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Introduction

There are three main types of “pseudo closed fields”. They are the “pseudo algebraically
closed fields” (PAC), “pseudo real closed fields” (PRC), and “pseudo p—adically closed
fields”. Recall that a field K is said to be PAC (resp., PRC, PpC) if every absolutely
irreducible variety V has a K-rational point provided it has a simple K-rational point
for each algebraic (resp., real, p-adic) closure K of K. It is known that a PAC field K

carries no interesting arithmetical structure:

PROPOSITION A: Let K be a PAC field.
(a) K admits no ordering [FJ, Thm. 10.12].
(b) (Frey — Prestel) The Henselian closure of each valuation of K is separably closed
[FJ, Thm. 10.14].

It is not difficult to see that the only arithmetical structure of a PRC field emerges

from its orderings:

THEOREM B: Let K be a PRC field and let v be a valuation of K. Then the Henselian

closure K of K with respect to v is either real closed or separably closed.

Proof: If char(K) # 0, then K is PAC and the theorem reduces to Proposition A(b).
So, assume that char(K) = 0.

By Prestel’s extension theorem [P, Thm. 3.1], K(v/—1) is a PRC field. Since it
has no orderings it is PAC. On the other hand K (v/—1) is Henselian. By Proposition
A(b), K(v/—1) is algebraically closed. Conclude from a theorem of Artin [L, p. 223]
that K is either real closed or algebraically closed. |

The goal of this note is to establish the analogue of Theorem B for PpC fields
and to show that the only arithmetic of such a field essentially comes from its p—adic

valuations:

THEOREM C: A PpC field K admits no orderings. The Henselian closure of K with

respect to any valuation is either p—adically closed or algebraically closed.

Except from manipulations with Henselian fields and in particular a theorem of

F.K. Schmidt and Engler the proof of Theorem C is based on the following result:
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PROPOSITION D (Algebraic extension theorem for PpC fields [J, Prop. 8.3]): Let L be
an algebraic extension of a PpC field K. Then L is PpC if and only if for each p—adic
closure K of K we have L C K or KL is algebraically closed.

An important ingredient in the proof of this Proposition is the following property
of each PpC field K: The compositum of every two p—adic closures of K is the algebraic
closure K of K [HJ, Lemma 4.5(b)]. In Section 2 we point out that this statement fails

to be true over an arbitrary field.

1. Reduction of p—adic valuations.

For a valuation w of a field K denote the valuation ring, its maximal ideal and the
residue field respectively by O, P, and K,. Let also U, and I', be the group of
w—units and the value group of w, respectively. Consider now an additional valuation
v of K such that O, C O, (v is finer than w and w is coarser than v). Then
P, C P, and Oy = O, /P,, is a valuation ring of K,, = O,,/P,, with the maximal ideal
P; = P,/P,,. The corresponding valuation v is defined by v(Z) = v(z) for z € U,, (the
bar denotes reduction modulo P,). In particular the residue fields of v and v coincide.

Also, I'y = 7: /Us =2 U, /U, is a convex subgroup of I';, = K* /U,. Thus

(].) FUgO@/PﬁgOv/PU and FW%FU/F,{}.

LEMMA 1.1: The valued field (K,v) is Henselian if and only if (K,w) and (K., v) are

Henselian.
Proof: See [R, pp. 210 and 211]. |

LEMMA 1.2: Suppose that an algebraic extension M of a field K is Henselian with
respect to valuations v and w such that O, C O,,. Denote the unique extensions of v
and w, respectively, to K by v and w. Then

(a) Oz C Og,

(b) the decomposition group of ¥ over K is contained in the decomposition group of

w, and



(c) the deomposition field of w over K is contained in the decomposition field of ¥.

Proof of (a): Each element z € Oy satisfies an equation of the form z" = E?:_()l a;x’

with a; € O,. Then a; € O,,, x is integral over O,,, and therefore belongs to O.

Proof of (b): Suppose that an automorphism o € G(K) belongs to the decomposition
group of v, that is 005 = Op. Then Oy C 0Oy. It is known that the set of all valuation
rings of K that contain O is linearly ordered [R, p. 58]. In particular 0Oy C Oy or
O C 00g. Replace o by 0! if necessary to assume that 0Oz C Og. Then, for each
positive integer n we have 0”0y C 0" 'Oy C --- C 00y. Now, for each z € Oy
there exists a positive integer n such that ¢"x = x. Hence x € 0d0y. Conclude that

004 = Oy and o belongs to the decomposition group of w.
Proof of (c): Assertion (c) is a reinterpretation of (b). |

Two valuations v and v’ of a field K are comparable if one of them is finer than
the other.

The following result was proved by F.K. Schmidt [S] for valuations of rank 1 and
then generalized by Engler [E] for higher rank valuations.

ProrosITION 1.3 (F.K. Schmidt — Engler): If a field K which is not separably closed
is Henselian with respect to incomparable valuations v and v’, then these valuations
are finer than a common valuation w which has a separably closed residue field. In
particular, K can not be Henselian with respect to two distinct valuations of rank 1.
Thus, if L/ K is a Galois extension, L is Henselian with respect to a valuation v of

rank 1, but L is not separably closed, then K is Henselian with respect to the restriction

of v to K.

Recall that a valuation v of a field K is called p—adic if v(p) is the smallest
positive element of v(K*) and K, = F,. In particular char(K) = 0. A p-adic valued
field (K, v) is p—adically closed if it has no proper algebraic extension to a p—adic field.
An ordered abelian group I' is a Z-group if it contains Z as a convex subgroup and for

each v € I' and each positive integer n there exists 0 € I' such that v = nd mod Z.
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LEMMA 1.4 (Prestel — Roquette [PR, p. 34]): A p-adic field (K,v) is p—adically closed
if and only if it is Henselian and v(K™) is a Z-group.

We denote the algebraic closure of a field K by K and its absolute Galois group
by G(K).

LEMMA 1.5: Let (K,v) be a p-adically closed field and let w be a strictly coarser
valuation of K thanv. Then w is unramified in K. Moreover, G(K) is the decomposition
group of the unique extension of w to K (which we also denote by w) and the map
G(K) — G(K,) that w induces is an isomorphism. In particular, for each algebraic

extension M of K we have an isomorphism G(M) = G(M ).

Proof: By assumption 1 = v(p) belongs to the convex subgroup I'; of I';,. By Lemma
1.4, I', is a Z-group. Hence, for each 4 € T',, there exists S5 eTl, = I', /T such that
4 = né. In other words I'y, is a divisible group.

As (K, w) is a Henselian field (Lemma 1.1) with residue field K, of characteristic
0 the formula [L : K| = e(L/K)f(L/K) holds for each finite extension L of K [R, p.
236]. By the preceding paragraph e(L/K) = 1. Hence [L : K] = [L,, : K, and w is
unramified in L.

If in addition L is Galois over K, then G(L/K) is the decomposition group of
w (since (K,w) is Henselian). By the preceding paragraph G(L/K) is isomorphic to
G(Lw/Kuy).

On the other hand, each finite extension of K, is the residue field L of a finite
extension of L with respect to the unique extension of w to K. Indeed, as char(K,,) = 0,
L has a primitve element z over K,,. Let f = irr(2z, K,,) and lift f to a monic polynomial
f € K|[Z] of the same degree. Then take L as K(z), where z is any root of f.

Thus let L range over all finite Galois extensions of K to conclude that w induces

an ismorphism of G(K) onto G(K ). |

LEMMA 1.6: Let (K, v,) be a p-adically closed field. Let M be an algebraic extension
of K which is not algebraically closed. If M is Henselian with respect to a valuation v,

then v is coarser than the unique extension of v, to M (which we also denote by vy).
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Proof: The residue field of M with respect to v, is algebraic over F,, and therefore has
no nontrivial valuations. Hence v is not strictly finer than v,.

Assume that v is not coarser than v,. Then v and v, are incomparable. By
Lemma 1.3, M has a valuation w which is coarser than both v and v,. Moreover M,
is algebraically closed. By Lemma 1.5, G(M) = G(M,,) = 1.

Conclude from this contradiction that v is coarser than v,. [ |

LEMMA 1.7: Let L be a Henselian PpC field of characteristic 0. If an algebraic extension
F of L satisfies LF = L for each p-adic closure L of L, then F = L. In particular
QL=1L.

Proof: By Proposition D, F' is PpC. Since F' has no p—-adic closures, it is PAC. As an
algebraic extension of a Henselian field, F' is Henselian. Conclude from Proposition A
that F = L.

Finally note that QL = L for each p-adic closure L of L [HJ, Cor. 6.6]. So, QL

satisfies the above condition on F' and is therefore algebraically closed. |
The following Lemma is well known for finite groups [FJ, Lemma 12.4].

LEMMA 1.8: Let H be a proper closed subgroup of a profinite group G. Then | J, .o H®

is a proper subset of G.

Proof: Choose an epimorphism ¢ of G on a finite group G such that H = o(H) is a
proper subgroup of G. For # € G let # = ¢(z). Then there exists ¢ € G such that

g ¢ Ujeaﬁm. Hence g ¢ U, e H”. |

The following result is proved in a different way by Haran and Lubotzky [HL,

Lemma 5].

LEMMA 1.9: Let E be a p-adic closure of Q and let F' be a q—adic closure of Q. If
E # F, then EF = Q.

Proof: The field EF is Henselian with respect to the unique extension of the p—adic
valuation of E and also with respect to the unique extension of the g-adic valuation of

F. If EF # Q, then, by Proposition 1.3, the two valuations are equivalent. Denote the
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unique topology of EF which they define by T. As both F and F' are the closures of Q
in FF with respect to T" they must coincide.
Conclude from this contradiction that EF = Q. |

We refer to a field K of characteristic 0 as algebraic if it is algebraic over Q.

LEMMA 1.10: Let K be an algebraic field with a unique p—adic valuation v which is
not p—adically closed. Then K has an algebraic extension F' which is not algebraically

closed such that KF = Q for each p-adic closure K of K.

Proof: Choose a p—adic closure E of K. By assumption E # K. Since K is algebraic
and v is unique, each p-adic closure K of K is isomorphic to E over K. Hence, by
Lemma 1.8, there exists o € G(K) such that o ¢ G(K) for each p-adic closure K of
K. Let F = @(0). As an algebraic extension of K, the field KF is Henselian. On the
other hand K F is a Galois extension of F, since G(F) is abelian. If KF # Q, then, by
Proposition 1.3, F' would be Henselian. Hence F' would contain a ¢—adic closure L of Q
for some prime number ¢g. The choice of ¢ would imply that L # K. Hence KL = Q
(Lemma 1.9). Conclude that KF = Q, a contradiction. |

For a positive integer n we denote a primitive root of 1 of order n by (,.

LEMMA 1.11: Let K be an algebraic field with distinct p—adic valuations vy and vs.
Then K has an algebraic extension F which is not algebraically closed such that K F = Q
for each p-adic closure K of K.

Proof: Let K; be a p-adic closure of K with respect to v;, i = 1,2. Choose a prime
q # p. Then L; = K;((,) satisfies (L

(2

X

: (L; )7) = ¢* [N, p. 41]. Choose a system of
generators A; for L, modulo (L, )9 of ¢* elements.

Extend the valuation v; to a valuation v} of L = K(,). Then L is v/~dense in L;.
Moreover, the valuations v} and v} are distinct, of rank 1, and therefore independent.

Hence, for each (a1,as) € Ay X Ay there exists x = x(a1,az2) in L such that
(1) vi(z — a;) > 2vi(a;) i=1,2

[R, p. 135]. It follows from Netwon’s Lemma that the equation a;Z9 —z = 0 is solvable

in I;. Thus a;(L, )4 = z(L, )7 If (d},a}) € A1 x Ag, @' = x(d),al) and 2’ € z(L*)4,
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then o) € a;(L; )7, and therefore a; = a; for i = 1,2. It follows that the elements
x(ay,az) represent ¢* distinct congruence classes of L* modulo (L*)4.

The field £ = L((q, v/p| n = 1,2,3,...) is a procyclic extension of L' =
L({gn| n = 1,2,3,...) whose order is a ¢-power (possibly infinite). Also L'/L is a
procyclic group whose order is a g—power (possibly infinite). Also F/L is a Galois ex-
tension. Hence G(E/L) is a pro—q group whose rank is at most 2. In particular L has
at most ¢ + 1 extensions of rank ¢ which are contained in E.

Since ¢, € L we can, by Kummer’s theory and by the preceeding paragraph,
choose ¢ € L such that M = L(/c) is a cyclic extension of L of degree g which is not
contained in F, and which therefore satisfies M N E = L.

By Zorn’s Lemma, E has a maximal extension F' such that M N F = L. In terms
of Galois theory, G(F') is a minimal closed subgroup of G(L) which the restriction map
maps onto G(M/L). Hence G(F) is the universal Frattini cover of G(M /L), which is Z,
[FJ, Example 20.39].

Let now K be a p-adic closure of K and let w be the unique valuation of K F. For
each finite extension N of KF we have [N : KF] = ef where e is the ramification index
and f is the residue degree of the extension [R, p. 136]. By the preceeding paragraph,
these two numbers are g-powers. On the other hand, K F contains all the elements a/p.
Hence w((KF)*), as a subgroup of Q, is ¢g-divisible. Thus e = 1. Also, the residue
field of KF contains all the roots of unity Cqn and hence also the maximal g-extension
of F,. Hence ¢ does not divide f . Thus f =1 and N = KF. Conclude that KF = Q.
|

We combine Lemmas 1.10 and 1.11 together:

PROPOSITION 1.12: Let K be a proper subfield of the p—adic closure Qy, 1o of Q. Then

K has an algebraic extension, different from Q such that KF = Q for each p—adic
closure K of K.

Proof: Qy a1 induces a p-adic valuation v on K. If v is the unique p-adic valuation of

K use Lemma 1.10, otherwise use Lemma 1.11. |
We are now ready to prove the main result of this note.
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THEOREM 1.13: Let L an algebraic extension of a PpC field K. Suppose that L is
Henselian with respect to a valuation v. Then L is separably closed or it contains a
p-adic closure K of K and v is coarser than the unique extension of the p—adic valuation

of K to L.

Proof: Let v be the unique extension of v to K. Then the decomposition field, Ly, of ©
is contained in L. Hence, it suffices to prove that L is separably closed or p—adically
closed. So, we replace L by Ly if necessary to assume that (L,v) is the Henselization
of (K,reskv) and prove that L is separably closed or p—adically closed.

To that end, consider a p-adic closure K of K and let vp be the p-adic valuation
of K. Then (K,v,) is the Henselization of (K,resxwv,) [J, Thm. 10.8]. In other words,
K is the decomposition field of the unique extension v, of v, to K.

Cramm: LCK or LK = K.

Indeed, suppose that M = LK # K. Let vy (resp., vp ar) be the unique extension
of v (resp., vp) to M. Then (M,vy) is Henselian. By Lemma 1.6, vps is coarser than
vp. v - Hence, by Lemma 1.2, L C K, and the claim has been proved.

It follows from the claim by Proposition D that L is PpC. If L has no p-adic
closure, then L is PAC and Henselian. By Proposition A, L is separably closed and our
theorem holds. Otherwise L has a p—adic closure L. Hence Ly = QN L is contained in
the p-adically closed field Ly = QnL. By Lemma 1.7, QL = L. Hence, the restriction
map res: G(L) — G(Lg) is an isomorphism. If L # L, then Ly # Lo. Hence, by
Proposition 1.12, Ly has an algebraic extension Fj such that Fy # Q and LiFy = Q
for each p-adic closure L of L. The field F' = LFj is an algebraic extension of L and
F # L. IfLisa p-adic closure of L, then L}, = QN L is a p-adic closure of Ly and
LyL = L'. Hence L'F = L. By Lemma 1.7, F' = L. This contradiction proves that

L = L is p-adically closed. |
The proof of Theorem 1.13 actually gives:

THEOREM 1.14: Let K be a PpC field and let v be a valuation of K. 'Then the
Henselization of K with respect to v is either algebraically closed or p—adically closed

and v is coarser than a p—adic valuation of K.
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COROLLARY 1.15: If K is PpC but neither algebraically closed nor p—adically closed,

then K is not Henselian.

2. Compositum of p-adically closed fields.

One of the distinguished properties of PpC fields is that the compositum of any distinct
p-adic closures is algebraically closed. This is a consequence of [HJ, Lemma 4.5(b)].
We have noticed (Lemma 1.9) that the same statement also holds for algebraic fields.
In this section we give an example which proves that this fails to be true for p—adic
closures of an arbitrary field.

We start with a result which is a special case of Pop’s theorem [Po, Thm. E9].
However, since its proof is elementary, in particular, unlike Pop’s proof, it does not use

cohomology, we include it here.

PROPOSITION 2.1: Let K be Henselian field with respect to a p-adic valuation v. Sup-
pose that L is an algebraic extension of K such that QNL = Qyp,a1g and QL = K. Then

L is p-adically closed.

Proof: We use results of Prestel and Roquette [PR]. However, to avoid conflict in ter-
minology we use “p-valuation” for what they call “p-adic valuation”.

First note that QN K is Henselian and contained in Qp,alg- Hence QNK = Qp,alg-
Now let Ly be a finite extension of K contained in L. Then L is a Henselian p-valued
field with respect to the unique extension of v to Lg. Since Q.1 is algebraically
closed in Lg, both fields have the same residue fields [PR, p. 39, Lemma 3.5(i)] and
Qp,a1g contains a prime element of L. Thus Qp a1z and Lo have the same p-rank, and
therefore L is p—adic.

Now let Ly range over all finite extensions of K in L to conclude that the unique
extension of v to L is p-adic.

Each finite proper extension of L is of the form L(a), where a € Q- Qp,a1e and

therefore of p-rank greater than 1. This means that L is p-adically closed. |

ExAMPLE 2.2: Distinct p-adic closures of a field whose compositum is not algebraically

closed. Consider the field K = Q,((t)) of formal power series in ¢ over Q,,. It is Henselian
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with respect to the valuation w having Q,[[t]] as its valuation ring. A finer valuation v

of K has .
Op = {Z aiti| a; € @p, ag € Zp}
1=0

as its valuation ring. It is a p-adic valuation. In the notation of Section 1, Oy = Z,. In

particular v is Henselian (Lemma 1.2).

Choose two sequences, aq,as,as,... and (1, (2, 03,..., of elements of K such
that o) = B =t, ot = an, OB, = Bn, and o, # B, for every n > 1. Let

Ki=U",K(a), Ka =2, K(Bn), Keyet = K((ul n=1,2,3,...) (¢, is a primitive
root of 1 of order n), and N = QK. Then QONK,; = Qp,a1g and QK, = K [GJ, Prop.
4.1]. By Proposition 2.2, K; is p-adically closed, i = 1, 2.

Also, as G(N) = Z, K(ay) is the unique extension of K of degree n which is
contained in K; and K (3,) is the unique extension of K of degree n which is contained
in K. If K(ag) = K(8,) for some prime number ¢, then ¢, € Kcya N K () = K. Since
Q, is algebraically closed in K, we have (, € Q,. Hence ¢|p— 1. We may therefore take
q > p—1 and conclude that K (o) # K(8,) and therefore K; # Ko.

In addition,

K(aTan) - K(Oén, Cn) - Kcycl(an)-

Since Qp ¢yl C (@p, we have
E1K2 - Kcyclfl = Qp,cyclfl C K.

Hence KK is not algebraically closed. |

10



[FJ]

[GJ]

[HJ]

[HL]

References

A.J. Engler, Fields with two incomparable Henselian valuation rings, manuscrip-
ta mathematica 23 (1978), 373-385.

M.D. Fried and M. Jarden, Field Arithmetic, Ergebnisse der Mathematik III
11, Springer, Heidelberg, 1986.

W.-D. Geyer and M. Jarden, On the normalizer of finitely generated subgroups
of absolute Galois groups of uncountable Hilbertian fields of characteristic 0,
Israel Journal of Mathematics 63 (1988), 323-334.

D. Haran and M. Jarden, The absolute Galois group of a pseudo p—adically
closed field, Journal fiir die reine und angewandte Mathematik 383 (1988),
147-206.

D. Haran and A. Lubotzky, Maximal abelian subgroups of free profinite groups,
Mathematical proceeding of the Cambridge Philosophical Society 97 (1985),
51-55.

M. Jarden, Algebraic realization of p—adically projective groups, Compositio
mathematicae,

K. Iwasawa, On Galois groups of local fields, Transactions of the AMS 80
(1965), 448-469.

S. Lang, Algebra, Addison-Wesley, Reading, 1970.

J. Neukirch, Class field theory, Grundlehren der mathematischen Wissenschaf-
ten 280, Springer, Berlin, 1985.

A. Prestel, Pseudo real closed fields, Set Theory and Model Theory, Lecture
Notes 872, (1981), 127-156, Springer.

L. Pop, Galoissche Kennzeichnung p-adisch abgeschlossener Korper, Journal fiir
die reine und angewandte Mathematik 392 (1988), 145-175.

P. Ribenboim, Théorie des valuations, Les Presses de I’'Université de Montréal,
Montréal, 1964.

L. Ribes, Introduction to profinite groups and Galois Cohomology, Queen’s
papers in pure and applied Mathematics 24, Queen’s University, Kingston,
1970.

F.K. Schmidt, Mehrfach perfekte Kérper, Mathematische Annalen 108 (1933),
1-25.

Addresses of the authors:

Waulf-Dieter Geyer Moshe Jarden
Mathematisches Institut School of Mathematical Sciences
der Universitat Raymond and Beverly Sackler Faculty of Exact Sciences
Bismarckstr. 1% Tel Aviv University
W-8520 Erlangen Ramat Aviv, Tel Aviv 69978
GERMANY ISRAEL

11



