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1. INTRODUCTION

The search for a local maximum of a function f(x) involves a sequence of
function evaluations, i.e., observations of the value of f(x) for a fixed value
of x. A sequential search scheme allows us to evaluate the function at differ-
ent points, one after the other, using information from earlier evaluations to
decide where to locate the next ones. At each stage, the smallest interval in
which a maximum point of the function is known to lie is called the Znterval of
uncertainty.

Most of the theoretical search procedures terminate the search when either
the interval of uncertainty is reduced to a specific size or two successive
estimates of the maximum are closer than some predetermined value. However, an
additional termination rule which surprisingly has not received much attention
by theorists exists in most practical search codes, namely the number of func-
tion evaluations cannot exceed a predetermined number, which we denote by N.

A well-known procedure designed for a fixed number of function evaluations
is the so-called Fibonacci search method. This method can be applied whenever
the function is unimodal and the initial interval of undertainty is finite. In
this paper, we propose a two-stage procedure which can be used whenever these
requirements do not hold. In the first stage, the procedure tries to bracket
the maximum point in a finite interval, and in the second it reduces this in-
terval using the Fibonaccl search method or a variation of it developed by
Witzgall.

2. THE BRACKETING ALGORITHM

A function f is unimodal on [a,b] if there exists a < Z < b such that f(x)
is strictly increasing for @ < & < ¥ and strictly decreasing for ¥ < x < b. It
has been shown (Avriel and Wilde [2], Kiefer {6]) that the Fibonacci search
method guarantees the smallest final interval of uncertainty among all methods
requiring a fixed number of function evaluations. This method and its varia-
tions (Avriel and Wilde [3], Beamer and Wilde [4], Kiefer [6], Oliver and Wilde
[7), Witzgall [10]) use the following idea:

Suppose y and z are two points in {a,?] such that y < 3, and f is unimodal,

then
fy) < f(3) implies y < x < b,
fly) > f(z) dmplies a < T £ 3, and -
fy) = f(8) implies y <X < 2. w

Thus the property of unimodality makes it possible to obtain, after examin-
ing f(y) and f(2), a smaller new interval of uncertainty. When it cannot be
said in advance that f is unimodel, a similasr idea can b= used.

Suppose that f{(x.), f(x,), and f(x3) are known such that

(1) £, < x, <x, and flx,) > max{f(x,), Fflxs)l},
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then a local maximum of f exists somewhere between x, and x,;. Evaluation of
the function at a new point x, in the interval (x;, x,) will reduce the inter-
val of uncertainty and form a new set of three points x/, xj, x4 satisfying
equation (1):

Suppose x, < x, < x,, then if f(x,) > f(x,) let x{ = x,, x; = x,, X3 = Z,,
and if f(x,) < f(x,) let x{ = x,, x] = x,, and x] = x,;. Similarly for x, < x,
< xg, if f(x,) > f(x,) then let x{ =z,, x] = x,, x] = x,,and if f(z,) < f(x,)
then let x{ =x,, xJ = %,, x{ = x,.

When applying quadratic approximation methods, the new point X, is chosen
as the maximum point of a quadratic function which approximates f. The assump-
tion behind this method is that f is nearly quadratic, at least in the neigh-
borhood of its maximum. However, when the number of function evaluations is
fixed in advance, this method may terminate with an interval of uncertainty
which is long relative to the initial one. ‘

The quadratic approximation algorithm of Davies, Swann, and Campey [5] in-
cludes a subroutine that finds three equally spaced points satisfying equation
(1), A more general method developed by Rosenbrock [8] can serve as a prepar-
atory step for a quadratic approximation algorithm (Avriel [1]).

We now describe the search for points satisfying equation (1) in a general
form that allows further development of our algorithm. The input data includes
the function f, the number of evaluations N, and a set of positive numbers a,,
7 =3, ..., N.

Bracketing Algorithm:

Step 1. Evaluate f at two distinct points. Denote these points by z, and
£, so that f(x;) < flx,). Set k = 3.

Step 2. Evaluate f at & = @5 4 + 0p(@Cpqy ~ Zpop) -
If fi(x,) < flxg-1), stop. (A local maximum exists between x;_, and
xk.)
If fz,) > flx,_,), set k+«k+ 1.

Step 3. 1If k =N 4+ 1, stop. (The search failed to bracket a local maxi-
mum. )
If k¥ < N, return to Step 2.

If the algorithm terminates in Step 2, then the function was evaluated
k < N times and a local maximum was bracketed between x3_., and x;. The inter-
val of uncertainty may now be further reduced by evaluating the function at
NV - k new points x3,,, ..., Ty. Notice that there is already one point, Ty _qs
in the interval of uncertainty, for which f is known.

3. REDUCTION OF THE INTERVAL OF UNCERTAINTY

In this section, we propose and analyze alternatives for selecting the in-
crement multipliers op. Let Fy =F; =1 and F, = F,_, + Fy_i, n =2, 3, ...,
denote the Fibonacci numbers. If either

) ~ Fy_x
(2) Xy g =Ty, +—E;TZ::(xk - % _,)
or -
N-k
(3) x,_, =&, — ——(x;, = &5_,)
kot k By x4 k k-2

then x;_, is one of the two first evaluations in a Fibonacci search with ¥ - k
.+ 1 evaluations, on the interval bounded by Z,_, and x;. In this case, Tr+i,
., Xy can be chosen as the next points in this Fibonacci search. This choice
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guarantees the smallest final interval of uncertainty among all other methods
requiring VN - k additional evaluations. ‘

If both (2) and (3) do not hold, the next points can be chosen according to
Witzgall's algorithm [10}. This algorithm guarantees the smallest final inter-
val of uncertainty in a fixed number of function evaluations when, for some
reason, the first evaluation took place at some argument other than the two
optimal ones.

We now show how to choose the increment multipliers 0;, 2 = 3, ..., 8 - 1,
so that equations (2) or (3), according to our preference, will hold when the
bracketing algorithm terminates after kK < N evaluations.

Equation (2) implies that

- B N T R Y
Ty = Fx-2 T F L ™ Tgen Tr-1 7 Froo
N-k+1
or 7

X;, = X -

N- K k-

Lt —+ 1 =a, + 1

Fy_x Loy = Tr-2

Denote the value of o, which satisfies the above equation by aél), then

F F

-k+1 N-k-1

4 ol = H-kFr oy o HeRTL o,
%) % T, . Py =

Equation (2) holds for kK < N if and only if ap = aél).
Similarly, equation (3) implies that

_ Frx
Ty = %1 T F [y —xp ) + @y =2 ,)]
N-k+1
or F .
V-k+1 L1~ Tr-2 1
T e ] e = ]+
Fy & Ly = Typ-1 Olg

Denote the value of &, which satisfies this equation by @22), then

F
(5) a{?) = aéll) - FN”k"l > 1.
Equation (3) holds for k < N if and only if a, = a{®’.
Let dk = ,xk"xk~1l! k=1, ..., N, denote the search increments, then
(6) d, = |z, - z,| and
dy = oudyy =a, * o, = er oz, —a |, k=3, ..., 0.

Denote the search increments by dil) and d%z) when aél) and (1%2) are chosen,

respectively, for k = 2, ..., N - 1. Then equations (4) and (6) yield

F F, F £
F-k-1 N-k N-4 N-k-1
d(l) = . ) . [x - xll = lxz = xlls
k Fy Fy _2s1 Fy-a ‘ By s

k=2, ..., I ~ 1.

If the bracketing algorithm terminates after k < N evaluations, then the
maximum is located in an interval of length

Fy_x-1 ¥ Iy Fy k41

o %, = | = ——le, - o]

|2y = wpop| = A5+ =

T ————
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This interval is further searched by a Fiboracci search with ¥ - X + 1 evalua-
tions (including the one in xk_l)which'reduces its length by a factor (Eb—k+1)_l'
Consequently, the length of the final interval is

|, - x|
- ———‘_—,
Fy_s
independent of k. This length is satisfactorily small in comparison with
e, -z |
_-——_.—’
FN—Z
which can be achieved by ¥ - 2 evaluations if f is known to be unimodal with a
maximum between x, and z,.
Suppose, however, that the bracketing algorithm terminates after N evalua-
tions without bracketing a local maximum. The total size of the searched in-
terval is

-1 ] F
RS e LY
Egédk Fr_s } ) TR

Fy.o
Q.+—F )]xz -z, ] <3|z, - 2],
3

In fact, when N is large, this sum approaches (1 + T)\xz - x,| where T 1.618
satisfies 72 = 1 + 7. The cost of obtaining a small final interval in case of
success 1is 1in searching a relatively small interval and thus increasing the
chances that the bracketing algorithm will fail.

lz, - @

I
~
Q:"d
+
e
+

1

]

in

This default can be overcome by using aiz) rather than a%l). In this case,
(2) Fy_s Fy k41 Fy s Fy_s
d,”" = s o—x, - x| =z, - x|,

Eb—k—l Eﬁ-k Eﬁ—u Eb_k-l
‘ k=2, ..., N - 1.

The sequence d£2) increases with X so that a larger interval is scanned,
and it is less likely that the bracketing algorithm will fail. 1In practice,
some of the last increments d;z) may be replaced by smaller increments, possi-
bly by d’.

4. SUMMARY

We suggest a two-stage search procedure for maximizing functions by a fixed
number of evaluations. The first stage is a quite standard bracketing subrou-
tine and the second is either the regular Fibonacci search or the modified
method of Witzgall. During the first stage, the kth evaluation is at the point
x, calculated from Ty =&, _, *oy(x,_, -2, ,). Wesuggest three alternatives:

A. Let o, = a;l) < 1. 1In case of success, proceed by Fibonacci search to
obtain a small final interval.

B. Let a, aiZ) > 1. 1In case of success, proceed by Fibonacci search.

The chances for success dre better than in case A, but the final inter-
val is longer.

C. Let ¢y > 0 be arbitrary and proceed by Witzgall's method.

We note that different alternatives may be chosen for different values of X.
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