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1. Presentation of the problem. J.-P. Serre completes in [7] results of J. Tate and
proves

Theorem 1.1. Let G be a profinite group without elements of order p and let U be an
open subgroup of G. Then cdyG = c¢dypU. In particular if a torsion-free pro-p-group G
contains an open free subgroup, then G is free.

In subsequent works Stallings [8] and Swan [9] prove the discrete analog of
Theorem 1.1. Its profinite analog is not true. Indeed, in Section 5 of this note we give
examples of torsion-free profinite groups G that contain free open subgroup U but
such that @ itself is not free. However, in these examples either U is procyclic or
it has an infinite rank. Therefore we consider only the case where 2 < rank G << oo

and prove:

Theorem 1.2. Let G be a torsion-free profinite group that contains open free subgroup U
of rank e and 2 < e << co. Then (G: U) divides e — 1. If in particular e = 2, then
G=U.

Analogous results are achieved in [3] and [4] for finitely generated subgroups of
the absolute Galois group G'(K) of a global field K:

Theorem 1.3. Let K be a global field and let e be a positive integer. Then almost
all e-tuples (o1, ..., 0¢) € G(K)? satisfy:
a) The closed subgroup U = {01, ..., 0¢y generated by o1, ..., 0, is free of rank e.
b) If G is a closed subgroup of G(K) that contains U as an open subgroup, then
(G:U)|e—1. Moreover, if 1 =e =<5, then G=U.

Remark : If one uses the proof of Theorem 6.1 and Corollary 6.2 of [4] as well as
Theorem 1.2, one may generalize Theorem 1.3 to an arbitrary Hilbertian fielt K.

2. Projective groups. We recall that a profinite group G is said to be projective if
for every homomorphism «: G —> 4 and every epimorphism f: B — A, where 4
and B are profinite groups, there exists a homomorphism y: G — B such that
« = foy. Indeed, C. Gruenberg, who introduces this concept in [2], proves that
for G to be projective it suffices to prove the existence of y only in the case where
A and B are finite and Ker § o~ (Z/pZ)™ for some prime p and a positive integer m.
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In particular this result leads Gruenberg to the characterization of projective groups
as profinite ¢ with ¢d @ < 1. Using the inequality cd H < c¢d ¢ for closed sub-
groups H of (, one concludes that closed subgroups of projective groups are projec-
tive. Now, by a theorem of Tate, a pro-p-group is projective if and only if it is
p-free, [6, p. 235]. It follows that a profinite group @ is projective if and only if all
its p-Sylow groups are p-free. Thus, Serre’s Theorem 1.1 can be rewritten for pro-
jective groups as follows:

Lemma 2.1. If a torsion-free profinite group G contains an open projective group,
then G is projective.

3. Pro-%-groups. Let € be a full family of finite groups, i.e. a family which is
closed under the operation of taking quotient groups, subgroups and group ex-
tensions. Consider a profinite group G. If Ny and N 2 are closed normal subgroups
of ¢ such that G/Ny and G/N, are pro-%-groups, then G/Ni N Ny is also a pro-¢-
group. We may therefore denote by O%(@) the intersection of all normal subgroups
of ¢ with pro-@-quotients. The quotient G(€) = GJO%(G) is the maximal pro-%-
quotient of G. If ¥ is the family of all p-groups, then we use the notation 0?7 (()
and G(p) for 0% (@) and G (%), respectively. The free pro-%-group and the free pro-p-
group of rank e are denoted by F,(%) and Fy(p), respectively.

Lemma 3.1. a) There exists no closed normal proper subgroup N of 0% (G) such that
0¥ ()N is a C-group.
b) I] O%(G) < H < ¢ is a closed subgroup of @, then O% (@) = 0% (H).

Proof. If there exists such an N, then M — () NV is a closed normal subgroup
ge@

of G with a pro-& quotient. This contradicts the minimality of 0% (G). Assertion b)

follows from a), since obviously 0% (H) <]0% @. [

A special case of Gruenberg’s [2, Thm. 4] asserts: In order for a pro-%-group @
to be projective it suffices that for every two €-groups 4, B and every pair of epi-
morphisms «: ¢ — A4 and f: B -» A there exists a homomorphism y: G — B such
that o = foy. Thus we have:

Corollary 3.2. a) If G is a projective group, then G(€) is also projective.
b) Bvery free pro-€-group is projective.

4. The main results.

Theorem 4.1. Let € be a full family of finite groups and let G be a torsion-free pro-
[inite group. If G contains an open free pro-€-group F of a finite rank e, then
(G F)|e — 1. Moreover, if a prime p divides (G : F), then every p-group is contained
m F.
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Proof. Let N be an open normal subgroup of ¢ which is contained in ¥ and put
m = (G:F), n = (F:N). Consider a prime divisor p of m and let p? and p’ be the
largest powers of p that divide m and n, respectively. By Sylow’s theorem there
exists a closed subgroup P containing N such that (P:N) = pit/. In particular P/N
is a non-trivial p-group. By Lemma 3.1, O?(N) = 0?(P). Also, by Corollary 3.2,
F is a projective group. Hence, by Lemma 2.1, ¢ and therefore P are projective
groups. It follows from Corollary 3.2 that P(p) == P[O?(P) is a projective group,
hence it is a free pro-p-group. In particular P(p) is an infinite group. Therefore p
divides the order of F' (as a super natural number). It follows that % contains all
p-groups. By Nielsen-Schreier formula [1, p. 108], N(p) = N/O?(P) is also a free

pro-p-group and

(1) rank N (p) = 1 -+ piti(rank P (p) — 1).

Using the same formula for ' and N we have that N is a free pro-€-group and
rank N =1 - n(e —1).

The fact that every pro-p-group is a pro-%-group implies now that

(2) rank N(p)=1-+n(e—1).

Comparing (1) and (2), we have

(3) pt(rank P(p) — 1) = »})7 (e —1).

But p does not divide n/pi. Hence (3) implies that pi|e — 1. Since this relation
holds for every p, we conclude that m|e — 1. [

Corollary 4.2. If a torsion-free profinite group G contains an open subgroup F iso-
morphic to By (%), then G = F. In particular G 1s pro-% [ree.

Corollary 4.3. If a torsion-free profinite group G contains F,(p) as an open subgroup,
then G is a free pro-p-group.

Proof. By Theorem 4.1, (G: F,(p)) is a power of p. Hence G is a pro-p-group.
Our result follows therefore from Corollary 1.2.  []

In general we would like to make the following

Conjecture 4.4. Let € be a full family of finite groups and let e = 2 be an integer.
If a torsion-free pro-€-group G contains an open subgrowp F which is isomorphic to

Fo (%), then @ is a free pro-€-group.
Our Conjecture is true beyond the case ¢ = 2 if we also suppose that the rank
of G is “small”:

Theorem 4.5. Let € be a full family of finite groups and let G be a torsion-free pro-6-
group. Suppose that G contains an open subgroup F isomorphic to F(€), where ¢ = 1.
Let m = (G:F)and d = 1 + (e — 1)/m. If rank G = d, then G =~ Fy(%).
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Proof. By Theorem 4.1, d is an integer. Hence our assumption implies that there
exists an epimorphism 0: Fy(%) — @. Therefore (Fy(€): 0-1F) = (G:F) = m. By
Nielsen-Schreier formula, rank §-1F = 1 - m(d — 1) = e. Hence 0-1F ~ F,(%).
It follows that Resgp0 is an epimorphism of two isomorphic finitely generated
groups. Therefore Resy-150 is an isomorphism (cf. [8, p.69]). But Ker§ < 0-1F.
Hence 0 is an isomorphism. []

5. Examples. It is not possible to extend Conjecture 4.4 to ¢ = 1, as follows from

Example 5.1 *) for a torsion-free non-free profinite group @ that contains 7 as
an open proper subgroup:

Consider a prime p and define for every prime [ an element a; € Z; in the following
way. If p|l — 1, then ¢; == 1 and of =1. If p+1— 1, take oy = 1. Then o — (1)
is an element of 7 that satisfies a? = 1. Consider now a multiplicative copy of Z,

generated by an element s and take a multiplicative copy of [ [ Z; generated by
I+p

an element z. We define an action of (m) on {z) by the formula 27 = z¢ and let ¢
be the corresponding semi-direct product. We have 2™ — 2% — #, hence the open
subgroup {(z?) of (x> (which is also isomorphic to Z,), acts trivially on {z). There-
fore, the subgroup (zn?> of index p of @ is isomorphic to 7. We show that @ is
torsion free. Indeed, every element g € ¢ can be uniquely written as g == vz, where
x = <z and v € (mp. We have gn = yna?" 2" | 2 If g» — {, then ym — 1, hence
v = 1 and therefore g = 1. Finally, we note that G, which has rank 2, cannot be
free, e.g. by Nielsen-Schreier formula. []

Likewise it is not possible to extend Conjecture 4.4 to ¢ — o. Indeed, Melnikov’s
result [5, Theorem 3.2] shows that ¥, has normal subgroups N which are not free,
while every open normal proper subgroup of N is isomorphic to F,, (see [5, Theo-

rem 3.4]).

6. Pro-II-groups. The arguments of Theorem 4.1 actually supply a proof to

Lemma 6.1. Let € be a full family of finite groups and let G be a projective group.
Assume that G contains an open pro-€ -group U. If p is a prime divisor of (G: U )s
then € contains every p-group.

Let 11 be a set of primes. If the order of a finite group @ is divisible only by primes
belonging to /I, then @ is said to be a IT -group. The set of all /7-groups is obviously
full.

Corollary 6.2. If a projective group G contains an open pro-1l-group U, then G is a
pro-11-group.

*) Found in collaboration with A. Brandis to whom the author wishes to express his sincere
indebtedness.
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Corollary 6.2 is not true anymore if € is a full fanily of finite groups which is not
a [7-family. Indeed, in this case there exists a finite group  such that ZlpZ €€
for every prime divisor p of [ | but H does not belong to 4. Let F be a free profinite
group having an open normal subgroup K such that /' /K ~ H. Then K is free and

n ? E e . S + c
therefore K (€) = K/O%(K) is a free pro-¢-group. The group 0% (K), as a charac-
teristic subgroup of K is normal in #.

Claim: The group G = F|O% (K) is torsion-free.
beo)

Otherwise there would exist an element « € F — 0% (K) and a prime p such that
w0 e O¢(K). Then o ¢ K and therefore p divides the order of /. By assumption €
! / 3 I
contains all p-eroups. Hence 0% (K) <0r(K). Let L= <K, ), then O?(K =0r(L
AR el Az b i
and the free pro-p-group L(p) = L{OP (L) contains an element @ - O? (L) of order 4
: g : P,
a contradiction,
Thus the following completion to Corollary 4.3 has heen proved.

Proposition 6.3%). If a full family € of finite groups is a T1-family for not sel of
primes 11, then there exists a lorsion-free proup (I that contains an open [ree pro-6-
group of a finite rank, but such that G is not a pro-€-group.
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