(iii) f∗:G1/G
∗
1 −→ G2/G

∗
2 is surjective.

Example. Let G = FI(p) (the free pro-p-group on the set I). Then

H1(G) = Homc(G,Z/pZ) ≈ {x: I −→ Z/pZ| x(i) = 0, a.e. i ∈ I} ≈
⨿
I

Z/pZ.

Hence, by Prop. 6.2, G/G∗ ≈
∏
I

Z/pZ.
p. 234

Lemma 6.4: Let G be a pro-p-group, I a set, and

θ:H1(G) −→ H1
(
FI(p)

)
=
⨿
I

Z/pZ

a homomorphism. Then

(i) there exists a continuous homomorphism

f :FI(p) −→ G

such that H1(f) = θ,

(ii) f is surjective ⇔ θ injective,

(iii) θ is bijective and cd(G) ≤ 1⇒ f is bijective.

Proof:

(i) θ induces θ∗:FI(p)/FI(p)
∗ −→ G/G∗, from which we obtain a map

θ:FI(p) −→ G/G∗.
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Since cd(FI(p)) ≤ 1, by Prop. 3.1, there exists a continuous homomorphismp. 235

f :FI(p) −→ G such that

FI(p)

�
�

�	

f

yθ̄
1 −−−−−→ G∗ −−−−−→ G −−−−−→ G/G∗ −−−−−→ 1

commutes. It is plain that H1(f) = θ.

(ii) This is the content of Lemma 6.1.

(iii) Since cd(G) ≤ 1, by Prop. 3.1, there exists a continuous homomorphism s:G −→

FI(p) such that f · s = idG

1 −→ K −→ FI(p)
f−→← –s

G −→ 1.

So, H1(s) · H1(f) = id. And since H1(f) = θ is an isomorphism, so is H1(s).

Therefore s is surjective. Thus f is an isomorphism.

Theorem 6.5: Let G be a pro-p-group. Then, the following statements are equivalent

(i) cd(G) ≤ 1

(ii) H2(G) = 0

(iii) G is a free pro-p-group.p. 236

Proof: By Cor. 3.2 and Cor. 4.2 it suffices to show the implication (i) −→ (iii). Since

H1(G) is a Z/pZ-vector space we have

H1(G) ≈
⨿
I

Z/pZ

for some index set I. Hence (see example on p. 233),

θ:H1(G) ≈ H1
(
FI(p)

)
.

Thus, by Prop. 6.4, G ≈ FI(p).

Corollary 6.6: Every closed subgroupH of a free pro-p-group G is a free pro-p-group.

Proof: By Prop. 2.1, cd(H) ≤ cd(G) ≤ 1.

We recall that if G is a profinite group a subset of G converging to 1 is said to

generate G (topologically) if it generates (algebraically) a dense subgroup of G.p. 237
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Definition 6.7. Let G be a profinite group. We define the rank of G as the minimal

cardinality of a generating set of G.

Theorem 6.8: Let G be a pro-p-group. Then

rank(G) = dimH1(G).

Proof: Assume dimH1(G) = card I, for some set I. Then there is an isomorphism

θ:H1(G) −→ H1
(
FI(p)

)
(see example on p. 233). Hence by Lemma 6.4, there exists a surjective continuous

homomorphism f :FI(p) −→ G. Thus

rank(G) ≤ card(I) = dimH1(G) .

Now, assume rank(G) = card(J), for some set J . Then there is a continuous epimor-

phism f :FJ(p) −→ G. By Lemma 6.4, f induces an injectionp. 238

H1(G) −→ H1
(
FJ(p)

)
.

Thus,

dimH1(G) ≤ dimH1
(
FI(p)

)
= card(I) = rank(G).

Definition 6.9. Let F be a profinite group and R a closed normal subgroup of F .

We say that a subset {ρα| α ∈ A} of R converging to 1 is a set of generators of R as

a normal subgroup of F , if the F -conjugates of the ρα generate (algebraically) a dense

subgroup of R, i.e., if R is the smallest closed normal subgroup of F containing the ρα.

We define rankF (R) to be the smallest cardinal of a generating set of R as a normal

subgroup of F .

Proposition 6.10: Let F be a pro-p-group and R a closed normal subgroup of F .

Then

rankF (R) = dimH1(R)F
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where H1(R)F is the fixed submodule of H1(R) under the action of F as described inp. 239

the remark on p. 172.

Proof: First we show that rankF (R) ≥ dimH1(R)F . Assume rankF (R) = card(A),

where {ρα| α ∈ A} is a generating set of R as normal subgroup of F . Define a homo-

morphism

φ:H1(R)F −→
⨿
A

Z/pZ

by φ(χ) = χ(ρα). Then φ is injective for suppose χ(ρα) = 0 for α ∈ A. Then, if σ ∈ F

χ(σρασ
−1) = χσ(ρα) = χ(ρα) = 0.

So χ = 0 on a dense subgroup of R. Thus χ = 0.

We now prove that rankF (R) ≤ dimH1(R)F . Observe that since H1(R) and

R/R∗ are dual (Prop. 6.2), the dual of H1(R)F will be a quotient group R̃ of R/R∗.

On the other hand put

H1(R)F =
⨿
A

Z/pZ · χα

where {χα| α ∈ A} is a basis for H1(R)F . Then

R̃ ≈
∏
A

Z/pZρ̃α
p. 240

where χα(ρ̃β) = δαβ . Since cd
(
FA(p)

)
≤ 1, the canonical continuous homomorphism

FA(p) −→ R̃ given by α 7→ ρ̃α can be lifted to FA(p) −→ R. Let ρα ∈ R be the image

of α under this homomorphism. Then {ρα| α ∈ A} ⊆ R is a set converging to 1. We

claim that {ρα| α ∈ A} is a set of generators of R (as a normal subgroup of F ). For,

let R′ be the smallest closed normal subgroup of F containing the ρα. Then R′ ↪→ R.

We shall show that this map is surjective, or equivalently, that its induced map

f :H1(R) −→ H1(R′)

is injective. In fact it suffices to show that its restriction

f :H1(R)F −→ H1(R′)F
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is injective. (f injective⇒ ker f contains no element different from 0 invariant under F

⇒ ker f = 0, otherwise take a non-zero simple submodule A1 of ker f ; then A1 ≈ Z/pZ).

Let χ ∈ H1(R)F , and assume χ(R′) = 0. Then χ(ρα) = 0; so χ(ρ̃α) = 0 ∀α ∈ A.p. 241

Hence χ(R̃) = 0, i.e., χ = 0.

Let G be a pro-p-group and {σi| i ∈ I} a set of generators of G. Set F = FI(p)

(the free pro-p-group on I). Then there exists a unique continuous homomorphism

F −→ G

mapping i onto σi. Let R be its kernel. A set of generators of R (as a normal subgroup

of F ) is called a set of defining relations corresponding to {σi| i ∈ I}.

Assume now that rank(G) = card(I) is finite and let F and R be as above. Then,

define

relation rank(G) = rankF (R).

Theorem 6.11: Let G be a finitely generated pro-p-group. Then

relation rank(G) = dimH2(G) .

Proof: Let rank(G) = card(I) and consider the exact sequence described abovep. 242

1 −→ R −→ F −→ G −→ 1

where F = FI(p). By Cor. 5.4, Ch. III, we obtain a five term exact sequence

0 −→ H1(G) −→ H1(F ) −→ H1(R)F −→ H2(G) −→ H2(F ).

Since both H1(G) and H1(F ) are finite dimensional Z/pZ-vectors spaces of the same

dimension (Th. 6.8 and example on p. 233), the monomorphism H1(G) −→ H1(F )

must be an isomorphism. Since F is free H2(F ) = 0. Hence H1(R)F ≈ H2(G). The

result follows now from Prop. 6.10.

Now, let G be a finite p-group. Let n(G) = dimH1(G) and r(G) = dimH2(G).

(Hence both n(G) and r(G) are finite.)
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Proposition 6.12: Let G be a finite p-group. Then

r(G)− n(G) = rankH3(G,Z)

(rank H3(G,Z) = no. of cyclic summands of H3(G,Z)).p. 243

Proof: Consider the short exact sequence

0 −→ Z p−→Z −→ Z/pZ −→ 0

where p is multiplication by p. From it we obtain a corresponding exact sequence

0 −→ H1(G) −→ H2(G,Z) p−→H2(G,Z) −→ H2(G) −→ H3(G,Z)p −→ 0,

where H3(G,Z)p denotes the subgroup of elements of H3(G,Z) annihilated by p. Since

G is finite each Hi(G,Z), i ≥ 1, is finitely generated torsion, and hence finite (see, e.g.,

[S2], p. 138). Therefore

dimH1(G)− dimH2(G,Z) + dimH2(G,Z)− dimH2(G) + dimH3(G,Z)p = 0

i.e.

r(G)− n(G) = dimH3(G,Z)p.

On the other hand it is plain that dimH3(G,Z)p = rankH3(G,Z), since every cyclic

summand of H3(G,Z) contains exactly p elements of order p.
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CHAPTER Vp. 244

GALOIS COHOMOLOGY OF FIELDS

In this chapter we apply the results obtained in the preceding chapters for general

profinite groups to the study of certain problems arising in field extension theory.

All valuations considered in this chapter are rank 1 valuations.

Assume N |K is a Galois extension of fields and let L|K be a finite normal subex-

tension of N |K. Then one obtains a natural short exact sequence of Galois groups

1−−−→GN |L −−−→GN |K −−−→ GL|K −−−→ 1.

Set G = GN |K . Then, by Prop. 1.5 and Th. 2.2 of Ch. I, we have

G = lim←−
L|K

GL|K (1)

where L|K runs through all finite normal subextensions of N |K; and the groups GN |L

form a basis of open neighborhoods of 1.p. 245

Let A ∈ Mod(G), and write AL = AGN|L . Then, by the definition of G-module,

A = lim−→
L|K

AL

(L|K finite normal subextension of N |K). So, by Cor. 4.2, Ch. II, we have for q ≥ 0

Hq(GN |K , A) ≈ lim−→
L|K

Hq(GL|K , AL)

(L|K runs through all normal finite subextensions of N |K).

We shall often be interested in GK = GKs|K , where Ks is the algebraic separable

closure of K.

If N |K is a Galois extension and G = GN |K , the additive group N+ and multi-

plicative group N∗ are endowed in a natural way with a G-module structure.
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§1. Hilbert’s Theorem 90p. 246

Proposition 1.1: Let N |K be a Galois extension, and G = GN |K . Then

Hq(G,N+) = 0, q ≥ 1.

Proof: By (1) we may assume [N : K] < ∞. Then by the normal basis theorem ([B2],

§10, Th. 5) there exists c ∈ N such that

N+ =
⊕
σ∈G

K+σc.

But this is clearly G-isomorphic with M1
G(K

+c) (see Cor. 7.5, Ch. II). Thus

Hq(G,N+) = 0, q ≥ 1.

Proposition 1.2 (Hilbert’s Theorem 90): Let N |K be a Galois extension and G =

GN |K . Then

H1(G,N∗) = 1.

Proof: By (1) we may assume [N : K] <∞. Let σ 7→ aσ be a 1-cocycle of G into N∗,p. 247

i.e.,

aστ = aσ · σaτ

(see §2, Ch. II; here we use the multiplicative notation). By the linear independence of

automorphism (cf. [B2], §7, Th. 3) there exists c ∈ N such that

0 ̸= b =
∑
τ∈G

aτ · τc.

Then, for σ ∈ G one has

σb =
∑
τ∈G

σaτ · στc =
∑
τ∈G

a−1
σ · aστ · στc = a−1

σ · b.

Thus

aσ =
σ(b−1)

b−1
.

I.e. aσ is a 1-coboundary.
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Corollary 1.3: Let N |K be a finite Galois extension with G = GN |K cyclic, say

G = (σ). Let a ∈ N∗. Thenp. 248

NN |K(a) = 1⇔ a =
σb

b
, some b ∈ N .

(NN |K is the norm).

Proof: Let #G = n.

⇐): NN |K(a) = a · σ(a) · σ2(a) · · ·σn−1(a) = 1.

⇒): Consider the map x:G −→ A given by

x(σℓ) =

ℓ−1∏
i=0

σia, ℓ ≥ 1.

This is well-defined since x(σn) = NN |K(a) = 1. Then

x(σrσs) = x(σr+s) =

(
r−1∏
i=1

σia

)(
r+s∏
i=r

σia

)
= x(σr) · σrx(σs).

So x is a 1-cocycle, and by Prop. 1.2 a 1-coboundary. I.e. there is a b ∈ N with

x(σk) =
σkb

b
(all k).

In particular a = x(σ) = σb
b .p. 249

Corollary 1.4: Let N ⊇ L ⊇ K be Galois extensions of K. Then there is an exact

sequence

1 −→ H2(GL|K , L
∗)

Inf−→ H2(GN |K , N
∗)

Res−→

H2(GN |L, N
∗)GN|L tr−→ H3(GL|K , L

∗)
Inf−→ H3(GN |K , N

∗).

Proof: By Prop. 1.2, H1(GN |K , N
∗) = 0. Therefore the result follows from Cor. 5.4,

Ch. III.
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§2. The Brauer groupp. 250

In this section we remind the reader of the definition and essential features of the Brauer

group. For more details see, e.g., [S2], p. 164.

Let K be a field. A central simple K-algebra is a K-algebra whose center is K

and with no non-trivial two-sided ideals. If A and B are finitely dimensional central

simple K-algebras, then

A ≈Mn(D) and B ≈Mm(D′),

where D and D′ are division rings with center K (Wedderburn-Artin Th.). We say that

A and B are similar (A ∼ B) if D ≈ D′. Denote by BK the set of equivalence classes

[A] of finite dimensional central simple algebras. If [A], [B] ∈ BK then [A⊗K B] ∈ BK .

This operation makes BK into a group, the Brauer group of the field K. The unit

element of BK is

[K] = {Mn(K)| n ∈ N}.

Also, if [A] ∈ BK , [A]−1 = [Aop], where Aop represents the opposite ring.

Let K ′|K be a field extension. Then there is a group homomorphismp. 251

BK −→ BK′

given by A 7→ A ⊗K K ′. The kernel of this homomorphism is denoted by BK′|K , and

consists of those K-algebra classes which “split” over K ′, i.e. which become full matrix

algebras over K ′.

In particular one can prove

BK = BKs|K =
∪
L|K

BL|K

where L|K runs through the finite Galois extensions.

Theorem 2.1: Let N |K be a Galois extension, and G = GN |K . Then

Φ:H2(G,N∗) ≈ BN |K .
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In particular, H2(GK ,K
∗
s ) ≈ BK .

Although we shall not attempt to prove this theorem, we will describe the iso-

morphism Φ, when [N : K] < ∞. Let x̄ ∈ H2(G,N∗). Consider the K-vector space

p. 252

A =
⊕
σ∈G

Nuσ

where the uσ are symbols. Define a multiplication on A by

(i) uσ · a = aσ · uσ, a ∈ N ;

(ii) uσ · uτ = x(σ, τ) · uστ .

Under this multiplication A is a central simple K-algebra. We define Φ(x̄) = A.

Finally we state without proof the following

Theorem 2.2: Let N ⊇ L ⊇ K be Galois extensions of K. Then

0 −−−−−→ H2(GL|K , L
∗) −−−−−→Inf H2(GN |K , N

∗) −−−−−→Res H2(GN |L, N
∗)yΦ

yΦ
yΦ

0 −−−−−−−−→ BL|K −−−−−−−−−−−−→ BN |K −−−−−−−−−−−−→ BN |L

is a commutative diagram, where the rows are exact.

§3. Cohomological dimension of Galois groupsp. 253

Let k be a field and p a prime number. Denote by k(p) the maximal Galois p-extension

of k, i.e. the union of all finite Galois subextensions K|k of ks|k of degree pn for some

n, where ks is the algebraic separable closure of k. Set

Gk(p) = Gk(p)|k.

Clearly Gk(p) is the maximal pro-p-quotient group of Gk, i.e.

Gk(p) = G/N

where N is the intersection of all closed subgroups of G of index pn for some n.

In this section we will investigate the cohomological dimension of Gk and Gk(p).
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Lemma 3.1: Let G be any profinite group and G(p) = G/N its maximal pro-p-quotient

group, where N is as above. Then, if cdp(N) ≤ 1 one has thatp. 254

Inf:Hq
(
G(p),Z/pZ

)
−→ Hq(G,Z/pZ)

is an isomorphism for q ≥ 0.

Proof: This is clear for q = 0. Assume φ:N −→ Z/pZ is a continuous non-trivial

homomorphism and let M = kerφ. Set

M0 =
∩
σ∈G

σM−1
σ .

Then M0 is normal in G and of p-power index, since M is of p-power index and the

obvious homomorphism

N/M0 −→
∏
σ∈G

N/σMσ−1

is an injection. Hence G/M0 is a pro-p-group with M0 ̸⊆ N which contradicts the

minimality of N . So

H1(N,Z/pZ) = Homc(N,Z/pZ) = 0.

Therefore by our hypothesis Hn(N,Z/pZ) = 0 for n ≥ 0. So by Cor. 5.4, Ch. III

there is an exact sequence

0−−−→Hq
(
G(p),Z/pZ

)
−−−−→Inf Hq(G,Z/pZ)−−−→Hq(N,Z/pZ) = 0p. 255

corresponding to the group extension

1−−−→N −−−→G−−−→G(p)−−−→ 1.

Thus Inf is an isomorphism.

Corollary 3.2: Let G be a profinite group and cdp(G) ≤ 1. Then G(p) is a free

pro-p-group.

Proof: Put G(p) = G/N where N is the intersection of all closed subgroups of p-

power index. By Prop. 2.1, Ch. IV, cdp(N) ≤ cdp(G) ≤ 1. So, by the above Lemma,

Hn(G(p),Z/pZ) = 0 if n ≥ 2. Thus, by Cor. 4.2, Ch. IV, cd(G(p)) ≤ 1. The result

follows now from Th. 6.5, Ch. IV.
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Theorem 3.3: Let k be a field and p = char k. Then cdp(Gk) ≤ 1.p. 256

Proof: First we shall prove that H2(Gk,Z/pZ) = 0. Define a Gk-homomorphism

f : k+s −→ k+s

by f(x) = xp − x. Then f is surjective for if a ∈ k+s , the equation xp − x − a = 0 has

solutions in k+s since ks is separably closed. The kernel of f is the prime field of k, and

hence Gk-isomorphic to Z/pZ. Therefore we obtain an exact sequence of Gk-modules

0−−−→Z/pZ−−−→ k+s −−−→
f

k+s −−−→ 0;

and from this we get a corresponding exact sequence

0 = H1(Gk, k
+
s )−−−→H2(Gk,Z/pZ)−−−→H2(Gk, k

+
s ) = 0

(see Prop. 1.1). Thus H2(Gk,Z/pZ) = 0. Now, if H is any closed subgroup of Gk,

there is some intermediate field k ⊆ k′ ⊆ ks, with H = Gk′ . So, H
2(H,Z/pZ) = 0. Inp. 257

particular let H be a p-Sylow group of Gk. Then, by Cor. 2.2 and Cor. 4.2 in Ch. IV,

cdp(Gk) = cd(H) ≤ 1.

Corollary 3.4: Let k be a field of characteristic p. Then Gk(p) is a free pro-p-group

of rank r = dimZ/pZ k/f(k).

Proof: It is an immediate consequence of Th. 3.3 and Cor. 3.2 that Gk(p) is a free

pro-p-group. Now consider the exact sequence of Gk-modules

0−−−→Z/pZ−−−→ k+s −−−→
f

k+s −−−→ 0.

The corresponding exact sequence in cohomology gives us

H0(Gk, k
+
s ) −−−−−→

f
H0(Gk, k

+
s ) −−−−−→ H1(Gk,Z/pZ) −−−−−−→ 0y≈

y≈
y≈

k −−−−−−−−−−−−−→ k −−−−−−−−→ H1(Gk(p),Z/pZ) −−−−−→ 0
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(see Lemma 3.1 and Prop. 1.1). Thus, by Th. 6.8, Ch. IV,

rank
(
Gk(p)

)
= dimZ/pZ k/f(k).

Corollary 3.5: Let k be a field of characteristic p. Then a pro-p-group G is a Galoisp. 258

group

G ≈ GK/k

iff G can be generated by r = dimZ/pZ k/fk elements, where f : k −→ k is given by

f(x) = xp − x.

Proof: Assume G can be generated by r elements (i.e. there exists a subset converging

to 1 of G of cardinality r which generates algebraically a dense subset of G). Let

Gk(p) = Gk/N . By Cor. 3.4 G(p) is free pro-p of rank r. Consider an exact sequence

1 −→ H/N −→ Gk/N −→ G −→ 1.

Then H is a closed normal subgroup of Gk. Let K be the fixed field of H. Then

G ≈ GK|k. The converse is clear.

We now turn to the case when p ̸= char k. We say that an abelian group A is

p-divisible if given a ∈ A there exists b ∈ A with pb = 1.

Theorem 3.6: Let k be a field, p ̸= char k a prime number and let n be a positivep. 259

integer. Then the following statements are equivalent:

(i) cdp(Gk) ≤ n;

(ii) Hn+1(Gk,K
∗
s )(p) = 0 and Hn(GK ,K

∗
s ) is p-divisible for every algebraic extension

K|k;

(iii) same as (ii), for K|k finite separable of degree prime to p.

Proof: The map K∗
s

p−→K∗
s given by x 7→ xp is a GK-epimorphism since for a ∈ Ks, the

polynomial Xp− a is separable. The kernel µp of this map is isomorphic (as an abelian

group) to Z/pZ. From the exact sequence

1 −→ µp −→ K∗
s

p−→ K∗
s −→ 1
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we obtain an exact sequence

Hn(GK ,K
∗
s )−−−−→

p

(1)
Hn(GK ,K

∗
s )−−−→

δ Hn+1(GK , µp)

−−−→i Hn+1(GK ,K
∗
s )−−−−→

p

(2)
Hn+1(GK ,K

∗
s ).

Then,p. 260

Hn(GK ,K
∗
s ) p− divisible⇔ map (1) is surjective ⇔ δ = 0.

Also,

Hn+1(GK ,K
∗
s )(p) = 0⇔ map (2) is injective ⇔ i = 0.

Thus, condition (ii) of the statement is equivalent to Hn+1(GK , µp) = 0, for K|k al-

gebraic. Similarly, condition (iii) is equivalent to Hn+1(GK , µp) = 0 for K|k finite,

separable with p ∤ [K : k].

Now we proceed to prove the implications.

(i)⇒ (ii): Let K|k be algebraic. Then Ks = Kks, and Gks|ks∩K ≈ GksK|K = GK

(cf. [B2], §10, Th. 1). So GK is isomorphic to a closed subgroup of Gk. Hence (see

Prop. 2.1, Ch. IV)

cdp(G) ≤ cdp(Gk) ≤ n.

Thus Hn+1(GK , µp) = 0.

(ii) ⇒ (iii): This is obvious.

(iii) ⇒ (i): Let H be a p-Sylow group of Gk. Then H = GK for some fieldp. 261

ks ⊇ K ⊇ k. By Prop. 1.6, Ch. I,

H = GK =
∩
GKi ≈ lim←−GKi

where Ki|k runs through the finite separable extensions with p ∤ [Ki : k], K ⊇ Ki.

Hence

Hn+1(GK , µp) = lim−→Hn+1(GKi
, µp) = 0.

Now, since GK is a pro-p-group it operates trivially on µp (see Prop. 4.1, Ch. IV) i.e.

Hn+1(GK ,Z/pZ) = 0.
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Thus by Prop. 2.1, Ch. IV and Cor. 4.2, Ch. IV,

cdp(Gk) = cd(GK) ≤ n.

Corollary 3.7: Let k be a field, and p a prime number with p ̸= char k. Then the

following statements are equivalent

(i) cdp(Gk) ≤ 1

(ii) BK(p) = 0 for every algebraic extension K|k.

(iii) BK(p) = 0 for every finite, separable extension K|k.

Proof: It follows from Theorem 3.6 and Hilbert’s theorem 90.p. 262

Remark: If the equivalent conditions of Cor. 3.7 are satisfied, then Gk(p) is a free

pro-p-group, by Cor. 3.2. If we assume moreover that µp ⊆ k, then

rankGk(p) = dim k∗/(k∗)p.

For then Gk acts trivially on µp, i.e. µp ≈ Z/pZ as Gk-modules and so from the short

exact sequence of Gk-modules

0 −→ Z/pZ −→ k∗s
p−→ k∗s −→ 1

we deduce an exact sequence of cohomology groups

k∗
p−→ k∗ −→ H1(Gk,Z/pZ) −→ H1(Gk, k

∗
s) = 1 ;

so the assertion follows from Th. 6.8, Ch. IV.

Corollary 3.8: Let k be a field. If BK = 0 for K|k finite and separable, then

cd(Gk) ≤ 1.

Proof: It follows from Cor. 3.7 and Th. 3.3.p. 263

The converse of this corollary does not hold in general. However if k is perfect we

have:

135



Proposition 3.9: Let k be a perfect field. If cd(Gk) ≤ 1, then BK = 0 for every finite

separable field extension K|k.

Proof: Let K|k be finite and separable. Then Ks = ks is perfect, and therefore for each

prime p there is an exact sequence

1 −→ µp −→ K∗
s

p−→ K∗
s −→ 1,

where p is the map x 7→ xp. Consider the corresponding exact sequence of cohomology

groups

· · · −→ H2(GK , µp) −→ H2(GK ,K
∗
s )

p−→ H2(Gk,K
∗
s ) −→ H3(GK , µp) −→ · · · ;

since, for each p, cdp(GK) ≤ cdp(Gk) ≤ 1, we deduce that H2(GK , µp) = H3(GK , µp) =p. 264

1, and hence

H2(GK ,K
∗
s ) ≈ BK

p−→BK

is an isomorphism for each prime p. Hence BK(p) = 1. On the other hand, by Cor. 6.7,

Ch. II, BK is torsion. Thus BK = 1, or using the additive notation BK = 0.

Proposition 3.10: Let k be a field. Then the following statements are equivalent.

(i) BK = 0 for every finite separable extension K|k.

(ii) The norm map NL|K :L∗ −→ K∗ is surjective for every finite Galois extension

L|K, and every finite separable extension K|k.

Before we prove this proposition we remind the reader of the following result ([S2],

p. 152). Given a finite group G and a G-module A consider the Tate cohomology groups

defined by

Ĥq(G,A) =

{
Hq(G,A), q > 0
AG/NGA, q = 0,

where the map NG:A −→ A is given by NGa =
∑
σ∈G

σa. Then
p. 265

Ĥq0(H,A) = Ĥq0+1(H,A) = 0 for some q0 ≥ 1 and for every subgroup H of G

implies Ĥq(G,A) = 0 for every q ≥ 0.
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Proof of Proposition 3.10: (ii) ⇔ 0 = K∗/NL|KL
∗ = Ĥ0(GL|K , L

∗) for every finite

Galois extension L|K and every finite separable extension K|k ⇔ Ĥ0(H,L∗) = 0 and

H1(H,L∗) = 0 for every subgroup H ⊆ GL|K , every Galois extension L|K and every

finite separable extension K|k (see Prop. 1.2) ⇔ Hq(GL|K , L
∗) = 0, for every Galois

extension L|K and every finite separable extension K|k (by the result quoted above)

⇔ H2(GL|K , L
∗) = 0 for L|K Galois, and K|k finite separable (by Prop. 1.2 and result

quoted above) ⇔

BK ≈ H2(GK ,K
∗
s ) ≈ lim−→

L|K
H2(GL|K , L

∗) = 0

for every L|K Galois, and K|k finite separable, since, by Cor. 1.4, each H2(GL|K , L
∗)

is a subgroup of BK .

§4. The property C1p. 266

Definition 4.1: Let r be a real number. A field k is called Cr if every homogeneous

polynomial f(X1, . . . , Xn) ∈ k[X1, . . . , Xn] of degree d with dr < n has a non-trivial

zero (x1, . . . , xn) ∈ kn.

In this section we investigate the cohomological dimension of C1 fields.

Proposition 4.2: If k is C1 then

(i) Every algebraic extension of K is C1;

(ii) NL|K :L∗ −→ K∗ is surjective for every finite Galois extension L|K, where K|k is

an algebraic extension.

Proof: (i) Let k′|k be an algebraic extension and let F (X1, . . . , Xn) ∈ k′[X1, . . . , Xn] be

a homogeneous polynomial of degree d < n. Since the coefficients of F are contained

in a finite extension of k, we may assume [k′ : k] < ∞. Say e1, . . . , em is a basis of

k′|k. Let Xij , i = 1, . . . ,m, j = 1, . . . , n be indeterminates. Then [k′(X1,1, . . . , Xm,n) :

k(X11, . . . , Xmn)] = m with basis e1, . . . , em again. Setp. 267

X̄j =
m∑
i=1

Xijei, j = 1, . . . , n.
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Then F (X̄1, . . . , X̄n) ∈ k′(X11, . . . , Xmn]. So

F (X1, . . . , Xn)ei =
m∑
j=1

fijej , i = 1, . . . ,m,

where each fij is a homogeneous polynomial in k[X11, . . . , Xmn] of degree d. Hence

f = det(fij)

is a homogeneous polynomial in k[X11, . . . , Xmn] of degree md in mn variables. Since

K ∈ C1 there is a non-trivial zero of f in kmn. Say f(α11, . . . , αmn) = 0, 0 ̸=

(α11, . . . , αmn) ∈ kmn. Set

βj =

m∑
i=1

αijei, j = 1, . . . , n.

Then (β1, . . . , βn) ̸= 0. Moreover F (β1, . . . , βn) = 0 since the k-linear transformation

of k′ given by

a 7→ F (β1, . . . , βn)ap. 268

is singular.

(ii) Let e1, . . . , en be a basis of L over K. Put L1 = L(X1, . . . , Xn) and K1 =

K(X1, . . . , Xn) where X1, . . . , Xn are indeterminates. Then e1, . . . , en is again a basis

of the finite Galois extension L1|K1. Moreover G = GL|K = GL1|K1
. Take

X =
n∑
i=1

Xiei.

Then NL1|K1
(X) =

∏
σ∈G

( n∑
i=1

Xiσ(ei)
)
is a homogeneous polynomial of degree n with

coefficients in K. So, given a ∈ K∗

NL1|K1
(X)− aXn

n+1

is a homogeneous polynomial of degree n in n + 1 variables. Hence it has non-trivial

zero in Kn+1, since K is C1 by (i). Say

0 ̸= (b1, . . . , bn+1) ∈ Kn+1
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is such a zero. Clearly bn+1 ̸= 0, for otherwise

NL1|K1
(b1e1 + · · ·+ bnen) = 0,p. 269

and so b1e1 + · · ·+ bnen = 0, i.e., b1 = · · · = bn = 0. Thus

a = NL1|K1

(
b1e1 + · · ·+ bnen

bn+1

)
= NL|K

(
b1e1 + · · ·+ bnen

bn+1

)
.

Corollary 4.3: If k is C1 then cd(Gk) ≤ 1.

Proof: This follows from Propositions 4.2 and 3.10 and Cor. 3.8.

Examples: The following are examples of fields k which are C1 and hence of fields for

which cd(Gk) ≤ 1.

(1) Finite fields and their algebraic extensions. (Cf. [Ch1]).

(2) Algebraic function fields of one variable over an algebraically closed field (Cf.p. 270

[T]).

(3) A Henselian field K with discrete valuation v such that its residue class field k

is algebraically closed, and K̂ is separable over K, where K̂ is the completion of

K under v. (This follows from a theorem of Lang [L1] and the fact that if K is

Henselian then K is separably closed in its completion [O].)

In particular if k is algebraically closed, then k((t)) is C1. Also Qp(ζ| ζ is a root

of unity) is C1, where Qp is the field of p-adic numbers, [(L1]).

(4) Let K be a Henselian field with discrete valuation and perfect residue class field.

Assume that K̂ (the completion of K) is separable over K. Then the maximal

unramified extensionKnr ofK is C1. For, sinceKnr is Henselian K̂nr = K̂⊗KKnr

and K̂|Knr is separable ([S2], pp. 41 and 64). On the other hand the residue class

field of Knr is ks ([S2], p. 64); but since k is perfect ks is algebraically closed. The

result is then a consequence of example (3) above.
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§5. Cohomological dimension and field extensionsp. 271

First we will consider algebraic extensions k′|k.

Proposition 5.1: Let k′|k be an algebraic extension and let p be a prime. Then

cdp(Gk′) ≤ cdp(Gk).

Moreover one has equality in either of the following cases:

(i) [k′ : k]s is prime to p;

(ii) cdp(Gk) < α and [k′ : k]s <∞.

Proof:
ks −−−−−−−−− k′s


k1 −−−−−−−−− k′
k

Let k1 = k′ ∩ ks. Then k′ and ks are linearly disjoint over k1 and Gks|k1 ≈ Gk′ ([B2],

§10, Th. 1).p. 272

So Gk′ is isomorphic to a closed subgroup of Gk. Moreover

(Gk : Gk′) = [k′ : k]s.

The result follows now from Prop. 2.1, Ch. IV.

We turn now to the case of transcendental extensions.

Proposition 5.2: Let k be a field, k′ = k(t) where t is an indeterminate, and p a

prime. Then

cdp(Gk′) ≤ 1 + cdp(Gk).

Moreover, equality holds if cdp(Gk) <∞ and p ̸= char k.
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Proof: Put K = k̄(t).

K̄
k̄ −−−−−−−−−− K


k −−−−−−−−−− k′

Notice that Gk ≈ Gk̄|k and Gk′ ≈ GK̄|k′ . Moreover every k(t)-automorphism of Kp. 273

sends k̄ onto k̄; hence the group of k(t)-automorphisms of K is again Gk. Consider the

exact sequence

1 −→ GK −→ Gk′ −→ Gk −→ 1. (1)

By example (2) on p. 269, cdp(GK) ≤ 1. Thus, by Prop. 2.6, Ch. IV,

cdp(Gk′) ≤ cdp(GK) + cdp(GK) ≤ 1 + cdp(Gk).

Assume now that p ̸= char k and cdp(Gk) = d < ∞. To prove equality consider

first the case when in addition Gk is a pro-p-group. Let µp be the group of p-th roots

of unity. To prove equality it will suffice to show that Hd+1(Gk′ , µp) ̸= 1. To see this

consider the spectral sequence of the group extension (1) (cf. Th. 5.3, Ch. III):

Ei,j2 = Hi
(
Gk,H

j(GK , µp)
)
⇒ Hn(Gk′ , µp).

Using example (2) on p. 269, it is clear that Ei,j2 = 0 if j > 1 or i > d. Hence

Hd+1(Gk′ , µp) ≈ Ed,1∞ ≈ Ed,12 = Hd
(
Gk,H

1(GK , µp)
)
.p. 274

Since p ̸= char k, the sequence

1 −→ µp −→ K∗
s

p−→ K∗
s −→ 1

is exact; so we obtain a corresponding sequence of cohomology groups

H0(GK ,K
∗
s )

p−→ H0(GK ,K
∗
s ) −→ H1(GK , µp) −→1

≈
y ≈

y
K∗ p−→ K∗
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(Notice H1(GK ,K
∗
s ) = 1 by Prop. 1.2). Hence

K∗/(K∗)p ≈ H1(GK , µp)

and this is a Gk-isomorphism. Therefore it is enough to show that

Hd
(
Gk,K

∗/(K∗)p
)
̸= 1.

Let v:K∗ = k̄(t)∗ −→ Z be the valuation given by the element 0 of k̄. Then v is an

epimorphism which in turn induces an epimorphism of Gk-modules

v̄:K∗/(K∗)p −→ Z/pZ.p. 275

Thus we get an exact sequence

· · · −→ Hd
(
Gk,K

∗/(K∗)p
)
−→ Hd(Gk,Z/pZ) −→ Hd+1(Gk, ker v̄) = 1.

But since Gk is a pro-p-group we have (see Cor. 4.3, Ch. IV)

Hd(Gk,Z/pZ) ̸= 1

and hence

Hd
(
Gk,K

∗/(K∗)p
)
̸= 1

as desired.

Consider now the general case. Let H be a p-Sylow group of Gk. Then H = Gk1

for some intermediate field k ⊆ k1 ⊆ k̄, and cdp(Gk1) = cdp(Gk), by Cor. 2.2, Ch. IV.

Hence we have

d+ 1 = cdp(Gk1(t)) ≤ cdp(Gk(t)) ≤ d+ 1.

Thus cdp(Gk(t)) = d+ 1.

Theorem 5.3: Let k be field, k′|k a field extension of transcendence degree N , and pp. 276

a prime. Then

cdp(Gk′) ≤ N + cdp(Gk).

142



Moreover, equality holds if cdp(Gk) <∞, p ̸= char k and k′ is finitely generated over k.

Proof: Let t1, . . . , tN be indeterminates. Using induction and Prop. 5.2 we have

cdpGk(t1,...,tN )) ≤ N + cdp(Gk).

Hence, by Prop. 5.1,

cdp(Gk′) ≤ cdp(Gk(t1,...,tN )) ≤ N + cdp(Gk).

Assume that p ̸= char k, cdp(Gk) <∞, and that k′|k is finitely generated. Then using

again Propositions 5.1 and 5.2 and an induction argument we obtain

cdp(Gk′) = N + cdp(Gk).

Corollary 5.4: If k = k0(X,Y ) where k0 is algebraically closed or if k = GF (q)(X),p. 277

then for every prime p ̸= char k we have cdp(Gk) = 2.

Proof: This follows from Th. 5.3 since cdp(Gk0) = 0 and cdp(GGF (q)) = 1 (see ex. (1),

p. 269 and Cor. 2.3, Ch. IV).

§6. Henselian fields

We recall that a field K with a non-archimedian valuation v:K∗ −→ R is called

Henselian if there is a unique extension of v to an algebraic closure of K.

Theorem 6.1: Let K be Henselian with discrete valuation and perfect residue class

field k. Assume K̂ (the completion of K) is separable over K. Then for every prime pp. 278

cdp(GK) ≤ 1 + cdp(Gk).

Equality holds if cdp(Gk) <∞ and p ̸= char K.

Proof: Let Knr|K be the maximal unramified extension of K, i.e.

Knr = lim−→Ki
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where Ki runs through the unramified finite algebraic extensions of K. Then Knr|K is

a Galois extension and

GKnr|K ≈ Gks|k = Gk.

(Cf. [S1], p. 63). Hence there is an exact sequence of profinite groups

1 −→ GKnr
−→ GK −→ Gk −→ 1. (1)

By example (4) on p. 270, cdp(GKnr ) ≤ 1. Hence, by Prop. 2.6, Ch. IV, we have

cdp(GK) ≤ 1 + cdp(Gk). (2)p. 279

Assume now that cdp(Gk) = d < ∞, and p ̸= char K. Let µp be the GK-module of

p-th roots of unity. To show equality in (2), we will see that

Hd+1(GK , µp) ̸= 0.

Consider the spectral sequence of the extension (1)

Ei,j2 = Hi
(
Gk,H

j(GKnr
, µp)

)
⇒ Hn(GK , µp),

(see Th. 5.3, Ch. III). Clearly Ei,j∞ = Ei,j2 = 0 if i > d on j > 1. Since Hd+1(GK , µp) is

filtered by the Ei,j∞ ’s with i+ j = d+ 1, we obtain

Hd+1(GK , µp) ≈ Ed,1∞ ≈ Ed,12 = Hd
(
Gk,H

1(GKnr
, µp)

)
.

We may assume that Gk is a pro-p-group, for if Γ is a p-Sylow group of Gk, with Γ = Gℓ,

k ⊆ ℓ ⊆ ks, and Γ = GL, K ⊆ L ⊆ Knr; and if

cdpGL = cdpGℓ + 1,

then

cdpGK ≥ cdpGL = cdpGℓ + 1 = cdpGk + 1p. 280

and hence cdpGK = cdpGk + 1.
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Therefore, assume Gk is pro-p. From the exact sequence

1−−−→ up −−−→ (Knr)
∗
s −−−→

p
(Knr)

∗
s −−−→ 1

we get an exact cohomology sequence

H0
(
GKnr , (Knr)

∗
s

)
−−−−−→p H0

(
GKnr , (Knr)

∗
s

)
−−−−−→ H1(GKnr , µp) −−−−−→ 1y≈

y≈
K∗
nr −−−−−−−−−−−−−−−−→

p
K∗
nr

(Notice H1(GKnr
, (Knr)

∗
s) = 1 by Proposition 1.2.)

Thus

H1(GKnr
, µp) ≈ K∗

nr/(K
∗
nr)

p

as Gk-modules.

The valuation Knr −→ Z defines an epimorphism

K∗
nr/(K

∗
nr)

p −→ Z/pZ.

Hence

Hd(Gk,K
∗
nr/(K

∗
nr)

p
)
−→ Hd(Gk,Z/pZ) −→ 0p. 281

is exact. Since Gk is pro-p and cdpGk = d, Hd(Gk,Z/pZ) ̸= 0 (Corollary 4.2, Ch. IV).

Therefore

Hd+1(GK , µp) ≈ Hd
(
Gk,K

∗
nr/(K

∗
nr)

p
)
̸= 0.

Remark: The above theorem applies in particular to local fields (i.e. complete under

a discrete valuation).

Corollary 6.2: Let K be a p-adic field (i.e. a finite algebraic extension of the field

Qp of p-adic numbers). Then

cd(GK) = 2.
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Proof: In this case the residue class field k of K is a finite field GF (q) for some q. Since

Gk ≈ Ẑ (see ex. (2) on p. 24) and for each prime number t, cdt(Ẑ) = 1 (see Cor. 3.3,

Ch. IV) we have cdt(Gk) = 1. The result follows now from Th. 6.1.p. 282

§7. Algebraic extensions of Qp

Let p be a prime number and let Qp denote the field of p-adic numbers. First we shall

consider finite extensions K|Qp.

Theorem 7.1 (The main theorem of local class field theory): Let K|Qp be an algebraic

extension with [K : Qp] <∞. Then the following axioms are satisfied.

Axiom 1: H1(GK , K̄
∗) = 1;

Axiom 2: There is an isomorphism

invK :BK −→ Q/Z

such that whenever L|K is a finite field extension the diagram

H2(GK , K̄
∗) ≈ BK −−−−−−→

invK Q/ZyRes

y[L:K]

H2(GL, L̄
∗) ≈ BL −−−−−−→

invK Q/Z

commutes.

Proof: Axiom 1 is Hilbert’s theorem 90. To sketch the proof of axiom 2 we shall proceed

to describe a sequence of isomorphisms whose composition we will define to be invK .

Namely,

invK :BK −→ Q/Z =

H2(GK , K̄
∗)−−−−−−→Inf−1

H2(GKnr|K ,K
∗
nr)−−−−→

v̄K H2(GKnr|K ,Z)

−−−→κ H2(Gk,Z)−−−−−→δ−1

H1(Gk,Q/Z)−−−−→
φk Q/Z

First, consider the homomorphism

Res:H2(GK , K̄
∗) −→ H2(GKnr

, K̄∗
nr).
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Its kernel is H2(GKnr|K ,K
∗
nr) (see Cor. 5.4, Ch. III). But since Knr is Henselian withp. 284

algebraically closed residue class field, we have H2(GKnr
, K̄∗

nr) = 0 (see ex. (3) on

p. 270). Hence

Inf−1:H2(GK , K̄
∗) −→ H2(GKnr|K ,K

∗
nr)

is an isomorphism.

To define the map v̄K , consider the exact sequence

1 −→ U −→ K∗
nr

vK−→ Z −→ 0 (1)

of GKnr|K-modules, where vK is the discrete valuation of Knr extending that one of K.

One can prove that Hq(GKnr|K , U) = 1 if q ≥ 1 (cf. [S2], p. 193). Therefore, we obtain

from (1) an exact sequence

1 = H2(GKnr|K , U) −→ H2(GKnr|K ,K
∗
nr)

v̄K−→H2(GKnr|K ,Z) −→ H3(GKnr|K , U) = 1,

and therefore v̄K is an isomorphism.

The isomorphism κ is induced by GKnr|K ≈ Ck (cf. [S2], p. 64), where k is the

residue class field of (Knr, vK).

The map δ is the connecting homomorphism corresponding to the short exactp. 285

sequence of trivial Gk-modules

0 −→ Z −→ Q −→ Q/Z −→ 0.

The map δ is an isomorphism since Hq(Gk,Q) = 0 if q ≥ 1 (each Hq(Gk,Q), q ≥ 1,

is a torsion group by Cor. 6.7, Ch. II, and for each natural number r the isomorphism

r:Q −→ Q induces an isomorphism r:Hq(Gk,Q) −→ Hq(Gk,Q)).

Finally, the isomorphism φk is given in the following manner. Let q = #k, and

let φ: k̄ −→ k̄ be the automorphism φx = xq; then for η ∈ H1(Gk,Q/Z) we define

φk(η) = η(φk).

The mapping φk is an isomorphism since φk generates Gk (see ex. (2) on p. 24).

Therefore we have shown that invK is an isomorphism.
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Now, let L|K be a finite field extension, let ℓ and k be their residue class fields,

and e and f the ramification index and residue class degree respectively. Then the fact

invL · Res = [L : K] · invK

follows from the commutativity of the following diagram, which is easily checked.p. 286

BK −−−−−→ H2(GKnr|K ,K
∗
nr) −−−−−→ H2(GKnr|K ,Z) −−−−−→ H2(Gk,Z) −−−−−→yRes

yRes

ye·Res

ye·Res

BL −−−−−→ H2(GLnr|L, L
∗
nr) −−−−−→ H2(GLnr|L,Z) −−−−−→ H2(Gℓ,Z) −−−−−→

−−−−−→ H1(Gk,Q/Z) −−−−−→ Q/Zye·Res

ye·f=[L:K]

−−−−−→ H1(Gℓ,Q/Z) −−−−−→ Q/Z

The definition of the map invK that we have just studied can be extended to thep. 287

case when K|Qp is any algebraic extension not necessarily finite. With this aim in mind

we introduce the following rotation. If

n =
∏
ℓ

ℓn(ℓ)

is a supernatural number, define

1

n
Z/Z = {x ∈ Q/Z| ordx | n}.

Examples:

(1) If n =
∏
ℓ

ℓ∞, 1
nZ/Z = Q/Z.

(2) If n = ℓ∞, 1
nZ/Z = Q/Z(ℓ).

Let K|Qp be an algebraic extension, and define

n̄K =
∏

ℓ∞∤[K:Qp]

ℓ∞.
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Theorem 7.2: Let K|Qp be an algebraic extension. Then there is an isomorphism

invK :BK −→
1

n̄K
Z/Z .

Proof: Writep. 288

K = lim−→
i∈I

Ki

where Qp ⊆ Ki ⊆ K, Ki|Qp is a finite extension for each i ∈ I, and i < j ⇒ Kj ⊃ Ki.

Then

GK = lim←−
i∈I

GKi
.

Therefore (see Prop. 4.1, Ch. II)

BK = H2(GK ,Q
∗
p) ≈ lim−→

i∈I
H2(GKi ,Q

∗
p) ≈ lim−→

i∈I
BKi .

By Th. 7.1, the map inv is an isomorphism of the directed systems

(BKi ,Res
ij

) and
(
(Q/Z)i, nij

)
where each (Q/Z)i is a copy of Q/Z and nij : (Q/Z)i −→ (Q/Z)j is multiplication by

nij = [Kj : Ki] for j > i. Thus it induces an isomorphism

invK :BK −→ lim−→
i∈I

(Q/Z)i.

We shall see that

lim−→
i∈I

(Q/Z)i =
1

n̄K
Z/Z.

Notice thatp. 289 (
lim−→
i∈I

(Q/Z)i

)
(ℓ) = lim−→

i∈I
(Q/Z)i(ℓ).

Assume ℓ∞ ∤ [K : Qp]. Then there exists some i0 such that (nij , ℓ) = 1 if i ≥ i0. So if

i ≥ i0

nij : (Q/Z)i(ℓ) −→ (Q/Z)j(ℓ)
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is an isomorphism, and hence

lim−→
i∈I

(Q/Z)i(ℓ) = (Q/Z)(ℓ) =
1

ℓ∞
Z/Z.

On the other hand suppose ℓ∞ | [K : Qp]. Let x ∈ lim−→
i∈I

(Q/Z)i(ℓ) and let xi ∈ (Q/Z)i(ℓ)

whose canonical image is x; say ord(xi) = ℓβ . Then there is some j > i such that

ℓβ | nij (since ℓ∞ | [K : Qp]). Therefore xj = nijxi = 0 and so x = 0, i.e.

lim−→
i∈I

(Q/Z)i(ℓ) = 0.

Thus

lim−→
i∈I

(Q/Z)i ≈
⨿
ℓ

(
lim−→
i∈ℓ

(Q/Z)i
)
(ℓ) ≈

⨿
ℓ∞∤[K:Qp]

1

p∞
Z/Z ≈ 1

n̄K
Z/Z.

p. 290

Remark: The homomorphism invK of Th. 7.2 is “natural”, in the sense that it satisfies

the following property. Let Qp ⊆ K ⊆ L be algebraic extensions, then the following

diagram commutes

BK
invK−→ 1

n̄K
Z/Z =

⨿
ℓ∞∤[K:Qp]

1
ℓ∞Z/Z

Res

y [L:K]

y
BL

invL−→ 1
n̄L

Z/Z =
⨿

ℓ∞∤[L:Qp]

1
ℓ∞Z/Z

where the map [L : K] is “multiplication” by [L : K], i.e., if [L : K] =
∏
ℓ

ℓα(ℓ) and

x ∈ 1
ℓ∞Z/Z ⊂ 1

n̄K
Z/Z then [L : K]x = ℓα(ℓ)x (with the understanding that ℓα(ℓ)x = 0

if α(ℓ) =∞). To see this notice that

Res:BK −→ BL

is induced by the maps

BKi

=−→ BKi
−→ lim−→

j∈J
BLj

= BL
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where Qp ⊂ Ki ⊂ K, Qp ⊂ Lj ⊂ L, [Ki : Qp] < ∞ and [Lj : Qp] < ∞. (We arep. 291

assuming I ⊂ J and i ∈ I ⇒ Ki = Li.) Hence from Th. 7.1 we obtain a commutative

diagram

BK = lim−→
i∈I

BKi
−−−−−−→invK lim−→

i∈I
(Q/Z)iyRes

yφ
BL = lim−→

j∈J
BLj

−−−−−−→invL lim−→
j∈J

(Q/Z)j

where φ is induced by

(Q/Z)i −−−−→= (Q/Z)i −−−→ lim−→
j∈J

(Q/Z)j .

Now it is easily verified that φ is multiplication by [L : K].

Corollary 7.3: Let K|Qp be an algebraic extension and let ℓ be a prime. Then

BK(ℓ) = 0⇔ ℓ∞ | [K : Qp].

Corollary 7.4: Let K|Qp be an algebraic extension and let ℓ be a prime. Thenp. 292

(i) cdℓ(GK) = 0⇔ ℓ ∤ [K̄ : K];

(ii) cdℓ(GK) = 1⇔ ℓ | [K̄ : K] and ℓ∞ | [K : Qp]

(iii) cdℓ(GK) = 2⇔ ℓ∞ ∤ [K : Qp].

Proof: (i) This is the content of Cor. 2.3, Ch. IV.

(ii) This is a consequence of Cor. 7.3 and Cor. 3.7.

(iii) If cdℓ(CK) = 2, by (i) and (ii) we have ℓ∞ ∤ [K : Qp]. Conversely, assume ℓ∞ ∤

[K : Qp]; then, by Cor. 7.3, BK(ℓ) ̸= 0 and so cdℓ(GK) ≥ 2 by Th. 3.6. On the other

hand, since GK = lim←−GKα
where Kα|Qp runs through the set of finite subextensions

of K|Qp, we have

Hn(GK , K̄
∗) = lim−→Hn(GKα , K̄

∗)

(see Th. 4.1, Ch. II); therefore cdℓ(GK) ≤ 2 by Cor. 6.2.
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§8. Algebraic extensions of Qp. 293

Let K|Q be any algebraic extension (possibly infinite), and let v be a real valuation of

K. Then

K = lim−→
α

Kα

where Kα|Q runs through the set of all finite sub-extensions of K|Q. Denote by Kαv

the completion of Kα with respect to the restriction of v to Kα. Set

Kv = lim−→
α

Kαv .

It is clear that Kαv is either a finite extension of Qp (for some fixed p) or of R depending

on whether v is the p-adic valuation or the ordinary absolute value when restricted to

Q. Hence Kv is either an algebraic extension of Qp or of R. If K̄ and K̄v are algebraic

closures of K and Kv respectively, then any K-embedding

f : K̄ −→ K̄v

induces a homomorphism

f :GKv
−→ GKp. 294

which in turn induces a homomorphism

ρv:BK −→ BKv .

Proposition 8.1: ρv is independent of the choice of the K-embedding f .

Proof: Let f, g be two such embeddings. They differ by a K-automorphism of K̄, so

that f and ḡ differ by an inner automorphism given by an element of GK . The result

follows now from Prop. 5.13.

Remark: Notice that

BKv = lim−→
α

BKαv

and that

ρv = lim−→
α

ραv.
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Proposition 8.2: The canonical map ρv:BK −→ BKv is surjective.p. 295

Proof: Assume first that K|Q is a finite extension. Let Kw denote the completion of

K with respect to the valuations w of K. Then BKw is isomorphic to Q/Z by means

of inv if w arises from a p-adic valuation of Q (cf. Th. 7.1); BKw is isomorphic to the

subgroup {0, 12} of Q/Z if w arises from the ordinary absolute value on Q and Kw = R,

for

BR = H2(Z/2Z,C∗) = R∗/R∗
+ = Z/2Z

(cf. [M], p. 122); finally BKw
= 0 if Kw = C. The maps ρw define a homomorphism ρ

of BK into the direct product of the BKw
’s; however, it can be proved that if x ∈ BK ,

ρw(x) = 0 for all but a finite number of w’s, so that the homomorphism ρ is in fact into

the direct sum of the BKw ’s. Moreover the sequence

0−−−→BK −−−→
ρ
⨿
w

BKw
−−−→σ Q/Z−−−→ 0

is exact where σ is induced by the maps BKw
−→ Q/Z described above (Hasse’s th. ,p. 296

cf. [A-T], p. 64).

Let us go back to the proof that ρv is surjective. Let xv ∈ BKv . Choose a

valuation v′ of K and an element xv′ ∈ BKv′ such that σ(x) = 0 where x ∈
⨿
w
BKw

is defined to have all coordinates zero except coordinates v and v′ which are sv and

xv′ respectively. Hence by the exactness of the above sequence there is some element

y ∈ BK with ρv(y) = xv.

Assume now that K|Q is any algebraic extension. Since lim−→ is an exact functor

in the category of abelian groups, by the remark on p. 294 we have that

ρv = lim−→
α

ραv

is surjective.

Proposition 8.3: Let K|Q be any algebraic extension, possibly infinite. Then the

homomorphism

BK −→
∏
v

BKv
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induced by the maps ρv:BK −→ BKv , where v runs through the set of all valuationsp. 297

of K, is injective.

Proof: As before put

K = lim−→Kα

where Kα|Q runs through all finite subextensions of K|Q. Then

Kv = lim−→
α

Kαv ,

BK = lim−→
α

BKα
,

BKv
= lim−→

α

BKαv
,

and

ρ = lim−→
α

ραv.

BK −−−−−−−→
ρv BKvxResα

xResαv

BKα
−−−−−−−→ραv BKαv

Let x ∈ BK ; put xv = ρv(x). Assume xv = 0 ∀v. We shall show that x = 0. Choose ᾱ

and xᾱ such that xᾱ ∈ BKᾱ
and Resᾱ(xᾱ) = x. If α ≥ ᾱ we write xα = Resαᾱ(xᾱ).p. 298

For α ≥ ᾱ let Vα be the set of all valuations of K for which xαv = ραv(xα) ̸= 0. By

Hasse’s theorem (see proof of Prop. 8.2) each Vα is finite. It is plain that

{Vα| α ≥ ᾱ}

form a projective system, where if β ≥ α the map Vβ −→ Vα is given by restriction. On

the other hand

lim←−
α

Vα = ∅,

for otherwise there is some valuation v of K such that xαv ̸= 0 for all α, and hence

xv ̸= 0 contradicting our hypothesis. Therefore Vα = ∅ for some α (cf. [B3], §9, Prop. 8).

Thus, by Hasse’s th. xα = 0, and so x = 0.
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Corollary 8.4: Let K be as in Prop. 8.3 and let ℓ be a prime. Then BK(ℓ) = 0 iff

BKv
(ℓ) = 0 for all valuations v.p. 299

Proof: It follows immediately from Props. 8.3 and 8.4.

Corollary 8.5: Let K and ℓ be as above. Then

BK(ℓ) = 0⇒ BL(ℓ) = 0

for every algebraic extension L|K.

Proof: For every valuation v of K Lv ⊇ Kv, and so BLv (ℓ) = 0 by Cor. 7.3; hence by

Cor. 8.4 BL(ℓ) = 0.

Corollary 8.6: Let K and ℓ be as above. Then

cdℓ(GK) ≤ 1⇐⇒ BK(ℓ) = 0.

Proof: This is a consequence of Cor. 8.5 and Cor. 3.7.

We will prove now a lemma that will be used later to describe all possible valuesp. 300

of cdℓ(GK) for any algebraic extension K|Q.

Lemma 8.7: Let ℓ be a prime and L a finite extension of Q. Then there is a Galois

extension K|L such that GK|L = Zℓ and ℓ∞ | [Kv : Qv] for every non-archimedean

place v of K.

Proof: Assume first that L = Q. Given a field H and a natural number n let ζn denote a

primitive nth-root of 1 and set Hn = H(ζn). Let Q(ℓ) be the field obtained by adjoining

to Q all the ℓn-th roots of 1 for all n. Then

Q(ℓ) = lim−→
n

Qn.

It is well-known that

GQn|Q = group of units of Z/ℓnZ

(cf. [B2], §11, Prop. 2). Hence

GQ(ℓ)|Q = lim←−
n

GQn|Q
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is the group of units U(Zℓ) of Zℓ.p. 301

Let v be a non-archimedian place. Then

Q(ℓ)v = lim−→
n

(Qn)v ⊇ lim−→
n

(Qv)n.

Let p be the prime number defining the valuation v. If p = ℓ, then[
(Qv)n : Qv

]
=
[
(Qp)n : Qp

]
= (ℓ− 1)ℓn−1

(cf. [S2], p. 85); therefore, by Prop. 4.7, Ch. I, we have ℓ∞ | [Q(ℓ)v : Qv]. If p ̸= ℓ, then

(cf. [S2], p. 85) r(n) = [(Qv)n : Qv] is the least positive integer such that pr(n) ≡ 1

(mod ℓn) (hence r(n) | ℓn−1(ℓ− 1)), and [(Qv)n : Qv] = [GF (p)n : GF (p)] where GF (p)

is the field with p elements (hence rn −→ ∞ when n −→ ∞); therefore we have again

ℓ∞|[Q(ℓ)v : Qv].

Now, the group U(Zℓ) is the direct product of Zℓ and a finite group (cf. [S2],

p. 220). Hence, since GQ(ℓ)|Q = U(Zℓ) there is a subextension K|Q of Q(ℓ)|Q such

that GK|Q = Zℓ. Moreover, since [Q(ℓ) : K] < ∞ we have ℓ∞|[Kv : Qv] for every

non-archimedian v.

Consider now the general case, that is assume L|Q is a finite extension. Letp. 302

K1|Q be a Galois extension such that GK1|Q = Zℓ and ℓ∞|[(K1)v : Qv] for every non-

archimedian place v.
K1 −−−−−− K = K1L


K1 ∩ L −−−−−−−− L

Q
Set K = K1L. Then GK|L ≈ GK1|K1∩L (cf. [B2], §10, Th. 1), and hence GK|L ≈ Zℓ,

for (GK1|Q : GK1|K1∩L) = [K1 ∩ L : Q] < ∞ (see Prop. 6.3, Ch. I). Finally for every

non-archimedian place v of K we have

[Kv : Qv] =
[
Kv : (K1)v

][
(K1)v : Qv

]
,

and so ℓ∞|[Kv : Qv].
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Theorem 8.8: Let K be any algebraic extension of Q, and let ℓ be a prime number.

Then

cdℓ(GK) = 0, 1, 2, or ∞.p. 303

Specifically we have

(a) cdℓ(GK) =∞⇔ ℓ = 2 and K is not totally imaginary;

(b) Under the assumption that either ℓ ̸= 2 or K is totally imaginary we have

(i) cdℓ(GK) = 0⇔ ℓ ∤ [K̄ : K]

(ii) cdℓ(GK) = 1⇔ ℓ|[K̄ : K] and ℓ∞|[Kv : Qv] for every non-archimedian place

v of K;

(iii) cdℓ(GK) = 2 ⇔ ℓ|[K̄ : K] and ℓ∞ ∤ [Kv : Qv] for some non-archimedian

place v of K.

[We recall that K is called totally imaginary if it cannot be embedded into R.]

Proof: (a) If K is not totally imaginary there is a field R, K ⊆ R ⊆ K̄ with [K̄ : R] = 2,

namely R = R ∩ K. So GR ⊆ GK and cd2(GK) ≥ cd2(GR) = cd2(Z/2Z) = ∞ by

Prop. 2.1, Ch. IV, and Cor. 2.5, Ch. IV.p. 304

(b) (i) This follows from Cor. 2.3, Ch. IV.

(b)(ii) Assume first that cdℓ(GK) = 1; then by Cor. 8.6, Cor. 8.4 and part (b)(i)

and Cor. 7.3 we have ℓ|[K̄ : K] and ℓ∞|[Kv : Qv] for all non-archimedian v. Conversely,

suppose ℓ|[K̄ : K] and ℓ∞|[Kv : Qv] for every non-archimedian place v; then if v is non-

archimedian BKv (ℓ) = 0 by Cor. 7.3. If ℓ ̸= 2 and v is archimedian again BKv (ℓ) = 0,

since BKv is either Z/2Z or 0 (see proof of Prop. 8.2); and if ℓ = 2 we have assumed

K is totally imaginary and so BKv
= 0 for every archimedian v (Kv = C). Thus, by

Cor. 8.6 and case (b)(i) we have cdℓ(GK) = 1.

(b)(iii) If cdℓ(GK) = 2 it follows from (b) (i) and (b) (ii) that ℓ|[K̄ : K] and

ℓ∞ ∤ [Kv : Qv] for some non-archimedian place v of K. To prove the reverse implication

it will suffice to prove that if ℓ ̸= 2 or K is totally imaginary then cdℓ(GK) ≤ 2. Forp. 305

this we may assume that [K : Q] < ∞, for if K = lim−→Ki where Ki runs through the

set of finite subextensions Ki|Q of K|Q, then

GK = lim←−GKi
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and

Hn(GK , K̄
∗) = lim−→Hn(GKi

, K̄∗
i )

(see Prop. 4.1, Ch. II), and hence cdℓ(GKi
) ≤ 2 ⇒ cdℓ(GK) ≤ 2 (see Th. 3.6). If

[K : Q] < ∞, by Lemma 8.7, there is a Galois extension L of K such that KL|K = Zℓ
and ℓ∞|[Lv : Qv] for all non-archimedian places v of L. By parts (b) (i) and (b) (ii) we

must have cdℓ(GL) ≤ 1. Finally, from the extension

1 −→ GL −→ GK −→ GL|K −→ 1

we get

cdℓ(GK) ≤ cdℓ(GL) + cdℓ(GL|K) ≤ 2

(see Prop. 2.6, Ch. IV).

§9. The abelian subgroups of GQ *p. 306

In this section we characterize those algebraic extensionsK|Q over which every algebraic

equation has an abelian Galois group, i.e., those algebraic extensions K|Q for which GK

is abelian. We achieve this by describing the abelian closed subgroups of GQ. There are

two obvious examples of such subgroups:

1) Let R|Q be real closed, i.e., [Q : R] = 2. Then GR = Z/2Z.

2) Let σ ∈ GQ, and let H be the closed subgroup of GQ generated by σ. Clearly

H is procyclic, and hence abelian.

In fact one has the following result due to W.D. Geyer [Ge].

Theorem 9.1: Every abelian closed subgroup of GQ is procyclic.

Proof: Let H be an abelian closed subgroup of GQ.

Case (1): Assume H contains some torsion element σ ̸= 1. Let H ′ be the subgroup

generated by σ and let R and K be the fixed fields of H ′ and H respectively. Sincep. 307

[Q : R] < ∞, R is real closed and so σ2 = 1 (cf. [J], p. 316). Since R|K is a normal

extension, for each τ ∈ H we must have that τ restricted to R is an automorphism of
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R. Hence τ restricted to R is the identity, since R is real closed (cf. [J], p. 273). Thus

τ ∈ H ′, i.e. H = H ′ = Z/2Z.

Case (2): Suppose H is torsion free. Since H is also compact and totally disconnected

we have

H =
∏
p∈S

Zepp

where S is a set of prime numbers, ep is a cardinal number and Zp is the group of p-adic

integers (cf., e.g., [H-R], p. 406). Therefore to show that H is pro-cyclic it suffices to

show that for each p ∈ S, ep = 0, 1. If this were not the case, then H would contain

a closed subgroup of the form H ′ = Zp × Zp. We shall prove that this leads to a

contradiction. Let K be the fixed field of H ′. Clearly K contains the p-th roots of 1,

for if η is one such root then [K(η) : K] ≤ p − 1 must be a divisor of p. Assume Kp. 308

contains all pn-th roots of 1. Then for every non-archimedian place v of K,

Kv ⊇ Qv(ζpn | n ∈ N) ⊇ Qv

where ζpn is a primitive pn-th root of 1. Hence p∞|[Kv : Qv] for every non-archimedian

v. So cdp(H
′) ≤ 1 by Th. 8.8 (notice K is totally imaginary, for otherwise H would

contain a subgroup of order 2 as seen in proof of Th. 8.8 (a)). On the other hand

cdp(H) = cdp(Zp) + cdp(Zp) = 2 by Prop. 4.4, Ch. IV. A contradiction.

Assume now that K contains a primitive pn−1-th root of 1 but it does not contain

a primitive pn-th root of 1. Let ζ be primitive pn-th root of 1, and put K1 = K(ζ).

Then K1|K is cyclic of degree p. Since H ′ = Zp × Zp there is some cyclic extension

K2|K of degree p such that K1 ̸= K2 (if U is the open subgroup of Zp of index p choose

K2 to be the fixed field of U × Zp or Zp × U so that K2 ̸= K1). Then K2 is generated

over K by the roots of a pure irreducible equation xp − a = 0 (cf. [B2], §11, no. 6).

Take b ∈ Q such that bp
n − a = 0. Since (bp

n−1

)p − a = 0 we have K2 ⊆ K(b), andp. 309

K2 = K(bp
n−1

). Let σ ∈ H ′ be such that σ|K1 = identity but σ|K2 ̸= identity. Set

ζ = (σb)b−1; then ζ is a primitive pn-th root of 1, for ζp
n−1

= σ(bp
n−1

)b−p
n−1 ̸= 1.

Therefore K1 ⊆ K(b) and [K(b) : K] = pn. Since K(b)|K is normal σ ∈ GK(b)|K1
, and

so σp
n−1

= identity on K(b). However

σp
n−1

(b) = ζp
n−1

b ̸= b.
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Contradiction.

160



Bibliography

p. 310

[A-T] E. Artin and J. Tate, Class Field Theory, W. A. Benjamin, N.Y., 1967.
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