Asymptotic variance of shell-type coefficients

In [AIPP], we constructed a Beltrami coefficient p59 with 0%(Spia) > 0.87913. In this

note, we compute the supremum of 0?(Spu) over all Beltrami coefficients of shell-type,
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i.e. of the form

We show:

Theorem 1. The supremum of o*(Su) over Beltrami coefficients of shell-type is
given by
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maximized for d = 20.6.

More generally, one may consider Beltrami coefficients of generalized shell-type,

= Zm e Y, (3)
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where E; C (0,1) are disjoint measurable subsets, and Ap, = {2z : [z| € Ej}.
However, we will see here that the use of this enlarged class of Beltrami coefficients
does not increase the asymptotic variance.
For Beltrami coefficients of shell-type, one may compute the Beurling transform

explicitly. On the exterior unit disk, we have
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where ~ denotes equality up to an additive factor in By.

We first show the (<) in (2). Using the infinitesimal fractal approximation prin-
ciple of [AIPP], we may assume that yu is eventually-invariant under a map z — 2,
for some N € N.



In this case, the asymptotic variance is given by
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where the sum is taken over equivalence classes of annuli, with two annuli equivalent

if one is the image of another by a map z — 2 " We rewrite the above equation as
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For an annulus A;, we define the width w(A4;) := log(R,;/r;). To maximize (4),
we need to use the width of each annulus as efficiently as possible. Therefore, it is
natural to maximize the quantity
4( R — Tn)Q
log(R/r)

Observe that the quantity (6) is invariant under substitutions

F(r,R,n) = over all0 <r < R<1andneN. (6)

(r,R,n) — (rl/e, Rl/e,fn).

Therefore, when taking the maximum of F(r, R,n), we may set n = 1. With this
choice of n, we seek to find the optimal choices of r and R and show that they are
unique. It is easy to see that r must be bounded away from 0 and R must be bounded
away from 1.

Simple calculus shows that for a fixed d := log(R/r) € (0,00), F(r,R,1) is
maximized for 7(d) = d¥(=%) and R(d) = d'/'~%. Maximizing over d > 0 over real
numbers gives the values r,, R,, d, with d, ~ 20.6, in which case F(r,, R, 1) is given
by (2). Therefore,

o?(Sp) < F(r,, R, 1),

being the average of terms, each of which is at most F'(r,, R,, 1).
Now we construct a Beltrami coefficient, with asymptotic variance arbitrarily
close to (2). Take N to be a large integer. Consider the annulus A = A(?"g,ré/N),

with ry close to 1, to be chosen shortly. We will define the Beltrami coefficient © on



A and extend it to {z : r(l)/N < |z| < 1} by zN-invariance. In the disk {z : |z| < ro},

we simply set © = 0. The annulus A may be partitioned into bands
m—1 n
A = A(To,ré/d*), Ay = A(ré/d*, ré/dz), o Ay = A(ré/d* ,Té/d*)

and an “error band” Aeg.

On Ay, we set ptobe 0. On A; with 1 < j < n, we take n; so that |r;” —r <e.
This may be achieved by taking ry very close to 1 to make the “step size” arbitrarily
small. It is easy to see that the given Beltrami coefficient has the desired asymptotic
variance as the error term is insignificant if N is large.

To complete the discussion, let us show that the generalized shell-type coefficients

do not give a larger asymptotic variance. Indeed, it suffices to show that for a set

E C (0,1), the quantity 2
(L) /(L)

is maximized for an interval. The point is that if £ has gaps, we can rearrange E
in such a way that |E| is unchanged but [, % is decreased by either sliding the left
part of E rightward, or the right part of E leftward.



