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We discuss socially optimal and equilibrium retrial rates in a single-server queue-
ing mode]. We extend known results, compare the two rates, and suggest ways
to impose tolls on retrials (or rebates for waiting) in order to equate the equi-
[ibrium rate with the socially optimal one.

1. INTRODUCTION

We consider the following single-server queue model: Calls arrive according to
a Poisson process with average rate \ per time unit. Service requirements are
i.i.d. with mean 7 and finite variance ¢2. Let p = A7 be the system’s utilization
factor and denote ¢ + 72 by S%. In the case that service is exponential, we de-
note 7 by 1/u, where u is the service rate. In this case, S? =2/u”. If upon ini-
tiation of a call the server is busy, the call is repeated later. Between retrials, the
call is said to be in orbit. The times between retrials are independent and expo-
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nentially distributed with an expected value of 1/6 (0 is the retrial rate). Each
retrial costs ¢ and the cost of waiting is w per unit of time.

There are two questions of interest here. The first is what is the social opti-
mal retrial rate, denoted 6*. This is the rate that minimizes the long-run total
expected cost paid by a customer (equivalently, it minimizes the expected cost
per customer). This question was answered by Kulkarm [3]. See Eq. 1, later.
The second question is what is the Nash equilibrium retrial rate. A retrial rate
defines a Nash equilibrium if given that it is used by all customers then an indi-
vidual minimizes its own expected cost by using this rate itself. This question
was recently answered by Elcan [1], assuming exponential service distribution.

Here we compute the Nash equilibrium retrial rate directly from results con-
tained in Kulkarni [3]. Moreover, we remove the assumption that the service dis-
tribution is exponential. In addition, we make some observations on this rate
and on ways to impose a toll on retrials (or a rebate proportional to the time
in orbit) such that the resulting Nash equilibrium rate coincides with the social
optimal rate. We emphasize that such a toll is justified in our model even when
retrials do not lead to more consumption of resources, and the only actual cost
directly involved with them is the cost inflicted on the retrying customers.

Kulkarni [2] showed that the expected time in orbit per call equals

2
1 —p\6 2 7

and, thus, the average cost per call is

_ S? S?
(w+c0)W:~i—£-<c—0+Lv> +-—p—<lv——+c>.
—p

This cost 1s minimized at
6* = (1/S)V2wr/c. o)

In particular, for the case of exponential service with 7 = 1/p and S* = 2/,
we get that 0* = +wu/c. It is interesting to note, as observed in Kulkarni [2],
that 6* is independent of the arrival rate. We also note that when the retrial
rate of 8* is used the two terms that depend on @ in the cost function are equal.
If we consider the rest of the costs as structural costs that cannot be changed
by the decisionmaker, then we can conclude that, excluding that part of the
costs, the waiting costs and the retrial costs coincide. This resembles the eco-
nomic order quantity inventory control model, where the holding costs and the
setup costs coincide under the optimal ordering policy.

2. THE EQUILIBRIUM RETRIAL RATE

The next theorem shows that there exists a unique equilibrium rate, 6,, and
provides an explicit formula for computing it. Note, as expected, that the social
optimal and the equilibrium rates depend on the ratio w/c and not on the indi-
vidual cost parameters.
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THEOREM 2.1:-

wp + Vw2p? + 16wre(l — p)(2 — p)/S?
0, = 2)
dc(l — p)

Moreover, this is the unique Nash equilibrium retrial rate. For exponential
service,

wp + \/wzp2 + 8uwc(l —p)(2 — p)
4¢c(1 — p) '

0, =

Proor: Let g(v,0) be the expected waiting time for an individual who uses a
retrial rate of y while everybody else uses the retrial rate of §. Equation (4.2)
of Kulkarni [3] states that

AS? AS? 0 —
g(v,0) = —"— ¢ + £ .
(1=p)y 21 =p) 21 =p) (1 —p)0+~

Also, let f(v,0) be the expected cost of the aforementioned individual. Then,

Sy, 0) = wg(v,0) + vyeg(v,0)

< : - )
= +
=t (1=p)0  2(1 =p)

0 Jr)\S2 0 1 )
(1—p)6? 2 1—p0(p—2))

&)

and

d

+ (w+c(9)<—

A necessary condition for 6 to define a Nash equilibrium is that

d

vy=0
This gives
2NeS*(1 — p)0% — AwS?pf — 2wp (2 — p) = 0.

This quadratic equation has a unique positive root, ..

Moreover, the zero derivative here corresponds to a minimum. This is the
case due to the facts that him,_¢ f(v,6,) = o, that im._, f(vy,0,) = %, and
that for any other v, 0 < vy < oo, f(v,0,) is finite. Therefore, 8, 1s a unique
retrial rate that corresponds to a Nash equilibrium. [ |

COROLLARY 2.2: For a fixed value of 7,

e (,is a monotone increasing function of \;
e whenp 11, then 6, 1 oo,
e when p L 0, then 6, | 0*.

Remark 2.3: From Eq. 2 it follows that the Nash equilibrium retrial rate is a
monotone decreasing function of the variance of the service requirement (for
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any given but fixed expected service length). Likewise, from Eq. 1, we deduce
that the same is true with regard to the social optimal rate. This phenomenon
can be explained as follows: The waiting time increases with S%. It then takes
more time to clear the system after it has been found to be busy by a retrying
customer when the variance is bigger; therefore, it pays to wait longer before
retrying.

CoRrOLLARY 2.4: The equilibrium retrial rate is higher than the optimal retrial
rate.

Proor: Because 2 — p > 2(1 — p),

2 . 2/Q2
6, > V32wre(1 — p)¥/S — (1/S)\2wr/c = 0*. -
4c(1 = p)

When a customer selects its retrial rate it ignores the way that this act affects
the other customers. Thus, the social optimal retrial rate and equilibrium retrial
rate differ. Such a phenomenon was noticed for the first time with respect to
a queueing system by Naor [4]. In our model, when a customer in orbit repeats
its call, it may deter another customer, new or in orbit, from succeeding in its
own call. This means that a call, and in particular a repeated call, is associated
with negative externalities. We have seen that the equilibrium retrial rate is larger
than the social optimal rate. This reflects the fact that the length of the queue,
¢ time units after the server was observed to be busy, stochastically decreases
with ¢. Therefore, the expected negative externalities associated with a retrial
decrease with the time since the previous trial. Hence, a customer who ignores
these externalities, while optimizing its own welfare, retries too soon.

We now suggest two alternative ways to resolve the difference between the
optimal and equilibrium retrial rates. One is by partial compensation (a rebate)
to customers for their actual waiting time. The other is by taxing unsuccessful
retrials. We note that the second option is the easier to administrate.

THEOREM 2.5: There is a positive rebate value r < w such that if paid to each
customer per unit of waiting time then the resulting equilibrium retrial rate
(which will be computed by replacing w with w — r in Eq. 2) will coincide with
0*. Moreover, r is uniquely determined by the equation

(w— r)p + (W = r)2p24+(16(w)— Nre(=p)2=p)/8* _ | o
c(l —p

The same effect can be achieved by imposing a positive toll t per retrial such that
the cost per retrial will be ¢ + t (instead of c). Evidently, t = rc/(w —r).

Proor: We already found in Corollary 2.4 that 6, is greater than 6. Also, note
that 6, is continuously monotone increasing in w. Therefore, it is sufficient to
show that for sufficiently small new values of w the resulting equilibrium retrial
rate is smaller than the original §*. When w — r goes down to 0, the value of 6,



OPTIMAL AND EQUILIBRIUM RETRIAL RATES 227

also goes down to 0 and therefore, for some intermediate value of r, equality
holds. In particular, the equation stated in the theorem has a unique solution
r, 0 < r < w. Finally, the value of ¢ is found by noticing that the social optimal
and the equilibrium rates are functions of the retrial cost ¢ and of the per unit
of time waiting cost w, only through their ratio. | |
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