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Abstract: Let K/Kj be a finite Galois extension of global fields of positive characteristic
p. We prove that every finite embedding problem with solvable kernel H over K/Kj is
properly solvable if it is weakly locally solvable and the number of the roots of unity in
K is relatively prime to |H|.

Moreover, the solution can be chosen to coincide with finitely many (given in
advance) weak local solutions. Finally, and this is the main point of this work, the
number of primes of K that ramify in the solution field is bounded by the number of
primes of Ky that ramify in K plus the number of prime divisors of |H|, counted with
multiplicity.

This result completes the main theorem of [JaR18] that demands that p does not
divide |H|.
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Introduction

Solving finite embedding problems with solvable kernels over a global field Ky was
initiated by Arnold Scholz [Sch37] and Hans Reichardt [Rei37], followed by I. R. Sha-
farevich [Shab4] and Jiirgen Neukirch [Neu79]. The works [GeJ98] and [MaU11] consider
the related problem of realizing an [-group over K for a prime [ # char(Ky) with the
additional constraint of bounding the ramification. A stronger result appears in [JaR18]:

THEOREM A: Let K/K be a finite Galois extension of global fields, set T' = Gal(K/K),}}
and consider a finite embedding problem

l—H—G—2 =T 1,

with solvable kernel H. Suppose that

(al) char(Ko) f[H|, ged(|H]|, |n(K)|) =1, and )

(a2) for each p € P(Ky) there exists a homomorphism 1,: Gal(Ky ) — G such that
a0y = plGal(f(O,p) (we call ¢, a weak local solution).

Let T be a finite subset of P(Ky) that contains Ram(K/Ky) and for each p € T' let ¢,

be a weak local solution.
Then, there exists an epimorphism : Gal(Ky) — G such that a oy = p (we

call ¢ a proper solution of embedding problem (1)), and there exists a set R C

P(Ko) T with |R| = Q(|H|) that satisfies the following conditions:

(bl) For each p € T there exists a € H such that (o) = a tp,(c)a for all o €
Gal(Ky,,) (we say that 1, := w]Gal(kM) and ¢, are H-equivalent).

(b2) The fixed field N in Kogsep of Ker(y) satisfies Ram(N/Ky) € T U R, hence
Ram(N/Ko)| < |T| + Q1 H)).

In this theorem we fix a separable algebraic closure K sep, of K¢ and let Gal(Ky) =
Gal(K¢sep/Ko) be the absolute Galois group of Ky. We denote the set of primes of
Ky by P(Ky) and for each p € P(K() we choose a completion IA{O,p of Ky at p. Then,
Ram(K/Kj) denotes the set of all p € P(Ky) that ramify in K. Finally, Q(|H]|) is the
number of prime divisors of |H|, counted with multiplicity.

The goal of the present work is to improve Theorem A by removing the assumption
char(Ky) 1 |H| from condition (al) above. Moreover, in case char(Ky) divides |H|, we
replace the function Q(|H|) in (b2) by a more economic function 2, (H, G) that however
depends on the structure of H as a subgroup of G (Definition 5.2).

THEOREM B (Theorem 5.4): Let K/Ky be a finite Galois extension of global fields of
positive characteristic p and consider the finite embedding problem (1) with solvable
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kernel H, where I' = Gal(K/Ky) and p = resg, .../x- Let T be a finite set of primes
of Ky that contains Ram(K/Ky) and So(K) C Tk, where So(K) is a “basic set of K”
introduced before Lemma 3.2 and T is the set of all primes of K that lie over T'. Let
|H| = np® with p tn and ged(n, |u(K)|) = 1. Suppose that (1) is weakly locally solvable
at p for each p € P(Ky). For each p € T' let yp, be a weak local solution of (1) at p.
Then, (1) has a proper solution v and there exists a set R C P(Ky) T with
|R| = Q,(H,G) such that
(a) Foreachp € T there exists a € H such that ¢(c) = a~'¢,(0)a forallo € Gal(f(o,p).
(b) The fixed field N in Kggsep of Ker(y) satisfies Ram(N/Ky) C T U R, hence
|Ram(N/Ko)| < |T|+ Q,(H,G) (we call N the solution field of (1)).

We note that Theorem 9.5.5 on page 563 of [NSW15] implies the proper solvability
part of Theorem B, nevertheless, without any information about the ramification of the
solution field.

An induction on the structure of G with respect to H, carried out in the proof of
Theorem 5.4 using Lemma 5.1, reduces Theorem B to the following result:

ProrosiTiION C (Proposition 4.5): Let K/K, be a finite Galois extension of global
fields of positive characteristic p and consider an embedding problem

(2) (p: Gal(Ky) = T, a: G —T),

where I' = Gal(K/K,), G is a finite group, & is an epimorphism, and p = TeSK, op/K -
Suppose that A = Ker(&) is isomorphic to C| for some positive integer r and a prime
number | with ¢; ¢ K and the action of Gal(Kgy) on A via p and via conjugation of G
on A makes A a simple Gal(K)-module.

In addition, let \: G — G be an epimorphism of finite groups. Write |Ker(\)| =
ep® and let n be a positive integer such that p t en. Moreover, we assume that el|n if
[ # p. Let T be a finite set of primes of K that contains Ram(K/Ky) and So(K) C Tk.
Suppose that ged(n, |u(K)|) = 1 and each of the local embedding problems attached to
(2) is weakly solvable. In addition, for each p € T let ¢, be a weak local solution of (2).

Then, there exists a set R C P(Ky) T with |R| =r ifl#pand |R|=1ifl=p
such that (2) has a proper solution ¢ with the following properties:

(a) by = &’Gal(Ko,p) is A-equivalent to ¢, for each p € T,

(b) 1 is unramified at each p € P(Ky) N(T'U R), so if N is the solution field of 1, then
Ram(N/Ky) C TUR,

(c) the local embedding problem (i,: Gal(Ky,) — G, \: G — G) is weakly solvable
for each p € P(Ky) T, and

(@) ged(n, |u(N))) = 1.

Conditions (c¢) and (d) in Proposition C are needed in the next stage of the in-
duction.



Proposition 12.3 of [JaR18] considers the case where [ # p and proves the existence
of ¢ as in Proposition C such that, away from Ram(K/Ky) U T, 1 is ramified in at
most r primes of Kj.

The proof of [JaR18, Prop. 12.3] depends on [JaR18, Lemma 2.3]. The latter
lemma establishes the existence of a homomorphism A from the idele class group Cx of
K into () with given local behavior and with bounded ramification. Then, the proof
applies the reciprocity law and duality theorems of class field theory.

These methods fail if | = p. So, we take another route for the proof of Proposition
C in this case that turns out to be much simpler than the proof of Proposition C in the
case | # p.

This route goes back to the article [Wit36] of Ernst Witt. In that article Witt uses
Artin-Schreier extensions and pre-cohomological methods in order to prove for arbitrary
field F' of positive characteristic p with (F* : (F'*)P) = oo that every finite embedding
problem G — Gal(F’/F) for Gal(F'), with Gal(F’/F) a finite p-group and with a kernel
which is a finite p-group, is properly solvable. In terms of cohomology, Witt’s result
implies that cd,(Gal(F® /F)) = 1, where F) is the maximal pro-p extension of F
[Ser79, p. 21, Prop. 16].

In the notation of Proposition C, we know by [NSW15, p. 540, Cor. 9.2.6] that
embedding problem (2) has a weak solution 9 that is ramified at most at 7. If we
wish that 1)y coincides with ¢, for each p € T', we have to allow vy ramify at additional
prime.

In its full strength, the proof of Proposition C uses [NSW15, p. 539, Thm. 9.2.5]
and Lemma 4.3 that guarantees the surjectivity of weak solutions of our embedding
problems and on a local-global principle for weak solutions of our embedding problems
(Lemma 4.4).

In addition, the proof relies on the following result:

LEMMA D (LEMMA 2.6): Let Ky be a global field of positive characteristic p, K a

finite Galois extension of Ky, and L a finite Galois extension of K that contains K

such that L/K is an abelian p-extension. Let r be a positive integer and A = C, a

simple Gal(K/Kj)-module. Let n be a positive integer such that p { n. Let T be a finite

subset of P(Ky) that contains Ram(K/Ky). For eachp € T, let y, € H'(Gal(Ky,), A).

Then, there exist a prime q € P(Ky) T and an element z € H'(Gal(Kj), A) such

that

(a) for each p € T we have resy(z) = yy,

(b) foreachp € P(Ko) (T U{q}) the element res,(x) Ole(Gal(IA(pr), A) is unramified
(Definition 2.4), and

(c) q totally splits in L(¢,) and resq(x): Gal(Koq) — A is a homomorphism whose
image is contained in a subgroup of A which is isomorphic to Cp.
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(d) Moreover, let G and G be finite groups such that A < G and let \: G — G be an
epimorphism. Then, there exists a homomorphism x: Gal(K(),q) — G such that

Aoz = resq(z).

Here, res,: H'(Gal(Ky), A) — Hl(Gal(Ko,p),A) is the usual restriction map of
cohomology groups.

Part (b) in Lemma D follows from [NSW15, p. 539, Thm. 9.2.5] whose proof
is much simpler than the corresponding result for A = C] with [ # p that uses the
Poitou-Tate duality theorem.

Finally, Lemma D depends on Lemma 2.5 and on the following analog of [JaR18,
Lemma 2.3]:

ProrosiTION E (Proposition 1.2): Let K be a global field of positive characteristic p,
let r be a positive integer, let A = C}, and let S be a finite set of primes of K. For each
B €S let hyp: Gal(Kqp) — A be a homomorphism, where Ksy is a completion of K at
B and Gal(Ky) is embedded in Gal(K). Finally, consider o € P(K)\ S.
Then, there exists a homomorphism h: Gal(K) — A such that:
(@) hlgai(ry) = hyp for each B € {Po} U S.
(b) For each prime B of K away from {Bo} U S the restriction of h to the inertia
subgroup of Gal(f(qg) is trivial.

The proof of the latter result uses the fact that each Galois extension L of K of
degree p is generated by a root x of an irreducible Artin-Schreier polynomial X? — X —a
with @ € K. The latter is a specialization of the polynomial X? — X — ¢, with ¢
transcendental, and with Galois group C, over K (t) as well as over Kgep(t). Thus,
instead of class field theory, we use Hilbert’s irreducibility theorem for our function
field K intensified by the strong approximation theorem [FrJ08, p. 241, Thm. 13.3.5].
In contrast to the case A = C] with [ # p, only one prime q € P(K() ™~ Ram(K/Ky)
may need to ramify in the solution field of (1).

ACKNOWLEDGEMENTS: The authors are indebted to Aharon Razon for critical reading
of the work. Likewise, the authors thank the anonymous referee for useful comments.

1. Artin-Schreier Extensions

Let K be a global field of positive characteristic p. We use Artin-Schreier extensions
to prove a restricted version of [JaR18, Lemma 2.3| that constructs a homomorphism
h: Gal(K) — C} with a given local behavior.

In this result we consider for each prime 3 of K, a completion Kp of K at ‘.
Let IA(qg,ur be the maximal unramified extension of qu and let qu = Gal(f(qg,ur) be the
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inertia subgroup of Gal(f{qg). We fix an embedding Ap: Kgep — Km,sep that maps K
—1

onto itself, set K = f{;\f‘ and observe that Gal(Kqp)** = Gal(f(qg).

LEMMA 1.1: Let K be a global field of positive characteristic p, let L be a finite Galois

extension of K, let s be a positive integer, and let Bg, P, ..., Ps be primes of K such

that Po & {P1,...,Ps} but Py,..., P are not necessarily distinct. Fori=0,1,...,s

let N; be either qui or an Artin-Schreier extension of qu Then, there exist Galois

extensions Ny, N1, ..., N of K such that

(a) N; = K if N; = qui and N; is an Artin-Schreier extension of K if N; is an Artin-
Schreier extension of [A(qgi fori=0,1,...,s,

(b) A, (Ni) Ky, = N; and A, (N;) N Ko, = K fori=0,1,...,s,

(¢c) Ram(No/K) C {PBo, P11}, Ram(N;/K) C {PBo,B;} fori=1,...,s, and

(d) the fields Ny, N1,..., Ny, L are linearly disjoint over K.

Proof: In order to simplify our notation, we assume that Ag,: Kgep — Kgpi’sep is the
inclusion map, ¢ = 0,1,...,s. We assume by induction that Ny, Nq,..., Ns_1 are fields
that satisfy (b), (¢), and (d) for s — 1 rather than for s.

If N, = Kps, we set Ny = K and observe that (a), (b), (¢), and (d) hold for
¢ = s. Thus, we may assume that ng/ qus is an Artin-Schreier extension. Hence,
N, = Ky, (Z,), where & is a root of an irreducible polynomial X? — X —a, in Ky_[X].
Krasner’s lemma (e.g. [Jar91, Prop. 12.3]) gives a positive integer m such that if a € K
satisfies ordy, (@ — as) > m, if the polynomial X? — X — a is irreducible over K, if the
element x5 is a root of X? — X — a in Kp, and we set Ny = K(z4), then
(1) N,Kyp, = N,.

It follows that
(2) Ny is an Artin-Schreier extension of K and Ny N qus =K.

Corollary 12.2.3 on page 224 of [FrJ08] gives a separable Hilbert subset H of K
such that if a € H, then X? — X — q is irreducible over NgN; --- Ng_1 L.

For s = 0 we use [FrJ0O8, p. 241, Thm. 13.3.5] to choose a¢ in H with
(3) ordy,(ap — @p) > m and ordyp(ag) > 0 for all P € P(K) “{PBo,P1}.

If s > 1, we apply [FrJO8, p. 241, Thm. 13.3.5] to choose as in H such that
(4) ordg, (as — as) > m and ordgp(as) > 0 for all P € P(K) “{PBo, Ps}-

In each case let x5 be a root of X? — X —a, and set Ny = K(z,). By (1) and (2),
st(‘ﬁs = N, and N, N K‘Bs = K. Since as € H, the field Ny is linearly disjoint from
NoNp---Ns_1L over K. Since, by our induction hypotheses, Ny, N1,...,Ns_1, L are
linearly disjoint over K, we conclude that Ny, N1,..., Ng, L are linearly disjoint over K.

Finally, [FrJ08, p. 29, Example 2.3.9] and (3) imply that each P € P(K) ~{Bo, L1 }}
is unramified in Ny, so Ram(No/K) C {Bo,PB:1}. For s > 1, [FrJ0O8, p. 29, Ex-
ample 2.3.9] and (4) imply that each B € P(K) “{Po,Ps} is unramified in N, so
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Ram(Ny/K) C {Bo, Ps}. This concludes the induction. i

PROPOSITION 1.2: Let K be a global field of positive characteristic p, let r be a positive
integer, and let A = C}, 1 X --- x Cp ., where C, 1, ...,C) , are isomorphic copies of C),.
Let S be a non-empty finite set of primes of K and let P be a prime in P(K) . S. For
each P € {Po} U S let hy: Gal(Ky) — A be a homomorphism.

Then, there exists a homomorphism h: Gal(K) — A such that
(a) resq(h) = hy for each P € {Po} U S and
(b) resq(h)(Iyp) = 14 for each P € P(K) N({Po} U S).

Here, resp(h): Gal(Ky) — A is the homomorphism defined by resy(h)(o) =
h(a’\‘%l) for each o € Gal(Kqy).

Proof: As in the proof of Lemma 1.1, we assume that the maps Ap: Kgep — IA(qgjsep
are inclusions.

Suppose that S consists of s distinct primes PBq,...,Ps of K. Since S is non-
empty, s > 1. For each 0 < j < slet A; = hmj(Gal(ij)). As a subgroup of
the p-elementary abelian group A, the group A; is p-elementary abelian. Thus, A; =
Aj1 X oo X Aj, where 0 < rj <7 and Ajp= Cp for k =1,...,7;. If r; = 0, then
Aj is the trivial group. Let m;,: A; — Aji be the projection on the kth factor of A;.
Then, hy, = (mj1 0 hy,,..., T © hy,). In particular, if r; = 0, then A; = 1 and
hy Gal(f(qgj) — A is the trivial homomorphism. In addition, let N i be the fixed field
of Ker(m;, o hep,) in Kz, sep- Then, for each j and k,

(5) Njp = IA{% or Njj, is an Artin-Schreier extension of Kspj.
It follows that Nj = IA(%NM . --]\Afj’” is the fixed field of Ker(hsg;) in IA(spjysep. In
particular, Gal(Nj/ij) >~ A;. Note that N; = quj if r; =0.

By Lemma 1.1, applied to the primes Bo 1 and B 1,. .., Birs- P15+ P,
with 9, =B, for each j and k, K has a Galois extension N;j such that
(6&) Njkf(ipj = Njk, Njk N Kfl}j =K,

(6b) Ram(No,1/K) € {%Bo,B1}, Ram(N;x/K) € {Bo,B;}, and
(6¢) the fields No 1, Ni1,...,Ns,, are linearly disjoint over K.
For each 0 < j < slet N; = N;1---N;, . By (6c), Gal(N;/K) = Gal(N;,/K) x
- x Gal(Nj,,/K). By (6a), the map res: Gal(Njk/Kspj) — Gal(Nj;/K) is an iso-
morphism, so, by (5), Gal(N,;/K) = Aj; for all k between 1 and r;. This gives an
isomorphism h;: Gal(N;/K) — A, such that h; o R T g

By (6¢), the fields Ny, Ny,...,Ng are linearly disjoint over K. We set N =
NoNj ---Ns. Then, Gal(N/K) = Gal(Ny/K) x Gal(N;/K) x --- x Gal(Ns/K), so
ho, h1, ..., hs combine to a homomorphism h: Gal(N/K) — A. In other words, h(c) =
[[;—o hj(resn/n, (o)) for each o € Gal(N/K). Tt follows that h :ﬁoresKsep/N is a homo-
morphism from Gal(K) into A that coincides with heq, on Gal(Ky,) for j =0,1,...,s.
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By (6b), Ram(N/K) C {PBo,B1,...,Ps}. Since Gal(N) < Ker(h), this implies that
h(ly) = 14 for each P € P(K) “{Bo, L1, .., Ps}, as (b) claims. i

Remark 1.3: Lemma 15.3 of [JaR18] is trivial if [ = p. Indeed, in this case the group CHAd
pp of roots of unity of order p is trivial, so A" = Hom(A, u,,) = 1. However, the proof mput, 264
of [JaR18, Lemma 15.5] breaks down, because H'(Gal(Ky,), A') = 1, so that group

cannot be dual to H'(Gal(Kj ), A) as needed in Part C of that proof. i

2. A Choice of an Element in the First Cohomology Group CRS
input, 14

Let K be a finite Galois extension of our basic global field K of positive characteristic
p. We prove an improved version of Proposition 9.3 of [JaR18]. To this end we need to
introduce notation and results from [JaR18| for our context.

Setup 2.1: Completions. We denote the set of all primes of Ky (resp. K) by P(Ky) CRSa
(resp. P(K)). For each p € P(Kj) we fix a completion K, of Ky at p and fix a separable mput, 22
algebraic closure Ko,p,sep of Ko,p that contains Ko sep. Then, Ko = Ko gep N f(o,p is a
Henselian closure of Ky at p. By Krasner’s Lemma, KO,SepIA(O,p = [A(Om,sep. Hence, we
may identify Gal(f(g’p) with Gal(Kj ) via restriction.

Next let & be a primitive element of K/Ky and set f = irr(x, Kp). Then, there is
a decomposition f(X) = [[g, fp(X) of f(X) into irreducible polynomials over Ko.p,
where P8 ranges over all prime divisors of K that lie over p. For each such ¥ we choose
a root zo of fyp in K and set Koy = Ko (o). Then, the map x ~— g extends to a
K-automorphism A that extends, with the same name, to an embedding Ap: Ko sep —
Ko,pvsep that leaves K invariant. We denote the fixed field of )\fil((}al(f(q;;)) in Ko sep
by Ksy. It is a Henselian closure of K at 9 (that does not necessarily contain Ky ).
|

Setup 2.2: Commutative diagram. Let A be a (multiplicative) Gal(K()-module with cRrsb

right action. Following Setup 2.1, we consider the following diagram: input, 56
(1) HY(Gal(K), A) == [y, H*(Gal(Kyp), A)
corL lCor
resp

H'(Gal(Ky), A) ———= H'(Gal(Ky ), A).

In this diagram

(2a) the identification of Gal(f(o,p) with the subgroup Gal(Ky ) of Gal(Ky) also makes
A a Gal(Kj ,)-module,

(2b) for each prime P of K over p, we let Gal(Ksp) act on A by the rule a” = aw ()
fora € Aand 7 € Gal(ksp), in particular, if Gal(K) acts trivially on A, then so
does Gal(Ky) and therefore also Gal(Ksy),
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(2¢) the map cor: H'(Gal(K), A) — H'(Gal(Kj), A) is the corestriction map for the
open subgroup Gal(K) of Gal(Ky),

(2d) the map res,: H'(Gal(Ky), A) — H'(Gal(Kq,), A) is the restriction map for the
closed subgroup Gal(Kj ) of Gal(Kj),

(2e) the map Res is an abbreviation for the system of maps (resq)qp, Where for each

Plp the map resy: H' (Gal(K), A) — H'(Gal(Ksyp), A) is defined for each homoge-
neous cochain 7: Gal(K)? — A by resq (1) = 1y, where ng (09, 01) = 77(06\“3 ,01\"3 )

for 01,01 € Gal(f(sp),
(2f) the map Cor is defined for each tuple (hy)q|p € [y, H'(Gal(Kg), A) by

Cor((hyp)ypip) = | [ cora(hp),
Blp
where for each Blp the map corg: Hl(Gal(Kgp),A) — Hl(Gal(IA(O,p),A) is the
corestriction map for the open subgroup Gal(f{sp) of Gal(f{oyp).
By [JaR18, Lemma 5.3], (1) is a commutative diagram. i

Remark 2.3: For a subset V of P(Ky) we denote the maximal Galois extension of
Ky which is unramified away from V by Ky . In other words, Koy is the maximal
Galois extension of K in which only primes p € V are ramified. Thus, if K is a
finite Galois extension of Ky and Ram(K/Ky) C V, then K C Ky y. It follows that
if A is a multiplicative Gal(K/Kj)-module, then the action of Gal(K/Ky) on A can
be naturally lifted to an action of Gal(Kyy/Kp) on A through the restriction map
res: Gal(Ko v /Ko) — Gal(K/Ky).

Let A be a (multiplicative) Gal(Ky, v /Ko)-module. For each p € P(K() we embed
Ky sep into K07p7sep. Then, res: Gal(KOyIA(O,p/[A(O,p) — Gal(Ko,v /Koy N [A(O,p) is an
isomorphism that we use to identify the two groups. We write & for the restriction of
an element o € Gal(f(o,p) to KO,V}A(O,,J. Then, for each a € A, we define a® = a°. This
defines A also as a Gal(Kj,,)-module.

Next we consider an element z € H'(Gal(Ky y/Kp), A) and choose a crossed
homomorphism x: Gal(Kq v /Ky) — A that represents x. Then, we denote the com-
positum of the maps

Gal(f(ovp) — Gal(KO,Vfgo’p/Ko’p) — G31<KO,V/KO,V N KO,]J) — Gal(Kmv/Ko) i> A,

where the first two maps are the corresponding restriction maps and the third is the
inclusion map, by Xp-

The map x — X, is compatible with the actions of Gal(K v /Ko) and Gal(Kj )
on A, so xp is a crossed homomorphism. We denote the cohomology class of x, by
resy (). Then, res,: H'(Gal(Ko,y/Ko), A) — H'(Gal(Ky,), A) is a natural homomor-
phism. |
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Definition 2.4: Let p be a prime of K and let h: Gal(f{oip) — A be a homomorphism
of groups. We say that h is unramified if h(fp) = 1. We say that a homomorphism
h: Gal(K(y) — A is unramified at p if h‘Gal(f(o,p) is unramified. This is the case if and
only if p is unramified in the fixed field of Ker(h) in Ky sep-

Now let A be a finite Gal(IA(07p)—module and let z € Hl(Gal(lA{o,p), A). We say that
 is unramified if x(I,) = 1 for each (alternatively, for one) crossed homomorphism
x: Gal(Ky ) — A that represents z. i

LEMMA 2.5: Let Ky be a global field of positive characteristic p, K a finite Galois
extension of Ky, r a positive integer, Cp1,...,C, , isomorphic copies of C}, and A =
Cp1 X -+ x Cp, a simple Gal(K/Ky)-module. Let T' be a finite set of primes of K
that contains Ram(K/Ky). For each p € T consider y, € Hl(Gal([A(O,p), A). Let q be a
prime in P(Ky) N T. Then, there exists z € H*(Gal(Ky), A) such that

(a) resy(2) =yp for each p € T and

(b) resy(z) is unramified for each p € P(Ky) (T U {q}).

Proof:  We set 7" = T'U {q} and let Ky 7/ be the maximal Galois extension of K|
which is unramified away from 7”. Since Ram(K/Ky) € T C T’, Remark 2.3 im-
plies that K C Ky 7/. Hence, again by Remark 2.3, A can be considered also as an
Gal(Ko 1/ /Kp)-module. By [NSW15, Thm. 9.2.5] applied to 7" and 7" rather than
to T and S, there exists y € H'(Gal(Ko 1 /Kp),A) such that res,(y) = y, for each
p €T. Let inf: H(Gal(Ko 1 /Kyp), A) — H'(Gal(Ky), A) be the inflation map and set
z = inf(y) € H'(Gal(Ky), A). Then, by Remark 2.3, res,(z) = res,(y) = y, for each
peT.

If p € P(Ko)>T’, then p is unramified in Ko7, so the inertia subgroup I, of
Gal(K,) is contained in Gal(Ko 7). Let x: Gal(Ko 1 /Ko) — A be a crossed homomor-
phism that represents y. Then, ¢ = y oresg, ./ Ko v is a crossed homomorphism that
represents z. Hence, for each o € I, and with & being the restriction of o to Ko 7/ we
have (o) = x(d) = x(1) = 1. Hence, z is unramified at p, as desired. |

LEMMA 2.6: Let Ky be a global field of positive characteristic p, K a finite Galois
extension of Ky, and L a finite Galois extension of K that contains K such that L/K
is an abelian p-extension. Let r be a positive integer and A = C} a simple Gal(K/Kj)-
module. Let n be a positive integer such that p{n. Let T be a finite subset of P(K)
that contains Ram(K/Ky). For each p € T, let y, € H'(Gal(Ky ), A).

Then, there exist a prime q € P(Ko) T and an element x € H'(Gal(Kj), A) such
that
(a) for each p € T we have resy(z) = yy,
(b) foreachp € P(Ko) ~(TU{q}) the element res,(z) of H'(Gal(Ky ), A) is unramified,

and
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(c) q totally splits in L((,) and resq(x): Gal(f((%q) — A is a homomorphism whose
image is contained in a subgroup of A which is isomorphic to C,,.

(d) Moreover, let G and G be finite groups such that A < G and let \: G — G be an
epimorphism. Then, there exists a homomorphism x: Gal(f(o,q) — G such that

Ao xy =Ttesq(z).

Proof:  We lift the action of Gal(K/Kj) on A to an action of Gal(Ky) on A with trivial
action of Gal(K). Then, we use the Chebotarev density theorem to choose a prime
po € P(Ko) T that totally splits in L((,) and use Lemma 2.5 to choose an element
z € H'(Gal(Ky), A) such that

(3a) resy(z) =y for each p € T and

(3b) resp(z) is unramified for each p € P(Ky) “(T"U {po}).

The rest of the proof breaks up into four parts.

PART A: Definition of n,. For each p € TU{po} let n, € Hl(GaI(IA(ij), A) be defined
as follows:
(4) my =1 for p € T and ny, = resy, (z) 1.

Cram:  For each p € T'U {po}, the element 7, lies in the image of the map

(5) Cor: [[ H'(Gal(Ky), A) — H' (Gal(Ko ), A).
Blp

Indeed, the claim holds for p € T, because by (4), 7, = 1 for p € T and Cor =
Hfmp corg is a homomorphism of groups. Since po totally splits in L((,), it totally
splits in K. Hence, by [JaR18, Lemma 6.2], Cor is surjective. In particular, n, lies in
the image of Cor, as claimed.

PART B: Shifting the n,’s. We use Part A to choose for each p € T'U {py} and for
every B € P(K) over p an element 7y € H'(Gal(Ksp), A) such that

(6) np = [ ] coras ().

Blp

Since Gal(K) acts trivially on A, the group Gal(f(qg) acts trivially on A (by (2b)), hence
T Gal(f(sp) — A is a homomorphism for each PB|p [JaR18, Subsection 6.1]. Likewise,
(7) 2" = z|gak): Gal(K) — A is a homomorphism.

Let L' be the fixed field of Ker(z’) in Kgep. Then, L' is a finite abelian p-extension
of K, hence so is LL'. Hence, by [JaR18, Remark 4.1], the Galois closure L"” of LL’ over
Ky is also a finite abelian p-extension of K. We use the Chebotarev density theorem
to choose q € P(Ky) (T U {po}) that totally splits in L”((,). Let Q be the prime
of K that lies over q such that Ag is the inclusion map [JaR18, Subsection 1.4] and
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let hg: Gal(Kg) — A be a homomorphism with hg(Gal(Kg)) = Cp x 1 x --- x 1
(e.g. ha(o) = (1(o),1,...,1), where 1: Gal(Kg) — Gal(N/Kgq) is the restriction map
with N being the unique unramified extension of Kgq of degree p). For each Q' € P(K)
over q such that Q' # Q let hg: Gal(Kg/) — A be the trivial homomorphism.

Let T} be the non-empty set of primes of K that lie over TU{po}. By Proposition
1.2, there exists a homomorphism h: Gal(K) — A such that
(8a) resq(h) = fy for every P € T,
(8b) for each Q' € P(K) over q we have resq/(h) = hg/, in particular

resqy (h)(Gal(Kq/)) < Cp x 1% --- x 1, and
(8c) resy(h)(Ip) = 14 for each P € P(K) N (Th U {Q}).

Let u = cor(h) € H'(Gal(Kj), A), where cor is the corestriction map that appears
in diagram (1). By the commutativity of that diagram [JaR18, Lemma 5.3], we have
for each p € P(K)) that

(9) resp(u) = resy(cor(h)) = Cor(Res(h)) = Cor((resq(h))p)p) = H corg (resg(h)).
Blp

In particular, for p € T'U {po} we have that

(9') vosy (u) = [ corg (resq (k) = T corg (i) = .
Blp Blp

PART C: We prove that the image of resq(u): Gal(f(mq) — A is contained in a subgroup
of A which is isomorphic to Cp,. Indeed, let Q" be a prime of K over q. Since q totally
splits in K (by its choice), Gal(Ko ) = Gal(Kgq/) [JaR18, Subsection 1.5]. For each
& € Gal(Kj q) we observe that o = ol € Gal(Kq/) < Gal(K) [JaR18, Subsection 1.4].
Since Gal(K) acts trivially on A, we have, by [JaR18, Convention (2b) of Section 5], that
a® = a” = a for each a € A. Hence, by [JaR18, Subsection 6.1], resq(u): Gal(K 4) — A
is a homomorphism.

Again, since q totally splits in K, we have corg/(resq:(h)) = resq/(h) for each Q'|q
[JaR18, Statement (8) of Section 5]. By (8b), resg:(h)(CGal(Kg/)) < Cp x 1 x --- x 1.
Hence, by (9) with q replacing p, we have resq(u)(Gal(Koq)) < Cp x 1 x -+ x 1, as
claimed.

PART D: We prove that the element x = uz of H'(Gal(Ky), A) satisfies the conditions
(a)—(d) of the lemma.

PROOF OF (a): For each p € T we have that

(9"),(3a) (4)
resy (z) =resp(u)resy(2) = " MpYp = Yp,

as Condition (a) claims.
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PROOF OF (b): Let p € P(Ky) (T U{q}). If p = po, then by (9) and (4),

resy (z) = resp(u)resy(2) ©) Np - Tesp(2) @ resp(2) 71 - resy (2) = 1.

Hence, resy(z) is unramified [JaR18, Subsection 9.1]. If p # po, then by (3b), res,(2) is
unramified, so res,(2)| i, = 1. Since Ram(K/Ky) C T, we have that p is unramified in
K. By (8c), resm(h)(fsp) = 1, for each Blp and by (9) resy(u) = [[g, corg(resq (h)).
Hence, by [JaR18, Lemma 6.3], res, (u)|jp =1, so 1resp(ac)|fp = resy (u)|fp 1resp(z)|fp = 1.
Therefore, res,(z) is unramified, as asserted by (b).

PROOF OF (c¢): Since q totally splits in L"”((,,) (Part B), it also totally splits in L((,).
By Part C, resq(u) is a Cp-homomorphism.

Since q totally splits in K, we have Gal(IA(O,q) = Gal(Kg) for each prime ' of K
over q. In particular, this is the case for Q. Since Gal(K) acts trivially on A, the group
Gal(Ky 4) acts trivially on A. Hence, res,(z) € H*(Gal(Kpq), A) is a homomorphism
[JaR18, Subsection 9.1]. Moreover, with 2’ = z|gai(x) being the homomorphism intro-
duced in (7), we have, by the choice of Q, that resq(z) = resq(z’). Again, by the choice
of g, the prime 9 totally splits in L'. Hence, L’ C Kq. Since Gal(L') = Ker(z') (Part
B), the homomorphism resy(2): Gal(Ky ) — A is trivial. Therefore, resq(z) = res,(u),
so by the preceding paragraph, resq(x) is a Cp-homomorphism, as (c) claims.

PROOF OF (d): Ifresq(x) is the trivial homomorphism, then the trivial homomorphism
Ty Gal(Ko ) — G satisﬁeg Ao xy = resq(z). Otherwise,_by (c), Im(resq(x)) = (9),
where g is an element of G of order p. Since \: G — G is surjective, there exists
g € G with A\(g) = g. Now recall that G is finite and let ord(g) = p*m, where k > 1
and p { m. In particular, (g") = (g). Replacing g by ¢ and g by g™, we may
assume that ord(g) = p¥. Let f(éf)g be the maximal pro-p extension of K(),q. Then,
there exists an epimorphism z: Gal(f(éfﬁ/f(o’q) — (g) such that Zq o res = resq(z),
where res: Gal(Kpq) — Gal(f(éf)g/}%o,q) is the restriction map. By [Rib70, p. 257,

Cor. 3.4], Gal(f(ézg / f(o,q) is a free pro-p group. Hence, there exists an epimorphism
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y: Gal(f((gz)/f(o,q) — (g) such that A|(g) ozl = Z4.

. . ! T . !
Hence, the epimorphism xy = 7, o res satisfies A[(yy o xy = resq(). |

3. The Case [ # p

Let [ be a prime number, r a positive integer, and h: G — A a homomorphism of groups.
We say that h is an [-homomorphism if Im(h) is contained in a subgroup of A which
is isomorphic to (.

The following lemma replaces [JaR18, Lemma 8.3] for homomorphisms \ with
kernel whose order is a multiple of p.

LEMMA 3.1: Let K, be a global field of positive characteristic p. Let A\: G — G be an
epimorphism of finite groups. Let | # p be a prime number. Set |Ker(\)| = ep® and
let n be a multiple of el with p { n. Consider p € P(Ky) such that (, € IA(O,p. Let
Pp: Gal(f(o,p) — G be a ramified C;-homomorphism (thus, @Ep(fp) # 1). Then, there

exists a homomorphism y: Gal(f{o,p) — G such that X o, = 1),.

Proof: Let N, be the fixed field of Ker(i,) in Ko psep. Since Im(ep,) < C; and
@Ep(fp) # 1, we have Im(¢p,) = C;. Hence, Np/koyp is a ramified Cj-extension and we
identify Gal(Np/[A(O,p) with Im(2,). Since [ # p, the ramification of Np/IAfovp is tame.
Since ¢, € Ko and I|n, we have (; € Ky ,. By [CaF67, p. 32, Prop. 1(i)], there exists
a prime element 7 of Ko, with N, = Ko (/7). Let @ be a generator of Gal(N,/Kq )
and choose o € G with A(0) = 7.

Replacing o by ¢™ for an appropriate positive integer m with [ { m, we may assume
that d = ord(o) = I’ for some positive integer ¢. Let X' = X|(,y. Then, I'"! = [Ker(\)|
divides |Ker(\)| = ep®. Since [ # p, we have that [*"]e, so I* divides el which divides
n. Since (, € IA(OJJ, we have (i € R’oyp. Thus, N, = R’oyp( 4/7) is a (tamely and totally
ramified) cyclic extension of Ky, of degree I* that contains N,. Since N, is the fixed
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field of Ker(ty), there exists an epimorphism @y: Gal(N;/IA(O7p) — Gal(N,/Ky,) such
that ¢, = @, o TES R aop /N -
Finally, we choose a generator 7 of Gal(V,, /Ko p) such that ¢, (7) = & and define
a homomorphism h: Gal(Ng/lA(o,p) — G by setting h(7) = 0. Then, the homomorphism
Yp = horesg, s con/ N satisfies A o 9y, = 1y,
,p,sep/IVy

Gal(Kop)

res
res

Gal(N} /Kop) — > Gal(Ny/Ko,p) |

|

G A G

as desired. [ |

Following [JaR18, Subsection 1.6], we fix a finite subset Sy(K) of P(K) such that
Ix = Ix s K* and Ck = Ik s/Kg for each finite subset S of P(K) that contains Sy(K).
Here, I is the idele group of K, Ck is the idele class group of K, Ik g is the group
of S-ideles of K, and K is the group of S-units in K. We call So(K) the basic set of
K. Its existence follows from [Neu99, Prop. VI.1.4].

LEMMA 3.2: Let Ky be a global field of positive characteristic p, K a finite Galois TAMb
extension of Ky, and L a finite Galois extension of K that contains K such that L/K mput, 120
is an abelian l-extension with | # p and (; ¢ K. Let r be a positive integer and A = C}
a simple Gal(K/Ky)-module. Let n be a positive integer such that l|n and p { n. Let
T be a finite subset of P(Ky) that contains Ram(K/Ky) and So(K) C Tk. For each
peT,lety, € H(Cal(Ky,p), A).
Then, there exist distinct primes qi,...,q, € P(Ko) T and an element x €

H'(Gal(Ky), A) such that
(a) for each p € T we have resy(z) = yp,
(b) for each p € P(Ko) (T U{qy,...,q,}) the element res,(x) of H*(Gal(Ko,), A) is

unramified, and
(c) fori=1,...,r the prime q; totally splits in L(C,) and res, (x): Gal(Koq,) — A is

a Cj-homomorphism.
(d) Moreover, let G and G be finite groups such that A < G and let \: G — G

be an epimorphism. Suppose that |Ker(\)| = ep® such that elln but p { en .

Then, for i =1,...,r there exists a homomorphism Gal([%o,qi) — G such that

/

)\OCL'qi

= resq, ().
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Proof: Proposition 9.3 of [JaR18] provides the lemma short of Conclusion (d). That
conclusion holds by Lemma 3.1 if resy, (z) is ramified and by [JaR18, Lemma 8.1] if
resq, (x) is unramified. i

4. A Proper Solution of an Embedding Problem with Bounded Ramification

Proposition 4.5 below certifies the existence of a proper solution to each finite embedding
problem over K, with local data whose kernel is a simple Gal(K()-module A = C7,
where [ is a prime number. Moreover, the number of the new primes of Ky that ramify
in the solution field is 7 if [ # p and 1 if [ = p.

Setup 4.1: Let Ky be a global field of positive characteristic p and let [ be a prime
number. We consider a finite Galois extension K of Ky and an embedding problem

(1) (p: Gal(Kp) = T, a: G — 1),

where I' = Gal(K/Kjy), G is a finite group, & is an epimorphism, and p = TeSK, .op/K-
Let r be a positive integer, A = Ker(a).

We assume that ¢; ¢ K and note that this assumption is automatically satisfied if
[ = p. We also assume that A = C] and the action of I' on A defined by a®@) =g lag
makes A a simple (multiplicative) I'-module. We lift the action of I' on A via p to an
action of Gal(Ky) on A. Then, A is a simple Gal(K()-module on which Gal(K) trivially
acts.

Finally, we denote the finite group of roots of unity in K by u(K). 1

Remark 4.2: Equivalent classes of homomorphisms. We say that two homomorphisms
¥, 9" Gal(Kp) — G that satisfy aoy) = p = aoy)’ are A-equivalent if there exists a € A
such that ¢'(0) = a4 (0)a for each o € Gal(Ky). We denote the equivalence class of
¥ by [¢)]. Then, we denote the set of all equivalence classes by Homr , 5(Gal(Kp), G).
Observe that if [¢)'] = [¢] and v is surjective (resp. unramified, totally split, triv-
ial), then so is ¢’ [JaR18, Subsection 7.4]. We therefore say that an equivalence class
of Homr ,(Gal(Ky),G) totally splits, is unramified at p, surjective, or trivial
if one (alternatively, every) representative of that class has the corresponding prop-
erty. We denote the subset of all [¢)] € Homr ,a(Gal(Ky),G) with [¢] surjective
by Homr , a(Gal(Ky), ()sur- Finally, there is a natural action of H'(Gal(Kjy), A) on
Homr , 5(Gal(Ky),G). If z € H'(Gal(Kp), 4), x: Gal(Ky) — A is a crossed homomor-

phism that represents z, and [¢f] € Homr , 5(Gal(Ky), G), then [¢]* = [¢ - x| [JaR18,

Subsection 10.3]. Moreover, by [JaR18, Lemma 10.4], Homr , a(Gal(Ky), G) becomes
a principal homogeneous space over H'(Gal(Kj), A) under this action.
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Similarly, Homnpp,&(Gal(lA{o,p),@) is the set of all equivalence classes [¢),] of
homomorphisms ,,: Gal(IA(()’p) — G that satisfy @ o, = p,, where p, = p\Gal(ko )
|

The proof of the following lemma is a verbatim repetition of the proof of [JaR18,
Lemma 11.2]. In particular note that the assumption [ # char(Kj) that appears in
[JaR18, Setup 11.1] is not used in the proof of [JaR18, Lemma 11.2].

LEMMA 4.3: Under Setup 4.1, let n be a positive integer with ged(n, |w(K)|) = 1 and CHA;
p 1 n, let m be the minimal number of generators of Gal(K((,)/K), and let T be a ™P"t 108
finite set of primes of K.
Then, there exist distinct primes p1, ..., Pm,qo € P(Ko) T that totally split in K
such that for each p € {p1,...,Pm,qo} there exist [p,] € Homr7pp7@(Gal(}A{07p), G) with
the following property: if an element [{)] € Homr , s(Gal(Ky), G) satisfies [1y] = [pp]
in Homp,ppyd(Gal(IA{oyp), G) for each p € {p1,...,Pm,qo}, then
(a) [¢] is unramified at p1,...,Pm, o,
(b) if N is the fixed field of Ker (1)) in K sep, then ged(n, |u(N)|) = 1, and

(c) [] is surjective.
The following local-global principle is [NSW15, p. 565, Lemma 9.5.6].

LEMMA 4.4: Under Setup 4.1 and the assumption [ 1 |p(K)|, NFSa
input, 144

Homr , 5(Gal(Ky),G) # 0 — HHomnpp’@(Gal(R’o,p), G) # 0.
p

PROPOSITION 4.5: In addition to the data introduced in Setup 4.1 let A\: G — G be an CHAI
epimorphism of finite groups. Write |Ker(\)| = ep® and let n be a positive integer such mput, 155
that p 1 en. Moreover, we assume that el|n if | # p. Let T be a finite set of primes of
K that contains Ram(K/Ky) and Sy(K) C Tk. Suppose that ged(n, |u(K)|) =1 and

I, Homnpp’d(GaI(IA{O’p), G) # 0. For each p € T let [p,] € Homp’pp,@(Gal(f(o,p), Q).

Then, there exist a finite set R C P(Ky) ~T and [¢] € Homr , 5(Gal(Ko), G)sur
such that
(a) [thp] = [ipp] in Homnpp,@(Gal(Kb,p), G) for eachp € T,
(b) |R| = rifl # pand |R| = 1if | = p and [1}] is unramified at p € P(Ky) ~(TUR), so if
N is the solution field of i (i.e. the fixed field of Ker(¢)), then Ram(N/Ky) C TUR,
(c) for each p € P(Ky) T we have Hom@ﬂ;p,/\((}al(f(o’p), G) # 0, and

(d) ged(n, [u(N)]) = 1.

Proof: 'We break up the proof into several parts.
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PART A: The surjectivity and the number of roots of unity. Let m be the minimal
number of generators of Gal(K((,)/K). We choose distinct primes pi,...,Pm,q0 €
P(Kop) T and elements [p,] € Homp,pp,d(Gal(IA(o,p),C_?) for p € {p1,...,Pm,q0} that

satisfy the conclusion of Lemma 4.3. Thus, if [¢)] € Homr s ,(Gal(Kp),G) satisfies
[p] = [ipp] for each p € {p1,...,Ppm,q0}, then

(2a) [¢] is unramified at py,...,Pm, qo,

(2b) the fixed field N of Ker(¢)) in K g satisfies ged(n, |u(N)|) = 1, and

(2c) [¢] is surjective.

PART B: Strategy of the proof. Since [], Homp7pp7d(Gal(}A{0,p,G) # (), Lemma 4.4
yields an element [thg] € Homr , 5(Gal(Kj), G). We are going to find an z € H'(Gal(Kj), A)}
such that [¢)] = [¢)o]* satisfies the conclusions (a), (b), (c), and (d) of the proposition.

To this end let Ny be the fixed field of Ker(t) in Kogsep. Then, p(Gal(Ny)) =
a(o(Gal(Np))) = 1, so Gal(Ng) < Ker(p) = Gal(K), hence K C Ny. Moreover,
¥0|Gal(x) induces an embedding 1): Gal(No/K) — G such that a(¢y(Gal(No/K))) = 1,
so Gal(Ny/K) is isomorphic to a subgroup of A. Hence, Ny/K is an elementary abelian
[-extension.

PArRT C: The sets T* and T**. We set T* = T U {p1,...,Pm,qo} and let ty,..., ¢,
be the primes that belong to P(Ky) ™7™ at which vy ramifies. Then, we set T** =
T* J{ry,...,vs} and have that

(3) 1o is unramified at each p € P(Ky) \ T**.

Next we observe that since Ram(K/Ky) C T, each p € {t1,...,ts} is unramified
in K, so pp: Gal(Ko,) — I is unramified [JaR18, Subsection 7.4]. Hence, by [JaR18,
Lemma 8.1],

(4) there exists an unramified element [p,] € Homp,pp@((}al(f(()m), Q).

Now we consider the system ([p,] € Homp,pp,@((}al(f(o,p),G))peT**. For each
p € T**, [JaR18, Lemma 10.4] supplies a unique element y, € Hl(GaI(IA(Qp),A) that
satisfies

(5) [Yo.p]"" = [p]-

By Setup 4.1, A = (] is a simple Gal(K()-module on which Gal(K) acts trivially. Let

v =rifl Zpandr’ = 1ifl = p. If | # p, then by Lemma 3.2, applied to T** rather than

to T, there exist an element z € H'(Gal(Ky), A) and primes g1, ..., q- € P(Ko) N T**

such that

(6a) resp(x) =y, for each p € T**,

(6b) resp(x) is unramified at each p € P(Ko) N(T** U{q1,...,q~}),

(6c) for i =1,...,7" the prime q; totally splits in No(¢,) and resq, (z): Gal(Koq,) — A
is a Cj-homomorphism, and
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(6d) there exists a homomorphism Gal(f{o,qi) — G such that A o xy, = resq, (7).
If | = p, then ' =1 and Lemma 2.6 gives x and q; that satisfy Condition (6).

PART D: The solution. We consider the element [¢)] = [19]® of Homr , 5 (Gal(Ky), G).J}
For each p € T** we have that

(7) [e] = [0,p) @ g 17 D]

in Homnpmd(Gal(IA{Qp), (). In particular, (7) holds for each p € T, so Conclusion (a)
of the proposition holds.

In addition, by Part A, [¢] satisfies Conditions (2a), (2b), and (2c). In particular,
by (2b), ged(n, |u(N)|) = 1, so Conclusion (d) holds. By (2c), ¢ is an epimorphism.
We prove that 1) also satisfies Conclusions (b) and (c) of the proposition.

ProoF OF (b): Weset R ={q1,...,q9,}, so, by Part C, |R|=rifl # pand |R| =1

if l =p. Let p € P(Ko)NT UR). If p € {p1,...,Pm,q0}, then [gop]@[l/_zp]. Hence, by
(2a), [pp] is unramified. If p € {vy,...,vs}, then by (4), [p,] is unramified. Hence, by
(7), v is unramified at p in both cases [JaR18, Subsection 7.4].

Finally, if p € P(Ko) N (T** UR), then by (3) and (6b), both [0 ] and res,(x) are
unramified. Hence, by [JaR18, Lemma 10.5], [th,] = [t0]"**(*) is unramified. Thus,

Condition (b) holds.

PrROOF OF (c): Consider p € P(Ko)NT. If p ¢ R, then by (b), [tby] is unrami-
fied. Hence, by [JaR18, Lemma 8.1], @Z_)p can be lifted to an unramified element of
Hom(—;’&M(Gal(Kmp), G). If p € R, then by (6¢), p totally splits in Ny(¢,), hence also
in Ny. Therefore, ¢ ,: Gal(Kp ) — G is the trivial homomorphism [JaR18, Subsection
7.4, second paragraph|. Also, by (6c¢), resy(z): Gal(f('g,p) — A is a Cj-homomorphism,
hence res,(z) represents its own cohomology class. Therefore, [tb,] = [@Z)ojp]resp(m) =
[tho,p - resp ()] = [resy(z)]. B

By (6d), resy(z) can be lifted to a G-homomorphism . Hence, also 9, has the
same property. This implies that Home ;1 (Gal(Kop), G) # 0, as (c) states. i

5. Finite Embedding Problems with Solvable Kernel ALLG
input, 12

Using induction, we combine the results obtained so far and prove the main result of
this work: Every finite embedding problem over a global field with solvable kernel that
satisfies a certain restriction on the roots of unity has a proper solution with bounded
ramification that satisfies local conditions.

LEMMA 5.1: Suppose that a group G acts (from the right) on a finite non-trivial solvable simMp

group H such that H and 1 are the only G-invariant normal subgroups of H. Then, ™P"% 21
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there exists a prime number | and a positive integer r such that H = C] is a simple
G-module.

Proof: Since H is non-trivial and solvable, H has a proper normal subgroup M such
that H/M is abelian. Then, M? is normal in H for each o € G. Hence, N = .o M?
is a proper normal G-invariant subgroup of H. By assumption, N = 1. Hence, the map
h — (hM?),cq is an embedding of H into the abelian group [[ .o H/M?. It follows
that H is abelian.

Since H is non-trivial, there exist a prime number [ and an element a € H of

ce@G

order [. Then, I = (a? | 0 € @) is a non-trivial normal G-invariant subgroup of H, so

I = H. Hence, the order of each element of H is [. This implies that H = C] for some

positive integer r, as claimed. |

Definition 5.2: Suppose that a group G acts on a finite solvable group H. Let CHAm
input, 54

(1) 1=H,<---<Hy<Hi<Hy=H

be a maximal G-series of H. In other words, for each 1 < ¢ < m, H; is a proper
normal subgroup of H;_; which is maximal among all proper normal subgroups of
H,;_, that are G-invariant. Since H;_; is solvable, it follows from Lemma 5.1 that
H, ,/H; = C’l: ‘ is a simple G-module, where [; is a prime number and r; is a positive
integer. If 1 = H/ , < --- < H) < H{ < H) = H is another maximal G-series of H, then
by the Jordan-Holder theorem, m = m’ and there is a permutation s of {0,1,...,m}
such that £(0) =0, k(m) =m, and H;—/H; = H] ,_, /H] ; for i=1,...,m [Rob82,
p. 66, Thm. 3.1.4].

It follows that if we write A,(H,G) for the number of i’s between 1 and m such
that I; = p, then A,(H,G) is an invariant of the pair (H, G), that is A,(H,G) does not
depend on the maximal G-series of H we use to define it.

With this in mind, we write |H| = n - p®, where p { n and s > 0, and let
O, (H,G) = Qn)Ay,(H,G), where Q(n) is the number of prime divisors of n counted
with multiplicity. In particular,

(2) 2, (H,G) <Q(|H|) and Q,(H, G) = Q(|H|) if p{ |H].
Observe that if H' is a G-invariant normal subgroup of H, then G acts on H/H' and

(3) O,(H,G)=Q,(H/H',G/H") + Q,(H',G). |

Setup 5.3: Let Ky be a global field of positive characteristic p. We consider a finite cHAn

Galois extension K of Ky and an embedding problem input, 106

(4) (p: Gal(Kp) = TI'ya: G = 1),
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where I' = Gal(K/Kj), G is a finite group, « is an epimorphism, and p = resg, /K-
Suppose that H = Ker(«) is a solvable group. In particular, H is a normal subgroup of
G, so G acts on H by conjugation. Thus, each G-invariant subgroup of H is normal in
H.

Let H; be a maximal G-invariant subgroup of H and let [; be a prime number and
let 71 be a positive integer such that H/H; = C;' (Lemma 5.1). In particular, H/H;
is a simple G-module, hence also a simple I'-module, so also a simple Gal(Kj)-module

on which Gal(K) acts trivially. Moreover, {1*|H;| = |H| and we have a commutative
diagram
(5) H1 _ H1 Gal(Ko)

IL,)
\

1 H G = 1
A A ‘
1——> H/H — G/H, —2 r 1
with exact horizontal sequences such that both maps A are the quotient maps. |

THEOREM 5.4: Let K/K be a finite Galois extension of global fields of positive charac-
teristic p and consider the finite embedding problem (4) with solvable kernel H, where
I' = Gal(K/Ky) and p = resg, . /k- Let T be a finite set of primes of K that contains
Ram(K/Ky) and So(K) C Tx. Let |H| = np® with p t n and ged(n, |pu(K)|) = 1.
Suppose that [], Homp,pma(Gal(IA(ij),G) # () (Remark 4.2). For each p € T let
[pp] € Homr . o(Gal(Ko ), G).

Then, there exists an element [¢] € Homr , o(Gal(Kp), G)sur and there exists a
set R C P(Ky) T with |R| = Q,(H, G) such that
(a) [Yp] = [¢p] In ’Homp,pp,a((}al(ﬁ'oyp), G) for each p € T and
(b) [¢] is unramified at each p € P(Ky) ~(T'U R), that is the fixed field N of Ker() in

K sep satisfies Ram(N/Ky) C T U R.

Proof: Let H; be a maximal G-invariant subgroup of H. We break up the rest of the
proof into three parts.

PART A: An embedding problem whose kernel is a simple Gal(Ky)-module. We con-
sider Diagram (5). If p € P(Ky) and [n,] € Homr p, .« o(Gal(Ky ), G), then [A o] €
Homr p,.a (Gal(Ky,,), G/H;). Hence, by assumption, [1, Homr p, & (Gal(KOp ),G/Hy) #

CHAo
input, 153

(. In particular, for each p € T we have that [@,] = [Aow,] € Homr ,, a(Gal(Ky ), G/Hy) I

By Setup 5.3, H/H; = C’lrl1 is a simple I'-module, where [; is a prime number and
r1 is a positive integer. Also, Ker(\) = H; and [7* divides |H| = np®. If l; # p, then
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l; divides |H/Hy|. Writing |Ker(\)| = |H1| = ep® with [1 { e, we have ep® - |H/H;y| =

|Ker(N)| - |H/Hy| = |H| = np®, so eli|n. In any case Proposition 4.5 yields a finite set

Ty CP(Kp) T and an element

(6) [1] € Homr,pa(Gal(Ko), G/Hi)sur

such that

(7) |Th| = Qp(H/Hy,G/Hy) and

(8a) [th1,p] = [@p] in Homp,pp,@((}al(f(o,p),G/Hl) for each p € T,

(8b) [t1] is unramified at each p € P(Ky) N(T'UTY), so if Ny is the fixed field of Ker (),
then Ram(N,/Ky) C T UTy,

(8¢) for each p € P(Ky) T we have ’Homg/Hl7%’%;\((}&1(}%0,,3), G) # 0, and

(84) ged(n, |u(N7)]) = 1.

PART B: The induction step. Part A gives rise to an embedding problem
(9) (?,blGal(Ko)—>G/H1, AG—)G/Hl)

with finite solvable kernel Hy. Let ny =nl{™, sy =sifly #pandny =n, s1 =s—r;
if [y = p. Then, |H{| = |H|/|H/H1| = n1p®* and p{ n;.
For each p € T there exists, by (8a), an element a, € H such that

¢1,p(0) = )‘(ap)fl@p(g))‘(%) = )‘(agl)A(@p(U)))\(ap) = A(ap’lsop(a)ap) = (Ao 903'“)(0)

for each o € Gal(Kp ). Hence,
(10) [pp"] € ’HomG/Hlvwl’p,,\(Gal(fA(07p), G) for every p € T. )

It follows from (8c) and (10) that [[, Homg,m, 4, , .2 (Gal(Koy), G) # 0. More-
over, (8d) implies that ged(nq, |u(N1)]) = 1.

For each p € T we set ¢1,, = ¢,". Then, for each p € T} we use (8¢) to choose
[o1,5] € Homam, ., 2 (Gal(Kop), G).

Since H; is solvable and |H;| < |H|, an induction hypothesis on the order of
the kernel of the embedding problem gives a set Ry C P(Ky) (T U Ty) with |Ry| =
Q,(H1,G) and an element
(11) [¢] € HG/Hl,’l/H,)\(Gal(KO)u G)sur
such that
(12a) [p] = [p1,p] in ’Homg/Hl,wl,p7,\(Gal(k07p),G), for each p € T U Ty, and
(12b) [¢)] is unramified at each p € P(Ky) (T U Ty U Ry), that is if NV is the solution

field of embedding problem (9), then Ram(N/Ky) CT U Ty U R;.

We set R =17 U R;. Then,

3)

7
Rl = |T1| + |Ri| L Q,(H/Hy, G/H) + 9,(H,, G) 2 0, (H,G).
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PART C: Conclusion of the proof. We prove that [¢] satisfies the conclusion of the

theorem. Indeed, by (5), (11), and (6) we have a o 9 © aoMNo (W @ o Y © p, SO

(Y] € Homr , 0 (Gal(Kp), G)sur-

1——>H/H ——>G/

1

Moreover, by (12a), for each p € T there exists b, € H; such that for each o € Gal(f((w)
we have ¥, (0) = by ' 01,5(0)bp = by a0y (0)apby = (apby) ' 0p(0) (apby). Shfce ap €
H and b, € Hy, we have ayb, € H. Therefore, [1p] = [pp] in Homr ,, «(Gal(Ko ), G)
for each p € T', as desired. |

Remark 5.5: Theorem 5.4 obtains an especially pleasant form in the case where the cHAp
kernel H of embedding problem (4) is a p-group. In this case Q,(H,G) = A,(H,G) Pt 391
is the length of the maximal G-series of H, so |R| is much smaller than in the general

case. |
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