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Abstract

Consider two servers of equal service capacity, one serving in a first-come first-served
order (FCFS), and the other serving its queue in random order. Customers arrive as a
Poisson process and each arriving customer observes the length of the two queues and
then chooses to join the queue that minimizes its expected queueing time. Assuming
exponentially distributed service times, we numerically compute a Nash equilibrium in
this system, and investigate the question of which server attracts the greater share of
customers. If customers who arrive to find both queues empty independently choose to
join each queue with probability 0.5, then we show that the server with FCFS discipline
obtains a slightly greater share of the market. However, if such customers always join
the same queue (say of the server with FCFS discipline) then that server attracts the
greater share of customers.

1 Introduction

The subject of this paper is the analysis of a competition between two servers facing
a homogeneous population of customers. The only difference between the servers is
that one maintains a first-come first-served (FCFS) queue whereas the other maintains
random order, meaning that the next customer to be served is randomly and uniformly
selected from those present in the queue. We assume that the queues are observable,
meaning that an arriving customer knows the length of the queue when choosing a
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server. We are interested in the way the market splits between the two servers. For
simplicity we assume that no admission fee is charged by either of the servers so that
customers choice between the servers is solely aimed at minimizing their expected
waiting time.

The following deterministic example is illustrative: Consider N customers who need
service. There are two servers that are identical in all but their service regime. One
serves its customers in FCFS order, and the other server serves them in random order.
The number of customers, NV, is common knowledge. Both servers start operating at
time 0. Before this instant, customers choose servers according to an arbitrary order.
This choice is irrevocable. No new customers are expected to arrive, and therefore each
server operates till its queue is empty. How will the N customers split between the
two queues in a Nash equilibrium? The answer is that two thirds of the customers will
join the random queue. (If N = 3k + 1 where k is an integer then there are two Nash
equilibrium solutions, where the random server gets 2k + 1 or 2k customers.) This
way, the expected wait of an additional customer in either of the queues exceeds his
expected wait in the queue he had chosen.

Assuming that the servers make profit from each served customer, we see that the
server using the random discipline obtains a higher profit. This is because the server
using the FCFS discipline is unable to charge a higher price to those who get a better
position in the queue (whereas the expected welfare of every customer in the random
queue is identical).

In this paper, we consider a structured model of a congested system - that of a
Markovian queue managed by competing servers who aim to maximize profits. We
consider a queueing system with a Poisson arrival process risk neutral customers who
are identical in all but their arrival time. We denote the rate of arrival by A. There
are two servers with exponential service of rate u each. The queue length is observable
to the customers while making their decision of whether or not to join it. The two
servers are identical except for that one server conducts a FCFS queue (denoted Q r)
while in the other queue (denote @ r) the service order is random. Our main question
is which of these two servers is expected to get a higher share of the demand. We note
that by our assumptions, joining the shorter line (with an arbitrary tie breaking rule)
is socially optimal. However, we assume self-interested customers who independently
seek to maximize their own welfare.

Our model can be viewed as a noncooperative game where the players are the
customers and a player’s objective is to minimize his payoff defined as the time until
the end of his service. (The payoff may be infinity, if the joining rate to the random
queue exceeds its capacity.)

Ezistence of an equilibrium in this model follows from a standard argument using a
fixed-point theorem. There are countably many players. A pure strategy is a function
that assigns, to every possible state of the two queues, whether the player joins the
ordered queue or the random queue. Since there are countably many possible states
for the two queues, the space of mixed strategies is compact in the product topology.



The player’s expected payoff if he joins the ordered queue depends only on the state
of the ordered queue, while his payoff if he joins the random queue depends on the
states of the two queues, as well as on the strategies of the other players. However,
this function is continuous in the strategies of the players (when we consider the one
point compactification of the set of real numbers). A standard use of a fixed-point
theorem shows that a symmetric equilibrium exists. However, an analytic construction
of an equilibrium solution or even a proof of uniqueness of the solution is out of reach.
Therefore we concentrate on a numerical solution of the model.

Uniqueness of the threshold strategy is fundamental to enable us to draw meaningful
conclusions from our numerical study. We are not able to give an analytical proof of
uniqueness, and leave it as an open problem. However, we observe in our numerical
study that the search for a solution converged to the same solution while starting it
from different initial solutions, thus providing numerical support to the claim that the
equilibrium is indeed unique.

2 Related literature

The choice of an appropriate service regime in a queueing system has been the subject of
extensive research. In practice, it seems that the FCFS discipline is the natural regime
when the population of potential customers is homogeneous. The main argument in
favor of this regime is that it represents some sort of fairness (see, for example, [6, 5]).
Giving priorities to certain customers over others is natural when customers differ
in their service requirements or cost parameters (see [16] for a survey). Last-Come
First-Served (LCFS) has been shown to have surprising advantages over FCFS when
customers can observe the queue before making a decision of whether or not to join it.
The reason lies in the sub-optimality of a customer’s decision as first analyzed by Naor
[21], caused by negative externalities associated with joining. As observed by Hassin
[12] (see also [1]) these externalities are not present under LCFS.

Information, if properly used, may be useful to both customers and servers. How-
ever, as follows from the work of Naor [21] and Edelson and Hildebrand [8], customers
and servers may exploit information in a way that eventually reduces their welfare.
This raises the question of whether customers should be informed about the queue size
or other parameters that are relevant to their decisions (such as the quality of service,
and conditions of waiting). Hassin [11] shows that depending on the input parameters,
it may or it may not be socially desirable to reveal the length of the queue in front of
a profit maximizing server to customers who consider whether or not to join it.

Guo and Zipkin [10] consider customers whose waiting time costs per unit of time
are uniformly distributed on [0,1], and three levels of delay information: no information,
length of queue, and exact waiting time. They show how to compute the performance
measures in the three systems. Their model has no entry pricing, and welfare increases
when more accurate delay information is available.

Debo, Parlour, and Rajan [7] consider a firm that knows the quality of the service
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it provides but cannot credibly communicate it to its potential customers. Customers
possess private imperfect information on the quality of service. There are two types
of customers, differing by the quality of their private information, as expressed by the
probability that it provides the correct answer. Each customer updates its beliefs after
observing the length of the queue and decides whether or not to join or balk. The
authors show that in general, when waiting in the queue is costly, the equilibrium
behavior is not of the threshold type. Other results on the value of information in
queueing systems are discussed in [2, 13, 15, 19].

Arnott, de Palma, and Lindsey [3, 4] analyze effects of information on participation
and time-of-use decisions in congestible systems, when capacity and demand fluctuate.
Some other papers dealing with related questions are mentioned in these references.
They conclude that with appropriate price regulation of the system, added information
can improve the efficiency of the system. Otherwise, the effect of information may be
negative.

The appropriate regime may also be a decision variable for servers under competi-
tion. Hassin [13] shows that a server who reveals the queue length has an advantage
over his competitor who hides this information (see also [2]).

We study equilibrium in threshold strategies. For a theoretical analysis of such
equilibria one usually assumes some monotonicity conditions on the equilibrium payoff,
and then uses the dynamic programming principle to show that if the continuation
payoff satisfies these conditions then so does the solution of the dynamic programming
equation. When one studies one-player problems (like bandit problems), it is possible
to prove uniqueness. When one studies multi-player games, the equilibrium is usually
a fixed-point of the dynamic programming equation, and so its existence is guaranteed
by a fixed-point argument, that does not yield uniqueness. Uniqueness of threshold
strategies has been proved for several models, some of which are described below.
Note that the game associated with our queueing system is an undiscounted stochastic
game with perfect information and infinite number of players and states, in which each
player plays only once. Therefore, none of the results described below, which deal with
discounted games, applies to our model.

Gittins and Jones [9] proved the existence of a unique threshold strategy in dis-
counted bandit problems (one-player decision-making problems with incomplete infor-
mation). Rosenberg, Solan and Vieille [23] proved that in two player bandit games, in
which each player operates a two-arm bandit machine, one arm is safe and the other
is risky, the risky arm has two possible types, and the types of the risky arms of the
two machines are the same (and unknown), all equilibria are in cut-off strategies. In
general equilibrium models, that are one-shot games, equilibrium uniqueness can be
proved under proper conditions (e.g., Kehoe [17]) and tests have been devised to check
whether such a model has a unique equilibrium (e.g., Kehoe and Whalley [18]). One
economic model (one shot) in which uniqueness of equilibrium was proved is a model of
self-fulfilling currency attacks (Morris and Shin [20]). In discounted stochastic games,
uniqueness was proved in specific models. One is Pauzner and Frankel [22], where the



key assumption is strategic complementarity, which does not hold in our model.

3 Equilibrium

The expected waiting time of a customer who joins the FCFS queue only depends on
the length of the queue. However, for a customer who joins the random queue, the
expected waiting time depends not only on the queue length there but also on the
behavior of future arrivals (the more they tend to join the random queue the higher
is the expected wait there). Thus, we are looking for a (Nash) equilibrium, such that
each customer adopts a rule for deciding which queue to join (as a function of the
queue lengths it sees upon arrival), and no one customer can become better off by
changing its decision rule. We are interested here in a natural type of equilibrium,
that of equilibrium threshold strategies. Note that we do not exclude the existence
of equilibrium solutions of different types. For example in [14], in a model where it
natural to have threshold strategies in equilibrium, it is shown that for specific data it
is possible to have an non-threshold equilibrium strategy. This construction assumes
specific that a choice is made when customers are indifferent to two alternative acts.

A customer who observes upon arrival that both servers are idle, is indifferent to
joining either of the queues. We make the natural assumption that in this case, the
customer randomly selects one of the queues with equal probabilities.

The principles of equilibrium behavior in queues are well investigated in a rich
literature, and surveyed in the book [16].

In the context of our model, it is natural to consider strategies in which, given the
length of @, customers enter Q) if and only if its length is less than a given constant
called a threshold. However, it is possible that if everyone in the population has a
threshold n then a deviant whose threshold is n + 1 has a smaller expected wait, while
if everyone in the population adopts a threshold of n + 1 then deviating to a threshold
of n reduces the expected wait. In such a case no pure strategy of the threshold type
defines an equilibrium. Consequently, we follow [15] (see also [13]) and extend the
definition of a threshold as follows. Denote by (f,r) the it state of the system, where f
and r respectively denote the number of customers at the FCFS and random systems,
including customers in service. Consider a customer who observes state (f,r) upon
arrival.

Under a threshold strategy with a threshold vector xy = ny+py, f=0,1,...,
ng € IN, pr € [0,1), a customer always joins Qr if r < ng, always joins
QF if r > ny, and when r = ny, the customer joins Qgr with probability py
and Qr with probability 1 —py.

If z; are integers (ry = 0 for every f), the strategy is pure. Otherwise, it is mized.
By assumption, when r = f = 0, a new arrival selects each one of the servers with
probability 0.5. Clearly, if f = 0 and r > 0 the new arrival joins Q) . This means that



xo = 0.5. We also observe that if f = 1 then a new arrival joins Qg if and only if
r = 0. This means that x; = 1.

Definition 3.1 E,(f,r) - the expected queueing time (that is, excluding service) of a
customer at @ g, given that there are r customers in Qg and f customers in Qp (f
and r include customers in service). This variable is defined for » > 2 and f > 0 since
we assume that Qg has at least one customer in service and another one in the queue.

The following conditions, for every f > 0, are necessary and sufficient for an equi-
librium:

1. If p; > 0 then E,(f,n;+1) = 5
2. Otherwise, E,(f,ny) < £ < Ey(f,np +1).

The first condition means that at state (f,ns) a customer is indifferent to joining
Qr and waiting during f service periods before starting service, or joining () and
having expected queueing time of Ey(f,ns + 1). The second condition states that at
state (f,ny — 1) one prefers to join Qg and have expected queueing time of E,(f,ny)
rather than wait for f service completions. However, at state (f,n ) one should join
@ r and having expected queueing time of £ rather than joining )z and have expected
queueing time of Eq(f,ny+1).

We now define a set of equations satisfied by the conditional expected queueing
times for a given threshold strategy. We find it convenient to define E4(f,1) = 0 for
every f > 0.

For r > 2:

2
A+ W) Ey(0,7) =1+ u:_—lEq(O,r — 1)+ AEy(1,7).
For f >0 and r > 2:
r—2
O+ 2B = 1 (Ef7 = L)+ S E(for = 1)) + A (B, + L)L,

t Ey(for+ Wicn, + [ Ey(fr + 1)+ (L= pp) Ey(f +1.0)] T, ).

where I denotes the indicator function. These equations use the fact that in state (f, )
there are r — 1 customers in the queue Qr, and when service is completed, there is a
probability of ﬁ for each of them to obtain the next service.



4 Steady-state probabilities and arrival rates

Consider a given threshold strategy. Let m;, denote the steady state probability of
state (f,r). Then:

Ao = plmio+ 7o)
A+ w)mo = plra + m0] + 0.5Mm0 0.
A+ p)mo1 = p[mg+ mo2] + 0.5 7m0 0.
A+ wrro = plrpr+7ppa0l, 22
A+ )T, = plrie+Top] 7> 2
A+2u)mpr = plrpir, + mpepal

+A (ﬂf—177“17">nf—1 + (1 - pf—l)ﬂ-f—lm:[r:nf_l

+ pfﬂ'f,r—lIr—l:nf + 7Tf,r—1L“—l<nf) . fir>1

YD o = L

F>07r>0

Given an equilibrium solution, the arrival rate to Qg is

ny—1
AR = )\Z ( Z Tt —|—7Tf,nfpf) )

f>0 \ r=0

and the arrival rate to Qp is A\p = A — Ar. The market share of QQr is defined as )‘TR,
and similarly, the market share of Q) is )‘TF

5 Method

In our numerical study, we approximate the solution as follows. We consider a queue
with a finite waiting room for each of of the servers. Thus, for a parameter K, we
assume r, f < K. Our choice of K = 120 gave consistent results for p = ﬁ < 0.96.
This value can also be justified by the following argument. Approximate the system
by an M/M/1 queue with the same utilization factor p. The probability that the
total number of customers exceeds 2K is then p?X. Choosing K = 120 is sufficient to
ensure that the boundary is reached with a very small probability for p < 0.96, since
0.9620 ~ 0.00005.

We assume that arrivals who want to join a queue, but this queue is at its maximal
length, are lost. Thus we obtain a finite-state system.

Starting with an arbitrary initial threshold strategy, we recursively solve approxi-
mate values for E,(f,r) for f,r =0,..., K. Given these values, we compute in each
state the preferred action between joining (Qr and Qr obtaining best response pure



(in general) threshold strategies. Let ¢(f) be the maximum value of r for which a
customer who arrives to state (f,r) strictly prefers joining the random queue. Note
that E,(f,q¢+2) > £

We define a tolerance parameter ¢ = 0.0001. We assume that an equilibrium has
been reached if for every given f, ¢(f)+1 < z(f) < q(f)+2, and if z(f) > q(f)+1+€
then we also require E,(f,q+2) < 54—6. If 2(f) does not satisfy the above requirements
then we slightly modify its value towards ¢(f) + 1 or ¢(f) + 2, according to the case.

We repeat the process until the equilibrium requirements are satisfied for all f =
1,..., K. We note that the threshold values xg = 0.5 and x; = 1 are maintained
throughout by this process. Convergence was obtained quite rapidly.

For the equilibrium threshold strategy, we solve a finite system of (K + 1)? linear
equations with the same number of variables. (Note that we have given (K + 1)2 + 1
equations, including the summation to 1, but these equations are linearly dependent
and one of them is removed). Its solution gives the steady state probabilities and
enable computing the equilibrium arrival rates at each of the servers.

Altogether we solved the system for about 110 different values of p, evenly spaced
between 0 and 0.96 (with higher concentration between 0.9 and 0.96). To verify unique-
ness of the solution we obtained ten solutions for every given value of p, each time
starting the computations from a different random initial solution. Specifically, we
initially chose z(f), for f = 2,..., K, as a uniform random variable over [0, f]. In all
cases the computations converged to the same solution up to five decimal points.

6 Results

Consider the static model, with no more future arrivals. Consider a customer’s choice
between joining (Qr given that there are already f customers there, or Qr with r
customers. In the former case he will queue for f service periods, and in the latter his
expected queueing time is 1+ %1 service periods. The point of indifference is when
r=2f—1.

Now consider the dynamic case. Recall our assumption that a customer who faces
state (0,0) upon arrival randomly selects one of the queues with equal probability. Let
p= ﬁ denote the utilization factor of the system.

Consider p which is very small but still positive. A customer who faces state
(1,1), will be the first in the queue which he chooses to join, and since the arrival
rate is positive, a smaller expected waiting time is guaranteed at (Qr. For suffi-
ciently small arrival rate, a dominant strategy is to join Qg only if r < 2f — 1,
meaning that xy = 2f — 1. Note that given r > 1 customers in a random queue
with arrival rate A, the expected queueing time of any of the r — 1 customers in the
queue is 2“%)\ In our model, this means that if £ > 2’;%1)\ then an arriving customer
prefers Qp. Consequently, x5 > 2(1 — p)f — 1. Moreover, since x5 < 2f — 1, it fol-
lows that when p < %, xy = 2f —1. As we can see from Figure 1 these bounds
are not tight. Figure 1 contains the equilibrium thresholds for two extremes. With



p = 0.001 the solution resembles that of the static model, where z; = 2f — 1 for
f > 1. By assumption, customers randomize with equal probability when both servers
are idle, giving o = 0.5. With p = 0.95 we obtain different behavior, and for
the initial values f < zy < f + 1. (The initial threshold values for p = 0.95 are
(0.5,1,2,3.072,4.0822,5.7707,7,8,9,10,11,12...).) Generally, z; = f for an interval
of initial f values which becomes longer as p increases. We observe that when p — 1
xy = f for every f, so that an arriving customer joins the short queue, and when the
queue lengths are identical then he joins Q. Figure 1 gives the threshold functions
for some other values of p. As expected, the thresholds are nonincreasing in p. It is
interesting to observe that the number and location of states for which the threshold
is not an integer looks arbitrary. For example, with p = 0.775 the values of x1, ...,z
are (1,2.476,4,5,6,8,9,10,11.44,13,14,15,16.678, 18,19, 20, 21.761, 23, 24, 25).
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Figure 1: Equilibrium thresholds

Figure 2 shows the market share of the random server as a function of p. We see
that the market share of the random server is always between 0.48 and 0.5, thus it is
smaller, but only by a small amount, than the market share of the FCFS server.

When seeing a single customer in each queue (state (1,1)) a customer in the static
model is indifferent to joining each of the queues. But in the dynamic model, even
with very small arrival rate, he still prefers joining Q. This means in particular



that when p is sufficiently small, the market share of Q) is strictly greater than 0.5.
It is hard to tell intuitively whether the same result is expected when p is not very
small. Our numerical results indicate that for every value of p > 0, the market share
of Qr is strictly greater than 0.5. When p increases from 0, the probability of state
(1,1) increases, and this may explain the decrease in the market share of the random
server. However, at some point, a further increase of p causes a decrease in 71 and
the market share increases as a function of p. When p — oo both servers serve at
their full capacity, u customers per time unit, and, as expected, they split the market
equally. The function depicted in Figure 2 is not unimodal, and the reason for this can
be found in the following finding.

0.505

0.495 b

0.49 i

market share of random server

0.485 b

0.48 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Equilibrium random server’s market share

Figure 3 gives a detailed view of the thresholds xs and x3 as functions of p. We
see that up to approximately 0.7502, xo = 3. Then it decreases almost linearly until
we again get an integer threshold, of value 2. Similar behavior is demonstrated by x3.
Comparing the data with that of the market share, we see that the interval in which x+
decreases is exactly the interval in which the market share of the random server falls,
approximately [0.7502,0.795]. Similarly, the two intervals in which 3 decrease can be
observed in Figure 3 where the increase in the market share of the random server slows
down.
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Figure 3: Thresholds x5, 3, 24

We note that for p < 0.7502, the threshold values satisfy z; > i+ 1 for every ¢ > 1.
Thus the random server has an advantage over the FCFS server except for in the state
(1,1) where customers prefer the latter. However, since the the probabilities for long
queues are small for such values of p, the advantage at (1, 1) suffices to guarantee the
FCFS server more than half of the market share. When p increases, the FCFS server
gradually gains preference over the random server for higher queue lengths as well, as
demonstrated by Figure 3, and similar curves for higher queue lengths.

7 Concluding remarks

This paper opened with an example of a static model where there is a number of
customers to be served and no future arrivals are expected. In this situation, the
random servers gets a significantly higher share of the demand. We then concentrated
on a dynamic model in which there is a stochastic process of arrivals. We see that
the equilibrium strategy of customers resembles that of the static model only if the
system’s utilization is low. However, in this case, the probability of having customers
in the queue is low, and the first person to queue prefers the FCFS, thus leading to a
higher market share for the FCFS server. When the system’s utilization gets higher, the
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equilibrium strategy changes and the server with the ordered queue is always better off.
Our numerical results indicate however that the difference between the market shares
is never very high, being maximized at p ~ 0.354 where the random server obtains just
about 0.482 of the demand.

While considering self-interested customers who only care about their own welfare,
a customer who arrives while both servers are idle is indifferent with respect to which
of the queues to join. Therefore, we made the natural assumption that such a customer
chooses each of the queues with equal probability. Due to the small difference in market
shares under equilibrium, this assumption turns out to be crucial for our conclusion
that the ordered queue obtains a larger market share. Table 1 gives the market share
of the random server for some values of p under three models where an arrival at an
empty system joins the random queue with probability 0,0.5, and 1. We see that in the
latter case the market share of random server obtains more than half of the market.
Note that x¢, f > 1, is independent of xg. This is because the system will not be
empty before the arriving customer completes service.

P :L’():O .TQZO.E) 1?0:1
.5 3158 | 4847 .6426

.625 | 3841 | .4893 .5945
75| 4317 | 4943 .5556
875 | 4674 | 4939 217
9 4742 | 4946 5167
2925 | 4813 | 4954 .5122

95 | 4885 | 4967 5087

Table 1: Market share of random server when z( € {0,0.5,1}

As noted in the introduction, if social welfare is additive and does not discriminate
among customers (i.e., only the average waiting matters, not who waits), then it is
socially optimal that customers join the shorter queue, with ties arbitrarily broken.
This outcome can be obtained if both servers apply FCFS service order. Moreover,
since our conclusion is that the FCFS server has an advantage over the random server,
obtaining a larger portion of the market share, the random server is motivated to switch
to FCFS as well. We conclude that under the assumptions of our model, both servers
prefer to apply FCFS, and this outcome also conforms with social welfare optimization.
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