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Abstract

In this paper, we use thermodynamic formalism to study the dynamics of
inner functions F' acting on the unit disk. If the Denjoy-Wolff point of F' is in
the open unit disk, then without loss of generality, we can assume that F'(0) = 0
so that 0 is an attracting fixed point of F' and the Lebesgue measure on the
unit circle is invariant under F'. Utilizing the connection between composition
operators, Aleksandrov-Clark measures and Perron-Frobenius operators, we
develop a rudimentary thermodynamic formalism which allows us to prove the
Central Limit Theorem and the Law of the Iterated Logarithm for Sobolev
multipliers and Hélder continuous observables.

Under the more restrictive, but natural hypothesis that F' is a one com-
ponent inner function, we develop a more complete thermodynamic formalism
which is sufficient for orbit counting, assuming only the (1 + ¢)-integrability of
log |F’|. As one component inner functions admit countable Markov partitions
of the unit circle, we may work in the abstract symbolic setting of count-
able alphabet subshifts of finite type. Due to the very weak hypotheses on
the potential, we need to pay close attention to the regularity of the complex
Perron-Frobenius operators £ with Re s > 1 near the boundary.

Finally, we discuss inner functions with a Denjoy-Wolff point on the unit
circle. We assume a parabolic type behavior of F' around this point and we
introduce the class of parabolic one component inner functions. By making use
of the first return map, we deduce various stochastic laws and orbit counting

results from the aforementioned abstract symbolic results.
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1 Introduction

A finite Blaschke product is a holomorphic self-map of the unit disk which
extends to a continuous dynamical system on the unit circle. It is determined

by the location of its zeros up to a rotation:

d
F(z):ewHZ_ﬁz, a; € D.
i=1

Loosely speaking, an inner function is a holomorphic self-map of the disk
which extends to a measure-theoretic dynamical system on the unit circle.
More precisely, we require that for a.e. § € [0,27), the radial boundary value
F(e") :=lim,_,; F(re) exists and has absolute value 1.

One can classify inner functions according to the location of the Denjoy-
Wolff fixed point. We mostly deal with the case when the Denjoy-Wolff fixed
point is in the open unit disk. After a conjugation, we may assume that
F(0) = 0. We call such inner functions centered. By the Schwarz Lemma,
under iteration, all points in the unit disk tend to 0. We write m = df/2r for
the normalized Lebesgue measure on the unit circle.

To set the stage, we recall a number of dynamical properties of m such as in-
variance, ergodicity and mixing due to Sullivan-Shub [SS85] and Pommerenke
[Pomg1]:

Lemma 1.1. Suppose that F(z) is an inner function such that F(0) = 0.

(i) The Lebesgue measure on the unit circle is invariant under F, that is,
m(F~Y(E)) = m(E) for any measurable set E C OD.

(ii) m is ergodic, that is, any invariant set E C D has measure 0 or 1.

(iii) The map F : 0D — 0D is mixing, that is, for any measurable sets
A, E € 0D,

m(ANF"(E)) - m(A) -m(E), as n — oo.
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The above properties may be proved by examining Poisson extensions of
characteristic functions.

In this paper, we employ thermodynamic formalism to show stronger sta-
tistical properties of inner functions such as the Central Limit Theorem, the
Law of the Iterated Logarithm and the Almost Sure Invariance Principle. We
also obtain an Orbit Counting Theorem for one component inner functions sat-
isfying a mild integrability condition. Later, we also discuss Orbit Counting

for parabolic one component inner functions.

1.1 Thermodynamic Formalism and Stochastic Laws

for Centered Inner Functions

Our first objective is to study stochastic properties of arbitrary inner functions
F with F(0) = 0 acting on the unit circle. We begin by surveying a number

of results on the spectral properties of the composition operator
Cr:h—hoF

acting on various spaces of real and holomorphic functions on the unit circle.
We then define the Perron-Frobenius or transfer operator Ly with potential
—log | F'| as the dual of the composition operator with respect to the L? pairing
on the unit circle.

In Section (3] we will see that the operator Ly admits a convenient repre-

sentation in terms of the Aleksandrov-Clark measures:
Lro)e) = [ opalz). e op.
which generalizes the classical definition
(Lrg)(@) = Y [F'()| '),

F(y)=z

valid for finite Blaschke products. In fact, the two definitions agree precisely
when the Alexandrov-Clark measures {yq} are purely atomic. More gener-
ally, one can define Perron-Frobenius operators for other potentials by taking

adjoints of weighted composition operators.



We use duality arguments to show that for a large class of potentials, the
Perron-Frobenius operator has a spectral gap when acting on spaces of Sobolev
and Holder functions. From here, stochastic laws follow quite easily: the Cen-
tral Limit Theorem is an immediate consequence of Gordin’s results [Gor69]
while the Law of the Iterated Logarithm and the Almost Sure Invariance Prin-
ciple follow from the work of Gouézel [Goul()].

We now describe the Central Limit Theorem (CLT) in greater detail. As

is standard in ergodic theory and dynamical systems, we use the notation
Sph(@) i= h(z) + h(F(2)) + - + h(F°"Y)(x)

to repesent the sum of a function h along the forward orbit of z. One says
that the Central Limit Theorem holds for an observable h : D — R and a
measure y on OD if the random variables % on the probability space (9D, p)

converge in distribution to the Gaussian distribution

N t=T), T [ hla)du),
oD
for some constant 02 = o2(h) > 0 depending on h.

Theorem 1.2. If F is a centered inner function, then the Central Limit The-

orem holds with respect to the Lebesgue measure on the unit circle for

e any Sobolev multiplier h € M(W/%2(oD)),
o any Hélder continuous function h € C*(9D) with o > 0.

Furthermore, if F' is not a finite Blaschke product and h is non-constant, then
o2(h) # 0.

The space of Holder continuous functions C%(9D) is an algebra since the
product of two functions in C%(9D) is again a function in C*(9D).

Loosely speaking, for 3 > 0, the Sobolev space W2(9D) consists of L2 (D)
functions which have 3 derivatives in L2(dD). In terms of Fourier coefficients,

this means that
(o)

> [ h(n))? < cc.

n=-—o0o
For 0 < 3 < 1/2, the space W#52(9D) is not an algebra, so we work with the
multiplier space M(W52(dD)) instead. A function v is called a W52(9D)
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multiplier if for any function g € W52(9D), the product gy € W2(9D), in

which case,
l97[lwe2@p) < Cllgllwe2om); (1.1)

for some C' > 0. The infimum of constants C' one can put in the right hand
side of (1.1)) is called the multiplier norm and is denoted by [|v]| p(ws.2(om))-
For concreteness, we take § = 1/2. It is well known that any Sobolev

multiplier is a bounded function, and for any € > 0,
W2te2(OD) ¢ M(WY22(0D)) ¢ W/2(0D).

The first inclusion shows that any C' function is a W1/22 multiplier. For more
on multiplication in Sobolev spaces, we refer the reader to the survey [BH22|.

In additional to the Lebesgue measure, we also establish the Central Limit
Theorem with respect to equilibrium measures associated to potentials of the

form —log |F’| + v, where ~ is a positive function in C*(9D) of small norm.

1.2 Orbit Counting for Centered and Parabolic One

Component Inner Functions

To delve deeper into understanding the dynamical properties of inner func-
tions, we restrict to a natural class of inner functions called one component
inner functions introduced by W. Cohn in [Coh82]. According to the original
definition, an inner function F' : D — D is a one component inner function if
the set {z € D : |F(z)| < ¢} is connected for some ¢ € (0,1). From the point
of view of dynamical systems, it is more useful to say that a one component
inner function is an inner function whose set of singular values is compactly
contained in the unit disk.

The equivalence of the two definitions, as well as a number of basic prop-
erties of one component inner functions will be established in Section 8| In
particular, we will see that one component inner functions admit sufficiently
nice Markov partitions, which allows us to view them as conformal graph di-
rected Markov systems — a notion introduced in [MUOQ3] and further developed
in [URM22D, [KU23|. We may therefore study the dynamics of one component
inner functions on the unit circle by working in the abstract symbolic setting

of countable alphabet subshifts of finite type.



Let F': D — D be a centered one-component inner function. For z € 0D

and T > 0, consider the counting function
n(z,T) :=#{(n >0,y € dD) : F*"(y) = x and log |(F°")'(y)| < T'}.

More generally, for a Borel set B C dD, one can form the function n(z, T, B)

which counts the number of iterated pre-images y that lie in B. We show:

Theorem 1.3. Let F be a one component inner function with F(0) = 0.
Assume that F has infinite degree or is a finite Blaschke product of degree
d > 2 other than z — z%. Under the hypothesis

/ (log |F'(z)|)1+5dm < 00, for some € > 0, (1.2)
oD

we have

eT

fé?D log |F'(z)|dm

where B C dD is a Borel set with m(0B) =

n(xz, T, B) ~ -m(DB) as T — oo,

Theorem 1.4. Let F' be a one component inner function such that F'(0) = 0,

which is not a rotation. If the Lebesgue measure of F' has finite entropy, i.e.

/ log | F'(2)|dm < oo, (1.3)
oD
then
1( (T n(z,t, B) 1
= — 7 dtp ~ -m(B T .
T{/D et } faDlog|F’(z)]dm m(B) asf = o0

The above theorems were obtained for finite Blaschke products in [Ivr15l
Section 7] based on renewal-theoretic considerations of S. Lalley. In order to
study orbit counting for inner functions, we use the approach pioneered in

[PoU17] which involves examining the Poincaré series

Z Z (F™) (y)|~* = /000 e *Tdn(x,T, B).

n>0 Fon (y)=z
yeB

Following the strategy outlined in [PoU17], we show:
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Lemma 1.5. Let F' be a one component inner function with F(0) = 0, which
satisfies the integrability condition for some 0 < e < 1. Suppose B C 9D
is a Borel set with m(OB) = 0. For any x € 0D, the function n2(s) is

(1) holomorphic from CT = {Res > 1} — C,

(2) continuous from a\ {1} —» C.

(3) near s =1,

1 1 1
B — . — e —
2 (5) Joplog |[F/(z)[dm s — 1 O(ys — 1\1—6)

If we merely assume that the inner function F has finite entropy, then the
above conclusions hold if we replace (3) with
(3') near s =1,

B () 1 1 1
s) — . = 0 .
T Joplog [F'(z)[dm s —1 s — 1]

Once we show the above lemma, Theorem and Theorem follow
follow from the Tauberian theorems of Wiener-Ikehara and Hardy-Littlewood

respectively. For the convenience of the reader, we recall these theorems below:

Theorem 1.6 (Wiener-Ikehara). Suppose p > 0 is a locally finite measure on
(0, +00) and

mwz/ T dy
0

converges in the right half-plane CT = {Res > 1}. If

c
s—1

1(s) =
extends to an Ll . function on the vertical line {Res = 1}, then
1([0,T]) ~ cel as T — oc.

Theorem 1.7 (Hardy-Littlewood). If

n(s) ~ -

as s — 17 along the real axis, then

1 (Td
/ M(t)—>c as T — oo.
T 0 et




Note that the Hardy-Littlewood Tauberian Theorem has weaker hypotheses
than Wiener-Ikehara Tauberian theorem but also a weaker conclusion. The
Hardy-Littlewood theorem is usually stated in the half-plane {Re s > 0} rather
than {Res > 1}, which explains the e’ in the denominator. For the proofs, we
refer the reader to [MV07, Corollary 8.7] and [Har49, Theorem 98].

Remark. (i) In the treatise [PoUlLT], one asks that the Poincaré series admits a
meromorphic continuation to a slightly larger half-plane (Cf_p ={Res > 1-p}

with a simple pole at s = 1, which translates to the more stringent requirement
/ |F'(2)[Pdm < oo, for some p > 0.
oD

Due to the weak integrability hypothesis on the inner function F', the Poincaré
series usually does not have a meromorphic continuation beyond the line ver-
tical line {Res = 1}. As such, we are forced to deal with the subtle issues
of differentiability and holomorphy of the complex Perron-Frobenius operators
Ls with Re s > 1 near the vertical line {Res = 1}.

(ii) Although we will not pursue this here, one can also count periodic
orbits. Using the methods of [PoUl7], one can show that

6T

er T7B ~ .
nper(T, B) Top log | F(2)]dm

m(B) as T — oo,

where
nper(T) = #{y € OD : F*"(y) = y for some n > 1 and log |(F*")'(y)| < T'}.

(iii) For the finite Blaschke products F(z) = z¢, with d > 2, the counting
function n(x,T) is a step function, so the asymptotics in Theorem do
no hold. This exceptional behaviour is caused by the failure of D-genericity.
Showing that other centered one component inner functions satisfy this mixing

condition will be an important ingredient in the proof of Theorem

In Section[9] we define the class of parabolic one component inner functions
and prove an analogue of Theorem [I.3] It is convenient to view parabolic inner
functions as holomorphic self-maps of the upper half-plane H, in which case,
the absolutely continuous invariant measure is just the Lebesgue measure £ on

the real line R. In this setting, the Orbit Counting Theorem reads as follows:
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Theorem 1.8. Let F' : H — H be a doubly parabolic one component inner
function with a doubly parabolic fixed point at infinity. Suppose that

/ (log |[F'(2)]) " de < oo,
R

for somee > 0. If B C R is a bounded Borel set with {(B) < oo and £(0B) = 0,

then for any x € R,

el

TB)~ ——« ————— .
n(, T, B) Je log [F'(z)]de

{(B) as T — oc.

1.3 Orbit Counting in Symbolic Dynamics

Since our approach to orbit counting is very general, it is applicable to a
plethora of other dynamical systems, not just to inner functions. We will de-
duce Theorems and from a general orbit counting theorem, valid
in the setting of countable alphabet subshifts of finite type. A complete ex-

planation of the terms will be given in Section

Theorem 1.9. Let E be a countable set, A : E x E — {0,1} be a finitely

irreducible incidence matriz and ¢ : E§ — R be a robust potential such that

/ T/JH_Edeb < —|—OO,
EF

for some € > 0. Given § € EY and a Borel set B C E® with my(0B) = 0,

the counting function
NgB(T) =#{w e Ef: wf e B and S (—¢)(w€) < T}

satisfies

O G
T—oo el ngo(_w)d“df
Theorem 1.10. Let E be a countable set, A : E x E — {0,1} be a finitely

irreducible incidence matriz and ¢ : ES — R be a normal potential such that

m¢(B)

/ pdpy, < +00.
EF
Given £ € EY and a Borel set B C E with my(0B) =0, we have
1 (T NB(t
lim — d t( )dt = Py () -y (B).
T—oo T 0 e fE%o(—w)d/Lw
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1.4 Notes and references

Blaschke-lacunary series. In [NS22, [NS23], A. Nicolau and O. Soler i

Gibert proved a Central Limit Theorem for “Blaschke-lacunary series”

N
Z anF°"(2),
n=1

where {a,}7°, is a sequence of complex numbers satisfying

2
an ¢ 12, m Y (1.4)

N
N—oo Zn:l ‘an’2
More precisely, they show that for an appropriate choice of scaling factors oy,

the distribution of the functions

Q . Z anF°"(z),

g
N n=1

on the unit circle converges to the standard complex Gaussian. As explained
in [N'S23], the condition is sharp in the sense if is not satisfied, then
the Central Limit Theorem cannot hold. The proof leverages that iterates of
the observable h(z) = z possesses a certain “uniform indepedence property”
which is made precise by BMO estimates. For further results in this direction,
we refer the reader to [Nic20, [DN23].

Part I
(General Centered Inner

Functions

2 Background on Composition Operators

In this section, we assume that F' is a holomorphic self-map of the unit disk
with F'(0) = 0. We survey a number of results on the spectral properties of

the composition operator Cr : ¢ — g o F' acting on various spaces of real and
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holomorphic functions. We first recall a classical lemma due to Koenigs from
1884:

Lemma 2.1. Suppose F is a holomorphic self-map of the unit disk with F'(0) =
0. If F'(0) # 0, then the eigenvalues of Cp : Hol(D) — Hol(D) are 1 and
F'(0)k, k=1,2,.... All have multiplicity 1. On the other hand, if F'(0) =0,

then Cr only has the constant eigenfunction 1.

A proof can be found in [Sha93l Section 6.1]. The Koenigs eigenfunction

o(z) = lim F'(0)™" - F°"(2)

n—oo

is well known in complex dynamics. It serves as a linearizing coordinate near

an attracting fixed point with a non-zero multiplier:

p(F(2)) = F'(0) - o(2),  ¢'(0)=1.

The other eigenfunctions are powers of the Koenigs eigenfunction.

2.1 Hardy Spaces

The Hardy space HP consists of holomorphic functions on the unit disk which

satisfy
2

1 .
lollfs = sup oo [ lo(re b < o
T

To study the action of Cr on the space H?, one uses the following two facts,
which one can find in [Sha00, Sections 2 and 3]:

Lemma 2.2 (Littlewood-Paley formula). For any function g € H?,

1

2
lgllF2 = l9(0)]* + / 9 (2)[? log —|dz|. (2.1)
™ JD |2|

Lemma 2.3. Let F': D — D be a holomorphic self-map of the unit disk which

vanishes at the origin and
1
Np(z) = Z log —, z €D,
F(w)=2 |Z|
be its Nevanlinna counting function. We have:

13



(i) The inequality Np(z) < log é holds for any z € D.

(ii) If F' is an inner function, then Np(z) = logﬁ outside a set of loga-
rithmic capacity zero.

(iii) If the equality Np(z) = log‘%l holds at a single point, then F is an

mner function.

Using Lemmas and it is easy to see that Cp is bounded on H?:

2 1
1Crall2e = g(O) + > / (g0 FY(2)Plog - |dz?

™ JD \Z|

2
—lgOF + 2 [ 19G)PNr()ld:

D
2, 2 NG I T

<1gO)P + 2 [ 1g()1og = |dz]

™ JD ‘Z‘

= llgll%e-

If F' is an inner function and g(0) = 0, then the inequalities in the compu-
tation above are equalities and we have [|[Cpg||32 = ||g[|32- As explained in
[Sha00, Theorem 5.1], if F' is not inner, then Crg is a strict contraction on the

orthogonal complement of the constant functions:

Lemma 2.4. Let F be a holomorphic self-map of the unit disk with F(0) = 0.
If F is an inner function, then Cr is an isometry on H?. Otherwise, F is a
strict contraction on H3 = {g € H* : g(0) = 0}, i.e. ICF 2 mz < 1-

The spectrum o of an operator consists of all A € C for which Al — F' does
not have a bounded inverse. The spectral radius is the radius of the smallest
closed disk centered at the origin which contains the spectrum. Since Cpg
is a bounded operator acting on a Banach space, its spectral radius may be

computed by the formula
ru2(Cr) = lim [[CE["".

We are more interested in the essential spectum of Cp, which is the part of

the spectrum that survives under compact perturbations. More precisely,

0.(Cr) = ﬂa(CF - K),

K
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where K ranges over compact operators. The essential spectral radius is the
radius of the smallest disk centered at the origin which contains the essen-
tial spectrum. Outside B(OT(CF)), the spectrum o(CFr) can consist only of
isolated eigenvalues of finite multiplicity.

In the literature, one often says that an operator has a spectral gap if its
essential spectral radius 7, is strictly smaller than its spectral radius r. For
our purposes, it is preferable to use a more restrictive definition: we say that
an operator has a spectral gap if it has a simple eigenvalue A with |A\| = r, and
the rest of the spectrum is contained in a ball B(0, p) for some p < r.

The essential norm of Cr is defined as
IClle, rr2— 12 = 0 [|Cr = K[ 2, 12 }-

The spectral radius formula shows that r, ;2(Cr) < [|CFlle g2—p2. In an
important work [Sha87], J. H. Shapiro computed the essential norm of Cg

when acting on H?:
Theorem 2.5. If F' is a holomorphic self-map of the unit disk, then the es-

sential norm of the composition operator Cr acting on H? is

. Np(2)
Cr g = limsup —————.
ICF|| ,H2—H? |2|—1 log(1/|2])

As a consequence of Lemma [2.4] we see that the spectral properties of
the composition operator Cy on H? can detect whether or not a holomorphic

self-map of the unit disk is an inner function:

Corollary 2.6. Let F' be a holomorphic self-map of the unit disk with F(0) =

0. If F is an inner function, then Crp is an isometry on H?. Otherwise,
Te, 12 (Cr) < |CFlle, m2m2 < 1
and the eigenvalue 1 with the eigenfunction 1 is isolated and simple.

For a general exponent 1 < p < oo, Bourdon and Shapiro [BS97| showed
the following theorem which implies that Corollary holds for all Hardy
spaces HP with 1 < p < oc:

Theorem 2.7. If F is a holomorphic self-map of the unit disk, then
Te,Hp(CF)p < Te H?2 (CF)Za 1< p < o0,

with equality holding whenever 1 < p < oo.
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2.2 Weighted Bergman Spaces

While the results of the previous section are quite elegant, for the purposes of
studying the dynamics of inner functions, they are slightly disappointing since
the composition operators C'r do not exhibit a spectral gap in this case. We
therefore turn our attention to Bergman spaces.

For a > —1, the weighted Bergman space A, consists of holomorphic
functions that satisfy

Lo+ 1)(1 - [22)°daf2.

a — —
T

lollyy = [ laIPda, < oo, da

As in [HKZ00], we normalize the area form dA, so that [|1[|%, = 1. When
the exponent p = 2, the above condition can be rephrased in terms of the

coefficients of the power series expansion at 0:

o0 o0 2
9 n!T(2+ «a) 9 |an]
= - = 0. 2.2
Il = 3zl =< 2 e < 2.2)

For weighted Bergman spaces, the spectral properties of Cr are related to

the behaviour of the weighted Nevanlinna counting function

1 v

Npn(2) = Z <log ) , with v = a 4 2.
F(w)=z |Z’

As explained in [Sha87, Section 6], the proof of the upper bound in Theorem

can be easily adapted to weighted Bergman spaces. Several years later,

P. Poggi-Corradini [PC98] showed that Shapiro’s bound was sharp for a = 0, 1:

Theorem 2.8. If F' is a holomorphic self-map of the unit disk and o« > —1,
then the essential spectral radius of the composition operator Cr acting on A%

satisfies

. Nraq2(2)
ICEIR o 4n < limsup — Fot2lZ)
edamAL =TS0 log(1/]z])et?

FEquality holds for o =0, 1.

Using the above theorem, it is easy to see that if F' is not a rotation, then

Cr has a spectral gap:
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Corollary 2.9. Let F' be a holomorphic self-map of the unit disk with F'(0) =
0, which is not a rotation. For —1 < a < oo, the essential spectral radius
of the composition operator Cr acting on A2 is strictly less than 1, while the

eigenvalue 1 with eigenfunction 1, is isolated and simple.

Proof. The proof is based on the following elementary observation: if {a;} is

a collection of positive real numbers with " a; < z, then
Zazgxw, y=a+2>1.

In addition, equality holds if and only if one of the a;’s is equal to z and all
the remaining a; are equal to 0. If one can guarantee that a; < 6x for some

0 <0 <1 and all ¢ € N, then one has the stronger estimate
D al < {07+ (1-0)"}a".
1€EN
In light of this observation and Theorem , to show that r, 42 (Cr) < 1,

it suffices to prove that

. log(1/[w])
limsup ———+ < 1. 2.3
TR, Tog(1/T2) 23
Since F is not a hyperbolic isometry,
v:i=1-—  sup  {dp(0,F(w1))} >0,

w1 Ethyp (0,1)

where dp(-,-) denotes hyperbolic distance on D. For a point w € D with
dp(0,w) > 1, let w; be the point on the hyperbolic geodesic [0, w] which is
located a hyperbolic distance 1 from the origin. By the triangle inequality and

the Schwarz lemma,

dp (0, F(w)) < dp(0, F(w1)) + dp(F(w1), F(w))
< (1 =7)+ (dp(0,w) — 1)
= d]D)(va) -7

which implies that

1= |Fw)| <c(l—=[w]),  wé Bnyp(0,1),
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for some 0 < ¢ < 1. The inequality ([2.3]) follows since log(1/|w|) ~ 1 — |w]| as
lw| — 1.
Since we have proved that the essential spectral radius of Cp is less than

1, the eigenvalue 1 is isolated and simple by Lemma [2.1 O

A similar situation holds for the weighted Bergman spaces AL with general
exponents p. In [MS02, Theorem 5 and Proposition 7], MacCluer and Saxe
proved an analogue of Theorem for the unweighted Bergman spaces AP.
Their argument was generalized to the weighted case in [ACKS20, Theorem
2.8]:

Theorem 2.10. Let F' be a holomorphic self-map of the unit disk. The es-

sential spectral radius of Cr acting on A% satisfies
7o 42 (Cp)P < 1o a2 (CR)?, 1 <p < oo,
with equality for p > 1. In particular, unless F is a rotation, then
e a2 (Cr) <1, 1<p<oo.

From the above theorem, it follows that Corollary also holds for the
weighted Bergman spaces A5 with a > —1 and 1 < p < oo.

2.3 Sobolev Spaces

Below, we identify distributions on the unit circle with their harmonic exten-
sions to the unit disk. Since the composition operator Cr is a real operator,
it preserves the anti-holomorphic spaces H2 and /Ta in addition to their holo-
morphic counterparts. It follows that Cp also preserves L2 = H? 4+ H? and
the Sobolev spaces W52 = (WH2)* = A2 + A2 for any 8 = (1 +«)/2 > 0.
The intersection H2NH?2 = A2N A2 = C-1 consists of the constant functions.

One can check these decompositions by comparing power series expansions.
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3 Transfer Operators

For a finite Blaschke product F' with F(0) = 0, the transfer operator with

potential —log |F’| acts on functions on the unit circle by

(Lrg)(@) = Y [F'()| 9. (3.1)

F(y)==

Since the Lebesgue measure on the unit circle is invariant under F,
Lpl=1.

The invariance of the Lebesgue measure also shows that the transfer operator
is the adjoint of the the composition operator with respect to the L?-pairing

on the unit circle:
/ Lpg(z)h(z)dm(z) =/ g(x)h(F(z))dm(z). (3.2)
oD oD

For a general inner function F', we simply define the transfer operator as the
adjoint of the composition operator.

In this section, we describe a number of spaces on which Lp acts, rep-
resent Lr in terms of Aleksandrov-Clark measures and discuss a few simple

consequences of the spectral gap such as the exponential decay of correlations.

3.1 Duals of some Function Spaces

We now describe the duals of some function spaces of harmonic and holomor-
phic functions with respect to the L?-pairing on the unit circle. As in Section
2.3, we identify functions f, g in the unit disk with their boundary distributions
f ,§ on the unit circle. The L?-pairing can be interpreted in terms of Fourier

series expansions:

(F.5) = (3 ane™, 3 bue™) = 3" anbn.
Alternatively, one can dilate the functions f, g and take the limit as r — 1:

(f,9) = lim f(rz)g(rz)|dz|.

r—1 ‘Z|=l
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Hardy spaces. Recall from Theorem that the composition operator
preserves the Hardy space HP for any 1 < p < oo. Therefore, the transfer
operator preserves (HP)* = HY where 1/p + 1/¢ = 1. Since the transfer
operator is a real operator, it must preserve HY as well. In particular, the

transfer operator preserves LI = H9 + H4 for 1 < ¢ < oo.

Weighted Bergman spaces. From Theorem it follows that the
composition operator Cr has a spectral gap on the weighted Bergman space
AP for any 1 < p < oo and a > —1. As explained in [HKZ00, Section 1.4],
for p > 1, the dual of A7, with respect to the pairing (-, ) 4» is Ad where ¢ is
the conjugate exponent, while for p = 1, the dual is the Bloch space B. To
obtain the dual with respect to the L?-pairing on the circle, one needs to take

a fractional integral of order 1 + «, i.e.
(AP)* = 1144(AL) for p > 1, (A =1, ,(B) forp=1.

Below, we consider the cases when p = 1,2 in detail, where the dual spaces

admit particularly simple descriptions.

p = 2. Recall that in terms of power series expansions, the space A2

consists of holomorphic functions on the unit disk such that

oo
Z n~1%a,|? < oo.
n=0

Its dual is therefore the Dirichlet-type space Dy, which consists of holomor-

phic functions on the unit disk such that
o0
Zn1+o‘|an\2 < 0.
n=0

Again, using the fact that the transfer operator is a real operator, we see

(1+0)/22 — D, + D1 .. Since adjoint

that it preserves the Sobolev space W
operators have the same spectral and essential spectral radii, Lz has a spectral
gap on Di,o and W+2)/22(9D). Furthermore, as the adjoint operator has
the same isolated eigenvalues with the same multiplicity, 1 is a simple isolated

eigenvalue with eigenfunction 1 in each of those spaces.
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Remark. The standard Dirichlet space D = D; corresponds to the case when

«a = 0 and consists of holomorphic functions such that
/D F/(2)[PdA(z) < .
The associated Sobolev space is W1/22 = D 4+ D.
p = 1. By [Zhu05, Theorem 7.6], for 0 < 8 < 1, the dual space
(As_y)* = Hol(D) N C” (D)

consists of holomorphic functions on the unit disk that admit Holder continu-

ous extensions to the closed unit disk. The same theorem identifies
(AY)* = Hol(D) N Z(dD)

with the space of holomorphic functions on the unit disk that admit Zygmund
extensions. More generally, if we take duals of AL with a > 0, we get the
holomorphic functions in C™# for some integer n > 0 and 0 < 8 < 1, as well
as in C™%, the space of n-fold integrals of Zygmund functions. As above, the
transfer operator has a spectral gap when acting on these spaces and their

real-valued counterparts.

3.2 Aleksandrov-Clark Measures

Let F' be a holomorphic self-map of the unit disk. For o € 0D, consider the

function
a+ F(z)

a—F(z)

Since h, is holomorphic and has positive real part, it can be represented as

ha(z) = zeD.

the Herglotz extension of a positive measure on the unit circle plus a constant

term:
7a+F(z): ¢+ =z i m
ha(z) = a—F(z) on C — Zdﬂa<o + i - Im ha(0). (3.3)

The collection of measures {piq }ocop are known as the Aleksandrov-Clark mea-

sures of F. For basic properties of Aleksandrov-Clark measures, we refer the
reader to [CMROG, [PS06, [Sak07].
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e With the normalization F'(0) = 0, each measure yi, has unit mass. When
Fis an inner function, for each o € dD, Re h,, has radial limit zero a.e. on

the unit circle, which means that the measure pu, is singular.

e The Aleksandrov-Clark measure p, is concentrated on the set of points
on the unit circle where F' has radial limit «. For instance, u, has a
point mass at ¢ € JD if and only if F' has an angular derivative at { with

F(¢) = a, in which case,

pa({Ch) = [F'(C)".

In general, i, may not be a discrete measure, i.e. be a countable sum of
point masses. In fact, there are holomorphic self-maps of the unit disk,
even inner functions, that do not possess an angular derivative at any

point on the unit circle.

e The Aleksandrov-Clark measures {u,} vary continuously in « in the
weak-* topology. More generally, if F,, — F locally uniformly and a,, —
a on 0D, then pur, o, — pFao Weak-*.

e Aleksandrov’s disintegration theorem says that for any continuous func-

tion f(¢) on the unit circle,

/{9@( D f(C)dMa(C)>dm(a) = . F(O)dm(Q).

Equivalently, the family {uq}acop constitutes the canonical disintegra-
tion of the Lebesgue measure m with respect to the measurable partition

F~(¢), where € denotes the partition of 9D into singletons.

With help of the Aleksandrov-Clark measures, one can write down an ex-

plicit formula for the adjoint of the composition operator:

(Lrg)(a) = / 9(2)djia(2). (3.4)

oD

Indeed, the above formula simplifies to (3.1)) for finite Blaschke products, while

the general case follows from approximation.
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3.3 Comparing Definitions

In the following theorem, we characterize inner functions for which the adjoint

definition of the transfer operator coincides with the classical definition of the
transfer operator (3.1) a.e.

Theorem 3.1. Suppose F' is a centered inner function. The Alexandrov-Clark
measures {1} are discrete for almost every o € 0D if and only if F' has an

angular derivative at a.e. point on the unit circle.

For the proof, we will need the following lemma due to Craizer |[Cra91l

Lemma 5.4]:

Lemma 3.2. If a centered inner function F has an angular derivative at
a.e. point on the unit circle, then there exists a sequence of finite Blaschke
products {F,}2°, converging to F' uniformly on compact subsets of the unit
disk so that

L (@)] < 2|F(2)],

for a.e. x € ID and all integers n > 1.

Proof of Theorem[3.1] Suppose F' has an angular derivative at a.e. point on

the unit circle. We want to show that for almost every o € 0D,

1
2 FE ="

¢CeF~1(a)
[F'(¢)]<o0

Let F,, — F be a sequence of finite Blaschke products from Lemma [3.2] Fix an
€ > 0. Since F' has angular derivatives a.e., we can choose N > 0 sufficiently
large so that

m({|F'| > N/2}) <&,

which in turn, implies that
m({|Fy| > N}) < &%, (3.5)

for all n > 1.
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Call a point a € dD (g, N)-good for F,, if most of the mass of up, o comes

from atoms of size > 1/N:

> |F’1(C)|21_8' (3.6)

CeF (@) "

IFL(QISN
It follows from that F), is (¢, N)-good on a set G,, of Lebesgue measure
> 1 —¢. Let G be the set of points on the unit circle that lie in infinitely
many Gp. As fif, o — tFra Weakly, m(G) > 1 — ¢ and almost every a € G is
(e,N)-good for F. For these a € dD, the discrete part of pp, has mass at

least > 1 — e. The lemma follows since € > 0 was arbitrary. O

For another proof, see [CMRO06, Theorem 9.6.1].

Corollary 3.3. Suppose F is a centered inner function. If F' has an angular
derivative at a.e. point on the unit circle, then F is essentially countable-to-

one, i.e. the set F~1(a) is countable for a.e. a € OD.

3.4 Equidistribution

We keep assuming that F' is a centered inner function. Let o € 9D be a point
on the unit circle. The following lemma says that as n — oo, the pre-images
F~"(«) become equidistributed on the unit circle with respect to Lebesgue
measure. A similar statement holds for the periodic points {x € 9D : F°"(x) =

x} of period n.

Lemma 3.4. For an inner function F with F(0) = 0, we have:

(i) For every o € OD the sequence {jipon o}or, converges weakly to the
Lebesgue measure m on the unit circle.

(ii) As n — oo, the measures {fipon(z)/21}ney1 converge weakly to the

Lebesgue measure m on the unit circle.

Proof. We only prove (i) as the proof of (ii) is similar. According to the

definition of the Aleksandrov-Clark measures,

a+ F°"(z) C+z

o= FoR(z) ~ Jop ¢z el
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Since 0 is an attracting fixed point, as n — oo, the left hand side tends to 1 for
any z € D. In turn, this implies that ppon o converge weakly to the Lebesgue

measure. O

Corollary 3.5. If F is a centered inner function, then the set of its periodic

points is dense in the unit circle.

3.5 Consequences of the Spectral Gap

We have seen in Section [3.I] that if F is a centered inner function, then Ly has
a spectral gap on the spaces W52 with 8 > 0 and C® with a > 0

Let R be the Riesz projection onto the one-dimensional eigenspace spanned
by the eigenfunction 1 (corresponding to the eigenvalue 1) and S =Id —R be
the complementary Riesz projection onto the rest of the spectrum. From the

general properties of Riesz projections, we know that:
e The Riesz projections R and S commute with Lp.
e RS=SR=0.
* o(Lplmr) = {1} and o(Lp|ms) = o(Lp) \ {1}.
We write Lp = Lp(R+ S) = R+ A where A = LpS. As the spectral radius

r(A) < 1, we have
[A%g| < Co™,

for some constants 6 € (0,1), C € (0,400) and all integers n > 1. Integrating
both sides of the equality
rg=Rg+A"g

over the unit circle, and then taking n — oo, we get
lim mgdm = Rg.

n—oo oD

Since [y L'bg - 1dm = [;p g - Cp1ldm, the left hand side is simply [y, gdm.

Therefore, the Riesz projection is given by

Rg=79g-1, Whereg:/ gdm.
oD

We conclude that on the set of mean zero functions, Ly = A is a contraction.
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We state the following lemma for Sobolev spaces, but it is also true for

Holder continuous functions with the same proof:

Lemma 3.6. For a centered inner function F, we have:

(i) For any g € W52, the sequence of functions {L'hg}5 converges to the
constant function [y g(x)dm in wh2,

(ii) There exist constants 6 € (0,1) and C € (0,+00) such that for any two
functions g, h € W52 with faD gdm =0 or fam hdm = 0,

/ g(ho Fon)dm‘ < Co".
oD

Since W52 is dense in L?(0DD, m), the above lemma implies that F is mixing

with respect to the Lebesgue measure m:

Corollary 3.7. For centered inner function F, we have:

(i) For any g € L*(0D,m), the sequence of functions {L%g}>° , converges
to the constant function [y g(x)dm in L*(OD, m).

(ii) For any g, h € L*(0D, m) with [y gdm =0 or [y hdm =0,

/ g(hoFO")dm‘ — 0, as n — oo.
oD

3.6 Composition Operators Acting on Measures

We have seen that the composition operator Cr acts isometrically on the
space L?(0D, m). We can extend Cr to a continuous operator on the Borel
probability measures on the unit circle equipped with the weak-* topology by

specifying the integrals of continuous functions:

8D¢d(cFy) = /m{/Fl(a) gbd,ua}dy(a) = /{m Lpddv. (3.7

A monotone class argument similar to the one in [CMRO06, Chapter 9.4] shows

that the above formula is valid for any bounded Borel function ¢.

Lemma 3.8. For any bounded Borel function h and Borel measure v on 0D,
we have Cp(hv) = (ho F) - Cp(v).
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Proof. By (3.7)), for any bounded Borel function ¢, we have

¢ dCp(hv) :/ Lpé - hdv

oD oD

and
6-(hoF)-dCr(v) _/ Lel- (ho F)dv.
oD oD
Thus, to prove the lemma, it suffices to show that

Lrlé-(hoF)] = Lyé - h.

Indeed,
Lplg - (ho F)l(a) = - ¢(x)(h o F(x))dpa(x)

=h(a) [ é(x)dpa(z)
oD
= (Lr¢-h)(a),

where in the second step, we used that the Aleksandrov-Clark measure p,, is

supported on the set of points x where F(z) = a. O

Let Rp C 0D be the set of points where lim,_,; F'(r() exists and is unimod-
ular. By [CL66L Theorem 2.6], R is an F,s set and therefore Borel. Plugging
¢ = xR into 1' and using the fact that Aleksandrov-Clark measures do

not charge R% shows the following lemma:

Lemma 3.9. If F' a centered inner function, then for any Borel probability

measure v on the unit circle, the measure Cpv is supported on Rp.

Lemma 3.10. Let F' be a centered inner function and v be a probability mea-
sure on the unit circle such that Cpyv = v. Then, v is an F-invariant measure

supported on the set of points whose forward orbits lie on the unit circle.

Proof. Let EE C 0D be a Borel set and ¢ = xp-1(g). By the integral represen-
tation (3.4), Lr¢ = xg. Plugging ¢ into (3.7]), we get

v(F~H(E)) = Cpu(F~Y(E)) = v(B),

which means that v is F-invariant. By Lemma v(R%) = Crr(R%) =0
From F-invariance, it follows that v(F'~"(R%)) = 0 for any n > 0. O
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4 Perturbative Thermodynamic Formalism
and the Central Limit Theorem for Centered
Inner Functions

In this section, we use weighted composition operators to establish the rudi-

ments of thermodynamic formalism for inner functions:

1. For a W22 or C® potential of sufficiently small norm, we construct

conformal and equilibrium measures on the unit circle.

2. We then discuss analytic families of weighted composition operators and
show that their eigenvalues vary analytically, from which we deduce the

Central Limit Theorem.

3. We then give a sufficient condition for the asymptotic variance to not
vanish, thereby completing the proof of Theorem

For concreteness, we work with Sobolev potentials and leave Holder poten-

tials to the reader.

4.1 Weighted Composition Operators

Let F' be a centered inner function. The weighted composition operator Cr

is defined as
Cry(9) =7(2) - (g0 F(2)), ze€D.

We first examine the action of C'r, on various spaces of holomorphic functions.
When v € H*® is a bounded analytic function, multiplication by ~ preserves
the Hardy space H? and the Bergman space A2, so that Cr, acts on H 2
and A2. Taking the adjoint with respect to the L?(0D, m)-pairing on the unit

circle, we see that the weighted transfer operator

(Lrag)(@) = Lr(rg)e) = [

v - gdpa (4.1)
oD

acts on the Hardy space H? and the Dirichlet space D.
For applications to dynamical systems, we need to consider the action of

weighted composition operators on real Banach spaces. If v is an L*° function,
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then the operator Cr,, preserves L?. In order for CFp to preserve W—1/22 it
is enough to take v € M(W‘l/ 2.2 which is a more stringent condition.

Remark. (i) When F(z) = z is the identity mapping, Cp. is bounded on
W=1/22 if and only if v € M(W~1/22). However, for other inner functions F,
the set of admissible v may be strictly larger.

(ii) A simple duality argument shows that M (W ~1/22) = M(W/22). Any

1/2,2

multiplier of W~ is a bounded function, but the converse is not true.

For future reference, we also make the following simple observations:

Lemma 4.1. If F is a centered inner function and v is a weight in L (0D, m),
then for any functions g € L>®(0D, m) and h € L?>(0D, m), we have

LF,’Y(g oF-h)=g- LF,,Y(h).

Proof. Since for any o € 0D, the Aleksandrov-Clark measure p,, is supported
on the set of points ( € 9D for which lim,_,; F(r{) = «, we have:

Lm(goph)(a)—/ - go Fdp
oD

= g(a) / Yhdpia
oD
=g(a) - Lry(h)(a),
as desired. 0

Lemma 4.2. If F is a centered inner function and v is a weight in L (0D, m),
then for any function h € L?>(0D, m) and o € 0D, we have

5 (h)(a) = / My - hdpron o,
oD

where

Lyy(z) = Y(@)y(F()) ...y (F" D (@),

Proof. For weighted composition operators, it is clear that C}}:’7 = Cron 11,,~-

Taking adjoints, we get

Fry(M)(@) = Lpen 11,4 (h)(e).

The lemma follows after expressing the weighted transfer operator on the right

in terms of Aleksandrov-Clark measures as in (4.1). t
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In order to study stochastic laws via thermodynamic formalism, we need
to work with families of weighted transfer operators. Suppose s — 7, is a
family of weights in M(W1/22), which depend analytically on a parameter
s € U, where U C C is an open set containing the origin and 9 = 1. From
the definition of the weighted transfer operators , it is not difficult to see
that s — LF,, defines an analytic function from U to the space of bounded
linear operators on W'/22 with derivative (d/ds) Lr, = Lrs,.

In Section we saw that Lg,, has a spectral gap on W22 it has a
simple isolated eigenvalue Ag = 1, while the rest of the spectrum is contained
in a ball B(0,r) with » < 1. From the Kato-Rellich Perturbation Theorem, it
follows that for any complex number s sufficiently close to 0, Lr,, also has a
spectral gap: it possesses a simple isolated eigenvalue A\; € C, while the rest of
the spectrum is contained in B(0,rs) with 75 < |As|. Moreover, perturbation
theory tells us that in the presence of a spectral gap, both the eigenvalue Ag
and the Riesz projection Rs onto the one-dimensional eigenspace associated to
the eigenvalue \g vary analytically in s.

For s close to 0, the function ps = Rs1 is not identically zero and therefore

spans the As-eigenspace of Lp ., . The number
P(S) = IOgTW1/272 (LF,’Ys) = log )\s

is called the topological pressure of the weight v, € M(Wl/ 22) " where the
branch of the logarithm is chosen so that P(0) = 0.

4.2 Stochastic Laws with respect to the Lebesgue

Measure

We now change the notation and write £_1og|r/|4¢ := LFes, as is standard in
thermodynamic formalism. In other words, we specify the transfer operator
by the potential —log |F’| + g rather than by the weight e9.

It is easy to see that if g € M(W1/%2) is a Sobolev multiplier, then for any

complex number s € C,

59 — 1 822 332
e = +sg+§g —i—gg + ...
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is also a multiplier with

1% | paqwrirz2y < exp(|s] - gl pwr/2z))-

In this case, the weighted transfer operator Ls := L_15g|F/|4s¢ 18 bounded on
W1/22 and varies analytically with s. From the discussion in the previous
section, there exists a Riesz projection Ry : W1/22 — C - p,, defined for all

complex numbers s sufficiently close to 0, which satisfies
L Rs = RL4 and Lsps = eP(S)ps,

where ps = Rg1.
The following lemma [PP90), Propositions 4.10 and 4.11] describes the first

two derivatives of the topological pressure:

Lemma 4.3. Let g € M(W'/22) be a Sobolev multiplier. Then,

P(0) = /m gdm.

If in addition g has mean 0, i.e. [y gdm =0, then

P(0) = o2(g) = lim ~ /8 (Sug)dm.

n—oo N

Proof. (i) Let fs be the eigenfunction of the weighted composition operator

h — e9h o F with eigenvalue e£’(¥)

P(0) = 0. Differentiating

. When s = 0, the eigenfunction fy = 1 and

eI f(F(2)) = e fi(2) (4.2)
with respect to s at 0, gives

9(2) + Jo(F(2)) = P+ fo(2).

Integrating with respect to m, we get

/ g(z)dm(z):P—i—{ fo(z)dm(z) — fO(F(z))dm(z)}.
oD oD oD

Since m is F-invariant, the two integrals cancel out.
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(ii) Differentiating (4.2) twice at s = 0 gives

9(2)* +29(2) o (F(2)) + Jo(F(2)) = P(0) + fo(2).

Integrating with respect to m, we get

/ g2dm + 2/ g(fo o F)dm = P(0).
oD oD

By instead differentiating the n-th iterate, we obtain

/ (Sng)?dm + 2/ Sng - (foo F)dm =nP(0).
oD oD

The statement follows after dividing by n, taking n — oo and applying the

ergodic theorem. O

From here, one can prove the Central Limit Theorem for real-valued ob-
servables in M(W1/22) as in [PP90, Proposition 4.13]. Alternatively, one
can appeal to the work of S. Gouézel |[Goul0] which shows that the process
{go F™ :n > 1} satisfies an almost sure invariance principle (ASIP). Loosely
speaking, the ASIP says that one can redefine the process {go F" : n > 1}
on some probability space with a Brownian motion By, so that S,¢ is close to
B,2,,. With the help of the ASIP, one can obtain stochastic laws such as the
Central Limit Theorem and the Law of the Iterated Logarithm for go F™ from

the corresponding facts for Brownian motion, essentially for free.

4.3 When is the Variance Non-Zero?

To complete the proof of Theorem [1.2] we need a mechanism for showing that
the asymptotic variance of an observable g € M(Wl/ 2.2) with respect to the

Lebesgue measure is not equal to zero:

Theorem 4.4. Suppose F is a centered inner function that is not a finite
Blaschke product. If g € M(W1/2’2) s a real-valued non-constant function of

mean zero, then o2(g) # 0.

Before providing the proof of the above theorem, we make the following

preliminary observation:
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Lemma 4.5. Suppose g € M(W1/2’2) is a real-valued function on the unit
circle.  If ||gll pqw/22) s sufficiently small, then for any u € W1/22 the
sequence {L" log\F'|+z‘g(u)}zo:0 is bounded in W1/22.

Proof. When ||g|| pqw1/22y is small, we have o yy1/2.2(L£ - 10g F7|+ig) < 1. Out-
side the essential spectral radius, £_jog 7|4y may only have countably many
isolated eigenvalues of finite multiplicity. Therefore, to prove the lemma, it
suffices to show that the operator £_ 4 |p/|4ig acting on W22 does not pos-
sess any eigenvalues with modulus greater than 1. However, this is easy: as
L_1og |F'|+ig 18 an isometry on L?(0D, m), it cannot have any L?(0D, m) eigen-

values outside the closed unit disk, let alone any W1/2:2 eigenvalues. O

For the remainder of this section, we assume that ||g|| v /22y is suffi-
ciently small so that the assumptions of Lemma [£.5] are satisfied. The proof of
Theorem [4.4] relies on [PP90l, Propositions 4.12 and 4.2]:

Lemma 4.6. If 0%(g) = 0, then g is cohomologous to zero, that is, one can

write
9(z) = ((F(x)) — (), (4.3)
for some real-valued function ¢ € L*(OD,m).

Lemma 4.7. Any L?(0D,m) eigenfunction of e=9®)Cp belongs to W1/22,

While the two lemmas above are stated for different function spaces in
[PP90], the proofs are similar to the ones given in [PP90]. Below, we present
the proof of Lemma as there are additional technicalities arising from
working with Aleksandrov-Clark measures and allow the interested reader to
consult [PP90] for the proof of Lemma

Proof of Lemma[/.7. Suppose w(z) is an L? eigenfunction of the weighted

composition operator e~ C'p:
e 9@y (F(z)) = Aw(z).

As the Lebesgue measure is ergodic with respect to F, |A| = 1 and |w| is
constant a.e. Since w is not identically 0, by scaling it appropriately, we can

make its absolute value 1 a.e. Multiplying the identity

w(F" (@) - w(z) = A"eiSno®

33



by a function h € C*, integrating with respect to the Aleksandrov-Clark
measure jipon o and using Lemma we get

w(e) - [L7 g pr (BD)] (@) = X" - [L7 5 pryigh] (). (4.4)

As the sequence of functions {,C’_L log || +z’gh}20:o is bounded in W1/2:2 by
Lemma and the inclusion W1/22 ¢ L? is compact, we can pass to a subse-

quence so that

L h — h* in L2, for some h* € W1/22,

—log |F'|+ig

We pass to a further subsequence so that At — A\* € JdD. In view of Lemma
taking the L2-limit as n — oo in (4.4)) gives

w/ whdm = \*h*.
oD

Since w is assumed to be non-zero, there exists an h € C* with

(/ Whdm # 0,
oD

from which it follows that w is a scalar multiple of A* a.e. O

By Lemma if 02(g) = 0, then the weighted composition operator
e~ (' possesses an L™ (9D, m) eigenfunction with eigenvalue 1, namely e*<(®).
As L®(0D, m) C L%*(0D,m), Lemmatells us that ¢(®) is actually a TW1/22
eigenfunction. Therefore, to prove Theorem 4.4, we may show that e~*9C has

no W22 eigenfunctions.

Lemma 4.8. Suppose h € D is not constant and F is an inner function that
is not a finite Blaschke product. Then ho F ¢ D.

In the proof below, we will use the fact that if F' is not a finite Blaschke
product, then for a.e. point w € D, the pre-image F~'(w) is an infinite set.
Actually, Frostman’s theorem [MasI2, Theorem 2.5] says that the set of excep-
tional points has logarithmic capacity zero, but we will not need this stronger

conclusion.
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Proof. The Dirichlet seminorm

[ lthe Y jasP
D

computes the weighted area of the image of h o F'. Since F' has infinite degree,
almost every point of h(D) is covered infinitely often. As non-constant holo-
morphic maps are open, h(D) has positive area and so the Dirichlet seminorm
of h o F is infinite. O

In particular, the above lemma implies that if an inner function belongs to

the Dirichlet space, then it is a finite Blaschke product.

Proof of Theorem[{.7] As noted above, if 0?(g) = 0, then the weighted com-
position operator e C has a non-trivial eigenfunction in W1/22 with eigen-
value 1:

e 9@y (F(z)) = w(x).

Since the right hand side is in W22 o obtain a contradiction, we show
that the left hand side is not in W1/%2. Since g € M(W'/22) implies that
€9 € M(W1'/22), this reduces our task to showing that w(F(z)) ¢ W'/22. By
decomposing w into holomorphic and anti-holomorphic parts, its enough to
consider the case when w is a holomorphic function in W1/22  ie. an element

of the Dirichlet space D. The existence of such a w is ruled out by Lemma

4.8 O

4.4 Conformal and Equilibrium Measures

We now switch to Holder potentials to avoid subtle issues arising from the fact
that functions in the Sobolev space W/22 may be not be bounded. (One can
resolve this technicality by working in the space W52 for some 8 > 1/2, but by
the Sobolev embedding theorem, these functions have some Hélder regularity,

so we might as well work in C¢.)

Lemma 4.9. Suppose v : 0D — (0,00) is a positive function of class C* for
some 0 < o < 1. When ||y — 1||ce is sufficiently small, Lp, has a spectral
gap on C% and the eigenspace associated to the dominant eigenvalue A > 0 is

spanned by a strictly positive function p..
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Proof. In Section (3.1, we used a duality argument to show that Lp has a
spectral gap on C. It is not difficult to see the spectral gap persists for L,
when ||y — 1||ce is small by applying the Kato-Rellich Perturbation Theorem
to the analytic family of operators s — Lp;4y—1) and using the operator
norm estimate ||Lry, — Ly, [lgce) S I —22llce.

Since L, is a real operator, the one-dimensional eigenspace associated to
the dominant eigenvalue X is spanned by a real-valued function p,. (As p; is
an eigenfunction with eigenvalue X, the spectral gap implies that P~y = py and
A = \.) Since the zero set of p~ is F-invariant and p, is continuous, p, never
vanishes by Lemma Multiplying p, by —1 if necessary, we may assume
that the eigenfunction p,, is strictly positive. O

Below, we construct conformal and equilibrium measures associated to a
weight ~+ satisfying the hypotheses of the above lemma. We start with the

conformal measure:

Lemma 4.10 (Conformal measure). There exists a unique probability measure

m~ on 0D such that Cr,m., = Am,,.

In the lemma above, the action of the weighted composition operator on
Borel measures on the unit circle is given by Cp v := v d(Cpv). The definition
is chosen so that the following duality relation holds: for every bounded Borel

function ¢ € L*°(0D, m) and Borel measure v,

o d(Cpyv) = /{m vpd(Crr) = /611)) Lp(v¢)dv = /BID) Lp ¢pdv.  (4.5)

oD

The second equality above follows from the identity (3.7). The proof of

Lemma [4.10] relies on two auxiliary lemmas:

Lemma 4.11. The operator A‘lLF,V 18 the adjoint of the composition operator
Cr in the Hilbert space L*(0D,m.), i.e.

/ g-Cthmﬂ,:/ AN 'Lpyg-hdm,, — g,h € L*0D,m,).
oD oD
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Proof. By the duality relation (4.5)) and Lemma we have
/ Lp~g-hdmy = / gdCr(hmy)
oD oD
= / g-vdCp(hm.,)
oD
:/ G-y (hoF)dCpm,
oD
= / g+ (hoF)dCp,ym,
oD
= )\/ g-Crhdm.,
oD

as desired. 0

Lemma 4.12. Suppose m~ is a conformal measure on the unit circle. For any
g € CY(0D), we have

A" ?179 ? (/am)gdnH)pw as n — 00.
where the eigenfunction p~ of Lp., with eigenvalue X is normalized so that
Jop pydms = 1.

Proof. Taking v = m., in the duality relation (4.5]), we see that for any bounded
Borel function ¢ € L (9D, m), we have

/ Lp~ ¢dm., = /\/ ¢ dm,.
oD oD
Since Lr, has a spectral gap on C* by Lemma [4.9] it follows that

AN "LE.g —ca Cg-py

for some constant C; € C. To evaluate Cy, we integrate both sides against
My

li AN "L gdm. = d = C,.

et . Fygdmy = Cg /(9 - pydmy = Cg

However, by Lemma .11}, for any n > 0,

/ AT T]fwgdmﬂ,—/ gdm.,.
oD oD

Hence, C, = [, ap 9dm., as desired. O
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Proof of Lemmal[{.10. Step 1. Let P(9D) denote the collection of Borel prob-
ability measures on the unit circle endowed with topology of weak convergence.
Consider the map T : P(0D) — P(9D) given by

Crqyv
(Crav)(0D)

By the Schauder-Tychonoff Fixed Point Theorem, T" has a fixed point. Thus,

there exists a measure m, € P(dD) such that

Ty :=

Crymy = S\mw, for some A > 0.

Step 2. Together with 1} the equation C%,'ymV = X”m7 shows that

A" = / b Ldm,,. (4.6)
oD

As v > 0, Lf,, is a positive operator. Since the eigenfunction p, is pinched

between two positive constants, i.e.
Ci1-1<p, <Cy-1,

we have
Cy - %771 < )\np,y < CQ'L?;*,,Y].,
so the right hand side of || is comparable to A™. As a result, A=\

Step 3. Let m, be a probability measure on the unit circle which satisfies
Crnymy = An,. By Lemma [£.12] for any g € C, the sequence of functions
{AT" L% g} converges in C* to ([, gdmy)py. As C* is dense in the continuous

functions on the unit circle, this determines the measure m., uniquely. O

We now turn to the construction of the equilibrium measure.

Lemma 4.13. The measure fi, = pym~ 18 Mizing.

Proof. Applying Lemma [4.11| n times gives

/ g-C’}}hdmwz/ A "L, g - hdm,.
oD oD

By Lemma it follows that

/ g-Cphdmy — gdmv/ hpdm. :/ gdmv/ hdp.,
oD oD oD oD oD
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as n — oo. Replacing g by p,g yields

/ g-Cphdpy — / gduv/ hdpi, as n — 0o,
oD oD oD

as desired. 0

Lemma 4.14 (Equilibrium measure). There exists a unique F-invariant prob-
ability measure (., on 0D which is absolutely continuous with respect to m.,.

The Radon-Nikodym derivative is dji/dm. = p-.

Proof. Step 1. It is easy to see that the equilibrium measure j, = pydm, is
invariant under F: if g € C'(9D), then

/goFdMWZ/ go - pydm,
oD oD

=3[ goFpyd(Crom,)

where we have used the duality relation (4.5) and Lemma

Step 2. The duality relation (4.5 implies an exponential decay of correla-
tions for C'* observables with respect to the measures m, and jy, = p, dm, as
in Lemma From the density of C%(0D) C L?(dD), it follows F is mixing

with respect to p.,.

Step 3. If there was another F-invariant measure [i absolutely continuous

with respect to m., then the Radon-Nikodym derivative

,_ i
dpi

would be an F-invariant function. Since F is ergodic with respect to p1, (being

mixing), g must be constant fi,-a.e. This proves uniqueness. O
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Remark. We use the term equilibrium measure to give p, a name. We do
not claim that the equilibrium measure maximizes h,(F) + [;p v dp over all
F-invariant probability measures. Nor is it clear that the maximizer is unique
as hy., (F) 4+ [4p 7 dpsy could be infinite.

Previously in Section we have established the Central Limit Theorem
and other stochastic laws with respect to the Lebesgue measure. Similar ar-
guments show that the Central Limit Theorem also holds with respect to the

equilibrium measures constructed above.

Remark. When F is an inner function that is not a finite Blaschke product
and ~y is non-constant, it is not possible to normalize the transfer operator by

setting

~

1
LF,vg = U : Lpﬁ(p,yg),
v Py

so that L F1 =1, since this amounts to replacing v with

ST NG

Ay (F(2)
which is not in C'®. While this is not an essential obstruction, it does make
computing the derivatives of pressure and proving the CLT slightly more cum-

bersome. We leave the details to the reader.

Part II
Life on the Shift Space

5 Refined Thermodynamic Formalism and
Stochastic Laws for Countable Alphabet Sub-
shifts of Finite Type

In this section, we recall the rudimentary notions of thermodynamic formalism
on the shift space from [PP90), [MUO3, [URM22b]. We then define the classes

of mormal and robust potentials that mimic the properties of the potential

40



—log | F’| associated to a one component inner function F. One advantage of
this somewhat abstract approach of working on the shift space, rather than
directly on the unit circle, is that the arguments are applicable to a plethora
of other dynamical systems, not just to inner functions.

A normal or a robust potential can be put into a holomorphic family of
potentials indexed by the right half-plane C{ = {s € C : Res > 1}. In order
to study the differentiability properties of the transfer operator Ly near the
line s = 1, we introduce the modified transfer operators L, and develop some

of their basic properties.

5.1 Shift Space

Let E be a countable (finite or infinite) alphabet and A : E x E — R be a
matrix whose entries are either 0 or 1. The shift space E}° C E*° consists of
all infinite words & = &p&1&2 ... with & € E such that A(&,&4+1) = 1. We
call words in EY° admissible. The shift map o : £} — EY takes a word and
removes its first letter.

We let E; denote the collection of all finite admissible words in the alphabet
E. We denote the length of 7 € E% by |7|. For 7 € E¥, we let [7] denote the
cylinder of all infinite words that begin with .

Below, we will always assume that the incidence matrix A is finitely prim-
itive, i.e. there exists a finite collection of words A C E% of the same length
such that for any two letters a and b in E there exists 7 € A such that the
word a7b is admissible.

We endow the shift space EY° with the metric

A&, &) = 2*\5/\5’\7

where |€ A €| denotes the length of the common prefix of £,&'. We denote
the space of (complex-valued) continuous functions on £ by C(EF’) and the

space of bounded continuous functions by Cy,(EY).

Remark. If the alphabet is infinite, then the two spaces are usually not the
same, i.e. Cp,(EY) # C(EY). For instance, if £ = N and A(i,j) = 1 for all
i,7 € N, then the function f(§) = & is continuous but not bounded.
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For a > 0, we endow the space of Holder continuous functions C*(EY)

with the norm
I flla := [ flloo + va(f),

where

£ (&) = f(©)
d(g, &)

Lemma 5.1. The space of Hélder continuous functions C*(EY) forms an

wnlf) =sup { e£¢epF ).

algebra. In fact,
1f9lle < 3l[flla - llglla-

We leave the proof as an exercise for the reader. In particular, the above
lemma implies that the exponential of a Holder continuous function is Holder

continuous.

5.2 Transfer Operators

To a potential ¥ : E° — C, one can associate the Perron-Frobenius or transfer

operator

Lypgw) = ™). g(aw),

a€EFE
where we use the convention that a term is 0 if it features an inadmissible

word. We say that a potential ¢ is summable if

S suple”],
]

acE [a

and level 1 Hélder continuousﬂ with exponent o > 0 if
sSup Uoz(w‘[a]) < 00.
acE

It is explained in [MUQ3, Chapter 2.3] or [URM22b, Lemma 17.6.2] that if
1 is a real-valued summable potential, then L preserves the space Cy(EY).
Furthermore, according to [MUQ3, Chapter 2.4], comp. also [URM22b, Theo-
rems 8.1.12 and 18.1.9], if one additionally assumes that 1) is level 1 Holder

continuous, then Ly also preserves C*(EY°), where it has a spectral gap:

IThe term “Holder continuous on cylinders” is also used.
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Theorem 5.2 (Ruelle-Perron-Frobenius). For a real-valued summable level 1
Holder continuous potential 1 on EY, we have:

(i) The operator Ly, : C*(EY) — C*(EY) has a mazimal positive eigen-
value \y.

(ii) The eigenvalue Ay is simple and the rest of the spectrum of Ly is
contained in a ball centered at the origin of radius strictly less than \y,.

(ii) The dual operator Ly = Coy + M(EY) — M(EY) has a unique
probability eigenmeasure m,, and the corresponding eigenvalue is also \y.

(iv) The eigenspace of the eigenvalue Ay is generated by a strictly positive
Hélder continuous eigenfunction py with my(py) = 1.

(v) The Borel probability measure ji, = py dmy is invariant under the shift
map o : EY — EY.

(vi) For any g € L*(EY), we have

Lgdm = )\w/ gdmy,. (5.1)
EF EF
(vii) For any function g € C*(EY),
Ay L'gdm — </ gdm¢> P (5.2)
EX EX

We refer to my, as the conformal measure associated to v, while i, is known
as the invariant Gibbs state or equilibrium measure for . From property
(iv), it follows that the spaces LP(EY,my) = LP(EY, uy) are equal for any
1 < p < c0. The topological pressure P(1)) of 1 is defined as log Ay.

The following theorem describes the spectrum of the transfer operator as-

sociated to a complex-valued potential:

Theorem 5.3. Let ¢ = u + v be a complex-valued summable level 1 Hélder
continuous potential on EYC with L,1 = 1. The spectrum of Ly acting on
C*(EY) is contained in the closed unit disk. On the unit circle, Ly, may have
at most one simple eigenvalue. Apart from this possible eigenvalue, the rest of
the spectrum is contained in a disk of strictly smaller radius. The following
conditions are equivalent:

(i) e7™C, does not have an L*(m,) eigenvalue.

(ii) e=™C, does not have a C% eigenvalue.
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iii) the spectral radius of Ly, is less than \y.
(iii) v

(iv) v is cohomologous to a potential vi which takes values in 277, that is,
V—U] =w—woao, for some w € C*(EY).
(v) the length spectrum of v
{Snv(€) : 0™(&) = & for some n > 1} C 21Z.

The proofs of the equivalences are scattered in Sections 4 and 5 of [PP90].
While [PP90] deals with finite alphabets, the proofs carry over to countable
alphabets.

We say that a potential 1) = u + v is D-generic if e 7", fails to have a
C? eigenvalue for any a # 0, or alternatively, if the length spectrum of v is

not contained in a discrete subgroup of R.

5.3 Families of Potentials
We say that a potential ¢ : E — R is normal if it is
e level 1 Holder continuous for some exponent o > 0,
e summable,
e negative: supy < 0,
e centered: P(y) = 0.
Recall that C{ is the right half-plane {s € C : Res > 1} and a is its

closure. Given a normal potential 1), we embed L, in a holomorphic family of
operators Ly, indexed by s € (Cf. When the potential is clear from context, we
write L, instead of L. The following result can be found in [MUO03, Chapter
2.6] or [URM22b|, Lemma 20.2.2, Theorems 20.2.3 and 20.1.12]:

Theorem 5.4. If ¢ : E° — R is a normal potential, then the function
s— Ly,  Cf — B(CYEY))

18 continuous on a and holomorphic on (Cf. Moreover, there exists an open
set U C (CIr containing (1,400) such that for all s € U, the operator Ls has a
simple isolated eigenvalue As whose modulus is equal to the spectral radius of

Ly, and A depends holomorphically on s € U.
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5.4 Summability conditions
Before continuing, we prove the following simple lemma:

Lemma 5.5. Suppose v is a negative level 1 Holder continuous potential. For

any fized s,p > 0, the quantities
Z inf [yPes?|, Z sup |ipPe?|, / [P |dmgy,
acE lal acE 1@ EX

are comparable. In particular, if one of the quantities is finite, then they all

are.

Proof. As 1 < —C1 is bounded above by a negative constant and Sup(g ¥ —
inf(g) 9 < vg})(w) for any a € F,

inf [¢P| =< sup |[¢P| and 1nf\e Y| < sup|e*],
lal [a] la]
which shows that the first two quantities are comparable. Since

mgy([a]) = /EOQ X[a]dMsy = )\;j /Eoo Ly X[a)dmsy = S[u]p]eWL
A a

A

the integral
[ e = Y sup 7] mulla)) = 3 sup 7] s e
E aclE [a] acE [‘1]

as desired. Here, we have used that the incidence matrix is finitely primitive
to guarantee that mgy ({T € EY raris admissible}) is bounded below by a

positive constant, independent of a € E. ]

If one (and hence all) of the quantities in the above lemma is finite, then
we say that the potential ¢ : EY® — R is (s, p)-summable. We will often write
p=n+¢c wheren=|p|land 0 <e < 1.

5.5 Modified Transfer Operators

In order to study the regularity of the operators L near the vertical line

{Re s =1}, we introduce the (modified) transfer operators

Es,pg = ﬁs(lbpg), ERS Ff, p > 0. (5.3)
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Using Lemma[5.5] it is not difficult to show that for a normal (s, p)-summable
potential, the operator L, is bounded on C,(E%). The following theorem

describes the behaviour of L, on the space of Holder continuous functions
C*(EY):

Theorem 5.6. Suppose 1) : EY® — R is a normal (1, n+¢)-summable potential.
Then, s — Lg is
(i) a Cl*t® mapping from C{ to B(CY(EY)).
(ii) a holomorphic mapping from C{ to B(C*(EY)), with
dk
ok Ls= L, ke N. (5.4)
Proof. The proof of (i) is quite cumbersome and is deferred to Appendix .

Fix a real number ¢ > 0. Below, we show that the operator
Lsgq:Cf — B(C*(EY))
is holomorphic and L , = L 411. As the series

Logg(w) = > (%) (aw) - gaw)
acl
converges locally uniformly on the open half-plane (Cf, it can be differentiated

term-by-term for any s € (CT and g € C*(EY). Hence, the pointwise derivative

d
%(ﬁs,qg(w)) = »Cs,q-i-lg(w)'

By Morera’s theorem, to verify that the operator £, , depends holomorphi-
cally on s € Cf, it suffices to check that for every loop v C Cf, the integral
fﬂ/ Ly qds is the zero operatorﬂ This is easy: as L4 is linear and bounded,

(e = (e s =0

aclE

by Cauchy’s theorem. Having satisfied ourselves that s — L, is holomorphic
as a mapping valued in B(C*(EY)), it has a Banach space derivative, which

must coincide with the pointwise derivative computed above. ]

2In Appendix [A] we will see that s — L, is continuous on C7, so the operator-valued integral
is well-defined.
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Remark. In general, the existence of the pointwise derivative does not imply
the existence of a Banach space derivative, which is a much more stringent

condition.

5.6 Projections and Eigenvalues

Let v : E’ — R be a normal potential. By Theorem @7 the operator £; has
a maximal positive eigenvalue \;. Since L, is continuous in s € a, simple
isolated eigenvalues vary continuously in s. Therefore, we can follow Ag in a
half-ball a N B(1,6) for some 6 > 0. For these parameters s, we can define
the Riesz projection Rs onto the corresponding 1-dimensional eigenspaces. We

normalize the eigenfunction p; of £ so that f B p1dm =1 and define

ps = Rgpy.

Lemma 5.7. If ¢ is a normal (1,n + €)-summable potential, then s — Rs is
a C™*¢ mapping from C{ N B(1,8) to B(C*(EY)).

Proof. We explicitly show the lemma for p = n + e € (0,2], which suffices
for Orbit Counting. The general case is similar but more computationally

involved.

(p = 1) Since ¥ is centered, A\; = 1. After decreasing § > 0 if necessary, we
may choose 7 > 0 so that for every s € C7 N B(1,9),

O'(,Cs) N B(lvn) = {As} (5'5)

consists of a simple isolated eigenvalue. Set v = 9B(1,7n). For any s € E N
B(1,0), the Riesz projection onto the 1-dimensional eigenspace of A4 is given
by

R,:]j/QM—@)wa
27 ~

and this definition is independent of the choice of 1 as long as (5.5 holds. By

the second resolvent formula,

1
Ri— Ry = 5— (2Id —L¢)7H(Ly — L) (z1d —L,) 2, (5.6)

7”'7
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for all s,t € @ N B(1,0). Using Theorem to justify differentiation under

the integral sign, we get

R, = lim Tt s 1/(zld—£s)_1£’5(21d ) lde (57)
Y

t=s t—8 21

Since s — L is a C' mapping from @ to B(C*(EY)) by Theorem
the expression above shows that the mapping s — R, from (C;r N B(1,0) to
B(C*(ET)) is continuous.
(0 < p < 1) Using the representation (5.6 for R; — Rs, we can write

Ri— R 1 Li—L
¢ 5 = — (Z Id _Lt)il ¢ 5
(t—s) 2w J, (t —s)°
By virtue of Theorem the integrand is uniformly bounded in B(C*(EY))
and converges to 0 in B(C*(EY)) ast — s. Consequently, the mapping s — R,
from Cf N B(1,6) to B(C*(EY)) is C=.

(z1d —L,) dz.

(p =2) By (b.7) and the second resolvent identity, we can write

1
R, —R. = 5 (zId—L) 'Ly [(z1d —£,) 7! — (21d — L) "] d2
v

1
+ — [ (zId—Ly) "ML} — L£L)(21d — L) dz
211 ~

- 1,/[(zld L)t = (z1d—Ls) Lo (z1d — L) dz
vy

21

T

_ QL /(zId L)L (1A=L) ML — L) (2 1A=L) dz
Y

+ i (zId —L¢) (L) — L) (21d —L,) dz
211 ~

+ i (2Id —L¢) Ly — L) (21d —L) 1 LL(21d — L) dz.
2mi ),

Dividing by ¢ — s and using Theorem to justify taking the limit as t — s,

we obtain

5 i

e /(zId —L) L (2Id L) L (21d - L£4)  dz
Y

1
+ — [ (zId =L LV (21d —L,) " dz.
211 y
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Applying Theorem again, we conclude that the mapping s — R from
C N B(1,6) to B(CY(EY)) is continuous.

(1 < p < 2) Using the formula for R, — R/, above, we can express

R; — R
(t —s)°

as an integral whose integrand is uniformly bounded in B(C*(E%’)) and con-
verges to 0 in B(C*(EY)) as t — s. Therefore, the mapping s — R, from
C{ N B(1,0) to B(C*(EY)) is C1*=, O

Corollary 5.8. If ¢ is a normal (1,n + €)-summable potential, then s — As
is a C"*¢ function on Cf N B(1,6).

Proof. We explicitly show the corollary for when p = n is an integer, and when
p=n+e¢ € (1,2), which suffices for Orbit Counting. The general case follows
the same pattern.

(¢ =0) Let F : C*(EY) — C be a bounded linear functional for which
F(p1) # 0. The equality LsRsp1 = A\sRsp1 tells us that

)\ _ F([,SRspl)
° F(Rsp1) '

The corollary now follows from differentiability properties of £; and R, dis-
cussed in Theorem [5.6] and Lemma 5.7
(1 < n+e < 2) To see that s — A is ' function on Eﬁ B(1,9), it
suffices to show that the derivative is
N o= F(Ly(Rspr) - Rop1) F(Rspr) — F(LsRsp1) F(Ryp1)
F(Rsp1)?

a C¢ function. This follows from the fact that C¢ functions and operators form

an algebra. O

5.7 Stochastic Laws

We compute the one-sided derivative of pressure at s = 1 by following the

argument in [PP90), Proposition 4.10]:
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Lemma 5.9. If ¢ is a normal (1,1)-summable potential, then

N(1)=P(1):= lm P’(s):/E Wdpy. (5.8)

s—1,seCt o

Proof. Since ps = Rsp1, we can use Lemma to conclude the existence of

the one-sided derivative

P& = lim  p(&).

SHI,SGCT
Differentiating Lsps = e”'®)p, at s € (CT and taking s — 1, we get
Lyp1+ Lpy = P'(1)p1 + py.

After integrating the above equation with respect to m; and using (5.1)), we

obtain
Liprdm, = P’(l)/ prdm;.

EX EX

By (5.4) and the fact that u; = pidm; was designed to be a probability

measure, the above equality simplifies to

L1(pp1)dmy = P'(1).
EY
Applying the identity (5.1]) one more time, we end up with
/ Ydpy = Ppidmy = P'(1),
EP EP
which is what we wanted to show.

The equality X' (1) = P’(1) follows from the definition of pressure as log A
and the normalization P(1) = 0. O

In a similar fashion, one can follow the proof of [PP90, Proposition 4.11]

to compute the one-sided second derivative of pressure at s = 1:

Lemma 5.10. Suppose v is a normal (1,2)-summable potential on EY°. Let
) = ono Wdpy and ¢ = 1) —1p. Consider the family of potentials 1y = 1) +
A R

(s — 1)¢ defined on Cf. The one-sided second derivative of pressure is

P’(1):= lim P"(s) = 0o%(¢), (5.9)

s—1,s€Ct

50



where
o?(¢) = lim 1 / (Sn¢)2dp
oD

n—oo N

s the asymptotic variance of ¢.

Proof. Arguing as in the proof of Lemma shows that P'(1) = fEff’ odpy =
0. In view of the (1,2)-summability hypothesis, Lemma implies the exis-

tence of the one-sided derivatives

P& = lim pi(&), pl€):= Tlim pl(&).

s—1,s€Cy s—1,seCy

P(s)

Taking the second derivative of Lsps = eF'(*)p; and tending s — 1 in C{ gives

1p1+2L1p1 + Lipy = P"(1)p1 + pf.-
Integrating with respect to mi, we obtain
Ao+ 26508 by = P (1),
EX
which simplifies to

¢*dp + 2/ py - ¢dmy = P"(1).

EX EX

Replacing ¢ by S, ¢ and dividing by n, we get
1 LS
/ (Sno)2dpy + 2/ P~ —gbdm = P"(1).
n JEY Ex pPL N

The result follows after taking n — oo and applying the ergodic theorem. [J

Once we know the existence of the second derivative of the pressure along
the imaginary axis, one can conclude the Central Limit Theorem for ¢ as in
[URM22b, Theorem 13.9.15]. For a (1, 3)-summable potential, one could follow
the argument of [PP90, Theorem 4.13] to obtain the Central Limit Theorem
for ¢ with an O(1/4/n) error term.

6 Orbit Counting in Symbolic Dynamics

In this section, we prove our main results in symbolic dynamics, Theorems
and We follow the approach in [PoUl7], paying closer to attention to the

behaviour of the Poincaré series near the line Res = 1.
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6.1 Poincaré Series

For a normal potential ¢ : EY® — (—00,0) and a point { € EY, the counting
function with offset ¢ € C*(EY) is given by

NEV(T) = #{w € Bf + =S p(w€) — p(w€) < T},

where Eg C E7 is the set of finite words w such that w¢ is admissible. We will

often suppress ¢ and ¢ from the notation and abbreviate f = f; = e¥ and
fs = €.

Ezample. (i) When the offset ¢ = 0, Ng@ﬂl) (T') counts the pre-images of £ under
the shift map o : B — E:

Ne(T) == #{w € Ef : S (—)(w€) < T}.

(ii) Let 7 € E% be a finite word. Taking () = S} ¢(7¢) in the definition

above, we get
Ng[T] (T) == #{w € B¢ starting with 7 1 S}, |(=)(w€) < T}.

Up to bounded error, this counts the number of pre-images of £ under the shift

map o : B — ET that lie in [7]:
#{w e Ef : wE e [r] and Sy, (=) (w) < T}

(Since v is negative and summable, only finitely many shorts words w € E¢ of
length less than |7| satisfy Sj,(—)(wé) < T)

Following [PoUI7], to study the asymptotics of N¢(T) as T — oo, we

examine the Poincaré series

n(s) = Zﬁg(e*@) = / e *TdN(T) = Z exp(s(Sju ¥ + ¢)) (wE).
n=0 0 weEY
Lemma 6.1. Suppose 1 is a robust (1, 1 4 €)-summable potential, with 0 <
e < 1. For any { € E, the following statements hold:
(1) The series defining n(s)(§) converges uniformly and absolutely on com-
pact subsets of C{ and defines a holomorphic function.
(2) The function s — n(s)(§) € C has a continuous extension to a\ {1}.
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(3,e=0) As s — 1 in C,

(=ADTR1F(E)

n(s)(e) — L o g,
(3,0<e<1) Ass— 1inC{,
VA

n(s)(e) — IIE oy,

(3,e=1) As s — 1 in C,

tends to a finite limit.

Remark. As 1) is a negative potential, ] # 0 by Lemma so the expression

in (3) is well-defined.

We temporarily assume Lemma [6.1] and prove Theorem [1.9

Proof of Theorem assuming Lemma[6.1. By Lemma[6.1] and the hypothe-

ses of the theorem, for any £ € E,

(=X)'Rf()
s—1

n(s) (&) —

extends to an L{ . function on the vertical line {Res = 1}. By the Wiener-

Ikehara Tauberian theorem (Theorem ,

im Y o R,

T—oo €

Inserting the expression for A} from Lemma we get

. Ng(T)_ pw(é) ) ©)
Tlgléo el _fEf(_w)dluw /E e” dmd)(C)

oS
A

Setting ¢ = 0 in (6.1]) shows that the theorem holds for B = EY:

o M) pul®
N AN
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More generally, setting ¢(¢) = S} ¥(7¢) into (6.1, shows that the theorem
holds for cylinders B = [r]:

N
lim £ ; ) _ Pw(ﬁ) )
Tooo € ngo(_wdﬂw

my([7]),

Clearly, the theorem is also valid when B C E° is a finite union of disjoint
cylinders. We next consider the case when B is an open set with my(0B) = 0.
For any € > 0, we can find a set B; C B which is a finite union of disjoint

cylinders with m,,(B1) > my(B) — e. Clearly,

NE(T) (&)
. 3 Pip
TIEI;O e’ - ngo (=) dpy

(my(B) — o).

Taking € — 0 shows the lower bound

NE(T) €)
. 13 Py
Th_r)r;o e’ - ijf’ (=) dpy .

m¢(B)

The above formula for the open set EY° \ B gives the corresponding upper
bound.

Since complements of open sets are closed sets, the theorem also holds for
closed sets B with my,(0B) = 0. From here, it is easy to see that the theorem
holds for an arbitrary measurable set B C EY® with m,(0B) = 0 by squeezing

B between its interior and closure. O

The argument above also shows Theorem [I.10] for D-generic potentials,
provided that one uses Hardy-Littlewood Tauberian theorem (Theorem |1.7)
instead of the Wiener-Tkehara Tauberian theorem (Theorem . Note that
the e = 0 case of Lemma [6.1] implies that

v \—1
n(s)(g) ~ ( )‘11 _Filf(g)’

as the numerator is non-zero.

6.2 Orbit Counting for D-Generic Potentials

To complete the proof of Theorem it remains to prove Lemma
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Proof of Lemma[6.1. By Theorem and the D-genericity of v, the spectral
radius of L is less than 1 for every s € C{\ {1}. Since parts (1) and (2) follow

immediately, we focus on part (3).
Step 1. Consider the operator
As =L — N\Rs.
Since LsRs = RsLs and Ry is the Riesz projection onto ker(As Id —Ly),
RsAs = ARs = 0.

Consequently,
LY =NRs+ AL, n > 0.

Since ||Ail|lo < 1, after shrinking § > 0 if necessary, we may assume that
|Aslla < 1 for all s € C N B(1,d). This ensures that the series

s = Aoo(s) 1= Y AZ(f)
n=0
converges uniformly in B(C*(EY’)) and thus defines a continuous function
from Cf N B(1,6) to B(C(EY)).

Step 2. Since |\s| < 1 for all C{ N B(1,4), we can write

n(s) = Z Ao Rsfs + Z AY(fs) =1 - AS)ilefs + Ao (s).
n=0 n=0

A computation shows that

(=\)"'R1f1 _ (1= Xs) 'Rsfs(s —1) + Aso(8)(s = 1) + (M) IR1 £
s—1 s—1
(1 B )‘s)ilefs(s _11) + ()‘/1)71le1 + A
s —

n(s) —

0o ($).

We denote the first summand in this formula by A(s). Since A (s) is contin-

uous at s = 1, to prove the lemma, we only need to analyze A(s).
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Step 3. We compute:

(Rofs —Rifi)(s— 1)+ Rifi((s = 1)+ (M) 11 = Ay))

A(s) =

(s —1)(1 = Ay)
Rs(fs_fl)'5_1+(R3_R1)f1‘5_1
o s—1 1— A s—1 1— g
s—1+ ()71 -))
MR P e

= Ai(s) + Aa(s) + As(s).
In view of Lemmas and we have

Rs(fs - fl)
s—1

lim

- = Ri(f1log f1) € CY(EY),
C{NB(1,61)3s—1

(Rs — R1) f1
s—1

~lim = R\ fi € C¥EY)
CyNB(1,61)35—1

and
i s—1 1
im = ——,
CTNB(L61)3s—1 L — As A

so that A;(s) and Ay(s) are continuous at s = 1. Hence,

(=X) 'Ry f1
s—1

s 14+ () 1 - A
CEREW

n(s) — =Rifi- + B(s),

for some function B(s) defined on E N B(1,6) which is continuous at s = 1.
Step 4. Finally, we use Lemma [5.8] to expand A\ near s = 1:

(e =0) If ¢ is (1,1)-summable, then
As=1+MN(s—=1)+o(]s — 1)), as s — 1in Cf,

and s 14+ (V)11 = Ay)
(s =1)(1—As)

(0<e<1)Ifyis (1,1 + e)-summable for some 0 < & < 1, then

—ofs —1]71).

As = 1+ N(s = 1)+ 0O(]s — 1)), as s — 1in C,
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and
s—1+ ()71

(s =11 = As)
(e =1) If ¥ is (1, 2)-summable, then

= O(Js — 1),

1
/\S:1—1—)\'1(5—1)—1—5()\'1'—1—0(1))(5—1)2, as s — 1in C7,

and
L sLepToA) 1Y
CiNB(1,81)3s—1 (s=1)(1 =) 2 (X))
The proof is complete. .

6.3 Orbit Counting for Non-D-Generic Potentials

We now turn to the proof of Theorem [I.10] Since we have already estab-
lished the theorem for D-generic potentials in Section [6.1] we now address the
situation when v is not D-generic.

Suppose ¥ is a normal (1,1)-summable potential. If v is not D-generic,
then the limit

. NE(T)
lim T
T—o00 e
may not exist in the traditional sense. Below, we show that the limit exists
after Cesaro averaging as in Theorem [1.10

According to Theorem [5.3
YV=¢+w—-woo,

for some function ¢ which takes values in a discrete subgroup aZ C R. We
assume that a has been chosen so that ¢ does not take values in any proper
subgroup of aZ. Since 9 is negative, ¢ cannot be identically zero and hence
a # 0. Theorem @ also tells us that the operator £, has spectral radius less
than 1 for all s € E\ {1+ (27i/a)Z}.

Arguing as in the proof of Lemma [6.1] shows:

Lemma 6.2. Suppose 1 is a normal (1, 1)-summable potential, which is coho-
mologous to a function ¢ which takes values in a discrete subgroup aZ C R (and
in no smaller discrete subgroup). For any & € EY°, the following statements
hold:
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(1) The series defining n(s)(&) converges uniformly and absolutely on com-
pact subsets of CI and defines a holomorphic function.

(2) The function s — n(s)(€) € C has a continuous extension to C{ \ {1+
(2mifa)k : k € Z}.

(3) As s — 1in C{,
—M)'R1f(€
n(s)(g) - CAL I

s

From here, one can deduce Theorem from the Hardy-Littlewood Taube-

rian theorem as in the D-generic case. We leave the details to the reader.

—ofls — 1],

Part II1
One Component Inner

Functions

7 Fundamental Properties and Examples

Following W. Cohn [Coh82|, an inner function F' is a one component inner
function if the set {z € D : |F(z)| < r} is connected for some 0 < r < 1.

Figure 1: Anatomy of a one component inner function.
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In his paper, Cohn gave a geometric description of one component inner

functions, which is more suitable for applications in dynamical systems, see
Fig. [1] above:

Lemma 7.1 (Cohn). Let F' be a one component inner function and assume
that 0 < r < 1 is chosen so that F~Y(DD,) is connected. Then the region
F~YD,) is a Jordan domain. If F~1(D,) is compactly contained in the unit
disk, then F is a finite Blaschke product. Otherwise, D\ F~Y(D,) consists
of countably many simply-connected regions {Q;}. On each region Q;, F acts
as a universal covering map to the annulus A(0;r,1). The map F is also a
universal covering map from C; to the annulus A(0;7,1/r), where Q; is the

double of Q; across the unit circle.

We say that an inner function F is singular at a point ¢ € 9D if it does not
admit an analytic extension to a neighbourhood of (. Let ¥ C 0D be the set
of analytic singularities of F. It is clear from this definition that X is a closed
set. While one usually thinks of inner functions as holomorphic self-maps of
the unit disk, one may also view F' as a meromorphic function on C \ 2.

The following theorem provides a converse to Lemma (7.1, as well as a

number of other characterizations of one component inner functions:

Theorem 7.2. Let F: D — D be an inner function. The following conditions
are equivalent:

(a) The set F~Y(B(0,7)) is connected for some 0 < r < 1.

(b) There is an annulus A = A(0; p, 1) such that F : D — D is a covering
map over A.

(c) There is an annulus A = A(0;p,1/p) such that F : C\S — C is a
covering map over A.

(d) The singular set ¥ C D has Lebesque measure 0, the derivative F'({) —
o0 as ¢ € 0D\ ¥ approaches X, and

<C,  (€dD\I, (7.1)

for some constant C > 0.
If any of the above conditions hold, then 3 is equal to the set of points on

the unit circle where the radial limit of F' does not exist or is not unimodular.
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Remark. (i) We say that v € D is a regular value of an inner function F' : D — D
if F' is a covering map over some open neighbourhood of v. A point in the unit
disk which is not a regular value is called a singular value.

(ii) The equivalence (a) < (d) is due to Aleksandrov [Ale02]. For additional
characterizations of one component inner functions in terms of Carleson boxes
and Aleksandrov-Clark measures, we refer the reader to [NR21] and [BesI4]

respectively.

To prove Theorem [7.2] we will use several facts about inner functions and

cluster sets. We begin by recalling [IK24, Lemma 1.3]:

Lemma 7.3. Let F' be an inner function. If V is a Jordan domain com-
pactly contained in the unit disk, then any connected component of F~Y(V') is

a Jordan domain.

For a function g on the unit disk and a point ¢ € 9D, the cluster set Cl(g, ()
consists of all possible limits of g(z,), for sequences z, € D converging to (.

The following lemma is well known, e.g. see [Masl2, Theorem 2.6]:

Lemma 7.4. Let F' be an inner function. A point ( € ID belongs to X if and
only if the cluster set C1(F, () is the closed unit disk.

We will also need the following elementary observation:

Lemma 7.5. Suppose g : D — D is a inner function, which extends continu-
ously to 0D\ {—1,1}. If g preserves the upper and lower semicircles, then g

is a Mébius transformation.

Proof. We begin by observing that g is injective on 9D NH and 0D N H, being
orientation-preserving but not surjective. Let @ be a point on the unit circle,
which is not the radial limit of g at —1 or +1, if they exist. As the Aleksandrov-
Clark measure p, can be supported on at most one point, tells us that g
is either a constant or a Mobius transfomation. The assumption rules out the

former case, so that g is a M6bius transformation. O

Proof of Theorem[7.9. We show (a) = (b) = (¢) = (a) and (¢) < (d):
(a) = (b). By Lemma F~Y(D,) is a Jordan domain. If F~Y(D,) is
compactly contained in the unit disk, then F' is a finite Blaschke product.
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Otherwise, D\ F~!(DD,) consists of countably many simply-connected regions
Q;, bounded by a curve +; in the unit disk and an arc I; on the unit circle.
Usually v; and I; share two distinct endpoints, however, when there is only
one complementary region, then ; and I; meet twice at a single point.

In view of Lemma [7.4] F' extends continuously to each open arc I;. There-
fore, F is continuous on );, with possible exception of one or two points where
~v; meets the unit circle. To see that F' acts as a universal covering map
from Q; onto the annulus A = A(0;r, 1), we lift F' to the universal cover of
A = A(0;r,1), compose with conformal maps as necessary and apply Lemma
s\

(b) = (c). Suppose F' : D — D is a covering map over an annulus A(0; p, 1).
Let Q1,(p,... denote the connected components of F~1(A(0;p, 1)). For each
i =1,2,..., let KNZZ be the double of €); across the unit circle. In view of

Lemma F extends holomorphically across I; = S~22 NID. From the Schwarz
reflection principle, it follows that F is a covering map from €2; to A(0; p, 1 /p).

(c) = (a). Take a slightly smaller annulus A(0;r,1/r) C A(0;p,1/p). Each
connected component of F~1(A(0;r,1/r)) is a Jordan domain €; which is
symmetric with respect to the unit circle. The boundaries of the connected
components can only meet at points of ¥. As such, D\ F~1(A(0;r,1/7)) is

connected so that F' is a one component inner function.

(¢) = (d). Let ¢ € 9D be a point at which the radial limit of F' belongs
to the unit circle. By applying Koebe’s Quarter Theorem to the holomorphic
branch of F~! on the ball B(F(C), 1-— p) that maps F'(¢) to ¢, we get

1—p -
# = 8(¢ ggy) < €=

In particular, ¥ has Lebesgue measure 0 and F'({) — oo as dist(¢, %) — 0.

Recall that the class S of conformal maps ¢ : D — C with ¢(0) = 0
and ¢'(0) = 1 is compact in the topology of uniform convergence on compact
subsets. In particular, there exists a constant C' > 0 so that the second
derivative |¢”(0)| < C for every ¢ € S. After rescaling appropriately, we may
apply this bound to F' on £ to get .

(d) = (c). Let ¢ € 9D\ X. Together with Gronwall’s inequality, (7.1)
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implies that there exists ¢ > 0 so that

, , c
|F'(w)| < 2|F'(¢)| on the arc I = I(Q, |F/(C)‘>
of length 2¢/|F’({)| centered at (. The assumption that F'(w) — oo as
dist(w, X) — 0 assures us that I C 9D\ X. By shrinking ¢ > 0 if necessary, we
can guarantee that F'|; omits an arc of length .
In particular, F: DU T U (C\D) — C is contained in a compact family of
meromorphic functions. An argument involving rescaling and normal families

shows that F' is injective on the ball

C2

[E(C)]

for some 0 < ¢z < ¢. Koebe’s Quarter Theorem then shows that F'(#) contains
a ball centered at F'(¢) whose radius bounded is bounded below by c3 = ¢a/4.

It remains to set p =1 — c3. O

@:B@ )c@\z,

Remark. The proof of (c) = (d) shows that for every integer m > 2 there
exists a constant Cy, € (0,400) such that

‘FWNO
Frgm

For the original proof, see [Ale(2, Corollary 1].

‘ <Cnm, C€OD\X. (7.2)

We now describe two illuminating classes of examples of one component

inner functions.

Character-Automorphic Functions. Let I' € Aut(D) be a Fuchsian
group which possesses a fundamental polygon P with finitely many sides, in-
cluding at least one ideal side. In other words, I' is a geometrically finite
Fuchsian group of co-infinite area. We can form an infinite Blaschke product
whose zeros constitute an orbit of I':

_ 17 _20)  z—1(0)
9 = -1 500

The function g is related to the Green’s function of the Riemann surface D/T".
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Contrary to what one may initially expect, the function g is not automor-
phic under I' but only character-automorphic. A character v of a Fuchsian
group I' C Aut(D) is a homomorphism from I" to the unit circle. A function f

on the unit disk is called character automorphic if

f(y(2) =v(y)- f(2), ~yeT.

It is easy to see that if B(0,c) is a ball which meets all the finite sides of
P, then the inverse image F~1(B(0,¢c)) is connected. For further properties of

the Blaschke product g, we refer the reader to [Pom76].

Stephenson’s Cut and Paste Construction. Another natural way
of building inner functions is Stephenson’s cut and paste construction, see
[Ste88, Bis93]. We confine ourselves to a particular example but the reader
can easily modify it to construct a plethora of other examples.

Take an infinite collection of tiles T} of the form D\ [1/2,1), indexed by
the integers. We form a simply-connected Riemann surface S by gluing the
lower side of [1/2,1) in T} to the upper side of [1/2,1) in Tj4;. The surface S
comes equipped with a natural projection to the disk D which sends a point
in a tile 7} to its representative in D\ [1/2,1). We may uniformize S = D by
taking 0 in the base tile Ty to 0. In this uniformizing coordinate, the projection
F:S — D\ {1/2} becomes a holomorphic self-map of the disk. Since all the
slits have been glued up, F' is an inner function, and a little thought shows
that it is the universal covering map of D\ {1/2}.

It is clear from this construction, that if B(0,c) is a ball with radius ¢ €
(1/2,1), then the inverse image F~!(B(0,c)) is connected.

8 Thermodynamic Formalism for Centered
One Component Inner Functions

In this section, we discuss centered one component inner functions from a
dynamical point of view. We show that a one component inner function admits
a Markov partition, which allows us to code the unit circle by a countable

alphabet shift space. For one component inner functions of finite entropy, we
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prove a variational principle and show that the potential ¥)(z) = —log | F’| has

a mixing property needed for Orbit Counting.

8.1 Markov Partitions

Let X C C be a closed set, i be a measure on X and F': X — X be a conformal
dynamical system defined p almost everywhere. A Markov partition for F' is
a countable collection of closed subsets {X;};cr called tiles which satisfy the

following axioms:
1. The tiles X; cover X up to a set of u measure zero.
As subspaces of X, each tile X; is the closure of its interior.

The interiors of the tiles are disjoint.

- W N

F|mt x, is injective and extends to a conformal map on a neighbourhood
of Xl

5. Up to a set of measure zero, F(X;) is a union of tiles.

When working with Graph Directed Markov systems (GDMS), one addition-
ally requires that each inverse branch F~!: F(X;) — X; extends to a confor-
mal map defined on a neighbourhood of F(Xj;).

We first construct a classical Markov partition for a centered one component
inner function (with respect to the Lebesgue measure) and then modify it
slightly in order to represent the unit circle as the limit set of a Graph Directed
Markov System (GDMS), the concept defined and explored in [MUO3]. For
more recent expositions on GDMS, we refer the reader to [URM22bl [KU23].

Below, we will use the fact that a centered inner function is uniformly
expanding on the unit circle:

it [F/Q)] > 1, (8.1)
where we use the convention that |F’(¢)| = oo if F' does not have an angular
derivative at ¢ in the sense of Carathéodory. For a proof, see [MasI2, Theorem

4.15]. For one component inner functions, this convention amounts to setting

|F'({)| = o0 on X C ID.
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Finite Blaschke Products. Suppose first that F is a finite Blaschke
product of degree d > 2, for example z — 2% Let p be one of the d — 1
repelling fixed points of F' on the unit circle. The set F~!(p) divides the unit
circle into d open arcs Iy, Is, ..., I;, which are mapped by F' bijectively onto
oD\ {p}.

This Markov partition allows us to code points on the unit circle by infinite
words in {1,2,...,d}N. More precisely, we say that a point ¢ € 9D is coded
by

epeles ...

if e, = i whenever F°"(¢) € I;. It is easy to see that any infinite word
{1,2,...,d}" arises as the code of some point on the unit circle, and all but
countably many points are coded by unique words. The ezceptional set &
consists of the endpoints of the arcs I; and their iterated pre-images under F'.

Points in & have two codings, while all other points have exactly one code.

Infinite-Degree Inner Functions. We now assume that F is a centered
one component inner function that is not a finite Blaschke product. In this
case, the singular set ¥ C dD of F' is not empty.

To construct a Markov partition of the unit circle for F', fix an arbitrary
point p € 0D on the unit circle. Let {J}32, be the collection complementary
arcs in 0D \ X. Since for each k € N, the restriction F|;, is an infinite degree
covering map of dD, the set F~1(p) partitions each J; into infinitely many
arcs: Ji = Ujo_ . Ixs- For convenience, we enumerate the arcs {I;} = {I;;}
by a single index ¢ € N.

As F(I;) = 9D\ {p}, each closed arc I; contains a fixed point of F. In
particular, F' has infinitely many fixed points. We may therefore assume that
p is one of these fixed points.

We again have a near-bijection between infinite words in {1,2,...}" and
points in JD. This time, the exceptional set & of points without unique codings
consists of iterated pre-images of endpoints of the arcs I;, i € N, as well as
points of ¥. The former have two codings, while the latter have no codings.

Since the singular set ¥ has Lebesgue measure zero, so does &.
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Graph Directed Markov Systems. From the perspective of GDMS,
the Markov partitions constructed above are slightly inadequate. Arbitrarily
choose a point ¢ € ¥. The points p and ¢ divide the unit circle into two arcs
X1 and X5, which we call tiles of the GDMS. For each tile X, j = 1,2, choose
an open set X; C U; C A(0;r,1/r), where A(0;r,1/r) is an annulus over which
F' is a covering map.

By construction, each arc I; in the classical Markov partition is wholly
contained in one of the two tiles. Recall that F'(I;) = 0D\ {p}. We can split
I; into two smaller arcs I; 1 and I; 2 with F(I; 1) = Xy and F(I;2) = Xo. We
refer to the collection of intervals {I,} = {I; ;} as the Markov partition for the
GDMS.

We write ¢; ; : U; — C for the holomorphic branch of F ~! which maps X j
onto I; j. We define the alphabet as the set of these contractions {¢n} = {¢i;}.
Two contractions ¢,, and ¢, can only be composed if the image of ¢, is
contained in the tile on which ¢, is defined. We say that a word (finite or
infinite)

epeles . . .

is admissible if for any n > 0, the composition ¢, o ¢, ,, makes sense. It is
easy to see that the incidence matrix which indicates admissible compositions
is finitely primitive (see Section [5.1] for the definition).

The normalization F'(0) = 0 guarantees that the inverse branches ¢, con-
tract by a definite factor. In particular, admissible infinite words code single
points. The set of admissible infinite words is almost in bijection with points
on the unit circle: the only obstruction being that points in & do not have a

unique coding.

From the topological description of a one component inner function (Lemma
7.1)), it follows that if F' has a radial boundary value at a point ¢ € X, then it

cannot lie on the unit circle.

Lemma 8.1. Let F' be a one-component centered inner function. For any
a € ID, the Aleksandrov-Clark measure po does not charge the set . In
particular, each measure g s discrete and the adjoint definition of the transfer

operator coincides with the classical one.
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As a result, little is lost when passing to the subset of points on the unit

circle which have unique codes.

8.2 Some Properties of the Potential — log |F|

We now record some properties of the potential

() = —log [F"(2)]

associated to a centered one component inner function F which will be used
in the sequel. In the language of Part one would say that 1 is a normal

potential.

1. (Summable) The sum over the intervals I,, in the Markov partition (for
the GDMS),

n

o0
Zsup\ew\ < 00.
n=1 I

Indeed, by Koebe’s Distortion Theorem, the above sum is essentially

[e.9] o0
Zsup|ew\ = Z]In] = 2m.
n=1 n=1

In
More generally, for any integer p > 0, we say that a potential ¢ is (1, p)-

summable if

n

o

Z sup [YPe?| < oo.

n=1 I

By Koebe’s Distortion Theorem, the above condition is equivalent to

/ [|Pdm < oo.
oD

2. (Negative) Since F(0) = 0, the derivative |F’(z)| > ¢ > 1 on the unit
circle 9D by (8.1)). As a result,

sup 9(z) < 0.
2€0D

3. (Centered) In Section , we saw that the spectral radius of the composi-

tion operator Cr was 1. As L_1o5 5| is its adjoint, we have

P(—log|F'|) =1log1 = 0.

67



4. (Level 1 Lipschitz continuity)
Unless F is a finite Blaschke product, the potential ¢(z) = —log |F’(2)|
is not Lipschitz on the unit circle, let alone bounded. Nevertheless, there
is a constant C' € [1,+00) such on each interval I, from the Markov
partition (for the GDMS), one has

(@) —d(y)| < C-|F(x) = F(y)l, (8.2)

which we call level 1 Lipschitz continuity. In other words, ¢ is Lipschitz
on each interval I,, from the Markov partition when it is rescaled to

definite size, with a uniform Lipschitz constant.

To verify (8.2)), we use the fundamental theorem of calculus:

F”(Z)
F'(z)

|dz|, x,y € I.

rmm-w@ﬂs/y

From Koebe’s Distortion Theorem, we know that

|x_y| ) x7y7ZEIn-
Therefore,
F@)~ Fy)l [*] F'(2)
(o) = o) < P [T e

Finally, by the analytic definition of one component inner functions ([7.1)),
the integrand is bounded, which shows (8.2)).

8.3 Variational Principle

To proceed, we impose an additional assumption on our inner function F: we

assume that its derivative lies in the Nevanlinna class:
/ log | F'|dm < oo.
oD

In a beautiful work, M. Craizer [Cra91] showed that this condition is equiva-
lent to the Lebesgue measure m having finite measure-theoretic entropy with

respect to the action of F' on the unit circle.
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Let P = {I,,}nen be the classical Markov partition of the unit circle defined
in Section Since each arc I,, € P is mapped onto dD \ {p}, by Koebe’s
Distortion Theorem, |F'(¢)| < 1/|I,| for ¢ € I,,. Therefore,

1
E |I5,|log — x/ log | F'|dm < oo.
‘In‘ oD

Notice that each element of the refined partition
PO —pv FYP)VF2P) V.- v F-D(P)

is an arc and that the maximal size of arcs decays exponentially. As such, P
is a one-sided generator in the sense that \/'P(”) generates the g-algebra of
Borel subsets of the circle. Since P is a generating partition of finite entropy,

by [PrUL0, Theorem 1.9.7], the measure theoretic entropy is given by

h(F,m):/ log Jp dm,
oD

where Jp is the measure-theoretic Jacobian of F'. By definition, the measure-

theoretic Jacobian is a non-negative function in L'(9D, m) such that
m(F(E)) = / Jpdm
E

for any measurable set E' on which F' is injective. In the setting of one com-

ponent inner functions, Jg(¢) = |F’(¢)| a.e. on the unit circle.

Theorem 8.2. Suppose that F is a centered one component inner function
whose derivative lies in the Nevanlinna class. If p is an F-invariant probability

measure on the unit circle, then its measure-theoretic entropy

h(F, p) < /aD log [F"(¢)|dp.

FEquality holds only for the normalized Lebesque measure m.

The inequality in the variational principle above is neatly explained in
[MUO03,, Section 2.1]. To see that the Lebesgue measure is the only measure
for which equality holds, we refer the reader to Proof II of [PrUI0, Theorem
46.2).
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8.4 Spectral Gap on Smooth Functions

Below, we continue to abbreviate ¢ (z) = —log |F’(x)| for simplicity. From the

estimate ((7.2)), it is not difficult to see that for every integer m > 1 there exists

a constant C,, € (0,+00) such that

UARG)
()™

!

<Cp, 1€dD\Y, (8.3)

where ¥(™) denotes the m-th derivative of ¥ along the unit circle.

Lemma 8.3. Suppose that F' is a centered one component inner function,
which is not a rotation. If Res > 1, then

Log(x)= Y eWg(y)

F(y)=z

satisfies the two-norm inequality of Ionescu-Tulcea and Marinescu: There exist
constants 0 € (0,1) and C € (0,+00), which may depend on k and s such that

1£sg(@)l[cr <0 llgller +C - [lgllor-1- (8.4)

In particular, the norms

n n C
1£59(@)]lcr <60 |lgllor + 1-0 llgllcr-1 (8.5)

are uniformly bounded for n > 1.

Proof. We treat the case when k = 1 as the general case is similar. Differen-

tiating the definition of Lsg, we get

4 fgla) = > o {esw(y)g’(y)+Sesw(y)¢’(y)-g(y)}-

d F’

: (o TP

Thus,

d i —Res | F"(v)

o« < jnd 1—-Res ! Res

o] < X (IO o+ s 1O | gl

F(y)=z

which simplifies to (8.4). In the last step, we have used that

SR (TR <1 and Y [F(y) Rt <<,
F(y)=zx F(y)=z

which can be proved in the same way as Corollary O
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As in [PP90, Proposition 2.1 and Theorem 2.2], the above lemma implies
that £; has a spectral gap on C*(9D) for every integer k > 1:

Corollary 8.4. If F' is a centered one component inner function, then the
operator L1 has a simple eigenvalue 1 with eigenfunction 1, while the rest of
the spectrum is contained in a smaller ball centered at the origin. Moreover,

the spectral radius rox(Li4iq) < 1 for any a € R.

8.5 Genericity and Orbit Counting

Suppose F' is a centered one component inner function with derivative in the
Nevanlinna class. Taking s = 1+4a in Lemma|[8.3] we see that for any function
u € Ck, the sequence {E?_Hia) loglF’\(u)}Zo:() is bounded in C*, which is an
analogue of Lemma Adapting the proof of Lemma [1.7] to our current

setting, we obtain:
Lemma 8.5. Any L? eigenfunction of e " Cp is C.
We now show:

Lemma 8.6. Suppose F' is an infinite degree centered one component inner
function of finite entropy. For any a # 0, the operator e "™ Cp does not

possess any continuous etgenfunctions, let alone any C*° eigenfunctions.

Proof. We want to show that any continuous solution w # 0 of the eigenfunc-

tion equation

w(F(2)) = e@o81F@ly(2), z €D, (8.6)

is constant, which would imply that ¢ = 0. Since w is not identically zero,
we may scale w so that |w(z)| = 1. Let d € Z be the topological degree of
w: 0D — JD. As F' is an infinite degree one component inner function, the

singular set 3 # (). Pick an arbitrary complementary arc
J=|JIkcop\ 3,
kEZ

where the sub-arcs I are elements of the classical Markov partition defined
in Section Since J is simply-connected, argw(z) and argw(F(x)) admit

continuous branches on J. We consider two cases:
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Case I. d = 0. Let I = [z, 2k+1]- As z moves from zp to zxy1, the
net change of the argument of w(F(z)) is zero. Consequently, argw(F(z))
is bounded on J. As argw(z) is bounded on J, equation implies that
alog |F'(z)| must also be bounded on J. This contradicts Theorem [7.2|(d),
which says that |F'(z)| — oo as z — X.

Case II. d # 0. Below, we assume that d > 0, as the case d < 0 is similar.

As z moves from zj to zxy1, the argument of w(F'(z)) increases by d, so that
argw(F(z)) —argw(F(29)) = kd + O(1).

In particular, this implies that log|F’(z;)] — —oo as k — —oo. This once
again contradicts Theorem [7.2[d). O

In the language of Part Lemma says that the potential (z) =
—log|F'(2)| is D-generic. Together with the discussion in Section this
completes the verification that 1 is a robust potential when F' is an infinite
degree one component inner function of finite entropy. For the case of finite
Blaschke products, we refer the reader to [Ivrl5, Section 7].

To deduce Theorems and as special cases of Theorems and
we code the unit circle as in Section In this case, the conformal
and equilibrium measures for the potential ¥ o m : EF — R are equal to
the pullback of the normalized Lebesgue measure on the unit circle under the
coding map 7 : EY — OD. Inserting these quantities into Theorems and
one obtains Theorems|[I.3|and [I.4] for points on the unit circle with unique
codings, which are dense in the unit circle. To obtain the full statements of
Theorems and one can approximate a general point z € 9D by a
sequence of points z,, € 0D in the image of m and apply Koebe’s Distortion

Theorem. We leave the details to the reader.

9 Thermodynamic Formalism for Parabolic
One Component Inner Functions

An inner function f : D — D is parabolic if its Denjoy-Wolff fixed point p € JD

and f'(p) := lim,_ f'(rp) = 1. It is convenient to think of parabolic inner

72



functions as holomorphic self-maps of the upper half-plane with a Denjoy-Wolff
point at infinity. For this purpose, take a Mdbius transformation M which
maps I to H and sends p to co. Then, F = M o f o M~! is a holomorphic
self-map of the upper half-plane such that for Lebesgue almost every point
x € R, the vertical boundary value lim, o F'(z + iy) exists and is real.

We say that an inner function f is doubly parabolic if f is holomorphic in

a neighbourhood of p and

f(z)=z+clz—p>+..., c#0,

as z — p. Translating to the upper half plane, this means that F' is doubly
parabolic if
Fz)y=z—a/z+..., a>0,

near infinity. By contrast, an expansion

f(2)=z4clz—p)*+..., c#0,

or
Fz)y=z4+T—-a/z+..., T #0, a>0,

suggests that f and F' are simply parabolic.
We say that F' is a parabolic one component inner function if one of the

following equivalent conditions is satisfied:

Theorem 9.1. Suppose F' is a parabolic inner function, viewed as a map of the
upper half-plane to itself, with a parabolic fixzed point at infinity. The following
are equivalent:

(a) The set F~1({Im z > y}) is connected for some y > 0.

(b) There is a strip S = {0 <Imz < 7} such that F : H — H is a covering
map over S.

(c) There is a strip S = {—7 < Imz < 7} such that F : C\ Yo — C is a
covering map over S.

(d) The singular set Yoo C R has Lebesque measure 0, the derivative
F'(¢) = o0 as ¢ € R approaches ¥ and

‘FWO
F'(¢)?

for some constant C > 0.

<C, ¢ €ER\ 2y, (9.1)
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In the theorem above, Yo, C R is the set of points € R where F' does not
admit a finite analytic extension to a neighbourhood of z. By definition, ¥
is a closed subset of the real line. The proof of Theorem is essentially the
same as that of Theorem [.2l We leave the details to the reader.

In this section, we prove an orbit counting theorem for doubly parabolic
one component inner functions (dplc inner functions). In order to apply the

machinery developed in Section [6] we work with the first return map.

9.1 Expansion

The lemma below says that parabolic inner functions are expanding on the

real line:

Lemma 9.2. Suppose F' is a parabolic inner function, viewed as a map of
the upper half-plane to itself, with a parabolic fized point at infinity. Then,
F'(z)>1 onR.

Proof. An inner function, viewed as self-map of the upper half-plane, has the

form

1+ 2w
F(z):az+ﬁ—|-/
R W—Z

du(w),
for some constants o > 0, 8 € R and finite positive singular measure p on the
real line, e.g. see [Tsu75h]. Differentiating, we get
2
w”+1
F'(z2)=a +/ ——du(w). (9.2)
R (w—2)?
From the above representation, it is readily seen that o = limy_, F’(it). For
F' to have a parabolic fixed point at infinity, we must have o = 1. Since the
integrand in (9.2)) is positive, F'(z) > 1 for any z € R. O

9.2 Markov Partitions

Let F be a dplc inner function. The set F'~!(o0o) partitions (RU{oc})\ X into
countably many intervals {I;};cx with F(I;) = R. The collection of intervals
{L;}ien is finite if and only if F' is a finite Blaschke product. We refer to the
collection {I;}ica as the basic Markov partition for F': RU {oo} — R U {o0}.
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Suppose I = (—oo,p;) and I; = (p,00) are the unbounded intervals
in A. As the dynamics of F is repelling from oo in both directions, one can

construct inverse orbits
< p3 <py <Py and pf <py <p3 <...

We refine the Markov partition A by subdividing Iy and I_ into countably

many intervals:
o0 o
=5, 1=,
n=1 n=1

where J*, n € N, is the segment between pﬁ and pf 1. By construction, F’

n o

maps
. ril onto J¥ for any n > 1,
e J; onto (—o0,p1),
e J; onto (p_1,00),
e each bounded basic interval I; C (py,pj) onto R.

Since oo is a doubly parabolic fixed point, diam Jff = 1/4/n and is located
= y/n away from the origin.

For N > 0, define Xy = [pﬁﬂ,pﬁﬂ}. Given a bounded subset B of the
real line, we choose N > 1 sufficiently large so that B C Xy. From now on,

we simply write X instead of X .

9.3 The First Return Map

We define the first return map F: X — X as the first iterate of F which lands
in X, ie.
F(z) := FoN@ (g,

where N(z) > 1 is the smallest positive integer such that F°N@)(z) € X.
(Since every point in R\ X eventually maps to Jli under the dynamics of F',
the first return map is well-defined outside the measure zero set 3o, C X. In

fact, any doubly parabolic Blaschke product is recurrent by [DM91], Theorem
4.2].)
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We may view F': X — X as a GDMS with the tiles J¥, J5,... J& and
Py, pf] by splitting X into intervals that map univalently onto one of the tiles
under . We leave it to the reader to check that the associated incidence
matrix is finitely primitive.

Let £x be the normalized Lebesgue measure on X. As { is invariant for
F:RU{co} = RU {0}, £x is invariant for F: X — X. We now prove two

lemmas which relate the properties of F and F':

Lemma 9.3. The Lyapunov exponents of F:X>XandF:R =R are

equal:
/ log | (z)]d¢ = / log | F' ().
X R
The above lemma follows from a generalization of Kac’s Lemma [URM22al,
Proposition 10.2.5] and the identity log |(F°")(x)| = Sy log|F'(z)|.

Lemma 9.4. For anyp > 1, F : X — X s (1, p)-integrable if and only if
F :R — R is (1, p)-integrable:

/ (log |F’(:v)|)pd€ <o = /(log |F'(z)])"dl < .
X R

Proof. For x € R\ X, we continue to use the notation N(z) for the smallest
positive integer such that F(z) := FN@) () € X

Since diam J¥ =< n~1/2, the derivative |(F°N®)Y (z)| < n!/? for z € J=,
whence

| (log |(FY(@)])"dé(x) < n~*/2 - (1 +logn)”.
Jn UJdn

Summing over n = 1,2, ..., we obtain

/R \X(log|(F°N(z))’(m)|)pd£(x) <Y P (1+logn)? < +oo.

n=1

From the above equation, the (=) implication is immediate since
log |F"(2)| > log |F'(2))|

for every x € R. By the elementary inequality (A + B)P < 2P(AP + BP) and

the invariance of the Lebesgue measure, we get
/ (log |[F'(z)])"de < / (log |F'(x)])"de + / (log [(FN®)Y (z)]) e,
X X R\X

which proves the (<) implication. O
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9.4 Proof of the Orbit Counting Theorem [1.8

In order to apply the abstract symbolic results developed in Part [[I] of this
manuscript to the first return map F: X — X, we show that the potential

() = —log| F'(z)|

is robust under the integrability hypothesis
/(log IF'(2))) dt < 00, >0 (9.3)
R

In view of Lemma the assumption is equivalent to the potential 1
being (1,1 + ¢)-summable. From formula , it is clear that 1 is negative
as X C R is compact. An argument similar to the one in Section [8.2] shows
that ¢ is level 1 Lipschitz continuous (and hence level 1 a-Hélder continuous
for any 0 < a < 1).

Since 1 is level 1 Hoélder continuous and summable, the conformal and
equilibrium measures for ¥ are unique by Theorem As /x is a conformal
measure for ¢ (with eigenvalue 1), my = fx. Since the equilibrium measure
[y is the unique F-invariant measure on X that is absolutely continuous with
respect to m,,, we also have p,, = £x. In particular, the eigenfunction py, =
iy /My = 1 and the potential ¢ is centered. Summarizing, we have proved

that 1 is a normal (1,1 4 €)-summable potential.

D-Genericity. According to [PoUI7, Theorem 9.7], parabolic dynamical
systems are automatically D-generic. For convenience of the reader, we give a
brief sketch of the argument in the present setting: for n > 2, let g, € J;r_l
be the unique periodic point of period n with itinerary

Jr == J = J = J = g

Inspection shows that the logarithms of the multipliers

Ln =1log |(F*") (qn)]

satisfy
Lyy1— Ly, — 0, L, — oo, as n — oo,

so they cannot be contained in a discrete subgroup of R. It remains to notice
that any periodic orbit of F': R — R which passes through X can be viewed
as a periodic orbit of the induced map F: X — X with the same multiplier.
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Conclusion. Applying Theorem to the induced map F' : X — X and
using Lemmas [9.3] and we get

T—o0 el Jx log | F"(z)|dlx Jg log |[F'(2)|de’

for x € X outside a Lebesgue measure zero set of points that do not have
unique codings. Replacing ng (2, T, B) with np.rr(2, T, B), we see
that Theorem holds for a.e. z € X.

Recalling that X = Xy and taking N — oo shows that Theorem [1.8 holds
for a.e. x € R. Approximating a general point z € R by a sequence of points x,,
for which the conclusion of Theorem is valid and using Koebe’s Distortion

Theorem as in Section shows that Theorem holds for all x € R.

A Continuity of Transfer Operators

In this appendix, ¢ > 0 will a positive real number and 0 < ¢ < 1. We
show that if ¢ is a normal (1,q + ¢)-summable potential, then the modified
transfer operator s — L, given by defines a Cf . function from a to
B(C*(EY)). We will often abbreviate p = g +«.

The proof is not difficult but is somewhat tedious because one has to deal
with the C¢ and C® Hélder norms, both of which consist of two pieces (the

L norm and the Hoélder variation).

A.1 Some Properties of the Function =z — G(z) =

Fix a real number ¢ > 0. Loosely speaking, the following lemma says that
for x € [c,00) and s € C], the function G(z) = xPe~5¥ behaves similarly to
Go(x) =e 5"

Lemma A.1. The function G(x,s) = aPe™ 5% enjoys the following properties

on [c,00) x C{ :
1. Ifl S 01 S g9 and Tl S ) then G(xQ,O'Q) SJ G(xl,al).

2. |Ga(z,8) S Is] - |Gz, 5)].
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3. |Gs(z,8)| Sz |G(z,s)|.
4. |Gas(x, s)| S @ - |s] - |Gz, 5)|.
The implicit constants depend on the parameters p > 0 and ¢ > 0.

Corollary A.2. Suppose (1, 1), (z2,$2) € (¢,00) X a

(i) If Tymin = min(x1,x2), then

Ay = |G(z2,s) — G(z1,5)| S G(@min, 3) - |x2 — 21| - |5].
(ii) If omin = min(Re s1, Re s2), then

A; = |G(z,s2) — G(z,51)|] < G(x,0min) - T - |52 — s1].

(iii) With Tmin and omin above, we have

Agzs = |G(w2,82) — G(21,52) — G(w2,51) + G(21,51)]

< G(Tmin, Omin) - |2 — 21| - max(|s1], [s2]) -min(l, |sg — s1] ~max(x1,x2)).

~

Proof. (i, ii) By the fundamental theorem of calculus, A, = ’f;’f Gx(z, s)dm}.

By the mean value theorem, there exists z* € [z1, x2] for which
Ay = |Ga(a™, 8) (w2 — 1) < |Gala®, )] - |22 — 21],

Part (i) now follows from Properties 1 and 2. The proof of (ii) is similar.

(iii) To prove the estimate with the minimum replaced by 1, we write

Ags = / Q{ch(xa 32) - G$<$,81>} dz.

and proceed as above. On the other hand, the representation
S1 x1

/ / Gys(z, s)dxds
S92 T9

Ams = |st($*,$*)| : ’$2 — $1| . ’82 — 81|,

Ams =

i

tells us that

for some z* € [z1,x2] and s* € [s1,s2]. The estimate with the minimum

replaced by |sg — s1| - max(z1,z2) now follows from Properties 1 and 4. O
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A.2 Proof of Boundedness

We first show that if ¢ is a normal (1, p)-summable potential on £, then for
any s € CT, the linear operator L, is bounded on C*(EY). For this purpose,

we examine the behaviour of ¥Pe*% on a cylinder [a] C EF:

Lemma A.3. For anyp > 0, s € E and normal (1, p)-summable potential

¥, we have

|1Pe*? o allq < C(s,p, ) - sup [1pPe|, ackE. (A1)
[a]

Proof. The L* norm

976 o alloo = stup e
a

is trivially bounded by the right side of (A.1). To estimate the a-Holder

variation of 1/Pe*¥ o a, we use Corollary |A.2((i):

[9Pe (aw) — ¥Pe (a7)| < [ (aw) — W (aT)| - |s| ‘e [yPe?.

Dividing both sides by d(w, 7)* and taking the supremum over w,r € E, we

obtain
va (W7 exp(sv) 0 a) S v (¥) - [s| - sup e,
a
Absorbing ’U&l)(w) - |s| into the implicit constant completes the proof. O

Corollary A.4. For anyp > 0 and s € a, the operator L, is bounded on
CUEY).

Proof. Suppose g € C*(EY). We may write

Lspg = Z(wpesw oa)-(goa).

ecl
By Lemma [5.1]
1£spglla <3 [0Pe¥ oala-lgla S llgla- D suplgre™],
acE acE [a]
which is finite by Lemma ]
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A.3 Proof of Continuity (Part 1)

We first examine the case when ¢ > 0:

Lemma A.5. If the potential ¢ is (1, ¢ + €) summable with ¢ > 0 and 0 <
e <1, then s — Ly, is a C . mapping from C§ to B(C(EY)).

loc
Proof. We show that the quotient

L5409 — Ltq9lloEr)
|5 —t|°

(A.2)

is uniformly bounded above over all s # t € a The numerator of 1'

evaluated at a point w € EY is

)

S (e 0. — e 0 a) (w) - g(w)

ack
which by Corollary [A.2](ii) and the inequality min(1,z) < z°, z >0 is

S llglloo - D sup [ | - min(L, (s — )¢ (aw)])

acE @

Sllglloo - > sup [e%em™n?| - |(s — )1 (aw)|*
acE

S lglloo D sup [paFeem™n?| - |s — ¢,
acel [a]

where oy, = min(Re s, Ret). In view of Lemma the quotient (A.2)) is

S llglloe - D sup [9H<en Y| < oo,
aclR [a]

as desired. 0

We now treat the case when ¢ = 0:

Lemma A.6. If the potential ¢ is (1, q) summable for some q > 0, then the
mapping s — Ls 4 is continuous from C{ to B(C(EY)).

Proof. Fix an s € a Evidently, for any ¢ € Ef,

(Loqg = Lig)w) =) (W% oa— e oa)(w) - g(w)

aceFE

< 2||glloc - D sup [t
acE @
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is dominated by a convergent series. Since the individual terms tend to 0

uniformly in w as t — s,
(Ls,q9 — Lt,q)(w) — 0, uniformly in w € EY, ast — s,

which is the desired continuity statement. O

A.4 Proof of Continuity (Part 2)

As before, we first examine the case when £ > 0:

Lemma A.7. If the potential ¢ is (1, ¢ + €) summable with ¢ > 0 and 0 <

e <1, then s — Ly, is a C _ mapping from C{ to B(C*(EY)).

loc

Proof. Since we have already proved that s — L, is a C}, . mapping from

@ to B(C(EY)) in Lemma it remains to estimate the a-variation, which

amounts to giving an upper bound for

[Cacn (6™ 00—t 0 a)(w) - g(w) — (¥ 0 a — et o a)(r) - g(7)]
s — 1 - d(w, 7)° |

for a fixed s € E Below, we assume |s — t| < 1 so that |s| < |[t|. We split the
numerator of the above expression into two parts A + B, which we estimate
separately.

For the first summand, the estimate is similar to the one in the proof of
Lemma

A< Y| 0 a— pe 0 a)(r) - (g(r) — 9(w))]

a€Fl

< glla - dw,7)* - > | (1™ 0 a — %™ 0 a)(7)|
a€FE

< lglla - dlw, )™ > [l - min(1, |(s — t)y(ar)])
aclE

< glla - dw,7)* > sup [p%e™=¥| - | (s — t)p(aT)|*
acl [a]

S Ngllac - dlw,7) - [s =7 Y sup [peFeesminy],

a€E [a]

where as usual, o, = min(Re s, Ret).
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For the other summand, we use Corollary [A.2[(iii):

B< ) (4% oa -yl oa)(w) - g(w) - (e 0 a— e 0 a)() - g(w))|

acll

< lglloo - Z\(z/)qe‘”p oa— e oa)(w) — (Y1 o a — e’ o a)(7)|
aclE

< lglloc = S sup [teomn| || - [Y(aw) = (ar)| - min (1, |s — t] - sup 5]
acl [a] [a]

< 5] lglloo - dlw, )™ - 0 (1) - [s — |7 - Y sup [paFeesminy],

acl [a]
as desired. O

We now treat the case when € = 0:

Lemma A.8. If the potential 1) is (1, q¢) summable for some q > 0, then the
mapping s — Ls 4 is continuous from C{ to B(C*(EY)).

Proof. Fix an s € (Cil+ Since we have already established that s — L, is
continuous from C] to B(C(EY)) in Lemma it remains to control the

a-variation. Namely, we need to check that

sup (ﬁs,qg - ﬁt,qg)(w) - (Es,qg - ﬁt,qg)(ﬂ

— 0, as C7 ot — s.
WHT d(wa T)a !

We assume that |s — ¢| < 1 and write the quotient on left hand side as

eV o0a —ple™ o a)(w) — (P2e¥ o a — e o a)(r
Z{(w i )(w) — (@ i )( )‘g(w)

= d(w, 7)*

105% 6 g — b2t o a) (T M
@ weaa)(r) - Ll =00,

As each individual term tends to 0 as t — s and the sum is dominated by the

convergent series

(151 lglloe - v (@) + llglla ) - 3 e,

aceFE

the entire sum tends to 0 as t — s, uniformly in w # 7 € EY. O
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