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Who should be given priority in a queue?
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Abstract
We consider a memoryless single server queue with two classes of customers, each having its ﬁxed entry fee. We show
that proﬁt and social welfare may beneﬁt from a service discipline based on relative priorities.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
We consider a single server queueing model where
customers require service whose length follows an exponential distribution with mean which we assume
without loss of generality to be 1. Each customer belongs to one out of two classes of customers. The potential arrival process of customers of class i (called
i-customers) is Poisson with rate i , i = 1, 2. We assume that these rates are large so that if all potential
customers from some class join, the queue will explode. Class-i customers suffer a cost of Ci per unit
of time while waiting in the queue (including service
time), and are rewarded by Ri due to service completion. An i-customer who decides to enter pays a fee of
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E-mail addresses: hassin@post.tau.ac.il (R. Hassin),
haviv@mscc.huji.ac.il (M. Haviv).
0167-6377/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.orl.2005.04.007

Ti , Ti < Ri . Thus, the expected utility of an i-customer
who joins the queue is Ri − Ti − Ci Wi , where Wi is
his expected time in the system, i = 1, 2. Lastly, we
assume that the customer cannot observe the queue
length before joining, and that the server can distinguish between the customer types and set priorities
and fees that discriminate between the classes.
Suppose that R1 > R2 and also C1 > C2 . For the
customers who already joined the queue, the value of
R is of no relevance, and their total cost of waiting
is minimized if class 1 obtains priority over class 2.
However, if such priority is announced, it will affect
the arrival process, encouraging more 1-customers and
less 2-customers to join. Overall, the effect may be
negative. In this paper we will investigate the question
of which class should be given priority.
Typically, there are three criteria to consider when
dealing with decision making in queueing systems.
The ﬁrst is that of self-optimization. Here an individual
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wants to maximize his personal reward. In particular,
an i-customer joins if his expected utility from joining
is positive, he does not join if it is negative, and he is indifferent between the two options if it is zero. The second criterion is that of social optimization. Here, entry fees are considered as transfer payments and hence
not included in the utility function. The goal is to ﬁnd
joining rates, q1 and q2 that maximize the rate of society gain, which is q1 (R1 − C1 W1 ) + q2 (R2 − C2 W2 ).
To administrate these arrival rates, the social planner
may determine entry fees such that when customers
consider their self-optimization, they end up with the
socially optimal joining rates. The third criterion is
proﬁt maximization. Here, the service provider is interested in maximizing q1 T1 + q2 T2 . Customers join
if it is in their self-interest to do so. So a fee which is
too high, may deter many of them from joining and
hence charging too much will not be in the beneﬁt of
the proﬁt maximizer.
A standard argument (see [5] or [8, p. 49]) can be
used to show that given the unobservable nature of the
queue, the server can extract all of the consumer surplus. Therefore, the objective of the proﬁt maximizer
and the social objective turn out to be identical, and
the proﬁt maximizing entry fees also maximize social
welfare.
It is also well known that for any given joining rates
social welfare is maximized by the C-rule, which
says that customer classes with a high value of C
should get priority of those with lower values. Mendelson and Whang [12] have shown that the socially optimal arrival rates can also be obtained by setting appropriate entry fees under the C-rule. It follows from
the previous paragraph that the C-rule will also be
applied by a proﬁt maximizing server.
In this paper we concentrate on two second-best
optimization problems, assuming that the server is not
free to select any prices of his choice. We consider
two models. In the ﬁrst, the fees are ﬁxed and the
server’s only way to control the queue is by choosing
a priority scheme. We are interested in whether giving
priority to the class with higher waiting cost, which is
optimal under the optimal entry fees, is still optimal
when these fees are ﬁxed. In the second, the server can
choose a single price that will apply to both classes.
Our analysis indicates that with ﬁxed prices the
server may be able to do better by assigning strict relative priorities. We prove this by analyzing the model

under a generalized priority scheme called discriminatory processor sharing (DPS). Under this model
there exist nonnegative parameters p1 and p2 = 1 − p1
representing relative priority of customers of the two
classes. If ni customers are present in the system,
i =1, 2, an i-customer obtains pi /(n1 p1 +n2 p2 ) of the
service capacity of the server. In particular, the total
capacity dedicated to class-i is ni pi /(n1 p1 + n2 p2 ).
Of course, p1 ∈ {0, 1} means that one of the classes
obtains absolute priority.
Remark 1.1. Since service times are exponential with
a common mean, the DPS model is equivalent to the
following scheme: There is no physical entrance into
service; the server produces some goods whose recipient will be determined when production ends; the actual recipient is decided by a lottery conducted upon
production completion among all customers presented
in the queue. The odds that a tagged i-customer obtains
the good are proportional to pi . Thus, the recipient is
an i-customer with probability ni pi /(n1 p1 + n2 p2 ).
The DPS discipline is well established in the queueing, computer science and communication literature.
See, for example, [9,7,11,13]. In particular, delays in
the Internet due to the bandwidth allocation are often
measured by a DPS model, see [1,4].
Hayel and Tufﬁn [10] deﬁned a similar DPS model
but assume that the utility of a i-customer who joins
is Wi−i − Ti for some parameter i > 0, i = 1, 2.
They report that in all their numerical experiments the
priority schemes for the optimal entry fees were to give
priority to one of the classes. As the C rule does not
suit their model, a different proof or an explanation for
this phenomenon is still an open problem. In the case
of ﬁxed prices, their ﬁndings are qualitatively similar
to ours.
In the next section we give some preliminary results.
In Section 3, we characterize the equilibrium solution.
We ﬁrst characterize the boundary equilibria where
only one class joins, and then the internal equilibria
where customers from the two classes join. We derive necessary and sufﬁcient conditions for each type
of these equilibria. In Section 4, we consider proﬁt
and social welfare maximization. We give a numerical example where the optimal priority parameters are
strictly between zero and one and the equilibrium arrival pattern is internal. In Section 5, we solve the
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model with a single price common to both classes. We
show that under the common optimal entry fee, giving absolute priority to one of the classes is optimal.
Yet, this class is not always the one selected by the
C-rule.

2. Preliminary results
We assume the following two-stage decision making process. First, a central planner determines the parameters p1 , p2 , and possibly also T1 , and T2 . These
values are announced and become a common knowledge among the customers. They, in their turn, decide
whether or not to enter and pay their class entry fee.
Note that the queue size is not observable to them
and no refund or reneging is possible once a customer
joins. Not joining (called balking) comes with no cost
or reward. Note that associating zero value with balking is without loss of generality.
As said, customers have two possible actions: To
join or not to join the queue. We now introduce an additional option, that of mixing between these two options with some probability. Thus, any strategy can be
characterized by a joining probability, say p. A strategy proﬁle is now a set of joining probabilities, one
for each customer. A strategy proﬁle is called symmetric if according to it all use the same strategy. A
symmetric Nash equilibrium strategy proﬁle, is a joining probability p such that if used by all, then under
the resulting steady-state conditions, no individual has
any incentive to deviate to some other strategy.
Suppose that i-customers join with probability i ,
then their effective arrival rate or joining rate is
qi = i i . In equilibrium, if qi > 0 then joining is a
best response for i-customers, and if qi < i then balking is a best response. Thus, 0 < qi < i means that
i-customers are indifferent between joining and
balking (and they might as well mix between the two
with any probabilities, in particular, the equilibrium
probabilities).
Denote by Wi (q1 , q2 ), i = 1, 2, the expected time
in the system of an i-customer who joins, when the
joining rates are q1 and q2 . We refer to this time as
the waiting time. Note that W1 (0, q2 ) is the expected
waiting time for an 1-customer who joins when all his
peers balk. To simplify the exposition, we suppress q1
and q2 from Wi (q1 , q2 ) and use instead Wi .
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We denote by (q1∗ , q2∗ ) a pair of equilibrium arrival rates. There are three options regarding this pair:
(1) Ci Wi Ri − Ti if qi∗ = 0, (2) Ci Wi = Ri − Ti if
0 < qi∗ < i , and (3) Ci Wi Ri − Ti if qi∗ = i . The
third option, is ruled out here since by assumption
qi = i implies Wi = ∞. In particular, the condition
qi∗ < i automatically holds and hence the second option reduces in fact to qi∗ > 0.
Denote k = (Rk − Tk )/Ck , then in equilibrium
qk∗ (k − Wk ) = 0,

k = 1, 2.

(1)

Without loss of generality we assume that Ri Ti +
Ci (recall that the service rate is 1), or
i 1,

i = 1, 2.

(2)

Suppose that 1-customers obtain absolute priority
over 2-customers (i.e. p1 = 1 and p2 = 0) and their
arrival rates are q1 > 0 and q2 0, respectively, with
q1 + q2 < 1.
Without loss of generality we make the standard assumption that R1 > C1 /, and this implies that q1 > 0
when p1 = 1. Then, their mean waiting times are
W1 =

1
1 − q1

and
W2 =

1
(1 − q1 )(1 − q1 − q2 )

(3)

(see Lemma 3.1 below or [11, p. 122]).
By (1) and (3)
q1∗ = 1 −

1
1

(4)

and



1

q2∗ = max 0, − 1 .
1
2
3. The equilibrium
We now solve the general case. Let  = q1 + q2
denote the total arrival rate. The following lemma is
due to Fayolle et al. [6].
Lemma 3.1.
W1 =

1 − p1 
,
(1 − )(1 − q1 p1 − q2 p2 )

(5)
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W2 =

1 − p2 
.
(1 − )(1 − q1 p1 − q2 p2 )

(6)

Remark 3.2. Fayolle et al. [6] derived the expected
waiting time formulas also when the service rates i
of i-customers, i = 1, 2, differ. Let i = qi /i then for
i = j


i j (pj − pi )
1
Wi =
1+
,
i (1 − )
D
where =1 +2 and D=1 p1 (1−1 )+2 p2 (1−2 ).
This relation can be used to solve our model also for
this generalized case. However, the resulting formulas
are considerably more complicated and we chose to
restrict our derivation to the special case where 1 =2 .

The arrival rates q1 and q2 with q1 > 0 and q2 = 0
deﬁne an equilibrium if and only if C1 W1 = R1 − T1 ,
or equivalently
(7)

and C2 W2 R2 − T2 , or equivalently,
W2 2 .

1 (2 − 1)
≡ B.
(1 + 2 )(1 − 1)

1. By (2), B 0.
2. If 2 > 21 then B > 1 and hence a boundary equilibrium with q1∗ > 0 and q2∗ = 0 is not possible regardless of the priority parameters.
By interchanging the roles of the indices 1 and 2,
a solution with q1∗ = 0 and q2∗ = 1 − 1/2 deﬁnes an
equilibrium if and only if
2 (1 − 1)
(1 + 2 )(2 − 1)

or, since p1 + p2 = 1
p1 

22 − 1
≡ A.
(1 + 2 )(2 − 1)

(9)

Considering the ratio W2 /W1 from (5) and (6), and
then substituting  = q1 , (7) and (9), gives
1 − p2 
1 − p2 (1 − 1/1 )
= 1
1 − p1 
1 − p1 (1 − 1/1 )
1 p1 + p2
= 1
.
1 p2 + p1

(12)

Note that by (12), (11), and (2)

(8)

1
.
1

(11)

Remark 3.3.

B −A=

In this case, 1-customers face a single class FCFS
M/M/1 queue and W1 = 1/(1 − q1 ). Substituting in
(7) we conclude (as in (4)) that
q1∗ = 1 −

p1 

p2 

3.1. Boundary equilibria

W1 = 1

rates is that W2 2 where W2 is given in (10). Substituting p2 = 1 − p1 in (10), this condition amounts to

(1 − 2 )2
0.
(1 + 2 )(1 − 1)(2 − 1)

(13)

The following remark is the counterpart of Remark
3.3.
Remark 3.4.
1. Since w.l.o.g. 1 1, it follows that A 1.
2. If 1 > 22 then A < 0 and hence a boundary equilibrium with q1∗ = 0 and q2∗ > 0 is not possible regardless of the priority parameters.
3.2. Internal equilibria

W2 = W1

(10)

Note that W2 would be the expected queueing time
for a 2-customer if he joined. This of course does not
contradict the fact that under the equilibrium solution
none of them actually joins.
A necessary and sufﬁcient condition for q1∗ as given
in (9) and q2∗ = 0 to deﬁne a pair of equilibrium arrival

We now focus our attention on equilibria with arrivals from both classes, i.e. internal equilibria. In an
internal equilibrium
Wi = i ,

i = 1, 2.

(14)

With Lemma 3.1, this condition leads to
1 − p1

W1
=
= 1.
W2
1 − p2
2

(15)
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Remark 3.5. Assume that 1  = 2 . Then, from (15),
a necessary condition for the existence of an internal
equilibrium is that the class with higher net beneﬁt to
cost ratio obtains a lower priority parameter.
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γ1=1.6, γ2=1.35
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0.4

Theorem 3.6. Suppose that 1 = 2 = . If p1 = p2 =
1
2 then any pair q1 , q2 0 such that q1 + q2 = 1 −
1/ deﬁnes an equilibrium. If p1  = p2 then there
is a unique equilibrium which is a boundary one. In
particular, if pi > pj , then qi = 1 − 1/i and qj = 0.
Proof. By (15), when 1 = 2 an internal equilibrium
exists only if p1 = p2 = 21 . With these priority parameters, the model, in terms of mean waiting time, is
reduced to an M/M/1 queue without priority. Hence,
Wi = 1/(1 − ), i = 1, 2. With the equilibrium condition (14),  = 1/(1 − ), or  = 1 − 1/. 
Remark 3.5 says that if 1 > 2 then a necessary
condition for an internal equilibrium is that p1 < 21 .
In fact, a sharper bound exists and is derived from
(11), namely, a necessary condition for an internal
equilibrium is that
p1 <

1 (2 − 1)
.
(1 + 2 )(1 − 1)

(16)

From (15), in an internal equilibrium
=

2 −  1
.
2 p1 − 1 p2

(17)

The equilibrium rates, q1∗ and q2∗ are determined by
W1 = 1 , where W1 is given in (5), and q1 + q2 = ,
where  satisﬁes (17). Solving for q1∗ and q2∗ the result
is
q1∗ =

2
1
−
2 p 1 −  1 p 2
1 p1 − 2 p2

(18)

1
1
−
.
1 p 1 −  2 p 2
2 p1 − 1 p2

(19)

and
q2∗ =

The following theorem summarizes the results.
Theorem 3.7. If 1  = 2 , then for any p1 ∈ [0, 1]
there exists a unique equilibrium. The corresponding
joining rates are:
1. If 0 p1 A then q1∗ = 0 and q2∗ = 1 − 1/2 .

← q* 1

0.3
0.2
0.1

← q*2

0
-0.1
0

0.1

0.2

0.3

0.4

0.5
p1

0.6

0.7

0.8

0.9

1

Fig. 1. Equilibrium arrival rates.

2. If A < p1 < B then q1∗ and q2∗ are given by (18) and
(19).
3. If 1 p1 B then q1∗ = 1 − 1/1 and q2∗ = 0.
Remark 3.8. Theorem 3.7 partitions the unit interval,
representing possible values for p1 , into three (not
necessarily non-empty) subintervals according to the
type of equilibrium. Depending on the parameters i ,
i = 1, 2, one or even two of these subintervals may be
empty.
Fig. 1 illustrates the equilibrium arrival rates when
1 = 1.6 and 2 = 1.35. Note that with these values
A = 0.2155 and B = 0.3164.
Remark 3.9. The assumption of large potential arrival rates can be somewhat relaxed now. We only need
to assume that the potential arrival rates are larger than
the values of the equilibrium arrival rates speciﬁed in
Theorem 3.7.
Remark 3.10. It is well known, see [2], [3] or [8,
pp. 56–57], that in a FCFS system without class discrimination, a class dominance phenomenon prevails.
Speciﬁcally, in case of high potential arrival rates,
there exists a unique equilibrium in which customers
only from a single class join the queue. As we have
seen, the introduction of relative priorities may lead
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to an equilibrium in which customers from more than
one class join the queue.
Remark 3.11. The analysis in [10] is quite similar. In
particular, a distinction between boundary and internal
equilibria is made. Yet, an explicit derivation for the
optimal p1 (given Ti , i = 1, 2) seems harder.

4. Proﬁt maximizing priority parameters
We now consider the design of proﬁt maximizing
priority parameters when the other parameters, in particular entry fees, are given. As shown in Section 3 the
relevant input parameters required are 1 and 2 . The
problem is to select p1 ∈ [0, 1] such that q1∗ T1 + q2∗ T2
is maximized.
We maximize proﬁts over the non-empty interval
max{0, A}p1  min{B, 1}. At the ends of the interval, one class actually has absolute priority over the
other. For example, suppose that p1 = max{A, 0}. If
0 < A < 1 then we are in the ﬁrst case of Theorem
3.7, where q1∗ = 0 and q2∗ = 1 − 1/2 . If A < 0 then
the 2-customers enjoy absolute priority, but some 1customers join too. A similar situation occurs with the
two classes swapping roles when p1 = min{B, 1}.
By (18) and (19), the expected rate of proﬁt is

1
2
T1
−
2 p1 − 1 p2
1 p1 − 2 p2


1
1
T2
+
−
1 p1 − 2 p2
2 p1 − 1 p2


2
1
T1
=
−
p1 (1 + 2 ) − 1
p1 (1 + 2 ) − 2


1
1
T2
+
−
p1 (1 + 2 ) − 2
p1 (1 + 2 ) − 1




2
1
1
1
T1 +
T2
=
−
−
x − 1
x − 2
x − 2
x − 1
D

=
−
,
(20)
x − 1
x − 2


=

where x = p1 (1 + 2 ), D = 2 T1 − 1 T2 , and  =
T1 − T2 . This function needs to be optimized over
p1 ∈ [max{0, A}, min{B, 1}].

The ﬁrst-order optimality condition in the case of
an internal solution is

D
d
+
=0
=−
2
dx
(x − 1 )
(x − 2 )2
or
x 2 (D − ) − 2x(D2 − 1 ) + (D22 − 21 ) = 0.
The roots x + and x − of this quadratic equation, which
exist if D 0, are candidates for an optimal value of
x (and hence x/(1 + 2 ) is candidate for an optimal
value of p1 )
√
D2 − 1 ± D(2 − 1 )
±
x =
.
(21)
(D − )
We now check which of these solutions corresponds
to a local maximum of 
2D
2
d2 
=
−
.
3
2
dx
(x − 1 )
(x − 2 )3

√
D) and
Note that x ± −1 =[(2 −1 )/(D−)](D±
√
x ± −2 =(2 −1 )/(D −)(± D). Also, D(x ± −
2 )3 − (x ± − 1 )3 = ((1 − 2 )/(D − ))3 D(D −
)(1/2 ± D 1/2 )2 . Substituting these equations, we
2
2
obtain that
√ the sign√of d /dx is as that
√ of (1 −
√2 )(± D)(D±
D).
Note
that
(−
D)(D−
√
√
D) = 2 D( D − ((D + )/2)) < 0. We conclude that: If 1 > 2 then only x − is a local maximizer
of  (and x + gives a local minimum). If 1 < 2 then
only x + gives a localmaximum.
If the candidate solution is internal to [max{0, A},
min{B, 1}] then it is optimal. Otherwise, the optimal
value is the appropriate edge of this interval. The following summarizes it all.
Theorem 4.1. Denote the optimal value by p1∗ . If
0 A < p1∗ < B 1 then the corresponding equilibrium is internal with rates given in (18) and (19). Otherwise, if p1∗ = max{0, A}, there are two possibilities:
1. A 0 (and p1∗ 0): The resulting equilibrium is a
boundary one with q1∗ = 0 and q2∗ = 1 − 1/2 . Also,
any p1 ∈ [0, A] is optimal too.
2. A < 0 (and p1∗ = 0): The resulting equilibrium is
internal with q1∗ = 1/2 − 2 /1 and q2∗ = 1 − 1/2 .
The case where p1∗ = min{B, 1} is dealt similarly.
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0.9
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profits and arrival rates
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0.6
0.5
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0.3
0.2

q21→

0.1
0

2
0

0.02 0.04 0.06 0.08
p1

0.1

0.12 0.14 0.16

Fig. 2 shows an instance where for given fees (T1 =
4, T2 = 7) and net beneﬁt to cost ratios (1 = 2, 2 =
1.25), the optimal value of p1 is 0.694, and it is strictly
within the interval A = 0, B = 0.1538.
Remark 4.2. The paper [10] contains a numerical example showing that in their model it is possible that
the optimal p1 is strictly between zero and one.
5. Proﬁt maximization with a common entry fee
We now assume that the entry fees are chosen by
the server but they are restricted to be equal (an interesting example is when both must be 0). Our main
ﬁnding is that giving absolute priority to one of the
classes is optimal under the optimal common entry.
Moreover, the class obtaining this absolute priority is
not necessarily the one prescribed by the C rule.
Theorem 5.1. Under the optimal common entry fee
one of the classes obtains absolute priority.

=−

0.5

1

1.5

2 2.5 3 3.5
common price

4

4.5

5

Fig. 3. Proﬁts and joining rates as a function of T .

Fig. 2. Proﬁts as a function of p1 in the interval [A, B].

Proof. By (20) with T1 = T2 = T and p1
[max{0, A}, min{1, B}], the proﬁt rate is

0

q11→

∈

(2 − 1 )T
.
p1 (1 + 2 ) − 1

For any given value of T , the objective of the
queue manager is to maximize  over p1 ∈

[max{0, A}, min{1, B}]. The (partial) derivative of 
with respect to p1 is proportional to (2 − 1 ). Therefore, if 2 > 1 , the optimal p1 is in the upper end of
the interval, and this is equivalent to giving absolute
priority to 1-customers (though 2-customers may still
arrive). Similarly, if 2 < 1 then p1 = 0 is optimal.

The optimal common price, with absolute priorities,
is computed as follows. Let qij denote the joining rate
of j -customers when class i obtains absolute priority.
Then qii =1−Ci /(Ri −T ) and qij =1−qii −Cj /((Rj −
T )(1 − qii )), as long as these values are in [0,1]. A
value not in this interval should be set to 0. The proﬁt
i which is deﬁned as proﬁt associated with the price
T , pi =1 and pj =0 is i =T (qi1 +qi2 ). We compute
1 and 2 and take the maximum.
For example, suppose that R1 = 5, R2 = 3, C1 = 2,
and C2 = 1. Fig. 3 shows the proﬁts and joining rates.
In this example, q12 = 0 for every value of T . The
maximum proﬁt is obtained for T ≈ 1.4 and p1 = 0.
We observe that the C rule dictates p1 = 1.
We conclude with some observations that can be
deduced from Fig. 3.
With p1 = 1 1-customers join as long as q11 = 1 −
C1 /(R1 −T ) > 0, or T < 3. The joining of 1-customers
discourages all 2-customers from joining, and hence
q12 = 0 for any T 0. The proﬁt is as in√a single class
model, and it is maximized at T =R1 − C1 R1 =1.84.
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With p1 = 0, 2-customers join as long as q22 = 1 −
C2 /(R2 −T ) > 0 or T < 2. 1-customers still join, and it
is interesting to observe that their joining rate initially
increases with T . The reason is that 2-customers are
more sensitive to changes in T , having a smaller value
of R. Their joining rate q22 steeply decreases and the
reduced expected waiting time for 1-customers caused
by this more than compensates for the increase in T .
The maximum proﬁt is obtained with p1 = 0 and
T ≈ 1.4. We observe that this outcome differs from
the C rule which dictates p1 = 1.
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