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Abstract

We consider the following problem: Given a graph with edge lengths satisfying the triangle
inequality, partition its node set into p subsets, minimizing the total length of edges whose two
ends are in the same subset. For this problem we present an approximation algorithm which
comes to at most twice the optimal value. For clustering into two equal-sized sets, the exact
bound on the maximum possible error ratio of our algorithm is between 1.686 and 1.7. © 1998
Elsevier Science B.V. All dghts reserved.
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I. Introduction

fet G=(V,E) be a given complete undirected graph, with node set V' and edge
set £. The edges in £ have lengths that satisfy the triangle inequality. The min-sum
p-clustering problem requires to partition V into p subsets, possibly of given sizes,
minimizing the total length of edges whose two ends are in the same subset. The
problem has numerous applications in various areas (see, for example, [2—5]).

In this paper we derive an approximation algorithm for a version of the problem in
which the sizes of the clusters are given. QOur results also apply when the sizes are not
given, only their number, giving the same error bound but with higher complexity.

The problem is known to be NP-hard for p>2. Sahni and Gonzalez [6] proved
that without the triangle inequality assumption tor p>2, a polynomial-time algorithm
that guarantees a bounded error ratio is not possible unless P=NP. Kann et al. [4]
strengthened this negative result and showed that there exists a constant a« such that
no polynomial-time af¥|?~#)-approximation algorithm exists for £>0, unless P = NP,
The complexity of a more general G-partitioning problem is analyzed in [3].

* Corresponding author. E-mail; hassin@math.tau.ac.il.

0166-218X/98/$19.00 © 1998 Elsevier Science B.V. All rights reserved.
Pll: S0166-218X(98)00(00-0



126 N. Gutimann-Beck, R. Hassin/ Discrete Applied Mathematics 89 (1998) 125-142

The minimum edge deletion bipartition problem is to find a minimum cost subset
E" CE such that (V,E\E') is bipartite. This is another version of min-sum 2-clustering.
Garg, Vazirani and Yannakakis [1} gave an O(log |¥'|) approximation algorithm for this
problem, without assuming the triangle inequality.

We consider the problem under the assumption that the distances satisfy the triangle
inequality. With this assumption we demonstrate that for any fixed p it is possible
to obtain in polynomial time an approximation of at most twice the optimal value.
Indeed, the actual factor may be smaller. For the special case of clustering into two
equal-sized sets, we prove that the approximate solution is within a factor 1.7 of the
optimal. We further show that this bound is not far from the exact one by present-
ing an example in which the approximation is 1.686 times the optimal value. The
example is tedious and therefore we chose to present a simpler one in which the
approximate solution is 1—32- times the optimal. The stronger bound is presented in an
appendix.

The common ways to solve the problem are either through constructive greedy
heuristics that sequentially merge two subsets so that the addition to the objective
is minimal or through local improvement methods which attempt to improve the so-
lution iteratively by moving objects from one cluster to another. We note that these
methods do not guarantee any constant bound on the error ratio. We demonstrate this
fact for local search.

We will denote with [(e) the length of edge e, for a subset £E'CE, [(£)=
> eck [(e), and for a subset ¥’ CV [(V') is the total cost of the edges in the sub-
graph induced by V’. Thus, given a set of p positive integers {k;}7, such that
S F ki=|V|=n, the min-sum p-clustering problem (MCP) is to find a partition
of V into disjoint sets {P}7 | such that Vie {1,...,p} |P|=k, and Y2, I(P) is
minimized.

Throughout the paper the optimal value for MCP is denoted by opt and the approx-
imation value for MCP is denoted by apx.

2. The star partitioning problem

The min star partitioning problem (SPP) is to find a set of p distinct nodes
{v;}2., C V and a partition of ¥ into disjoint sets {P,}7; such that Vi {1,..., p} |R|=
ki, v;e P, and Ef’;l k;l(v;, P) is minimized. We will use S * for optimal value of the
SPP.

We will show that
e SPP can be solved optimally in polynomial time.

e The cost of an optimum solution for an instance of SPP is at most twice the cost
of an optimum solution for the associated MCP.

Combining these 2 facts we establish a polynomial approximation algorithm for the

MCP.
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Find_partition
input
1. A graph G = (V,E).

r
2. Constants k,...,k, such that Zk,-: V1.
i=l
output
I. {l),' xpzl cr
2.P,... . Bchvie{l,...plveP,|Pl=k andVi#jPNP =¢.
begin
for every {v;}., CV
Define {ay,...,ap=,} =V\{v1,...,v,}.
Solve the following transportation problem:
Vi-p p

minimize Z Zkil(aj,vi)x,,
j=t =1
subject to
r
Y o=l
=]
Wl-p
Z xji=k—1,
j=!
x;i € {0, 1}.

Let ¥ be an optimal solution to this transportation problem.
Define \V/le{l,,p} Pf{vl “““ U"} :{v,‘}U{ajil <_j<“/l — pfji: l}

end for
Find {v},...,05} CV for which 377, kid(v, P,v{v""“"”}) is minimal.
g X
return (”Tav--,v:,P]{"‘ ""'l"},...,P,,{ Pt })

end Find_partition

Fig. 1. Algorithm Find _Partition.

Theorem 2.1. Procedure Find._partition (see Fig. 1) finds an optimal solution for
SPP. It can be executed in time O(n(P™1),

Proof. Let 7),...,0,, Vis..., 17,, be an optimal partition for SPP. Since the algorithm
checks all the subsets of V' of size p it will check the subset {#;,...,7,} and for this
subset find the optimal solution to the transportation problem, so the algorithm will
find the optimal solution to the SPP.

For a fixed value of p we can solve the transportation problem in time O(n),
using the algorithms given by Tokuyama and Nakano [7]. There are O(n”) subsets
{v1,...,v,} CV, so altogether the time complexity is O(n("*1)), [
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3. Clustering into p sets

Theorem 3.1. Let P,...,P, be the partition offered by Find_partition. Then

P
apx = Z I(P)<2opt.

i=1
Proof. Let v,...,v,,P,...,P, be the output of Find_partition. Then by Theorem 2.1,
§* = ,.’;1 kil(v;, Py).
Let O,...,0,CV be an optimal partition for MCP, that is opr= 3.7 1(O)).
Choose x; € O; such that

1(x,0;) = 5‘1513 (w, 0;).

Then,
200 =Y Iw,0)2 Y I(x,0) =kil(x;, 0y).
wey; weO;
Therefore,
P P
2opt=2) 10> Y kil(x;,0,)>5", (1)

i=1 i=1

where the last inequality follows from the definition of S*. On the other hand, using
the triangle inequality and the fact that /(v,0)=0 for all v€ V,

2Py =" > Upi, p2)

P\EF, pER

< o Y Upu) + i, )
PEPR pER,

=3 D e+ D Y M p)
P ER prER PIEP. p1€PR

= IP,II(U,,P,) + 'PIII(UI’PI)

= 2|P|l(vi, P})

= 2kil(vi, B}).

Therefore,

p p
apx="Y_I(P)< Y kil(v;, B) =S¥,

i=1 i=1
and by Eq. (1),

apx<8*<20pt. O
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4. Clustering inte 2 equal-sized sets

In this section we prove that for the case of partitioning into 2 equal-sized sets the
error ratio of our algorithm is no more than 1.7. First, we present a general lemma.

Lemma 4.1. Let S,TCV, SNT = ¢, then (assuming the triangle inequality)
|TH(SY<(IS] — DI, T).

Proof. Denote |S| =k, |T|=m. According to the triangle inequality, for every 1€ T

208)=>_I(5,5)

yES

=> > Msso<y, D Usn+is)
yE€S s €S\ {s} SES 5 €8\ {s}

=Y (k= DI+ L6S\{s}) =D _((k = 2)I(s,1) + K1,5))
sE€S s€S

=(k—=2)I(t,S)+ kI(t,S) =2(k — 1)I(1.5).

Summing over all f€T we get that
2ml(S)<2(k — DI, T). O

In the following discussion let x, y, P, O be the solution offered by Find_partition
and denote by T* =I(x,P) + I(»,Q). Let O),0, be an optimal partition. Define 4 =
PNO,, B=PNO, C=0QNO, and D=0N0,. So P=4AUB, Q=CUD, O, =
AUC and O, =BUD. Let 2n be the number of nodes in the graph. So |P|=|Q|=10|
=|0y|=n. Let |4|=k, then |D|=k, |B|=n—k and |C|=n—k. Without loss of gen-
erality, assume that £ >n— k. Fig. 2 demonstrates the relationship between the different
sets. Translating Eq. (1) to the notation of this section we obtain

20pt 2n(l(x, P) + I(y,0)) =nT™. (2)

Now, we show that the inequality can be achieved as the sum of the next 2 inequal-
ities:

Lemma 4.2.
2004+ D))+ (4, C) + (B, D)= kT™,

2(U(B) + I(C)) + (4,C) + I(B,D)=(n — k)T*.



130 N. Gutimann-Beck, R. Hassin/| Discrete Applied Mathematics 89 (1998) 125-i142

P Q
A C
k nodes n — k nodes

0, /
/

B D
0, n — k nodes k nodes

Fig. 2. The sets 4,B8,C and D,

Proof.
20(4) = Z l(a,4), 21(D)= Zl(d,D),
a€A deD
KA,C)=) U(a,C), IB,D)=Y Id,B).
a€A deD
So

2([(4) + (D)) + U(A,C) + B, D)= Ua,AUC)+ Y _ I(d,DUB)

acA deb
= Ua,00)+ > I(d,0).

a€EA den

Since x, y, P, solve SPP

VacA,deD Ha,01)+ I(d,02) = 1(x, P) + I(y, Q).
Thus,

200(4) + I(D)) + I(4,C) + (B, D) =k(I(x, P) + I(y,Q)) = kT*.
Similarly,

2((B) + I(C)) + I(4,C) + I(B,D) = (n — k)(1(x,P) + I(y,@))=(n — k)T*. O

In the next lemmas we will show that /(4, B)+/(C,D)<3(I(4, C)+1(B,D)) so when
1(4,CY+ (B, D) is small our approximation is good. On the other hand, we will show
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that when [(4,C)+ [(B,D)>0.35 opt then [(4,B)+1(C,D)<0.70pt+ (4,C)+1(8,D)
taking care of the case when /(4,C) + [(B.D) is large.

Lemma 4.3.
(4, B)<(n—k)l(x,4) + ki(x, B),
HC,DY<(n—BI(», DY+ Kl(»,C).

Proof. By the triangle inequality

I(A,B) = ZZl(a,b)

a€d bEB

<Y Y (Uax) + lx, b))

a€A beB

=(n—k)>_ Nax)+k Y 1x,by=(n—k)(x,4) + ki(x, B).

acA beR

Similarly,

HC,DY<(n - KYO,DY+kI(y, C).
It follows from the above two lemmas that

Corollary 4.4.
HAB)+ (CD)K2(HAY+ (DY) + (A, CY+ 1(B,D) — 2k — n)(l(x, A) + I{(y, D)).

Proof. It follows from Lemma 4.3 that
I(A4,B)+ {C,D)<k(I(x,B)+ U{(y»,C)) + (n — k)(I(x,4) + I(y, D))
Hence,
(4,8)+ HC, DY £ k(I(x,B) + (., C)+ l(x,A)+ (v, D)) — 2k — n)(I(x, A) + I(y. D))
= kT* — (2k — n)(I(x,A) + (3. B)).
Now from Lemma 4.2
HA,B)+ {C.DY<2(A)+ I(D) + (A, C)+ (B, D) — 2k — n)({(x,4) + I(y, D)).
[

The next corollary can be proved in a similar way.

Corollary 4.5.
HAB)+ (C,D)YK2(I(B)+ H(C))+ A4, CY+ 1(B,D)+ 2k —n)({(x,B)+ {y.C)).
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Lemma 4.6.
1, BY + I(y,C)< U(x,C) + I(y, B).

Proof. Since x, y, P, Q solve SPP I(x,A)+ I(x,B)+ {(»,C)+ (3, D)= 1(x,P)+ (1, Q)

is the value of an optimal solution to SPP.

e If xe4 and y€D (and similarly if x€ B and y € C) then Since x, y,{x} UAUC,
{y}UBUD is a possible solution for SPP

l(x,A)+ 1(x,B) + 1(y,C) + (3, D)< (%, 4) + I(x,C) + (¥, B) + I(y, D),

proving the claim for this case.

e If xeB and y € D (and similarly if x €4 and y € C) then for anode c€ C x, y, P, Q'
is a possible solution, where P’ = {x} U4U(C\{c}) and Q' = {y}U(B\{x})uDU
{c}. Therefore,

(x,A)+ 1(x,B) + I(y,C)+ {(y,D) € I(x,4) + I(x,C) — I(x,¢)
+i(y,B) — l(y,x) + (3, D)+ I(y,c).
By the triangle inequality I(y,c¢) — {(y,x) — I(x,c) <0, proving the claim for this
case as well. O
Lemma 4.7.
I{A,B) + I(C,D)<3(1(4,C) + I(B,D)).

Proof. By the triangle inequality
K(x,e)= 3" l(x,c)< Y (Ixa)+ la,c))=1I(x.4) + I(c, ).

a€A a€A

Summing over c€ C

k(6 C)< Y (U, A) + le, A)) = (n = k)I(x, 4) + (4, C).
ceC

Similarly,
k(y,BY<(n - k)I(y,D)+ I(B,D).
Since x, y, P, Q solve SPP and from Lemma 4.6
I(x,B)+ 1(».,C)<I(x,C) + I(y,B),
S0
k(1(x,B) + I(y,C)) <(n — k)((x,A) + I(p, D)) + I{4,C) + I(B, D).
Lemma 4.3 states that

I(A4,B)+ I(C,D)<k(I(x,B) + (3. C)) + (n — k)({(x,4) + I(y, D)).
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Therefore,

I(4,B) + (C,D)Y<2(n — kYI(x,A) + I(»,D)) + I(4,C) + I(B, D). (3)

There are two cases to be considered:

o (n—k)(I(x,A) + I(y,D))<I(4,C) + I(B,D). In this case the claim of the lernma
follows directly from Eq. (3).

e (n—k)((x,4)+ I(y,D))>U(A,C)+ I(B,D).
Lemma 4.2 states that

(n = K)YU(,A)+ 1y, D)+ 1(x, B) + 1(y,C))<2({(B) + I(C)) + I(4,C)+ (B, D).
Under the assumption of this case it follows that
(n = k)(I(x, B) + I(y, C)) <2(/(B) + I(C)).

(4)
Corollary 4.5 states that

HA4,B)Y+ H(C,DY<K2({(BY+ I(C))+ (A, CY+ (B, D) + 2k — n)({(x,B) + I(»,C)).

By our assumption 2k — n20, and with Eq. (4) it follows that

I(4,B) + I(C,D) < 2(I(B) + I(C)) + I(4,C) + I(B,D) + 3’15_-__—1—('1(2(1(3) +I(C))

= I(4,C) + I(B,D) + 2(I(B) + l(C))'%E.

According to Lemma 4.1 [k/(n — &)]I(B)<I(B,D) and [k/(n — k)]{(C)< (A, C), so
that

HA,B)+ (C,D)SI(A,C)+ (B,D)+ 2(I(4,C) + I(B, D)),
proving the lemma for this case too. O
Lemma 4.8. Jf 0.350pt <I(4,C) + I(B,D) then
i(4,B)+ I(C,D)<0.70pt + I(A,C) + I(B,D).
Proof. According to the way the sets were defined
opt =1(A)Y+ I(B) + (C)+ (D) + I(4,C) + (B, D).

Define « to satisfy /(B) + [(C)=wopt. Then, by the assumption of the lemma

I(A) + (D)< (1 — 0.35 — a)opt = (0.65 — x)opt.
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If 2k —n)(I(x,4)+ {(y,D))> (0.6 ~ 2a)opr then
2([(A) + (D)) — 2k — n)(I(x,A) + {(y, D)) < (2(0.65 — a) — (0.6 — 2a))opr
= 0.70pt.
By Corollary 4.4
I(4,B)+ I(C,D)<0.70pt + I{4,C) + I(B,D).

Otherwise, (2k — n)(l(x,A) + I(y,D)) <(0.6 — 2a)opt. Now there are 2 cases to be
considered:
® k=[(19 — 40a)/(26 — 40a)]n.
In this case n —k <[7/(26 —40a)In and 2k —n=[(12 —40a)/(26 — 40a)]n. Since
2k = n)((x,4) + I(y,D)) < (0.6 — 2a)opt

7

(n = k)10, A) + 13, D)) < 75—45~

(2k — n)(I(x,4) + (y, D))

< 7 3-1u 1 <0350p1
DEVIEPTRE S

Therefore, using Eq. (3)
1(4,B)+ I(C,D)<0.70pt + I(4,C) + I(B, D).

o k<[(19 - 400)/(26 — 40a)]n.
In this case n — k=[7/(26 — 40a)]n and 2k — n<[(12 — 400)/(26 — 40a)]n.
If (n—k)(I(x,4) + I(y,D)) <0.350p¢ the lemma is proven as before. Otherwise,
since k =n/2,

g(l(x,A) + I(y,D))=(n — k)(I(x,A) + I(y,D))>0.350pt.
By Eg. (2),
S A)+ 10 D)) + 5 (UxB) + 13, O)) <opt

= g(l(x,B) + I(y,C))<0.650pt.

12 - 40a n
_ & st —
= 2k —n)(I(x,B)+ I(y,C)) < T 200(2(1()6,3) +1(».C))
12 — 400
. .
<33T 20&0.650‘0[

By the definition of a,

2(I(B) + I(C)) + (2k — n)(I(x,B) + I(y,C)) < (Za + %}%0.65)0,7:.
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Define f(o) =2+ [(12 — 40x)/(13 — 202)]0.65. f has a local maximum when
(13 - 200)* =91 =0 = 0.173.

For this value of «, f(a)=0.6921. f has an asymptote at «=0.65, and by ap-
proaching this value from the right, the function goes off to infinity. However,
since we assume that k <[(19 — 40a)/(26 — 40a)]n, we only care about values of
o for which 0<(19 — 40a)/(26 — 402) <1 which holds for a< %g, giving that the
local maximum we found is an upper bound for f(2«) for all relevant values of
®. So in any case

2I(BY 4 I(C)) + 2k — nXI(x,B) + I(y,C))<0.Topt.

Corollary 4.5 states that

(A,B)+(C,DYK2(/(B)+ I(C))+ (A, CY+I(B, D) + (2k—n)(I(x,B) + I(»,C)),
hence

[(A,B)+ I(C,D)<0.70pt + (A, C) + {(B,D). d
Theorem 4.9,

apx<1.7opt.

Proof. There are 2 cases to be considered
1. I(4,C) + I(B,D)<0.350p!.
Lemma 4.7 states that /(4,B)+/(C,D)<3(I(4, C)+I(B,D)). Therefore, in this case
apx =opt +(A,B)+ I(C,D)—l(4,C)— I(B,D)<opt +2(I(4,C)+ (B,D))< 1.70pt.
2. 0.350pt <l(4,C) + I(B,D).
By Lemma 4.8 it follows that

(4, B)Y+ I(C,D)<0.70pt + I(A4,C) + I(B,D)
=apx < 1.70pt. O

We present now a family of instances in which apx is asymptotically l%opt. Consider
the graph described in Fig. 3.

In the graph there are 4 sets of nodes 4,8,C and D, each containing ¢ =n/2 nodes.
In A there is one specific node denoted x. In D there is one specific node denoted y.
The length of an edge connecting two nodes from the same set is 2. The other edge
lengths are defined according to the following rules:
acA\{x},c€eC=l(a,c)=1,
acA\{x},beB=l(a,b)=3,
beB,deD\{y}= I(b,d)=1,
ceCdeD\{y}=I(c,d)=3,
ceC=Il(xc)=2 lyc)=1,
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A 1 C
z
Uy
| (

Fig. 3. A l% example.

e beB=1(y,b)=2, l{x,b)=1,

e beB,ceC= l(b,c)=3,

e acd,deD=(a,d)=2.

It is clear from the above definitions that

IA)=1(B)=UC)=UD)=q(g — 1),
I(4,C)=1(B,D)=(g - 1)g +29=¢* + g,
I(4,B)=UC,DY=3(q ~ 1)g + q¢=3¢" — 2.

For a node b € B, the closest nodes to it are of distance 1. There are exactly ¢ nodes
of distance 1 to b, the g — | nodes in D\{y} and the node x. The other nodes have a
greater distance to b. So for every PCV, |P|=2q, be P, I(b,P)2q+2(q—1)=3g-2.

Similarly, for every node c € C and every PCV, |P|=2¢q, c€P, l(c,P)=3q — 2.

For every node a € A\{x}, the closest nodes to it are of distance 1. There are exactly
g nodes of this distance, the nodes in C. The other nodes have a greater distance to
a of length at least 2. So for every PCV, |P|=2g, a€ P, l(a,P)>=3q — 2. Similarly,
for every node d € D\{y} PCV, |P|=2q, d€P, I(d,P)23q - 2.

For x there are ¢ nodes of distance 1 (the nodes in B) and g — 1 nodes of dis-
tance 2 (the nodes in 4), so that /(x,4 UB)=23g—2. In the same way, {(y,CUD)=3qg
~ 2, so that x, y,4UB, CUD solve SPP. So the approximation may offer the partition
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AUB,CUD and
apx = I(4) + I(B) + I(C) + I(D) + I(4,B) + I(C,D) =4q(q — 1) + 2(3¢* — 29)
=10¢° - 8¢.
On the other hand, the optimal solution to MCP is the partition AU C,BUD, so that

opt =1(A)+ I(B) + I(C) + I(D) + I(A,C) + I(B.D) =44(qg — 1) + 2(¢* + q)
=6g° — 2q.

So, when ¢ goes to infinity apx = l%opt.

5. Local search

We wish to show that the application of local search to MCP may give a bad
approximation result, even for the case of partitioning the graph into 2 equal-sized
sets.

We consider two variations.

1. In each iteration the algorithm considers swapping two nodes, one from each
existing set of nodes.

We will show that for each 0 <¢<1 the algorithm may give an approximation for
which apx = lopt.

Let 0 <e<]. Choose n satisfying n>1 + % (hence &(n — 1)>1). Consider a graph
containing 2n nodes (described in Fig. 4). The nodes are divided into 4 sets (4,8,C
and D), each containing 7 nodes.

An edge connecting 2 nodes from the same set is of length 0. The other edge lengths
are defined according to the following rules:

YacA,beB l(ab)=1,

YeeC,deD l(c,d)=1,

Vacd,deD la,d)=1 +eg,

VYbeB,ceC l(b,c)=1+s,

YacA,ceC la,b)=c¢,

VYbeB,deD Kb,d)=c¢.

Suppose that the partition P=4 U B, =CUD is given.

Lemma 5.1. When the algorithm considers exchanging a node a € A and a node ¢ € C
it will choose not to perform the exchange.

Proof.
la,P\{a})=l(e,Q\{e)) =7,
while,

ia,O\{c})= l(c,P\{a}>=§(1 +e)+ (g -1
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A C
£
14+¢
1 1
14e
€
B D

Fig. 4. Bad example for local search,

so that
Ha, Q\{c}) + Ue, P\{a})>n(l + &)>n={a, P\{a}) + Uc, O\ {c}). O

Lemma 5.2. When the algorithm considers exchanging a node a € A and a node d € D
it will choose not to perform the exchange.

Proof.

la,P\{a})=1(d, Q\{d}) =5,
while

Ka.Q\{dh) =Id, P\{a))=2e + (5 1) (1 +9).
So that

Ha,Q\{d})+ I(d,P\{a})=n+2(e(n — 1) — 1)>n,
where the inequality follows from the way that n was defined. Therefore,

la, O\{d}) + U(d, P\{a}}))> U(a,P\{a}) + U{d,Q\{d}). O

Similarly, when the algorithm considers exchanging a node from B with a node from
C or D, it will choose not to perform the exchange.

Hence the partition P,(Q, is locally optimal and apx = [(P) + Q)=n?/2, while
opt=I1(AUC)+ (BUD)=(n?/2)e. Thus,

1
= —Opl.
apx = —op
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2. Suppose we are looking for the best partition of the graph into 2 sets, not necessary
of equal sizes. In this case we may consider another version for the local search:

In each iteration the algorithm considers moving a single node from its set to the
other set.

Let £>0. Again choose n>1+ 1.

Look at the same instance as before.

Suppose that the partition P=AUB, @Q=CUD is given.

Lemma 5.3. When the algorithm considers a node a€ A it will not change its set.

Proof.
n
l(a,P\{a})= 7
On the other hand,

l(a,Q) = ga + g(l + a):-;- +ne>la,P\{a}). O

Similarly when the algorithm considers a node from B,C or D it will not change its
set. So again the local search gives

Appendix A. 1.686 example

To construct the example we considered the graph shown in Fig. 5. In this graph we
defined as variables the lengths of the edges. We formulated a linear program in which
the values a,..., A are the variables and the objective is to maximize the approximated
value subject to a given value of the optimal solution. We took into consideration only
costs related to a quadratic number of edges. Other terms became negligible when
each node is replaced by m nodes and we let m go to infinity. We defined a set of
inequalities to maintain that:

e AUC,BUD is an optimal solution to the MCP,
e AUB,CUD is an optimal solution to the SPP.
e The edge lengths satisfy the triangle inequality.

The solution obtained is described in Fig. 6. There are 4 sets of nodes 4,8,C and D.
A and D contain 0.585¢g nodes each, B and C contain 0.415¢ nodes each. In 4 there
is one distinguished node denoted x. In D there is one distinguished node denoted y.
Let

V|=2q, a=14.134276, [=24.161155.

The edge lengths are defined according to the following rules:
o a,a; EA\{x}=Il(a),a2) =5,
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Fig. 5. The graph used to construct the example.

dl,dQED\{y}=> l(dl,dz)zig,
by, by EB=>1(b1,b2):2ot,
1, €C= ey, ) =20,
acA\{x},ce C=l(a,c)=a,
beB,deD\{y}=l(b,d)=a,
ceC=Il(x,c)=1(y,c)=2a,
beB=lx,b)=1(y,b)=2a,
beB,ac A\{x} = l(a,b) =3,
ceCdeD\{y}= l(c,d)=3ua,
beB,ceC=l(b,c)=2a,
ac€A,deD=l{a,d)=2a,
aeA\{x}=Il(x,a)=2,
deD\{y}=1l(y,d)=u,
acA= l(y,a)=2q,

deD= l(x,d)=2u.

By the above definitions

I(4)= (D) =(0.5859)*f/2 + o(¢g*) = 4.13427564° + o(q?),
I(B)= (D)= (0.415¢)*20/2 + o(g?) = 2.43427564% + o(4?),
I(4,C) = (B, D) =0.585¢0.415q0 + o(g*) = 3.43144884¢% + o(g?),

I(4,B) = I(C, D)= 0.58540.415¢3a + o(g?) = 10.2943464° + o(q?).
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Fig. 6. A 1.68 example.

For a node b € B, the closest nodes to it are of distance «. There are exactly 0.585¢
nodes of distance a to b, the 0.585¢ nodes in D\{y} and the node x. The other nodes
have at least distance 2a to b, So for every PCV, |P|=¢q, beP, I(b,P)=0.585qgu
+ 041520 = 1.415g =20q .

Similarly, for every node c € C and every PCV, |P|=gq, c€ P, I(c,P)220q.

For every node a € A\{x}, the closest nodes to it are of distance a. There are ex-
actly 0.415¢ nodes of this distance, the nodes in C. The other nodes have a greater
distance to a of length at least . So for every PCV, |P|=q, a€P, l(a,P)=0415x
+ 0.5858=20q. Similarly for every node d € D\{y} and for every PCV, |P|=q,
deP,l(d,P)z20q.

For x there are 0.415¢ nodes of distance 2x (the nodes in B) and 0.585¢ — 1 nodes
of distance « (the nodes in A), so that /(x,AU B)<0.585gx + 0.415g2a=20q. In the
same way, /(x,CUD)<20gq, so the partition x, y,4UB,CUD solves SPP. Hence the
approximation may offer the partition 4 UB,CUD and

apx=1(A) + I(B) + I(C) + (D) + I(4,B) + I(C,D)=33.72579444> + o(q*).
On the other hand, the optimal solution to MCP is the partition 4 UC,BU D, so that
opt =I(A) + I(B) + (C) + (D) + I{A,C) + I(B,D)=20g* + o(g?).
So, when g goes to infinity

apx = 1.686opt.
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