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210 ESHEL

domain £2 reflecting certain measurable intrinsic features. We shall concentrate
on changes in frequency distribution of the types in the population. More
precisely, let 4 be any set in 2, and let p(A) denote the proportion of the
population with types corresponding to 4 at generation f. Between generations
t and ¢+ 1, selection and mutation pressures affect the population in the
following manner:

(1) Consider selection first. Each individual of type x produces viable
offspring of the same type # in quantity proportional to (x, £); i.e., the ratio
between the average number of vizble offspring produced at time # by an »-type
individual and that produced by a y-type individual is represented by

¥(x, &)
VGP nv '

Thus, after selection, the frequency of A-type individuals in the population will
be proportional to [, y(x, £) udx), which is contributed to by all parents of
types in 4, and which, after normalization, may be written as

Ja v, 8) pldw)
Ja vl 1) pldx)

(2) After selection, mutation can alter the type of the offspring, in
accordance with a given intrinsic probability law. Formally writing, let p,(B; x)
be the probability that an offspring of an x-type parent of generation ¢ is altered
in form so that of a type belonging to set B in .

Under selection followed by mutation, a parent of type x produces viable
offspring of types belonging in 4 in quantity proportional, on the average, to

) e, 1) p 4, %).

The total number of A-type offspring is thus proportional to

_;1%5 = AN.S

[RERECRIC
which, after normalization and conversion to frequencies, becomes

Ja (=, 1) pd4, %) pdd=)
Jo v(x, 1) poldx)

In this paper we shall restrict our investigation to the one-dimensional case
wherein the various types are characterized by a single measurable feature.
For definiteness, {2 is identified with the real line. Within this restriction we shall
concentrate on a most relevant “fitness model,” in which the biological feature

porr(A) =

) 2.2)

e
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(nonsexual) bacterias, about 10-¢ among fungi, and 10~% or more among
mammals [13].

Comparisons of asexual and diploid systems which take into account refine-
ments in the mutation law reveal new qualitative phenomena that may be crucial
to an understanding of the evolution of diploidity. Since the long-term asymp-
totic rate of evolution depends solely on the mutation law, and not-on the system,
modifications to this law, even when only partially compensating the slow
response of diploid systems to immediate change, must be overcompensating in
the long run (see Figs. 3 and 4).

Roughly speaking, we may conclude that an asexual system is advantageous
when rapid response to irregular environmental change is in order, though long-
term evolutionary change is meager. This may be the case, for example, with
some protozoa. The more stable diploid system, by contrast, in maintaining a
higher mutation rate, gains the advantage whenever the “efficiency” of a long-
termn adaptation is crucial for the survival of the species, which is the case with
all advanced forms of life.

Apart from “‘irregular’” costs of evolution, which have been shown to be
reduced by diploidity, we have tried also to examine the “regular’ costs resulting
from a slow, long-term adaptation. Since our concern is with the viability of a
total population throughout the evolutionary process, rather than with rate of
mortality per gene substitution, we have measured the relative “net’” effect of
the “regular” adaptation by comparing population size after  generations with
and without mutations. In this case, we have seen (3.9) that even when most of
the ‘mutations are deleterious, and whatever the “relative cost” of evolutton
in the short term, mutations eventually prove profitable for sufficiently long
periods of stationary adaptation, whether in asexual or diploid sexual systems
(Sec. 4).

A very special but biologically interesting case of the model concerns mutation—
selection balance. In this case, though the limit fitness distribution of the
population depends heavily on the distribution of the mutations, the kmit
average fitness of the population as a whole depends only on the rate u of deleterious
mutations per gamete per generation. The degree of deleteriousness and its
distribution among the nonneutral mutations does not affect their ultimate
cumulative effect.

More precisely, we have seen that in an asexual population this cumulative
effect tends exactly to a multiplicative factor 1 — p, whereas in a random-mating
diploid population the limit effect is simply (1 — p)?, which is the frequency of
nonmutants among all diploid offspring. For both systems we may conclude that
the asymptotic effect of cumulative deleterious mutations is very slight-—equal,
indeed, to the effect of immediate death of all mutant offspring in a maximum-fit
population,
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212 ESHEL

(4) What is the asymptotic behavior of the centered distribution
F,(x — Ex) of types about their average fitness? More precisely, when the
average fitness is constantly increasing (as we shall see), what proportion of the
types fall within a certain fixed number of units about the average? Does this
proportion tend to zero and does the population spread out ? Or else, under what
conditions does the sequence {F{x — E;x)} converge?

(5) In the case of convergence (which occurs quite generally), what
determined the limit stable configuration of types about the average, and what
are its basic propertics basic properties ? Especially, how is it influenced by the
nature of the mutation distribution ?

We shall examine in particular the special case of mutation—selection balance;
i.e., the case wherein the average type remains in a fixed region, and we shall be
concerned also with the limit configuration of types about the initial average,
and hence with the long-term effect of mutation—selection balance on the
efficiency of the population as a whole.

An explicit formula for the generating function of the fitness distribution
F(x) will be calculated in Section 3, and from this formula we shall deduce a
variety of qualitative and quantitative conclusions for Fiy(x). The long-term
effects of mutations on populations growth rate will also be determined, with
implications for the “cost of evolution.”

A good deal of the investigation is devoted to changes in average fitness £x
of the population. The one-generation change E,,,x — Eyx will be called the
rate of evolution in generation ¢. Under plausible biological assumptions, it will
beé shown that this rate tends to a (finite) asymptotic limit if and only if the
mutation change is bounded from above; i.e., if the relative advantage of an
offspring over its parent is bounded. It will be shown further, where this is the
case, that the asymptotic rate of evolution after many generations is equal to the

maximal improvement due to mutation within a single generation, independent

either of the parameter }, (A > 1) or of the initial distribution of fitnesses of the
population.

“We shall also see that under these conditions the HuomEHmnob does not spread
out; rather its variance ¥,(x) tends to a finite limit, and the centered distributions
Fyx — E;x), measuring relative fitnesses (as compared with the average),
converge to a finite-variance limit distribution, which is independent of the
initial distribution and can be expressed explicitly in teros of the mutation
distribution (see Fig. 1).

An interesting relationship between the limit and mutation distributions is
given by the bounded load evolution theorem, which furnishes us with the limit
genetic load of the population as a simple function of probability of maximal-fit
mutation. This same theorem will also provide us with a simple criteria for ﬁra
genetic load to be bounded throughout the process.

rry
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of the population allowed us to deduce more general relations between various
biological properties (such as genetic load) and basic properties of the mutation
distribution.

We have also scen that the rate of evolution tends to a limit that depends
simply on the maximal mutation change. Moreover, this limit rate of evolution
was calculated (with a weaker average meaning) for cases where incidents of
mutation occur periodically or randomly in time.

One interesting finding is that although the rate of evolution tends to the same
limit in all asexual, haploid, random-mating diploid, or mixed random-mating
and seifing systems; this rate is consistently higher, in any given generation, in
the asexual population. It is lowest, on the other hand, in the random-mating
diploid population, and it increases monotonically with the rate of selfing. In
view of the prevalence of the diploid system in natural populations, and the
effort so often made in nature to retard selfing rate, this striking result may
contribute, from another point of view, to the suggestion of [4] that the chief
evolutionary advantage of a sexual (and, here, diploid) system is not to ensure
the population a faster rate of adaptation (as is often believed) but rather, quite
the opposite, fo curb too-rapid genetic responses to irregular and temporal environ-
mental changes. The diploid property of preserving “‘nonadapted” genotypes
longer clearly minimizes the “cost of evolution” imposed by such rapid
responses. With long-term environmental changes and evolutionary adaptation,
on the other hand, we saw that the slight advantage of the asexual system is in
fact marginal, since the rate of evolution tends to the same limit in both systems.
Here again, the prevalence of the diploid system may constitute indirect
evidence for the importance of irregularity in environmental change throughout
the course of evolution. The presumed higher survivability of the diploid system
under irregular change may also be reflected in its markedly higher maintenance
of variability. Analytically, this may be indicated by the ratio of maximal fitness
to average fitness in the population, which in a diploid system tends precisely
to the square of its limit in the haploid syster.

It must be emphasized, however, that until now all quantitative and qualitative
comparisons between sexual (diploid) and asexual (haploid) systems have been
made under the simplistic postulate that the law of mutation operates equally in
both systems. Considering the scale of differences between diploid and asexual
species, this cannot be taken as more than a first approach to the subject. Further
study must take into consideration the possibility of a significant difference in
law of mutation between the two systems and must be based on careful analysis
of experimental data. Furthermore, on the strength of the above theoretical
results, we can anticipate that differences n w@a&ﬁ_\;@m systems will demand
modifications in the mutation law. In the first place, it is conceivable that the
relative delay in the diploid response to environmental change is at least partially
compensated d% a higher rate of mutation. It is, moreover, just this higher
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214 ESHEL
3. ASEXUAL PROCESSES

In order to study the fitness distributions Fy(x) it is convenient to work with
the associated generating functions

o) = [ s aris) )
and

= nlu & dG(x).

The average reproduction rate in the population (in the sense how much does
it “multiply” itself in one generation) is clearly proportional to

EN = 2 dF ) = @A),
—p
and we assume that {}) < 0. It is not difficult to establish that this condition
holds for all ¢ if and only if both the generating function gs) of the initial
population and the mutation generating function y(s) are defined for all
1 < s < oo. From a biological point of view this assumption asserts in effect
that individuals which differ too much in fitness either from the average of the
population or from their parents are rare.
In terms of generating functions, (2.5) becomes

Praals) = mw [ _wai] w6 —warwi,

— ﬁﬂz f “ [ “ s dG(x) dF {u),

(3.3)
_1 [ " wsdrgy [ s dGE),
ﬂu@& —co . ]
_ ) ¥(s)
P4A) ’
and, by iteration,
polA's) = %95 .
5) = . 3.4
o) = 2 11 &9
For convenience, this relation may be written in symbolic form as
=1
DN.& = N“ + M %wn > AN.MV

k=0

It
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viability of the population in mutation—selection balance) is due to conservation
of nonadapted genotypes. This result supports the suggestion (see the discussion
and also [4]) that the main function of sexual systems is to protect the population
against irregular environmental changes by maintaining a high genetic variability,
even at the expense of 2 somewhat lower fitness in the near term.

Mixed assortation and random mating. 'The preceding analysis compared the
extreme cases of random mating {F{®(x)} and complete selfing {F{V(s)} (or,
equivalently, the asexual case {Fy(x)}). To study the general effect of the diploidity
parameter ¢ (and hence the selfing rate, which by (4.10) is readily given as a
monotonic function of g), we state without a proof the following theorem.

THEOREM 4.4. With a given, empirically weak restriction on the mutation
distribution (specifically, being an order-2 Polyd type'), for any increasing function
7(x) of the homozygotic fitness x, and at any given time t = 1,2, 3,... the average
value

B = [ _r(0) dF ()

of 7(x) in the population is larger when q is larger (and hence when the selfing rate p
is larger).

As a special case of the theorem {choose r(x) = x), EX? increases with ¢
for all 2. And by choosing 7{x) = A%, we see that the average classical fitness
EX*¢ = @,(}) also increases with ¢.

More generally, for any definition of “fitness” as an increasing ?ﬁoﬂou of the
viability (and thus of %), the “average fitness” in the population at any given
time is increasing with ¢.

CoroLLARY. Forall 0 < g < 1,

m.wwq e, G, (4.20)

i.e., the limit average rate of evolution is the same for all selfing rates and hetero-
2ygotic effects.

Proof. Since EX? < EX? < EX! and
EX? EX}

wmwu Hwﬁn =G,

the proof is immediate.

1 For a definition of an order-2 Poly4 function, see [8]. It should be mentioned, however,
that the normal, Poisson, binomial, rectangular, ¥ and g distributions, as well as nearly
all widely used distributions, are of Poly4 density of order 2,
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216 ‘ ESHEL
Proof-  From (3.5) we obtain
| EX,, — EX, = EZ;, — EZ,+ EY,.
We know already that

EZ, 22, F,; EY, =, G.
Thus

Hm(EXy,y — EX,) = Fo—Fy + G = G.

The convergence of EX,jt is implied by the convergence of the sequence
{EX,,; — EX} (and obviously to the same limit). Q.E.D.

For biological applications we may assume that both initial fitness and maximal
mutation are bounded; i.e., Fy < 00 and G < co. In this case, obviously, the
maximal fitness in generation £, given by F, = F;, 4 G < oo, will also be finite.

DrEFINITION. A process of evolution with Fy < 00, G < 0 is said to be
regular.

Theorem 3.1 asserts that in any regular process the limit rate of evolution
(which is equal to the value of the maximal mutation) is independent of the
initial distribution of types in the population or of the Malthusian growth rate A

Effect of mutations on population average growth rate. We have seen that the
average growth rate of the population in generation ¢ is proportional to
EXT: = g(A). From (3.4} and (3.6) we have

x @) B (i)
BNt =® L uem

= EXZa(0).

(3.9)

The first component, espressing the #-th-generation average growth rate under
?&..o selection, tends to the value AFo, which is the mazimal growth rate in the
initial population. Thus we see that, for any initial population and environmental
conditions, the #-th-generation expected growth rate of the population in the
general case is proportional to (). The population relative growth rate in the
first ¢ generation is proportional to m“ﬂw H(A¥). This product thus expresses the
cumulative mutational effect on the population of generation 2.

Exploiting basic properties of generating functions, it is not difficult to show
that if the probability of an advantageous mutation is positive (i.e., if G(0) < 1),

then for # sufficiently large, muﬂw {2 > 1, and the long-term cumulative effect

378
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extended to mother—fertility with the plausible mathematical assumption that it
is also bounded.)

(3) Mutation—selection balance, in which the average gameter remains in
a certain bounded region, is maintained if and only if all mutations are neutral
or deleterious, but a proportion at least 1 — u > 0 of the gametes suffer no
mutation (or a neutral one).

In this case we know also that the average gamete tends to have a fixed homo-
zygotic fitness, and the (noncentered) homozygotic-fitness distribution tends to
a stable limit distribution. We know also that

(N2
Jﬁﬂwv =1—np (4.16)

when @(s) = [ s?dF(x) is the limit generating function.

Remark. It must be emphasized that Theorem 4.1 deals only with properties
of homozygotic fitness. Nonetheless, whenever the above mating system is
given, the composition of the genotypic population is uniquely determined and
may be calculated from the distribution of the gametes. Moreover, we may
deduce, as in immediate result of Theorem 4.1, that the centered distribution of
“genotypic fitnesses” in the population also converges, and that the limit rate
of evolution, measured by change in the fitness of the average genotype in the
population, tends to the value of the mazimal mutation G as well. Yet since the
genotypic fitnesses are not linearly dependent on the homozygotic fitnesses,
results concerned with genetic load or average rate of reproduction cannot be
immediately derived from Theorem 4.1.

ProrposITION 4.2. Let u be the mutation rate per gamete per generation. Then
in random-mating diploid mutation—selection balance, the limit average viability
of the population is given by

Epy(n,v) = M1 —p)* = (1 —p)° sup X(x, %) = (1 — )" Weop» (4:17)

u, v Fy

where W stands, as before, for the “classic fitness” in the sense of growth rate and
Wisupy 25 the supremal fitness in the initial population.

Proof. In 2 random mating process,
g P

Entwo) = [ [ o 0) a0 aFe)

—of | " w02 4P dF(),
— GBI
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218 ESHEL

TuroreM 3.2. The centered fitness distribution F{X — EX,) in a regular
process of evolution (i.e., ome with bounded initial fitness and bounded mutation)
tends to a stable limit distribution F(x) with a finite variance as t — oo, This limit
distribution is dependent on the mutation distribution alone, and not on the initial
fitness distribution. ‘

In other words, in the course of evolution, the proportion of types with
“relative fitness” (i.e., with X, — EX,} in any given region tends to a fixed
positive value. This value, like all asymptotic features of the process, is deter-
mined by the mutation law. o

Theorems 3.1 and 3.2 assert that when mutation and selection pressures are
time-homogeneous for a protracted period, the frequency distribution of relative
fitnesses in the population tends to stability, where average improvement of the
population as a whole is refiected by a steady shift of the absolute-fitness distri-
bution to the right. This picture may be applicable for the case of long-term
adaptation to a steadily changing environment.

Remark. Subject to the postulates of the model, one may readily demonstrate
that in accordance with Fisher’s fundamental law [6], the mean growth in the
rate of reproduction, A® (i.e., the classical linear fitness) due to selection is nearly
proportional to its 48.‘.558. More precisely,

E(

Eame ?lééjiﬁst: e

(3.1
where the second term is relatively small measuring the immediate effect of
last-generation mutation on the population. Unfortunately, Fischer’s theorem is
invalid for our “logarithmic” fitness model, and convergence of the mean growth
rate thus does not imply convergence of the variance,

Let us now take any regular process {Fy(x)}; i.e., a process with bounded
mutation and bounded fitness in the initial population, with F(x) and G(x) as the
limit and mutation distributions, respectively. We denote their generating functions
by D(s) and (s), respectively. In order to study the relations between the two
distributions, we consider a new stable process {F,*(x)} starting with the “stable”
limit distribution F(x) (i.e., Fy*(x) = F(x)) and governed by the same mutation
law (intuitively speaking, we seek to observe the process from a phase in which
the limit distribution of relative fitness has already been reached). Let ¢,*(s)
be the generating function of F,*(x). Having defined @,*(s) = P(s), we obtain,
as a special case of (3.3),

ey = 20O _ 20040 )

On the other hand, with F(x) defined as a limit distribution of 2 process and G as

e

I
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From this and (4.6} we have
[ Ay dFiow ) = px + (1 —p) 8 | A“=dF)

= ¥ + (1 — ) BP0,
where ¢5#(s) © ._.wos s® dF?-?(x} is the generating function of F5?(x). Substituting
this result in (4.3} and (4.4) it is not difficuit to show that

Fo3(x) < p ,_. chmx — u) u_m_w.e?v

* (4.8)
80— p) 3PN | NGl - w) dFY7(w)
and —
PR o YOYpeT709) + (L — ) B 70 200 %)
Since ¢f:3(1) = 1, this may be written, after normalization, as
e 298709) + (1 — p) 6 2(%) ¢ 7(0"%)
£ =40 e8P + (1 — vm_”ﬁw P2 4.9
We designate
(=5ra—ge 0<e<th (4.10)

p+{1—p)6

It can be established readily that for any pair of parameters 6 > 0,0 < p < 1,
the sequence {g%7(s)}i, may be determined by the single parameter g, so that

2 = 906 =012,

and

o'(8) = @0 (s) = ols)
by definition. Using ¢, which we shall call the “diploidity parameter,” we have,
for (4.4), {\\mu
ol..(s) = gp(hs) + (1 — g) @F(AV%) (A7)
s \/ go2) + (1 — oA
As special cases of the diploid process {F,(x)}4 , let us consider first the two

extremes, random mating and complete selfing. In the first case, we have p =0
(no selfing) and thus ¢ = 0. For a complete random mating, (4.11} becomes

4.11)

§>:m
st — AU 1)
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220 ESHEL
the definition we see that 0 <{ L <{ co, but especially we expect a finite genetic
load in any given population. In our case, the genetic load of generation ¢ is

Py
L= P&m\w}@ . (3.16)

‘We note at once that the assumption of regularity (i.e., of bounded mutation
and bounded initial fitness) is equivalent to the reasonable requirement that the
genetic load remain finite each generation. Analytically, however, this is
insufficient to afford the limit population a finite load since L, may increase
without bound with time.

For biological applications, of course, we are interested in processes in which
genetic load not only remains finite each generation but is also kept uniformly
bounded throughout the process, so that the limit genetic load

L. = E (3.17)
® () .
also remains finite; namely, bounded-load processes of evolution.

It is evident from (3.17) that the requirement of “bounded load” is equivalent
to the boundedness of the limit relative fitness (L.e., F < o0). This is a stronger
property than having a finite variance at the limit, as implied by regularity alone
{Theorem 3.2). As we shall see immediately, this “bounded-load” feature
depends only on the nature of the maximal mutation change possible in each
stage of the process.

TueoreM 3.3 (Bounded-Load Theorem). A regular process of evolution is of
“bounded load” if the probability of its maximal mutation is strictly positive. This
probability, p, may be expressed simply in terms of the limit distribution as

(A
»= Mm.lv . (3.18)
Eguivalently, the genetic load of the stable limit population may be expressed in terms
of the maximal-mutation probability alone

hs 7 Aw._wv

Exampres. On the basis of this theorem (for its proof, the reader is referred
to [2]), we may recognize the negative Poisson process (which, we recall, appeared
to approach another negative Poisson limit distribution) as a “bounded-load”
process. From the “bounded-load theorem’ wé know that this is also the case,
for example, with a binomial process (i.e.,, with binomial distribution of

L}
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of the population. For example, if one is to assume a random union of gametes
(i.e., F(x | %) = Fy(x) for all x and x), then (4.1) becomes

P, ) @y <2y < by < oxp < By} = [Flby) — Fila)]LF () — Fya,)}

In general, from generation £ to generation ¢ 4 1, pairing, selection, and mutation
govern the population in the following manner:

(1) Pairing (resulting from a given mating system) causes rearrangement
of the gametes such that for any gamete x the conditioned distributions Fy(x | 2.},
describing the gametic arrangement in generation ¢, changes to F,*(x | x;). As
with the haploid case (Remark 2, Sec. 3), it is assumed that gametic frequencies
(and therefore the distribution F,(x)) are not directly affected by the mating
system.

(2) Assuming equal fertility for all types, a viability function y(x, , x)
determines the proportion of survivors among all offspring of type (%, %,).
(Remark: Viability fitness is stipulated for convenience; the model can be
constructed with mother—fertility fitness without difficulty, yielding the same
results.)

{3) Before new mating, mutation alters the gametes in accordance with
the same law as in the asexual model, independent of the genotype to which
the gametes belong. In other words, 2 distribution function G(u) exists such that
after mutation a proportion G(x) of the gametes exceeds their original type by
a difference of not more than .

To study the effect of selection on the gametic population, we shall consider
all newborn offspring between generations ¢ and ¢ + 1 (before selection). Since
y{zx, ) of all offspring of (%, u) type survives, it is also the proportion of survivors
among those x-gametes that happened to be associated with a #-gamete, The
proportion of survivors among all x-gametes is thus

[ wndrrwin (42)

-0

where F,*{u | #) stands for the conditioned distribution of newborn offspring.
The proportion F;*(x) of gametes with a value <{x among those offspring
after selection is given by the integration of (4.2) over all such gametic types

F oo [ [ otw o) dE ¥ 0) dE (o)
and by normalization,

o I2 ylu, ©) dF#(u | 9) dF (0)
,_.nlos ._,ules XF GV Rm.ﬁ*@ | ev &m,%@v

F¥3(x) = (4.3)
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that depends only on the probability 1 — p of deleterious mutations, and not on the
extent or distribution of their deleterious effects. More precisely,

Ex 225 piFe, (3.23)

where p is the probability that an offspring will resemble its parent, and Ao is the
maximal rate of reproduction in the population (whick clearly remains fixed with
Proof. From (3.21) we know that F,, = F + E,, . We know also that F,=F,

for all z (the maximal fitness of the population is unchanged). From (3.22) and
the bounded-load theorem we obtain

OO) _ Xed0) _ gald)

XN AR, Ao

.ﬂ"

Thus
EX = g(0) — @u(X) = pA™. QED.

Under some conditions, one may perceive environmental changes that do not
affect maximal-fit types but may well affect other types.- When we take into
account artificial and semiartificial selection, we see that such conditions are
fairly prevalent. From Theorem 3.4 we obtain directly the next corollary.

CoroLLarY. The Limit rate of reproduction in the population as a whole is
unaffected by those emvirommental chamges that affect omly deleterious mutants
(though the distribution of fitnesses within-the limit population is affected by such
changes). Moreover, if totally lethal conditions for all deleterious mutations are
artificially superimposed (i.e., if a portion 1 — p of the population is systematically
eliminated each generation), ‘the limit rate of reproduction pA¥o is trivially obtained
within one generation.

Since the probability 1 — p of having any deleterious mutation is likely to be
small, we may conclude that the average fitness loss imposed on an entire haploid
population by accumulation of deleterious mutations cannot be large.  As we
shall see in Section 4, this also remains true, to a large extent, in a diploid
population.

ExampLE (Accumulation of independent and noninteracting deleterious mutations).
Assume that a large number of possible mutations occur independently, each
with a very low probability. Assume, moreover, that each mutation decreases
the fitness by a fixed value 8 > 0, Since the number of possible mutations is

-

i
3
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very large, we have as a good approximation a generalized negative Poisson
distribution of the mutations

MY = —n) = e= =0 = - (3.24)

t
where p L e~ is the probability of fitness resemblance to the parent.
Equivalently, the mutation geperating function is

B = exp{—o(l — 50)) = pi=, (3.25)

We have seen that this mutation law corresponds to a limit distribution that is
also a negative Poisson. Furthermore, it is easily shown that the generating
function of this limit distribution is given by

1—g2

Puls) = p 123 50 (3.26)

with
1
P 139

as the stable proportion of maximal-fit types in the limit population. The average
loss in reproduction rate thus tends to p :

EXt B2, 0 (3) = pAPe (3:27)

which we know also from Theorem 3.4.

Remark 1. Some of the results of this section may be extended to the
nonstationary case in which the mutation distribution G{s) in generation #
depends on time. As with the stationary case, the generating function of
generation f

ods) = [ = dFyx)

—

may be calculated directly from the initial distribution of types in the population
and the (varied) mutation law within the first £ — 1 generations. It may be shown
that under various conditions the average rate of evolution EX,/t tends to the
mﬁamao:woE&E&B&%&EaMmg9m%&%i@@@@@

and G, — G, then EX,jt — G.

Remark 2. 1t has already been shown (Smith, [12]) that in a two-locus
infinite haploid population with mutations occurring independently and affecting



