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Abstract: Let K be a global field, V an infinite proper subset of the set of all primes
of K, and S a finite subset of V. Denote the maximal Galois extension of K in which
each p € S totally splits by Kiot.s. Let M be an algebraic extension of K. A data for
an (S, V)-Skolem density problem for M consists of a finite subset 7" of V containing S,
polynomials fi,..., fm € K [X1,...,X,] satisfying |f;|q = 1 for each non-archimedean
prime q € VNT, a point a € M™, and a positive real number 7. A solution to the
problem is a point x € M™ such that |z; — a;|, < 7 for each p € 7 and |z;|q < 1,
|fj(x)|q = 1 for each non-archimedean prime q € VNT,i=1,...,n,5=1,...,m.

For o = (01,...,0¢) € Gal(K)¢ let Ks(o) ={zx € K¢| o;(x) =z,i=1,...,e}.
Denote the maximal Galois extension of K inside K¢(o) by Ks[o]. Then, for almost all
o € Gal(K)¢ (with respect to the Haar measure), each (S,)V)-Skolem density problem
for Ks[o] N Kiot,s has a solution.

This result generalizes a previous work [JR2] in which V corresponds to the set of
all nonzero prime ideals of O (in particular, V does not contain archimedean primes).
There we prove for almost all o € Gal(K)® that each (S,V)-Skolem density problem

for the maximal purely inseparable extension of K(o) N Kiot,s has a solution.
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Introduction
Let K be a global field. Fix a separable closure K, and an algebraic closure K of K.
Denote the absolute Galois group of K by Gal(K).

Denote the set of all primes of K by P, all finite (= nonarchimedean) primes
by Py, and all infinite (= archimedean) primes by P.,. Each p € P is, by definition,
an equivalence class of absolute values. For each p € P choose a separable algebraic
extension K, of K as follows: If p € Py, then K is a Henselization of K at p. If p € P
is real, then K, is a real closure of K at p. Finally, if p € P is complex, then K, = K.
For each p € P choose an absolute value | |, of K representing p and, for each prime q
of K lying over p, denote the absolute value of K which represents q and extends | |,
by | |q- For a subset R of P, we denote the set of primes of K lying over primes in R
by R.

Fix an infinite proper subset V of P and a finite subset S of V. Let

Kots=[) () K

pES reGal(K)

be the field of totally S-adic numbers. This is the maximal Galois extension of K in
which each p € S totally splits.

The goal of this work is to prove the following result:

THEOREM A: Let e be a nonnegative integer. Then, for almost all o € Gal(K)®, both

K(o) N Kiot,s and K[o] N Kiot,s are S-Skolem fields with respect to V.

Here “almost all” is used in the sense of the Haar measure of Gal(K)°. For each
o= (01,...,0.), the field K¢(o) is the fixed field of o1,...,0, in K. The field K;[o]
is the maximal Galois extension of K inside K,(o).

An algebraic extension M of K is an S-Skolem field with respect to V if the
following holds: Let 7 be a finite subset of V containing S. Put & = (V~7) N Py.
Let fi1,....fm € IN([Xl, ..., X,] be g-primitive polynomials for each q € U. Here a
polynomial is g-primitive if its coefficients are g-integrals and at least one of them is a
g-unit. Let a = (a1,...,a,) € M"™ and v > 0. Then there is x € M™ with |x —a|, <~

for each p € 7, and 1x|q <1, |fi(x)|q =1 for each q eU,i=1,...,m.
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Theorem A generalizes a result of Skolem [Sko] from 1934: Suppose g € Z[X]
is a primitive polynomial. Then, there is an algebraic integer x such that g(z) is an
algebraic unit.

Indeed, by Theorem A applied to K = Q, V = the set of all prime numbers, S = (),
and e = 0, Q is an S-Skolem field with respect to V. The result follows then from the
case T =0, m=n=1,and f; = g.

In 1963 Dade [Dad] reproved Skolem’s result. Cantor and Roquette [CaR] proved
in 1982 that K. s is an S-Skolem field with respect to V when K is a number field and
P € V. A weaker version of Theorem A appears in a work of the present authors [JR2]
from 1995. In that version, V contains only finite primes. Moreover, it proves only that
for almost all o € Gal(K )¢ the maximal purely inseparable extension of K (o) N Kiot,s
is S-Skolem with respect to V.

Theorem A improves the main result of [JR2] in three ways:

1. Including infinite primes.  The set V may contain now infinite primes. Note: V may
contain all infinite primes. Here we have to use that each Hilbert subset of a number

field K contains elements which strongly approximate finitely many elements of K.

2. Omitting the perfectness assumption. ~ When char(K) > 0, the S-Skolem fields
we find are now separable over K. We do not need to make them perfect. This was
an essential difficulty in [JR2]. Here we have overcome it by exploiting compactness
arguments in a more careful way then in [JR2| (See Part B of the proof of Lemma 3.2.)

We are indebted to Moret-Bailly for his help at this point.

3. Constructing smaller S-Skolem fields. In addition to the fields Ky(o) N Kiot,s,
Theorem A says that almost all fields K;[o] N Kot s are S-Skolem with respect to V.

Consider a nonempty finite subset 7 of V containing S and put 4 = (V7)) N
Py. Let Oxy = {a € K| |a|], < 1for each p € U}. The main step in the proof of
Theorem A (Lemma 3.2) starts from a monic polynomial f € O [ X]| which factors
into a product of distinct monic irreducible polynomials over K. It constructs a monic
polynomial hy € Ok [ X] of degree d > deg(f), relatively prime to f, with d distinct

roots in Kyt s which are 7-close to 0. It also constructs a nonzero element m € O yy,
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T-close to 0, such that the polynomial maf(X) + ho(X) has d distinct roots in Ky s
which are 7-close to 0 for each a € Ok . Consider the absolutely irreducible polynomial
T, X) = mf(X)T + ho(X). We know that almost all fields K,(o) are “PAC over
Ok " (Propositions 1.3 and 1.5). This gives a € Ok and © € K,(o) with h(a,z) = 0.
Let h(X) = maf(X)+ ho(X). As x is a root of h, it follows from the construction that
x € Kiot,s and is T-close to 0. So, z € K (o) N Kiors. As h € Ok y[X] is monic, z
is g-integral for each q € Y. Finally, since gcd(f, h) = 1, there are g,r € Ok 14[X] such
that gh +rf = 1. Therefore r(x)f(x) = 1. So, since z is g-integral, f(x) is a g-unit for
each q € U.

For almost all fields K[o] we know only a weaker property than being PAC over
O u. However, K[o] is Galois over K. Moreover, the Appendix due to Wulf-Dieter
Geyer, allows us to construct hg as above such that B(T , X)) is stable with respect to
X. That is, Gal(h(T, X), K(T)) = Gal(h(T,X), K(T)). With the weaker property of
K[o], this suffices to prove the existence of a € Ogyy and © € Ks[o] N Ko, s as in the
preceding paragraph.

Based on [JR2], the work [JR3] of the authors proves Rumely’s local-global prin-
ciple for the maximal purely inseparable extensions of K (o) N Kiot,s for almost all
o € Gal(K)¢. It is our hope, building on the present work, to prove the local-global
principle for almost all fields M = K;[o]| N Kiot,s. This will imply the local-global

principle for each extension of M in K. s. In particular, this will imply that each such

extension is an S-Skolem field with respect to V.



1. Weakly PSC fields over holomorphy domains

This section makes adjustments to [JR2, §1] in order to include infinite primes.
Recall: A field M is pseudo algebraically closed (PACQC) if every absolutely
irreducible variety over M has an M-rational point. If O is a subset of M, then M may

have a stronger property:

Definition 1.1: [JR1, Def. 1.1]. Let O be a subset of a field M. We say M is PAC
over Q if this holds: For every absolutely irreducible variety V' of dimension » > 0 and
for each dominating separable rational map ¢: V' — A" over M there is a € V(M) with
p(a) € O". i

Examples arise from “Hilbertian subsets” of fields:

Definition 1.2: Let O be a subset of a field K. We say O is K-Hilbertian if HNO # ()
for each separable Hilbert subset H of K. (See [FrJ, Chap. 11] for the definition of a
separable Hilbert subset.) Note: If O C O’ C K and O is K-Hilbertian, then so is O'.
|

Let K be a field. We denote the separable closure of K by K, the algebraic
closure by K, and the absolute Galois group, Gal(K,/K), by Gal(K). As Gal(K)
is a compact topological group, it is equipped with a Haar measure. Recall that if
01,...,0¢ € Gal(K), then K (o) is the fixed field in K of oy, ...,0.. In the following
we use the clause “for almost all o € Gal(K)¢” with respect to the Haar measure of

Gal(K)°. Also, we denote the maximal Galois extension of K inside K,(o) by K;[o].

PRrROPOSITION 1.3: Let O be a subset of a countable field K. Suppose O is K-Hilbertian.
Let e be a positive integer. Then, for almost all o € Gal(K)¢, the field K¢(o) is PAC

over O.

Proof: [JR1, Prop. 3.1] proves the proposition when O is a subring of K with quotient
field K. The proof applies verbatim to the general case. |

Data 1.4: We fix the following data for the rest of this work:
(a) K is a global field and Ok is its ring of integers [FrJ, §5.2].
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(b) P = Pk is the set of all primes (finite and infinite) of K. A finite (resp. infinite)
prime of a field F is an equivalence class of non-archimedean (resp. archimedean)
absolute values of . We denote the set of all finite primes of K by Py and the set
of all infinite primes of K by P.,. Thus, P, = () and Py = P when char(K) > 0.
For each p € P we choose an absolute value | |, which belongs to p.

(c) V is a proper subset of P.

(d) Let L be an algebraic extension of K and R a subset of P .

Ro=RNPyand Roo = RNP.
Ry is the set of primes of L which lie over primes in R. For L = K we set
R = Ryi. If g € Pp, lies over p € P, we write q|p and p = gq|x. We denote the
unique absolute value which represents q and extends | |, by | |4

If L is a normal extension of K, then Aut(L/K) acts on R, according to

|z]pe = |:c"71\p, forp e Ry and z € L.

We may choose a subset Ry of R, which contains exactly one extension of each
prime in R. Then, for each q € Ry, there are p € Ry and o € Aut(L/K) with
q = p?. We say that Ry represents R over K.
Or r is the R-holomorphy domain {x € L| |z|; <1 for each q € Ry} of L. It
is closed under multiplication. If R C Py, then O % is a ring.

Mpr={x e L] |z|g <1foreach qe Rr}. If R CPy,itisan ideal of Op .

For a = (ai,...,a,) € L™, |ajg = Jhax | max |ailq = max max |ailg.
For f(X)=30_ga; X" € LIX], |flr = |(a---,an)|lr- B

The set V satisfies the strong approximation theorem: Let 7 be a finite subset
of V. For each p € 7 consider an element a, of K and let ¢ be a positive real number.
Then there exists € Ok 7 such that |z —ay|, < e for each p € 7 [CaF, p. 67]. The

proof of the proposition below is an adjustment of the proof of [FrJ, Thm. 12.7].
PROPOSITION 1.5: The subset Ok p,ny N Mg p._nv of Ok v is K-Hilbertian.

Proof:  Assume without loss that V is cofinite in P and let Poc NV = {q1,...,qn}
Let H be a separable Hilbert subset of K. ;jFrom [FrJ, Lemma 12.1] there exist ab-

solutely irreducible polynomials hq,...,h, € Ok[T,X], monic and separable in X,
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with degy(h;) > 1, ¢ = 1,...,m, such that (-, Hy(h;) C H, where Hj (h;) =
{a € K| hi(a,b) # 0foreach b € K}. Apply [FrJ, Lemma 12.6] to find distinct
P1,..,Ppm € Po NV and elements ay,...,a, € Ok such that z € Hj(h;) for each
x € K with |z —alp, < 1,i=1,....m. Let 7 = {p1,...,Pm.q1,...,0n}. Then

use the strong approximation theorem to find x € O 7 such that |z — a;],, < 1,
i=1,...,m,and |z|; <1,j=1,...,n. Thenx € H and |z|,, < 1,i=1,...,m.
Hence, x € H N Ok p,ny N Mk p._nv, as desired. |

Combine Proposition 1.3 with Proposition 1.5:

COROLLARY 1.6: Let e be a positive integer. Then, for almost all o € Gal(K)®, the
field KS(G') is PAC over OK’IPOQV N MK,IP’OOOV.

Data 1.7: We add the following data to Data 1.4 and fix it for the rest of this work:

(a) Let p € P.
p is a fixed extension of p to a prime of K. If § € P and §lp, then there is
o € Gal(K) such that g = p°.
K p is the completion of K at p inside the completion of K at p. Then | |[p uniquely
extends to an absolute value | |, of K » and then uniquely to an absolute value of
KK,. The restriction of the latter to K coincide with | | B-

If p € P, then either Kp =~ Ror R'p > (C; in the former case p is real, in the

latter case p is complex.
K, = K, ﬂf{p. It is well defined up to a K-isomorphism. If p € Py, then K, is
an Henselian closure of K at p. As Kp /K, is a separable extension [Jal, Lemma,
2.2], so is KP/K.
Ky = maeGal(K) K{Z~

(b) S is a finite subset of V.

(c) N = Kiot,s = ﬂp cs Kip- This is the maximal Galois extension of K in which
each p € S totally splits. If S = ), we let N = K.
Note: If L is a subextension of N/K, then Liot.s, = N. |

We call a polynomial f € K [X] of degree n separable if it has n distinct roots.

We call f N-admissible if in addition it is monic and all its roots are in .
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PROPOSITION 1.8: Let q € P and let E be a separable algebraic extension of K¢, where
p=q|x and q = p? for o € Gal(K). Let f € K[X]| be a monic separable polynomial of
degree n and let x1, ..., x, be its distinct roots. Then, for each € > 0 there is d > 0 such
that if g is a monic polynomial in E[X| of degree n and |g— f|3 < 6, then g is separable

and its roots can be enumerated as y1,...,yn with |y; — x;|5 < € and E(z;) = E(y;).

Proof: 1Ifq € Py, the proposition follows from a combination of the theorem about the
continuity of roots of polynomials and Krasner’s lemma [Ja2, Prop. 12.3]. If q € Peo,
the proposition follows from Sturm’s theorem for real roots and from the theorem about

the continuity of roots of polynomials for complex roots. |
The following lemma replaces [JR2, Lemma 1.2].

LEMMA 1.9: Let 7 be a nonempty finite subset of P which contains S. Let f € K|[X]
be an N-admissible polynomial of degree n and let x1,...,x, € N be its distinct roots.
Then, for each € > 0 there is 6 > 0 with the following property: If

(la) g € N[X] is a monic polynomial of degree n with |g — f|r < ¢,

then g is N-admissible and for each § € T

(1b) the roots of g can be enumerated as y1, .. .,Yyn with |y; — x;|5 < €.

If, in addition, there is a € K with |z; —al, < € foreachp € T,i=1,...,n, then we

can choose ¢ such that (1a) implies |y; —alr <e,i=1,...,n.

Proof: For each p € 7 Proposition 1.8 gives ¢, > 0 such that if g is a monic polynomial
in N[X] of degree n and |g — f|; < dp, then g has n distinct roots y1,...,y, with
lyi — xily < e and KyN(x;) = Ky N(y;). In particular, for each p € S, y1,...,yn € Kp.

Let § = maxpe7 dp and consider a polynomial g as in (1a). For each q € T there
exist p € 7 and o € Gal(K) such that ¢ = p°. Since N/K is Galois, g° € N[X].
Also, |g°  — fls = lg— flg < 0. Hence (1b) holds for p and g° ', and the roots of g°
are in K, if p € §. Moreover, o permutes the roots of f and maps the roots of g"_1
onto the roots of g. So (1b) holds for q and g, and the roots of g are in K if p € S. It
follows that all roots of g belong to N, so g is N-admissible.

If, in addition, there is a € K with |z; —a|, < e foreachp € T,i=1,...,n, then,

by (1b), we can choose ¢ such that (1a) implies |y; —a|lr <e,i=1,...,n. |
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Definition 1.10: Let M be a subextension of N/K and O a subset of M.

(a) We say M is pseudo S-adically closed (PSC) if every absolutely irreducible
variety over M has an M-rational point provided it has a simple Kj-rational point for
each p € S.

(b) A polynomial h € N[T, X] is N-admissible with respect to X if & is monic
in X and h(0,X) is N-admissible.

(c) An absolutely irreducible polynomial h € K[T, X], separable with respect to
X, is K-stable with respect to X if Gal(h(T, X), K(T)) = Gal(h(T, X), K(T)) [FrJ,
§15.3].

(d) We say M is weakly PSC over O if for each absolutely irreducible N-
admissible polynomial h € M[T, X| with respect to X and for each g € M[T] with
g(0) # 0, there exists (a,b) € O x M such that h(a,b) =0 and g(a) # 0.

(e) We say M is weakly K-stably PSC over O if for each absolutely irreducible
N-admissible and K-stable polynomial h € K[T, X] with respect to X and for each
g € K[T] with g(0) # 0, there exists (a,b) € O x M such that h(a,b) =0 and g(a) # 0.
|

Remark 1.11: (a) If S = (), then N = K. So, M is weakly PSC over O if and only if
M is PAC over O [JR1, Lemma 1.3].

(b) If M is weakly PSC over O, then it is also weakly K-stably PSC over O.

(¢c) f O C O C M and M is weakly PSC over O (resp. weakly K-stably PSC
over 0), then it is also weakly PSC over O’ (resp. weakly K-stably PSC over O).

(d) Suppose p is a complex prime of K and let S’ = SU {p}. Then K;, = K and
therefore N = Kot s = Kiot,s7. Thus M is weakly PSC over O if and only if M is
weakly PS’'C over O.

(e) If S does not contain complex primes and M is a PSC field, then M is weakly
PSC over Oy s [Raz, Prop. 3.3]. i

The following lemma replaces [JR2, Lemma 1.4].

LEMMA 1.12: Let My be an algebraic extension of K, M = My N N, and e a positive
integer. Let O be a subset of Oy s such that Ok - O C O and M, is PAC over O.
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Then:

(a) M is weakly PSC over O. In particular, Kio,s is weakly PSC over Ok, and
K(o) N Kiot,s is weakly PSC over Ok y for almost all o € Gal(K)°.

(b) Let M’ be the maximal Galois extension of K inside M. Then M’ is weakly K-
stably PSC over Ok y. In particular, Ks[o] N Kiot,s is weakly K-stably PSC over
Ok,y for almost all o € Gal(K)°.

Proof: Let 7T be a nonempty finite subset of V containing S.

Proof of (a): Let h € M[T, X] be an absolutely irreducible N-admissible polynomial
with respect to X and let g € M[T] with g(0) # 0. Let L be a finite subextension of
M /K which contains the coefficients of h. Lemma 1.9, applied to L, Sy, 7}, instead of
to K,S, T, gives 6 > 0 such that if £ € N[X] is a monic polynomial of the same degree
as h(0, X) with |k(X) — h(0,X)|7r < 0, then k is N-admissible. Also, there exists 7 > 0
such that if a € N satisfies |a|7 < 7, then |h(a, X) — h(0, X)|7 < 6. Use the strong
approximation theorem to find 0 # m € Ok y such that |m|r <. Let 7" = %T. Since
My is PAC over O, the absolutely irreducible polynomial A(mT”, X) has a zero (c,b)
in O x My such that g(mc) # 0 [JR1, Lemma 1.3]. Hence, a = mc € Ok -0 C O
satisfies h(a,b) = 0 and g(a) # 0. Check that |h(a, X)—h(0,X)|7 < . Hence, all roots
of h(a, X) belong to N. In particular b € My NN = M. Conclude that M is weakly
PSC over O.

Proof of (b): Let h € K[T, X]| be an absolutely irreducible N-admissible and K-stable
polynomial with respect to X and let g € K[T] with g(0) # 0. Choose a transcendental
element ¢ over K and an element  such that h(t,z) = 0. Set F = K (t,z) and let F' be
the Galois hull of F//K(t). Choose a primitive element y for F'/K(t). By assumption,
F/K is a regular extension. Since My is PAC over O, there exist a € O, b € K,
and ¢ € My such that (a,b,c) is a K-specialization of (¢, z,y), g(a) # 0, and a is 7-
close enough to 0 to get h(a, X) is 7-closed enough to h(0,X) so that b € N. Then
K(b) C K(c) and K(c) is a Galois extension of K which is contained in My. Then
be K(c)NN C MynNN = M. Since K(c) NN is a Galois of K, it follows that b € M’.
|



Remark: If M is a subextension of N/K which is weakly PSC over O = Og p,ny N
Mk p._ v, we can prove directly that the maximal Galois extension M’ of K inside M

is weakly K-stably PSC over O. |

Example 1.13:  Let f,r, g be nonzero polynomials in N[X] such that f is N-admissible.
Suppose ged(r, f) = 1, deg(r) < deg(f), and g(0) # 0. Let 0 # m € K. Then
h(T,X) = mr(X)T + f(X) is an absolutely irreducible polynomial which is monic in
X. Since h(0,X) = f(X) is N-admissible, h is N-admissible with respect to X.

Let M be a subextension of N/K and let O be a subset of M.

(a) Suppose M is weakly PSC over O and f,r,g € M[X]. Then there exists
(a,b) € O x M such that mr(b)a + f(b) =0 and g(a) # 0.

(b) Suppose M is weakly K-stably PSC over O, f,r,¢g € K[X], and % is a Morse
function (Definition 4.1). Then —%% is also a Morse function. Therefore, by Proposi-
tion 4.2, h(T, X) is K-stable with respect to X. Hence there exists (a,b) € O x M such
that mr(b)a + f(b) = 0 and g(a) # 0. i

The next lemma replaces [JR2, Lemma 1.8]:

LEMMA 1.14 (Quasi uniform approximation): Let M be a subextension of N/K which
is weakly PSC over Oy and let T be a finite subset of V which contains S. Let x € N
and € > 0. Then M has a finite subset B such that for each § € T there is b € B with

|b—x|g| < €.

Proof: Assume without loss that  # 0 and 7 # (. Since N/M is Galois, irr(x, M)
is an N-admissible polynomial which has x as a root. Hence, it suffices to prove the
following statement about N-admissible polynomials h € M|[X]:

(2) There exists a finite set B, C M such that for each root z of h and for each § € 7

there is b € By, with |b— 2|5 < e.

The case deg(h) = 1 being trivial we assume that d = deg(h) > 2 and proceed by
induction on d. Let L be a finite extension of K in M which contains the coefficients of
h. Note that Liot.s, = Kiot,s = N. Hence, by Lemma 1.9 applied to L, Sy, 77, instead
of to K,S,7, there is § > 0 with the following property:
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(3) Every monic polynomial hy € N[X] of degree d which satisfies |hy — h|l7r < § is
N-admissible and for each § € 7 and each root z of h there is a root y of h; with

ly — 2[5 < 5.

Choose 0 # m € K such that |m|r < 0. Since M is weakly PSC over Oy,
Example 1.13 (a) (applied to h,1 instead of to f,r) gives a € Oprp and ¢ € M with
ma + h(c) = 0. Tt follows that the monic polynomial hi(X) = ma + h(X) € M[X] of

degree d satisfies hy(c) = 0 and |hy — h|7 < 6. Hence, hy satisfies the conclusion of (3).

h1

In particular g(X) = ~

_XC) € M[X]is an N-admissible polynomial of degree d—1.
By the induction hypothesis, there exists a finite subset B, C M such that for each root
y of g and for each § € 7 there is b € B, with |b — y|3 < £.

Let B, = B, U {c} and consider § € 7. Let z be a root of h. By (3) there exists
a root y of hy such that |y — z|3 < §. So, y = c or y is a root of g. In the later case
there exists b € B, such that |b —y|3 < 5 and therefore [b — 2|3 < €. In both cases the

induction is complete. |
Finally, we replace [JR2, Prop. 1.9]:

PROPOSITION 1.15: Let M be a subextension of N/K which is weakly K-stably PSC
over Opry. Let p be a prime in VS and q an extension of p to K. Suppose § = p°

for o € Gal(K). Then KM = K, and M is g-dense in K.

Proof: Consider 0 # =z € K,. Let h, = irr(z,K) and n = deg(hy). Let 7 be a
nonempty finite subset of V ~{p} containing S. Choose n distinct elements aq, ..., a, €
K and let hy(X) = [, (X — a;). By Lemma 1.9 and Proposition 1.8, there exists
0 > 0 such that
(4a) if h € N[X] is a monic polynomial of degree n and |h — hr|r < J, then h has n
distinct roots in IV, and
(4b) if h € M[X] is a monic polynomial of degree n and |h — hy|z < J, then we can
enumerate the roots of hy as x1,...,z, and the roots of h as x, ...,z such that
KJM (z;) = KJ M (x;).
If char(K)|n, let f(X) = X. Otherwise, let f(X) = 1. Use Proposition 4.3 and

the assumption p ¢ S with the weak approximation theorem to find a monic polynomial
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h € K[X] such that |h — hr|r < 9§, 1 = |h — hy|p, < 6, and % is a Morse function. By
(4a), h is N-admissible.

To prove Kg M = K we may assume K (z)/K is Galois. Choose 0 # m € K with
|ml|, < 0—01. Then Example 1.13 (b) supplies ¢ € Ops,p and b € M with mef(b)+h(b) =
0. So, b is a root of the monic polynomial hq(X) = mcf(X) + h(X) € M[X]. By (4b),
KgM(b) = KJM(z') for some root z’ of hy. It follows that KJ(z') C KJM. But
K(z) = K(2'). Hence x € KJ M. Conclude that Ky M = K.

In particular, M is g-dense in K,. As K, is §-dense in K [JR1, Lemma 9.1], M is
g-dense in K. |
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2. A compactness lemma

We keep Data 1.4 and 1.7 in force. The main results of this note depend on the as-
sumption that K is a global field. Here we use the finiteness of the class number of K
and Dirichlet’s unit theorem to prove that a certain group is compact.

For each finite subset R of P regard KX = Hp R K o as a topological group with
the product topology. For R C V), identify OIXm/o g With its image in IA(;Q under the
diagonal embedding. Lemma 2.3 below replaces [JR2, Lemma 2.2]. It states that the
group R}é / OIXQ)O g Is compact. Its proof follows the proof of [CaR, Lemma 4.4] which
proves the same result only in the case P, Z V.

Here we follow the terminology of [HeR]| for compact groups. Thus, a topological
group G is compact if every covering of G by open sets has a finite subcovering ([Bou,
§9.1] uses the terminology quasi-compact instead).

Suppose N is a normal subgroup of a topological group G which is not necessarily
closed. The following rules hold:

(1a) The quotient map G — G/N is continuous and open [HeR, Chap. II, (5.16) and

(5.17)].

(1b) If G is compact, so is G/H [HeR, Chap. II, (5.22)].
(1c) If H and G/H are compact, so is G [HeR, Chap. II (5.25)].

We use the following lemma from linear algebra in the proof of Lemma 2.3.

LEMMA 2.2: Let E be a field, ay, . . ., a, nonzero elements of E, and x; = (x;1,. .., Tin),
1 = 1,...,n — 1, linearly independent vectors in E™. Suppose 2?21 ajry; = 0,1 =
1,...,n—1. Let J be a proper subset of {1,...,n}. Put m = |J| and x| = (2;) e,

i=1,...,n—1. Then x!,...,x} _; span a subspace of E™ of dimension m.

Proof: Assume without loss n ¢ J. By assumption, the rows of the (n — 1) X n matrix
A = (zij)1<i<n—1,1<j<n are linearly independent. Hence, n — 1 of the columns of A
are linearly independent. By assumption, the nth column of A is a linear combination
of the first ones. Hence, the first n — 1 columns are linearly independent. Conclude:
I'ank((l'ij)lgign_l,jej) = m. So, m of the vectors x/,...,x),_; are linearly indepen-

dent. [ |
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LEMMA 2.3: Let 7 be a nonempty finite subset of V. Then the group K;/OIX( Vo~ T

is compact.

Proof:  Choose pgp € PV. Then, Vo7 C (Po>{po}) 7. So, O 5, < poyy~1 <

OX

Kve~1 < K7 Thus, K7/Og,, (7 is a quotient of K7 /O p (1) 7- Using

(1b), this allows us to assume ¥V = P~{pg}. The rest of the proof naturally breaks up

into several parts.

PART A: Reduction to compactness of divisor classes. For each p € V let Uy, = {a €
K} | |aly = 1} be the group of units in K,. If p is infinite and real, U, = {+1}; if
p is complex, U, is the multiplicative group of the unit circle. When p is finite, U, is
profinite. In any case, U, is compact.

For each finite subset R of V let Ur = Hp cr Up- By the preceding paragraph Ur

X

KVo~R* It appears as the

is compact. Consider the R-divisor class Cr = KR/URO

quotient of the right upper groups in the diagram

A~

X
Kg
X
Ur ————— UrOk y, <=
X X
Ur MOk yyor —— Ok yonr -

For R = 7T, the diagram gives a short exact sequence:
1 — UT/(UT n OIX(,VO \T) — A;/O;;-’VO T Cr — 1.

By the preceding paragraph and (1b), the second term is compact. So, in order to prove

that the middle term is compact, it suffices, by (1c), to prove that C'r is compact.

PART B: Separation of the finite and the infinite parts of C7. Consider the epimor-
phism p: K} — qu—o given by p((ap)per) = (ap)pery- Observe: Vo7 = Vo~ 7. So,
X

X : - X
p maps Uz onto Uz, and OK,VO -7 considered as a subgroup of K1, onto OK,VO Ty

considered as a subgroup of IA(;O . Let p: ' — C7, be the epimorphism that p induces.
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Now consider the injection i: K7 — K given by

i((ap)pet) = (Dpeos (p)per.)-

It maps Uz, into Ur. For a € O Vo~ 7., We have

i(a) = ((Dpey, (@per) = (@™ Mpezy, (Vper)a € UTO;;,VO NT

So, ¢ induces a homomorphism 2: C'z, — Cr.

Suppose o = (ayp)peT., € f(;-oo and i(a) € UTOIX(,VO - Then there are p, € Uy,
peT,and a € OIX<,VO\T with 1 = ppa for p € 7y and ap, = ppa for p € 7. In
particular, a € O, 7 and o= ((p)pets)a € UL, O3 1 . So, Tis injective.

By definition, Im(z) C Ker(p). Conversely, suppose o = ((o)per) € IA(; and
p(a) € U, Ok, < 1, Then there are pup, € Up, p € To, and a € Op\, . with oy =
ppa, p € To. So, o = i((apaVper.) - ((p)pets, (D)per.)a € (KL )UTOK v 1
Conclude: Ker(p) = Im(7).

We have therefore established a short exact sequence 1 — CTOOLCTgC’TO — 1.

By (1c) is suffices to prove that each of the groups Cz, and Cz_ is compact. We do
this in Parts C and D.

PArT C: C7 is finite when T = 7y. To prove this, let D be the group of divisors of
K and P the group of principal divisors. For each p € Py let ord, be the normalized
valuation associated with p. Define a homomorphism d from IA(; into the group D of
divisors of K by d((ap)per) = > per ordp(ap)p. If (ap)per € d=1(P), then there is
a € K* with 35 rordy(ap)p = 3, cp, ordp(a)p. So, a € O p 7. Then d~'(P) =
UTO[X{%\T < UT(’)]XQVO <7+ S0, d induces an embedding of IA(;/UTOIX{’PO\T into
D/P. The latter is a finite group [CaF, p. 71]. So, the former is a finite group. It

follows that Cr = IA(; /UrO¥ \, 7 is a finite group.

PART D: C7 is compact when T = 7,. Indeed, let s = |Ps| and ¢ = |7|. Consider
a subset R of Py, U {po} and let r = |R|. Define a homomorphism Ag: [E’% — R" by
M ((op)per) = (log |O‘P|P)pe72' Then Ker(Ag) = Ur and )\R(IAQXQ) =R"if R C Py.

Hence Cr = R"/Ar(Ok ,, ) if R C Ps. There are two cases to consider.
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CASE D1: pg € Py. Then Vo7 = Py and 7 C P,. By Dirichlet’s unit the-
orem [CaF, p. 72, Thm], )\]poo((’)}}%) is a lattice of rank s — 1 in the hyperplane
H = {(zp)per.. | Dpep, mpzp = 0} of R°. Here n, are positive integers chosen for
the product formula to hold in K. In particular, Ap_, (Of ) contains s — 1 linearly in-
dependent vectors (z; y)pep.., ¢ = 1,...,5 — 1. Their projections on the 7-coordinates,
namely (z; p)pe7r, % = 1,...,5—1, contain ¢ linearly independent vectors over R (Lemma,
2.2). The latter vectors belong to A7 (O p ). Hence, Cr = R' /A7 (O p, ) is a quotient

of (R/Z)* which is a compact group. Conclude from (1b): C7 is compact.

CASE D2: py € Py. In this case Vo N7 = Py ~{po} and 7 C P,. Note that
P(Po~{po}) = Psx U {po} has s + 1 elements. So, by Dirichlet’s unit theorem,

b Ufpo} (Ox P \{po}) is a lattice of rank s in the hyperplane

H = {(%)pEIPooU{po} | Z NpTp = 0}
pEPsU{po}
of R**1. In particular, )‘Poou{po}(OIX(,EDo - {P0}> contains s linearly independent vectors
(Tip)pePafpo}s @ = 1,...,5. Their projection on the 7-coordinates contain ¢ linearly
independent vectors (Lemma 2.2). The latter belong to Az (O p {Po})' Hence, Cr =

RY/AT(Of “{po}) 18 @ quotient of (R/Z)t. Conclude: Cr is compact. i
The use of compactness of the above group will be through the following lemma.

LEMMA 2.4: Let U be a nonempty open subset of a compact group GG. Then there exist

Ui, ..., Uy € U such that 1 = uq -- - uy.

Proof: Choose u € U. Then V = v ~!U is an open neighborhood of 1 such that uV C U.
If necessary, replace V by VNV ! to assume that V is closed under taking inverse. As

G is compact, the sequence u,u?,u?,... contains a subsequence u*, u*2 u*3, ... which

converges to an element v’ of G. Hence, u¥2 k1 qoFs=F2

... converge to 1. In particular,
there exists an integer n > 2 such that v = v € V. By assumption, v=! € V and
therefore uv=t € U. So, 1 = u™v~! = u---u(uv™1) is the desired presentation of 1.
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3. Skolem density problems

This section makes adjustments to [JR2, §3,4] in order to include infinite primes and

omit the assumption on perfectness.

Data and Assumption 3.1: We fix the following data and assumptions for the rest of
this work:

(1a) V is an infinite proper subset of P.

(1b)

(Ie) U =VyNT.

(1d) M is a subextension of N/K which is either weakly PSC over Oy or weakly

7 is a finite subset of V which contains S.

K-stable PSC over Oy and Galois over K. |

Lemmas 3.2 and 3.4 below strengthen [JR2, Lemma 3.2]. We are gratefull to
Moret-Bailly for his help in the proof of Lemma 3.2.

LEMMA 3.2: Assume T # (). Consider a monic polynomial f € K[X] and a positive

real number €. Suppose that

(20) 1 € OxulX);

(2b) f= f1--- fr, where f1,..., fr € Ogy[X] are distinct monic irreducible polynomi-
als over K; and

(2¢) Okulc] = Ok(eyu for each root ¢ of f(X).

Then there are a monic polynomial hy € O 14[X] of degree d > deg(f), relatively
prime to f, and v > 0 such that if a monic polynomial h € Ony[X]| of degree d,
relatively prime to f, satisfies |h — ho|7 < 7y, then each root x of h satisfies:

(30) 1(2) € (O 1)
(3b) |x|r < €; and
(3¢) z is simple and belongs to N.

Moreover, there exists h € Opry[X] as above with a root in M.

Proof: Replace f(X) with f(X)(X — ¢) for some ¢ € Ok different from the roots of
f, if necessary, to assume that char(K) 1 deg(f) if char(K) > 0.
The proof is rather long. So, it may help the reader to know in advance what its

main features are.
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PART A: Outline of the proof. First we use Lemma 2.3 in order to prove that the group
[per (Kp[X]/£(X)Kp[X])™ modulo (O [ X]/f(X)Oku[X])™ is compact. Then we
use Lemma 2.4 to find a large positive integer d, a polynomial [y € Ok 1/[X] relatively
prime to f, and for each p € 7 a monic polynomial h, € Kp [X] of degree d with d
distinct zeros in Kp close to 0 such that hT" is a Morse function and hy, =1y mod f -
Kp [X]. Next we apply the strong approximation theorem to find a monic polynomial
ho € Ok u[X] of degree d, relatively prime to f, which is p-close to hy, for each p € 7.
Suppose h € Oy y[X] is a monic polynomial of degree d which is relatively prime to
f and 7-close to hg. Then each root = of h satisfies (3). Using Example 1.13, we find
h € O [ X] with a root in M.

PART B: A compact group. For each integral domain R which contains Oy let

T

H(R) = (R[X]/f(X)RIX]))" = ][ (RIX]/£:(X)R[X]) ™.

=1

Let x; be a root of f;, i =1,...,r. Then, by (2¢),

(4) H(Oru) = HOKM i) HOK(:C U

Now let p € 7. In order to compute H (Kp) we decompose each f; into its

irreducible monic components over Kj:

fi = fp,i,l e fp,i,riypa

where 7; , is the number of primes of K (x;) which lie over p [CaF, p. 58, Cor.]. Let z;; be
aroot of fy;4,7=1,...,71;p. Since K,,/K is separable (Data 1.7(a)), fp.i 1, fo,irip

are distinct and therefore

Tip

— X
(Ko[X]/fi(X HKp (i) = ] K=,
A€PK (2))
qlp
Thus
~ T /\X
K)=]] [] K@),
i=1 q€PK (s,)
qlp
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So,

5) [TaE) =] II K@,

peT =1 qETK(xI)

Identify H(Oky) with its image in [, H (K,) under the injection given by
9(X) + f(X)Okul[X] — (9(X) + f(X)Kp[X])pGT (note that f € Ok y[X] is monic).
Then, by (4), (5), and Lemma 2.3,

™

(6) ( H H(Kp)>/H(OK7U) = H (( H [@:WO;{(M,VO \7>

peT =1 A€T K ()
is compact.

PART C: An open subset of the compact group. Let D be the set of all positive integers
d with d > deg(f) and char(K)|d if char(K) > 0. Thus, if char(K) > 0, then d # deg(f)
modulo char(K) for each d € D. For each d € D and each p € 7, let €, 4 be the set of
all polynomials h in Kp [X] of the form h(X) = H?Zl(X — a;p) with
(Ta) aip,...,aqp are in Kp, mutually distinct, and none of which is a root of f. In

particular, A is relatively prime to f;
(7b) laiply <e,i=1,...,d; and
(7c) % is a Morse function (Definition 4.1).
Also, let

Woa = {h(X) + FCO)K[X]| B e Q).

By (7) and Proposition 4.3, W, 4 is a nonempty open subset of H (Kp). Hence,

Wa =[] Wp.a
peT
is a nonempty open subset of HpeT H(Kp). So,

(8) the image of Wy in ( H H(R},))/H(OK,M) is nonempty and open.
peT

Cram: Wy Wy or € Wy qqar for all d,d" € D. Indeed, let h € Q, 4 and b’ € Q, 4.

Since they are monic, we can write them uniquely as h = kf +1 and b’ = k' f +1’, where
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k and k' are monic of degrees d — deg(f), d' — deg(f), respectively, and [,1’ have degrees
< deg(f) and are invertible modulo f. If h and h' are not coprime, choose k; € K,[X]
monic of degree d — deg(f) such that hy = k1 f + [ is in Q4 and is relatively prime to
h'. Then

(A(X) + FOOR X)) (W (X) + FOOR[X]) = UXOV(X) + F(X) Ky [X]
= hi (X)W (X) + f(X)Ky[X]
is in Wp,der’-

It follows that in the group [[, ., H (K,) we have
(9) WaWa € Wara

Choose some dy € D. By (6), (8), and Lemma 2.4, there exists a positive integer

n with

(10) Wi N H(Ogu) # 0.
Let d = ndy. By (9), W7 C W,. Hence, by (10),

(11) WaN H(Okuy) # 0.

PART D: Construction of hg and . By (11), there is [y € Ok [ X] of degree < deg(f)
which is invertible modulo f in Ok [X] and, for each p € 7, there exists h, € Q4
such that hy, = Iy mod f in K,[X]. Write each hy, as hy, = kpf + lp with k, € K,[X]
monic of degree e = d —deg(f). For each p € 7, let U, be the set of all b = (by,...,b.)
in f(g such that the polynomial (X + Zf;ol b X") f(X) 4 lo(X) belongs to €, 4. Since
ko f 4+ lo € Qp.4, Uy is nonempty.

Now use the strong approximation theorem to find ¢ = (c1,...,¢.) € (Oxy)® N
Nper Up- Let ko(X) = X¢+ 3770 ;X' € Ogy(X] and let hg = kof + . Then
ho € €y 4 for each p € 7. That is, % is a Morse function, ged(f,hg) = 1, each root x
of hg is simple and belongs to K, and |z|, < € for each p € 7. Finally, use Lemma 1.9
to find v > 0 such that if h € N[X] is monic of degree d = deg(ho) and |h — ho|7 < 7,

then each root y of h is simple and belongs to N, and |y|r < e.
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PART E: Conclusion of the proof. Let h € Oy y[X] be a monic polynomial of degree
d = deg(hg), relatively prime to f, with |h — ho|7 < . Let « be a root of h. Then x is
simple and belongs to N, and |z|7 < e. Thus, (3b) and (3c) are satisfied.

Since h € On [ X] is monic, x € On . As ged(f, h) = 1, there are g,r € On [ X]
such that gh +rf = 1. Since h(x) = 0, r(z)f(x) = 1. But r(x), f(x) € Onu, so
f(z) € (Ony)*. Thus f(z) € (Og,,)* and (3a) holds.

Finally ho € Ok y[X] is N-admissible, ged(f, ho) = 1, deg(f) < d = deg(ho),
and % is a Morse function. Choose, by the strong approximation theorem, 0 %= m €
Oxy such that |m|r < v. Apply Example 1.13 (b) to find (a,z1) € Op,p x M with
mf(z1)a + ho(z1) = 0. Let h(X) = maf(X) + ho(X). Then h € Opry[X] is a monic
polynomial of degree d, relatively prime to f, and |h — ho|7 < 7. So, its root x; € M
satisfies (3). i

We denote the maximal purely inseparable extension of a field ¥ by Ejys.

Remark 3.3: Lemma 3.2 generalizes [JR2, Lemma 3.2]. In the latter lemma f € K[X]
is separable. That is f decomposes into distinct linear factors over K. For nonseparable
f € K[X], [JR2, Thm. 4.3, Case Al] replaces f by its separable kernel f’ € Ki,s[X]
and K by a finite purely inseparable extension K’. This construction works because
M is assumed in [JR2] to be perfect. Here, M being separable over K need not be
perfect. So, we decompose f into irreducible factors over K. p foreach p € 7. As K o/ K
is separable, these factors are distinct. This makes the arguments in Part B of the proof
of Lemma 3.2 work.

Cantor and Roquette assume throughout their work [CaR] that K is a number
field. They note in [CaR, Rem. 1.7] that their proofs work also when K is a function
field of one variable over a finite field. However, at the beginning of the proof of [CaR,
Lemma 5.2] they write “we may assume that f(X) is free from multiple roots”, where
f € K[X] is a non-constant polynomial. To make this assumption they replace f by
its separable kernel. As in the preceding paragraph, this forces a purely inseparable
extension of K. So, when char(K) > 0, the proof of [CaR] holds only for K. s ins and

not for Ktot,s .
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[GPR] proves Rumely’s local-global principle for Ko s when K is an arbitrary
global field. However, the proof of [GPR, Thm. 4.1] applies [CaR, Lemma 5.2] to
a polynomial ag(X) instead of f(X) which need not be separable. So the proof of
Rumely’s local-global principle that [GPR] gives seems to hold only for Ko s, ins but

not for Kiot,s. |

LEMMA 3.4: Consider a monic polynomial f € Ok [ X], an element a € M, and a

positive real number . Then there exists © € Opry with |z — alr < v and f(x) €

(Omu)™.

Proof: Let L be the Galois closure of K(a)/K. Use the strong approximation theorem
to find b € Ok (q)u such that v, = |b—al|r <y and f(b) # 0. For each root ¢ of f(X) let
fc be the conductor of Ok y/[c —b] in its integral closure Ok (.—p) s [ZaS, p. 269]. It is a
nonzero ideal of Ok y[c—b], so f.NOk 1 is a nonzero ideal of Ok 1. By (1), Uy, is infinite.
So, we can choose pg € Uy, such that {z € O | |2]p, < 1} 2 fe N Ok for each root ¢
of f(X) and |f(b7)]y, = 1 for each 0 € Gal(L/K). Let R = {po|x}, 7' =7 UR, and
U =UNTR. Then |f(b)], = 1 for each p € Rp. Moreover, O y[c — b = O (cepy
for each root ¢ of f(X) [ZaS, Ch. V §5, Lemma, p. 269].

Let g(Y) = ngGal(L/K) FY+07) € OxulY]. Write g(Y) = g1 (Y)* -~ g (Y),
with g1,...,9» € Ogyu[Y] distinct monic irreducible polynomials over K. Put g =
g1--+gr. Suppose o0 € Gal(L/K) and c is a root of f(X). Then (’)K,u/[c"_l — b =
Ok (eo=1 _py - Hence, Ok s [c = b7] = Ok (c—pe)ur- So each root d of g(Y) (hence of
g(Y")) satisfies Oy [d] = O (a) -

Since 7’ # (), Lemma 3.2 with 7', U’, g, § = min{y — 1, 1} replacing T ,U, f,
gives y € Opryr with §(y) € (Onrr)™ and |y|7 < 9. Let x =y + b. Then

|t —alr <|z—blr +[b—alr =ylr +|b—alr <(y—=7)+71n =1,

By the choice of 0, |ylr < 1. So, y € Ony and |f(x)|, = [f(b)|, = 1 for each
pERM. Asbe Opy, wehave z =y +b e Ony.

(From ¢1(y), ..., 9-(y) € Omyr and g1(y) -~ g-(y) = G(y) € (Omur)* follows
that g;(y) € (Omur)*, i =1,...,7r. Hence g(y) = g1(y)** -+ - 9-(¥)*" € (Oprur)*. Now
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each f(y+b7) is in Oprg and g(y) = H fly+b67). So, fly+b7) € (Onrr)™

c€Gal(L/K)
for each ¢ € Gal(L/K). In particular, f(z) = f(y +0b) € (Opu)*. Hence, since
|f(z)|p =1 for each p € Rur, f(x) € (Omu)™, as desired. |

COROLLARY 3.5: Let R be a finite subset of U, a € K, and v > 0. Then there is x € K

with |z — al, < 1 for each p € R and |x|q = 1 for each q € U N R.

Proof: 'When char(K) = 0 apply Lemma 3.4 with §, R, U N R, X, K replacing S, T, U,
f(X), M to achieve x.

Suppose char(K) > 0. Take a power ¢ of char(K) with a? € K,. Lemma 3.4 with
0,R,U~R, X1, K, replacing S,7,U, f(X), M gives y € K, with |y —a?], < 1 for each
p € Ri, and |y|q = 1 for each q € Ux, ™ Ri,. Then z = y'/9 satisfies |z — a|, < 1 for
each p € R and |z|; = 1 for each q € U N R. i

In Case A1l of the proof of Theorem 3.7, it becomes necessary to enlarge 7 (thus

shrinking ¢/). Lemma 3.6 takes care of this enlargement.

LEMMA 3.6: Let f be a polynomial in K[X] with |f|, =1 for each p € U. Consider a

finite subset R of U, an element a € M, and v > 0. Let 7' =T UR and U’ =U~R =

Vo NT'. Suppose

(12) for each a’ € M and each ~' > 0 there is ' € Opy with |2' — d'|77 < 7' and
fa') € (Omur)™.

Then

(13) there exists x € Onryy with |z —a|lr <y and f(x) € (Onpu)™.
Proof:

CLAIM A: There exists a finite subextension L of M /K which contains a such that for
each q € Ry there exists by € L with |by|q <1 and |f(bg)|q = 1.

Choose a finite set R that represents Ry over K. Let p € Ry and let py = p|k-.
The Henselian closure M, of M with respect to p|as is K (Proposition 1.15). Hence
the corresponding residue field Mp is infinite. By assumption, the reduced polynomial
f € K,,[X] is nonzero. Hence, there is z, € M with |z,|, < 1, f(Z,) # 0, and
|f(zp)lp = 1. Since N/K is Galois, the finite subset C, = {z} | 0 € Gal(N/K)} is
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contained in N. If M is weakly PSC over Oy, then Lemma 1.14 gives a finite subset
B, of M such that for each ¢ € C, and for each q € Ry which lies over pg there exists
b€ By with [b—c|q < 1. If M/K is Galois, set B, = Cy.

Choose a finite extension L of K in M which contains a and B, for all p € Ry.
For each q € Ry there exists p € Ry and 0 € Gal(N/K) with q = p?. Choose by € B,
with [bg — z7|q < 1. Then |z7[q = [zp], < 1 and therefore [bq|q < 1. Hence, since
the coefficients of f are g-integral, [f(bq) — f(z})|q < 1. Also, [f(x])lq = [f7(x])]pr =
|f(zp)|p = 1. Hence |f(bq)|q = 1, as claimed.

CLAIM B: There exists y € Op,g with |y —a|lr < 3 and [f(y)|r = 1. Indeed, choose
a finite set R1 which represents Ry over L and choose a finite set 77 which represents
Tn over L. For each p € Ry Claim A gives b, € L such that |by|, <1 and |f(by)], = 1.

The weak approximation theorem gives y € L such that

ly —al, < % for each p € 77 and

ly — byl <1 for each p € R;.
Now let q € 7. Then there exists o € Gal(N/L) and p € 77 such that ¢ = p?. Since
a,y € L, we have |y —alq = [y —al, < 3. If ¢ € Ry, there exists o € Gal(N/L) and
p € Ry such that g =p?. Asin Claim A, |y|q <1 and |[f(y)lq = [f(W)lp = [f(bp)]p =1,

as claimed.

Conclusion of the proof: By assumption, there exists x € M with |z—y|7» < min{J, 1},
|z]q <1, and |f(z)|q = 1 for each q € U},. In particular, if q € Ty, then, by Claim B,
|z —alg < |z —ylqg+ |y —alg <7 If g€ Ry, then |z —y|q < 1 and q is finite. Since
y and the coefficients of f are g-integral, |f(z) — f(y)|q < 1. Hence |z|q = |y[q <1

and |f(z)|q = [f(y)|q = 1. Conclude that |z|; <1 and |f(x)|q = 1 for each q € Uy, as
desired. |

A data for an (S, V)-Skolem density problem for an algebraic extension M’ of
K consists of a quadruple (77,f,a,v) in which
(14a) 7' is a finite subset of V containing S;
(14b) f = (f1,..., fm) and fi € K[X1,...,X,,] is p-primitive, i.e. |f;|, = 1, for each

peVoNT i=1,...,m;
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(14c) a point a = (ay,...,a,) € M'™; and
(14d) a positive real number ~.

A solution is a point x € (Oppr y, ~ 7/)" with [x—al7 < yand f(x) € (’);f{’vo o
M’ is called an S-Skolem field with respect to V if every (S, V)-Skolem density

problem for M’ has a solution.
THEOREM 3.7: M is an §-Skolem field with respect to V.

Proof: Let f = (fi,..., fm) with f; € K[X1,...,X,] and |fi|, = 1 for each p € U,
i=1,...,m,a=(ay,...,a,) € M™, and v > 0. We prove that the S-Skolem density
problem (with respect to V) with data (7,f,a,v) has a solution. We have to find
x € (Opu)" with |x —alr <7y and fi(x),..., fm(x) € (O ).

We prove this by induction on n. We break the proof into three parts.

PART A: n =1 and fi1,...,fm € K[X;]. Put a = a; and X = X;. There are two

cases to consider.

CAse Al: m=1. Put f = f;. Let ¢ be the leading coefficient of f and let R = {p €
U| |c]y < 1}. Then R is a finite subset of Y. Let 7" =7 UR and U’ = U ~R. By
Lemma 3.4, for each o’ € M and each 7' > 0 there is 2’ € Oy with 2" —d/|7 <~/

and f(2') € (Oprur)*. Lemma 3.6 then gives z € M that solves the problem with data
(77 f7 a? ’Y)'

CASE A2: m is arbitrary. The polynomial f = f;--- f,, satisfies |f|, = 1 for each
p € U. By Case Al, there exists x € Opry such that [z — a7 < v and f(z) € (O ).
As fi(x),..., fm(x) are in O, and their product is in (O ,,)*, each of them is in

(Of{,u)x' Hence = € M solves the problem with data (7, f,a, ).

PART B: The general case forn = 1. Let K’ be a finite extension of K which contains
the coefficients of fi,..., f,. The norm g¢;(X) = Ng//k fi(X) is a product g;(X) =
I1/i;(X) of polynomials f;; which are conjugate to f; over K. In particular |f;;|, =1
and therefore |g;|, = 1 for each p € U. Apply Part A to the problem with data
(7,g,a,7), where g = (g1,.-.,9m), to get € M that solves it. That is z € Opy,

x —alr <7, and g1(z),...,g9m(z) € (Og,)*. Then for each i, the elements f;;(z)
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X

are in O ,, and their product is g;(z) € (O ,)*. Thus, each f;;(z) is in (O )
In particular each f;(z) is in (O ;). Conclude that z solves the problem with data

(T7 f’ a’? PY)'

PART C: n > 1. Suppose now the theorem holds for n — 1. Let L be a finite extension
of K which contains all coefficients of fi,..., f;,. Consider each f; as a polynomial in
Xi1,...,Xp—1 with coefficients in L[X,,] and let {h;;(X,) € L[X,]| j € J;} be the set
of all nonzero coefficients of f;(X). Then |h;jlu, <1 and R;; = {p € Ur| |hijly < 1}
is a finite subset of Uy for each ¢ and each j € J;. For each ¢ and j and for each
p € Rij, let b; j, € L be a coefficient of h;; with |b; j 5|, = |hijlp. Then use the weak
approximation theorem to find b;; € L such that |b;; — b; jplp < 1 for each p € R,;.
Find, by Corollary 3.5, a;; € K with la;; — bijlp <1 for each p € 7%1-3- and |a;;|lq = 1 for
cach g e U \ﬁij. Let hj; = ﬁ_jhij. Then |hj;|, = 1 for each p € U. By Part B, applied
to the polynomials h;;, i = 1,...,m, j € J;, there is z,, € Opnry With |z, — an|lT < v
and hi;(z,) € (Og )" i=1,...,m, j € J;.

Consider i between 1 and m and p € U. Since |filp = 1, there is j € J; with
|hijlp = 1. Then l|a;|, = 1 and therefore |h;j(xn)|y = |aijhi;j(zs)], = 1. Thus
gi( X1, ..., Xno1) = fi(Xy, ..., X1, xy,) satisfies |g;|, = 1 foreach p € U. Apply induc-
tion to the polynomials g1, ..., gm, to get z1,...,xp—1 € Opry such that |z; — a7 < 7,
l=1,...,n—1,and g;(z1,...,7n-1) € (O )"

The point x = (z1,...,2,) € M™ solves the problem with data (7, f, a,~). |

COROLLARY 3.8: Let e be a nonnegative integer. Then, for almost all o € Gal(K)¢,

both K(o) N Kiot,s and K[o] N Kiot,s are S-Skolem fields with respect to V.
Proof: Combine Lemma 1.12 with Theorem 3.7. |

Remark 3.9: As in Corollary 3.5 we can prove that if M’ is an algebraic extension of

K which is an S-Skolem field with respect to V, then so is M/,

ins- In particular, Theorem

3.7 and Corollary 3.8 imply the results of [JR2]. 1
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4. Appendix: Morse functions

by Wulf-Dieter Geyer, Erlangen University

Let K be a field of characteristic p > 0 which we assume for simplicity to be algebraically

closed.

Definition 4.1: Let ¢ = g be a rational function in K (), represented as a quotient of
two relatively prime polynomials f and g in K[t], with ¢(0c0) = oo, i.e. deg f > degg.
Then ¢ is called a Morse function, if it satisfies the following conditions (the first two
are for the elements of K which are not roots of g):

(a) The critical points of ¢, i.e. the zeros of ¢’, are non degenerate.

(b) The critical values of ¢ are distinct, i.e.

(1) =¢'(n) =0 and @(1)=9(n) =71=1.

(¢) If p > 0, then ¢(t) has no pole of order divisible by p, i.e. g has no zero of order
divisible by p and deg f # deg g mod p. |

To make the definition precise we have to explain what non degenerate means

in (a). If p # 2, it means that ¢’ has simple roots, i.e.

(1) ¢(r)=0=¢"(r) #0.

If p = 2, this does not work since always ¢’ = 0. We have to switch to the mod-
ified Hasse-Schmidt derivatives, the second one is given by the expansion (let u,t be

independent variables)
ot +u) = (t) + ¢ (t)u+ ! (t)u? mod .
Comparing to Taylor’s formula we have

PlPl(t) = if p#2;

but, if charK = 2, then ¢[?! is the welcome substitute for the vanishing ¢”. Moreover

we have in all characteristics, for a € K,

pla) = ¢'(a) =0 # g0[2]<a) <= qa is a root of multiplicity 2 of .
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So, instead of (1), the non degeneracy of the critical points in condition (a) for all

characteristics is the condition
(a) O'(1) =0= pl2(7)#£0.

Definition 1 is made to fit the following

PROPOSITION 4.2: Let ¢ = g € K(t) be a Morse function of degree n = deg f > degg.
Then the Galois group of the covering ¢ : P! — P! of degree n is the full symmetric

group, 1.e.

Gal(f(t) —zg(t), K(x)) = Sy .

Proof: As f(t) — xzg(t) is an irreducible polynomial of degree n in t, its Galois group
GG is a transitive subgroup of S,,. We look at the ramification of ¢ over the points
of K = AY(K): Condition (a) says that the orders of ramification are all < 2, so an
equation ¢(t) = a for a € K has at most double roots in K. Condition (b) says that
no two critical points are in the same fibre, so an equation ¢(t) = a for a € K has at
least n — 1 roots in K. Therefore the map ¢ has the simplest ramification behaviour
over the affine line, the ramification group over a finite point x = « just permutes two
roots of f(t) — xg(t), i.e. is generated by a transposition. At oo condition (c¢) says that
the ramification at oo is tame. Now the affine line A! has a trivial tame fundamental
group, i.e. there is no unramified covering of A! which is only tamely ramified at oo.
Therefore the Galois group G is generated by the ramification groups of the finite points,
i.e. by transpositions. The proposition follows from the standard fact that a transitive
subgroup of a finite symmetric group which is generated by transpositions cannot be

proper. |

Remark: We proved proposition 4.2 for algebraically closed fields K. But then it holds

for all fields K since .5, is the maximal Galois group of a polynomial of degree n. |

We are now going to construct Morse functions ¢ = 5 where the denominator g

is given as a separable polynomial.
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PROPOSITION 4.3: Let K be an algebraically closed field, let g € K[X] be a separable
polynomial of degree d > 0, let n > d be an integer such that n # d mod p if p > 0.
Then the polynomials f = X" + a, 1 X" 1 + .-+ a1 X + ap € K[X] of degree n such
that 5 is a Morse function form a Zariski-open dense subset of the affine n-space with

coordinates ag, ..., 0n_1.

Proof: Condition (c) of the definition of a Morse function is fulfilled since g is separable

and n # d mod p. Condition (a) means that the numerator of ¢/, i.e.

and the numerator of ¢!? which is gDy — ¢’ D with

Da(t) = f(1)g”(t) — P (1)g(t)

have no common root. jFrom ged(g, D) = 1 follows that we have to achieve ged(D, D2) =}j
1. The resultant of the polynomials D and Ds is a polynomial R(ao,...,a,—1) in the
coefficients of f, and (a) just says R # 0. Condition (b) means that the product

1 = [T (F(r)g(r) — F(r3)9(r))
i#]
where 7; are the roots of D(t) does not vanish. By the theorem on symmetric functions,

II = I(ay,...,a,) is again a polynomial in the coefficients of f. So the space of

polynomials f giving Morse functions ¢ is given by the inequalities

(2) R(as, ..., an) 0, (a1, ..., an) # 0.

Hence, it is a Zariski-open set in the affine n-space.

To show that it is dense, it suffices to show that it is not empty. We first assume
d > 0 and handle the case d = 0 at the end. We will show that the following polynomial
will satisfy the inequalities (2):

(3) f@) =t"+an_1t" "+ tast? tart+u= fo(t) +u
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with v transcendental over K and

(3a) ged(fo,g') =1,
(3) & #0.
Condition (3b) can be satisfied e.g. by the inequality as # 0. Condition (3a) is for any

choice of a,,_1,...,as satisfied for almost all a; € K.

We prove that f/g is a Morse function in the following four steps.

CrLAaM A: The polynomial equation

(4) D(r) = f(r)g'(r) = ['(T)g(r) = (fo(7) + u)g'(7) = fo(T)g(7) =0
for the critical points T of ¢ is irreducible over K(u). The degree of D(t) isn +d — 1.

Proof of Claim A: D(t) is irreducible in the polynomial ring K [u, ¢] since it is linear in u
and ged(flg,g’) = 1. The degree of D(t) is n+d— 1 since D(t) = f(t)g'(t) — f'(t)g(t) =
(d—n)bgt"t4=1 4 .. where b, is the leading coefficient of g, and d —n does not vanish

by assumption.

CLAIM B: The critical points T of ¢ are transcendental over K. Moreover u is a rational

function of degree n + d — 1 of any such .

Proof of Claim B: Otherwise the equation (4) has a vanishing coefficient at u, so
g (1) =0, s0 fi(m)g(T) = 0, from which by ged(f.,¢’) = 1 follows that g(7) = 0. This

contradicts the separability of g. The irreducible equation (4) also gives the presentation

u— (. 97
(5) fo(7) 70

CrAamm C: The polynomials D(t) and D(t) have no common root.

— fo(T).

Proof of Claim C: If 7 were a common root of D(t) and Ds(t), then besides (4)

(6) (folr) +wg () = £7 (7)g(r)

would hold. This is an equation for 7 over K(u) of lower degree than D(7) = 0. By
Claim A, it has to be trivial. This gives gl?/(7) = 0 and therefore féz](T) -g(t) = 0.
Since we assumed fc[,Q] # 0, we have from Claim B that fc[,Q] (1) # 0 and g(7) # 0. This
shows that (6) is impossible.
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CrLAIM D: The critical values of ¢ are distinct.

Proof of Claim D: Assume we have two critical points 7 and 7 , i.e. D(7) = D(n) =0,

with same (-values, so

(7) Mzmzzv.

g(r)  g(n)

Then there is by Claim A an isomorphism o, trivial on K (u), with

Now, by assumption, o also fixes the quotient v in (7). So o is the identity on the field
L=K(u,v) C K(1).

To show 7 = n it suffices to show

L=K(T).

To prove this, let » = [K(7) : L]. This degree r divides the degrees in (5) and (7),
namely

[K(1): K(u)l]=n+d—-1 and [K(7): K(v)] =n.

Now denote the pole of 7 in K(7)/K by p. Consider its ramification over certain
subfields. In equations (5) and (7), the degree of the numerator is larger than the
degree of the denominator. Therefore up = vp = oo, so p is a common pole of u and
v. (From (5) follows that the other poles of u are the zeros of ¢’; from (7) follows that
the other poles of v are the zeros of g. ;{From ged(g,g’) = 1 follows that p is the only
common pole of v and v. Since K is algebraically closed, p is purely ramified over L.
So the degree r of the extension K (7)/L is the ramification index of p over L. The
ramification index of p in K (7)/K (v) is n —d by (7) and is divisible by the ramification
index r in K(7)/L. From

r divides ged(n+d—1,n,n—d)=1

follows L = K (7) and the proof of the proposition in case d > 0 is complete.
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It remains to consider the case g = 1, i.e. the construction of Morse polynomials
¢ = f. If n =1, all polynomials f satisfy (2), so assume n > 1. We will show that the

following polynomial will satisfy the inequalities (2):
(3)' ) ="+ an_1t" "+ +aot® +urt + ag = fo(t) +ust

with u; transcendental over K and f!?] # 0 which may be satisfied by as # 0. We prove

this again in four steps as in the case d > 0.

CrLAM A’: The polynomial equation

(4)' fiir)=fi(r) +u =0
for the critical points T of f is irreducible of degree n — 1 over K (uy).

CrLAM B’:  From (4)" follows that the critical points 7 are transcendental over K, and

uq is a polynomial of degree n — 1 in K|[7].

CrLaM C’: The polynomials f' = f! 4+ u; and f1? = fc[,z] have no common root, since

we assumed f<£2] # 0 and its roots are algebraic over K.
Cramm D’: The critical values of f are distinct.

Proof of Claim D’: Let 7 and 1 be two roots of f’ with
(7 fr)=f(n) = o1,
Then there is by Claim A’ an isomorphism o, trivial on K (u;) with
o(r) =1,
Now o also fixes v in (7)". So o is the identity on the field
L=K(uy,v)C K(7).

From

[K(7): K(u1)] =n—1 and [K(T): K(v1)]=n

follows L = K(7), so o fixes 7, so n = 7. This finishes the discussion in case d = 0.

Now the proof of the proposition is complete. |
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