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MAXIMIZING CLASSES OF TWO-PARAMETER
OBJECTIVES OVER MATROIDS*

R. HASSIN' anD A. TAMIR'#

Let M = (N, #) be a matroid. Suppose that cach clement i in N is associated with an
ordered pair of rational numbers (a,, b,). For cach subsct S in % define A(S) = I, ¢ (4, and
B(S) =X, cgbh. Let g be a real convex function defined on R2. Consider the problem of
maximizing g(A(S), B(S)) over all bases S of M. We present a polynomial algorithm for this
problem when g is a general polynomial. This algorithm is strongly polynomial whea the
degree of g is at most cubic. Using the latter result we apply appropriate transformations to
obtain strongly polynomial algorithms for some cases when g is not polynomial. In particular,
we find in strongly polynomial time the minimal cost reliability ratio spanning tree of an
undirected graph.

1. Introduction. Let M = (N, %) be a matroid, where N is the ground set and %
is the collection of independent sets. Define n = |N|. Suppose that each element i € N
is associated with an ordered pair of rational numbers (a,, b,). Let 8 be the set of
bases of M.

Consider, for example, the following maximization problem over f.

(1.1) Max{( Y a,.)2 + ( Y b,.)z}.

SeB \\ies ies

We assume that the problem is specified by an oracle which represents the matroid,
and the set of rationals {(a;, b;)}, i € N. Thus, the size of the problem is the sum of
the “size” of the oracle and the size of the encoding of the numerical data.

In general, of course, (1.1) cannot be solved by a greedy scheme. However, the
following simple procedure can be applied. For each base S € 8, define A(S) =
Yiesa;, B(S) =1L, sb. Viewed as a function of A and B, the objective in (1.1) is
(strictly) convex. Therefore, a maximizer of (1.1) is a base, say S*, for which
(A(S*), B(S*)) is an extreme point of the convex hull of the set of two dimensional
points, (A(S), B(S)), S € B. S* can be obtained by generating all the extreme points
of the above hull. Such a procedure is polynomial if we can efficiently produce the
extreme bases or at least the potential candidates for optimality. An extreme point
(A, B) is characterized by some real vy, such that

I:/Ial);({A(S)+yB(S)}=A+yB, or I}/IEal);({—A(S)+yB(S)}=—A+yB

In general, if p is an upper bound on the number of extreme points, then all these
points can be generated by applying the greedy algorithm O( p) times, [CAN,G]. It is
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well known, [C], that there are only O(n?) critical values of y. They are the solutions to
the equations

ta,+ b, = ta; + yb, i,jEN, i#].

Thus, one can identify a set of O(n?) bases, that will include the solution to (1.1), by
applying the greedy algorithm O(n?) times. In fact a sharper bound, O(Ym - n), on the
cardinality of the set of extreme points has been established in [G] where m is the rank
of M. This bound implies that just O(Ym - n) applications of the greedy algorithm
suffice for generating all extreme bases. If a (strongly) polynomial time oracle is
available for testing independence in the matroid then the above approach will solve
(1.1) in (strongly) polynomial time.

Next consider the following maximization problem.

(1.2) 1}’(:;‘{ Y a;+ Hbi}'

ieS ieS

‘Suppose that b, > 0 for all i € N. We then could mimic the above approach by
replacing (1.2) by

0 |

Y a,+ exp( Y log bi)

ie§ ieS }

Define b/ = log b,, i € N, and setting B'(S) = L, pb/, S € B, we note that the
objective in (1.3) is a convex function of A(S) and B’(S). Therefore a maximizer of
(1.3) is a base S*, for which (A(S*), B'(S*)) is an extreme point of the convex hull of
the points (A(S), B(S)), S € B.

Using the above approach to find the extreme points of this hull will require—(if a
greedy algorithm is applied)—determining the signs of expressions of the form

(1.4) xlogy — zlogw

where x, y, z, w are positive rationals.

It has been shown in [CAT] that this task can be done in time which is polynomial in
the input lengths of x, y, z and w. This has led to a polynomial (but not strongly
polynomial) algorithm to solve (1.2) [CAT]. Note that the problem of minimizing the
cost /reliability ratio over all spanning trees of a graph [CAN] can be modeled in terms
" of (1.2).

As a last example consider the following model,

(1.5) Max{nai+ I_[b,.},

SeB \jes ieS

where a,, b, > 0, i € N.
Defining a; = log a;, i € N, and setting A(S) = L, sa;, leads to

(1.6) y;;{exp(A’(S)) + exp(B'(S))}.

Again, due to convexity an optimal base will correspond to an extreme point of the
convex hull of (4(S), B’(S)), S € B. One could attempt to solve (1.6) by adapting the
approach taken in [CAT] for finding the extreme points. However, such an approach
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will require a polynomial routine for testing the signs of expressions of the form
(log x)(log y) — (log z)(log w) where x, y, z and w are positive rationals. We are not
aware of any polynomial routine for this test, or of any polynomial procedure to
solve (1.5).

Motivated by the above examples and others, we develop in this paper a different
and unified solution approach which yields strongly polynomial algorithms for a class
of two parameter maximization problems defined on matroids that includes the above
three problems. The reader is referred to [GLS] for the definitions of polymomial and
strongly polynomial algorithms.

To illustrate our general approach, consider again problem (1.1). Call a base S a
local solution if there is no pair of elements i, j € N, such that i€ S, j& S and
S’ =S — i+ jis abasein B8 which yields a larger objective value than S.

We will introduce a subdivision of the (A4, B) plane into a polynomial (in ) number
of cells. This subdivision will induce a partition of the points (A(S), B(S)), S € B.
Furthermore, we will show that each one of the cells corresponds to at mast one base
which is a local solution. An optimal solution base to (1.1), S*, is one of these local
solutions. It will be contributed by that unique cell of the plane containing
(A(S*), B(S*)).

In the case of model (1.1) the subdivision of the plane will be the amrangement
induced by a set H of O(n?) lines. The set H dissects the (A, B) plane into a
collection of open convex regions, each bounded by edges, which are segments of the
lines. The boundaries of the segments, vertices, are intersection points of lines in H.
Taking the edges relatively open with respect to their corresponding lines, we obtain a
partition of the plane into cells, i.e.,, regions, edges, and vertices. This is the arrange-
ment induced by H.

This subdivision has O(n*) cells and therefore there will be O(n*) local solution
bases.

In the general model we will allow subdivisions which are mduced by polynomials,
i.e., algebraic varieties.

In §2 we introduce our main tool: tournament graphs defined on matrmds We prove
a uniqueness result on an optimal base with respect to a given tournament.

In §3 we define the optimization model and present a strongly polynomial algorithm
to find an optimal base. In §4 we discuss extensions to multiparameter objectives, and
optimization over nonmatroidal systems.

2. Matroids and tournament graphs.

DEfFINITIONS. Let G = (N, E) be a directed graph with vertex set N. G is a
tournament if for every pair of distinct elements x, y € N there exist at least one and
at most two arcs in E connecting x and y. If there exist exactly two such arcs they are
oppositely directed. Note that the common definition of a tournament requires that
there is exactly one directed arc connecting x and y [MO].

If x and y are two elements in N, and there exists an arc directed from y to x, then
x dominates y.

Let M = (N, ¥) be a matroid with [N| = n, and let G = (N, E) be a tournament.
Notice that the vertex set of G is the ground set of M. G is called a tournament on N.

Consider two distinct bases S, and S,, of the matroid M. S, improves upon S, if
there exist an element y € S, and an element x € N such that x dominates y and
S, =8, —y + x, e, S, is obtained from S, by a single swap.

A basis S of M is G-optimal if there exists no base S’ which improves upon S. Such
a basis will be denoted S5(G). Note that S(G) is well defined only if M has a
G-optimal base. However, for the sake of convenience, if M has no G-optimal base we
will say that S(G) does not exist.
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An independence oracle for M = (N, %) is a procedure that determines whether a
given set S C N isin %.

A rank oracle for M = (N, ¥) is a procedure that determines for a given set
SCN, a subset ACS, A€%, of largest cardinality. The rank of S is then
rank(S) = |A|

A rank oracle can clearly serve as an independence oracle. S C N is independent if
and only if rank(S) = |S|. On the other hand a rank oracle can be constructed from an
independence oracle since rank(S) can be computed by calling the independence
oracle |S| times.

THEOREM 2.1. Let M = (N, F) be a matroid and let G = (N, E) be a tournament
graph on N. Then there exists at most one base of M which is G-optimal.

PROOF. Suppose that S, and S, are two distinct G-optimal bases. Let x € S, — §,.
By the Symmetric Swap Axiom, [B], there exists y € S, — S, such thatboth §; — x + y
and S, + x — y are bases. Since G is a tournament we conclude that either §;, — x + y
improves upon S, or S, + x — y improves upon S,. Thus, S, and S, cannot both be
G-optimal. = ’

THEOREM 2.2. Let G be a tournament on N, and suppose that M = (N, %) has a
G-optimal base, S(G). Let x € N. Define

A, = {y € N | y dominates x, and x does not dominate y }
= {y € N |y # x and x does not dominate y } .
A, = {y € N |y dominates x }.

(1) If x € S(G) then A—x does not span x.
(2) If x & S(G) then A, spans x.

PROOF. Suppose first that x € S(G), and x depends on A, ie., A, spans x. Then
the set (S(G)) U A, — x contains a base, S. Since x & A, the bases S and S(G) are
distinct. By the Symmetric Swap Axiom there exists y € § — S(G) such that S(G) -
x + y is a base. Since y € A4,, the latter base improves upon S(G)— thus contradicting
the G-optimality of S(G).

Next suppose that x € S(G). Let C, be the (unique) circuit in S(G) + x. If x
dominates some y € C,, y # x, then the base S(G) — y + x would contradict the
G-optimality of S(G). Thus, x does not dominate any other element of C,, and
C, — x € A,. Therefore, x dependson A, i.e, A, spans x. =

The above theorem suggests an algorithm to find the G-optimal base, S(G). or verify
that it does not exist. An immediate corollary of Theorem 2.2 is that if there is some x
in N which is spanned by A, but not by A,, then S(G) does not exist. Note that this
situation might indeed occur since, in particular, A, is a subset of 4. Furthermore, if
M has a G-optimal base, then it is given by the set

(2.1) Xy = {xelei_,.doesnotspan x}.

Therefore, a necessary condition for the existence of a G-optimal base is that X, isa
base of the matroid M. It should be noted, however, that it is possible that X, is a base
of the matroid and S(G) still does not exist. This is demonstrated by the following
example.



366 R. HASSIN & A. TAMIR

EXAMPLE 2.1,

Consider the graphic matroid defined by the graph G, with the associated tourna-
ment G,. X, = {x, z, u}. However S(G) does not exist since X, is improved upon by
{y,z,u}. =

N

G,

Given that X, is a base, testing for the existence of a G-optimal base now amounts
to checking whether X; can be improved upon by a single swap of a pair of elements.

Algorithm 1. Finding S(G))

Step 1. Compute A, and A, for all x € N.

Step 2. Set X, = ¢.

Step 3. For each x € N do the following:

Determine whether A, spans x by computing and comparing the rank of A, and the
rank of A, + x. If x is not spanned by 4, set X, « X, + x. Otherwise, determine
whether A spans x by computing and comparing the rank of A, and the rank of
A, + x. If x is not spanned by A,, stop and conclude that S(G) docs not exist.

Step 4. If X; is not a base, stop and conclude that S(G) does not exist.

Step 5. Test whether thereexists x € X, and y € 4, y € X|, such that X; — x +
is a base. Il none exists S(G) = X|. Otherwise, stop and conclude that S(G) does not
exist. .

To estimate the complexity of Algorithm 1, we assume the existence of an indepen-
dence oracle or a rank oracle.

Step 1 can be performed in O(n?) time by using the tournament graphs Step 3
amounts to O(n) rank evaluations. Step 4 will need 1 rank evaluation, while Step 5
requires O(m(n — m)) such evaluations, where m is the rank of the underlying
matroid.

3. The optimization model. Given the matroid M = (N, &), suppose that each
element i € N is associated with an ordered pair of real numbers (a;, b,). To simplify
the presentation we now make the following assumption which is later removed in §4.1.

Nondegeneracy Assumption. 1f i and j are two distinct elements of N then

a,, b)) # (a;, b)).

For each independent set S define A(S) = X, c5a; and B(S) =L, sb,

Let g be a real strictly convex function defined on R?, and consider the following
optimization problem

(3.1) {;ﬂg};g(A(S).B(S))-
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To solve (3.1) we will apply the machinery developed above. Each point (A4, B) in
R?* will be associated with a tournament graph G(A, B) defined on N. Furthermore, if
S* is a base solving (3.1) and (A4, B) = (A(S¥), B(S*)), then S$* will be shown to be
the (unique) G (A4, B)-optimal base.

Our solution procedure will then be based upon ldenufymg the different tournament
graphs that are induced by al/l points in R2, and then computing their respective
optimal bases. Clearly each such tournament will produce at most one base, i.e., its
optimal base. A maximum solution to (3.1) will then be one of these optimal bases.
Our focus in this paper is on maximization problems that give rise to a polynomial
number of distinct tournaments and hence to as many optimal bases.

We start with the definition of the tournaments.

Let (A, B) be a point in R% Define a directed graph G( A4, B) with a vertex set N, as
follows: Let i, j be distinct elements in N. Nodes i and j are connected with an arc
directed from i to j if and only if

(3.2) g(A—a,+a, B-b+b)>g(4,B).
Furthermore, i and j are connected by an arc directed from j to i if and only if
(3.3) g(4+a,—a;, B+b,—b)>g(4,B).

Thus, if both (3.2) and (3.3) are satisfied then there are two oppositely dlrected arcs
connecting i and j.

THEOREM 3.1.  For every (A, B) in R?, G(A, B) is a tournament graph.

PrOOF. Let i and j be two distinct elements in N. Due to the nondegen-
eracy assumption the points (A4, B), (4 —a, + a,B—b;+0b)and (4 +a,-a,
B + b; — b;) are three distinct points in R2. The pomt (A, B) is the mean point of the
other two. Thus the strict convexity of g implies (g(A4 — a, + a;, B—b,+b;)+
g(A +a;—a;, B+b, - b))/2> g(A, B). Therefore,

(3.4) g(A—a,+a;,B—b+b)—g(A, B)
>g(A,B)—g(A+a,—a;, B+b,-b).

If (3.3) does not hold, then the right-hand side of (3.4) is nonnegative. Therefore the
left-hand side is positive and (3.2) is satisfied. This completes the proof. =
Our next task is to exhibit the relevance of the G(4, B) optimal base.

THEOREM 3.2. Let S* be a maximum solution to (3.1). Then S* is the (unique)
G(A(S*), B(S*))-optimal base.

PROOF. Suppose that S* is not the G( A(S*), B(S*))-optimal base. Thus there exist
i € $* and j € N, such that j dominates i with respect to G(A(S*). B(S*)). and
§S=S8*-i+j is a base. From (3.2) it then follows that g(A(S), B(S)) >
g(A(S*), B(S*)), which in turn contradicts the maximality of S*. =
As a consequence of the last theorem, S* is found when one detects all possible
distinct tournaments, and then locates and compares their optimal bases. To follow
this solution strategy we partition R? into a finite number of equivalence classes. Let
{G"}, 1 =1,....W denote the set of distinct tournaments defined on N. It follows

directly from the definition of a tournament that W = 0(3(2) ). Define the rth class
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Q' by
Q"= {(4,B) (4, B) € R*,G(4, B) = G'}.

We say that Q' is solid if there exists a base of the matroid, S, such that
(A(S), B(S)) € Q. For our purposes it will suffice to identify only the tournament
graphs corresponding to solid equivalence classes. To ensure that the total number of
those is not exponential we will next impose some additional conditions on the
objective function g, which so far has only been assumed to be strictly convex. The
specialized conditions that we consider will be general enough to include several
models in the literature. Our approach will also improve upon existing procedures for
these models.

Suppose that the function g is a 2-variable polynomial. Let i, j, i # j be two
elements in N. Define the polynomial g, (A, B) by :

gij(A’ B) = g(A —a;+a; B—-b+ bj) - g(4, B).

The number of distinct equivalence classes in R? is clearly bounded by the number
of topological components induced on R? by the set of n(n — 1) polynomials
{8:,(4, B)}. (It should be noted that we are considering here all topological compo-
nents, i.e., of dimension 0,1 and 2.) It is well known from the general ‘theorems on
algebraic manifolds, [MI, W], that the latter number is O(d Zn*), when d is the degree
of the polynomial g. Hence, for this case the number of distinct tournament graphs
corresponding to solid equivalence classes {Q'} is O(n?). -

Suppose that we can determine the signs of all the polynomials { g, (4, B)} at each
one of the O(n*) topological components induced by these polynomials. Then we can
clearly find the O(n*) tournament graphs associated with these topological compo-
nents. From Theorems 2.1 and 3.2, each such tournament contributes at most one base,
i.e., its optimal base, provided it exists. The maximum solution base to the optimiza-
tion problem is one of these O(n?) bases.

To illustrate this approach consider model (1.1) where g(A, B) = 4>+ B2 Then,
g:,(A, B) is a linear function, g, (4, B) = 2(a; — a;,)A + 2b,— b)B + (a; - a;)?
+ (b, - b))% To find the O(n*) tournament graphs it is sufficient to compute the
planar (subdivision) graph induced by the arrangement of the n(n — 1) lines { g, }. See
the introduction for the definition of the arrangement. This task can be performed in
O(n*) time and space by the recent algorithms reported in [CGL], [EOS}, and [EG].
When g(4, B) is not quadratic, as in (1.1), the task of finding the topological.cells, i.e.,
the set of maximal connected sets, in each of which all polynomials g,; are sign
invariant, is not that simple. The algorithms in [CO, BKR, KY] can be used to obtain
the O(n*) different sign patterns of {g;;} corresponding to the topological cells. In
general, these algorithms are polynomial but not strongly ‘polynomial for two variable
polynomials. The number of steps will depend (polynomially) on the length of the
binary description of the input, i.e., the rationals {(a,, b,)}, i € N, and the rational
coeflicients of the polynomial g. However, if the degree of each g, is at most 2, the
procedure in [COJ can be implementéd in strongly polynomial time. Since the degree of
any polynomial g, ; is one less than the degree of g, we conclude that the o(n*)
different sign patterns can be obtained in strongly polynomial time whenever the
degree of g is at most 3. The key element of the above procedure is the computation
and representation of the topological cells of dimension 0, i.e., isolated intersection
points of pairs of functions { g, }. When these functions are quadratic, each one of the
two components of an intersection point is the solution of a one-dimensional quartic
polynomial. 1t is well known that roots of polynomials of degree at most 4 have
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“closed form” representations. Using these representations the procedure in [CO]
becomes strongly polynomial when the functions {g,;} are quadratic. We also note
that from Galois’ Theory no “closed form” representations exist for a general polyno-
mial of degree greater than 4. Therefore, we cannot extend the above approach to
obtain a strongly polynomial scheme when some polynomials {g;;} are of degree
greater than 2.

The polynomiality assumption on g is not satisfied for models (1.3) and (1.6).
However, we will next extend the above approach to include these models and others
as well.

Let i, j € N, i # j. Define

R,;={(4,B)|g(A—a,+a;,B-b+b)>g(4,B)}.

Let f: R* — R* be a mapping of R? into R*. Further, let {T};}, i, j€ N, i # j bea
collection of subsets in R* such that (4, B) € R,; if and only if f(A, B) € T, for
i, jEN,i*]J

Suppose that each subset 7;; is an (open) algebraic manifold, i.e., there exists a
polynomial h; (x,,..., x;) such that

T;= {(xl?""xk) 'hij(xl’*"’xk) > 0}~

Then the number of distinct equivalence classes i.e., the number of tournaments
induced by the sets {R;;}, is bounded by the number of topological components
induced on R* by the set of polynomials { &, ;- 1f d, the maximum degree of {h,;},
and k, the dimension of R¥, are constant and independent of n, then the number of
components will still be polynomial in n {MI, W]. In this case we are still able to
implement the above approach to find an optimal basis.

For illustration purposes consider the model (1.5)-(1.6). Then

R, = {(A’, B’) |exp(A’ — loga, + loga;) + e‘xp(B' —log b, + log b;)

> exp(A’) + exp( B’)}
a,; b,
= {(A', B’) ](a—j_ - l)exp(A') > (1 - -b—’_)exp(B')}.
Define f: R? = R, by f(A’, B') = exp(A’ — B’). Also let

e ) -

The set of tournaments induced by { R;;} is the same as the set induced by (T, e
The latter set is of O(n?) cardinality, and it corresponds to the partition of the real line
induced by the rational points {d;;}. '

b\ /(4
d,-,= 1—3 -(7—1), i,jEN, i#+].
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We note in passing that for model (1.2)-(1.3)

&= {10 0= (1= Lot

Thus, define f: R? > R' by f(4, B) = exp(B’), and set T,, = {x|—a,+a,>
x(1 = b;/b;)}. The number of tournaments that should be considered is again O(n?).
They correspond to the partition of the line induced by the points b,(a; — a,)/
(b= b)), i, JEN,i#]j.

As a final example consider the problem of minimizing the cost/reliability ratio over
all spanning trees of a graph [CAN]. This problem has been solved in [CAT] by a
polynomial (but not strongly polynomial) algorithm. We now exhibit a strongly
polynomial algorithm.

Using our notation, the model is

(3.5) Max{ [15/% a,.},

SeB \es iesS

where a;, b, > 0 for i € N. Setting A(S) =X, .sa;, B(S) =X, c5logd, and using
the monotonicity of the log function we note that (3.5) is equivalent to

I llusi

R, ={(A4,B)14b;>b(A ~a,+a;)}. T,={x|xbj>b(x—-a,+a;)}.

ij
i, jEN,i#]j.

Therefore, again O(n?) tournament graphs need to be considered. These tourna-
ments correspond to the partition of the line determined by the points

bi(aj—ai)
(3’6) dlj= b _b ’ isjeNa ‘*_/-
J i

We can now state a strongly polynomial algorithm for (3.5) when M is a graphic
matroid.

Algorithm 2

Step 1. Compute and sort the numbers {d,;} defined in (3.6).

Step 2. Associate a tournament graph with each (distinct) positive point d;;, and
with the mid-point of each open (positive) interval defined by two consecutive points
of the sorted sequence found in Step 1. Thus each tournament is represented by some
point on the line. If v is such a point, let G, be the corresponding tournament.

Step 3. For each v construct G, as follows: j dominates i in G, (i.e, there is a
directed arc from i to j in G,) if and only if one of the following conditions is satisfied:

(@) b= b, and a; < a,.
(b) b;> b, and v>d, ..
(c)- by < b, and v < d,,

Step 4. For each v find the unique optimal G, base (provided it exists), using
Algorithm 1.

Step 5. Compute the objective in (3.5) at each one of the bases generated in (4) to
find an optimal solution to (3.5).
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To evaluate the complexity of the above procedure, we first find the complexity of
Algorithm 1 when the matroid is a graphic matroid. In this case n is the number of
edges of the underlying graph and the rank of the matroid is (k — 1), where k is the
number of nodes.

For a graphic matroid a rank evaluation can be performed in O(n) time. Therefore.
the complexity of Algorithm 1 for a graphic matroid is O(kn?).

There are O(n?) tournaments { G, } to consider in Algorithm 2. Therefore, its overall
complexity is O(kn*). Actually, in Step 4 of Algorithm 2 we do not have to verify the
existence of the optimal G, base. It will simply suffice to find the respective base X, by
Algorithm 1. In particular, when executing Algorithm 1 we can skip Step 5 there. This
leads to an overall complexity of O(n*) for Algorithm 2.

Since our goal was only to exhibit the existence of a strongly polynomial algorithm
we have not attempted here to obtain lower order algorithms by utilizing more
sophisticated data structures.

4. Extensions and concluding remarks.

4.1. Relaxing the nondegeneracy assumption. When the function g is a polynomial
the Nondegeneracy Assumption made in §3 can be removed by using perturbation.
Consider the perturbation where each a,, i € N, is now replaced by a, + €', ¢ > 0.

For each S € B the objective value g(A(S), B(S)) can now be viewed as a one
dimensional polynomial in ¢. Denote this polynomial by g(S).

For each ¢ > 0 the e-perturbed problem is to find a base, $*(¢), maximizing the
e-perturbed objective, i.e., g°(S*(¢)) = Max, . p{ g°(S)}-

Consider the subcollection consisting only of the distinct polynomials in the collec-
tion {g(S)}, S € B. Let # denote the set of all intersection (crossing) points of pairs
of polynomials in this subcollection, i.e., an element of Z is a root of a polynomial of
the form g(S,) — g(S,), where S, S, € B. # is clearly a finite set. Let ¢, be the
smallest positive element in Z. (If none exists, ¢, = 00.)

Therefore, there is a unique polynomial that dominates any other polynomial in the
above subcollection for all 0 < ¢ < ¢,. Furthermore, every base which maximizes the
e-perturbed objective for some €, 0 < é < ¢, also maximizes the e-perturbed objective
for all 0 < € < ¢;. Due to the continuity of g such a base is also optimal for the
original problem, i.e., ¢ = 0. Thus, to solve the original problem it is sufficient to find
some €, 0 < ¢ < ¢, explicitly, and then compute some base. S*(¢€), which maximizes
the é-perturbed objective.

Let # be the set obtained by augmenting ¢ = 0 to %. ¢ can be chosen as any
positive lower bound on the distance between distinct elements of #. To obtain an
explicit expression of ¢ we can use the results in [CAT1, GG, MIN]. We only need to.
know explicit upper bounds on the degrees and the sizes of the coefficients of the
polynomials in the above collection.

Such bounds can easily be obtained and expressed in terms of the numbers
{(a, b))}, i €N, and the coeflicients of the objective polynomial g. It is easily
observed from [CATI1, GG, MIN] that the size of € is polynomial in the size of the
above numbers. Furthermore, the total number of elementary rational operations
which are necessary to compute ¢ is independent of the encoding of the data. This
number is bounded by a polynomial in ».

Finally, note that by using a different perturbation we can also relax the strict
convexity assumption, and assume that g is only convex. In this case g(A. B) is
augmented by the term €(A4% + B?). An argument similar to the one used above shows
that it is sufficient to solve the modified objective for a specified value of € that can be
obtained explicitly in strongly polynomial time.
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4.2.  On the solution of nonmatroidal systems. The solution procedure that we have
presented above is not applicable, in general, to combinatorial problems that do not
satisfy matroidal properties. However, in those cases we might still get meaningful
results if we apply the general mcthod of generating all relevant extreme points
described in the Introduction. This is the approach taken in [CAT] to produce a
polynomial (but not strongly polynomial) algorithm to find the minimum cost /reliabil-
ity ratio over all spanning trees of a graph.

To illustrate this general procedure consider the problem of minimizing the cost/
reliability ratio over all directed simple paths of a graph connecting two specified
nodes s and ¢.

Let G = (V, E) be a directed graph with V and E as its sets of vertices and
(directed) edges respectively. For each edge i € E let b, (0 < b, < 1), and a,, respec-
tively, be the probability of functioning and the positive cost.

Given a source-sink pair, s,t € V, s # ¢, let 8 denote the set of all simple directed
paths from s to ¢. The set is not the collection of bases of a matroid. The optimization
problem is

. Z‘el'a'
4.1 M ! L
1) Min 11,25,

Define b = —logb,, i€ E, A(P)=1L,cpa; and B(P)=1X,.pb;. Then (41) is
equivalent to .

(42) Ming(4(P). 8(P))

where g(A4, B’) =log A + B’.

The concavity of g(A4, B’) implies that a minimizer of (4.2) is a path, say P*, for
which A(P*), B'(P*) is an extreme point of the convex hull of the set of two
dimensional .points (A(P), B’'(P)), P € B.

Furthermore, since g is isotone, i.e., montonic in both variables, P* is an extreme
point which is the unique minimizer of some isotone linear function. That is, there
exists y > 0, such that P* is the unique minimizer of 4 + yB’, over the above convex
hull.

In our model 0 < b, < 1, i € E, and therefore

(4.3) (A(P), B’(P)) 20 forall paths P.

It is shown in [G] that, p, the number of distinct (extreme) paths of the above
"convex hull that will minimize isotone linear functions, 4 + yB’, y 20, is p =
O((2n + 1)!*187) (5 is the number of vertices of G).

Using standard techniques (see [CAN, G]) all these extreme paths can be constructed
by solving O( p) shortest path problems. Due to (4.3), the edge lengths in these
shortest path problems are nonnegative. For a typical problem the length of edge i, 4,,
will be given by

(4.4) d;=a|B'(P) — B'(P,)| +14(P,) — A(P,)|b].

where P, and P, is a distinguished pair of paths.

Suppose that the original data {a;} and {b,} are rational. Then each d, is a linear
form in the logarithms of the data. Using the results in [CAT] we can determine signs
of such expressions in polynomial time.
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Therefore, the traditional algorithms to solve the shortest path problem can be
implemented in polynomial time to the data {d;} in (4.4). Coupled with the above
bound on the number of extreme paths, we have thus produced a subexponential
algorithm for the minimum cost/reliability ratio path problem (4.1). To our knowl-
edge, this is the first subexponential algorithm for this problem. See [HE] for related
results on parametric shortest path problems.

It is worth mentioning that there are several nonmatroidal systems for which the
above general method of generating all relevant extreme points yields polynomial
algorithms. One such model is the following,

Let T = (V, E) be an undirected tree, and let x be some distinguished vertex in V.
Suppose that each edge i in E is associated with a pair of numbers (a,, b;). Let 8 be
the set of all nonempty connected subtrees of T rooted at x, i.e., subtrees containing x.
Consider the maximization (3.1) over 8. This model can be solved in strongly
polynomial time using the general approach, if g is, for example, polynomial. The
polynomiality follows mainly from the fact that there is a linear number of relevant
extreme points in this case.

Another solvable variant of this model is obtained by letting 8 be the set of all
nonempty subtrees of T. In this case the number of extreme points can be shown to be
quadratic in |V|. A

4.3. Extensions to multiparameter problems. The algorithm, presented in §3, to
maximize two-parameter objectives can conceptually be extended to multiparameter
problems. For the k-dimensional case the ith element of the matroid will be associated
with k parameters, al, a2, ..., ak.'We then define for each base S, 4/(S) =X, ca/,
Jj=1.., k.

The optimization model is

(4.5) Max g(A(S)...., 4%(S))

where g is a convex polynomial, and B is the set of bases of the matroid M. Given
A A*, we say that j dominates i if

g(A'—a,!+a}.....A"—af+aj"f)>g(A' ..... A*).

With this domination ordering we define the appropriate tournament and obtain the
obvious extension of Theorems 3.1 and 3.2.

We can also obtain the topological cells induced on R* by the respective polynomi-
als { g;,}, using the algorithms in [TAR, CO, BKR, KY]. These algorithms are polyno-
mial for a fixed value of k.

Therefore, for a fixed value of k, we can still construct a polynomial algorithm for
(4.5). provided that a polynomial routine for testing independence in the matroid is
available. :

4.4.  Other related models. The solution procedure of §3 can easily be adapted to
maximize g(A(S), B(S)) over %, the set of all independent sets, instead of 8, the set
of all bases. If m is the rank of M = (N, %), for each integer k. k = 1,..., m. define
the A-truncated matroid M, = (N, #,) by ¥, = (S|S € Z.|S| < k).

Let B, be the set of all bases of M,. Using the procedure in §3. we can find for each
k. k=1,....m S aminimizer of Maxgc, g(A(S). B(S)).

It is now obvious that at least one of the sets S;*....,S* is a minimizer of
Max ;¢ £8(A(S). B(S)).
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At this point it is worth mentioning that, unlike the lincar case, when g is a general
convex function, the bases S*,..., S,* may not be nested. For example, let N =
{1,2,3} and let ¥ be the power set of N. If (a, b)) = (1,0) and (a,, b,) = (a4, by) =
(0,3/4) we obtain S* = {1} and S;* = {2, 3} for the objective in (1.1).

We should also observe that problem (3.1) may possess a local solution base, (i.e.,
onc which can not be improved upon by a single swap), that is not globally optimal.
For example, let N = {1,2,3,4} and let & be the power set of N. Consider M,, the
2-truncated matroid of M = (N, ). Set (a,, b,) = (a,, b,) = (3/4,0) and (a,. b;) =
(a4, bg) = (0,1). Consider problem (1.1) on M,. The set {1,2} is a local optimal base
which is not globally optimal. Indeed, for this example, {1,2} is one of the bases
generated and examined by our solution procedure.

Finally we consider the problem obtained from (3.1) by replacing the Max operator
by the Min operator. We claim that in this case the problem becomes NP-hard even
when g is quadratic and M is the uniform matroid.

Given a set of positive integers {a,,...,a,} consider the following partition
problem which is known to be NP-complete.

Determine whether there exists a subset S of N = {1,..., n}, such that A(S) =
A(N) — A(S).

Consider the matroid M = (N, %) by letting # be the power set of N, ie.,
F={S|SCN,S # @}.Let g(A) be the quadratic g(A4) = 4% + (A(N) — A)% Then
it is clear that {a,,..., a,} has a partition if and only if the solution value to the
following minimization problem is 2(A(N)/2)%.

(4.6) Tgiei;g(A(S))-

We have already noted above that (4.6) can be solved by solving for each k = 1,....n,
the problem

(4) Min 5(A(S))

where B, is the set of all bases of the k-truncated matroid. (Note that the k-truncated
matroid is exactly the k-uniform matroid, i.e., S € %, if and only if S is a nonempty
subset of N whose cardinality does not exceed k.)

Thus, we conclude that the minimization version of (3.1) is NP-hard even when g is
quadratic and M is the uniform matroid.
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