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Abstract

Ani—jxcutof asetV = {1,...,n} is defined to be a partition of V into two disjoint -
nonempty subsets such that both i and j are contained in the same subset. When partitions
are associated with costs, we define the i—j xcut problem to be the problem of computing
an i—j xcut of minimum cost. This paper contains a proof that the (}) minimum xcut
problems have at most n distinct optimal solution values. These solutions can be compactly
represented by a set of n partitions in such a way that the optimal solution to any of
the problems can be found in O (n) time. For a special additive cost function that naturally
arises in connection to graphs, some interesting properties of the set of optimal solutions

that lead to a very simple algorithm are presented.

1. Introduction

Let V= {1,...,n} be a given set. A cut of V is a partition (S, T) of V into
two disjoint nonempty subsets S and T. For each cut (S, T) let c¢(S, T) be its cost (or
value), where c is an arbitrary real function defined on the cuts of V. In this paper,
we assume that ¢ is symmetric, i.e. ¢(S, T) = ¢(T, S). For a given pair of distinct
elements i, j € V, an i—j cut is a cut (§, T) such that eitheri€ Sand je T,orie€ T
and j € S. In this paper, we define an i—j xcut to be a cut (S, T) such that either
i,je Sori,je T. The minimum s—t cut (xcut) problem is to find the s—t cut (xcut)
of minimum cost. An example of such a problem is a scheduling problem on two
machines with a constraint that a given pair of jobs must be processed on the same
machine. A possible objective function is to minimize the makespan. In this case,
c(S, T) = max{c(S), c(T)}, where c¢(X) = X, _ x t; and ¢, is the processing requirement
for job i. A multiterminal problem requires solving a set of i—j problems for different
i—j pairs. As an example of a multiterminal xcut problem, consider a communication
network where an option exists to connect one pair of users by a line of a very high
capacity, and it is desired to assess the effects of applying this option to any member
of a given set of pairs. For any given realization of the option, the edge connectivity
of the resulting network will be equal to the minimum xcut with respect to the pair
chosen to be connected by the high-capacity line. To choose the best option, one has
to solve a multiterminal xcut problem.

Gomory and Hu [3] analyzed the multiterminal cut problem for a special
additive cost function. Since problems with such costs usually arise in connection
with graphs, we call them graphic problems. Gomory and Hu proved that the (})
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graphic cut problems have at most n — 1 distinct solutions. They also constructed a
data structure (a cut tree) that stores these values in such a way that allows the
determination of the solution to any of the problems in linear time. They proved that
a cut tree can be constructed from a set of n — 1 noncrossing cuts, and use this property
to compute a cut tree by solving only n — 1 cut problems. These results were extended
by Granot and Hassin [4] to networks with node-capacities and by Gusfield and Naor
[5] to a compact representation of all of the minimum cuts for each pair of elements.
Hassin [6,7], and Cheng and Hu [1] extended Gomory and Hu's results by showing
that the multiterminal problem has a most n — 1 distinct solutions for arbitrary cost
functions. Hassin's result comes from a general theorem that also supplies a compact
representation to the solutions (called a maximum solution basis), generalizing the
concept of a cut tree (see section 2).

In this paper, we obtain related results for the multiterminal xcut problem. In
section 3, we characterize the structure of the solution bases and show that the
number of distinct solutions is at most n. In section 4, we consider multiterminal
problems consisting of a mixed set of cut and xcut problems and characterize their
solution bases. Finally, in section 5, we consider graphic multiterminal problems and
describe a particularly simple algorithm for this special case.

2. Solution bases and the 2-forest matroid

Let ¢ be a real valued function on a set X. Let X;, i € I, be nonempty subsets
of X, where I is an index set with finite cardinality. Define the cost (or value) of X;

by
¢; = min{c(x)|x€ X,}.

Let M(I) be the number of distinct values of ¢;,i € I. Let a,(x) = 1 if-x € X, (i.e.
x is i-feasible) and a,(x) = 0 otherwise.

For our purpose, the set X is the set of candidate solutions to a family of
problems, and X is the set of i-feasible solutions, i € /. The binary matrix A = (a;(x)),
called the solution matrix, defines the feasibility relations, and the cost c; is the minimum
cost of an i-feasible solution (i.e. the cost of an i- optimal solution).

Call a set I'cl dependent if there exists I”c I’ such that X, _;~a;(x)
=0 (mod 2) Vx € X. Otherwise, I’ is independent. Let r(A) be the rank of A in the
binary field, i.e. the maximum cardinality of an independent subset of /.

THEOREM 2.1 [6]
M) < r(A).

A solution basis is a set I’ c I which corresponds to a maximal set of independent
rows of A. The cardinality of each solution basis is equal to r(A). Define the value
of a solution basis I’ as Z,.E ;7 €;- A maximum solution basis is a solution basis with
maximum value.
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THEOREM 2.2 [6]

Let I'c I be a maximum solution basis. Let k€ I\I’, and let I” < I’ satisfy
a,(x)=2; ;~a,(x) (mod2) Vx € X. Then, c,=min{c;|i € I”} and there exists p € I”
and y € X, N X, such that c(y) = ¢,.

In view of theorem 2.2, a maximum solution basis contains all the information
needed to compute ¢, for every k € 1. It also gives clues to locate a k-optimal solution.
As a matter of fact, if the values c(x) are distinct for all x € X, then this solution
is the unique element y € X satisfying c(y) = min{c;|i € I”}. If these values are not
distinct, then any solution y € X with cost ¢, which has an odd column-sum in the
rows of A corresponding to /” can be shown to be k-optimal. Hassin [7] describes
a procedure that computes a maximum solution basis by solving r(A) + M (/) problems.

Let G = (V, E) be a graph with a vertex set V and an (undirected) edge set E.
A 2-forest of G is a subgraph of G that either has no cycles or has exactly one cycle,
and this cycle is of odd cardinality.

THEOREM 2.3 [2]

Let X be the set of 2-forests of G. Then M, = (E, X) is a matroid (the 2-forest
matroid). Its rank (i.e. the cardinality of its bases, the maximal 2-forests) is equal to
|V |-p— o, where p + 1 is the number of components of G and a = 1 if G is bipartite,
0 otherwise.

We note that if G is a complete graph with n > 3, then the rank of M,
is just |V|.

3. The multiterminal xcut problem

In the i—j xcut problem, it is required to find a cut (S, T) of V of mini-
mum cost such that i, j€ Sori, je T. Each cut (S, T) has a cost ¢(S, T) and c(S, T)
= ¢(T, §). Call a cut globally minimum if it has the minimum cost among all of the
cuts of V. Let ¢, denote the cost of a globally minimum cut.

A simple example demonstrates that a multiterminal xcut problem may have
n distinct optimal solutions. Let the cut (S, T) with S = {1} be globally minimum.

Let the next n — 1 least cost cuts have S = {1, i} fori =2,..., n. The solution to
all of the i—j xcut problems in which { # 1 and j # 1 is the cut with § = {1}. The
solution to the 1-i xcut problem is the cut with S = {1,i} for i = 2,..., n. Thus,

altogether there are n distinct solutions.
We will now characterize the solution bases for the multiterminal xcut problem.
As we will show, the cardinality of these bases is at most n, and therefore n is also
a least upper bound on the number of distinct solutions for this set of problems.
Consider a given multiterminal xcut problem where it is required to solve the
set of i—j problems for the (unordered) pairs (i, j) € E. Let G = (V E) be an un-
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directed graph with a node set V= {1,...,n} and an edge set E.Leteach edge (i,j) € E
be associated with the minimum i—j xcut problem and the corresponding row in A.

LEMMA 3.1

The edge set of an even cycle of G is associated with a dependent set of rows
of the solution matrix.

Proof

Consider a cut (S, T) and an even cycle C. Starting in an arbitrary vertex of
C and following its edges, we alternate between vertices in S and vertices in T. We
return to the initial vertex after an even number of alternations. This corresponds to
an even number of edges of C that are associated with pairs i, j for which the cut
(S, T) is not feasible (i.e. for which it is an i—j cut and therefore not an i—j xcut).
Since | C | is even, the number of edges for which the cut is feasible is also even.
Thus, the sum of the rows in the solution matrix which correspond to the edges of
C is zero (mod 2) in the column corresponding to the cut (S, T). Since this is true
for every cut, it follows that this set of rows is dependent. O

LEMMA 3.2

The union of two odd cycles of G is associated with a dependent set of rows
of the solution matrix.

Proof

Similar to the proof of the previous lemma. O

LEMMA 33

A 2-forest of G is associated with an independent set of rows of the solution
matrix.

Proof

Let F be a 2-forest of G. Suppose first that F is a forest. Consider an edge
(i,j) € F. F is bipartite and has a bipartition (U, W) such that both i and j are in
U and all of the edges in F\ {(i, j)} have one end in U and the other in W. Thus,
of all the problems associated with F, the cut (U, W) is feasible only for the one
associated with (i, j). It follows that the rows of A associated with F with the columns
corresponding to the above cuts form an identity matrix and hence these rows are
independent.

Suppose now that F contains an odd cycle of C. Fix an edge e€ C. Let F’
be the forest obtained from F by deleting e. Consider an edge (i, j) € C. F\{(i, )}
is a forest and thus a bipartite subgraph with two sets of vertices U, W. Since C is



R. Hassin, Multiterminal xcut problems 219

an odd cycle, i and j are in the same vertex set, say in U. Thus, the cut (U, V\U)
is an i—j xcut, but not a u—v xcut for any (4, v) € F\ {(i, j)}. Consider now an edge
(i,j) € F\C. Consider the forest F” =F’\ {(i, j)}. Choose for it a bipartition (U, W)
such that both i and j are in U. This is possible since i and j are in different components
of F”. Moreover, all of the edges in F” have one end in U and the other in W, and
since C is odd, both ends of e will be the same set U or W. Therefore, of all the
problems associated with F, the cut (U, W) is feasible only for those associated with
(i,j) and e.

Consider the submatrix of the solution matrix composed of the rows corresponding
to F (where those contained in C come first), and the columns corresponding to the
cuts described above. Permute the columns so that their order will be as that of their
corresponding problems. The resulting matrix has a unit main diagonal with zero
entries below it. Therefore, it is of a full rank and the corresponding rows are
independent as required. O

Combining the above lemmas, we obtain a characterization of the solution
bases of a multiterminal xcut problem:

THEOREM 3.4

The set of solution bases for the multiterminal xcut problem corresponds to the
set of bases of the 2-forest matroid M, of G (i.e. the maximal 2-forests).

COROLLARY 3.5

Let A be the solution matrix corresponding to a set E of xcut problems. Let
p + 1 be the number of components of G and o = 1 if G is bipartite, 0 otherwise.
Then r(A) =n-p - .

Suppose that we attach to each edge (i, j) of G a weight of C;i equal to the
value of a minimum i—j xcut. A maximum solution basis can be computed using the
greedy algorithm if all c;; values are known, or using the procedure described in
Hassin [7] by solving at most 2r(A) problems.

COROLLARY 3.6

If Q is bipartite, then a maximum solution basis consists of a maximum spanning
forest of G. If G is not bipartite, then a maximum solution basis consists of a maxi-
mum spanning forest of G and an edge associated with a globally minimum cut.

Proof

The first part of the theorem is immediate from theorem 3.4 and the definition
of a 2-forest. Suppose that G is not bipartite. Let (S, T) be an arbitrary cut. The
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subgraph of G induced by the pairs i, j for which this cut is not an i—j xcut is clearly
bipartite. Therefore, any odd cycle of G contains at least one pair for which the cut
is an xcut. In particular, if we choose (S, T) to be a globally minumum cut, then each
odd cycle contains an edge associated with a pair for which this cut is optimal. This
is true also with respect to the odd cycle contained in a maximum maximal 2-forest
of G. Since c;, is less than any other edge-weight, the subgraph obtained by deleting
this edge from the cycle is a maximum spanning forest of G. a

Given a maximum solution basis F,_, one can easily obtain, through theorem
2.2, the solution to any _given problem. Let the problem be the i—j xcut problem.
Suppose that (i, j) is in E but not in Foa- If G is bipartite, then (7, j) forms a unique
cycle with the edges of F,,, and this cycle is even. ¢;; is then equal to the minimum
value of an edge in the edges of F,,, contamed in this cycle. Suppose now that G
is not bipartite. Let C be the (odd) cycle in F, .. (i, j) forms with the edges of F_,,
at most one even cycle or a union of two odd cycles. This is so since if it forms a
cycle containing edges L < C (0 < |L|<|C|), then it also forms exactly one other
cycle, with C\ L replacing L. However, since C is odd, exactly one of these cycles
is even. On the other hand, if (i, j) forms a simple cycle with edges of F_, which
is disjoint from C, then either this is an even cycle or its union with C is even (but
not both). Again, ¢;; is computed by taking the minimum value over the values
associated with the edges of F_, contained in the even cycle or in the union of two
odd cycles. In the latter case, this is just ¢, and the problem is solved by a globally

minimum cut.

5 6
1 2 3 4
Fig. 1.

Figure 1 illustrates a maximum solution basis for a multiterminal xcut
problem. To compute cs, we use the fact that 2—-3-6-5-2 is an even cycle
and thus cgg = min{c,, cy3, ¢35}. To compute c,s, we note that 1-2-5 is an
odd cycle so that to span (1,5) we also use the cycle 3—4-6-3. Thus, ¢5
= Min{cy,, Cy5, C341 Ca6r €36} = Copin-

4. Mixed multiterminal problems

Let E_ and E, be (not necessarily disjoint) subsets of pairs of elements of V.
Consider the multiterminal problem requiring the solution of the i—j cut problems
for each {i, j} € E_and the i—j xcut problems for each {i, j} € E,. The requirements
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of the problem can be described by means of a multigraph G = (V E) with a vertex
set V = {1,...,n) and an edge set £ = E_UE_ . We denote the edges corresponding
to E_ as c- edges and those correspondmg to E as x-edges. Note that G may have
pairs of parallel x- and c-edges.

Let A be the solution matrix corresponding to the set of problems defined by
E. Since G may have parallel edges, it should be noted that by a cycle of G we refer
to a sequence of edges. We call a cycle odd if it has an odd number of x-edges. Otherwise,
it is even. Note that a pair of parallel x- and c-edges defines an odd cycle. It is quite
straightforward to modify the proofs of lemmas 3.1 and 3.2 to the mixed case with
the modified definitions of odd and even cycles. Moreover, we can modify the
definition of a 2-forest using the modified definition of an odd cycle and show that
theorem 2.3 holds for the modified definition as well.

LEMMA 4.1

A 2-forest of G is associated with an independent set of rows of A.

Proof

The proof is similar to that of lemma 3.3. Let F be a 2-forest of G.If Fis
a forest, then for each (i, j) € F we can construct a cut (U, W) that is feasible for
the problem associated with (i, j) but not for any problem associated with another
edge of F. This is done by assigning i and j to U if (i, j) is an x-edge, and assigning
ito UandjtoWifitis ac-edge. Then we follow paths on F, assigning nodes to
U and V in such a way that the resulting cut will not be feasible for any of the
corresponding problems.

If F contains a cycle C, then we fix some x-edge e € C. Such an edge exists
since C contains an odd number of x-edges. Now, as above, we can construct for any
edge in C a cut that is feasible only for the corresponding problem, and for any edge
in F\C a cut that is feasible for the corresponding problem and the one associated
with e, but not for any other problem associated with an edge of F.

As in the proof of lemma 3.3, lemma 4.1 follows from these observations. [

Combining lemmas 3.1, 3.2, and 4.1, we obtain the following extension to
theorem 3.4:

THEOREM 4.2

The set of solution bases for the mixed multiterminal problem corresponds to
the set of maximal 2-forests of G.

Let é_t be the graph obtained from G by condensing all of its c-edges (i.e. con-
sidering the end vertices of each c-edge as a single vertex). Note that a pair of parallel
c- and x-edges of G generates a loop in G, in which case the latter is not bipartite.
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From theorems 2.3 and 4.2, using the modified definition of an odd cycle, we
obtain the following:

COROLLARY 4.3

Let A be the solution matrix corresponding to a set E Let p+1 be
the number of components of G and a=1 if G, is bipartite, 0 otherwise. Then
rlA)=n-p-a.

It is interesting to note that the least upper bound on the number of distinct
solutions for the mixed problem is n, as it is for the multiterminal xcut problem.

Corollary 3.6 can be modified for the mixed case. In particular, under the
modified definition an odd cycle contains a pair for which a cut of value ¢, is feasible
and thus optimal. A minimal dependent set consists of either a simple even cycle or
a union of two simple odd cycles, where again "odd" and "even" refer to the number
of x-edges. Each edge not in the basis forms exactly one set of this form with the
edges of the basis. The value of a problem is computed by taking the minimum over
the cut values associated with the other edges of the minimal independent set generated
by the problem.

Figure 2 illustrates a maximum solution basis for a mixed problem. The letters
¢ or x on each edge are used to distinguish the c- and x-edges. In this paragraph, we
use ¢;; for the optimal cut value and x;; for the optimal xcut value. x;5 = min {x,,, ¢},

5 6
c [k\
X C X
1 2 3 4
Fig. 2.

while ¢,s = min(x,,, C,s, X34, X35, X4} = € Similarly, x¢g = min{c,s, ¢,3, X35}, While
Csg = Min{c,s, C,3, X34, X46}. Note that for a given pair (i, j}, any given cut.is either
an i—j cut or an i—j xcut. Therefore, exactly one of this pair of problems is solved
by any globally minimum cut.

5. Graphic xcuts

~In this section, we consider the problem of constructing a maximum solution
basis for the graphic multiterminal problem consisting of the (%) i—j problems. We
could solve each of the problems first and then apply a greedy algorithm for computing
a maximum basis. Alternatively, we could solve at most 2n problems using the procedure
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described by Hassin [7]. In this section, we prove that for the graphic case one can
construct a maximum solution basis by solving just n problems in addition to a
preprocessing step that computes a globally minimum cut of the graph and is
computationally equivalent to an additional problem. This result is analogous to that
of Gomory and Hu for the multiterminal cut problem in the sense that the number
of problems to be solved is equal to the cardinality of the solution basis.

We will also describe an algorithm that constructs a very simple data structure
from which the solution to any given problem can be easily obtained. Here, in
contrast to Gomory and Hu's algorithm, the algorithm does not construct a maximum
solution basis, but each vertex of the graph will be associated with a cut. To obtain
a solution to an i—j xcut problem, one first needs to check whether the globally
minimum cut is feasible for the problem (in which case, it also solves it). If not, then
the problem is solved by the better of the cuts associated with its two defining
vertices i and j.

Let G = (V, E) be a given (undirected) graph with a vertex set V= (1,..., n}
and an edge set E. Let o be a cost function from E to R,. Define for disjoint subsets
A,BcV,c(A,B) = Z{(u)e Elic A je B O In pamcular the cost of a cut (S, T) of
Vis ¢(S, T). The i—j graphic xcut problem is defined with the above special cost
function.

DEFINITION 5.1 [3]

Two cuts (S, T) and (S’, T’) are said to cross each other if and only if each
of the four sets SNS’, SNT', TNS’, TN T’ is nonempty.

The following theorem is analogous to a theorem by Gomory and Hu for the
multiterminal cut problem on graphs.

THEOREM 5.2

In a graphic multiterminal xcut problem, there is a set of optimal xcuts that
do not cross.

Proof

Let (X,X) and (Y,Y) be optimal i—j and k-1 xcuts, respectively. Suppose that
i,je Xandk,le Y. DefineP=XNY,0=XNY,R= XmY and S = X N Y. Suppose
that none of the sets P, O, R, S are empty, so that (X, X) and (Y, Y ) cross. We will
show that there must be another optimal k—! xcut that does not cross (X, X).

The optimality of (X,X) and the feasibility of (R, V\R) for the i—j problem

imply
c(X,X) < c(R, V\R),

and this is equivalent to
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c(P,S) +c(Q,5)=£c(R,S).

With the nonnegativity of ¢, this implies that
c(Q,S) <cR,S) +c(P,S),

and therefore
c(Q, V\Q) < c(Y,Y).

Since (Q, V\ Q) is a k—1 xcut, it follows from the last inequality that it is an 6ptimal
solution for this problem (and equality holds there). Moreover, this cut does not cross
(X, X), as required. O

For a set S ¢V, we define the i—S xcut problem as the one obtained when the
elements of S L {i} are restricted to be in the same subset of the cut. As before, let
Cmin = Min{c;;|i,j€ V, i # j} be the value of a globally minimum cut in G and c;;
the solution value for the i—j cut problem.

ALGORITHM 5.3

(Multiterminal graphic xcut algorithm)

(1)  Compute a cut (S, T) with value c¢(S, T) = c,,;,. This is the optimal i—j xcut
for all i, j pairs such thati,je Sori,je T.

(2) Foreveryie€ S, compute an optimal i—T xcut. Let the value of this cut be ¢,.
[Execute this step only if {i} UT #V, else set ¢, = oo.]

(3) Foreveryj € T, compute an optimal S—j xcut. Let the value of this cut be cg;.
[Execute this step only if {j} US #V, else set ¢g; = oo.]

(4) Forevery i€ Sandje T, the optimal i—j xcut has value ¢;; = min{c,, cg;}
and an optimal cut is the one producing this value (i.e. the optimal i-T or
S—j xcut).

THEOREM 5.4

Algorithm 5.3 correctly computes optimal xcuts for the multiterminal problem.

Proof

The optimality claim in step 1 is obvious. Let i € S, j € T. By theorem 5.2,
there exists an optimal i—j xcut (X, Y) with i, j € X which does not cross (S, T).
Thus, either {j} UScX or {i} UTcX. This justifies the optimality claim in
step (4). a

Remark 5.5

An i—j xcut problem can be computed by setting o; jto infinity and computing
a globally minimum cut in the resulting network. This cut can be computed, for
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example, by applying Gomory and Hu's algorithm or the recent algorithm by Nagamochi
and Ibaraki [8]. Algorithm 5.3 requires, therefore, n + 1 computations of a globally
minimum cut.

We note that the number of distinct solutions in a multiterminal problem that
consists of all of the () xcut problems may be smaller than n even in "nondegenerate”
cases (i.e. when distinct cuts have distinct costs), in contrast to the multiterminal cut

I III
1 } 0’14-:6 [ 4

_ N

Fig. 3.

problem. This is illustrated by the following graphic example (see fig. 3). The
numbers associated with the edges represent the cost o The cut marked by / is an
optimal 2—-3, 2—4 and 3-4 xcut. Cut /] is an optimal 1-4 xcut, and cut //I is an
optimal 1-2 and 1-3 xcut. Thus, in this problem n = 4 but there are only three
distinct solutions. Note that if o, , is changed to 8.5, then there will be four distinct
solutions since the cut ({2}, {1, 3, 4}) will be the 1-3 optimal xcut.
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