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Approximation algorithms for NP-hard optimization problems have been widely
studied for over three decades. Most of these measure the quality of the solution
produced by taking the ratio of the cost of the solution produced by the algorithm
to the cost of an optimal solution. In certain cases, this ratio may not be very
meaningful—for example, if the ratio of the worst solution to the best solution
is at most some constant «, then an approximation algorithm with factor o« may
in fact yield the worst solution! To overcome this hurdle (among others), several
authors have independently suggested the use of a different measure which we call
z-approximation. An algorithm is an « z-approximation if it runs in polynomial time
and produces a solution whose distance from the optimal one is at most « times
the distance between the optimal solution and the worst possible solution. The
results known so far about z-approximations are either of the inapproximability
type or rather straightforward observations. We design polynomial time algorithms
for several fundamental discrete optimization problems; in particular we obtain a
z-approximation factor of 1 for the DIRECTED TRAVELING SALESMAN PROBLEM (TSP)
(with no triangle inequality assumption). For the UNDIRECTED TSP this improves to
1. We also show that if there is a polynomial time algorithm that for any fixed
€ > 0 yields an € z-approximation then P = NP. We also present z-approximations
for several other problems such as MAX CUT, STACKER CRANE, MAXIMUM ACYCLIC
SUBGRAPH, and MINIMUM DISJOINT CYCLE COVER. © 2001 Elsevier Science
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1. INTRODUCTION

One way of coping with computational intractability of NP-hard opti-
mization problems is to settle for polynomial time algorithms that produce
suboptimal solutions. This raises the question of selecting an appropriate
measure for assessing the quality of a suboptimal solution. One popular
measure, also called the “relative error,” is to bound the maximum of
(c(S) — c(Spest))/c(Spest) if we are solving a minimization problem. c¢(S)
is the cost of the solution S produced by the algorithm, and c(S,.,) is the
cost of an optimal solution. This is the same as measuring the approxi-
mation factor of an algorithm, which is ¢(S)/c(Spes:) fOr a minimization
problem.

Significant progress has been made in the field of approximation algo-
rithms during the last decade (see [28] for a survey of results). Constant
factor approximations have been obtained for many NP-hard problems, or
proofs that no such algorithms exist, assuming P # NP, have been devel-
oped. However, in certain cases, an approximation algorithm may actually
give the worst possible solution for that instance and still be considered a
“good” algorithm. For example, in a well-known (see [12]) factor 2 approxi-
mation algorithm for unweighted vertex cover, we find a maximal matching
and take all of the vertices that are matched in the matching. If the match-
ing found is perfect, then we select the entire vertex set as the vertex cover
and simply argue that the optimal cover includes at least half the vertices.
But this is the absolutely worst solution we could possibly produce! The
above phenomenon is just one drawback of the commonly used “ratio cri-
terion” which measures the quality of an approximate solution relative to
the optimal one by their ratio. Early deviations from this measure can be
found in papers by Corneujols et al. [13] and Kise et al. [29].

Several drawbacks of the “relative error” measure were raised in the sem-
inal work of Zemel [38]. For example, if we change the problem instance so
that we add some fixed constant to all solutions for an instance, the error
ratio may not be preserved.? The second drawback is illustrated through the
example of MINIMUM VERTEX COVER and MAXIMUM INDEPENDENT SET, which
are very similar since the complement of an independent set is a vertex
cover in the graph. However, the approximabilities of these two problems
are vastly different. VERTEX COVER can be approximated within a factor of
2 [7, 8, 27] (see [28] for additional references), whereas MAXIMUM INDE-
PENDENT SET cannot be approximated within a factor of Q(n!~¢) for some
fixed € > 0 assuming NP # ZPP [21].

*In the TSP, we can simply add a large constant to the weight of each edge, so that the
edges now satisfy the triangle inequality, and use Christofides’ heuristic, but this does not
provide any relative error guarantee.
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Ways of overcoming such drawbacks were suggested by Zemel [38], who
used an axiomatic approach to construct different measures. The measures
suggested by Zemel are invariant under the following operations:

 adding a constant to the weight of every feasible solution (equiva-
lently, adding a constant to the objective function);

« formulating the problem as a maximization or a minimization prob-
lem (with the objective function multiplied by —1);

» replacing the problem by its “complement,” which is defined in terms
of the complement binary variables {y;}, where y; = 1 — x;, instead of in
terms of the variables {x;}.

In the present paper we adopt one of Zemel’s measures, which we call
z-approximation. In this approach our goal is to find a solution S with the
property that

C(S) - C(Sbest) <a
C(Sworst) - C(Sbest) -

where 0 < @ < 1 and Sy and S, are the optimal and worst cost solu-
tions for the problem instance. For a minimization problem, the measure
translates into

¢(8) < (1 = @)¢(Smin) + @C(Smax)

where 0 < @ < 1 and S, and S, are the minimum and maximum cost
solutions for the problem instance. For a maximization problem, it becomes

C(S) = (1 - a)C(Smax) + aC(Smin)'

An « z-approximation is bounded if o < 1, for any constant «. The closer
« is to 0, the better the algorithm. If « = 1 then we might get a solution
that is as bad as the worst solution.

Several other authors have independently recognized the advantages of
the z-measure: Ausiello et al. [4] denote it as “the proximity degree” of
a solution and attribute its formulation to [1], where a constant factor z-
approximation is given for MAX CUT (see also Aiello et al. [2]). Ausiello et al.
[5] show that MAX-SUBSET SUM obtains a fully polynomial z-approximation
scheme, while MAX-CLIQUE and MAX CUT do not.
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The recent work by Demange et al. [14, 15] develops an approach simi-
lar to the prior work by Zemel [38] and gives algorithms under the new
measure for a set of problems. In particular, [15] contains a 1 — -i— z-
approximation for UNWEIGHTED SET COVER with maximum set size A and
proves the existence of an asymptotic 0 z-approximation for instances of
VERTEX COLORING with A = o(|V|), were A is the maximum vertex degree
in the graph. (The bounds in [15] are actually 1 — o, where « is the z-
approximation factor.)

Finally, Nemirovsky and Yudin [33], Vavasis [37], and Bellare and Rog-
away [6] use this measure in the context of nonlinear programming.

We note that the meaning of a “worst” solution (S, in a minimization
problem or S;, in a maximization problem) needs to be defined together
with the problem. For example, in VERTEX COLORING one possibility is to
give each vertex a distinct color, and thus ¢(S,,) = |V|- Another possibility
is to allow only minimal colorings, that is, solutions such that no two color
classes can be merged without creating a conflict (an edge whose two ends
are colored the same way). In this case, ¢(Sp,,) 1S the maximum number of
colors in a minimal coloring, which may be considerably less than |V/|, and
the problem turns out to be harder to z-approximate.

In this paper we investigate a few central combinatorial optimization
problems and analyze their z-approximability. It is of interest to compare
these results with those obtained for the same problems with respect to the
ratio measure and to note that some problems are harder to z-approximate
while others are easier than the respective ratio approximation. For exam-
ple, VERTEX COLORING is known to be hard to approximate under the stan-
dard measure, but it turns out that bounded z-approximations can easily be
obtained (see Section 4). For MAXIMUM INDEPENDENT SET the two measures
are identical, and therefore the known hardness results for this problem
(see [21]) are also valid for z-approximation. Since the z-measure is invari-
ant with respect to defining the problem in terms of the complement binary
variables, it follows that vertex cover is also hard to z-approximate with
a < 1. However, this problem has very simple 2-approximations. The Trav-
eling Salesman Problem (TSP), which asks for a minimum cost (or length)
Hamiltonian cycle (a tour), is an interesting case since its minimization ver-
sion is hard to approximate, while for the maximization version there are
bounded approximations [26, 30] (this is true for both the directed and
undirected versions). On the other hand, the z-measure is invariant with
respect to whether we maximize or minimize, and we show that even for
the directed case there is a bounded z-approximation (see Section 2). This
implies one for the simpler version, the undirected case (the factor is a
little better). This also makes no assumption about edge weights such as
nonnegativity and triangle inequality.
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2. THE TRAVELING SALESMAN PROBLEM

In this section we describe a % z-approximation algorithm for the directed
TSP. We assume that we are given a directed graph G = (¥, A) with weights
c(i,J) (i, j) € A. Note that we do not assume nonnegativity of the weights,
and (in particular) the results apply to both the minimization and maxi-
mization versions of the problem.

We observe that well-known algorithms which guarantee bounded ratio
approximations for minimum (metric) TSP on undirected graphs may still
output worst solutions on such instances. Note that the triangle inequal-
ity is irrelevant for z-approximations since the latter is invariant under the
addition of a constant to all of the edge weights. For example, consider a
complete graph with unit length edges for all but a single edge, say (a, b),
whose length is two. Christofides’ algorithm [11], whose approximation fac-
tor for the metric TSP is %, may compute as a minimum spanning tree a
Hamiltonian path between vertices a and b. The matching step will add to
this path the edge (a, b) to form a Hamiltonian cycle of total length n + 1,
which is the worst (maximum) possible length.

Remark. Another measure suggested by Zemel is the relative location of
a solution in a sorted list of feasible solutions to the problem. Several papers
computed solutions for the TSP that will not be worse than many other
solutions. A recent paper by Gutin and Yeo [20] shows that a tour whose
weight is at most that of an average tour (such a tour can be computed in
polynomial time) dominates at least a fraction of about 1/x? of the solutions
to a TSP with n vertices. We note, however, that this solution may still be
close to the worst one in an instance where many solutions of the same
(worst) value exist.

A cycle cover is a set of vertex-disjoint cycles which span the vertex set. If
the graph is directed then these cycles should be directed. A minimum cost
cycle cover can be computed in polynomial time in the directed case, by
reducing the problem to the assignment problem. (In the undirected case
a cycle cover is also called a binary 2-matching. This can also be obtained
in polynomial time [32, 23].)

ALGORITHM. Compute a minimum cost directed cycle cover DCC. If it
contains a single cycle, return this cycle (it is an optimal tour). Otherwise,
arbitrarily fix a cyclic order of the cycles in DCC. Denote the cycles in the
order fixed above as Cy, ..., C;, 1 > 2.

Randomly choose a vertex vi € C;, for i = 1,...,1. Index the vertices
of C; starting from vi in the direction dictated by the cycle’s orientation,
as vy, v5, ...,V , where k; = |Cj|. Let P, , denote the sequence of ver-
tices between p, g € C,; starting from p in the direction dictated by the
orientation of C;.

Return the tour S,,,4 which visits the vertices in order of le‘ Lo ores Pé, -
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THEOREM 2.1.  Let ¢(S,004) denote the expected cost of the solution Sy,q.
Then

C(Sgood) = C(Smin) + %(C(Smax) - C(’Smin))'

Proof.  Consider a tour Sp,g = (P§ 1)imy, . 1(V5)ic1,s- I k; =2 then v} =
vi and Pi , contains just this vertex. Denote by c(S,,4) the expected length
Of Spad- Sgooa deleted an arc from each cycle and added an arc from each
cycle to its successor. Sp,q deleted two arcs in each cycle and added two
arcs from each cycle to its successor. Since each arc in a cycle has the same
probability of being deleted, and similarly each arc from a given cycle to its

successor has the same probability of being used, it follows that

C(Smax) - C(Sgood) Z C(Sbad) - C(Sgood)
= C(Sgood) - C(DCC) z C(Sgood) - C(Smin)

and C(Sgood) = %(C(Smax) + C(Smin))' i

The algorithm can be derandomized to obtain a deterministic % z-
approximation. Applying the method of conditional expectations, we first
choose the arc to be deleted from C; to satisfy

min { S ep. )+ X <l q) —c(j,k)].

(J, k)eC, peCi [Co) 9€Cy JC,l

Given the arcs deleted from Cy,...,C »—1, and, in particular, that an arc
that leaves a vertex 1 € C,,_; was deleted, we choose an arc to be deleted

from C,, p=2,...,1—1, to satisfy

min {c(i,k)—l— > c(j,q)——c(j,k)}.

(J, k)eC, qeCpiy 'Cf'—rl'

Finally, given that arcs leaving i € C;_; and entering j € C; where chosen
for deletion, we delete an arc from C; to satisfy

min {c(i,s) + c(¢, j) —c(s, t)}.
(s, el

The following result is obtained in a similar way and its proof is omitted.
The main difference is that each cycle in a cycle cover in an undirected
graph has a size of at least three, whereas in the directed case, each cycle
in the cycle cover has a size of at least two. In the undirected case, we
can perform an extra exchange operation to swap another edge from each
cycle, thus creating a bad solution from the cycle cover by using two sets of
swaps. We thus create a bad solution by going over the set of cycles three
times, rather than two times, as was done in the directed case.
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THEOREM 2.2. There is % z-approximation for the undirected TSP.

One natural question that arises is, are there e z-approximations that run
in polynomial time for any fixed constant € for TSP? We give a negative
answer to this question by relating it to the MAX SNP hardness of a special
case of metric TSP.

THEOREM 2.3. If there is a polynomial time algorithm that for any fixed
€ > 0 yields an € z-approximation for TSP then P = NP.

Proof. If there is a polynomial time algorithm that for each fixed
e > 0 finds an e z-approximation, then it finds a solution S with cost
at most c(S) < c(Thin) + €(c(Thax) — c(Tmin))- Since the TSP with
distances between vertices being either 1 or 2 (called 1/2 TSP) is
MAX SNP-hard [34], we know that if we get a solution that is an €
z-approximation, then P = NP. For 1/2 TSP instances, this implies that
C(S) = C(Tmin) + €(2|V| - lVl) = C(Tmin) + EC(Tmin) = (1 + E)C(Tmin)'
This implies that there is a PTAS for 1/2 TSP, which in turn implies that
P = NP [34]. |

2.1. The Stacker Crane Problem

In the STACKER CRANE problem, an undirected graph is given with a set
of special directed arcs. The goal is to compute a minimum-length walk that
traverses all of the special arcs in the desired orientation. For the met-
ric case, Frederickson et al. [17] developed a 1.8-approximation algorithm.
However, if the length of a solution is defined as the total length of the
connecting edges in it (excluding the constant term consisting of the length
of the special arcs), then the approximation factor is 3 (algorithm LON-
GARCS [17]). Thus, a better approximation factor was made possible by
implicitly adding a constant to the objective function.

We note that the z-measure is invariant under the addition of a constant
to the objective function.

We view the STACKER CRANE problem as follows. Given a weighted graph
with an oriented perfect matching M = {(sy, t;), .. -, (Su2> ty2)}, compute
a minimum cost directed Hamiltonian cycle that uses edges of the matching
M in the specified orientation. We note that for this version the best and
worst solution values are well defined. Moreover, it turns out that under
this definition the problem is in fact the directed TSP. To see this note that
a vertex v; in a directed TSP can be considered a special arc (s;, ¢;) with
the arcs (v;, v;) represented by (¢, s;) for every i # j. Similarly, a special
arc (s;, ¢;) in a Stacker Crane instance can be considered a vertex in an
equivalent directed TSP instance where (¢, s;) is represented by a directed
arc (v;, v;). It follows that our 1 z-approximation for the directed TSP also
applies to STACKER CRANE. '
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We note that the transformation holds also for the general case, that is
when the special directed arcs are not necessarily vertex disjoint, but the
definition of the worst solution may be less natural since we must allow the
solution to repeat edges.

3. MAX CUT AND MIN CLUSTER

In Max cuT a graph with nonnegative edge weights is given. The goal
1s to partition the vertices into two nonempty sets so that the total weight
of edges with end vertices in different sets is maximized. Similarly, the
complementary MIN CLUSTER asks to minimize the total weight of edges
whose two ends are in the same part.

There are many %-approximation algorithms for Max cuT (see [18] for
improvements). These algorithms guarantee a stronger property, namely,
the weight of the solution S,,, which they produce is guaranteed to satisfy
C(Sapx) = %C(G), where ¢(G) is the total weight of the edges of G.

Denote by S, @ MAX CcUT and similarly by S;, @ minimum cut. We now
show that when the latter is used as a “worst” solution value the above
property guarantees asymptotically a % z-approximation.

THEOREM 3.1. S, is an a z-approximation, for o = %(71”72)
Proof. We need to argue that

C(Sapx) = aC(Smin) + (1 - a)C(Smax)'

Consider a graph with n vertices. The minimum cut value is bounded by
the average weight of a set of edges (a star) incident with a vertex. Thus,
(Smin) < 292, We also have ¢(Syp) = 2¢(G) and ¢(Spay) < ¢(G). (Note
that for the latter inequality we use the assumption that the edge weights
are nonnegative.) The claim follows from the above inequalities for ¢(Sy.)
and c(S i

min)'

4. VERTEX COVER, MAX CLIQUE, AND COVER BY
INDEPENDENT SETS

There is a simple greedy algorithm that gives an approximation factor
of 2 [7, 27] for VERTEX COVER, and this is the best asymptotic factor that
is known. (See [8] for an improvement to 2 — lg%égﬁ%'.) As an optimiza-
tion problem, VERTEX COVER is equivalent to MAXIMUM INDEPENDENT SET
since the complement of a vertex cover is an independent set. However,

for MAXIMUM INDEPENDENT SET (or the equivalent MAXIMUM CLIQUE, which
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is defined on the complement graph) the best known approximation factor
is O(|V|/(log|V'|)*) [10]. On the other hand, letting the worst independent
set solution consist of the empty set, with zero weight, the z-measure is
exactly the ratio measure. Due to Hastad’s hardness result [21] it follows
that the problem is also hard to z-approximate. Since z-approximation is
invariant under the complement operation it follows that VERTEX COVER is
also hard to z-approximate.

We note that in contrast to the above observation, constructing bounded
z-approximations for CLIQUE COVER (Oor VERTEX COLORING) iS quite easy.
Very simple algorithms with factors of % and % are described in [24],
improvements are given in [22] (see also [36]), and finally a factor of 33% is
given in [16]. These algorithms approximate the COLOR SAVING PROBLEM,
which amounts to maximizing the saving in colors over the trivial solution
which assigns a different color to each vertex. Since the minimum number
of colors is some positive number, any factor obtained for COLOR SAVING
induces at least the same bound for the z-approximation of the problem.

We now generalize the above results. An independence system is a pair
(V, #) where V' is a ground set and ¥ is a collection of subsets of }J which
are said to be independent satisfying the condition that if F € ¥ and F' C F
then F’ € . Trivially, any singleton of V' is independent. Given an inde-
pendence system (V] ), MINIMUM COVERING BY INDEPENDENT SETS requires
computation of a minimum number of independent sets whose union is V.
An interesting special case of this problem is when V' is the vertex set of
a graph and a set of vertices is independent if there is no edge connect-
ing any two vertices in the set. In this case the problem is exactly VERTEX
COLORING discussed above. Another interesting case is one where each ele-
ment of V' is associated with a weight and a set is independent if the total
weight of its members is at most 1. In this case the problem becomes the
BIN PACKING PROBLEM.

Since the singletons are independent, |V/| sets are always sufficient to
cover V. Thus, the z-factor turns out to be the complementary performance
ratio (|V| — ¢(Smin))/ (V| — ¢(S)) [22]. The method used in [16, 22, 24] is to
use a maximal set of independent sets of a size of at least 4 and then to use
smaller sets to cover the remaining elements. Using better approximations
for the problem of covering a set by subsets of size at most 3 resulted in
better z-approximation for COLOR SAVINGS. By following exactly the same
procedure, the same z-factors are obtained for the general MINIMUM COV-
ERING BY INDEPENDENT SETS.

5. MINIMUM DISJOINT CYCLE COVER

Given an undirected graph G = (¥, E), a MINIMUM DISJOINT CYCLE COVER
is a set of vertex disjoint cycles of minimum cardinality that span V. In
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this problem, a single vertex is considered a cycle, and therefore a feasible
solution always exists. There is no k-approximation for the problem, for
any constant k, as proved by Sahni and Gonzalez [35].
We compute a % z-approximation for the problem with the definition of
the “worst” solution as a collection of |V/| single vertices, as follows.
Construct a complete graph H with vertex set 7 and weights

1 i=j
ci, j)=1{ 0 (i,j)eEi#]
Vi+1  (G)EEi#)

Compute a minimum cost cycle cover in H and denote the number of
cycles by apx. Let apx, and apx, denote the number of cycles in this
solution with a single vertex and more than one vertex, respectively.

Consider an optimal solution. Denote the number of cycles in this solu-
tion by opt and similarly break it into opt; and opt,. Then

V|- apx,
—3

Note that the cost of a cycle cover in H amounts to the number of loops it
contains, so that the minimum cost of a cycle cover is exactly apx;, and in
particular,

apx, <

apx; < opf.
Therefore,

apx = apx, + apx,

< apx, + n “;lpxl
n 2

~373%n
n 2

=< 3 + 50}711
n 2

< —+ —c(S._;

—_ 3 + 36( mm)
C(Sma‘() 2

—  aas —c(S .

3 + 3C( mm)

=4&m>+§@wmo—cwmm>

We conclude that a minimum cost cycle cover in H is a % z-approximation
for the problem.
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6. MINIMUM DOMINATING SET

A dominating set of a graph G = (V, E) is a subset U S V' such that
every vertex in V\U has at least one neighbor in U. The MINIMUM DOMI-
NATING SET problem is to compute a dominating set of minimum cardinal-
ity. This is a special SET COVER instance, and it can be approximated within
O(log|V]). No constant performance guarantee is possible unless P = NP.
Let 6 denote the minimum vertex degree in G. Without loss of generality
we can assume that 6 > 0 (incorporating isolated vertices is like adding a
constant to the objective function). We also assume that the graph is con-
nected (otherwise, we can run the algorithm on each connected component
of the graph). It is straightforward to construct a dominating set of size at
most |V'|/2. For example, consider a bipartition induced by any spanning
tree and choose the smaller part. Thus, if we define the “worst” solution as
|V| this gives immediately a % z-approximation for the problem.

We note that stronger bounds are possible when 6 is bounded from
below. For example, Theorem 2.2 [3] states that G has a dominat-
ing set of size at most |V|(1 + In(8 + 1))/(8 + 1). This bound can be
achieved by a simple randomized algorithm or deterministically by a
greedy algorithm which at each step picks a vertex that covers the maxi-
mum number of uncovered vertices. This result immediately gives improved
z-approximations for the problem, depending on 6.

7. MAXIMUM ACYCLIC SUBGRAPH AND
MINIMUM FEEDBACK ARC SET

In MAXIMUM ACYCLIC SUBGRAPH an arc-weighted directed graph G =
(V; A) is given, and we want to compute a subset A" € A such that G’ =
(V; A") is acyclic and c¢(A’) is maximal. The complementary problem in
which ¢(A\A4") is to be minimized is called MINIMUM FEEDBACK ARC SET.

There is a simple 1 approximation for MAXIMUM ACYCLIC SUBGRAPH: com-

pare the set of arcs (i, j) € A such that i < j with its complement and
choose the one with higher weight.

For the unit weight version of the problem there are better bounds for
graphs with bounded degree. The algorithms of Berger and Shor [9] and
Hassin and Rubinstein [25] are 4(1 + Q(1/+/A))-approximations, where A
is the maximum degree. i

Clearly, if there are negative arc weights then an optimal solution will
never choose these arcs. Let ¢(i, j) = max{0, c(i, j)}. Clearly c(Sqy;,) <0
since the empty set is a feasible solution, and therefore the approximate
solution with value at least ¢'(A) is also a % z-approximation.
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Let us consider a variation of the problem in which a solution corre-
sponds to a permutation of the indices of the vertices, and its cost is the
total cost of the arcs directed from a vertex to one with a higher index.

In other words, we now consider maximal sets of arcs that induce acyclic
subgraphs, that is, subsets of 4 which induce acyclic subgraphs and are not
properly contained in any other such set. We then define ¢(S,,;,) as the
minimum weight of a maximal solution. As observed in [25] the maximal
solutions correspond to permutations 7 = (7, ..., 7)) of the indices by
taking the arcs (i, j) with 7; < ;. Thus each maximal solution is associated
with another one obtained by the reverse permutation and in particular
C(Smin) + C(Smax) = C(A)

Under nonnegative costs this problem is equivalent (with respect to opti-
mization) to MAXIMUM ACYCLIC SUBGRAPH. The main difference, however,
is that now we may have to use negatively weighted arcs, and thus the opti-
mal solution cost is not necessarily bounded by the total cost of the graph.

We observe that the approximation for the weighted case by the above
simple algorithm is guaranteed to be at least %C(A). It follows that such a
solution is also a % z-approximation for the problem.

For the unit weights case, again the approximations are guaranteed to be
at least (1 + Q(1/+/A)) times c(A), so that they give the same z-bound.

8. CONCLUDING REMARKS

The entire theory of approximation algorithms that tries to character-
ize problems by levels of difficulty, in terms of approximability, can be
redone in this framework. We have examples of problems that are hard to
z-approximate (like VERTEX COVER and INDEPENDENT SET) and those that
are easy to z-approximate (asymmetric TSP, DISJOINT CYCLE COVER, MAX
CUT), and problems with € z-approximations, for any fixed € > 0, like KNAP-
SACK (this is a maximization problem, and we could take the worst solution
that corresponds to an empty knapsack with zero profit).

For example, we prove the hardness of undirected TSP by showing that
there is no polynomial algorithm that can produce an e z-approximation for
any fixed € > 0, unless P = NP. Such results can be shown for problems for
which we can “restrict” the cost of possible solutions. (For example, in the
proof of Theorem 2.3 the cost of the tour is between n and 2n.) For exam-
ple, for the Vertex Cover problem, Nemhauser and Trotter [31] showed
that if we take an optimal fractional solution for the relaxation of the Inte-
ger Program (IP) for Vertex Cover, one can prove some nice properties
about the solution. Without loss of generality, the (optimal) fractional solu-
tion is restricted to the values {0, 1, 1}. Moreover, Nemhauser and Trotter
showed that there exists an optimal cover that includes all of the vertices
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with a value of 1, and a subset of the vertices with value % We can focus
our attention on the subgraph induced by the vertices with value 1. Thus,
for the LP solutions for Vertex Cover [31] we can restrict the optimal ver-
tex cover cost to between w(}) and %w(V) and obtain similar hardness
results for Vertex Cover.
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