Preface

These notes are based on a course given by Prof. J. Neukirch at Queen’s Univer-
sity during the academic year 1968-69. 1 want to express my deep thanks to him for
providing me with the opportunity of working on these beautiful questions.

In the first four chapters we have attemted to give a rather detailed introduction to
the theory of profinite groups and their cohomology. With a few exceptions, e.g. some
examples of §8 of Ch. I, the presentation is essentially self-contained. We simply assume
that the reader is familiar with some of the basic notions of Algebra and Topology, and
some terminology from Homological Algebra.

In Chapter V we present some applications of the cohomological technique to the
study of field extensions. Here we have used several results whose proofs are outside
the scope of these notes.

We should like to express our gratitude to Prof. N. Sankaran for many useful
conversations, and to Mr. A. Simis for his careful job in proofreadings. We also thank

Mrs. E. M. Wight for her patience and skill in typing these notes.



Contents

Chapter I Profinite Groups
1 Infinite Galois extensions
2 Profinite groups
3 Properties of profinite groups
4 Supernatural numbers
5 The Sylow theorems
6 Classifications of pro-cyclic groups
7 Free profinite groups

8 The Galois group of C(t)|C(t)
9 The embedding problem

Chapter IT Cohomology of Profinite Groups
1 Cohomology groups
2 HY(G, A) in low dimensions
3 H1(G, A) and extensions of profinite groups
4 Behavior of H1(G, A)
5 Some Homological Algebra .
6 Special mappings

7 Induced modules

Chapter III  Spectral Sequences and Cup Products

1 Spectral sequences

2 Positive spectral sequences

3 The spectral sequences of a filtration

4 The spectral sequences of a double complex

5 The Lyndon-Hochschild-Serre spectral sequence
6 Cup products

7 Properties of cup products

Chapter IV Applications

1 Cohomological dimension

16
29
36
46
56
60
70
80

91
97
99
106
120
131
142

125
151
161
165
170
178
189

196



2 Cohomological dimension of subgroups
3 Groups with cd,(G) <1

4 Cohomology of pro-p-groups

5 The Euler-Poincaré characteristic

6 Generators and relations .

Chapter V  Galois Cohomology of fields
1 Hilbert’s Theorem 90
2 The Brauer group
3 Cohomological dimension of Galois groups
4 The property Cy
5 Cohomological dimension and field extensions
6 Henselian fields
7 Algebraic extensions of Q,

8 Algebraic extensions of Q

Bibliography .

Index

204
211
218
224
231

246
250
253
266
271
277
281
293

310
312



p.

2

CHAPTER I
PROFINITE GROUPS

¢1. Infinite Galois extensions.

Let K be a field and N a Galois extension of K (i.e. algebraic, normal and separable).
Let
G = GN\K = {(T S Aut(N)| O'|K = ldK}

be the Galois group of this extension. Denote by {N : K} and {G : 1} the lattices of
intermediate fields L, K C L C N, and subgroups H C G, respectively.
The main theorem of Galois theory for finite extensions can be stated then as

follows.

THEOREM 1.1: Let N|K be a finite Galois extension. Then
(i) [N : K] =#GNik;
(ii) The maps
(N: K} % @1

defined by
®(L) ={0 € Gnk| o|r =idL} = GNiL,

V(H)={x € N| Hx = z},

(KCLCN; HCQG),
are inverse lattice anti-isomorphisms;
(iii) If L € {N : K} and ®(L) = Gy, then L is normal over K iff Gy, is a normal
subgroup of G, in which case Gk ~ Gn|x/GN|L-

Let us assume now that the Galois extension N|K is not necessarily finite. The
maps ¢ and ¥ can still be defined as above and it is clear that they are lattice anti-

homomorphisms. Moreover one has the following
PROPOSITION 1.2: Vo ® =idyy.x1-
Proof: If K C L C N one certainly has
U(®(L)) =V(Gn|L) ={r € N|Gnjpxr =2} D L.
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On the other hand, if x € N and G|z = z, then x is the only conjugate of z, i.e.
x € L. |

COROLLARY 1.3: @ is injective and V is surjective.

However in the general case ® and ¥ are not anti-isomorphisms; in other words in
the infinite case it could happen that different subgroups of G |k have the same fixed

field, as the following example shows.

Example: Let K = F, be the finite field with p elements. Let ¢ # 2 be a prime number,
and consider the sequence

K=KyCKyC---,

where K; is the unique extension of K of degree [K; : K] = ¢*. Let

i=1

then
K; ={z € N| " —z =0}.

Let G = Gy|k- Consider the Frobenius K-automorphism ¢: N — N defined by

o(z) = aP.

Set
H={¢"|neZ}.

We shall prove that (a) H and G have the same fixed field, i.e. ¥(G) = V(H), and (b)
H # @G, establishing that ¥ is not injective.

For (a): It suffices to show that W(H) = K. Let x € N with Hz = x; then ¢(z) = x;
so P = x; hence x € K.

For (b):  We construct a K-automorphism o of N, which is not in H, in the following
way. For eachi=1,2,...,let kj = 1+/+---4+¢~1 and consider the K-automorphisms
@k of N. Since

Pk, = M|k,

5
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we can defined a K-automorphism
ooN — N
by setting
o(x) = " (x), when z € K.
Now, if 0 € H, say 0 = ¢"™ we would have for each i =1,2,...,

n

ki
K, =¢®

o K, =¥ |K;»

and hence

n=k; (mod ()

for each 4, since G, |k is the cyclic group generated by ¢|k,. Multiplying this by (£ —1)

we would obtain (¢ —1)n =1 (mod £°), for each i, which is impossible if £ # 2.

Remark: The key idea in the above example is the following: as we will see later (see
ex. (4) on p. 26) the Galois group Gy = Gy, is isomorphic to the additive group Z, of
the f-adic integers. The Frobenius automorphism ¢ corresponds to 1 € Zy, so that the
group H is carried onto Z C Zy. The elements of G which are not in H correspond to
the f-adic integers which are not in Z (for instance, in our case o = 1+£+ 24+ 03 +...).

Although the above example shows that Theorem 1.1 does not hold for infinite
Galois extension, it suggest a way of modifying the theorem so that it will in fact be
valid even in those cases. The map o of the example is in a sense approximated by the
maps ¢"¢, since it coincides with ¢*# on the subextension K; which becomes larger and
larger with increasing i, and N = (J;=, K;. This leads to the idea of defining a topology
in G so that in fact o = lim ¢*. Then ¢ would be in the closure of H and once could
hope that G = cl(H), suggesting a correspondence of the intermediate fields of N|K

and the closed subgroups of G. In fact this is the case as we will see.
Definition 1.4: Let N|K be a Galois extension and G = Gy |x. The set
S = {Gnz| L|K finite, normal extension, L € {N : K}}

determines a basis of open neighborhoods of 1 € G. The topology defined by S is called
the Krull topology of G.



Remarks: 1) If N|K is a finite Galois extension, the the Krull topology of G'n|x is the
discrete topology.
2) Let 7,0 € Gy|g. Then 7 € 0G| & Y = GniL & olp =7|L, ie., two

elements of G|k “are near” if they coincide on a large field L.

PROPOSITION 1.5: Let N|K be a Galois extension and let G = G'nx. Then G endowed
with the Krull topology is a
(i) Hausdorff,
(ii) compact,
(iii) totally disconnected
topological group

Proof: For (i): Let F, denote the set of all finite, normal subextension L|K of
N|K. We have

ﬂU: ﬂ Gy =1,

Ues LIKEF,,

since

N= |J L

LIKEF,
Then, 0,7 € G, 0 # 7 = 0 7 # 1 = Uy € S such that o717 ¢ Uy = 7 ¢ oUy =
Uy NoUy = 0.

For (ii): Consider the homomorphism

hG— [ Gux=P
LIKEF,,

defined by

LIKEF,,
(Notice that P is compact since every G,k is a discrete finite group.)
We shall show that h is an injective continuous mapping, that h(G) is closed in
P and that h is an open map into h(G). This will prove that G is a homeomorphic to
the compact space h(G).
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Let 0 € G with h(o) = 1; then ol = 1, since N = Uy gep L. Thus h is
injective.
To see that h is continuous consider the composition

G — Png){GL‘K
where g7, i is the canonical projection. It suffices to show that each grxh is continuous;

but this is clear since

(90xh) " ({1}) = Gnir € S.

To prove that h(G) is closed consider the sets My, |z, = {[[oL € P| or,|1, = 0L, }
defined for each pair L1|K, Lo|K € F,, with N O Ly O Ly 2 K. Notice that My, |, is
closed in P since it is a finite union of closed subsets, namely, if G, x = {f1, f2, ..., fr}
and 5; is the set of extensions of f; to Ly, then

T

ML1|L2 = U ( H GL|K x S X {fl})

t=1 L#Lj, Ly
L|IKEF,,

On the other hand

h(G) C ﬂ My, Ly
L12OLo

and if

H oy, € ﬂ ]\4[/1‘[/2

LIKeF,, L1DL>
we can define a K-automorphism o: N — N by o(x) = op(z) if z € L; so that
h(o) = HLIKGEn or. Le.,

WG)= () Mgy,

L12OLo
and hence h(G) is closed.
Finally h is open into h(G), since if L|K € F,,,

MGyiL) = h(G) N ( H Gk x {1})

L'#£L
/
L'|KeF,,

which is open in h(G).
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For (iii): It is enough to prove that the connected component H of 1 is {1}. For
each U € S'let Uy = U N H; then Uy # () and it is open in H.
Let

VHZ U acUH;
xEH
z¢Upg

then Vg isopenin H, Uy NVy =0 and H = Uy UVyg. Hence Vg = 0;ie., UNH = H
for each U € S. Therefore

HC (U={1},

Ues

so H = {1}. |

PROPOSITION 1.6: Let N|K be a Galois extension. The open subgroups of G = Gy |k
are just the groups G|, where L|K is a finite subextension of N|K. The closed

subgroups are precisely the intersections of open subgroups.
Proof: Let L|K be a finite subextension of N|K. Choose a finite normal extension L
of K such that N O L D L D K. Then

Gy € G € G

SO

GN|L: U O-GN\i;

O'EGN\L
i.e., Gy is the union of open sets and thus open. Conversely, let H be an open

subgroup of G; then 3 a finite normal extension L with

Consider the epimorphism

defined by restriction. Its kernel is G ~|i- The image of H under this map must be of
the form GE|L’ for some field L with L O L D K, since GE|K is the Galois group of a

finite Galois extension. Thus
H = {0‘ S G| 0‘|L = idL} = GN|L-

9
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Since open subgroups are closed so is their intersection. Conversely, suppose H is
a closed subgroup of G; clearly

HC ﬂH-U.
ues

On the other hand, let 0 € (g H - U; then U € § = oU N H # 0; so every
neighborhood of ¢ hits H; hence ¢ € H. Thus H is the intersection of the open
subgroups H - U, U € §. |

We are now in a position to generalize Theorem 1.1 to infinite Galois extensions.

THEOREM 1.7 (Krull): Let N|K be a (finite or infinite) Galois extension and let G =
Gn|k- Let {N : K} be the lattice of intermediate fields N 2 L O K, and let {G : 1}
be the lattice of closed subgroups of G. If L € {N : K} define

(P(L) = {0' S G| O"L :ldL} = GN|L

Then ® is a lattice anti-isomorphism of {N : K} to {G : 1}. Moreover L € {N : K}
is a normal extension of K iff ®(L) is a normal subgroup of G; and if this is the case

Gk ~ G/O(L).

Proof:  Since ®(L) = Gy, is compact (Prop. 1.5), it is closed in G; so @ is in fact a
map into {G : 1}. Define
U:{G:1} — {N: K}

by
VU(H)={x € N| Hx = z}.

Clearly Proposition 1.2 is still valid and we have W o ® = id{x.x}. Now we prove that

® oW =id(gyy. If LK is finite,
(U (Gyyr)) = 2(¥(2(L))) = GiL-
If H € {G : 1}, then, by Proposition 1.6,

H = ﬂGN|L7

10
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the intersection running through a collection of extensions N|L with L|K finite. Then

O(U(H)) = D(W([\Gn)) =
(| JU(Gri) =) 2(T(CnL))

Gy =H

Assume that L is a normal extension of K, and let H = ®(L). Then oL = L,
Vo € G; but since oL = ¥(ocHo 1), this is equivalent to saying that cHo ™! = H, Vo,
i.e., that H is normal in GG. Conversely, suppose that H is an invariant subgroup of
G, and let V(H) = L. So oL = L, Vo € G, i.e., L is the fixed field of the group of
restrictions of the o € G to L. Thus L|K is Galois and hence normal ([Bs] §10, Prop. 1).
Finally, since every K-automorphism of L can be extended to a K-automorphism of N

(cf. [Bz] §6, Prop. 7), the homomorphism
G — GL\Kv

given by restriction, is onto. The kernel of this homomorphism is ®(L); thus G g ~

G/o(L). W

§2. Profinite groups.

The groups which occur as Galois groups of field extensions belong to a class of topolog-
ical groups, the so-called profinite groups. They can be defined in the following abstract
way:
Definition 2.1: A profinite group is a Hausdorff, compact, totally disconnected topo-
logical group.

By Proposition 1.5 every Galois group with the Krull topology is a profinite group.
It may be mentioned that, conversely, every profinite group is representable as a Galois

group of some field extension.

THEOREM 2.2: The profinite groups are precisely the projective limits of projective

systems (over directed sets) of finite groups.

In the proof of this theorem we will need the following lemmas.

11



LEMMA 2.3: Let X be a compact, Hausdorff space. Let x € X and let {U,| ¢ € Q}

be the family of all compact open sets containing x. Then
A=1,
qeQ
is connected.

Proof: Assume A=UUV,UNV = with both U and V closed. Since X is normal
Jopen sets U', V' such that U’ DU, V' DV and U' NV’ = (. So

X\ (U'UVHINnA=0.
Since X \ (U'UV”) is compact 3 a finite subfamily @' C @ such that
X\ @ uV)IN([) Uy =0
qeQ’

Let b = (),cq Ug- Then B is open and compact, z € B and B = (BNU")U(BNV’).
Say x € BNU’'. Since BNU’ is open and compact

ACBNOU CU'.

Hence ANV C ANV’ =(. Thus V = 0. ]

LEMMA 2.4: Let G be a compact, Hausdorff, totally disconnected topological group.
Then every neighborhood of 1 contains an open normal subgroup. Moreover this sub-

group has finite index in G.

Proof: By the above lemma {1} = () ., Uy where {U,| ¢ € Q} is the family of all

q€Q
compact open neighborhoods of 1. Let U be an open neighborhood of 1. Then G\ U is
compact and

(G\NU)N ([ U, =

q€eqQ
Hence 3 a finite subset Q' C () such that

(G\U)N([) Uy =0.

qeQ’

12
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Let A = ﬂqu U,. Then A is compact open neighborhood of 1 and A C U.

Let = (G \ U) N A% Since A is compact, so is A?; hence F is closed. Let V be

a symmetric open neighborhood of 1 such that
AVNFE =0 and V C A.
Therefore, since AV C A2, one has AV N (G \ A) =0, i.e. AV C A. Hence
AV C A, Vn.

Hence K = |J,, V" C A is an open subgroup contained in A. Since G is compact K has

only a finite number of cosets in G, say, G = |J;_, ;K. Let

H= ﬂ Kzt = ﬂxini_l.
zeG i=1

It is clear that H is the desired open normal subgroup of finite index. |

LEMMA 2.5: Let {X;,h;;} be a projective system of topological spaces. Let X be a

topological space and h;: X — X, a set of compatible surjective maps. Then either

lim X; is empty or the induced mapping
h: X — lim X;
H

sends X onto a dense subset of <h_m X;.

Proof: Consider a basic open set
Vz((li_mXi)ﬁ(#‘H XX Upxesx U,)

of <li_rnXZ-, where Uj; is a non-empty open subset of X; . Let ig >i; (j =1,...,n), and
[I; zi = v € V; then hyy;, 2y = 2, (j =1,...,n). Choose y € X such that h;,y = z4,.
Then hy € V. |

Proof of Theorem 2.2: Let
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where {G} is a projective system of finite, discrete groups. Then

GEHGL,
3

and the topology in G is induced by that of [[, G1. Since each G is a Hausdorff,
totally disconnected group, so is [[, G (cf. [B3], §11, Prop. 10), and hence G. On
the other hand G is closed in [[; G (cf. [B3], §8. Cor. 2 to Prop. 7), and therefore
compact. Thus G is profinite.

Conversely, suppose G is profinite. Consider the family
S ={U| U open, normal subgroup of G}.

By Lemma 2.4 S is a basis of open neighborhoods of 1 € G. For each pair U,V € S

with U C V, consider the natural map
Yu,v: G/U — G/V

It is plain that
{G/U,puv| U,V € S}

is a projective system of groups. Hence the compatible family of homomorphism
vv:G— GJU, Ue€S§S.

defines a map

We will show that ¢ is a topological isomorphism:
(1) ¢ is injective: 0 € G, p(0) =1=0€U, VWU eSS =0e(\gU = {1}.

(2) ¢ is continuous: it suffices to show that the composition

<_

G5 Jim G/U C [[G/U S G/U
s s

is continuous for each U € S. This is clear since

(pup) {1} =U

14
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is open in G. (Notice that {1} is a basis of open neighborhoods of 1 in G/U, for

each U € S.)
(3) ¢ issurjective: by Lemma 2.5 ¢(G) is dense in Jim G/U; hence ¢(G) = Jim G/U
S s

since (@) is closed.
Since G is compact, (1), (2) and (3) imply that ¢ is a topological isomorphism.

The above theorem gives a new way of looking at profinite groups. In fact profinite
groups appear in most concrete situations as projective limits of finite groups. However
we have preferred not to use this as a definition since a profinite group may be the limit
of different projective systems.

PROPOSITION 2.6: Let G = <ll_m G; be a profinite group ({G;| ¢ € I} is a projective

I
system of discrete finite groups). Then

S ={Ker(G — G;)| i € I}

is a basis of open neighborhoods of 1 € G.

Proof: Since each G; is finite {1} is a basis of open neighborhoods of 1 € G;. Hence
the neighborhoods of 1 € G of the form

[T Gix{1}ux--x{1},nG= (] ker(G— G (1)
i1 ,enyin J=i1,eemsin
form a basis of open neighborhoods of 1 € GG. Let ig > iq,...,%, ; then

ker(G — Gy,) € [ ker(G — Gj).

Thus S is a a basis of open neighborhoods of 1. |

Examples of profinite groups.: (1) Every Galois group G|k of a Galois extension of
fields N|K is a profinite group. In fact Gn|x = hﬁGN|K/GN|L = <li_mGLU;(, where

L|K runs through the finite normal subextensions of N|K.

15
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(2) The Priifer group

(if m,n € Z define m > n,iff n|m; then Z/mZ — 7Z/nZ is the natural projection),
and moreover

0= <li_mo/a,

a
where o is the ring of algebraic integers of an algebraic number field and a runs through
the ideals of o, are profinite groups.

Notice that if IF, denotes the field with p elements and I_Fp its algebraic closure,

we have
Gr, = Gg,jr, = lim G, 5, = Jim Z/mZ =7
([Kpm : Fp] = m) where the isomorphism is induced by the natural isomorphisms of

projective systems
Gk, | [Km : Fp] =m} — {Z/mZ| m € L}
given by
©olk, — 1+ mZ.

(¢:F, — F, is the Frobenius automorphism ¢z = zP.)
(3) The multiplicative group U of the p-adic units of a p-adic number field is a

profinite group. In fact one has

UDU'DU?DU3D---

U' =1+,
U = Jim U/U".

(2

(4) The additive group of the p-adic integers
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(p is a prime number; if n,m € N and m < n, define Z/p"Z — Z/p™Z to be the
natural projection), is a profinite group. More generally, the additive group of the ring
of integers of a p-adic number field

Jim O /p™

<_

n

Dp:

(9 denotes the ring of integers of an algebraic number field and p a prime ideal), is a
profinite group.

An example of a Galois extension whose Galois group is Z; can be constructed
as follows. Let p and ¢ be prime numbers. Let K = F, be the field with p elements,
and let N|K be defined as in the example on page 3. Then

Gy = Jim G, i = lim Z/07 = Ly,

(2 (2

(the isomorphism is induced, as in example (2), by isomorphisms Gk, jx — 707,
given by ¢|x, — 1+ ('Z).
(5) Let A be and abelian torsion group considered as a discrete topological group.
Its Pontrjagin dual
x(A) = Hom(A, Q/Z)

is a profinite group. For, one has

_

where A; runs through the finite subgroups of A, and therefore
x(4) = lim x(4;)

with x(A;) finite.
For instance x(Q/Z) = Z.

(6) Let L|K be a normal extension of algebraic number fields. Then

N=|]JL

LIK

17
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where N O L O K, L|K finite, normal. To every L associate its ideal class group CL(L),
and to every pair L, L' with N O L' O L O K the norm map N x: CL(L") — CL(L).
Then

I(N) = <h_m CL(L)

is a profinite group. The group G|k operates on I(NN) making it into a module, the
Iwasawa module.

(7) Let G be any group, S the system of its normal subgroups of finite index.
The profinite group G is defined by

N

G=1

=

G/U

I

G
o

S

and it is called the profinite completion of G.
§3. Properties of profinite groups.

PROPOSITION 3.1: A closed subgroup H of a profinite group G is profinite. In fact if

G = <h_m G /U, with S = {open, normal subgroups of G}, then
S

Hz(h%HU/Uzh%H/HﬂU.

PROPOSITION 3.2: A quotient group G/H of a profinite group G by a closed normal
subgroup H, is profinite. In fact if S = {open, normal subgroups of G}, then

G/H ~ <h?m G/HU.

The above propositions follow easily from Lemma 2.5.
PROPOSITION 3.3: If each G;, i € I is a profinite group, so is G = [[; G;.
Proof: This is clear since G is Hausdorff, compact and totally disconnected. |

COROLLARY 3.4: If{G,| ,i € I} is a projective system of profinite groups, then

TTee

18
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is profinite.

Proof: By Cor. 2 to Prop. 7 in §8 of [B3], G is a closed subgroup of [[; G;. Hence the

result follows from Prop. 3.3. |

Example:
7 = H Ly,
P

where p runs through the set of prime numbers (cf. example (2) and (4) ). To see this

consider the natural projection
oy’ Ly — L[p"* L,
defined for each prime p and each natural number m = Hp p™r. Then

a™ = Ha;”: HZP — HZ/meZ ~ Z./mZ
P P P

is onto. So the maps o™, m € Z induce a continuous surjection

according to Lemma 2.5. On the other hand ([[z,) € [[Z,, with
a(pr) =0= am(pr) =0, Vm = o' (1) =0, Vp,m = x, =0, Vp = x = 0.
Le., a is injective. This suffices to show that « is a topological isomorphism since Hp Loy,

is compact.

PROPOSITION 3.5: Let K C H C G be profinite groups. Then there exists a continuous
section

0:G/H — G/K,
i.e., a continuous map o of topological spaces of the left cosets such that if

mG/K — G/H

19
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is the canonical projection then wo is the identity.

Proof: We divide the proof into two cases.

1) Assume that K has finite index in H. Then K is open in H, and therefore
there exists an open normal subgroup U of G with UNH C K. Let x1,22,...,x, be
representatives of the distinct cosets of UH in G. Then G/H is the disjoint union of
the spaces v;UH/H, i=1,2,...,n. We will prove that the maps

miix, UK — x;UH/H

1=1,2,...,n, defined as restrictions of 7, are homeomorphisms. Then it will follow that
o=U, 7 ! will be the desired section. It is plain that 7; is a continuous surjection.

On the other hand if m;(z;u1) = m(xu2), (ui,us € U), then xiuluglx-_l € H. But

since U is normal, xiuluglxi_l € U, and hence miuluglxi_l € HNU C K. Thus
x;u1 and x;ue represent the same element in x;UK, i.e., 7 is injective. Since ;UK is
compact, 7 must be a homeomorphism.

2) General case. Let T be the set of pairs (7,t) where T is a closed subgroup
of H with K CT C H, and t: G/H — G/T is a continuous section. Define a partial
order in T by (T',t) > (T",t') < T C T’ and the diagram

G/H —— G/T

x lp

G/T’
commutes, where p is the canonical projection. Then T is inductively ordered. For
assume {(T,tq)| @ € A} is a totally ordered subset of T', and let T' = () c 4 Ta- The
projections G/T — G/T, induce a surjective, continuous map (Lemma 2.5, and the

fact that G/T is compact)
p:G/T — lim G/T.,

«

which is also injective, for
x,ye G, pr=py=al,=yl,, VYaecA=

zlyeT,, VaeAéx_lyeﬂTa =T.

20
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Therefore ¢ is a homeomorphism, since G/T is compact. The sections t, define a

continuous map

t:G/H — G/T

which is easily seen to be a section. Moreover, we obviously have (T,t) > (Tq,ta),
Va € A. Hence T is inductive. By Zorn’s lemma there is a maximal element in T, say
(T,%). Then

KCTCHCQG.

We will show that T is contained in every open subgroup U containing K. This will
imply T'= K. Consider an open subgroup G DU D K. Let S=TNU; Then S C T
and (T : S) < co. Hence by part 1), there is a section

t.G/T — G/S,

and clearly (S,t' ot) € T with (S,t' ot) > (T,t). So S =T, and thus T C U. [ |

PROPOSITION 3.6: h£ is an exact functor from the category of projective systems,

over a (directed) indexing set I, of profinite groups to the category of profinite groups.

Proof: Let

fi i
1 —{H;, i} BRELN {G;,vi;} ok, {Ki,mi;} — 1

be an exact sequence of projective system (over I) of profinite groups. We will show
that the corresponding sequence

1— lim H; — lim G; % 1lim K; — 1
e e —

is exact. All except the ontoness of g is easy to verify. Let z = (z;) € <ll_m K;. Then, for
each i , the set X; = g; '(w;) is compact. Moreover if i < 7, Vi X5 C X, e, { X5, 15}
is a projective system of mnon-empty compact sets. Hence <li_mXi # (0 (cf. [B3], §9,

Prop. 8). Clearly, if y € hﬁ X; then g(y) = z. |
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84. Supernatural numbers.

For finite field extensions and finite groups we have the notions of degree and order
respectively. In considering infinite field extensions L|K of infinite profinite groups G
it is convenient to have also a notion of degree and order, but to introduce co or a
cardinal number as degree or order respectively in those cases, would be useless since
this would add nothing new to the internal description of the extension or the group. If
L|K contains a finite subextension of degree n or if G has a closed subgroup of index n,
we would like to say that n “divides” the degree of L|K or the order of G respectively.
This leads to the notion of supernatural numbers, which we shall use as degrees of

infinite field extensions, and as orders of profinite groups and discrete torsion groups.

Definition 4.1: A supernatural number is a formal product

n=[p"®
p

where p runs through the set of all primes, and where each n(p) is a non-negative integer
or +oo. If m = prm(p) and for each p 0 < m(p) < n(p), we say that m divides n,

and write m | n.

Definition 4.2: Let n; = Hp”(p’i), i € I be a family of supernatural numbers. Then

we define
(i) TTni =TI, "), where n(p) = 3=, n(p, i),

(i) g.c.d{n;} =11, ") where n(p) = min;{n(p, i)},

(iii) Lem.{n;} = pr”(p), where n(p) = max;{n(p,i)}.
Definition 4.3: Let G be a profinite group and H a closed subgroup. Then the index
(G: H)of H in G is defined by (G : H) = l.em.{(G/U : HU/U)} =l.cm.{(G : HU)},
and the order #G of G by #G = (G : 1), where U runs over all open normal subgroups
of G.

Remark: (G : H)=lcm.{(G:U)|U open subgroup containing H }.

Examples:
(1) #Zp = p™;
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(2) #2Z=TII,p>;
3) #(I1,(Z/pZ)) = 11, p-

PROPOSITION 4.4: (a) Let K C H C G be profinite groups. Then
(G:K)=(G:H)H: K);

(b) If {H;| i € I} is a family filtered from below of closed subgroups of G and
H = (,c; Hi, then one has

(G:H)= l.c.im.{(G - Hy)};

(c) Let {Gi, pij| 1,7 € I} be a surjective projective system of profinite groups (i.e.

each p;; is surjective), and G = (hTm G;. Then

#G = lem {#G,; };

(d) #(Hz Gz’) = Hz #G; ;

(e) (G : H) is a natural number < H is open in G.

Proof: For (a): Let
S ={U| U open normal subgroup of G}.

Then
HnNnS={HNU|U € S}

is a basis in H of open, normal subgroups. Hence
(H:K)=lem{(H/HNU : K(HNU)/HNU)|U € S}
=lem {(HU/U : KU/U)| U € S}.
Now, for each U € S we have
(G/U : KU/U)=(G/U : HU/U)(HU/U : KU/U). (1)
Let p be a prime. If p>* | (G : K) it follows from (1) that either p> | (G : H) or
p>e | (H:K). If p* ¢ (G : K), let ny,ny and n3 be the exponent (finite) of p in (G : K),
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(G : H) and (H : K) respectively. Then there exist open subgroups U; (i = 1,2,3)
of G such that p™ | (G/U; : KU;/U;) (i = 1,2,3). Take U = ﬂle U;. Then it is
clear that p™ divides (and p™ ™! does not divide) (G/U : KU/U) (i = 1,2,3), since
(G/U; : KU,JU;) = (G : KU;) divides (G : KU) = (G/U : KU/U) (i = 1,2,3). Then
from (1) we obtain ny = ng + n3 as desired.

For (b): Let U be an open subgroup of G with U O H. Put Hl = H; N (G~U);
then (),c; H{ = 0; and since G is compact and each H] closed there is a finite subset F
of I with (,cp Hj =0, i.e. (,cp H; C U. But since {H;| i € I} is filtered from below
it follows that U 2 H;, for some ig € 1.

For each ¢ € I let {U;;}; be the set of all open subgroups containing H;. Then

Hence

(G:H)=lem{(G:U)} = l(ign{(G :Uij) = l.c%m.{l.c‘.jm.{(G :Uij)

Ues,

= l.c.im.{(G : Hp)}.

For (c): Notice first that each projection G — G is onto since each G; is compact
and the system is surjective (cf. [B3], §9, Prop. 8, 1°). For each open normal subgroup
U of Gilet Ny = GN(][;,Gj x U). Then the set of all Ny forms a basis of open

normal subgroups of G; hence
#G = l.c.m.{#(G/Ny)| U open, normal subgroup of some G}
= l.e.m.{#(G;/U)| i € I,U open, normal subgroup of G}
= lem {#G,;|i € I}.
For (d): Consider the set

F ={F CI| F finite}

ordered by inclusion. Then {J];,.rG:| F' € I} is a projective system in an obvious

way, and one easily sees that

[[ci=lm(]c.

icl F
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Hence, using part (c) we get

#([[G:) = l.cFm.{#(H Gi)} =[] #6G:
iel i€F il
For (e): Suppose (G : H) =n < co. Let U be an open subgroup of G containing
H such that

(G :U) =max{(G: V)| V open subgroup containing H }.

Then U is contained in every open subgroup V that contains H (for if V' is an open
subgroup of G with V. 2O H but V2 U then VNU D H but U 2 V NU, contradicting
the definition of U). Now, H is the intersection of the open subgroups containing it.

Thus U = H. [ |

Definition 4.5: Let N|K be any algebraic field extension. Define
[N:K]=lecmA{[L:K]|N2LDK, L|K finite}.

PROPOSITION 4.6: Let N|K be a Galois extension. Let H be a closed subgroup of
G = G|k and L the fixed field of H. Then

[L:K]=(G:H).

Proof: Notice that if (G : H) < oo then the number of distinct K-isomorphisms of L
into N is precisely (G : H). Then, when (G : H) is finite the result is a consequence of
§8, Prop. 8 in [B2]. The general case follows now from the bijective correspondence in

Theorem 1.7 and the definitions of (G : H) and [L : K. [ |

PROPOSITION 4.7: Let N|K be a Galois extension of fields.
(a) Let N O L O K. Then
[N:K|=|[N:L]L:K]J;

(b) Let {L;| i € I} be a family filtered from above of subextensions L;|K of N|K
with N = lim L;. Then
=

[N:K|=lcm{[L; : K|| i €1}
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(c) If N|K is finite then [N : K] is the usual degree.

Proof: (a) and (b) are consequences of the above Proposition, Th. 1.7 and Prop. 4.4.

(c) is trivial. |

Definition 4.8: Let A be an abelian torsion group. Then
#A = l.cm.{#A;| A, finite subgroup of A}.

Examples:
(1) #Q/Z) =TI, p™;
(2) #(Qp/Zp) = p™.

PROPOSITION 4.9: Let A be an abelian torsion group. Then

#x(A) = #A,

where x(A) = Hom(A, Q/Z), the Pontrjagin dual.

Proof: #x(A) = #(h£ A;) = Lem.#A; = #A, where A; runs through all finite
subgroups of A (see Prop. 4.4, (c)). |

5. The Sylow theorems.

A large part of the definitions, statements and results of the theory of finite groups
can be carried into the theory of profinite groups. Having introduced the supernatural
numbers, this is especially true for those notions and results concerning order and
indices. Thus, for instance the theory of p-groups and p-Sylow groups has its exact

analog for profinite groups. To show this is the aim of this paragraph.

Definition 5.1: Let p be a prime number. A profinite group is called a pro-p-group if its
order is a power of p, i.e., if it is a projective limit of finite p-groups. A closed subgroup
H of a profinite group G is called a p-Sylow group of G if H is a pro-p-group and p does
not divide (G : H).
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Example:

is a pro-p-group.

PROPOSITION 5.2 (The Sylow theorems.): Let G be a profinite group. Then
(a) For every prime p there exists a p-Sylow subgroup of G.
(b) Any two p-Sylow subgroups of G are conjugate.
(c) Every pro-p-subgroup of G is contained in a p-Sylow group of G.
(d) If h: Gy — G4 is a continuous surjective homomorphism of profinite groups then
the image of a p-Sylow group is a p-Sylow group.
(e) #G = Hp #G,, where G, is a p-Sylow group of G.

Proof: For (a): Let S be the set of all open normal U of G, and let P(U) denote the set

of all p-Sylow subgroups Hy of G/U. (Notice that if pt #(G/U), then P(U) = {1}). If

U C U’ are in S, then natural epimorphism G/U — G/U’ induces a map P(U) —

P(U’) making {P(U)| U € S} into a projective system of finite non-empty sets. Hence
lim P(U) #0

%
S

(cf. [B3], §9, Prop. 8, 2°). Let (Hy) € <ll_m P(U). Then (Hy) is a projective surjective
system of p-Sylow groups. Let

H = lim Hy.
S

Certainly H is a pro-p-group. On the other hand from the commutative diagram

1 1 1.
1—>HﬂU—>H:<h?mHU Hy 1
1 U G:<li?mG/U GIU — 1
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with exact rows (cf. [B3], §9, Prop. 8, 1°) and columns, one one gets that H C G and
that

(G:H) zl.cUm.(G/U :UH/U) = l.cUm.(G/U :H/UNH) = l.cUm.(G/U : Hy)

which is prime to p since each (G/U : Hy) is prime to p.
For (b): Let H, H' be p-Sylow groups of G. Then for every U € S, Hy = HU/U
and H{, = H'U/U are p-Sylow groups of G/U. Set

Q(U) = {OU € G/U| CTUHUa‘El = H{]}

If U,V € S with U C V, the homomorphism G/U — G/V induces a map Q(U) —
Q(V) making {Q(U)| U € S} into a projective system of finite non-empty sets. Hence
<li_rn Q(U) # 0. Thus we may choose

0:<0U>EH£G/U:G, ou € Q(U).

Clearly cHo~! = H’, since JUHUa[;l = H{, for every U € S.
For (c¢): Let H be a pro-p-subgroup of G. Then Hy = HU/U is a p-subgroup of
G/U for every U € S. Let P(U) be as in (a), and

R(U) ={Hy € P(U)| Hy 2 Hy}.

As in (a), {R(U)| U € S} is a projective system of non-empty finite sets. Let (H{;) €
lim R(U), and define
%
H' = lim H),.
F

It is plain that H' is a p-Sylow group of G containing H.

For (d): Let H be a p-Sylow group of (G;. For each open normal subgroup U of
G3, h induces an epimorphism G1/h~'(U) — Go/U mapping H - h=1(U)/h=1(U)
onto h(H) - U/U. Thus the result.

For (e): This follows immediately from

#G = (G : Gp)(#G)p)

see Prop. 4.4(a) ). |
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APPLICATION. Let k be a field, k; its algebraic separable closure, and G} = G-

PROPOSITION 5.3: Let

#Gr =[] r"®
p

Then

p# 2= n(p) =0,00;

p=2=n(p)=0,1,00.

This theorem is in fact an immediate generalization of the following theorem of
Artin-Schreier: “Let k be a field, k its algebraic closure and [k : k] < co. Then either
k=kork=*k(v/-1)”. (Cf. [J], p. 316.)

Proof of theorem 5.3: Let H be a p-Sylow group of G and k' the fixed field of H.
Then H = G/, and so
PP = H#H = #Gr = b K]

(see Prop. 4.6). Suppose 0 < n(p) < oo; then ks # k', and [ks : k'] < 0o.Then we must
have k'(v/—1) = ks, for let o be a k'(y/—1)-automorphism of k,; let & be its (unique)
extension to k, and k; the fixed field of &. Clearly if x1,2,...,2; are ki-linearly
independent elements of k and char (k) = p, there is some e such that o, 28 ... o
are k'(y/—1)-linearly independent elements of k; therefore [k : k1] < co. So by Artin-
Schreier theorem k; = k. Thus k'(v/—1) = ks, i.e., [ks : k'] = 2 and hence p = 2 and

n(p) = 1. |

PROPOSITION 5.4: Let G be an abelian profinite group, and for each prime p let G,

denote its p-Sylow group. Then
G=]]6G,
P

Proof: For each open normal subgroup U of G, let U, denote the p-Sylow subgroup of
G/U. Since G/U is finite, G/U = [[,U,. On the other hand {U,| U open, normal

subgroup of G} is a projective system in a natural way and h£ U, = G, (see proof of

Prop. 5.2(a) ). Hence

G:@G/U:@HUPZH@UPZHGZIJ
U U »p p U p
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(cf. [B1], §6, Prop. 3). |
The concept of pro-p-group has a natural and useful generalization as follows.

Definition 5.5: Let C be a class of finite groups. A profinite group G is a pro-C-group
if G/U € C for every open normal subgroup U of G.
Besides the case when C' consists of all p-groups other interesting examples of C'
are (i) all finite groups; (ii) solvable groups; (iii) abelian groups; (iv) nilpotent groups;
(v) cyclic groups.
Let us consider now a class C' of finite groups satisfying the conditions
(1) HCGand GeC = H € (
(2) H normal subgroup of G € C = G/H € C;
(3) HKeC=HxKeC.

Let GG be a profinite group and put

G(C) = {U]| U open, normal subgroup of G, with G/U € C}.

Note that Uy, Us € G(C) = Uy NU; € G(C), for G/U; NUs is isomorphic to a subgroup
of G/Uy x G/Uy € C. Let

N= () T,

UedG(Q)

and set

G(C)=G/N= Jm G/U.
UeG(C)

The group G(C) is a pro-C-group for assume V/N is an open normal subgroup of G/N
with V' open and normal in G; then (Prop. 2.6) there is some open normal subgroup U

of G such that U € G(C) and U C V; so
G/N/V/N ~ GV ~ G/U/VIU

is an epimorphic image of G/U, and therefore G/V is in C. The group G(C) is called

the maximal pro-C quotient group of GG, and plays an important role in Galois theory.
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Namely, given a field k, denote by k(C) the compositum of all Galois extensions of k

whose Galois group is in C'. Then
Gr(C) = Grayr = Gr/Gro)

and

Gre) =) Grs
L|k

where G, € C. (Gr = Gy, |, where k; is the separable closure of k.)

Remark: Consider the canonical epimorphism 7: G — G(C). The pair (G(C), ) is
uniquely characterized by the following universal property: given a continuous homo-
morphism ¢: G — H, where H is a pro-C-group, there exists a unique continuous

homomorphism v: G(C') — H such that ¢ o m = ¢.

§6. Classification of pro-cyclic groups.

As in the finite case, pro-cyclic groups have very simple structure and can be classified

by their orders.
LEMMA 6.1: A finite pro-cyclic group is cyclic.
Proof: Obvious. |

PROPOSITION 6.2: Let p be a prime number. Then for every power p™ there exists a
unique pro-cyclic group G of order p". Namely, if n < co, G = Z/p"Z, and if n = oo,
G = Zy.

Proof: If n < oo, G is finite cyclic of order p™; so G = Z/p"Z. Supppose n = co. Let
U,U’ be open subgroups of G of the same index in G. Then U/U NU’ and U'/U N U’
are subgroups of the finite cyclic group G/U NU’ of the same order; hence U = U’. For
each i let U; be the open subgroup of G of index p‘. Then

G = <11_ G/U; ~ h£ Z/p'Z = Z,.

1 (2
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PROPOSITION 6.3: Let p be a prime. For every power p" there exists a unique closed
subgroup H of G = Z,, of index p™. Moreover if n < oo then H =~ Z,, and if n = oo
then H ~ 1.

Proof: Let U; be the open subgroup of index p* (i = 1,2,...). Then
GoOUL 22U D+

Let H be a closed subgroup of Z, of index p™ < oo. Since
p"=(G:H)=lemA{(G:U;H)},

we must have U;H D U,,, Vi. But H =, U;H; so H D Uy; therefore p" = (G : Uy,) =

(G: H)(H :U,) =p"(H : U,), implies that (H : U,) = 1, i.e., H = U, since U, is

open. It is obvious that in this case #H = p>°, i.e, H ~ Z, by Prop. 6.2. Now assume

n = oo. Then, given ¢ dj with U;H C Uj; so

1:ﬂmH:H

COROLLARY 6.4: Every pro-cyclic group of order p™ appears uniquely as a quotient
group of Zi,.
THEOREM 6.4: (i) For every supernatural number n =[] p™P) there exists a unique

pro-cyclic group of order n;

Z/mZ

(ii) For each n = Hp p"(P) there exists a unique closed subgroup H of 7. = h&

(the Priifer group) of index n. Moreover

H=~ ]z,

peS

where S = {p| n(p) # oo};

(iii) Every pro-cyclic group is uniquely obtained as a quotient group of Z.

Proof: For (i): Let G, be the unique pro-cyclic group of order p(®) (see Prop. 6.2).

Clearly

¢=1]6G,
p
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has order n. To see that G is pro-cyclic, consider a basic open normal subgroup

U= J[ GpxUyx-xU,
PFP1L,-Pr

of G where U,, is an open normal subgroup of Gy, ; then

G/U ~ HGpi/Upia

i=1
which is a finite cyclic group since each G, /Up, is cyclic and ¢ # j = p; # p;. Finally,
the uniqueness follows from Prop. 5.4.

For (ii): First notice that the p-Sylow group of Z is Ly = h& Z]p"Z; so, by (i)

7 = Hp Z,. For each p let H, be the unique closed subgroup of Z, of index pn®)
rop. 6.3). Then H = is the desired subgroup of Z.
P 6.3). Then H p Hp is the desired sub t 7
For (iii): This is immediate from (i) and (ii). |

§7. Free profinite groups

From now on C will denote a class of finite groups which is closed under the operations
of taking subgroups, quotient groups and finite direct products (see p. 53). It is evi-
dent that then the corresponding category of pro-C-groups is again closed under those

operations.

Definition 7.1: Let A be a set and G a pro-C-group. We say that a map z: A — G is
convergent to 1 if every open normal subgroup of G contains a.e. (almost every, i.e. all

but finite number) z,, a € A.

Definition 7.2: A free pro-C-group on a set A is a pro-C-group F' together with a map
x: A — F convergent to 1, satisfying the following universal property: if y: A — G is
any map convergent to 1 of A into a pro-C-group, then there exists a unique continuous

homomorphism h: FF — G such that the diagram

A—2— > F

N A
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commutes.
The z,’s generate a dense subgroup of F' and are said to be a (topological) system

of generators of F.

PROPOSITION 7.3: For every set A there exists a unique free pro-C-group on the set
A. It is denoted by F4(C). [If C consists of all finite groups we write F instead of
F4(C); if A is a finite set with n elements we write F,,(C) instead of F4(C) and call n
the rank of F,,(C).]

Proof: If x: A — F and 2/: A — F’ are free groups generated by A, let h: FF — F’
and h': F/ — F be the unique continuous homomorphisms such that hx = 2’ and
Wz’ = x. Then we must have hY o h = idp and ho h' = idp,. Thus F and F' are
isomorphic, and hence F4(C) is unique.

We shall construct F4(C) in the following manner. Let 2°: A — F be the discrete
free group generated by A and denote by S the system of all normal subgroups N of F'
such that

(1) F/N € C, and

0

(2) N contains a.e. x,,.

Then S is a basis of neighborhoods of 1 in F. For if Ni, Ny € S then Ny N Ns is clearly
normal satisfying condition (2), and since F//N; N Ny is isomorphic to a subgroup of
F/Ny x F'/ N5 we see that N1 NNy satisfies also condition (1). Hence S defines a topology
in F'.

Set

Fa(€) = Jim F/N.
s

The compatible family F' — F/N of continuous homomorphisms defines a continuous
homomorphism i: F — F4(C). By Lemma 2.5 i(F) is dense in F4(C). Take x = ioz".
Clearly z is convergent to 1. The group F4(C) is a pro-C-group because if U is an open
normal subgroup of Fa(C), let U" = ker F4(C') — F/N for some N so that U D U’;
then F4(C)/U is a homomorphic image of F4(C)/U’ ~ F/N and hence F4(C)/U € C.

Finally F4(C) is free, for suppose G is a pro-C-group and let y: A — G be convergent
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to 1. Let hg: F — G be the unique homomorphism such that hg o 2° = y.

A ® L F i S Fu(C
G

The map hg is continuous since, if U is open and normal in G and N = hy 1(U ), the

)

natural map

F/N — G/U
is injective; so G/U € C implies F/N € C. Moreover 4, € U = 2% € N; hence a.e. z¥,
is in V.

For each open normal subgroup U of G consider the continuous homomorphisms
Fu(C) — F/hY(U) — G/U.
This compatible family of maps defines a continuous homomorphism
h: FA(C) — (h_mG/U =G.

Clearly hoi = hg. Hence hox = hoiox® = hgoz® = y. Finally, if h': F4(C) — G is
a continuous homomorphism satisfying h’ o x = y, put hj = h’ o i; then h’ 0 2% = y, so

hy = ho, i.e., hoi = h'oi. Since i(F') is dense in F4(C) we have h = h'. |

Examples:
(1) The free profinite group of rank 1 is Z = h& Z/mZ.
(2) The free pro-p-group of rank 1 is Z, = h£ Z/p"ZL.

(3) Let C be a class of finite groups satisfying the conditions of p. 53, and let
n = lecm{#G| G € C}.

Then the free pro-C-group of rank 1 F', is the unique pro-cyclic group of order n. For,

F is clearly pro-cyclic and of order n (see Prop. 4.4(c) ).
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(4) Suppose C C C' are classes of finite groups satisfying the conditions of p. 53.
Let A be any set. Then the free pro-C-group F4(C) is just the maximal pro- C-quotient
of Fa(C"). (This follows easily from the remark on p. 55.)

Let B C A be sets, and C a class of finite groups satisfying the conditions of
p. 53. Let z: B — Fp(C) and y: A — F4(C) be the free pro-C-groups on B and A
respectively.

Define continuous homomorphisms i, 7

Fp(C) 2= Fa(0)

] Ty
A

to be the liftings of B — F4(C) given by a — y,, and of A — Fp(C) given by
a—zsifa€e Band a — 1if o € AN B. Clearly x = moiox; hence moi = identity.

Thus ¢ is injective and 7 is surjective.

PROPOSITION 7.4: Let B C A,i,m be as above. Then there exists a canonical split

extension

1— K — Fy(C) "= Fp(C)—1
where K is the smallest closed normal subgroup of F(C) containing F, \ ,(C).

Proof: We have already shown that the extension splits. Certainly K 2 F, \ 5(C) (we

(C) and Fp(C) with their canonical images in F4(C) ). Then if N is
the intersection of all closed normal subgroups of F4(C) containing F, < 5(C) we have

N C K. Notice that both K - Fg(C) and N - Fg(C) are compact subgroups of F4(C)

identify F, < g

containing A, and therefore

K -Fp(C) = N-Fp(C) = Fa(C).

On the other hand
KNFp(C)=NnNFp((C)=1.

Thus K = N. [ |
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Given a set A consider the projective system consisting of objects Fig(C') for all

finite S € A, and consider maps
7T§/: FS(Q) — Fsﬂ(Q)

defined for S D S’ as the canonical surjections described above. Then the continuous
epimorphisms

ms: Fa(C) — Fs(C)

define a continuous homomorphism
m: Fy(C) — (h_m Fs(C).

PROPOSITION 7.5: The map 7 is an isomorphism of pro-C-groups.

Proof:  Since F4(C) is compact it suffices to show that 7 is injective and surjective.

By Lemma 2.5 it is surjective. Let
K =kerm.

Then
K = ﬂ ker(mg)

(S runs through all finite subsets of A.) We shall show that K is contained in every
open normal subgroup of F4(C); this will imply K = 1. Let U be one such subgroup;
choose a finite set S C A so that z, € U for every a € AN S. Then, by Prop. 7.4
kermrg CU. Thus K CU. [ |

PROPOSITION 7.6: A surjective continuous endomorphism f: G — G of finitely gen-
erated profinite group G is an isomorphism. [ A topological group G is said to be

(topologically) generated by {xq}aca if the {x}aca generate a dense subgroup of G.]

Proof:  Since G is compact it will suffice to show that ker f = 1, i.e. that ker f
is contained in every open normal subgroup. Denote by S, the set of open normal

subgroups of index n in G. Then S, is finite, for there exist finitely many nonisomorphic
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groups of order n and finitely many homomorphisms of G into each of those groups since
G is finitely generated. Define
h:S,, — S,

by h(U) = f~Y(U). Then h is clearly injective and therefore bijective.
Let U be an open normal subgroup of G; then U = f~1(V) for some open normal

subgroup V of G. Hence U = f~1(V) D ker f. |

COROLLARY 7.7: If G1 and G4 are (topologically) isomorphic finitely generated profi-
nite groups, then every surjective continuous homomorphism G; — G4 is an isomor-

phism.

§8. The Galois group of C(t)/C(t).
As an application to Galois theory we shall prove now the following result due to Douady
[D2].

THEOREM 8.1: Let K = C(t) where C is the field of complex numbers and t an inde-
terminate. Let K be an algebraic closure of K. Then Gx = G K|k 1s the free profinite

group on the set C.

Proof: Let A be the set of all rank 1 valuations of C(t). Then there exists a 1-1
correspondence between A and the set C. For each finite subset S of A let Kg|K be the
maximal normal extension of K unramified at the elements of AN S. Let Gs = G|k
Clearly if S O S’ then Kg D Kg: and the restriction map ng,: Gs — Gg is a surjective

continuous homomorphism. Then
{Gs,k%/| S DS finite subsets of A}

is a projective system and the set of compatible continuous epimorphisms Gx — Gg,

defines a continuous epimorphism (cf. Lemma 2.5)
p: G — lim G,

which is also 1-1 since
K=|JKs
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(S runs through all finite subsets of A). This implies that ¢ is a homeomorphism since
Gk is compact.

Let us consider now the free profinite group F4. By Prop. 7.5 Fjs = (h_m Fs
S
(finite S C A). Hence to prove the theorem it will suffice to show that there exists an

isomorphism

{Fs} -~ {Gs}

of projective systems of profinite groups, i.e., a collection of isomorphisms of profinite

groups ig: Fs — G such that for any pair S O S’ of finite subsets of A, the diagram

FS/ 7 GS/

commutes.

To see this we will use the following proposition whose proof will be given later.

PROPOSITON 8.2: For every finite set S C A there exists an isomorphisms of profinite
groups js: Fs — Gg such that if S O S’ then there exists an isomorphisms of profinite

groups kg : F'ss —» G g making the diagram

FS Js R GS
k
FS/ s’ 7 GS’/

commutative.

To continue with the proof of the theorem, for each finite S C A let Jg be the set
of isomorphisms js mentioned in Prop. 8.2. Then Jg # (. Moreover if S O S’ there
exists a mappings Jg — Jg given by js — kg making {Jg| finite S C A} into a

projective system of sets. We intend to show that h£ Js # ). For this it suffices to

S
endow each Jg with a compact topology so that the maps Jg — Jg/ are continuous.

Notice first that by Cor. 7.7 the isomorphisms Fg — Gg are in 1-1 correspondence
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with the systems {g1,g2,...,9n} of elements of Gg which generate Gg (topologically)
where n = #5. Then consider the subset

n
A\

XgCGl=CGgx-xGg

consisting of all (g4 )acs such that

(i) the g, ’s generate Gg, and

(ii) K2/ (go) =1forae SNS', S C 9.
We claim that Xg is closed. First notice that (g )acs generate Gg if and only if for
every open normal subgroup V of Gg the images of the g,’s in Gg/V generate Gg/V.
Let Xg be the subset of G% satisfying condition (i); then if Xgy is the image of Xg in

(Gs/V)™ one has Xg = <ll_m Xgsyv, and therefore Xg is closed. It is obvious that the
1%
subset of Xg satisfying condition (ii) is closed, i.e., Xg is closed and thus compact.

Given (gq)aecs consider the isomorphism of profinite groups js: F's — Gg given
by js(@) = ga, @ € S. Then if S’ C §’, define kg/: Fss — G by ks/(a) = £2,(ga),
a € S8’. Then

Fg IS Gg
7"2/\[{ lﬂg/
k
FS/ s’ 7 GS/

commutes, and by Cor. 7.7 kg is an isomorphism. Hence jg € Jg. It is plain that
there is a 1-1 correspondence

Xg +— Js.
Moreover, if S O S’ then

Xg <+— Jg

i i

Xg +— Jg
commutes, where the map

XS — XS/,

which is given by (ga)acs = (K2 ga)acs is continuous since k2, is continuous. Thus

we can define a compact topology in Jg so that the maps Jg — Jg/, S D S’ are
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continuous. This shows that hTm Js # 0 (cf. [B3], §9, Prop. 8). Let (is) € <ll?m Js.

Then i = {ig} is an isomorphism of the projective systems

{Fs} and {Gs}

as desired. [ |

Proof of Proposition 8.2 (Sketch): Here we use a few facts about the Riemann surface
of a field that can be found in [Ch2|, p. 133ff., and [Sp] chps. 4 and 10. If L|K is a
finite field extension, where K = C(z) the Riemann surface of L, R(L), consists of
all rank 1 valuations of L. A topology is defined on R(L) in the following manner:
for each x € L consider a function z: R(L) — C given by z(v) = image of x in the
residue class field of v; the topology on R(L) is the weakest with respect to which all
the maps = become continuous. Then R(L) is a 2-dimensional, connected, compact,
analytic manifold. In particular, R(K) is the Riemann sphere. The function field of all
meromorphic functions on R(L) is precisely L.

Let S be a finite subset of C = A as before; then Kg = (Jp x L, where L|K
is a finite extension unramified at C~ S. So if L|K is finite with K C L C Kg,
then R(L) is a finite sheeted covering of R(K') with no branch points on R(K) (S U
{o0}), where the projection p: R(L) — R(K) is the restriction map. So, if Rg(L) =
R(L) points above S U {oco}, we have that

p: Rs(L) — Rgs(K)

is a finite covering with no branch points.
Let 7(Rgs(L)) be the group of covering transformations, i.e., the group of all
homeomorphisms

T: RS(L) — RS(L)

such that p(P) = p(7P), P € Rg(L). Then, for every finite, normal extension L|K
with K C L C Kg, one has 7(Rs(L)) = G |k. Forif o € Gk, define 7, € 7(Rs(L))

by 7,(P) = P o o; clearly the homomorphism o +— 7, is injective. It is also surjective,
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for given 7, set o(x(P)) = z(7(P)), where we are identifying each = € L with its
corresponding meromorphic function; then o € Gk and 7, = 7.

Fix a point zg in Rg(K), and let Py € Rg(L) be above zy. Consider the funda-
mental group

Is(L) =i (Rs(L), Po)-

Then IIg(K) is isomorphic, in a non-canonical way, to the free group generated by S.
For each finite subset S of A choose one isomorphism IIg(K) ~ Fs. Moreover for each

finite normal extension L|K we get an exact sequence
1— g(L) — Hg(K) - 7(Rs(L) ~ Grix—1

where the map ¢ can be described in the following manner: given a loop 7 in Rg(K)
starting and ending at zg lift it to a curve in Rg(L) starting at Py, and suppose that the
end point of this curve is Pj; then define ¢(m) to be the unique covering transformation
7 with the property 7(Py) = P;. Now, if N O L O K are finite normal extensions of K

contained in Kg, we obtain a commutative diagram

1 — HS(L) — Hs(K) — T(Rs(L)) ~ GL|K — 1

T I 1 I

1 — Hs(N) — Hs(K) — T(Rs(N)) ~ GN|K — 1

where the vertical maps are the obvious ones. Therefore the projective systems
{Ils(K)/Is(L)| LIK finite, K C L C K}

and

{Grk| L|K finite, K C L C Kg}

are isomorphic. By definition, Gg = (h_m G'rix- On the other hand, @(HS(K)/HS(L))
= Fg (the free profinite group on S). To see this it suffices to show that for every
normal subgroup H of IIg(K) of finite index there is a finite normal extension L|K,
Kg O L O K, such that the canonical image of IIg(L) — IIg(K) is precisely H
(see the construction of Fg in Prop. 7.3). But this follows from Riemann’s existence

theorem; namely, consider the covering R of R(K) corresponding to H by the existence
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theorem, and let L be the field of meromorphic functions of R. Then L is the desired
finite normal field extension of K.

Thus we have obtained an isomorphism
j s:Fg — GS

for each finite set S of A. Moreover if S’ C S, then the chosen isomorphism between
IIs(K) and Fs induces an isomorphism between Ilg/(K) and Fs.. Now, by the process
indicated above we obtain an isomorphism kg/: F's» —> Ggr, and it is then clear that

the diagram

Fg IS Gs
k
FS/ s 7 GS/

commutes.

Remark: Theorem 8.1 is still valid if K = F(¢) where F' is any field of characteristic
zero. Cf. [D2].

§9. The embedding problem.

Let K be a field and let H be a profinite group. One may pose then the following
question: is there a Galois extension N|K with G'nxjx ~ H? Or, more generally, assume
L|K is a Galois extension of fields with G| = H'; let j: H — H' be an epimorphism
of profinite groups. Then one may ask: is there a Galois extension N|K such that

o: Hi>GN‘K and the diagram

H : H'
G|k - — G|k

commutes where r is the natural restriction map?
Given a field K let K, denote its separable algebraic closure, and set Gx = G|k -

The existence of a Galois extension T|K with Galois group Grx = S is equivalent to
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the existence of an epimorphism of profinite groups ¢: Gx — S, as one easily verifies.
Hence the above question can be reformulated in the following terms: given a field K,

a Galois extension L|K and an epimorphism j: H — G|, is there an epimorphism

.

H ;) GL|K

1: Gxg — H such that the diagram

commutes, where ¢ is the natural restriction?

All these considerations lead to the following purely group-theoretical definitions.

Definition 9.1:  Let C' be a class of finite groups satisfying the conditions of p. 53. Let
G be a profinite group. A C-embedding problem for G is a diagram

G

l@

1 H" H r > H' — 1

l

1

where H, H', H"” are pro-C-groups and where the row and the column are exact se-
quences of continuous homomorphisms. We say that this problem is solvable if there
exists a continuous surjective homomorphism ¢: G — H such that j oy = p. We
say that this problem is weakly solvable if there exists a continuous homomorphism
Y: G — H such that j oy = ¢. If C consists of all finite groups we write “embedding
problem” instead of “C-embedding problem”. It is usually a difficult task to determine
in which circumstances an embedding problem is solvable. Especially when the ground
field K is an algebraic number field one is far away from knowing which embedding prob-
lems have a solution. Perhaps the most general result in this direction is the following

theorem of Shafarevich ([Sh]) which we mention without proof.
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THEOREM 9.2:  Let G = Gg|x where K is an algebraic number field and K its

algebraic closure. Then the embedding problem

where H,H' H" are finite groups, is solvable if H" is nilpotent and the short exact

sequence splits.

Example: As one of the many instances of an embedding problem which has no so-
lution, consider the following. Let Q be the ground field and let L = Q(:). Then
Grjg = Z2. We claim that the embedding problem

G/

l

1 > ZQ Z4 ZQ = GL|Q —1

has no solution. For, suppose N|L is a Galois extension with Gyiq@ ~ Zs. We may
assume that N C C. Then C = N(R) and 2 = [C: R] = [NV : NNR] (cf. [B2], §10,
Th. 1), i.e., NN R = Q(), which is certainly impossible.

THEOREM 9.3 ((Iwasawa, [I])): Let G be a pro-C-group satisfying the first axiom of
countability. Then the following are equivalent:
(i) G is a free pro-C-group on a countable set;

(ii) Every C-embedding problem for G
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where H, H', H" are in C is solvable.

In the proof of this result we will use the following

LEMMA 9.4: Let G be a profinite group. The following are equivalent
(i) G satistfies the first axiom of countability;
(i) G can be generated by a countable set A converging to 1 (i.e., if U is an open

neighborhood of 1, then it contains a.e. element of A).

Proof: (i) = (ii): Let
Ui2U2---2U; 2 ---

be a countable basis of open normal subgroups of G. Use induction to choose a set
Ai={o),0{),.. o} ca

of generators of G/U;, so that A; C A;y; and A;41NA; CU; (i=1,2,3,...). Let I’
be the (closed) subgroup of G generated by A = J;2, A;. Certainly A is countable and

convergent to 1. On the other hand I' = G = (h_m G /U, for the canonical projection

(2

I —G/U, (i=1,2,3,..)

is an epimorphism and therefore I' is dense in G (see Lemma 2.5).
(ii) = (i): Let G be generated by the set A = {01,092,03,...} convergent to 1.
Let S be the set of all open normal subgroups of G. We shall show that S is countable.

Let S, denote the set of open normal subgroups of G containing 041, 0k42,.... Then
oo
5= S
k=1
Let H be the smallest closed normal subgroup containing o1, 0k+2,.... Then

UcfS, = Uisopen, normalinGand HCU CG.

Hence there is a 1-1 correspondence between S, and the open, normal subgroups of

G/H. Since G/H is generated by 01,09, ..., 0k, the number of open, normal subgroups
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of G/H is countable (each open normal subgroup of G/H is the kernel of some epi-
morphism of G/H onto some finite group, and G/H being finitely generated there are
only a finite number of such epimorphisms for each finite group). Thus each S, , and

therefore S, is countable. |

Proof of theorem 9.3:
(i) = (ii): Let G be a free pro-C-group on the set {o1,09,...}. Consider the
embedding problem

where H, H', H" € C. Then H' is generated by the ¢(0;)’s, and there exists some k such
that ¢(0;) = 1 for i > k, since ker ¢ is open and normal. Choose h; € H, i = 1,2, ...
satisfying the following conditions:

1) The h;’s generate H,

2) h; =1 for a.e. 1,

3) J(hi) = ¢(03).
Define ¢): G — H by ¥(0;) = h;, i = 1,2,.... Clearly v is surjective and j oy = ¢.

(ii) = (i): Let F be a free pro-C-group on a countable set. By Lemma 9.4 there

is a basis

F=FD2FD2--DF, D
of open, normal subgroups of F'. Let
G=G12G22---2G, 2"~

be a basis of open, normal subgroups of G. We shall construct bases of open, normal

subgroups

bl

FOF DFyD>---DF. D--.
GDOG, DGLD-- DG D
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of F' and G respectively, such that the projective systems
{F/F!/|i=1,2,...} and {G/Gii=1,2,...}
are isomorphic. This will imply

We proceed by induction on i. Let F| = F; = F, G} = G; = G, and assume we have
found F}, G} (i =1,2,...,n) such that

1) F/ICF, GiCGi (i=12,...,n),

2) FO2F 2F; 2 2 F,

G2G 2G, 2 2G,

3)
F/F! = » G/G
F/F_ | ——=—— G/G_4
commutes (i = 2,3,...,n).

We will construct Fj,_, and Gj_, as follows. Let ® = F; N F,; and I' =
Gl NGpi1. Let ¥: G — F/® be a solution to the embedding problem for G
G

F/® —— F/F] —— G/G], —— 1,

1
and let A = (kerey) NI'. Then ¢ induces a natural epimorphism G/A — F/®. Let

p: FF'— G/A be a solution to the embedding problem for F
F

l

G/A —— F/® —— 1,
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and let A = ker ¢. Then A C ® and therefore ¢ induces an isomorphism F/A — G/A.
Take F) , =Aand G), ., =A. Then F} , C F,11, G, .1 € Gpy1 and

FIF,, ——=—— G/G
F/F, = G/G,
commutes, as desired. |
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p. 91 CHAPTER 11
COHOMOLOGY OF PROFINITE GROUPS

§1. Cohomology groups

Definition 1.1: Let G be a profinite group. A discrete G-module (or simply a G-module,
if there is no danger of confusion) consists of a discrete abelian group A on which G
operates continuously, i.e., a G-module is an abelian group A together with a continuous
map G x A — A, denoted by (0, a) — oa, satisfying the following conditions
(i) (o7)a = o(7a);
(ii) o(a+b) = oa + ob;
(iii) la = aq,

for a,b € A and 0,7 € G, where 1 is the identity of G.

Remark: 1If G is a finite group then the above definition coincides with the usual

definition of G-module.

p. 92 PROPOSITION 1.2: Let G be a profinite group and A an abelian group. Let GXxA — A
be an action of G on A satisfying conditions (i), (ii), (iii) as above. Then, the following
are equivalent:

(1) G x A — A is continuous;

(2) For each a in A, the stabilizer of a,
U, ={0 €G|oa=a}

is an open subgroup of G;
(3) A=y AY, where U runs through the set of all open subgroups of G, and where
AV ={a € Alua=a, u€cU}.
Proof: Trivial.

Examples of G-modules:

1) Let G be any profinite group and A any abelian group. Define an action of G on

50



p- 93

A by oa =a, Va € A and Vo € G. Then A is a G-module. This action is called the
trivial action on A, and A a trivial G-module.
2) Let N|K be a Galois extension of fields and G = Gy |g. If 0 € G and x € N
define oz = o(x). Under this action the following are examples of G-modules:
a) N* (the multiplicative group of N);
b) Nt (the additive group of N);
¢) The roots of unity in N (under multiplication).
If A and B are discrete G-modules, by a G-homomorphism or a G-map p: A — B

we mean an abelian group homomorphism for which
o(oa) =op(a), Vo e G, Vace A.

The class of discrete G-modules and G-maps constitutes an abelian category that we
denote by Mod(G).

Let G be a profinite group, and denote by G? the cartesian product of g copies of
G. For A € Mod(G) and ¢ > 0 we set

CYG, A) = {z: G — A| x continuous and

z(00g,001,...,004) = 0x(00,01,...,04) ;0,0; € G}.

C1(G, A) is an abelian group under the obvious addition, and it is called the group of

homogeneous q-cochains. For each ¢ > 0 define a group homomorphism

dy11:C1(G, A) — C1TH(@G, A)

q+1

(8q+1:c)(00,01, NN ,O'q_|_1) = Z(—l)ix<00,01, N ,5’1', ce ,O'q_|_1)
1=0

where the symbol " indicates that the corresponding coordinate has been cancelled.
The maps 9, are called coboundary operators. It is easily seen that 941109, =0, ¢ > 1,

so that
0— C%(G, A) -2 CH(G, 4) 25 ...
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is a cochain complex, that will be denoted by (C’ (G, A), 8). The g-th cohomology group
of this complex will be denoted by H?(G, A), and is called the g-th cohomology group
of G with coefficients in A. In detail,

HY(G, A) = H(C(G, A),0) = Z%(G, A)/BY(G, A),

where Z9(G, A) = ker 041 (group of q-cocycles) and BY(G, A) = Imd, (group of q-
coboundaries).

An equivalent way of describing the cohomology groups H9(G, A) could be the
following. Define the group C%(G, A) of non-homogeneous cochains by

CYG,A) = {z: G — A| = continuous}.
Consider the cochain complex (C(G, A),) :
0— COG, A) -2 CY(G, A) -2 C2(G, A) — - --

where the homomorphism

8,11: C1(G, A) — CTH(G, A)

is given by
(5q+19€)(017027 ey Og+1) =012(02,08,...,0q4+1)+
q .
Z(_l)zm(ala 02y-++,0i0541y- - 7Uq+1)+
i=1
(-1 x(oy,00,...,0,).

Then (C(G, A),8) and (C%(G, A),d) are isomorphic cochain complexes, where a pair

of inverse isomorphisms

C(G,A) é C(G, A)
Vg
is given by
(pgx)(o1,009,...,04) =x(1,01,0102, ..., 0102---0y),
(V) (70,15 - - s Tq) =T0y(7 P11, 7y P12y - - ,T;_lqu).
Therefore

HY(G, A) = H1(C(G, A),8) = H*(C(G, A),d) = Z%(G, A)/B(G, A),

where Z9(G, A) = ker 0,41 and BY(G, A) = Imd,.
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In low dimensions one can describe the cohomology groups as follows:
H°(G,A)={ac Alca=a, o0 € G} = A,

i.e., the subgroup of elements of A invariant under the action of G.
HY(G,A) =Z1(G, A)/B(G, A), where
ZHG,A) ={x:G — A| z cont., Doz = 0} =
{:G — Al x cont., x(o71) = ox(7) + x(0),0,7 € G}.
BY(G,A) ={z:G — A| x = 01a, some a € A} =
{z:G — A| 2(0) = 0a — a, some a € A}.
The elements of Z1(G, A) and B'(G, A) are called (continuous) crossed homomorphisms
and principal crossed homomorphisms respectively.

p- 98 Notice that if G operates trivially on A, i.e., ca = a Yo € G and Va € A, then

HY(G, A) is precisely the group of all continuous group homomorphisms from G to A.

Finally H%(G, A) = Z2(G, A)/B%*(G, A), where

7%(G,A) ={2:G x G — A| x cont., Jzx = 0} =
{2:G x G — A| = cont. and o1x(02,03) + x(01, 0203) =
x(o109,03) + x(01,02), 01,092,053 € G}.
B*(G,A) ={2:G x G — A| x = dyy, some cont. 3:G — A} =
{2:G x G — Al z(01,02) = 01y(02) — y(o102) + y((01),

for some cont. y: G — A}.

The elements of Z2?(G, A) are called (continuous) factor systems.

p.- 99 §2. H?(G,A) and extensions of profinite groups

Consider a short exact sequence
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of profinite groups and continuous homomorphisms, with A abelian. Let u: G — G be
a continuous section (see Prop. 3.5, Ch. I). Define 1): G x A — A by ¥(0,a) = uyau;*.
Clearly 1 is continuous. Assume that A is finite; then A has the discrete topology and
the map 1 makes A into a G-module.

Given a profinite group G and finite G-module A, by an extension E of A by G

we mean an exact sequence, with continuous homomorphisms,

N

E: 0—A—G—G—1 (1)

where G is a profinite group, A and G are written additively, and the canonical action
of G on A described above is precisely the given action of G on A.
If E,E’' are two extensions of A by G, we say that they are congruent if there

exists a continuous homomorphism (necessarily a homeomorphism) G — @ such that

E: O A /G /G /1
E": 0 » A el » G » 1

commutes.

Denote by £(G, A) the set of congruence classes of extensions of A by G.

THEOREM 3.1: Given a profinite group G and finite G-module A, there exists a 1-1

correspondence between £(G, A) and H*(G, A).

Proof: Consider the extension (1) of A by G, and let u: G — G be a continuous section.

Then the action of G on A is given by
oa=u(oc)+a—u(c), a€A oced.

Since u is a section, if 01,09 € G, then u(o1) + u(o2) and u(oy02) belong to the same
coset of A in G. Hence there exists some z(01,02) € A such that u(o1) + u(oy) =
x(o1,09) +u(o102). It is clear that x: G x G — A is a continuous map. We shall show

that it is in fact a continuous factor system. Let 01,029,035 € G; then
u(o1) + [u(o2) + u(os)] = u(o1) + [2(02, 03) + u(o203)] =
0'133(0'2,0’3) + U(O’l) + U(O’QO’g) = 01.T<0'2,0'3) + .’13(0'1,0'20'3) + U(O'10'20'3),
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and
[u(o1) +u(o2)] +u(oz) =[z(01,02) + u(o102)] + u(o3) =

x(o1,09) + (0109, 03) + u(010203);
hence

o12(09,03) + x(01,0203) = x(071,02) + x(0102, 03),

ie., r € Z%(G, A).
The definition of z depends on the choice of u. However, if «/: G —s G is another
section, and z’: G x G — A its corresponding factor system we will show that x — 2’ €

B2(G, A). For if o € G, there exists y(o) € A such that

u'(0) = y(o) + u(o).
It is plain that y: G — A is continuous. On the other hand, if 01,09 € G we have

SCI(O'l,O'Q) + y(0'10'2) + U(O’lo'g) = .77/(0'1,0'2) + U/(O'10'2) = Ul(O'l) + u/(0'2> =
y(o1) +u(o1) +y(o2) +u(oz) = y(o1) + o1y(o2) + u(or) + u(o2) =

y(o1) + o1y(o2) + (01, 02) + u(o102);

hence

&' (01, 09) — x(01,02) = 01y(02) — y(o102) + y(o1) = (O1y) (01, 02).

So, x — 2’ € B%(G, A), and therefore x and z’ define a unique element of H?(G, A). In
fact this last argument shows that if E and E’ are congruent extensions of A by G, they
have the same corresponding element in H?(G, A). Hence we have shown the existence
of a well defined map £(G, A) -2+ H?(G, A).

Conversely, let z:G x G — A be a continuous factor system representing an
element of H?(G,A). We may assume that z(0,1) = z(1,0) = 0, Vo € G. Define
a profinite group G in the following manner. The elements of G are the pairs (a,0),

a€ A, 0 € G. We set

(a1,01) + (ag,02) = (a1 + 0102 + z(01,02),0102), ai,as € A, 01,02 € G.
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With this definition G becomes a group (the associativity follows from x being a factor
system) whose zero element is (0,1), and where —(a,0) = (=0 ta — z(oc71,0),071).
We endow G with the product topology A x G. Then G is a profinite group as one

easily checks. Moreover
BE(x): 0—A-G-1G—1,

where ¢ and j are the natural injection and projection, is an extension of A by G.
The congruence class to which this extension belongs depends only on the element
of H?(G, A) we started with. For, if 2 + 0f is another representative of that element

(f:G — A, continuous and such that f(1) = 0) whose corresponding extension is

E(x+0f): 0—A—G —G—1,

define a continuous homomorphism 7: G — G’ by n(a,0) = (a — f(0),0), a € A, o €

G. Then R
0 > A 7 G 7 G 7 1

|

0 A > G » G > 1
commutes, and therefore E(x) and E(x + Jf) are congruent. Hence we have obtained
amap U: H2(G, A) — £(G, A).
One sees without difficulty that ® o ¥ = id and ¥ o & = id. This ends the proof

of the theorem. [ |

Remark:  The above correspondence induces an abelian group structure on the set
E(G, A). Tt should be noticed that the extension corresponding to the zero of H2(G, A)
is the split extension, i.e., an extension (1) for which there exists a continuous section

G — @ that is a homomorphism. (All split extensions are congruent.)

§4. Behavior of H"(G,A)

Let g: G — G’ be a continuous homomorphism of profinite groups. Let A € Mod(G),
A’ € Mod(G’), and let f: A” — A be a group homomorphism. We say that g and f
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are compatible maps if

fg(o)a') = o f(d), ccG,deA,
ie., if f is a G-map when A’ is considered as a G-module by means of the action
o-a =g(o)a,a € A, o €Q@q.

Example: Let N O L O K be Galois extensions of K. Then the natural projection
and injection

7T:GN|K—>GL|K and i: L — N~

respectively, are easily seen to be compatible. (See example 2(a) on p. 93.)
A pair of compatible maps g, f as above, induces homomorphisms of the groups

of g-cochains (g, f): C1(G’, A’) — C4(G, A), q > 0, given by

p. 107 (g, N2 (o1,...,04) = f2'(9(01),...,9(0q)).

In fact (g, f) is a map of cochain complexes, i.e.,

Ca(q, A" “2ty Gatl(qr, A

l(g,f) l(g,f)

0@, A) 2, catl(@, A)

commutes for ¢ > 0. From this one easily defines homomorphisms
(97 f):Hq(GlaA/) — HQ(G, A)

of the cohomology groups. (See [M], p. 40 for a general setting.)
Remark: The maps (g, f), that we have just constructed behave functorially in the
following sense. Let G;, i = 1,2,3 be profinite groups, A; € Mod(G;), and let
Gl g1 GQ g2 Gg
p- 108 and
Al <f—1 A2 (f—2 Ag
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be continuous homomorphisms and abelian group homomorphisms respectively, such

that g; and f;, and go and f5 are compatible. Then g2g; and f5 f1* are compatible, and

(92917 f2f1) = (91,f1) © (92»f2)-

Moreover, if g1: G; — G and f1: Ay — A; are identity maps so is (g1, f1)-

In particular, for each ¢, H1(G, —) is a functor from the category Mod(G) to the
category Ab of abelian groups.

Let I be a directed index set. Let (Gq,mag)r be a projective system of profinite
groups, and (A, Aap)r an inductive system of abelian groups, where each A, is a

G -module, such that for each pair o > £ in I, the maps
Tap:Go — G and Aap:Ag — Ay
are compatible. Then for each ¢, we obtain in a natural way an inductive system
(HY (G An), Aag) .

Let G = (hTmG’a and A = llTII1>Aa; let 7,:G — G, and M\,: A, — A be the
corresponding canonical homomorphisms. Then A can be considered as a G-module

in the following manner. Given a € A and ¢ € G, let a € I such that a, € A, and
AaGo = a; define then ca = A\, [(740)a,]. This is a well defined continuous action of G

on A. Moreover, we have

PROPOSITION 4.1: For each g > 0

HY(G, A) ~ liy HY(Go, Ay).
I

Proof: Since h_m> is an exact functor in the category of abelian groups one has
lim HY(Ga, As) = H( lim C9(G,, Ad)),

liny (liny
1 1

* Error: should be fi fs; ditto in the following displayed equation
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where the cochain complexes C(G,, A,) form an inductive system by means of the
maps *

j\a,g = (Wag,Aag):éq(Ga,Aa) — éq(Gﬁ,AB), o> ﬁ

(see p. 106). Hence, to prove our assertion it will suffice to show the existence of

isomorphisms

hTHl>C_’q(GOé7AOé) %C_’q(G7A)7 qzov

commuting with the coboundary maps gq. For each a € I, define

0a:CYGa, Ay) — CUG, A)

by pa(Ta) = AaZa Te- It is plain that a > 8 = paAag = @p; so the maps ¢, induce a
homomorphism

p: lim CU Gy, As) — CUG, A).
I

It is easily seen that ¢ commutes with the coboundary operators. It remains to be
shown that ¢ is an isomorphism.

@ is injective: Let z € h_m) C1(Gy, Ay) be such that pz = 0, and let z,, €
I
CUG oy, Aay) With Ay, Ta, = 2. For a > ag let 24 = AagaTa,- Then 0 = 0 = \q2aTa,

a > «ap. If o > o define
Xo ={0a =(0a1,---,0aq) € GL| x0(0a) # 0}.

We shall show that for some o > ag: X, = 0, ie., o, = 0; this will imply that
x = 0, as desired. Since z,, is continuous, G¢ compact and A, discrete, z, takes only

a finite number of values; hence X, is closed and, therefore, compact. On the other

* Frror: should be

Aap = (Tag, Aap): CU(Gp, Ag) — CU(Ga, An), a>p
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hand a > 8 > o implies m,3X, C X3, for if 04 € Xo, 0 # z4(0,) = Xaga:,g(aa) =

AaBZaTa3(0q); 80 TgTap(0q) # 0; hence map(0a) € Xpg. Therefore

{Xou 7Ta6| «, B Z Oé()}
is a projective system of compact spaces. Clearly

o= (01,...,0q) € Jim Xo CGY= (px)o #0.

a>ag

Hence <ll_m Xo = 0. Thus X, = 0 for some a > «ag ([B3], §9, Prop. 8).
a>ap
@ is surjective: Let x:G? — A be continuous. We shall prove that there is a

continuous map z,: G4 — A such that x = \,x,7,, for some a € I. Notice first that

x takes only a finite number of values, say
z(G?) ={ay,...,a,} C A.

Hence AgAg DO x(GY) for some 5. Also, we may choose an open normal subgroup U; of G
such that z is constant on the cosets of U in G9. Since the groups T 1Uw where U, runs
through the open normal subgroups of G for all 7, form a basis of open neighborhoods
of 1 in G, there exists an open normal subgroup U, of G, with Uy 2 U = 7 'U,,
for some a. We may assume o > . Then x = Z o p, where p: G — G?/U? is the
natural projection, and z: G4/U? — A is defined by z(cU?) = xo; moreover 7, induces
an injection 7,: G1/UY — G4 /UJ. Let z,:(G/U,)? — A, be any map such that
AaZaml, = &. Define x4, = Topa, where po: GL — G2 /U4 is the natural projection.

Clearly x, is continuous and © = A\yx,7,, as desired. [ |

COROLLARY 4.2: Let G be a profinite group and A € Mod(G). Then
H(G, A) = lim H(G/U, AY)

where U runs through all open normal subgroups of G.

Proof: G = <li_mG/U and A =JAY = li_m)AU. Notice G/U acts on AY by (gU)a = ga,
g € G and a € AY. Finally, it is plain that if U C V, G/U — G/V and the inclusion

AV — AV are compatible maps. |
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COROLLARY 4.3: Let G and A be as above. Then
HY(G,A) = lim HY(G, B)
—

where B runs through all finitely generated G-submodules.

Proof:

A= lim B.
—

Remark: 1If G is profinite and A € Mod(G), then A is finitely generated as a G-module
iff it is finitely generated as an abelian group. For, assume aq,...,a, are G-generators

of A; then for each i
GCL,‘ = (G/Ul)az,

where

Ui ={0€G|oa; =a;};

since U; is open, G/U; is finite ( as a set) and hence |J;_,(G/U;)a; is a finite set of

Z-generators of A.

PROPOSITION 4.4: For every short exact sequence

0— A—3sB2y0—50

¢

of G-modules and G-maps, there exists canonical homomorphisms (the “ connecting

homomorphism”)
§=61HYG,C)— HI™HG,A), ¢>0

such that the sequences

0— A — BY — (% — HY(G,A) —

1o Jo 4 (51

H'(G,B) T>H1(G, C) == H*(G, A) —— -+
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is exact, where the i,’s and i,’s are induced by i and j respectively.

Proof I.: The existence of this exact sequence is well-known in the case of finite groups

(see, e.g., [M]. p. 116 and p. 97). Since hﬂ is exact, the result follows from Cor. 4.2.

Proof I1.:  (Sketch): Consider the short exact sequence of cochain complexes induced

by ¢ and j:

L —— G, A) 2 TG A) —— -

. —— CYG,B) —2— C1t(G,B) —— ---

. —— G, C) 2= 0t(G,C) —— -

0 0
Let ¢, € HY(G,C) and ¢, € ¢4; then 0c, = 0. Let b, € C4(G, B) with jb, = ¢,. Then
0 = 0jb, = jOb,. Hence there exists a,41 € CITHG, A) with ia,41 = Ob,. Clearly
Oag+1 = 0. Define
6¢, = ag1 € HIT(G, A).

It is an easy exercise to check that ¢ is well defined homomorphism and that the long

sequence of the theorem is exact. (Cf. [M], page 45.) [ |

PROPOSITION 4.5: Let
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be a commutative diagram of G-modules and G-homomorphisms, with exact rows. This

induces a commutative diagram

o HYG, B) —L— H(G,C) —2— H(G, A) —-— HI* (G, B) —--
I ; b I
5 HYG, B') L HYG, ') 2 HITNG, A — s HIY(G, B') ——s--

Proof: This follows immediately from Remark on p. 107 and the definition of § and §’.
|

PROPOSITION 4.6: Let A = ]
Mod(G)). Then

ierAi, A € Mod(G) (direct sum in the category

HY(G,A) ~ [[HYG, A).

il
Proof: Define
p: [[CUG, Ai) — C9(G, A)

icl

to be the lifting of the homomorphism
pi: C1(G, A;) — CY(G, A)
given by
wi(fi) = pio fi,

where p;: A; — A is the natural injection.
The reader will have no difficulty in checking that ¢ is an isomorpism which

commutes with the maps d,, ¢ > 0. Thus our result. |

5. Some Homological Algebra

In this section we introduce some terminology and prove some general homological re-
sults. (For more detail the reader may consult, e.g., [G].) The use of this abstract
language will allow us to describe in a compact manner the essential features of the co-

homology groups H?(G, A). The main purpose of this section is to prove Theorem 5.10.
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Definition 5.1: Let A be an abelian category. A cohomological functor H = (H?) ez on
A is a sequence of covariant additive functors H%: A — Ab, where Ab is the category of
abelian groups, which assigns to every short exact sequence 0 — A — B — C — 0
in A and every n € Z a connecting homomorphism § = §": H*(C) — H"*!(A)
satisfying the following conditions:

a) For every commutative diagram

0 s A B — C — 0
bbb
0 s A’ s B’ s O s 0

in A with exact rows, the following diagram commutes for every ¢

HI(C) —— HI1(A)

s

HY(C') —— HIT1(A")

b) For each short exact sequence 0 — A — B — C' — 0 in A, the long sequence

e HITYCO) 2 HY(A) — HY(B) — HY(C) - HIFH(A) —s - ..
is exact.

Definition 5.2: Let H, F' be cohomological functors on A. A morphism p: H — F is a
family ¢9: H? — F'9, q € Z, of morphisms of functors such that, for every short exact

sequence 0 — A — B — C' — 0 in A, the following diagram commutes:

F1(C) = Frtl(A), q €.
COROLLARY 5.3: Let G be a profinite group and A € Mod(G). Then

H(G, =) = {HY(G, =) }qez
where H1(G,—) =0 if ¢ < 0, is a cohomological functor on Mod(G).

Proof: This is the content of Prop. 4.4 and Prop. 4.5. |
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Definition 5.4: Let H be a cohomological functor on A. We say that H is effaceable at

q by a subclass M C A if for every A € A there exists a monomorphism
E:A — My, My e M,

with H4(M4) = 0.
If H is a positive cohomological functor, i.e., if H = 0 for ¢ < 0, we say that H is

effaceable by M, if for every A € A there exists a monomorphism
E:A — My, My e M,
with H9(M4) = 0 for ¢ > 0.

THEOREM 5.5: Let H, F' be positive cohomological functors on A. Assume H is efface-
able by the class of injectives of A. Suppose ©’: H® — FO is a morphism of functors.

Then there exists a unique morphism : H — F such that ¢° = ©°.

Proof: (Sketch)

Let A€ Aandlet 0 — A — My — X4 — 0 be exact in A with My4
injective.
Uniqueness of v: Suppose 1: H — F is another morphism with 1% = ¢% Assume
91 =49~ 1 Then from the commutativity of

S HY(X4) —— HI(A) —— 0

l wq(A)Pﬂq(A) l

L —— FY (X)) —— FI(A) —— FI(My) — ---
it follows that ¢9(A) = ¥9(A), VA € A: hence 1? = 9)%; thus ¢ = 1) by induction.
Ezistence of of : Suppose the existence of morphisms ¢*: H* — F', i =0,1,...,q—1,
has already been shown, and that they commute with the connecting homomorphisms
. Define ¥(A): H1(A) — F'(A) to be the unique map making the following diagram
commutative

L —— HI"Y(My) —— HT (X ) —2— HI(A) ——— 0

l J/wq_l(XA) P}q(z‘l)

L P (Ma) —— FT N (X4) —5— FI(A) —— FI(My) —— -
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Now, it is straightforward to check that v is a morphism of functors, and that °,
Yt ..., 7% commute with the §’s. Thus by induction we construct a morphism v: H —

F with ¢° = Y. |

COROLLARY 5.6: Let H, F, E be cohomological functors on A, with H and F effaceable

by (the class of) injectives. Let
0 0 0
HOZL R0, FOYLE0, HOLLES
be morphisms of functors, and let
HSF FYE HSE
be their extensions to morphisms of cohomological functors. Then
PP=9lo¢® & p=dop

COROLLARY 5.7: Let H,F be effaceable by injectives, cohomological functors on A.
Let

0
HY 2 0

be a morphism of functors, and

H-%F
its corresponding extension. Then ¢ is an isomorphism < ° is an isomorphism.

PROPOSITION 5.8: Let G be a profinite group. Then Mod(G) has enough injectives,
i.e., for every A € Mod(G), there exists a monomorphism A — M4 in Mod(G) with

M 4 injective.

Proof: Let G be the discrete group underlying GG. Let A be a discrete G-module; then
obviously A € Mod(Gp). It is well known that Mod(Gg) has enough injectives (see [M],
p- 93). Let 0 — A —~ M be an exact sequence in Mod(Gp) with M injective in
Mod(Gy). Take
My =|JMY
U
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where U runs through all open normal subgroups of G. Clearly M4 € Mod(G). Let

a € A, and let U be an open normal subgroup of G such that a € AY. Then pa € MY.

Hence ¢ A C M 4. Finally My is injective in Mod(G) because any diagram
0——B—2sC

CJ
M

J

M
where v, ( are mappings in Mod(G) with 1 a monomorphism, can be completed to a

commutative diagram by a Gy-map &:C' — M. But since C is a G-module, EC' C M 4.
|

PROPOSITION 5.9: Let N be a closed normal subgroup of G, and let A be an injective

G-module. Then AV is injective in Mod(G/N).
Proof: Trivial. |

THEOREM 5.10: Let G be profinite. Then the cohomological functor H(G, —) is efface-
able by the injectives of Mod(G).

Proof: Let A be injective in Mod(G). For every open normal subgroup U of G, AY
is G/U-injective. Hence H(G /U, AY) = 0 if ¢ > 0 (see [M], p. 92). So HY(G,A) =

11_31> HY(G/U,AV)=0. 1

PROPOSITION 5.11: Let N C G be profinite groups. Then H(N, —) is a cohomological
functor on Mod(G) which is effaceable by the injectives of Mod(G).

Proof: 1t is obvious that H(N, —) is a cohomological functor on Mod(G). Suppose A is
an injective G-module. We shall show that H(N, A) = 0 if ¢ > 0. Since

HY(N,A) = lim HY(NU/U,A")
U

(U open normal subgroup of G), and since AY is G /U-injective, it will suffice to prove

the following lemma.
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LEMMA 5.12: If N C G are discrete groups and () is an injective G-module, then Q) is
injective in Mod(V).

Proof: Consider a diagram

in Mod(N), where ¢ is a monomorphism. We need an N-map (: B — @ such that
Cp = 1.

Construct a new diagram

O—)ZG@ZNA—“_J 7.G @zn B

d

of G-modules and G-maps, where ZG is the group ring over the integers (cf. [M],
p. 104); ZG ®zn A and ZG Rz B are considered as G-modules by means of the action
o(r®a)=o0r®a, 0 €ZG,a € A (or a € B); the G-maps ¢ and ¢ are given by

P(r®a) =1 p(a),
Y(r@a) =rila), rEZLG, ac A
Since Z( is free as a right N-module, ¢ is again a monomorphism. Since () is G-injective,

there exists a G-map (: ZG ®zny B — Q such that (@ = 1. Define ((b) = (1 ®b).
This is easily seen to be the desired N-map. |

As a first application of the results obtained in this section we prove the following

proposition that will be used later.

PROPOSITION 5.13: Let G be a profinite group, A € Mod(G), and o € G. Let p:G —»

G be the inner automorphism given by o(7) = oro~'* and f:A — A the group

* Error: should be 0 1o
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homomorphism defined by f(a) = oa. Then ¢ and f are compatible maps and the

homomorphisms induced in the cohomology
(97 f) Hq(Ga A) — HQ(G, A)

* are identity maps (¢ =0,1,2,...).

Proof: From the definitions of (g, f) (§4) one immediately sees that
(9,f): H(G,—) — H(G,-)
is a morphism of cohomological functors. Hence, by Th. 5.5, it suffices to show that
(9. ):H*(G, =) — H(G,~)

p. 131 is the identity. But if a € H(G, A) = A®, then (g, f)(a) = 0a = a. [ |

§6. Special mappings

THE INFLATION.

Let N be a closed normal subgroup of a profinite group G, and let A € Mod(G).
Then G/N operates continuously on AN by (6N)a = ca, o € G, a € AV, ie.,
AN € Mod(G/N). It is clear that the projection G — G/N and the inclusion AY —
A are compatible maps. Hence (see p. 107) for each ¢ they induce homomorphisms
Inf = Infg/N: HY(G/N,AN) — HI(G, A) that we call inflations.

p. 132 More specifically:
Inf: H*(G/N, AN) ~ A — H°(G, A) ~ A¢

is the identity mapping.

Assume ¢ > 0, x € 7 € HI(G/N, AN), ie., 2: (G/N)? — AN (continuous) is a
g-cocycle. Then Inf Z has one of its representatives a g-cocycle y: G9 — A (continuous)
given by

y(o1,02,...,04) = x(01N,02N, ..., 04N).

* Error: g should be ¢ throughout the proof.
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PROPOSITION 6.1: Let N be a normal closed subgroup of a profinite group G. Let
f: A — B be a G-map. Then f induces a G/N-map f¥: AN — B and the diagram

H9(G/N, ANy ST ey, BY)

llnf \[Inf

Hi(G,A) — 4D e, B)

commutes, i.e., Inf is a morphism of functors H(G/N, ™) and H(G,*) on Mod(G),

for each q € Z.

ProproOsITION 6.2: If f:G — G and g: G; — (G5 are surjective continuous homo-

morphisms of profinite groups, then
Inf&! o Infg? = Infg? .

Proof: These propositions are consequences of Remark on p. 107. |

PROPOSITION 6.3: Let 0 A—s B 250 0 beanexact sequence of G-modules,

.N - N
and assume 0 — AN ——— BN L, CN (0 is again exact. Then

HY(G/N,CN) —— HIT1(G/N, AN)

lInf \[Inf

HY(G,C) —2—— HIY(G, A)
commutes for each q.

Proof: This is an easy exercise in diagram chasing. |

THE RESTRICTION.
Let S be a closed subgroup of the profinite group G. For each A € Mod(G),
A% C AS. In fact this inclusion defines a morphism

H°(G,—) — H°(S, )

of functors on Mod(G). By Theorems 5.5 and 5.10, this extends to a sequence of

morphisms

G
Res:RSes:Hq(G,—) — HI(S, —), q>0
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that are called restrictions.
In terms of cochains these maps can be described as follows. Let x € = €
H1(G,A), ie., let 2: G — A (continuous) be a g-cocycle; then a representative g-

cocycle y: S9 — A (continuous) of Res v € HY(S, A) is given by
y(oi,00,...,04) = x(01,092,...,04) €A, 01,09,...,04 €S.

Notice that if 0 — A — B — (' — 0 is an exact sequence of G-modules, it is still
exact when considered as a sequence of S-modules. Therefore, by the definition of Res

we obtain a commutative diagram
. H"Y(G,B) —— HY(G, A) —— HY(G,B) —— HY(G,C) —--
o HY(S, B) —2— HY(S, A) —— HY(S, B) —— H9(S,C) —--
with exact rows. (Cf. Theorem 5.5).

PROPOSITION 6.4: Let G © S O T be profinite groups. Then

s G G
Reso Res = Res.
T S T

Proof: By Cor. 5.6, it suffices to show this in dimension 0. If A € Mod(G), it is plain
that
(A9 — A% — AT) = (A9 — AT).

THE CORESTRICTION.
Let S be any open subgroup of a profinite group G, and let A € Mod(G). Since

S is of finite index, we can define a group homomorphism

NG|S: AS — AG

Ngs(a) = Zaa, ae A®, and
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o runs through a set of representatives of the left cosets of S in G.
It is easily seen that in fact Ng|g is a morphism of H°(S,—) to H°(G,—) as
functors on Mod(G). Hence, by Proposition 5.11 and Theorem 5.5, N¢|g extends to a

unique morphism of cohomological functors
Cor = Corg: H(S,—) — H(G,-).

In particular for every A € Mod(G) and every ¢, we have a natural homomorphism
Cor = Corg: HI(S, A) — HI(G, A)

that we call corestriction.

PROPOSITION 6.5: Let GG be a profinite group and let T' C S be open subgroups of G.
Then

Cor? o Cory = Corl, .

Proof: By Cor. 5.6, it suffices to verify this result in dimension 0. If A € Mod(G)

Neis(Ngjra)= Y 7( Y oa)= Y  pa= Ngra.

r€G/S 0€S/T pEG/T
[ |

THEOREM 6.6: Let S be an open subgroup of a profinite group GG. Then
g G
Corg oRgzs = (G:9)-id,

where id is the identity on H(G,—).

Proof: Since both Cor? o Res§ and (G : S)-id are endomorphisms of the cohomological
functor H(G, —), it suffices to prove the result on dimension 0 (Cor. 5.6). Let A €
Mod(G). Then if a € A we have

Ngis(a)= Y oca=(G:S)a

ceG/S

as desired. ]
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COROLLARY 6.7: IfG is a profinite group and A € Mod(G), then H4(G, A) is a torsion
group for ¢ > 1. Moreover the order of any element ¢ € H1(G, A) divides #G.

Proof: By Corollary 4.2, every element of HY(G, A) is in the image of H4(G /U, AY) for
some open normal subgroup U of G. Hence, we may assume that G is finite and prove

that (G : 1)H(G, A) = 0. By the above theorem
, .G
(G:1)HYG,A) = CorGORlequ(G,A) =0

since obviously H?(1,A) =0 if ¢ > 1. |

If G is a profinite group, A € Mod(G) and p is a prime number, we will denote the
p-primary component of the torsion group H4(G,A), ¢ > 1, by H1(G, A)(p). Notice
that

HYG, A) = [[HYG, A)(p).

p

COROLLARY 6.8: Let N C G be profinite groups, and let p be a prime such that
p1 (G : N). Then the mapping

Res: H1(G,A) — HI(N,A), qg>1

is injective when restricted to H1(G,A)(p). If moreover N is open in G, then the
mapping
Cor: HY(N,A) — HY(G,A)

is a surjection of H1(N, A)(p) onto H1(G, A)(p).

Proof: It is clear that

NzﬂVz(li_mV

where V' runs through the set V of all open subgroups containing N. Therefore, by
Proposition 4.1,

HY(N, A) = lim HY(V, A).
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Notice that the canonical map HY(V, A) — H9(N, A) is precisely the restriction map.

For each V € V we have a commutative diagram (see Prop. 6.4).

HI(N, A) Ress HY(V, A)
HI(G, A)(p)

Suppose Resi(¢) = 0, ¢ € HI(G,A)(p). Then there exists some V € V such that
Ress(c) = 0. So, by Theorem 6.6,

0 = Cory 0R2es(c) =(G:V) ¢

and hence ¢ = 0, since ((G : V),p) = 1. Thus Res; is injective. Assume now that NV is
open in (G. Again by Theorem 6.6,

G
Corg o Rﬁs: HY(G,A)(p) — HYUG, A)(p)

is a multiplication by (G : N). However since p { (G : N), multiplication by (G : N) is
an automorphism of H9(G, A)(p). Thus, the injectivity of Res$ on HY(G, A)(p) implies
* the surjectivity of

Corg: HY(N,A)(p) — HY(G,A)(p).

This corollary can be applied in particular to the p-Sylow groups of G. Specifically,

we get

COROLLARY 6.9: Let G be a profinite group, p a prime number and G, a p-Sylow
groups of G. Let A € Mod(G). Then

Res: H1(G, A)(p) — HY(G)p, A), qg>1
is an injection. If (G : G,) < oo,
Cor: HY(Gyp, A)(p) — H(G, A)(p)

is a surjection.

* Error: instead of ‘implies’ should be ‘and’
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COROLLARY 6.10: Let G, G, and A be as above. If H1(G), A) = 0 for every prime p
(and a fixed ¢ > 1), then H1(G,A) = 0.

Proof: By Cor. 6.9, HI(G,A)(p) =0 for each p. Thus

HYG,A) = [[HYG, A)(p) =0.

p

§7. Induced modules

Let S C G be profinite groups. For A € Mod(S) set
ME(A) = {f:G — A| f continuous, f(o7) =0cf(r), oc€S, 7€G}.
We define an action of G on M5(A) by
(cf)(T) = f(T0), 0,7 €G, feMS(A).

PROPOSITION 7.1: The action defined above is continuous, i.e., M3(A) € Mod(G).

Proof: Let f € MZ(A) and let Uy = {0 € G| of = f}. We will show that U, is open.
For each o € G choose an open normal subgroup U, of G such that oU, C f=1(f(o)).

By compactness there exist a finite number of points o109, ..., 0, such that
n
G = U UiUO'i .
i=1

Put U =(;_, U,,. Then, 0 € G = oU C f~'(f(0)). So, 0 € G, ue U = (uf)(o) =
f(ou) = f(o). Hence U C Uy. Thus Uy is open. [ |

The G-module MS(A) is called an induced module. It is easy to see that MS(A)
is an additive functor from Mod(S) to Mod(G).

PROPOSITION 7.2: ME(A) is an exact functor.

Proof: Let
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an exact sequence in Mod(S). A standard reasoning shows that the corresponding
sequence

0 — ME(A) — ME(B) =1 ME(C) — 0
is exact at MS(A) and MS(B). We shall prove that j is surjective. Let f € M5(C).
Say f(G) ={ec1,c2,...,¢cn} C C. Let b; € B be such that jb; =¢;, i =1,2,...,n. For

each i consider the open subgroup of S,
‘/;':{TES| TbZ:bz},

put V =, V;i. Let U; be an open normal subgroup of G such that Uy NS C V. Since
f is continuous we can find an open normal subgroup Us of G such that u € Uy, o €
G = f(ou) = f(0o) (see proof of Prop. 7.1). Let U = Uy N Us; then (G : SU) < oo, say
G=U!_,SUq;. Foreachi=1,2,...,tlet b; € {b1,ba,...,b,} besuch that jb; = f(;).
Define g: G — B by

g(tuo;) =1bi,  TE€S, uel.

Then g is well defined. It is continuous since u € U, 0 € G = g(uo) = g(0), so that

Uo C g~ (g(0)). Finally, g is S-linear since

pesS, o=r1uo; €G= g(po) = gluruo;) = (ur)b; = p(th;) = pg(o), weU, 1€ S.
Thus g € M3(B). 1t is plain that jg=jog= f. [ |
Given S C G and A € Mod(S), there exists a canonical S-epimorphism
T ME(A) — A
given by
m(f)=f(1), [ Mg(A).
PROPOSITION 7.3: MS(A) sends injectives into injectives.

Proof: Let @) be an injective S-module. Let i: A — B be a monomorphism of G-
modules, and let ¢: A — M5(Q) be a G-map.
0 »yA—'— B

| /'

ME(Q) —— Q
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Then 7o ¢ is an S-map. Let ¢: B — @ be an S-map such that ¢ ot = 7 o . Define
¢: B — ME(Q) by
op(0) = ¢(ob), be B, ocd.

Then ¢ is a G-map into M3(Q) and g oi = ¢. |
THEOREM 7.4 (Lemma of Shapiro): Let S C G be profinite groups, and let A €
Mod(S). Then there exist natural isomorphisms

HY(G, ME(A)) ~ HY(S, A), ¢>0.

Proof: Consider the cohomological functors H%(S, —) and H4(G,—) o M& on Mod(9).
By Prop. 7.3 and Theorem 5.10 they are both effaceable by the injectives of Mod(.S)
Hence by Cor. 5.7 it is enough to show the existence of a natural isomorphism in

dimension (. Consider the composition
MG(A)Y = HO(G, M§(A)) == Mg(A)® = H'(S, M§(4)) = A°

where 7 is induced by 7 (see p. 145). This obviously is an isomorphism of the functors

ME&(—)¢ and 1d°. |

COROLLARY 7.5: Let G be a profinite group, A an abelian group, and Mg(A) =
ML (A). Then HY(G, Mg(A)) =0 if ¢ > 0.

Proof: H1(G,M¢(A)) ~ H1(1,A) =0, ¢ > 0. |
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CHAPTER III
SPECTRAL SEQUENCES AND CUP PRODUCTS

In this chapter we give a self-contained presentation of the theory of spectral
sequences in a fairly general setting. The main objective is to obtain the spectral
sequence of Lyndon-Hochschild-Serre (Th. 5.3) that we will use rather frequently in
Chapters IV and V. In sections 6 and 7 we study another important tool, the cup
product.

§1. Spectral Sequences

In this section R will denote an arbitrary ring.

Definition 1.1: A bigraded module E is a family E = (EP?), p,q € Z, of R-modules.
A differential d of E of bidegree (r,—r + 1) is a family of R-homomorphisms

d: EP4 ; Ep—I—T,q—v"—I—l

such that dod = 0.

Definition 1.2: A spectral sequence consists of a sequence E = {F, Fs, Fs3,...}, of
bigraded modules E, = (EP?), p,q € Z, with differentials d,: E,. — E,. of bidegree
(r,—r + 1), such that

’ ~ . ) 4 1 - -1
EPY &~ Ker(d,: EP? — EPHa—7+1y /g, pporatr=1,

The bigraded module FEs is called the initial term of the spectral sequence. The bigraded
module F7 is often omitted.

It is sometimes convenient to think of the modules E?9 of a spectral sequence as
arranged in layers of points.

(picture missing) !!

LEMMA 1.3: FEach EP? is a subquotient of E5? | i.e., there exist submodules L C M of

E%¥% such that EP*? ~ M /L. Moreover, for each p,q € 7 there exists a tower of modules
O — Bgaq g Bgaq g Bfaq g ... 057‘] g Cgaq g Cgaq — Eg:q
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such that EP4 = CP:1/BPa.

Proof: Tt suffices to prove the second statement. Set BY? = 0 and CY? = EP? p,q € Z;
then EY? = CY7/BY?. Define inductively

D,q D,q _ p—r,q+r—1 _ ~p—r,qgtr—1 p—r,q+r—1_dr mp.q _ 0.9 ) RP.q
Br+1/Br = Im (Er _Cr /BT —>Er _Cr /Br )

CLf /B = Ker (B2 = O Byt pprarel = opera=rsl prena=rel),

then
Byt C BP C O7fy € Cp1 € O,
and
Bt = O/ BY B, /B = O /B,

|

Definition 1.4: Let CP9, BP9 be as in Lemma 1.3. Define
cri=(\cre,  BRi=|JBP?  and  ERY=CR/BRY.
r r
The bigraded module Eo, = (E2?), p,q € Z, is completely determined by the

spectral sequence. We shall think of the terms FE,. of the spectral sequence as approxi-

mating F.

Definition 1.5: (i) A filtered module A with filtration F consists of an R-module A
together with a family of submodules F" A of A, n € Z, such that

AD---DF"ADF"AD ... .
To each filtered module A we associate a grading in the following manner
GPA=FPA/FPTIA pcZ.

(ii) A filtered (single) graded module with filtration F', consists of a family H =
(H™) n € Z, of filtered modules H™.

Definition 1.6: A spectral sequence E = (FE,) is said to converge to the filtered graded
module H = (H"™) with filtration F if

EP9 o GPHPTI = FpHp+q/Fp+al+q

We indicate this situation by FY? = H", or by F = H.
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§2. Positive spectral sequences

Definition 2.1: A first quadrant or positive spectral sequence is one with E5'? = 0 for
p<0orgqg<0.
It is clear that if E is a positive spectral sequence then E?? = 0 for » > 2 and
p<0orgqg<0.
From now on we will assume that all spectral sequences are positive.
If E is a spectral sequence and EY? = H™, where H = (H™) has filtration

F, we will assume that for each n € Z,

\JFrE" = H", and (F*H" =0.
p p

PROPOSITION 2.2: Let E be a positive spectral sequence converging to H. Then

(1) EPt=EPY  if r>max(p,q+1),

(2) H"=0 if n < 0,
(3) FPH"™ =0 it p > m
(4) g if p <

Proof: (1) Ep—natr=1 4oy ppa dry ppira—rtl qf p 5o pporattol = (; if
r>q+1, EPfmtl =0, So, r > max(p,q+1) = CP? = C¥% = ..., and
BPi = Blf =... (see Lemma 1.3) = EP9 = EVY = ... = EBA.
2)p+gq=n<0=p<0orq<0= FPH"/FPTIH" ~ EPY = E}? =
0, p€Z, = FPH" = FFH pe 7 = FPH" = 0 (since (), FPH" = 0) = H" =
U, FPH" = 0.
(3) Let p+q=n < 0. Then E24 ~ FPH" /FPHLH™ Now,

p<Oorq<0= EPYI=0= FPH" = FPTIH™

SO, e — F—QHn — F—lHnFOHn and Fn+1Hn — Fn+2Hn — Fn+2Hn — .... Thus
H"™ = FOH™ and F"T1H™ = 0. |
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PROPOSITION 2.3: For each n there is a sequence
B0 H" Ly B
where 1 is an injection and j is a surjection. The sequence is exact if n = 1.
Proof: ?7Diagram
From the diagram it is clear that
EL S FrH">—H"— H" /[F*H" =B,
and so E0>—sH"—2Ly FOn. Tm(i) = FPH" C F*H" = Ker(j), so ji = 0. If n = 1,
Im(i) = Ker(j), so the sequence is exact. [ |

The base terms.

The terms of the form EPV are called base terms.

PROPOSITION 2.4: There exist epimorphisms
P,0 P,0 D, p,0
Ey"— B3 — - — E +1—>EOO .

Proof: The last arrow is an isomorphism by Prop. 2.2. Since Ef 0 ~ Ker dy/Imdy =
E?° /Tm dy, we have a surjection E¥’—s E?°. One obtains the other maps in a similar

way. |

Definition 2.5: Each of the maps of Proposition 2.4 and the map Ef R EPO> 5 HP
obtained by combining the maps of Proposition 2.3 and 2.4, are called edge homomor-
phisms on the base, and will be denoted by ep.

The fiber terms.

The terms of the form E? are called the fiber terms.
PROPOSITION 2.6: There exist monomorphisms
0, 0, 0,9 0,
Eyle<El¢< . . +<FE +2HEOO‘1.

Proof: The last arrow is an isomorphism by Prop. 2.2. Since Eg 1~ Kerdy/Imdy =
Ker ds, we have an injection Eg ’q>—>ES "1, The other injections are obtained similarly.
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Definition 2.7: Each of the maps of the Proposition 2.6 and the map HY—» E%4
>—>Eg ! obtained by combining the maps of Proposition 2.3 and 2.6, are called edge

homomorphisms on the fiber, and will be denoted by ep.

Definition 2.8: For n > 1, the homomorphism d,.: ngl — EZLLO is called the trans-
gression.

For a fixed n > 1, we will say that the spectral sequence E satisfies *(n) if
EY?=0whenl<g<n—landp+g=n
or whenl<g<n-—-landp+g=n-+1
Note that condition *(1) is vacuous.

PROPOSITION 2.9: Under the condition *(n)
(1) the monomorphism er: Ey(y — Ey™ is an isomorphism;

. . 1 1 . . .
(1) the epimorphism ep: EQH' R E:Llil’o is an isomorphism.

Proof: (1) EP™ ™+ = 0if r # n+ 1. So Ker(d,: EO" —s ETm—+) = EOn if
r # n+ 1. Therefore Ey™ ~ ES" - & Eg’fl.
(2) Er—rtLr=l — 0 if r # n+ 1. So Im(d,q:E’Zf‘””‘H’””_1 — E"TLO) = 0.

n+1,0 n+1,0 ~ n—+1,0
Therefore, E, ~ Eg e BT |

By the above Proposition, we can define a map

0,n €r 0,n dr n+1,0 ©B n+1,0
E2 En+1 En+1 E2

if condition *(n) is satisfied. This homomorphism will also be called transgression and

denoted tr.

THEOREM 2.10: Let E = (EP9) be a positive spectral sequence converging to H =

(H™), and satisfying condition *(n). Then there exists a five term exact sequence

0 \E;L,O eB H" 6F>Eg,n tr E;L—i—LO eB Hn+1.

Proof: First notice that

Ker(EPO-<2, BP0 ) = Im(EP~"" 12, EPO) (1)
Im(E%8, <5 EY9) = Ker(EY9-20s ra—+1) (2)
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We now prove the exactness at each point.

I. EXACTNESS AT E;I’O: It is enough to prove that each E™° — E;Lfl is an injection,

(r=2,3,...,n). But this follows from (1) since EP~"""1 =0, (r =2,3,...,n).
II. EXACTNESS AT H™:
p. 159 Imep = Im(E}° — H") = Im(E%° — H") = F"H™;
and
Kerep = Ker(H" — E9") = Ker(H" — E%°) = F1H".
But, by condition *(n),
n=p+q 1<p<n—-1=0=FEL?=FPH"/FPHIH" = FPH" = FPT1H"
Hence F1H"™ = F*H". Thus Imep = Kerep.
I11. EXACTNESS AT E9™: By Proposition 2.9 and the definition of tr we have

Imep = Im(H" — ngl) = Im(ngg — E?Lfl)

and
Kertr = Ker(Eyl', — ENT10).

Thus Imer = Ker tr.

p. 160  IV. Exactness AT E5T%: Analogously,
Imtr = Im(E,7, — ENTHO),
and
Kerep = Ker(ElT1 0 — H"Y) = Ker(El 0 — EITO).
Thus Imtr = Kerepg. |

Remarks: 1) Since condition *(1) is vacuous, there always exists a five term exact

sequence

1,0 e e 0,1 2,0 e
0— E;° 2 gl Ly By My pe® B, 2

2) Condition *(n) is satisfied if, for instance, EY'? =0 for 1 < ¢ <n—1.
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Let

X:(X)a): ..._>Xn_1£>Xn_>Xn+1_)._‘

be a complex of R-modules. We say that X is filtered if each X™ has a filtration F’
compatible with the 9, i.e., for each p, OFPX"™ C FPX"T1,

Assume that X is a filtered complex.

xn=1 S...D> Frxn-1 o...

\ \
X" D...D Frxn O...
\ \

xXrtl o...D> Frx"tl O...
Let p4+qg=mnand r € Z. Set
7P ={a € FPX"| Qa € FPT X" T}

B?’q — aZTI‘?:IJrl,quT*Q — QFp—rtlxn—1n ppxn

and
p. 162 EPY = 729 /(BP 4 ZEE 47, (1)
Since
(9277?"1 C Z713+r,qfr+1,
and

1,—1 1,q—1 q—
(B + Zf: )= 8fo1 = Bvlerrq TH,
we have that the map 0 induces homomorphisms
dy: EPT — Eff”’q_”l, (2)

with d, od, = 0.

Moreover, one easily checks that
,q_dr a—r+1y _ : +1,g—1 , +1,g—1
Ker(EPI=o BP0 = (Z00 + 27707 (B + 20207,

and

p. 163 T (Bt By = (BE, 4 22 (B 22,
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Hence

Kerd,/Imd, =~ (ZI'%, + ij117q_1)/(871~)f1 4 Zfi—ll,q—l) ~

D,q D,q p+1,9—1\ o p.q
Zr+1/(Br+1 + erl ) ~ Er+1'

Thus we have proved the first part of the following

THEOREM 3.1: Let (X, 0) be a filtered complex. Then
(i) There exists a spectral sequence E, where EP'? is given by (1).
(ii) Assume, in addition that the filtration F of (X,0) is bounded, i.e., for each n
there are integers s = s(n) < t = t(n) with FX™ = X" and F'X" = 0. Then
E converges to the graded module H(X) (the cohomology groups of X ) with a

suitable filtration.

Proof: (ii) Consider the filtration of H"(X) induced by F, i.e., F?(H™(X)) is the image
of H"(FPX) under the injection F?X — X. To describe FPH"(X)/FPt1H"(X),

write
ZP1 = {a € FPX"| Oa = 0}, and
Bl =9X" 0 FPX" (p+q=n).
Then,
FPH™(X) ~ (ZE9 +0X" 1) /oX" 1.
So

FPH™(X)/FPH H™(X) ~ (Z29 +0X™ 1) /(ZEFha 49X 1) ~

258 (25597 0X ) 1 280 e 250 (25 4 BRS),

by Noether isomorphism theorem.

Since the filtration of (X, ) is bounded, it is clear that
ARSIV A

and

D4 ~ P,q
Br7 ""Boé
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for r large enough. Hence
FPH"(X)/FPT H"(X) ~ EP1

for r large enough.
Finally, it is immediate that the boundedness of the filtration of (X,d) implies
that EP9 ~ EP:9 for r large enough. Thus F = H(X). [ |

84. The spectral sequence of a double complex

A double complez is a family K = (KP?), p,q € Z of R-modules together with differ-
entials

/. ) +1, /. ) ,q+1
o KT —y KPTLa g kP Pt

such that 9’0’ =0, 9"0” =0 and 9’9" + 9"9' = 0.

(picture missing)

From K we define a complex (X,0) = X = Tot(K), the total complex of K, by
X" =11, 4=n K" and where 0: X" — X"tlis 9 = 9 +0". Then (X, 0) is obviously
a complex, for

00 =00+ +0'd +9'9 =0.

Now we will use the fact that X is defined from a double complex to obtain in a canonical
way two filtrations of X.

The first filtration 'F of X is given by

QTp)(n:: I]: K%Y

T+y=n
z>p

The second filtration ""F of X is defined by

/770)(n‘:: ];I K*Y.

r+y=n
y=>q

Using these filtrations we can construct corresponding spectral sequences ' =

('EP?) and "E = ("EP'?) called the first and second spectral sequences of the double
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complex K (see §3). Now assume the double complex K is positive, i.e., KP4 = 0 if

p < 0or g<0. Then both the first and second filtration are bounded. In fact
X"="F'X"2F'X"D>... 2 F" X" =0
and
Xn — //FOXn 2 //Fan 2 . 2 //Fn+1Xn — 0

So, according to Theorem 3.1 there exist corresponding spectral sequences 'E = ('EY'?)
and "E = ("E?'?) (the first and the second spectral sequences of K) converging both of
them to H(X) with the induced filtrations. Now we wish to specify what the E"? and

Eg ! terms of these spectral sequences are. We have

7P — [ € 'FPX™| §a € 'FPT X" ) & Ker(KP1 20 gpatly g P xn,

/Bll’aq + IZIf‘f‘l:q_l ~ G’Fan_l + /FP+1XTL ~ Im(Kp,q—l 6_”>Kp,q) @ /FP+1Xn;
hence

P a Ker(FP1-25 fgpatly ) Tm(KPa—t 2 fepa) o

HI(-- KPPl _y gpa _y gpatl )~ HY(KP)
The mapping dy:'E7? — Ef“’q is induced by &', so that
//EIQLQ ~ Hp(Hq(Ki"), 8/) _ /Hp(”Hq(K)),

where ”H indicates that we are taking the homology of a vertical complex K%', and '"H

that we are taking the homology of the horizontal complex of homology groups induced
by 0.

In a similar manner we obtain for the second spectral sequence
//ET;"J ~ HY(-- LKLy gap _y gathp )~ HYKP),

and

//Eg#] ~ Hp(Hq(K"i),ﬁﬂ) — //Hp(/Hq(K)).

We collect our results in the following
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THEOREM 4.1: Let K = (K?9) be a positive double complex. Then there is a “first
spectral sequence” 'E = ('E¥’?) canonically associated to K such that

i) 'EY ~ HP(HY(K)),

ii) BB = H"(Tot K);
and there is a “second spectral sequence” "E = ("EP'?) canonically associated to K
such that

i) "ERY ~ HP (HY(K)),

ii) "E%? = H"(Tot K).

§5. The Lyndon-Hochschild-Serre spectral sequence

Now we wish to apply our results on spectral sequences to a concrete case, namely
profinite groups.

Let G be a profinite group, N a closed normal subgroup of G and let A € Mod(G).
We recall that H9(G, A) is defined as the g-th cohomology group of the chain complex
(C(G, A),0) of homogeneous cochains (cf. §1, Ch. II). Now define

Ci4(G, A) = {z: G — A| z continuous, z(c0y,...,00,) = ox(0g,...,0,),

o €N, og,...,04 € G},

and define
9:C%L(G, A) — CLTH (@, A)
by
q+1 ‘
0x(00, ..., 0g41) = Y _(—1)'x(00, ..., 84, .., Tq41).
1=0

Then 90 0 = 0, so that (C% (G, A),d) is a complex.

LEMMA 5.1: HY(N,A) ~ H1(C% (G, A),9).

Proof: By Theorem 7.4, Ch. I1, it suffices to show that there are morphisms of complexes
®
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such that ®oW¥ and Vo® are identity maps (i.e., that the two complexes are isomorphic).

Define

(®x)(00,...,04)(0) = x(000,...,004);
(Py)(00,...,0q4) =y(o0,...,04)(1).
Then it is easily checked that ®, ¥ are inverse isomorphisms. |

We consider each C% (G, A) as a G/N-module by means of the following action
of G/N on C{,(G,A). Let

oceqG and z e CL(G, A)
then
27 G — A

is defined by

27 (00, ...,04) = ox(c tog,...,07  a,).

It is easily seen that 27 € C% (G, A) and that C% (G, A) € Mod(G/N) under this action.
Moreover since

0z = (0x)°
the groups H3 (G, A) are also G/N-modules.

Remark: In terms of non-homogeneous cochains the action of G/N on H(N, A) is
given by

27 (01,...,04) = ox(0c toro, ..., 07 o,0).

Now, define a double complex (K pa g 9" ) by
KP4 =CP(G/N,C%(G, A))

and where

8':C?(G/N,C4 (G, A)) — CP*(G/N,C%L(G, A))

is induced by
0:C?(G/N,-) — CP*Y(G/N, -)
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and

9":C?(G/N,C% (G, A)) — CP(G/N,C% (G, A))

is induced by
(-1)P0: CX (G, =) — CT(G, -).

Clearly 9’09 =0,0" 00" =0and 9’ 09"+ 9" 00" = 0.
LEMMA 5.2: HI(G/N,CR(G,A)) =0if ¢ > 0.
Proof: Consider z € C4(G/N,CR(G,A)) with 0z = 0. We shall construct y €
C1~Y(G/N,CR (G, A)) with 9y = z. If o € G, denote by o its corresponding coset
in G/N. Define

Y(G0, .., 0q-1)(T0s -, Tp) = (G0, ..., 0q—1,70)(T05-- -+ Tp), 04,75 € G.
Since 0x = 0, by expanding 0z (ay, ..., 04, 7o) one immediately sees that dy = =. |

THEOREM 5.3 (Lyndon-Hochschild-Serre): Let N be a normal closed subgroup of a

profinite group G, and let A € Mod(G). Then there exists a spectral sequence E =
(EP-) such that
EP? HP(G/N, HI(N, A))

and

EY? = H"(G,A).
Proof: We shall show that F is the first spectral sequence of the double complex
K7 — (cp (G/N,C%(G, A)),d, a”) .

We will make use of the second spectral sequence of this double complex to show that
E converges to H"(G, A).

Using the results in §4 we have
'EPY s HI(KP) = HY (cp(G/N, O (G, A)),@”).
And since CP (G /N, —) is an exact functor, we obtain
'EV? ~ CP(G/N,HY(N,A)).
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From this we get

'EY? ~ HP(G/N,HY(N, A)).

This spectral sequence converges to H"(Tot K) as we saw in Theorem 4.1. To

compute H™(Tot K), we consider the second spectral sequence of K. We have
"EY & HO(KOP) = HO(G/N, C (G, A).

By Lemma 5.2, "E}"? = 0 for ¢ > 0. Hence the the second spectral sequence of K

collapses, i.e., "E2? = 0 for ¢ > 0 and 1 < r < co. Since
"FPH™(Tot K)/"F' " H™(Tot K) = "E" = 0
ifp+q=mn, q>0, we have
"BV~ "EPH (Tot K) & "F™ " H™(Tot K) ~ - -+ ~ H"(Tot K).

On the other hand "E5® ~ "E™". Thus

H"(Tot K) ~ "Ey° ~H™ (HO(K"),0") ~ H" (HO(G/N, O (G, A)),@”) ~

H"(Cn(G, AN 9) =~ H™(C°(G, A),d) ~ H"(G, A).
]

COROLLARY 5.4: Let G, N and A be as above. Assume H1(N,A) =0 for 0 < g < n.

Then we obtain a 5-term exact sequence

0 —s H"(G/N, AN 2L gn(a, A) B3 H™ (N, A)G/N L
H"Y(G/N, AN 2L 76, A).

Proof: 1t follows from Theorem 2.10 applied to Lyndon-Hochschild-Serre spectral se-

quence. |

COROLLARY 5.5: Let N be a normal closed subgroup of a profinite group G, and
A € Mod(G). Assume (#N,(G : N)) = 1. Then, for each n > 1 there exists a split

exact sequence
0 — H™(G/N,AN) — H™(G,A) — H"(N,A)°/N — 0.
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Proof: Let #N = h, (G : N) = t. Then by Cor. 6.7, Ch. II, hEY? = ¢t ED'? = 0,
p,q > 0 where EY'? is as in Theorem 5.3. But, the condition of Theorem 2.10 being
satisfied, we obtain, for each n, an exact sequence as in Cor. 5.4. However in this case
each transgression map tr is zero if n > 1. For clearly h - Im(¢r) = 0 since Im(¢r) is the
homomorphic image of H™(N, A)/N and t - Im(¢r) = 0 since Im(tr) is a subgroup of

H™ (N, A)¢/N: and so Im(tr) = 0. Thus we obtain a short exact sequence
0 — H"(G/N,AN) — H™(G, A) — H™(N, AN — 0.

This sequence splits since t - H*(G/N,AN) =0, h- H*(G/N,AN) =0 and (¢t,h) = 1.
|

§6. Cup products

Let G be a profinite group and A, B € Mod(G). Consider the tensor product over the
integers A ®z B, and define an action of G on A ®z B by o(a ® b) = oa ® ob. Under

this action A ®z B becomes a discrete G-module, for obviously
Az B=|J(A®zB)Y,
U

where U runs through the set of all open subgroups of G.
For the remainder of this chapter we write A ® B instead of A ®z B.

DEFINITION AND THEOREM 6.1: Let G be a profinite group. Then there is a unique

family of Z-linear maps, called cup-products,
H?(G,A) x H1(G,B) — HP™(G,A® B),

denoted (a,b) — a U b, defined for every pair (p,q) of non-negative integers and every
pair of discrete G-modules A, B, satisfying the following properties:
(i) These maps are morphisms of functors when we consider both members as co-
variant bifunctors on (A, B);
(ii) For p =q =0, the map
A% x BY — (A® B)“
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(iii)

is given by (a,b) —» a®b ;
Let B € Mod(G). If

0—A—A —A"—0

is an exact sequence in Mod(G) and if
0—A®B-—A®B—A"9B-—0

is also exact, then the diagram
HP(G, A”) x HY(G, B) —2X gv+1(G, A) x HY(G, B)
; |
HP+9(G, A" @ B) ———— HPH+Y(@Q, A® B)

commutes, where § denotes the connecting homomorphism corresponding to the

above exact sequence; i.e., if ”’ € HP(G,A") and b € H1(G, B) then
5(a” Ub) = da" U b;

Let A € Mod(G). If

0—B—B —B"—0

is an exact sequence in Mod(G) and if
0—A®B—A®B — A®B" — 0

is also exact, then the diagram

HP(G, A) x HI(G, B") -2 HP(G, A) x HIH (G, B)

J l

HP+ (G, A® B") __ =D HPH+Y(G, A® B)

commutes, i.e., if a € HP(G, A) and b € H1(G, B"), then
(=1)P6(aUd”) = aUdb”.
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Proof: Uniqueness:  Let A € Mod(G), and consider the exact sequence
0—A— Mg(A) — A" —0

where Mg(A) = ML(A) (see §7, CH. II), and i is the G-homomorphism given by

i(a)o = oa. This sequence is Z-split, for the map
p: Mg (A) — A

defined by p(x) = x(1) is an abelian group homomorphism such that pi = identity.
Therefore

0— A®zB — Mg(A)®zB— A" ®z B— 0

is an exact sequence of G-modules for every B € Mod(G). On the other hand, by
Cor. 7.5, Ch. I, H™(G,M¢g(A)) = 0 if n > 1. Hence by property (iii) we obtain a

commutative diagram with exact upper row

HP(G, A") x HY(G, B) —22 Hr+1(G, A) x HY(G, B) —— 0

} |
HP(G, A" @ B) —2—— HPTIT1(G, A® B)

for p,q > 0.

This diagram together with an induction argument shows that
H°(G,A") x HY(G,B) — H°(G,A” ® B) (1)
uniquely determines the maps
HP?(G,A) x H°(G,B) — H?(G,A® B). (1)
Similarly, using property (iv) one sees that the map (1) uniquely determines the maps
H°(G,A) x HY(G,B) — HY(G,A® B).

This last fact, the diagram above and an induction argument on p show the uniqueness

of the cup-product.
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Existence: ~ Here we use the notation of §1, Ch. II. Given p,q > 0 and A, B € Mod(G),

we define a mapping
lZJp,q: Op(G7 A) X Cq(Ga B) — Cp+q(G7 A ® B)7

by
Yp.q(a,b)(o0,...,0p1+q) = alog,...,0p) @b(0p,...,0p1q)-

It is easy to see that 1, ,(a,b) € CPT1(G, A ® B), and that each v, , is Z-linear. We

show now that each of these mappings induces a map
¥y HP(G, A) x HY(G, B) — H9(G, A® B).
To see this notice that
d(aUb) =0aUb+ (—1)Pa U db
for a € CP(G, A) and b € C9(G, B), and therefore
a€ ZP(G,A), be ZYG,B) = ¥, 4(a,b) € ZPT1(G,A® B),
a€ Z*(G,A), b e BYG,B) = 1, ,(a,b) € B"TI(G,A® B),
a € B?(G,A), be ZG, B) = 1, 4(a,b) € B*TY(G,A® B),
We set 1, 4(a,b) = 1, 4(a,b) = a Ub, where we let a,b stand both for the classes
and representatives of those classes.
Finally we prove that the products (a, b) — ¥, ,(a,b) = aUb satisfy the conditions
of the theorem. Property (i): Let f: A — A’ and ¢: B — B’ be G-maps. Then the

diagram

HP(G, A) x HI(G, B) —Y2% s qr+4(G, A B)

lf Xg l@

H?(G, A') x HY(G, B') —'»% gr+a(q, A’ @ B')
commutes, where f , g, [ ® g are the maps induced on the cohomology groups by f , G,
f ® g (see §4, Ch. II). For

Wp,q o(fx §)} (a,0)(00,- -+, 0ptq) = (f(a) o g(b))(ao, s Opiq) =
f[CL(O'O, R U;D)} ® g[b(apﬂ s 7UP,Q)} - [WO 1/_):07(1} (a,b) (o0, - . . >Up+q)'
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Property (ii): This is clear.

Property (iii): Let B € Mod(G) and let

0— A2 4 254" 0

be an exact sequence in Mod(G) such that

0— A®B-22, A/ oB L2, 4”9 B—0

is again exact.

If X € Mod(G) we shall write C™(X) instead of C™(G, X). Consider the (non-

commutative) diagram with exact rows, which is shown on p. 188.

Recall that if «” € ZP(G, A”) then da” is defined as folows (see Prop. 4.4, Ch. II):
let a € CP(A’) with Ba’ = a” and let a € CP(A) such that * aa = da’ (a exists since
B0a' = dBa’ = 0); then da = 0; we set da” = a. Assume also that b € ZP(G, B); * then

we have

B®1(aUb)=a" Ub,

a®1(aUb) =0(a’ Ub)

and

d(aUb) =0.

* Error: should be a € CPT1(A)
* Error: should be b € Z9(G, B)
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Hence

0= CP(A) x C1(B) —“s or Ay x c9(B) — P or(A”) x CU(B) — 0

/ or /

0— CPT1(A® B) ——— CPT9(A'® B) ———— CPT1(A" @ B) = 0

ox1

0

CPHL(A) x C1(B) — 21 orti(ary x ca(B) —U ort(A7) x 01(B) = 0

/ e 7

p. 188 0 — CP+1+1(A ® B) a8l CPratl(A' @ B) _bel CPratl(A” @ B) — 0
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d(a"Ub)=aUb=209a"Ub

(notice that a” and b stand both for cocycles and for the corresponding elements of the
cohomology groups.)

Property (iv): This can be verified in a similar manner. [ |

§7. Properties of cup products

PROPOSITION 7.1: Let G be a profinite group, A, B € Mod(G), a € HP(G,A) and
be H1(G,B). Then
aUb=(-1)PbUaq,

where A @ B and B ® A are identified in the canonical manner.

Proof: This is plain if p = ¢ = 0. We proceed by induction. Suppose the result holds
for p = pg and ¢ = qg, and assume a € HP°TY(G, A) and b € H® (G, B). As in the

uniqueness proof of Th. 6.1 we find a commutative diagram with exact upper row

HPo (G, A") x H®(G, B) 21 gro+1(G, A) x H® (G, B) —— 0
| |
Hrotwo (G, A" @ B) ——9—— HPoto+(G A® B)

Let " € HP° (G, A”) be such that da” = a. Hence, using property (iv) of Th. 6.1,
aUb=0d(a"Ub) = (=1)P°®°5(bUa") = (—=1)P°%(=1)0p U §(a”) = (—1)PotDowp g,

One proves similarly that if the result holds for p = py and ¢ = g then it holds for
p=po and ¢ = qo + 1. L]
PROPOSITION 7.2: Let G be a profinite group, A, B,C € Mod(G) and a € H?(G, A),
be HY(G,B), c€ H"(G,C). Then

(aUb)Uc=aU(bUc)
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modulo the identification of (A® B) @ C' and A® (B ® C).

Proof: This follows immediately from the definition of the cup product by means of

cochains (see proof of “existence” in Th. 6.1). |

We now turn to the study of the relationship between cup products and the maps

Res, Cor and Inf (see §6 Ch. II).

PROPOSITION 7.3: Let H C G be profinite groups, A, B € Mod(G) and a € HP(G, A),
be H1(G,B). Then
Res(a Ub) = Res(a) U Res(b),

where Res is the restriction map.

Proof: This follows immediately from the definition of Res in terms of cochains (cf. §6

Ch.1I). m

PROPOSITION 7.4: Let H be a closed normal subgroup of a profinite group G. Let
A, B € Mod(G), a € H?(G/H,A®), b € HY(G/H, B"). Then

Inf(a U b) = Inf(a) U Inf(b),

where Inf is the inflation map.
Proof: This follows from the definition of Inf in terms of cochains (cf. §6 Ch. II). |

PROPOSITION 7.5: Let G be a profinite group and H an open subgroup of G. Let
a € HP(G,A) and b € H1(G, B), where A, B € Mod(G). Then

Cor (a U Res(b)) = Cor(a) Ub,

where Cor and Res are the corestriction and restriction maps respectively.

Proof: Assume first that p = ¢ = 0. Then a € A¥ and b € B¢. Let 01,09,...,0; be a
set of representatives of the left cosets of H in G. Then (see §6 Ch. II)

t t t t
Cor (aURes(b)) = Zai(aub) = Zam@aib = Zam@b = (Zaia)ub = Cor(a)Ub.
1=1 =1 =1 i=1
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We proceed now by induction. Assume the formula holds true for p = pg and ¢ = qo.

Let a € HPoYY(G, A) and b € H? (G, B). Consider the Z-split exact sequence
0— A— My(A) — A" —0

(see proof of uniqueness in Th. 6.1). Since H"(H,Mpg(A)) = 0 if n > 1 there is
a’ € HP°(H, A) with da”" = a, where § is the connecting homomorphism corresponding

to the above short exact sequence. Since
0—A®B— My(A)® B— A" ®B —0

is also exact, we can apply property (iii) of Th. 6.1. Hence, taking into account that

Res and Cor commute with § (cf. §6 Ch. II), we have by the induction hypothesis

Cor (aURes(b)) = Cor (6a” URes(b)) = Cor (6(a” URes(b))) = § Cor (a” URes(b)) =
§(Cor(a”)Ub) = éCor(a") Ub = Cor(da”) Ub = Cor(a) Ub.

One proves similarly using property (iv) of Th. 6.1 that if the formula holds for
p = po and g = qq it also holds for p = py and ¢ = qo + 1. Thus, by induction, the
formula is valid for all p,q > 0. |

COROLLARY 7.6: Under the hypothesis of Proposition 7.5 we have

Cor (Res(b) Ua) = bU Cor(a).

Proof:

Cor (Res(b) Ua) = Cor ((—1)?a U Res(b)) = (—1)?? Cor(a) Ub = b U Cor(a).
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CHAPTER IV

APPLICATIONS

§1. Cohomological dimension

If G is a profinite group, Mod;(G) denotes the full subcategory of Mod(G) consisting

of the torsion modules (torsion as abelian groups).

Definition 1.1: Let G be a profinite group, p a prime number and n a natural number.
We say that the cohomological p-dimension cd,(G) (respectively the strict cohomological

p-dimension scd,(G) ) is n if n is the smallest number such that

HY(G,A)(p) =0 forall ¢ >nand A € Mod,(G)

(resp. all ¢ > n and A € Mod(G)).

If no such an n exists we say that c¢d,(G) = oo, (resp. scd,(G) = o0).

PrRoOPOSITION 1.2: The following are equivalent
(i) c¢dp(G) < n, (resp. scd,y(G) < n),
(il) H1(G,A)(p) =0 for all ¢ > n and A € Mod(QG)
(resp. H1(G,A)(p) =0 for all ¢ > n and A € Mod(G)).

Proof: Trivial. [ |

Definition 1.3: Let G be a profinite group. Set
cd(G) = supcd,(G),
P

(respectively,

scd(G) = supscd,(G)).

p

PROPOSITION 1.4: Let G be a profinite group and p a prime. Then

cdy(G) <scdp(G) < cedp(G) + 1.
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Proof: The first inequality is clear. For the second we may suppose that cd,(G) < oo.
Let n = ¢dp(G) + 1. Assume A € Mod(G) and let p: A — A be multiplication by p.

Consider the short exact sequences

0— A, — A5 pA—0,

0—pA A— A/pA— 0.

Then A, and A/pA are torsion; so if ¢ >n —1
HY(G, A,) = HY(G, A/pA) = 0.

Therefore from the long exact sequences
—  HYG,4,) — HYG,A) L HYG,pAd) — -,
— HYYG,A/pA) — HYG,pA) - HIG,A) — -,

one obtains that the maps ¢ and v are injections if ¢ > n. Hence their composition
v HY(G,A) — HI(G, A)
is again an injection. On the other hand it is clear that ¥ is multiplication by p. Thus
HY(G,A)(p)=0, if ¢>n.

The second inequality follows now from Proposition 1.2. |

Example:

Consider the group G = Z. As we will see later (Cor. 3.3) for every p, cd,(G) = 1.
On the other hand let G act trivially on Q. Then H"(G,Q) = 0 if n > 1, for, by
Cor. 6.7, Ch. I, H"(G,Q) is a torsion group for each n > 1 and clearly multiplication
by any non-zero integer m is an automorphism of H™(G,Q) (since multiplication by m

is an automorphism of Q). So from the exact sequence
0 — Z — Q — Q/Z — 0
we obtain isomorphisms

H"NG,Z) ~ H"(G,Q/Z), n>1.
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In particular H?*(G,Z) ~ H'(G,Q/Z) = Hom.(G,Q/Z) = Q/Z.

Thus scd, (G) = 2.

If A € Mod;(G) and p is a prime number, denote by A(p) the p-primary part of A,
i.e., those elements of A of order p" for some n. If A = A(p) we say that A is p-primary.
Our next proposition simplifies the problem of finding the cohomological p-dimension

of a group.

PRrROPOSITION 1.5: The following are equivalent:
(i) <dy(G) <,
(ii) H1(G,A) =0 for all ¢ > n and all p-primary A € Mod;(G),
(iii) H"TY(G, A) = 0 for all simple, p-primary G-modules A.

Proof: The implications (i) = (i) = (iii) are trivial.
(ii) = (i): Let A € Mod:(G). Then

A=]TAwp)

p

So (see Prop. 4.6, Ch. II)

HY(G,A) = [[H (G, A(p)).

p

Hence

HY(G, A)(p) ~ H*(G, A(p)).

Thus, if ¢ > n we have
H(G,A)(p) = 0.

(iii) = (ii): First we show, by induction on the order of A, that H"*1(G, A) = 0 for
all finite p-primary G-modules. If A = 0 it is obviously true. If A # 0, assume true for
those modules of order less than #A. Let A; be a simple G-module contained in A.

Consider the exact sequence

0 A1 > A A/Al —0
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and its corresponding long exact sequence
coo—— H"WYG,A)) — H" G, A) — H" G, A/A) — - -

Since H"*1(G, A1) = H"1(G, A/A;) = 0, one has H""1(G, A) = 0.
Now we prove that H""1(G, A) = 0 for all p-primary A € Mod;(G). If A; is a
finitely generated G-submodule of A it is also finitely generated as an abelian group

(see p. 115), and hence A; is finite since it is p-primary. Now
A~ lim A;
o
p. 203 where A; runs through all the finitely generated (i.e., finite) modules of A. So,
H" (G, A) = lim H"™(G, A;) = 0.
—

Finally, let A be a p-primary, torsion G-module and let ¢ > n. Consider the induced
module M} (A) = Mg(A) and the exact sequence

0— A—= Mg(A) — A} — 0

where i(a)o = oa, a € A, 0 € G; A1 = Mg(A)/i(A).

From the corresponding long exact sequence
o — HY(G, Ay) =25 HTYG, A) — HPY G, Mg(A)) — -
and the fact that H'(G, Mg(A)) = 0if t > 0 (see Cor. 7.5, Ch. II) we deduce
HY(G, A)) ~ HITYG, A)
for ¢ > n + 1. By an induction argument on ¢ we have

HY(G,A) =0, if g>n.
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§2. Cohomological dimension of subgroups

PROPOSITION 2.1: Let H C GG be profinite groups, and p a prime. Then
(a) edyp(H) < cd, (),
(b) scd,(H) < scdy(G).
Moreover, equality holds in either of the following cases

(1) pt(G: H),
(2) H is open in G and c¢d,(G) < oc.

Proof: We will give proofs for the case of cohomological dimension, the case of strict

cohomological dimension being analogous.

For (a). Let A € Mod(H) and let ¢ > ¢d,(G). Using Shapiro’s Lemma we get
H(H, A)(p) = H'(G, M{ (4))(p) =0,

as desired.

For (1). Let n > 1 be such that there exists A € Mod;(G) with H"(G, A)(p) # 0.
By Cor. 6.8, Ch. II,
Res: HY(G, A)(p) — H*(H, A)(p)

is an injection if ¢ > 1, since p{ (G : H). Therefore
H"(H,A)(p) # 0.

Hence cd,(H) > cd,(G). By part (a) we obtain equality.

For (2). Let cd,(G) = n. Then there exists A € Mod,(G) with H"(G, A)(p) # 0.
Set A* = MY (A) and define G-homomorphisms

by
Ta* = Za[la*(m),
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and
if o; — 1

. Ta
(ia)(roq) = { 0 ifo;#1,
where the {o;} form a set of representations of the left cosets of H in G. Then moi = id 4.

So 7 is surjective. Let A; = Ker 7. Consider the exact sequence

0 Al s A T A > 0.
From the corresponding long exact sequence in cohomology we obtain that
H™(G, A*)(p) == H"(G, A)(p) == H" (G, A1) (p)
p. 207 is exact. Since H""1(G, A;)(p) = 0, 7 is surjective. Hence, since H"(G, A) # 0,
H"(G,A%)(p) # 0.
So by Shapiro’s Lemma,
H"(H,A) #0.
Thus c¢d,(H) > n. Equality follows then from part (a). [ |

Remark: The condition cd,(G) < oo in part (2) above is necessary, for as we will see
later (Th. 8.8, Ch. V) if
G = GQ and H = GQ(i)

then
cda(G) =00 and cdy(H) = 2.

COROLLARY 2.2: Let G, be a p-Sylow group of G. Then
cd,(G) = cdp(Gp) = cd(Gy),
p. 208 scd,(G) = sed,(Gp) = sed(Gy).
COROLLARY 2.3: cdp(G) =0 <= p 1t #G.

Proof: By Cor. 2.2, cd,(G) = 0 <= c¢d(Gp) = 0. On the other hand p 1 #G <= G, =

1. Hence we have to show that

cd(Gp) =0<=G,=1.
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Certainly H(1,A) = 0 if ¢ > 1. Conversely, assume cd(G,) = 0. Consider Z/pZ as a
trivial Gp-module, i.e., 0 € G, a € Z/pZ = oa = a. Then (cf. Ch. II, §2)

0= H'(Gp,Z/pZ) ~ Hom.(G,, Z/pZ)

(continuous homomorphisms). However, if G, # 1 there exist non-trivial continuous
homomorphisms of G, to Z/pZ (take U open and normal in G,; then G, /U is a finite p-
group, which admits a non-trivial homomorphism into Z/pZ since, by a Sylow theorem,

it contains a normal subgroup of index p). Therefore G), = 1. |

COROLLARY 2.4: Ifcd,(G) # 0, oo then p™ divides #G.

Proof: By Cor. 2.2, ¢cd,(G) # 0, 0o <= ¢d,,(Gp) # 0, co. On the other hand cd,(G,) #
0, 0o implies G,, is infinite, for if G,, is finite the subgroup {1} is open and by Prop. 2.1

0 = cdp({1}) = cdp(Gp).

Finally since G, is infinite #G, = p> and so p>° | #G. |
COROLLARY 2.5: If GG is finite and p divides #G, then cd,(G) = cc.

PROPOSITION 2.6: Let N be a normal closed subgroup of a profinite group G, and let
p be a prime. Then
cdy(G) < cdp(N) +cdy(G/N).

Proof: Consider the Lyndon-Hochschild-Serre spectral sequence
Ey) = H'(G/N,H (N, A)) = H"(G, A).

Let m > c¢dy(N) + c¢dp(G/N). We shall show that H"(G, A)(p) = 0 if A € Mod:(G).
Set i+ j =m, i, > 0. Then j > cd,(N) or i > cd,(G/N). So

EY(p)=0, if i+j=m.

Therefore

EY(p)=0, i+j=m,
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Thus
H™(G,A)(p) =0.

|
p. 211
§3. Groups G with c¢d,(G) <1
Let G be a profinite group. Recall that an embedding problem for GG is a diagram of
profinite groups and continuous homomorphisms
G
gl
1 > P y B —S— W 1
1
with exact row and column. We denote such a problem by I(G). We say that I(G) is
weakly solvable if there exists a continuous homomorphism 7n: G — E such that pn = ~.
We recall that a finite elementary abelian p-group A is one for which pA = 0.
ProPOSITION 3.1: Let G be a profinite group and p a prime number. The following
statements are equivalent:
(i) cdp(G) < 1;
(ii) I(G) is weakly solvable if E is finite and P is a finite elementary abelian p-group;
p. 212 (i) Every extension

1— P E G—1,

where P is a finite elementary abelian p-group, splits;
(iii) I(G) is weakly solvable if P is a pro-p-group;

(iii)’ Every extension

1— P E G 1,
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where P is any pro-p-group, splits.

Proof: We shall prove the implications in the following order
(i) — (i) — (iii) — (i) — G — ).

(i) — (ii): Let 2: W2 — P be a representative in H*(W, P) corresponding to
the extension

l—P—FE-—F>W-—71,
(see Ch. 11, §§2,3). To = we associate a cocycle y: G> — P by defining
y(o,7) = z(v(0),7(7)).

(I.e., y = Inf x; see Ch. II, §6). Recall that the action of G in P is induced by ~:

if a € Pand o € G, then 0-a = ~(0)a.

To y there corresponds an extension
l1—-P——>FE —W—1

which must split, since by hypothesis H?(G, P)(p) = 0; say ¢: G — E is a continuous
homomorphism with @ -1 = idg. We identify F and E with the cartesian products
P x W and P x G, respectively (see Ch. II, §3, p. 103). Define

fiE—F

by f(a,o) = (a,v(0)), a € P, 0 € G. One easily checks that f is a continuous
homomorphism (see Ch. II, §3 for the definition of operation in £ and E, and their

topologies) making the diagram

T
I%PHE%}G—)l
| i
1 - P — FEF — W — 1

)
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commutative.

p. 214 Define n: G — E by n = f - 1. Then

en ="

as desired.
(ii) — (iii): First we show that I(G) is solvable if P is any finite p-group. Let
P’ be a subgroup of P of index p, and let
P = ﬂ oP'c™ 1.

celk

Then the canonical map
P/P — H P/oP'oc™?
cEE

is injective, so that P/P is p-primary abelian.

By (ii) there exists a map 7: G — E/P with ¢ -7 = 7.
1
I G
P
/ k
\ \ 77] \
1 » E > w
l—— P/P——E/P —— W > 1
@

p- 215 Then, again by (ii) and induction on the order of P, there exists n: G — E such that
Y -n=7n. Hence
pn=p-P-n=9-N="7.
We consider now the general case where P is any pro-p-group. Let the set P

consist of the pairs (P’,n") where P’ is a closed normal subgroup of E contained in P,

and n": G — E//P’ is a continuous homomorphism such that
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commutes. Set (P’,n") < (P”,n") when P’ O P” and

/ ln//
E/P — E/P"

commutes. Then P is inductively ordered, for if (P5,n}) is totally ordered, then put

Pl = QPi and 7/’ = Jim 7}: G — E/P' = lim E/P{. Then

A A
l—— P/P—— E/P S0,,W > 1

commutes.

Let (P,7n) be a maximal element of P. We shall show that P = 1. Suppose P # 1;
then there exists an open normal subgroup P of P which is normal in E, such that
P # P (if P # 1, it contains a proper open subgroup PN U where U is open in E; then
U contains an open normal subgroup Uof E ; put P=Pn ﬁ)

Since ﬁ/? is finite, by the first part, there exists a map 7: G — E/? such that

(G — E/P — E/P)=(G — E/P).

Then (G — E /? — W) = (G — W), which contradicts the maximality of (P,7).
Thus P = 1.

(iii) — (iii)" and (iii)’ — (ii)’ are trivial implications.

(ii)" — (i): By (ii)’, H*(G, P) = 0 for P elementary abelian p-group. Now, every
simple, p-primary G-module is elementary abelian (for if P is simple, let P’ consist of
the elements of P of order p; then P = P’). Hence the result follows from Prop. 1.5.
|

COROLLARY 3.2: Let G # 1 be a free pro-p-group. Then
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Proof: Since G # 1, c¢d(G) > 1. We shall prove that (iii)’ of the proposition above
holds. Let G be free on the set A, and x: A — G the canonical mapping. Given an
exact sequence

1 — P — FE & @ — 1,

where P is a pro-p-group, let s: G — FE be a continuous section with s(1) = 1. Then
y = s -x converges to 1. Since P and G are pro-p-groups so is E. Hence there is a
continuous homomorphism ¢: G — E with ¢ -z = y = s - z. Thus ¢ - ¢ = identity.
This verifies (iii)’, and so c¢d(G) < 1. [ |

COROLLARY 3.3: Let G # 1 be a free profinite group. Then for every prime p,
cd,(G) = 1.

Proof: Similar to the proof of Cor. 3.2. |

4. Cohomology of pro-p-groups

PROPOSITION 4.1: If G is a pro-p-group, every simple p-primary G-module A is iso-
morphic to Z/pZ (where the abelian group Z/pZ is considered as a G-module on which
G operates trivially, i.e., on =n, o0 € G, n € Z/pZ).

Proof: Let 0 # a € A, and let U = {0 € G| 0a = a}. Then U is open, and since A is
simple U operates trivially on A. Hence A is a G/U-module, and as such still simple.
So, we may assume that G is finite. Then, since A is simple and p-primary A is finite.

Consider the decomposition

i=1
of A into G-orbits. Clearly
#A = Z #K,
i=1
and
#K; | #G.

Assume 0 € K;. Then # K7 = 1. The group G must operate trivially on A, for otherwise
A ={ac Aloa=a} =0,
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since A is simple; and hence #K; # 1 if ¢ # 1, so that each #K; is a multiple of p if

i #£ 1, ie.,
#A=1 (mod p),

which contradicts the fact that A is p-primary. Finally, since Z/pZ is the only simple
p-primary abelian group, we have A ~ Z/pZ. |

COROLLARY 4.2: Let G be a pro-p-group. Then

cd(G) < n <= H"Y(G,Z/pZ) = 0.
Proof: 1t follows from Prop. 1.5. |

COROLLARY 4.3: If G is a pro-p-group and c¢d(G) = n then H"(G,A) # 0 for every
finite, p-primary G-module A # 0.

Proof: Let A be a finite p-primary G-module. By Prop. 4.1 there exists some submodule
K of A such that A/K ~ Z/pZ. Consider the exact sequence

0 — K — A5 2Z/pZ — 0
of G-modules. The corresponding long exact sequence in cohomology
. — H™(G,A) %5 H™(G,Z/pZ) — H""YG,K)=0

shows that @ is onto. So, since H"(G,Z/pZ) # 0 we have H"(G, A) # 0. [ |

PROPOSITION 4.4: Let G be a profinite group and let N be a closed normal subgroup
of G. Assume that c¢d,(G/N) = m and cd,(N) = n are finite. Then

cdy(G) = ¢cdp(G/N) + cdp(N)

in either of the following cases
( i) N is a pro-p-group and H"™(N,Z/pZ) is finite;
(ii) N is in the center of G.

In the proof of this proposition we shall use the following
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LEMMA 4.5: Let G be profinite and N normal and closed in G. Assume cd,(G/N) =m

and cd,(N) = n are finite. Then, for every prime p

p. 222 H"™(G, A)(p) =~ H™(G/N,H"(N, A))(p).

Proof: Consider the Lyndon-Hochschild-Serre (L-H-S) spectral sequence
Ey) = H'(G/N,HY (N, A)) = H"(G, A).

If i > m, then E%7 (p) = 0, and if i < m and i+j = m+n, then j > n, and so E47 (p) = 0.
Hence EJ(p) = 0 if i + j = m +n, i # m. Thus the filtration of H™+"(G, A) is trivial
and

H™™(G, A) ~ E™",

Finally one easily sees that

|

Proof of proposition: Let (G/N)’ be a p-Sylow group of G/N, and let G'= preimage
in G of (G/N)'. Then
G'/N ~ (G/N)',

p- 223 and therefore
cdy(G'/N) = ¢dp,(G/N) = ¢d,(G/N) = m.

By propositions 2.1 and 2.6,
cdp(G') < edp(G) <m+n.
So, it will suffice to prove that
cd,(G') = m +n.
Hence we may assume that G/N is a pro-p-group.
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Case (i). By Lemma 4.5 and Cor. 4.3
H"*"™(G,Z/pL) ~ H™(G/N,H"(N,Z/pZ)) # 0

since H"(N,Z/pZ) is p-primary and finite by hypothesis.

Case (ii). Since N is in the center of G and the action of G on Z/pZ is trivial, the
group G/N acts trivially on H™(N,Z/pZ) (see Remark on p. 172). Since N is abelian
it is the direct sum of its Sylow subgroups N(p). By Cor. 4.3 H" (N(p),Z/pZ) # 0.
From this one easily sees, by working with the cochains, that H" (N (p),Z/pZ) is a
direct summand of H"(N,Z/pZ), and so H"(N,Z/pZ) # 0. Hence H"(N,Z/pZ), as a
vector space over Z/pZ and therefore as a G/N-module, is isomorphic to a direct sum

11(Z/pZ) where I # (). Thus we have
T

H™™(G,Z/pZ) ~ [[ H™(G/N,Z/pZ) # 0.

§5. The Euler-Poincaré characteristic

Let G be a pro-p-group. We denote by HY(G) the Z/pZ-vector space H1(G,Z/pZ). Set
bq (G) = dim Hq(G) = dimz/pz H(I(G)

These are called the Betti numbers of G. Assume b,(G) = 0 for a.e. ¢, and b,(G) < oo

for all g. Then define the Euler-Poincaré characteristic x(G) of G by

X(G) =Y (=1)7by(G).
q
LEMMA 5.1: Let G be a pro-p-group, and assume x(G) exists. Let A be a G-module
such that pA =0, dimA = a < oo and dim HY(G, A) = ny,(A) < oo (as Z/pZ-vector
spaces). Let

X(G,A) = (=1)™ny(A).

q
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Then x(G, A) exists and
X(G, A) = ax(G).

Proof: e use induction on a. If a = 1, then A = Z/pZ. So x(G,A) = x(G). Assume the
result holds if dim(A) < a, and suppose dim(A) = a > 1. Let A; be a G-submodule of
A with dim A; = a — 1 (see Prop. 4.1). Then from

p. 226 0 — Ay — A — Z/pZ — 0,

one obtains the exact sequence
0 —H(G,A)) — HY(G,A) — H*(G,Z/pZ) —
H'(G,A1) — HY(G,A) — HY(G,Z/pZ) — -+
But by hypothesis H"(G, A1) = 0 and H"(G,Z/pZ) = 0 for n large enough, and

therefore the above long exact sequence ends. Hence

no(Al) — n()(A) —+ nO(Z/pZ) - 77,1(141) + nl(A) — nl(Z/pZ) + = 0.

So
Z(_l)qnq(Al) - Z(—l)qnq(A) + Z(—l)qnq(Z/pZ) —~0
X(G, A1) — x(G, A) + x(G) =0
Thus

X(G,A) = x(G, A1) + x(G) = x(G) + (a — )x(G) = ax(G).
]

p. 227 PROPOSITION 5.2: Let H be an open subgroup of a pro-p-group G. Assume x(G)
exists. Then x(H) exists and

X(H) = (G : H)x(G).
Proof: By Shapiro’s Lemma
HY(H,Z/pZ) ~ H' (G, M§(Z/pZ)).
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Then, x(G, Mg (Z/pZ)) exists by Lemma 5.1, and
X(H) = x(G, M (Z/pZ)) = dim Mg (Z/pZ) - x(G).

But
MG(Z/pZ) = {x: G — Z/pZ| z continuous, z(o7) = ox(7) = (), 0 € H, 7 € G}
~{z:G/H — Z/pL} = (Z/pZ) ) ;
so dim M$(Z/pZ) = (G : H). |

ProPOSITION 5.3: Let N be a normal closed subgroup of a pro-p-group G. Assume
X(N) and x(G/N) exist. Then x(G) exists and

X(G) = x(N) - x(G/N).

Proof: Consider the Lyndon-Hochschild-Serre spectral sequence
Ey) = H'(G/N,HY(N,Z/pZ)) = H(G,Z/pZ) .

Notice that by our assumptions and Lemma 5.1, each E37 is finite and Ey’ = 0 for
large ¢ or j.

Since HY(G,7Z/pZ) has a filtration whose corresponding quotients are the E%J,
1+ 7 = q, one has

X(G) = (-1)*dim HY(G,Z/pZ) =Y (-1)* Y dimEY =) (-1)""/ dim E%/.
q q i+j=q 2¥]
If A= {A%} is a bigraded vector space with each A% finite dimensional, and
A = 0 for large i or j, we write
X(A) = (1) dim A
0,J
Now we show that in the case of the Lyndon-Hochschild-Serre spectral sequence

X(F2) = x(Fx). For this we use the following notation
Bi’j — dTEqin*T,jJr?"fl C E,Z;’j
Z = ker(d,: Eb — BT,
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Then we obtain canonical short exact sequences (see Ch. III, Def. 1.2)
0— BY — 7 — B, —0
0— Z — B — Bimi—rHl 0

From them we deduce

X(Er-i-l) = X(Zr) - X(Br)a and - X(Br) = X(E'r’) - X(ZT‘)-

Hence, X(ET+1) - X(Er)a and so X(EQ) - X(Eoo)
p- 230 Finally,

X(G) =x(Ex) = X(E2) =

> (~1y (Z(—nidimEg’j) =

%

> (1Y (Z(—l)idimﬂi(G/N, Hj(N,Z/pZ))> —

7 %

Z(—l)jx(G/N, HI(N,Z/pZ)) =

Z(—l)j dim H? (N, Z/pZ) - x(G/N) = x(N) - x(G/N).

Remark. Propositions 5.2 and 5.3 suggest the following definition. Assume G is a

pro-p-group, and let H be an open subgroup of G for which y(H) exists. Then define

1

X(G) = (G:H)

X(H).

Then one can prove that this definition is independent of the choice of H.

p- 231 §6. Generators and relations

Let G1,G2 be pro-p-groups. A continuous homomorphism f:G; — G2 induces a

homomorphism

H'(f): H'(G3) = Hom, (G, Z/pZ) — H'(G,) = Hom,(G1,Z/pZ),
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given by
X = x-f
where Hom.(G, Z/pZ) denotes continuous homomorphisms.

LEMMA 6.1:  f surjective < H(f) injective.

Proof: = : Trivial

«: Assume that H!(f) is injective and that f(G) # G2. Choose an open normal
subgroup U of G2 such that f(G1)U # Go, and put P» = G3/U. Let P; be the canonical
image of f(G1) on Ps; then P; # P,. Let N be a normal subgroup of index p of P
with N D P; (cf. [H], p. 44). Then the homomorphism

XIG2—>P2—>P2/N:Z/])Z

is non-trivial. However H(f)x = x - f = 0. A contradiction. |

If C' is a pro-p-group let
G* =nNN

where N runs through the set of open normal subgroups of G of index p. G/G* is

clearly compact, and from the natural injection
G/G* — 7wG/N

one sees that G/G* is abelian, annihilated by p. Moreover, let Gy be the closure of
the subgroup of G generated by the commutator of G and the elements of the form oP,
o € G. Then G* = Gy. For assume o € G*\Gy; let U be open normal in G such that
oUNGyU = 0; then (G/U)/(GoU/U) is elementary p-primary, i.e., of the form ®&Z/pZ;
hence there is a continuous homomorphism ¢: G — Z/pZ with ¢(o) # 0; thus o € G*;

a contradiction.
PROPOSITION 6.2: H'(G) and G/G* are (Pontrjagin) dual.

Proof:

Hom.(G/G*,R/Z) ~ Hom,.(G/G*,Z/pZ) ~ Hom,.(G,Z/pZ) = H'(G).
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Now we can extend Lemma 6.1 to the following

PROPOSITION 6.3: Let f: Gy — Gy be a continuous homomorphism of pro-p-groups.
Then the following are equivalent statements
(i) f is surjective,
(ii) H*(f): H'(Gy) — H'(G4) is injective,
(iii) f*:G1/G; — G2/G% is surjective.

Example. Let G = Fj(p) (the free pro-p-group on the set ). Then

HY(G) = Hom(G, Z/pZ) = {x: T — L/pZ| x(i) =0, ae. i € I} ~ [[ Z/pZ.

Hence, by Prop. 6.2, G/G* ~ [| Z/pZ.
T

LEMMA 6.4: Let G be a pro-p-group, I a set, and
0: H'(G) — H'(Fy(p)) = [ Z/pZ
I

a homomorphism. Then

(i) there exists a continuous homomorphism
fFi(p) — G

such that H'(f) =0,
(ii) f is surjective < 6 injective,

(iii) 6 is bijective and cd(G) < 1 = f is bijective.
Proof:
(i) 0 induces 6*: F1(p)/Fr(p)* — G/G*, from which we obtain a map
0: Fr(p) — G/G*.
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Since cd(Fr(p)) < 1, by Prop. 3.1, there exists a continuous homomorphism
f: Fr(p) — G such that
Fi(p)

1 > G > G > GG —— 1
commutes. It is plain that H(f) = 6.

(ii) This is the content of Lemma 6.1.
(iii) Since cd(G) < 1, by Prop. 3.1, there exists a continuous homomorphism s: G —

F(p) such that f-s=idg
1—>K—>F1(p)<_iLG—>1.
s
So, H'(s) - HY(f) = id. And since H'(f) = 6 is an isomorphism, so is H!(s).
Therefore s is surjective. Thus f is an isomorphism. |

THEOREM 6.5: Let G be a pro-p-group. Then, the following statements are equivalent
(i) cd(G) <1
(ii) H2(G) =0
(iii) G is a free pro-p-group.
Proof: By Cor. 3.2 and Cor. 4.2 it suffices to show the implication (i) — (iii). Since
HY(Q) is a Z/pZ-vector space we have
H' (G) ~ H Z/pZ
I
for some index set /. Hence (see example on p. 233),
0: H'(G) ~ H'(Fi(p)).
Thus, by Prop. 6.4, G =~ F(p). |
COROLLARY 6.6: Every closed subgroup H of a free pro-p-group G is a free pro-p-group.

Proof: By Prop. 2.1, cd(H) < c¢d(G) < 1. [ |

We recall that if G is a profinite group a subset of G converging to 1 is said to
generate G (topologically) if it generates (algebraically) a dense subgroup of G.
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Definition 6.7. Let G be a profinite group. We define the rank of G' as the minimal

cardinality of a generating set of G.

THEOREM 6.8: Let G be a pro-p-group. Then

rank(G) = dim H*(G).

Proof: Assume dim H'(G) = card I, for some set I. Then there is an isomorphism
0: H(G) — H'(F1(p))

(see example on p. 233). Hence by Lemma 6.4, there exists a surjective continuous

homomorphism f: Fr(p) — G. Thus
rank(G) < card(I) = dim H'(G) .

Now, assume rank(G) = card(J), for some set J. Then there is a continuous epimor-

phism f: F;(p) — G. By Lemma 6.4, f induces an injection
HY(G) — H'(F;(p)).

Thus,
dim H'(G) < dim H' (Fy(p)) = card(I) = rank(G).

Definition 6.9. Let F' be a profinite group and R a closed normal subgroup of F'.
We say that a subset {p,| @ € A} of R converging to 1 is a set of generators of R as
a normal subgroup of F, if the F-conjugates of the p, generate (algebraically) a dense
subgroup of R, i.e., if R is the smallest closed normal subgroup of F' containing the p,,.
We define rankp(R) to be the smallest cardinal of a generating set of R as a normal

subgroup of F'.

PrROPOSITION 6.10: Let F' be a pro-p-group and R a closed normal subgroup of F'.
Then
rankp(R) = dim H*(R)"
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where H'(R)" is the fixed submodule of H'(R) under the action of F as described in
the remark on p. 172.

Proof: First we show that rankz(R) > dim H!(R)¥. Assume rankp(R) = card(A),
where {p,| a € A} is a generating set of R as normal subgroup of F. Define a homo-

morphism

p: H'(R)" — [ Z/pZ.
A
by ¢(x) = x(pa). Then ¢ is injective for suppose x(pn) = 0 for o € A. Then, if o0 € F

X(7pa0 ™) = X7 (pa) = X(pa) = 0.

So x = 0 on a dense subgroup of R. Thus x = 0.

We now prove that rankp(R) < dim H'(R). Observe that since H!(R) and
R/R* are dual (Prop. 6.2), the dual of H'(R)¥ will be a quotient group R of R/R*.
On the other hand put

HYR)" =[] Z/pZ - xa
A
where {x.| @ € A} is a basis for H!(R)¥". Then
R~ HZ/pZﬁa
A

where xq(ps) = ap. Since cd (Fa(p)) < 1, the canonical continuous homomorphism
Fa(p) — R given by a — p, can be lifted to Fi4(p) — R. Let p, € R be the image
of o under this homomorphism. Then {p,| @ € A} C R is a set converging to 1. We
claim that {p.| a € A} is a set of generators of R (as a normal subgroup of F'). For,
let R’ be the smallest closed normal subgroup of F' containing the p,. Then R' — R.

We shall show that this map is surjective, or equivalently, that its induced map
f:HY(R) — HY(R))

is injective. In fact it suffices to show that its restriction

f-HY (R — HY(R)HF
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is injective. (f injective = ker f contains no element different from 0 invariant under F
= ker f = 0, otherwise take a non-zero simple submodule A; of ker f; then A ~ Z/pZ).
Let x € HY(R)¥, and assume y(R') = 0. Then x(ps) = 0; so x(pa) = 0 Va € A.

Hence x(R) =0, i.e., x =0. |

Let G be a pro-p-group and {o;| i € I} a set of generators of G. Set F' = F(p)

(the free pro-p-group on I). Then there exists a unique continuous homomorphism
F—d

mapping i onto ;. Let R be its kernel. A set of generators of R (as a normal subgroup
of F') is called a set of defining relations corresponding to {o;| i € I}.
Assume now that rank(G) = card([/) is finite and let F' and R be as above. Then,
define
relation rank(G) = rankp(R).

THEOREM 6.11: Let G be a finitely generated pro-p-group. Then

relation rank(G) = dim H*(G) .

Proof: Let rank(G) = card(I) and consider the exact sequence described above
l—R—F—G—1
where F' = F(p). By Cor. 5.4, Ch. III, we obtain a five term exact sequence
0 — HYG) — HY(F) — HYR)' — H?*(G) — H*(F).

Since both H'(G) and H!(F) are finite dimensional Z/pZ-vectors spaces of the same
dimension (Th. 6.8 and example on p. 233), the monomorphism H(G) — H'(F)
must be an isomorphism. Since F' is free H2(F) = 0. Hence H'(R)¥ ~ H?(G). The

result follows now from Prop. 6.10. |

Now, let G be a finite p-group. Let n(G) = dim H}(G) and r(G) = dim H?(G).
(Hence both n(G) and r(G) are finite.)
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PROPOSITION 6.12: Let G be a finite p-group. Then
r(G) — n(G) = rank H3(G, 7Z)

(rank H3(G,Z) = no. of cyclic summands of H3(G,Z)).

Proof: Consider the short exact sequence
0 — Z-57 — 7/pZ — 0
where p is multiplication by p. From it we obtain a corresponding exact sequence
0 — HY(G) — H*G,2)-%H*(G,Z) — H*(G) — H*(G,7), — 0,

where H3(G,Z), denotes the subgroup of elements of H3(G, Z) annihilated by p. Since
G is finite each H*(G,Z), i > 1, is finitely generated torsion, and hence finite (see, e.g.,
[S2], p. 138). Therefore

dim H(G) — dim H*(G, Z) + dim H*(G,Z) — dim H*(G) + dim H*(G,Z), =0

i.e.

r(G) — n(G) = dim H*(G, Z),.

On the other hand it is plain that dim H3(G,Z), = rank H*(G,Z), since every cyclic

summand of H3(G,Z) contains exactly p elements of order p. |
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CHAPTER V
GALOIS COHOMOLOGY OF FIELDS

In this chapter we apply the results obtained in the preceding chapters for general
profinite groups to the study of certain problems arising in field extension theory.

All valuations considered in this chapter are rank 1 valuations.

Assume N|K is a Galois extension of fields and let L|K be a finite normal subex-

tension of N|K. Then one obtains a natural short exact sequence of Galois groups
Set G = Gn|k. Then, by Prop. 1.5 and Th. 2.2 of Ch. I, we have

G = lim Gk (1)

where L|K runs through all finite normal subextensions of N|K; and the groups G|z
form a basis of open neighborhoods of 1.

Let A € Mod(G), and write Ay = A®~IZ, Then, by the definition of G-module,

(L|K finite normal subextension of N|K). So, by Cor. 4.2, Ch. II, we have for ¢ > 0

HY(GNik,A) = lim HY Gk, AL)
1K

~

(L|K runs through all normal finite subextensions of N|K).

We shall often be interested in Gx = G |x, where K is the algebraic separable
closure of K.

If N|K is a Galois extension and G' = Gy |x, the additive group IV T and multi-

plicative group N* are endowed in a natural way with a G-module structure.
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§1. Hilbert’s Theorem 90

PROPOSITION 1.1: Let N|K be a Galois extension, and G = G k. Then

HY(G,NT)=0, ¢>1.

Proof: By (1) we may assume [N : K| < co. Then by the normal basis theorem ([B2],
§10, Th. 5) there exists ¢ € N such that
Nt = Ktoe
oeG

But this is clearly G-isomorphic with M}(K*¢) (see Cor. 7.5, Ch. II). Thus
HIY(G,Nt)=0, ¢>1.

ProprosITION 1.2 (Hilbert’s Theorem 90): Let N|K be a Galois extension and G =
Gn|k- Then
HY(G,N*) = 1.

Proof: By (1) we may assume [N : K| < co. Let o+ a, be a 1-cocycle of G into N*,
ie.,

Qgr = Qg * OGr

(see §2, Ch. II; here we use the multiplicative notation). By the linear independence of

automorphism (cf. [B2], §7, Th. 3) there exists ¢ € N such that

O#b:ZaT-Tc.

TeEG

Then, for 0 € G one has

ob = E oa; - OTC = g a;1~am-a7'c:a;1~b.
T€G TEG

Thus
(!
b—1

gy =

I.e. a, is a 1-coboundary. |
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COROLLARY 1.3: Let N|K be a finite Galois extension with G = G|k cyclic, say
G = (o). Let a € N*. Then

b
‘)?N|K(a):1<:)a:%, some b e N .

(N |k is the norm).

Proof: Let #G = n.
<): Nyx(a) =a-o(a)-o*(a)--- 0" (a) = 1.

=): Consider the map x: G — A given by

-1
z(c) = Haia, 0> 1.
=0

This is well-defined since 2(0") = Ny x(a) = 1. Then

r—1 r+s
r(0"0%) = x(c" ") = (1:[1 cria> <1:[ Jia> =z(o") - o"x(c®).

So x is a 1-cocycle, and by Prop. 1.2 a 1-coboundary. L.e. there is a b € N with

Uk
z(o®) = Tb (all k).

In particular a = z(0) = "Tb. ]

COROLLARY 1.4: Let N O L O K be Galois extensions of K. Then there is an exact

sequence

1 — H*(Gpx, L*) 25 H?(Guix, N*) 53

H*(Gpyp, N9 Xy H3(Gp, 1Y) 25 H3 Gk, N¥).

Proof: By Prop. 1.2, Hl(GN|K,N*) = 0. Therefore the result follows from Cor. 5.4,
Ch. III. [ |
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62. The Brauer group

In this section we remind the reader of the definition and essential features of the Brauer
group. For more details see, e.g., [S2], p. 164.

Let K be a field. A central simple K-algebra is a K-algebra whose center is K
and with no non-trivial two-sided ideals. If A and B are finitely dimensional central

simple K-algebras, then

where D and D’ are division rings with center K (Wedderburn-Artin Th.). We say that
A and B are similar (A ~ B) if D &~ D’. Denote by By the set of equivalence classes
[A] of finite dimensional central simple algebras. If [A], [B] € Bx then [A ®k B] € Bkg.
This operation makes Bk into a group, the Brauer group of the field K. The unit
element of By is

(K] = {M,(K)|n € N}.
Also, if [A] € B, [A]7! = [A°P], where A°P represents the opposite ring.
Let K'|K be a field extension. Then there is a group homomorphism

BK — BK/

given by A — A ®k K’'. The kernel of this homomorphism is denoted by By x, and
consists of those K-algebra classes which “split” over K’, i.e. which become full matrix
algebras over K'.

In particular one can prove

Bk = Bk, |k = U Bk
LIK

where L|K runs through the finite Galois extensions.

THEOREM 2.1: Let N|K be a Galois extension, and G = Gnx. Then

®: H*(G,N*) ~ By/k-
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In particular, H*(Gg, K}) ~ Bk.

Although we shall not attempt to prove this theorem, we will describe the iso-

morphism ®, when [N : K| < oo. Let Z € H?(G, N*). Consider the K-vector space

A:@NUU

where the u, are symbols. Define a multiplication on A by
(i) Uy -a=a% -uy,, a € N;
(ii) Uy - ur = x(0,7T) - Ugr.
Under this multiplication A is a central simple K-algebra. We define ®(z) = A.

Finally we state without proof the following
THEOREM 2.2: Let N O L O K be Galois extensions of K. Then
0 —— H?(Gpx, L") 2% H*(Gyix, N*) & H?(G i, N¥)
! ! !

0 —— Brx » By BniL

is a commutative diagram, where the rows are exact.

§3. Cohomological dimension of Galois groups

Let k be a field and p a prime number. Denote by k(p) the mazimal Galois p-extension
of k, i.e. the union of all finite Galois subextensions K|k of ks|k of degree p™ for some

n, where k; is the algebraic separable closure of k. Set

Gr(p) = Grp)|k-

Clearly G (p) is the maximal pro-p-quotient group of Gy, i.e.
Gi(p) = G/N

where N is the intersection of all closed subgroups of G of index p™ for some n.

In this section we will investigate the cohomological dimension of G, and Gi(p).
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LEMMA 3.1: Let G be any profinite group and G(p) = G/N its maximal pro-p-quotient
group, where N is as above. Then, if cd,(N) < 1 one has that

Inf: HY(G(p), Z/pZ) — HY(G,Z/pZ)
is an isomorphism for q > 0.

Proof: This is clear for ¢ = 0. Assume ¢p: N — Z/pZ is a continuous non-trivial
homomorphism and let M = ker ¢. Set
My = () oM, "
ceG
Then My is normal in G and of p-power index, since M is of p-power index and the

obvious homomorphism

N/My — H N/oMo~!
oeG

is an injection. Hence G /M, is a pro-p-group with My € N which contradicts the
minimality of N. So

H'(N,Z/pZ) = Hom.(N, Z/pZ) = 0.

Therefore by our hypothesis H"(N,Z/pZ) = 0 for n > 0. So by Cor. 5.4, Ch. III

there is an exact sequence
0 — HY(G(p),Z/pZ) % HY(G,Z/pZ) — HY(N,Z/pZ) = 0
corresponding to the group extension
l1—N—G—G(p) —1.

Thus Inf is an isomorphism. |

COROLLARY 3.2: Let G be a profinite group and cd,(G) < 1. Then G(p) is a free
pro-p-group.

Proof: Put G(p) = G/N where N is the intersection of all closed subgroups of p-
power index. By Prop. 2.1, Ch. IV, cd,(N) < c¢d,(G) < 1. So, by the above Lemma,
H™(G(p),Z/pZ) = 0 if n > 2. Thus, by Cor. 4.2, Ch. IV, ¢d(G(p)) < 1. The result
follows now from Th. 6.5, Ch. IV. |
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THEOREM 3.3: Let k be a field and p = char k. Then c¢d,(Gj) < 1.
Proof: First we shall prove that H?(G4,Z/pZ) = 0. Define a Gj-homomorphism
fikI — Kk

by f(xz) = 2P — z. Then f is surjective for if a € kI, the equation 2 — 2 — a = 0 has
solutions in kI since k is separably closed. The kernel of f is the prime field of k, and

hence G-isomorphic to Z/pZ. Therefore we obtain an exact sequence of G-modules
0—Z/pZ — kF L kF —0;
and from this we get a corresponding exact sequence
0= HYGh, k) — H*(Gy,Z/pZ) — H*(Gp,kT) =0

(see Prop. 1.1). Thus H?(Gx,Z/pZ) = 0. Now, if H is any closed subgroup of Gy,
there is some intermediate field k C k' C kg, with H = Gy». So, H*(H,Z/pZ) = 0. In
particular let H be a p-Sylow group of Gx. Then, by Cor. 2.2 and Cor. 4.2 in Ch. IV,

cdy(Gg) =cd(H) < 1.

COROLLARY 3.4: Let k be a field of characteristic p. Then Gy(p) is a free pro-p-group
of rank r = dimg 7 k/ f (k).

Proof: 1t is an immediate consequence of Th. 3.3 and Cor. 3.2 that Gi(p) is a free

pro-p-group. Now consider the exact sequence of G-modules

0—Z/pZ — kF L5 kF — 0.

S S

The corresponding exact sequence in cohomology gives us

HO(Gy, k) —L— HY(Gy, k) —— HY(Gy, Z/pZ) —— 0

i

k k s HY (G (p), Z/pZ) — 0
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(see Lemma 3.1 and Prop. 1.1). Thus, by Th. 6.8, Ch. IV,
rank (G (p)) = dimg,/,z k/ f (k).

COROLLARY 3.5: Let k be a field of characteristic p. Then a pro-p-group G is a Galois
group

G~ GK/k
iff G can be generated by r = dimg,z k/fk elements, where f:k — k is given by

f(z) =aP —x.

Proof: Assume G can be generated by r elements (i.e. there exists a subset converging
to 1 of G of cardinality r which generates algebraically a dense subset of GG). Let
Gk(p) = Gx/N. By Cor. 3.4 G(p) is free pro-p of rank r. Consider an exact sequence

l1—H/N — Gp/N — G— 1

Then H is a closed normal subgroup of G. Let K be the fixed field of H. Then

G ~ Gk |- The converse is clear. |

We now turn to the case when p # char k. We say that an abelian group A is
p-divisible if given a € A there exists b € A with pb = 1.

THEOREM 3.6: Let k be a field, p # char k a prime number and let n be a positive
integer. Then the following statements are equivalent:
(i) cdp(Gr) < n;
(i) H" ™ (G, K¥)(p) = 0 and H" (G, K?) is p-divisible for every algebraic extension
K|k;

(iii) same as (ii), for K|k finite separable of degree prime to p.

Proof: The map K} 2K ¥ given by z +— 2P is a G g-epimorphism since for a € K, the
polynomial X? — a is separable. The kernel p, of this map is isomorphic (as an abelian

group) to Z/pZ. From the exact sequence
1—py — K25 K — 1
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we obtain an exact sequence

H™ (G, K7) —fy» H' (G, K) = H" (G e, )

— H"PY(Gk, K?) # H" M Gk, KY).

Then,
H"(Gk,K}) p— divisible & map (1) is surjective < ¢ = 0.

Also,
H" "Gk, K)(p) =0 < map (2) is injective < i = 0.

Thus, condition (ii) of the statement is equivalent to H"*1(G g, pu,) = 0, for K|k al-
gebraic. Similarly, condition (iii) is equivalent to H"™(Gk,p,) = 0 for K|k finite,
separable with p 1 [K : k.

Now we proceed to prove the implications.

(i) = (ii): Let K|k be algebraic. Then K, = Kk, and Gy p,nx ~ Gi x|k = Gk
(cf. [B2], §10, Th. 1). So G is isomorphic to a closed subgroup of Gj. Hence (see
Prop. 2.1, Ch. IV)

cd,(G) < cdp(Gg) < n.

Thus H" "Gk, pp) = 0.

(ii) = (iii): This is obvious.

(ili) = (i): Let H be a p-Sylow group of Gx. Then H = Gg for some field
ks O K O k. By Prop. 1.6, Ch. I,

HZGKZHG}Q %<h_mGKl

where K|k runs through the finite separable extensions with p t [K; : k], K O K;.
Hence

Hn+1(GK7lup) = li_Hl)HTH_l(GKNuP) =0.

Now, since Gi is a pro-p-group it operates trivially on p, (see Prop. 4.1, Ch. IV) i.e.

H" " Gy, Z/pZ) = 0.
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Thus by Prop. 2.1, Ch. IV and Cor. 4.2, Ch. 1V,
cd,(Gg) = cd(Gk) < n.

COROLLARY 3.7: Let k be a field, and p a prime number with p # char k. Then the
following statements are equivalent
(i) ody(Gy) < 1
(ii) Bk (p) = 0 for every algebraic extension K|k.
(iii) Bk (p) = 0 for every finite, separable extension K |k.

Proof: It follows from Theorem 3.6 and Hilbert’s theorem 90. [ |

Remark: If the equivalent conditions of Cor. 3.7 are satisfied, then Gi(p) is a free

pro-p-group, by Cor. 3.2. If we assume moreover that u, C k, then
rank G (p) = dim k* /(k*)P.

For then G}, acts trivially on p,, i.e. p, =~ Z/pZ as Gi-modules and so from the short

exact sequence of G-modules
0 —Z/pZ — kf 25k — 1
we deduce an exact sequence of cohomology groups
k2 kY — HYGw,Z/pZ) — HY(Gp, kX)) =1 ;

so the assertion follows from Th. 6.8, Ch. IV.

COROLLARY 3.8: Let k be a field. If Bx = 0 for K|k finite and separable, then
Cd(Gk) <1.

Proof: It follows from Cor. 3.7 and Th. 3.3. [ |

The converse of this corollary does not hold in general. However if k is perfect we

have:
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PROPOSITION 3.9: Let k be a perfect field. If cd(Gy) < 1, then Bx = 0 for every finite

separable field extension K |k.

Proof: Let K|k be finite and separable. Then K, = ky is perfect, and therefore for each

prime p there is an exact sequence
1—p, — K 25 K — 1,

where p is the map x +— xP. Consider the corresponding exact sequence of cohomology

groups

o — HX (G, pp) — H*(Gr,K?) 2 H*(Gh, KY) — H*(Ggopp) — -+ ;

since, for each p, ¢d, (G k) < cdy(Gy) < 1, we deduce that H*(Gk, pp) = H3(Gk, pip) =
1, and hence

H*(Gk,K!) ~ Bx—+Bg

is an isomorphism for each prime p. Hence By (p) = 1. On the other hand, by Cor. 6.7,
Ch. I, By is torsion. Thus Bx = 1, or using the additive notation Bx = 0. |

PRrROPOSITION 3.10: Let k be a field. Then the following statements are equivalent.
(i) Bx =0 for every finite separable extension K|k.
(ii) The norm map Ny x: L* — K* is surjective for every finite Galois extension

L|K, and every finite separable extension K |k.

Before we prove this proposition we remind the reader of the following result ([S2],
p. 152). Given a finite group G and a G-module A consider the Tate cohomology groups

defined by
HY(G,A), ¢>0

H(G, 4) = {AG/NGA g=0

where the map Ng: A — A is given by Nga = >  ca. Then
oeG

H® (H,A) = fIqOH(H, A) = 0 for some gp > 1 and for every subgroup H of G

implies f[q(G, A) =0 for every ¢ > 0.
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Proof of Proposition 3.10: (ii) & 0 = K* /My xL* = ﬁO(GL‘K, L*) for every finite
Galois extension L|K and every finite separable extension K|k < HO(H,L*) = 0 and
H'(H,L*) = 0 for every subgroup H C Gp g, every Galois extension L|K and every
finite separable extension K|k (see Prop. 1.2) < H(Gp |k, L") = 0, for every Galois
extension L|K and every finite separable extension K|k (by the result quoted above)
& H?*(Gp g, L*) = 0 for L|K Galois, and K|k finite separable (by Prop. 1.2 and result
quoted above) <
B ~ H*(Gg,K?) ~ lim H*(Grx,L*) =0

—
K

h

for every L|K Galois, and K|k finite separable, since, by Cor. 1.4, each HQ(GL|K, L*)

is a subgroup of By. |
84. The property C;

Definition 4.1: Let r be a real number. A field k is called C,. if every homogeneous
polynomial f(Xi,...,X,) € k[X1,...,X,] of degree d with d" < n has a non-trivial
zero (xy,...,%y,) € k™.

In this section we investigate the cohomological dimension of (' fields.

PROPOSITION 4.2: If k is C; then
(i) Every algebraic extension of K is Cy;
(ii) Ny x: L* — K* is surjective for every finite Galois extension L|K, where K|k is

an algebraic extension.

Proof: (i) Let k’|k be an algebraic extension and let F(X1q,...,X,) € ¥'[X1,...,X,] be
a homogeneous polynomial of degree d < n. Since the coefficients of F' are contained
in a finite extension of k, we may assume [k’ : k] < co. Say ej,...,e, is a basis of
K'\k. Let X;;,i=1,...,m, j =1,...,n be indeterminates. Then [k'(X11,...,Xmn):

k(X11,...,Xmn)] =m with basis eq, ..., e, again. Set

Xj=ZXijei, 3:1,,n
=1
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Then F(Xl, RN ,Xn) S k?/(Xll, .. ,an] So

F(Xla"'7Xn)ei:Zfijej7 izl,...,m,
7=1

where each f;; is a homogeneous polynomial in k[X11,..., X;n,] of degree d. Hence
f=det(fij)
is a homogeneous polynomial in k[X11,..., X,,,] of degree md in mn variables. Since

K € () there is a non-trivial zero of f in k™". Say f(a11,...,Qmn) = 0, 0 #

(114 vy Qmp) € E™™. Set

m
ﬁj: E Q;5€4, ]Zl,...,ﬂ.
i=1

Then (51,...,8,) # 0. Moreover F(f1,...,05,) = 0 since the k-linear transformation
of k' given by
a— F(B1,...,0n)a

is singular.
(ii) Let e1,...,€, be a basis of L over K. Put L; = L(X4,...,X,) and K; =
K(Xy,...,X,) where X;,..., X, are indeterminates. Then eq,...,e, is again a basis

of the finite Galois extension L|K;. Moreover G = Grjx = G, |k, Take
i=1

Then Ny, 1k, (X) = ] ( > Xia(e¢)> is a homogeneous polynomial of degree n with
ceG “i=1
coefficients in K. So, given a € K*

sﬁL1IK1 (X) - aXTTLL—Fl

is a homogeneous polynomial of degree n in n 4+ 1 variables. Hence it has non-trivial

zero in K™ since K is C; by (i). Say

0% (by,... bny1) € K™
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is such a zero. Clearly b,,+1 # 0, for otherwise

Nr, ik, (brer + -+ bpe,) =0,

and so bjey + -+ bye, =0, 1.e., by =---=1b, =0. Thus
R e B T g
|
COROLLARY 4.3: If k is C then cd(Gy) < 1.
Proof: This follows from Propositions 4.2 and 3.10 and Cor. 3.8. |

Examples: The following are examples of fields k£ which are C; and hence of fields for
which c¢d(Gy) < 1.

(1) Finite fields and their algebraic extensions. (Cf. [Chl]).

(2) Algebraic function fields of one variable over an algebraically closed field (Cf.
[T])-

(3) A Henselian field K with discrete valuation v such that its residue class field k
is algebraically closed, and K is separable over K, where K is the completion of
K under v. (This follows from a theorem of Lang [L1] and the fact that if K is
Henselian then K is separably closed in its completion [O].)

In particular if k is algebraically closed, then k((t)) is C;. Also Q,(¢]| ¢ is a root
of unity) is C1, where Q,, is the field of p-adic numbers, [(L1]).

(4) Let K be a Henselian field with discrete valuation and perfect residue class field.
Assume that K (the completion of K) is separable over K. Then the maximal
unramified extension K, of K is C;. For, since K,,,. is Henselian K nr = K® K K
and K|K,, is separable ([S2], pp. 41 and 64). On the other hand the residue class
field of K, is ks ([S2], p. 64); but since k is perfect k is algebraically closed. The

result is then a consequence of example (3) above.
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First we will consider algebraic extensions k’|k.

PROPOSITION 5.1: Let k’|k be an algebraic extension and let p be a prime. Then

Cdp(Gk/) S Cdp(Gk)

Moreover one has equality in either of the following cases:
(i) [k’ : k]s is prime to p;
(ii) cd,p(Gr) < o and [k’ : k|5 < 0.

Proof:
P e el A
k1 k'
k

Let k1 = k' Nk,. Then k' and k are linearly disjoint over ki and Gy, =~ Gr ([B2],
p. 272 §10, Th. 1).

So G is isomorphic to a closed subgroup of Gi. Moreover
(G : Gr) = [k : K]s.

The result follows now from Prop. 2.1, Ch. IV. |
We turn now to the case of transcendental extensions.

PROPOSITION 5.2: Let k be a field, k' = k(t) where t is an indeterminate, and p a

prime. Then

Cdp(Gk/) < 1 —|—Cdp(Gk)

Moreover, equality holds if ¢cd,(Gj) < oo and p # char k.
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Proof: Put K = k(t).
K
K

I
Notice that Gy ~ Gy and Gy ~ Gg . Moreover every k(t)-automorphism of K
sends k onto k; hence the group of k(t)-automorphisms of K is again G. Consider the
exact sequence

1—>GK—>Gk/—>Gk—> 1. (1)
By example (2) on p. 269, cd,(Gx) < 1. Thus, by Prop. 2.6, Ch. IV,

Cdp(Gk/) < Cdp(GK) + Cdp(GK) <1+ Cdp(Gk)

Assume now that p # char k and cd,(Gy) = d < oco. To prove equality consider
first the case when in addition Gy, is a pro-p-group. Let p, be the group of p-th roots
of unity. To prove equality it will suffice to show that H¥1 (G, u,) # 1. To see this
consider the spectral sequence of the group extension (1) (cf. Th. 5.3, Ch. III):

By’ = HY (G, H (G, pp)) = H™ (G, 1)
Using example (2) on p. 269, it is clear that E;’j =0if 7 >1ori>d. Hence
H™Y Gy, pp) ~ BEL ~ Byt = HY(Gy, H' (G, 1))
Since p # char k, the sequence
1—py, — K 25 Kf — 1

is exact; so we obtain a corresponding sequence of cohomology groups

H(Gg,Kr) % HOGk,K!) — HYGr,pp) —1
K* LN K*
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(Notice H (G, K*) =1 by Prop. 1.2). Hence
K*/(K*)" ~ H Gk, pp)

and this is a Gg-isomorphism. Therefore it is enough to show that
HY Gy, K*/(K*)P) # 1.

Let v: K* = k(t)* — 7Z be the valuation given by the element 0 of k. Then v is an

epimorphism which in turn induces an epimorphism of G-modules
p. 275 v: K*/(K*)P — Z/pZ.

Thus we get an exact sequence

oo — HY Gy, K* /(K*)?) — HY(Gy, Z/pZ) — H (G, kerv) = 1.
But since Gy, is a pro-p-group we have (see Cor. 4.3, Ch. IV)
HYGy,Z/pZ) # 1
and hence
HY Gy, K*/(K*)P) # 1

as desired.

Consider now the general case. Let H be a p-Sylow group of G. Then H = Gy,
for some intermediate field k C k; C k, and cd, (G, ) = cd,(Gy), by Cor. 2.2, Ch. IV.
Hence we have

d+1=cdp(Gr, 1)) < cdp(Grry) <d+1.
Thus cdy(Gre)) = d+ 1. |

p. 276 THEOREM 5.3: Let k be field, k'|k a field extension of transcendence degree N, and p
a prime. Then

cdy(Grr) < N + cdp(Gy).
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Moreover, equality holds if cd,(Gk) < 0o, p # char k and k' is finitely generated over k.

Proof: Let tq,...,ty be indeterminates. Using induction and Prop. 5.2 we have
cdp Grty,...tn)) < N +cdp(Gr).
Hence, by Prop. 5.1,
cdp(Grr) < cdp(Grey,...ty)) < N +cdp(Gr).

Assume that p # char k, ¢d,(Gy) < oo, and that £'|k is finitely generated. Then using

again Propositions 5.1 and 5.2 and an induction argument we obtain
Cdp(Gk/) =N+ Cdp(Gk)

COROLLARY 5.4: Ifk = ko(X,Y') where kg is algebraically closed or if k = GF(q)(X),
then for every prime p # char k we have cd,(Gj) = 2.

Proof: This follows from Th. 5.3 since cd,(Gg,) = 0 and cd,(Gar(q)) = 1 (see ex. (1),
p. 269 and Cor. 2.3, Ch. IV). ]

§6. Henselian fields

We recall that a field K with a non-archimedian valuation v: K* — R is called

Henselian if there is a unique extension of v to an algebraic closure of K.

THEOREM 6.1: Let K be Henselian with discrete valuation and perfect residue class

field k. Assume K (the completion of K ) is separable over K. Then for every prime p
cdy(Gre) < 1+ edy (G,

Equality holds if ¢cd,(Gy) < oo and p # char K.

Proof: Let K,,|K be the maximal unramified extension of K i.e.
S
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where K; runs through the unramified finite algebraic extensions of K. Then K,,.|K is
a Galois extension and

Gk, 1k ~ Gi k= Gk

n'r|

(Cf. [S1], p. 63). Hence there is an exact sequence of profinite groups
1— Gg, — Gg — Gy — 1. (1)
By example (4) on p. 270, c¢d,(Gk,,) < 1. Hence, by Prop. 2.6, Ch. IV, we have
cdy(Gg) <14 cdy(Gg). (2)

Assume now that cd,(Gx) = d < oo, and p # char K. Let p, be the Gg-module of

p-th roots of unity. To show equality in (2), we will see that
HdH(GKa pp) # 0.
Consider the spectral sequence of the extension (1)
By’ = H'(Gy, H (G, p1p)) = H™ (G, i),

(see Th. 5.3, Ch. III). Clearly E%;J = Ey? = 0if i > d on j > 1. Since H* (G, pp) is
filtered by the E%J’s with i + j = d + 1, we obtain

H™Y (G, pp) = BL' ~ Bt = HY (G, H (G, 1))

We may assume that Gy is a pro-p-group, for if I' is a p-Sylow group of G, with I' = G/,
kClCkg,andI' =G, K C L C K,,; and if

Cdp GL = CdpGg + 1,

then
cd,Gg > cd, G, =cd, Gy +1=cd, G, + 1
and hence cd, Gg = cd, Gy, + 1.
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Therefore, assume Gy, is pro-p. From the exact sequence
1 —> up — (Knr ) = (Kpp)s — 1

we get an exact cohomology sequence

HY(Gk,,, (Kn)t) —— H(Gk,,, (Kn):) —— HY Gk, ptp) — 1

F

* p *
Knr 7 KnT

(Notice HY (G, ., (Ku)%) = 1 by Proposition 1.2.)
Thus
HI(GKnra MP) ~ K:LT/(K:LT')p

as Gg-modules.
The valuation K,,,, —> Z defines an epimorphism
Hence
HYGy, K}, /(K. )P) — HY Gk, Z/pZ) — 0

is exact. Since Gy, is pro-p and cd, Gy, = d, H4(Gy,Z/pZ) # 0 (Corollary 4.2, Ch. IV).
Therefore

Hd+1(GK7MP) ~ Hd (Gk7 KT*LT/(K:LT)p) 7& 0.
[ |

Remark: The above theorem applies in particular to local fields (i.e. complete under

a discrete valuation).

COROLLARY 6.2: Let K be a p-adic field (i.e. a finite algebraic extension of the field

Q, of p-adic numbers). Then
Cd(GK) = 2.
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Proof: In this case the residue class field k of K is a finite field GF'(¢) for some ¢. Since
Gr ~ Z (see ex. (2) on p. 24) and for each prime number t, cd;(Z) = 1 (see Cor. 3.3,
Ch. IV) we have cd;(Gy) = 1. The result follows now from Th. 6.1. [ |

§7. Algebraic extensions of Q,

Let p be a prime number and let Q, denote the field of p-adic numbers. First we shall

consider finite extensions K|Q,.

THEOREM 7.1 (The main theorem of local class field theory): Let K|Q, be an algebraic
extension with [K : Qp] < co. Then the following axioms are satisfied.
Axiom 1: HY(Gg,K*) = 1;

Axiom 2: There is an isomorphism
invg: B K — Q / 7

such that whenever L|K is a finite field extension the diagram

H2(Gg,K*) ~ Bx -5, Q/Z

R,esJ/ [L: K]J/

H2(Gp,L*)~ B, —2%, Q/Z
commutes.
Proof: Axiom 1 is Hilbert’s theorem 90. To sketch the proof of axiom 2 we shall proceed
to describe a sequence of isomorphisms whose composition we will define to be invy.

Namely,

invg: Bk — Q/Z =

H(G, K*) 2 H2(Ge, i, Ky) —2 H2 (G, 50, Z)

—=5 H(Gy, Z) ~— H'(Gx, Q/Z) > Q/Z
First, consider the homomorphism

Res: H*(Gg, K*) — H*(Gk, ,K,).

nr’
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Its kernel is H?*(G ., |k, K7,) (see Cor. 5.4, Ch. III). But since K, is Henselian with
Kz,.) = 0 (see ex. (3) on

algebraically closed residue class field, we have H?(Gx o

p. 270). Hence

nr)

Inf_leQ(GK,K*) — HQ(GKleaK:;r)

is an isomorphism.

To define the map vx, consider the exact sequence

VK

l1—U— K, —Z—0 (1)

of Gk, |x-modules, where vk is the discrete valuation of K, extending that one of K.
One can prove that HY(Gk, x,U) = 1if ¢ > 1 (cf. [S2], p. 193). Therefore, we obtain

from (1) an exact sequence
1= H2(GK,W|K; U) — H2<GKTW|K,K;;T)i—K>H2(GKm,|K,Z) — HS(GKnT‘K,U) = 1,

and therefore v is an isomorphism.

The isomorphism & is induced by Gk, |k ~ Ci (cf. [S2], p. 64), where k is the
residue class field of (K, vk ).

The map ¢ is the connecting homomorphism corresponding to the short exact

sequence of trivial Gg-modules
0 —Z2Z—Q— Q/Z—0.

The map 6 is an isomorphism since H?(Gy,Q) = 0 if ¢ > 1 (each H1(G,Q), ¢ > 1,
is a torsion group by Cor. 6.7, Ch. II, and for each natural number r the isomorphism
r:Q — Q induces an isomorphism r: H4(Gy, Q) — HY(Gg, Q)).

Finally, the isomorphism @, is given in the following manner. Let ¢ = #k, and

let : k —> k be the automorphism ¢z = z%; then for n € H'(Gy, Q/Z) we define

2r(n) = n(er).

The mapping ;. is an isomorphism since ¢j, generates Gy, (see ex. (2) on p. 24).

Therefore we have shown that invg is an isomorphism.
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Now, let L|K be a finite field extension, let £ and k be their residue class fields,

and e and f the ramification index and residue class degree respectively. Then the fact
invy -Res=[L: K] invg

p- 286 follows from the commutativity of the following diagram, which is easily checked.
By —— H?*(Gk,, |k, K},) —— H*(Gk, |k, 2) — H*(Gp, Z) ——
Re{ Re{ Rl Rl
B, —— H*(Gy, 1, L},) —— H*(Gyp, 1, Z) — H*(Gy,Z) ——
—— HYG\,Q/Z) —— Q/Z

e~ResJ( e-f:[L:K]J(

—— HY(G¢,Q/Z) —— Q/L

p. 287 The definition of the map invg that we have just studied can be extended to the
case when K|Q, is any algebraic extension not necessarily finite. With this aim in mind

we introduce the following rotation. If

n= H 0
¢

is a supernatural number, define
1
—Z)Z = {x € Q/Z| ordx | n}.
n

Examples:
(1) Ifn=T]¢>~, 12/2 = Q/Z.
(2) If n = Et;o, 17)2 = Q/Z(¢).
Let K|Q, be an algebraic extension, and define

ng = H 0,

£A[K:Qp]
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THEOREM 7.2: Let K|Q, be an algebraic extension. Then there is an isomorphism

1
inVKiBK — _—Z/Z .
43¢
p. 288 Proof: Write
K = lim K;
o
il

where Q, C K; C K, K;|Q, is a finite extension for each i € I, and i < j = K; D K.
Then

Bk = H*(Gk,Q,) ~ lim H*(Gg,,Q,) ~ lim By,.
i€l el

By Th. 7.1, the map inv is an isomorphism of the directed systems
(BKmf%Je.S) and ((@/Z)ianij)

where each (Q/Z); is a copy of Q/Z and n;;: (Q/Z); — (Q/Z); is multiplication by

n;; = [K; : K;] for j > . Thus it induces an isomorphism

mvg: BK — h_H1>(Q/Z)Z

iel
We shall see that
. 1
Q(Q/Z)z‘ = aZ/Z

el

p- 289 Notice that

(%@/@i) ) = in (@/2),0)
Assume ¢ { [K : Q,]. Then there exists some 7o such that (n;;,¢) =1 if i > ig. So if
1> 10

nij: (Q/2)i(0) — (Q/Z);(¢)
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is an isomorphism, and hence

. 1
lim (Q/2)i(¢) = (Q/Z)(¢) = jZ/2.

el

On the other hand suppose ¢ | [K : Q,]. Let z € lim (Q/Z);(¢) and let x; € (Q/Z);(¢)
il
whose canonical image is z; say ord(x;) = ¢°. Then there is some j > i such that

0P | nyj (since £°° | [K : Qp]). Therefore z; = n;;z; = 0 and so x = 0, i.e.

lim (Q/Z)(¢) =
i€l
Thus
lim (Q/2); = [ [ (lim (Q/2):)(0) =  [] —Z/ZN—Z/Z
et ¢ el e=ifrig,) P K
|

Remark: The homomorphism invg of Th. 7.2 is “natural”, in the sense that it satisfies
the following property. Let Q, € K C L be algebraic extensions, then the following

diagram commutes

Bk ™5 rzjz = 11 AZ/Z
(=4[ :Qy ]

Res [L:K]

By ™% Ltz = 11 &z/z
£2o4[L:Qy]

where the map [L : K] is “multiplication” by [L : K], i.e., if [L : K] = [[¢*® and
4

T € A&ZJZ C %Z/Z then [L : K]z = £z (with the understanding that >z = 0
if a(¢) = 00). To see this notice that

Res: BK — BL

is induced by the maps



p. 291
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where Q, C K; C K, Q, C L; C L, [K; : Q)] < o0 and [L; : Q)] < oo. (We are
assuming I C J and i € [ = K; = L;.) Hence from Th. 7.1 we obtain a commutative

diagram

Bi = lim By, ™ lim (Q/2);
icl iel
Res\[ ®
By = lim By, —*= lim (Q/Z),
JjeJ jeJ

where ¢ is induced by

(Q/2): =+ (Q/2); — lim (Q/2);.
jedJ

Now it is easily verified that ¢ is multiplication by [L : K].

COROLLARY 7.3: Let K|Q, be an algebraic extension and let ¢ be a prime. Then

Br(0) =0 = | [K : Q).

COROLLARY 7.4: Let K|Q, be an algebraic extension and let { be a prime. Then
(i) cde(Gg) =0 Lf[K : K|;
(i) cde(Gx) =1 | [K : K] and £~ | [K : Q]
(i) cdu(Gic) =2 & £ 1 [K : Q).

Proof: (i) This is the content of Cor. 2.3, Ch. IV.
(ii) This is a consequence of Cor. 7.3 and Cor. 3.7.
(iii) If cd¢(Ck) = 2, by (i) and (ii) we have £ { [K : Q,]. Conversely, assume ¢>° {
[K : Qpl; then, by Cor. 7.3, Bk (f) # 0 and so cd¢(Gx) > 2 by Th. 3.6. On the other
hand, since Gg = h£ Gk, where K,|Q, runs through the set of finite subextensions
of K|Q,, we have

H"(Gg,K*) = li_m>H”(GKQ,K'*)

(see Th. 4.1, Ch. II); therefore c¢d;(Gk) < 2 by Cor. 6.2. [ |
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§8. Algebraic extensions of Q

Let K|Q be any algebraic extension (possibly infinite), and let v be a real valuation of
K. Then

K = K,

lim
—
where K,|Q runs through the set of all finite sub-extensions of K|Q. Denote by K,

the completion of K, with respect to the restriction of v to K,. Set

K, = lim K., .
S

(0%
It is clear that K, is either a finite extension of Q, (for some fixed p) or of R depending
on whether v is the p-adic valuation or the ordinary absolute value when restricted to
Q. Hence K, is either an algebraic extension of Q, or of R. If K and K, are algebraic

closures of K and K, respectively, then any K-embedding
f: K — K,
induces a homomorphism
Gk, — Gk
which in turn induces a homomorphism
pv: By — Bk, .

ProprosITION 8.1: p, is independent of the choice of the K-embedding f.

Proof: Let f,g be two such embeddings. They differ by a K-automorphism of K, so
that f and g differ by an inner automorphism given by an element of Gg. The result

follows now from Prop. 5.13. |

Remark: Notice that

and that



p- 295

p- 296

PROPOSITION 8.2: The canonical map p,: Bk — By, Is surjective.

Proof: Assume first that K|Q is a finite extension. Let K, denote the completion of
K with respect to the valuations w of K. Then By, is isomorphic to Q/Z by means
of inv if w arises from a p-adic valuation of Q (cf. Th. 7.1); Bk, is isomorphic to the
subgroup {0, %} of Q/Z if w arises from the ordinary absolute value on Q and K,, = R,
for

Bg = H*(Z/2Z,C*) = R*/R* = 7Z/27

(cf. [M], p. 122); finally Bk, = 0 if K,, = C. The maps p,, define a homomorphism p
of Bg into the direct product of the By ’s; however, it can be proved that if z € By,
pw(z) = 0 for all but a finite number of w’s, so that the homomorphism p is in fact into

the direct sum of the By ’s. Moreover the sequence

0— Bx ][ Bk, - Q/Z—0

is exact where o is induced by the maps By, — Q/Z described above (Hasse’s th. ,
cf. [A-T], p. 64).

Let us go back to the proof that p, is surjective. Let x, € Bg,. Choose a
valuation v of K and an element x,, € Bk , such that o(x) = 0 where x € [ Bg,,
is defined to have all coordinates zero except coordinates v and v’ which are 1suv and
x, respectively. Hence by the exactness of the above sequence there is some element
y € By with p,(y) = z,.

Assume now that K|Q is any algebraic extension. Since ll_m> is an exact functor
in the category of abelian groups, by the remark on p. 294 we have that

Pv = h_IIl> Pav
ey

is surjective. |

PROPOSITION 8.3: Let K|Q be any algebraic extension, possibly infinite. Then the

homomorphism

BK — HBKU
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induced by the maps p,: Bk — By, , where v runs through the set of all valuations

of K, is injective.

Proof: As before put
K = lim K,
—

where K, |Q runs through all finite subextensions of K|Q. Then

K, = lim K,, ,
—
BK = lim BKa y

and

By N By,

RGSQ/[\ Resa v’[

BKa Pav BKOW

Let © € Bg; put x, = py(z). Assume z, = 0 Yv. We shall show that x = 0. Choose &
and x4 such that x5 € Bg,. and Ress(z5) = . If o > & we write z, = Respa(2a).
For a > & let V,, be the set of all valuations of K for which x4, = pav(za) # 0. By

Hasse’s theorem (see proof of Prop. 8.2) each V, is finite. It is plain that
{Val a = a}

form a projective system, where if 5 > o the map Vg — V,, is given by restriction. On
the other hand

Lvazwa

«

for otherwise there is some valuation v of K such that x,, # 0 for all o, and hence
x, # 0 contradicting our hypothesis. Therefore V,, = () for some « (cf. [B3], §9, Prop. 8).
Thus, by Hasse’s th. z, = 0, and so x = 0. |
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COROLLARY 8.4: Let K be as in Prop. 8.3 and let { be a prime. Then By ({) = 0 iff
p. 299 Bk, (¢) =0 for all valuations v.

Proof: Tt follows immediately from Props. 8.3 and 8.4. |

COROLLARY 8.5: Let K and ¢ be as above. Then
Bk({)=0= Br(¥) =0

for every algebraic extension L|K.

Proof: For every valuation v of K L, O K,, and so By, (¢) = 0 by Cor. 7.3; hence by
Cor. 8.4 Br(¢) =0. |

COROLLARY 8.6: Let K and ¢ be as above. Then

Cde(GK> <1< BK(E) =0.
Proof: This is a consequence of Cor. 8.5 and Cor. 3.7. |

p- 300 We will prove now a lemma that will be used later to describe all possible values

of cdy(Gk) for any algebraic extension K|Q.

LEMMA 8.7: Let ¢ be a prime and L a finite extension of Q. Then there is a Galois
extension K|L such that G| = Z¢ and £ | [K, : Q] for every non-archimedean

place v of K.

Proof: Assume first that L = Q. Given a field H and a natural number n let (,, denote a
primitive nth-root of 1 and set H,, = H((,). Let Q(¢) be the field obtained by adjoining
to Q all the ¢™-th roots of 1 for all n. Then

Q(0) = lim Q.

It is well-known that

G, @ = group of units of Z/("Z

(cf. [B2], §11, Prop. 2). Hence

Goe = Jim Go, o

n
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is the group of units U(Zy) of Zj.

Let v be a non-archimedian place. Then

n n

Let p be the prime number defining the valuation v. If p = £, then

[(Q”)" : QU} - [<Qp)n : @p} = (£ — 1)6”*1

(cf. [S2], p. 85); therefore, by Prop. 4.7, Ch. I, we have > | [Q({), : Q,]. If p # ¢, then
(cf. [S2], p. 85) r(n) = [(Qu)n : Q] is the least positive integer such that p™™ = 1
(mod £") (hence r(n) | €"71(£—1)), and [(Qu)n : Qu] = [GF(p)n : GF(p)] where GF(p)
is the field with p elements (hence r,, — oo when n — 00); therefore we have again
£][Q(0)s : Q.
Now, the group U(Zy) is the direct product of Z, and a finite group (cf. [S2],
p. 220). Hence, since Ggyo = U(Z¢) there is a subextension K|Q of Q(£)|Q such
that Gk = Z¢. Moreover, since [Q(£) : K] < oo we have (*°|[K, : Q,] for every
non-archimedian v.
Consider now the general case, that is assume L|Q is a finite extension. Let
K1|Q be a Galois extension such that Gy, g = Z¢ and £>°|[(K1), : Q,] for every non-

archimedian place v.

K K =KL
KinL ——— L
Q

Set K = K1 L. Then Gk, = Gg,|k,nr (cf. [B2], §10, Th. 1), and hence Gk|1, = Zy,
for (Gk,j0 : Gk, |kine) = K1 N L : Q] < oo (see Prop. 6.3, Ch. I). Finally for every

non-archimedian place v of K we have
[Kv : @v] = [Kv : (Kl)v} [(Kl)v : @v]a

and so (K, : Q,]. |
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THEOREM 8.8: Let K be any algebraic extension of Q, and let { be a prime number.
Then
cd¢(Gg) =0,1,2, or co.

Specifically we have
(a) cd¢e(Gg) = o0 < ¢ =2 and K is not totally imaginary;
(b) Under the assumption that either ¢ # 2 or K is totally imaginary we have
(i) cdo(Gr) =0 (1[K : K]
(ii) cde(Gx) =1 /|[K : K] and £7°|[K, : Q,] for every non-archimedian place
v of K;
(iii) cd¢(Gk) = 2 & (|[K : K] and (> { [K, : Q,] for some non-archimedian
place v of K.

[We recall that K is called totally imaginary if it cannot be embedded into R.]

Proof: (a) If K is not totally imaginary there is a field R, K C R C K with [K : R] = 2,
namely R = RN K. So Gg C Gk and cda(Gg) > cda(GRr) = cda(Z/27) = oo by
Prop. 2.1, Ch. IV, and Cor. 2.5, Ch. IV.

(b) (i) This follows from Cor. 2.3, Ch. IV.

(b)(ii) Assume first that cdy(Gg) = 1; then by Cor. 8.6, Cor. 8.4 and part (b)(i)
and Cor. 7.3 we have ¢|[K : K] and ¢*°|[K, : Q,] for all non-archimedian v. Conversely,
suppose /|[K : K] and (*°|[K, : Q,] for every non-archimedian place v; then if v is non-
archimedian Bk, (¢) = 0 by Cor. 7.3. If ¢ # 2 and v is archimedian again Bk, (¢) = 0,
since B, is either Z/27Z or 0 (see proof of Prop. 8.2); and if £ = 2 we have assumed
K is totally imaginary and so Bk, = 0 for every archimedian v (K, = C). Thus, by
Cor. 8.6 and case (b)(i) we have cd;(Gg) = 1.

(b)(iii) If cd¢(Gk) = 2 it follows from (b) (i) and (b) (ii) that ¢|[K : K] and
(>t [K, : Q,] for some non-archimedian place v of K. To prove the reverse implication
it will suffice to prove that if £ # 2 or K is totally imaginary then cd;(Gg) < 2. For
this we may assume that [K : Q] < oo, for if K = h_m> K; where K; runs through the
set of finite subextensions K;|Q of K|Q, then

GK = <11_mGK1
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and

Hn(GK7K*) = h_rn>Hn(GKwR:)

(see Prop. 4.1, Ch. II), and hence cd¢(Gg,;) < 2 = cd¢(Gk) < 2 (see Th. 3.6). If
[K : Q] < oo, by Lemma 8.7, there is a Galois extension L of K such that K x = Z;
and (*°|[L, : Q,] for all non-archimedian places v of L. By parts (b) (i) and (b) (ii) we

must have c¢d/(Gr) < 1. Finally, from the extension
1—GL —Gxg — Grg —1

we get

cde(Gr) < ede(Gr) + cdo(Grir) <2

(see Prop. 2.6, Ch. IV). ]

§9. The abelian subgroups of Gg *

In this section we characterize those algebraic extensions K|Q over which every algebraic
equation has an abelian Galois group, i.e., those algebraic extensions K |Q for which Gk
is abelian. We achieve this by describing the abelian closed subgroups of Gg. There are
two obvious examples of such subgroups:

1) Let R|Q be real closed, i.e., [Q: R] = 2. Then G = Z/2Z.

2) Let 0 € G, and let H be the closed subgroup of Gg generated by o. Clearly
H is procyclic, and hence abelian.

In fact one has the following result due to W.D. Geyer [Ge].
THEOREM 9.1: Every abelian closed subgroup of G is procyclic.

Proof: Let H be an abelian closed subgroup of Gg.

Case (1): Assume H contains some torsion element o # 1. Let H' be the subgroup
generated by o and let R and K be the fixed fields of H' and H respectively. Since
[Q: R] < oo, R is real closed and so 02 = 1 (cf. [J], p. 316). Since R|K is a normal

extension, for each 7 € H we must have that 7 restricted to R is an automorphism of
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R. Hence 7 restricted to R is the identity, since R is real closed (cf. [J], p. 273). Thus
T€H  ie. H=H =17/27.
Case (2): Suppose H is torsion free. Since H is also compact and totally disconnected

we have

H=]]zy

peES

where S is a set of prime numbers, e, is a cardinal number and Z,, is the group of p-adic
integers (cf., e.g., [H-R], p. 406). Therefore to show that H is pro-cyclic it suffices to
show that for each p € S, e, = 0,1. If this were not the case, then H would contain
a closed subgroup of the form H' = 7Z, x Z,. We shall prove that this leads to a
contradiction. Let K be the fixed field of H'. Clearly K contains the p-th roots of 1,
for if 1 is one such root then [K(n) : K] < p— 1 must be a divisor of p. Assume K

contains all p™-th roots of 1. Then for every non-archimedian place v of K,

Kv 2 @v(Cp"| n e N) 2 Qv

where (,» is a primitive p"-th root of 1. Hence p*°|[K, : Q,] for every non-archimedian
v. So cd,(H') < 1 by Th. 8.8 (notice K is totally imaginary, for otherwise H would
contain a subgroup of order 2 as seen in proof of Th. 8.8 (a)). On the other hand
cdy(H) = cdp(Zy) + c¢dp(Zy) = 2 by Prop. 4.4, Ch. IV. A contradiction.

Assume now that K contains a primitive p”~!-th root of 1 but it does not contain
a primitive p™-th root of 1. Let ¢ be primitive p™-th root of 1, and put K; = K(().
Then K;|K is cyclic of degree p. Since H' = Z, x Z, there is some cyclic extension
K| K of degree p such that Ky # Ky (if U is the open subgroup of Z,, of index p choose
K to be the fixed field of U X Z,, or Z, x U so that K5 # K;). Then K, is generated
over K by the roots of a pure irreducible equation 2? —a = 0 (cf. [B2], §11, no. 6).
Take b € Q such that »" —a = 0. Since (b/pnil)p —a = 0 we have Ky C K(b), and
Ky = K(b" ). Let 0 € H' be such that o|x, = identity but o|x, # identity. Set
¢ = (ob)b™!; then ¢ is a primitive p"-th root of 1, for ¢(?" = a(bpn_l)b_pn_1 + 1.
Therefore K1 € K(b) and [K(b) : K] = p™. Since K(b)|K is normal ¢ € G ) k,, and

so 0P = identity on K (b). However



Contradiction. [ |
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