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Remark 1. If oy = o,? (as is the case in Maynard Smith’s model), it is easy
to see that starting with all AB individuals, so that D® = 0, we must have
D® = 0 for every subsequent £. Thus, in this case, ¥ = p!¥ and &’ = &{
and the frequencies of the respective types are the same in the asexual and
sexual cases. This holds true even if the fitnesses of Ab and aB are oy, o5,
respectively (o # o;) with 6, = 6,05. In this more general multiplicative
setting, the equality of the sexual and asexual systems was concluded 5, Maynard
Smith as an approxiteation. In fact, it is precisely true.

Remark 2. Using the same sort of arguments as above, it can be shown that
if 1 < 0y < 07 < &2 {2 submultiplicative case), the sexual system will always
be advantageous. Indeed, if we begin as before, it is clear that after the first
selection D, will be negative. Recombination and a subsequent mutation do not
alter this, nor do succeeding selection events. However, since D,,- < 0, recombina-
tion causes z, to become larger than w, without changing p, . As before, after
mutation p{™ and ™ are increasing functions of p, and %, . Since I < 0y < 04,
the same is true of p{” and %!, The inequalities z, < u, and p, < p, , which
hold after the second generation, will persist and the sexual population contains
more double mutants. .

Remark 3. 'The construction of the above proof makes it clear that permuting
the order of the mutation, selection and recombination events will not alter the
conclusion. Obviously, if, after the first mutation, selection occurs, then recom-
bination at the end of the first generation #, > u, while if recombination
occurs before selection at the end of the first generation, %, = u, . moﬁﬁoﬂ as
we have proved, (6) is true after the second generation.

5. Awavysis oF CasE (c)

Assume, as in Case (a), that the vow&ﬂmg is initially all AB. Assume further
that recombination follows any occurrence of mutation and then selection
occurs. As in Case (a), 38 = y{ for every t. We first prove

Lemma 1. Starting with y, =1 (so that 5" = y§) for t > 1), then after
any w&%ﬁ?ﬁh&g -

Ny <4 = do[o — oyl —1)] (13)
holds true as long as 1 — y, < h, provided that I and . are small enough.

Proof. After the first H.dooB_umeoP

Ty =1 —pP <4 <4,
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We proceed by induction. Assume that (13) holds after a given recombination
event. Then with the prime denoting values after selection,

¥ _ SN T < 4oy

(¥') a2y, os® — oyl — qv

where T'=oyy; + 2059 + ¥4 =1 — 2(1 — o3} 75 + (g — 1)1 . In view of
the induction hypothesis 3, = O(y;2) with ¥, <C &, so that for % small enough,
we have T < 1. Then, we have

T,

¥ 4oy 3.
A
(') — oyl — wv

m (14)

Suppose now that (1 — y,) < k and consider y, following mutation and
recombination:

¥y = (1 — p}(ye + pya) + (1 — 21y — 30
>0 =y +p(l —p)y,—
=pll — @)y + (1 —pp — )
> p{l — )y, > (1 — p)(1 — B,

if & is small enough. According to the induction hypothesis, ¥, = O(¥,?) and
¥z << k so that the mean fitness of the population after selection is less than one.
Thus, after selection,

Y2 > ol — p)(1 — Bp = [(1 + 20)2] Wl — pX(1 — ), (15)

where o == g, — 3 > 0 by hypothesis; « is, also, independent of x and .. We
make use of (15) to show that a mutation event cannot increase y,/y,? by more
than 4. To do this, we must show

Yo+ 2pys + By,
(1 = pP (ye + mys)

Since the left side of (16) decreases in y, , we need only show
(3 + Zuy)(1 — p)y? < (3 + &‘,Nuvqnu

A|m+k_ (16)

or, equivalently,
#2 — @)1 < 293291 — uf — - (17)

Suppose that p and £ are so small that (1 — p3¥{(1 — &) > (1 + /{1 + 2x),
say p, £ << f4(1 4 2«). Then from (15), we have

21 = P > (1 261 — Rl — B > (1 + @)
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Similar relations hold with ™ and -x; substituted. for ™ and y; throughout
(7) (¢ = 1,2, 3,4). Then, an easy calculation shows

DP=@0—pD, >0 ()
Further, ‘, _ .
Hii:.I_IE@ Zp+ (1 —p)p, =pym.

Gmﬁw AC in (7) we o.uEE

uhm C - .:.uv%aﬁa + 2u(l — p) p. + w21 + .Fv
’ (1~ )l + p) — ppata + (1 — 20)2.]

1 [ + (1 — 69 pa] 2, + 201 — p) po -+ 2
1—p Ml —p)us + (1 —2p) pr +

= .\a._ﬁ.%p. » aav- say.

The function f,,(p,, , %) is a linear fractional function in each argument and since
[ + (=69 2]l + (1 — 20) 2] — [ + 2601 — ) 2] (1t — )
=1 —ufpd +u(l —p)p, >0,

we have 8f,/éu, > 0.
Again, we may write

b — ) 2] — )] Py 1 4 1)
Il 2 %) = — [T — 2% — sl b + w1 T )

as a linear fractional function of p,, . Since

(1 — g2 s 4 201 — )] (1 + ) = [T — 20 —jeae] (1 + )
= t.Q. + w (e + u,) >0,

we have m.x.a,\m? >-0. Since p§ > pi, 4P = 4P, it is now clear that
™ =f (p. . u) = \.ﬁm 2, aav = awér . (9

(ii) Recombination acts on the sexual @ov&ﬁuou only. waonum by ﬂro
superscript 7 the value of a variable after recombination, we see that

DN =(l—7D, >0,
PP =p, <P,

:3.,.
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where T is the mean fitness after recombination and selection.” Clearly, since
gy < 1, for 8 small enough,

12T=y+20y+0an+0p0) >y >1-—3

so that 1/T' <1 4 25. Then 1 — 3,/ < 20,y, 4 O(8%) < 1 — ¥, . This means
that for 8 small enough 1 — y, <{ 8§ after mutation, and (I18) ensures that
following recombination and selection y,” > ¥, .

Now, for any e such that 0 < e << 8, the set

S={3,%,%,¥) e <1 —y, <3y < Ky, K const}

is a compact set over which y,' — 3, (here, ¥, is y, after recombination and
selection) is a continuous positive function. Thus, there is a 8 = 6(g, 8) > O such
thaton S, v,/ — v, = 6.

* After a subsequent mutation,

W

¥ — ¥ = (—2p + Ny, > —2p,

so that if p << } min(f, 8 — <), we have on ,w after recombination mm_ooﬂow
and mutation

Y —31>80—2p>0,

in other words, 1 — y,” <C 8. On the other hand, if I — y, < ¢, then after
recombination selection and mutation y, -y, > 2usothat 1 ~y,’ < e+ 2 < 8.
Inanyevent,] —y, < dandy, << Ay2imply 1 — v, < 8.

Now, after the first recombination event {13) holds, and for sufficiently small
#, we have 1 — y, <C 8. This means that (13) remains true by Lemma 1 as long
asl —y, <8,andl —y, < mmemEmgo_u%H.ogmwmm_oummmﬁ < Ayy?.
mnnom both Eo@cm_ﬁom subsequently hold. This completes the proof of Case (c).

N«S&w 1. Since the point (0,0, 0, 1) is inherently unstable in the presence
of mutation, the result of Case (c) would imply, if convergence of the recursion
system is assumed, that a stable equilibrium exists close to the y, == 1 cofner,
i.e:, in 8. S is a region of stability in the sense that once the population enters
the interior of G it cannot escape.

Remark 2. The sexual population remains trapped in .S under the conditions
of the model, while it is obvious that in the absence of recombination the
population would fix on the advantageous double mutant. Thus, in an
evolutionary sense, the effect of recombination is not favorable.

Remark 3. In Case (), the assumption ¢, > (1 —r)oy is precisely that
needed to ensure limiting quasilinkage equilibrium in a deterministic model
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first generation the frequency ; of the double mutant in the asexual population
is always greater than y;, that in the sexual population. The order of the
mutation, selection and recombination events is immaterial. The proof is given
in Section 4,

Case (b). 1 <o, <oy <op?
Here, after the first generation, the sexual population contains more double
mutants than the asexual population. See Remark 2 to Section 4.

Case (¢). oy >1>a>c*>{1—r.
(i) o5 > 3. ‘ ,
. Assume that selection occurs after recombination which foliows mutation.
Then there exists 1z, and a region G specified by

G = I — Y= .wDch
7 < Ky?

withd > 0and 0 < K < o0, such that if p <C y, , then after the first generation
the population never escapes from G. 8§ may be chosen as small as we please
provided g, is sufficiently small. The proof of this result is given in Section 5,

4. Anavrysis oF CaseE (2) 1 < o2 <oy

Since the fitnesses of Ab and 2B are equal, and the population is initially all
AB, we may write, at any time, x, = x; and ¥, = y; . If the superscript  denotes
the generation number, then we prove {? > y{” for £ > 1. Here, a generation
refers to the occurrence of the three events: mutation, selection, and recombina-
tion in any order. This strengthens the findings of Maynard Smith, that if
0y = og% then x{"? = y{?. Where there is no ambiguity, the generation number
will be suppressed. Let » be the recombination fraction in the sexual case, and
in the usual notation let D, == 3, ¥, — ¥,? be the linkage disequilibrium function
for the sexual case. Define u, = xyx,, %, = v,/y, and write p, = x; + x,,
Py = ¥1 -+, for the gene frequencies of the mutants in the asexual and sexual
cases, respectively. Obviously,

w = P (1 + ), %y = pf{k + ), g =1—a —2x,. L

After the first occurrence of mutation,

* =pt =2, Xy = &g =y, = y3 = p(l — p), oy=01—pp 2
so that at this stage '
Uy = pf(l —p) =2,

Pe=p=2, R B
D,=0. . . . .
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(1) As long as the frequencies of the new genes are low, which they will be
initially, the frequency of the double mutant is of the order of the square of the
single mutant frequencies provided these single mutants are not too deleterious.

(2) As long as most of the new genes are in the form of disadvantageous
single mutants, selection favors the original genotype.

(3) As long as mutation is rare, the mutation pressure is insufficient to
push the frequencies outside the small region in which our arguments are valid.

The first part of our proof shows, in particular, that our argument is valid
when we make the assumption made by Bodmer (1970) and others that the
double mutant frequency may be negledted in the beginning, In fact, the initial
frequency vector (0, ¢, ¢, 1 — 2¢) will be in the frap region for e small enough,
so that with a steady flux of mutation the frequencies of the new mutants will
remain very low.

The requirement that the single mutants be not too deleterious may seem
strange at first glance, However, it seems plausible that if these single mutants
were, say, nearly lethal, then with or without recombination the frequency
vector would be pushed toward the AB - ab edge of the frequency tetrahedron.
From here, selection in favor of ab may pull the population into the state of
fization in ab. Even in this case, though, since D becomes positive, the rate of
evolution with recombination will be slower in the same way as in Case (a).

- In spite of our results, recombination is ubiquitous in nature and it would be
difficult to believe that it does not possess some crucial evolutionary advantage.
In fact, our results are true under very restrictive biological conditions. We have
considered a very large random mating population in an unchanging environ-
ment. So far we do not have a clear picture of what happens in small populations,
although the studies by Crow and Kimura (1965), Bodmer {1970) and Karlin
and McGregor (unpublished) indicate that in this case recombination will hasten
the appearance of the first double mutant. But the subsequent evolution of the
population under the influence of drift, selection and recombination is quite
unknown, so that the significance of the first double mutant is questionable.
Indeed, if there is no selection and the population is small, Karlin and McGregor
(unpublished) have shown that the expected time until the whole population
consists of double mutants is an increasing function of the recombination fraction.

We do know, however, that modification of the mating system, in particular
through the evolution of incompatibility systems, can be advantageous. These
could have been the precursors of sexual systems with the advantage conferred
not necessarily by recombination, but possibly by genetic incompatibility itself,

The asexual population, as we have shown, fixes on the double mutant
faster. Eventually, however, the disadvantage of recombination in slowing the
progress of the double mutant may become an advantage in the case of a changing
environment, Rather than hastening the fixation in the double mutant, the
advantage of recombination may be in prolonging the polymorphic state.
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I. INTRODUCTION

Crow and Kimura (1965) constructed a model to quantify the arguments
originally due to Fisher (1930) and Muller (1932) that recombination accelerates
evolution because it enables mutations originally occurring in distinct individuals
to be combined in a single descendent. The model contained the assumption
that even though the population be large, the mutation rate should be so small
that the double mutant may not exist in the same individual (see, also, Crow and
Kimura (1969)). In particular, Crow and Kimura concluded that the advantage
conferred by recombination is greatest when the population is large.

Maynard Smith (1968) contested these findings by producing a “‘counter-
example.” This consisted of a deterministic two locus model with multiplicative
viabilities in which, at any time, the frequency of the double mutant is the same
with recombination as without it. In this article, we also treat the completely
deterministic model, that is, an effectively infinite population so that chromosome
Jrequencies suffice to describe the population. However, we do not assume that
the relative fitness of the double mutant is exactly equal to the product of the
relative fitnesses of the single mutants. We consider the case of two loci so that
initially the population can be thought of as being all AB. Mutation occurs
from A to a and from B to b, Fitnesses of the mutant genotypes are normalized
to the original type.

We first show that if the mutations are favorable and the double mutant is
fitter than expected under simple multiplicity, then the frequency of the double

* Research supported in part under Grant NIH 10452 and in part by Contract N0014-
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