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Evolutionary and Continuous Stability
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(Received 3 September 1981, and in revtsed form 4 January 1983)

A strategy in a population game is evolutionarily stable:if, when adopted

-~ by large enough a majority in the population, it becomes advantageous

.. against any mutant strategy, It is said to be, continuously stable if, when

the majority slightly deviates from it, some reduction of this deviation
becomes individually advantageous This definition is meaningful if a ;

" continuum of (pure) strategies is available to each individual in'the popula-
tion; For-that case, a-necessary and a sufficient condition for an evolution- -

.ary stable strategy being a contmuously stable strategy is analyzed.

1. ]ntroduclion

‘The concept of evolutionary stability (Maynard Smith & Price, 1973;
Maynard Smith, 1972, 1974, 1976) stems from two basic assumptions,
First, any phenotyplc pattern, say strategy or a dlStrlbuthl’l of strategies
(say, a mixed strategy) which is established in the populatnon is never fully
fixed. At best, erratic, small deviations from it are always maintained in
the population by forces of second order. The second assumption, taken
over by the evolutionary stable strategy theory is that in many cases, even
if the genetical (or cultural) basis for a given pattern is not known, there
are reasons to believe that natural seiectlon operates to increase some
‘relatlvely simple individual payment function which is at least probabilisti-
cally affected by the pattern in question, Viability, or maybe fertility, are
good candidates for such a “payment function”. Thus, a natural question
is whether the assumed forces of natural selection are likely to amplify or
decrease the inevitable small deviations from a given strategy, once it has
been accepted as a consensus in a population.

Of the two assumptions, the validity of the second one has been both
challenged and defended (at least as a useful approximation) by many
authors {see Barlow & Silverberg, 1980, and many references there. See
also Eshel, 1982; Eshel & Feldman, 1981). It is not the intention of this
work to investigate this question further. Instead, it concerns a possible
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100 I. ESHEL

qualitative difference between the very meaning of evolutionary stability
in cases where a finite (or discrete) set of pure strategies is available for
the individual and its- meaning in cases wherein a continuum of pure
mﬁmﬁmmﬁm is available. In the first situation any deviation from a so-called

“consensus strategy”, small as this deviation may be, can only result from
some substantial change on the part of a certain “abberant” minority. A
strategy which, when. adopted by a large énough majority, is-advantageous
against any minority-strategy has therefore been called by Maynard
Smith & Price (1973) an evolutionarily stable strategy (ESS). However, in
cases where a continuum of pure strategies is available for the individual,
small deviations of the population from any consensus strategy may also
correspond to small noﬁancm mr&m of the entire population or a large
majority within it.

For small deviations of this sort, an additional question 8 _uo mm_noa is
whether natural-selection will then favor individual strategies “which are
slightly closer to the ESS or whether on the contrary, it will favor some -
further deviation away from the ESS.

In a previous study (Eshel & Motro, 1981), the concept of evolutionarily
stable strategies has been employed in order to predict a stable level of
mutual help among relatives which are both dependent and compete with
‘each otler. It has been mros.u that in some situations, more than one
oqo_aﬁonwa% mﬂm@_o _mﬁw_ of mutual help can exist Amwo also m..wrmm & Ooron
1975). ‘

We found, moreover, that for some, but not necessarily for all ESSs of
the model, if a large enough majority of the population chooses a strategy
close enough to the ESS, then only those mutant strategies which are even
‘closer to the ESS will be selectively m%mﬂmma,oam For other ESSs, the
opposite was proven true; any small deviation of the entire population
from the ESS creates a mo_onﬁé advantage for those mutant strategies that
deviate slightly further apart from the ESS. We call ESSs of the mamﬂ kind
nc:n::e:».@ stable : strategies (CSS). .

The objective of this éo_.w is to develop a mgmmmp oonomn; of continuous
._m»m_u;:q and to find mgﬁ_m ‘analytic conditions for it. moBm E\voﬁmﬂoa
‘examples are studied in order to illustrate the suggested difference between
the two levels om 0407:558.« mﬁm_uEQ Ea Soﬁ ﬁo,a.m_c_m BmmEum moa
.noaguco_Hm mﬁwﬁomumm N

2. CSS.and ESS—Definition and Analysis of Basic Properties
.- Following Maynard Smith & Price we assume a large population in which
the reproductive success or any other relevant payment function v (x, y-) of
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This condition, stronger than. ESS, guarantees a positive answer to (ii)
but it is not easy to work with. We now develop more 8302@3 onESﬁo:ﬂ
ooﬁ&ﬂoum moﬂ oo=n_==c=m stability.

- 3. CSS and ESS—Analysis of the One Dimensional Situation

- We concentrate on situations in which the individual:(pure) strategy x
is' determined by a single continuous-parameter (time, length, weight etc.).
We assume, for convenience that the payment function v(x, y) has all
continuous second %:é:swm. An :ﬁBm&mﬁ umnmmme ooan_Eou for a
mqm,ﬁomw £ _uoEm an mmm 18 :

IR ,....,.wlleﬁvuu.ﬂv* "O [ Lo fﬂWu
Lo ¥- oo dy=R : T .
and
. | oo} =0
y Jy=%

We now prove:

Theorem 1
i A :mnmmuaa\ no;&:&: .xE. an Mmm x mem a Omm is that at the point
X=y=

. +|IIMO.‘ ‘..., m
x mz mau . ﬁv

(i) A mﬁmn_mﬂ noaaﬁou for.an 'ESS 7 _umEm a Omm Hm Emﬂ coﬂr mp:maonm
Qc and Gv roE as mﬁnnﬁ Eonzm_ﬁmm

Proof.

" Let £ be any ESS then ‘we- know aﬂﬁmﬂoa @ holds. ‘Thus from the
oonﬂnEQ of the second order derivative it follows H_Hmﬂ a ﬁoﬂﬁﬁ value
mVooEmnmmo Emﬁoam:mﬁﬁr _m_Am . ‘

R R _gr_%,"w.ay_. ®©

- : : Am e?5+m G?EH_ , +_e®.v )
ax’ L 0xdy Jay—s

. ()‘Suppose ‘equation’ (5) does ot -hold, - szm@‘ - {o*vjax+
5°U/0xdy}xos=5>0, and consider-a strategy y with £ —¢ <y <#£.. From
equation (6) we then know that dv/ox},—,<0. .- %
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From Eo implicit ?nnaon 9@038 it mo__oﬂw that u c& is &mownucw,c_o
m:..I, mSm i . ) o . i
ST o ‘ .%a?é%. o B
L : Cox? . -

. I - . X=X - . - w

w(x) %e?sw N - ®
.o 9x ay =y=3

Theorem 2 thus follows immediately from Theorem 1.

In some cases, unique, globally optimal strategy u(x) exists for any
strategy x accepted by the population (e.g. Eshel & Motro, 1981). The
ESSs of the population game are, then, all the intersection x = u(x) of the
curve u(x) of optimal behavior with the main diagonal. The CSSs of the
game are then all the points in which :o& intérsects the main Emmoum_
from above,

4, Examples

Like most examples used in the theory of ESS the following refers to
situations in which neither the genetic basis for a commonly observed
trait, nor its exact effect on the individual fitness can be safely measured.
(Indeed, when these can be measured, more rigorous methods dre recém-
mended.) Instead, plausible (but obvioiisly oversimplifying) mmmc,Ewﬁonm
are used to Ecmﬂmﬂm some cmmpo Eowmnzmm ow o<o_c.ﬁo=maw mm&EQ in
oonEEo:w cases.

Example 1. Q:mma:o:m wm}aeaﬂ versus %n&& %aiﬁa:oa

Gregarious behavior of either one sex or both is quite common in nature.
On many occasions, choosing a location close to other members of the
population may be advantageous in decreasing the predation probability
{Hamilton, 1971; Eshel, 1978), or in increasing the probability of mating
{(many refererices). In other situations, rmSum a specific trait close to that
of other individuals of the vom&wﬂou may rmqm the mm.Eo m&éimmmocm
omooﬂ on the carrier.

Huamon different oro—omm of a _oomno= (or a ﬂm& Emw also have a direct
effect on the individual’s fitness. Thus, the fitness of an individual with a
choice x movonaw both on the wvonﬁ_ property of the Honmcon x and on
some average distance _x y| or miore conveniéntly (x — y)* of this location
from those of other individuals of the population. Thus, if a location (or
trait) y is mooo?ma asa vot:_mson consensus, then

v(x, y)=(x, (x - Ev e )



-safuet]) [eUnsAMUGUI-JO 90Uanbos B MOTI0] Ted wORN[OAD
uo smox: oﬁ UoyM ‘J01jR[ Y UL INOJO .0} AToNI]: $59] oIB A1) ‘9sed 3SIN
9} UL IM220 O A[2YI] 3Ie  SSI[E PUI(,, ATRUONN[OAD JIYA "UMRID 9q UBRD
S9SED SNONUIUOD 2] PUB JJ2IISIP 9L USIMISQ DUIMFIP 2ane)endb. suo
‘(n .5 ¢ Jo uoneMIRUOD 108X 91) INOGE 9FPI[AMOUY I[I] AXSA I UIAT

$nosfejteape A[[eNpIAIPUI 91002 J[IM UOTIRIASD IAIN]
swos ‘WY WO SANRIASP-APYSI[S UsA2 wonemdod a1 Jo Lyuofewr ysnous
o81e] ® J1 182 95Uas A U S[qEISUN 3Je 9SAY, ‘RIIUNI SWOS PUER UOTIOIPUL
jo syurod o4y os[e are $§SH ISYIO D[QISSOJ WMUIXEBIU [R20] B SIAIR[OR
(x)¢ yomgm- je sjurod. 9SOG) A[3OBXD 98ED mEH UF IB §S0). oY) ‘20uaj.

mmRm xg
AHV.:avl ..w«'w@ -
@sﬁlmig. o2
T

. 2aeq om a =X
_..mnommﬁ oﬁ uo nmﬁ mo>5m>zuv vnooom m=o=EEoo sey (p 5 ¢ ey 1oymg
‘Burumssy "Aem [EUIISaYTUYUI Ue U} IS ULD [ENPIAIPUL Yors PUR WINNURUOD
€ JOAO USSOYD 9q UBD X USYM JUSIAYIP SI UOTIEM)IS O} ‘995 MOU oM SV -
‘Junrdsygo Auem
aaey 10U Il PUBIS  IONRQ,, B 9SO0YD A[PAISNOXS J[IM OIYM [EOPIAIPUL
Aue vayy ‘uonendod samus 2y 4Aq pajdaooe s1 A8ajens STY), JT pue ~UOT1Ed0[
wEEE .Bn.h O] 1 DUB[SI 91} a50Y9,, AF2)81)$-9Y3 UBSWI /X oy oﬁgmo 104
*$SH-Ue SUs) St ASa1ens AU pue.'x a010ypd Aue J03 SPIoY (1.1) uonenba et
{I19A0910T1 uﬁawou SEL31 ¢-30 SA0I0Y0 [qIsneid Isyiel iim “(X)¢ uonoung
anhmm ‘uonendod oY1 sziUXEW J0U- $30p )1 J1 UAd §SH-Ue SI-x-pue
el

(11 L -2y e N < (X) o= (PX “X) A

- yeyy o[qrssod SImb STy W€ - X “Tx Ty = ¥ SOATIRLISYE 9[qISsOd i

Hom Bobwﬁ ® 10 9)IUY ® O} pajru] st (s1ren 10) 'SUONEI0[ JO S0IOD 93 J
Amzmnommonv €SB X mﬁﬁmuum noaﬂ_&om © WX S[enpIATpUT g

3 ﬁu.aﬂ_m nouousm Eoﬁ?m uﬁ N a aoﬁaoni Euﬁm«a ﬁozﬂzmoa oﬁ 103

8:_., S (9=
e 395 I "M JO UOTIOUN] SUISEIIISP B $1 (7 *X) ¢ 2I0UM

COT ALTTIEVLS SAONNILNOD ANV AdVNOILNTOAH



106 S © .. 1. ESHEL
Example 2. Evolutionarily. stable investment in a competitive trait

Assume that in order to successfully reproduce, each individual (say, a
maie) in the population should first survive and then win a random number
X of contests with other members of the population P(X =k)=F,, k =0,
1,2;.... The UBE&EQ that a random individual wins a contest aaﬁmun_m
@.Boam other mmoﬁo_.mv on Em .m_mﬁ.mzom x=y ‘between his investment in a
certain :noEﬁaan: trait, and that of his opponent. We denote this
probability by ¢ (x = y) where ¢ isan increasing function with o

Px—yy=1=g¢(y—x). (12)

(Exactly.one of.the two.participants of a contest wins.) A candidate for
a. competitive trait-may be the.length. 0m a horn, extra body weight, etc:
Hnn_mam -an investment x in any- mcn_u a trait islikely to-affect the probability
that Ew investor survives other, non-competitive situations. We call this
E.ocm_u_rq é(x) E& we assume for convenience that both ¢ (x) and ()
have continuous. mmnoua noﬂqwﬂém. In nﬂm case, it follows.from m.mzmaon
(12) that

S =0 )

ﬁo mnw Eﬂmuawﬂma in Eo ﬁomm_,c_o stability ofa mEg mEoE: om Eswmgmm”
yasa novc_msou-noamgwsm. If such a consensus is accepted, then, indeed,
the winning probability of a single individual with investment x will be
¢(x —y) in a single contest, [¢(x ~y)]" inn ..mt.nn@mm?n contests, and

msz@-é ma@ ) (14)

in a random number N om oonﬁoma s&o:w .
F(s)=L Pus*=Es* - (15)

is the probability generating function of the random number of contests.
,.:Ho ﬁnocm&__:w that this individual gmuﬁgmmmmzuw 8@3&:8 is, therefore

- Ef; &@Eﬁa Bv . ‘; ] S@

w« &mwwmuamﬂbm ﬂ:r nmmvoﬁ tox m” x= e and mBEoﬁum omamaow Amv
we get sl LT S

o ') G P |

oo s = O

T e - F

as. a nooommmww oom&ﬂom for mwm ﬁ_um HBEm&mﬂm_% Eﬁ:om & A EAo S0

that an ESS is always a superoptimal strategy for non-competitive criteria).

co(A7
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no “solution if- 2Ny'(0)>1 and two:solutions- if 2N¢'(0)<1. Denote
2Ny'(0} =p, these two solutions are

both being larger than the non-competitive optimum and both satisfying
the criterion (18) for ESS. However, oEw the smaller one also satisfies the
condition:(19) for-CSS.

Note that as p >0 (i.e. the oxﬁmnama maﬁ::mmm in ﬁEﬂEm E.ocmcm:%
due to individual increase of investment is.small) the CSS tends to the
noncompetitive optimum w, as being Qemnam from a decent optimum.
The other ESS does not.

.m.xazaEm m.‘«q\nwiam coloration as ESS- .

Warning coloration can help a potential prey only if it is recognizable
as a group marker. Thus as in example 1, its advantage depends on its
resemblance (or closeness) to the color of other individuals in the popula-
tion. A model very much like that of gregarious behavior (example 1) can
be developed. It is possible, however, that the ?‘ovm@EQ of an EESQﬁ.&,
being recognized as belonging to a given group is not only a decreasing
function of its distance from the group, but also an increasing function of
its conspicuousness. If, in addition, a cryptic individual has higher probabil-
ity to escape by simply not wos._m noticed by a predator, an equally EG@
model can assume, Emﬂ 9@ mmomww m_,.ocmgrﬁ om an E&Smsa Q oou-
spicuous x is given by:

vlx,y)=1- ?o&ﬁ 93&@ v’

where ¢, and ¢ are both incréasing with the. E&Saﬁ%w conspicucusness
x. More specifically, ¢1(x) is the ﬁaowm_ubnw that the individual will be
noticed, ¢1(x) is the Eo_um_uEQ that if noticed, its special' pattern will
be noticed, ¢(x—y)* is the wuo,cm,cEQ Smﬁ it will be recognized as
resembling y.

Especially if ¢1(x) = Qﬁmoﬂv a>0,an msm_uaa based on equations (3)-(5)
indicates that the CSSs may be éither the extreme conspicuousness, the
extreme cryptiness or both. Other ESSs may exist, but they are not CSS.

Example 4. An example WBE mnezozél..n&aﬁﬂn:o: of prices to demand

Let n competing sellers offéer the same good to a given public. If the
amount offered by the ith seller is x; ( = 1,2,. .., n), then-his net profit
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110 e " 1. ESHEL

Using the'theorem of the implicit functions it is not difficult to show Emﬂ
y*(0)>0 and y*(x) <x for a sufficiently large x.

Any solution of the equation y*(x)=x is a strict Nash solution @Ea
therefore, an ESS). But only solutions at which the curve y = y*(x) intersect
the main diagonal y =x from above is CSS (theorem 2). As we see, there
is-always one such a solution (provided-1n ¢{u) is concave). But it is not
difficult to produce analytic examples with any number of strict Nash
solutions x = y*(x) (see, for comparison, Eshel & Motro, 1981). In this
case, only part of the solution can be ‘CSSs. Any solution x* which is not
CSS must appear between CSS solutions, say x <x*<F, mo that for a
population consensus x <x <X larger than the “solution” x*, Y*(x)>x
and any 5&5&5_ will mmE by even increasing his individual price. The
owvomno is true if x <x <x* Hence, a consensus on such Nash solution
x* guosmr strict Nash solution and ESS) is not ESG to evolve. Zoao
likely, the m@__ﬁ. 5 uowEmﬁOb will move to either x or %.

- To mgmdum in the case of continuous strategies- it is vomm&_m that
small deviation of the entire population from an ESS B&Sm it advantageous
for each individual to move a little further from the ESS. In other cases,
any small deviations of the entire population from an mmm will make it
m%mﬁmm.uocm for each individual in the population to move a little closer
to.the ESS. m.mwm of the latter sort are called continuously stable mﬁmﬁ@m_om

A necessary mna EBOE sufficient nou&nom for an ESS being a CSS is
that ¢ V/ox.ay +a* 4\\% =0 where Vix,y) is expected- vmwaE for an
individual ouoombm a mﬁmﬂomw x s&mu encountered by an E&S&-& choos-
Em a mﬁmﬁomw y.
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