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∣
∣
∣
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ˆ ∞
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ˆ ∞
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√
n

π
· (1/2)

n−1

n− 1
≤ C

n10

eplaiwe ,ziy`xa sinc ly zexfbp 2-3 ly dri
ia wx epynzyd 1,2 zenla :dxrd

f̂ (t) ≈ e−π2

6 t
2

9



.|t| ≤ n1/4
xear

.ze
ig` `l zeiebltzdl mb 
aer dgkedd ly dfd wlgd

.seqpi`a 0-l sinc ly dkir
a dynzyd 3 dnl

ef ,ipy 
vn .xzei zvw o`k un`zdl jixv ,miillk mipzynl CLT z` migiken m`

.mixwn daxd 
era 
aer ifkxnd leabd htyn okl ile`e ,yteg xzei da yiy dnl

,x ∈ R lkl f` f̂ (t) = sincn
(

t√
n

)

m` :htyn

∣
∣
∣
∣
∣
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ˆ ∞
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ˆ ∞
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∣
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∣
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∣
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∣
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∣
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︸ ︷︷ ︸

≤e−
√
n

200

≤ C̃

n10

.l"yn ,|E| ≤ C
n okle

[
−n1/4, n1/4

]
le
b rhwa o`iqe`b zxfra dixet mxetqpxh z` axwl) efd dibhxhq`d

-l dliaen (gipf x`ydy ze`xdle

(Berry,Esseen) :htyn

EX3
1 ≤ ,EX2

1 = 1 ,EX1 = 0-y gipp .zebltzd ieeye z"a mipzynX1, . . . , Xn-y gipp

.R

f`

∀t.
∣
∣
∣
∣
P

(∑

θiXi ≤ t
)

− 1√
2π

ˆ t

−∞
e−

1
2 t

2

dt

∣
∣
∣
∣
≤ CR

n∑

i=1

|θi|3

(ziyily `le ziriax dwfg lawl xyt` mday mixwn 
er yi)

:aeh xzei `le

1√
n

`id d`ibyd dnl dyignny `nbe


f` P (X1 = ±1) = 1
2 m`

P

(∑
Xi√
n

= 0

)

=

(
n
n/2

)

2n
≈ 1√

πn

.t = 0-a ,

1√
n

zeidl dlelr d`ibyd zn`a ,θ1 = . . . = θn = 1√
n

xear ,okle

if` .

1√
n

∑
Xi ly zetitvd z` ϕ-a onqp .f zetitv yi X1-ly gipp :ztqep d
aer

∣
∣
∣
∣
∣

ϕ (x)
1√
2π
e−

1
2
x2
− 1

∣
∣
∣
∣
∣
< αn for |x| ≤ n1/6

.e−n
1/3

i
k-
r aexiw yi O
(
n1/6

)
l
eba geeha xnelk .αn → 0 xy`k

11



zeveaw ,d
in fekix ,ifkxn leab :deab 
nina dxitqd 2

(26/2/2014) zeixhnixtefi`

10 dry

.Qn =
[
− 1

2 ,
1
2

]n
zi
nn-axd diaewd lr epxai
 xary xeriya

.

√
n jxra `ed zeiqetih ze
ewp izy oia wgxndy epi`x •

ziqe`bd zebltzdd itl mibdpzn mii
nn-n − 1 mikzg ly migtpdy epi`x •
.(le
b 
nndyk)

.zephw lnxepd ly zeh`pi
xewd lk xy`k wx `l` ,mikzgd lkl `l df

.mii
nn n-d dxitqd/xe
kd didi meidl eply `yepd

xi
bp

Bn = {x ∈ R
n : |x| ≤ 1}

`id xe
k ly gtpl `gqepd

κn := Voln (B
n) =

πn/2

Γ
(
n
2 + 1

)

whereΓ (n+ 1) =

ˆ ∞

0

tae−tdt = n!

.zeixlet zeh`pi
xewa divxbhpi` miyer ?df z` miaygn ji`

,d
i
n f xear ,illk ote`a

ˆ

Rn

f (|x|) dx = nκn

ˆ ∞

0

rn−1f (r) dr

mdy mixehwql agxnd ly dwelg) :xexa 
e`n iaihi`ehpi` oaen yi efd `gqepl

(oini 
va rn−1
yi dnl xiaqn df ,miiteqpi` mihexg

miix`pil mitexiv ik ,f (t) = 1{a<t<b} zeivwpet 
ear ze`xdl witqn ,gikedl i
k

,efk divwpet xear .ze
i
nd zeivwpetd lka mitetv odly

ˆ

Rn

f (|x|) dx = Voln ({x ∈ R
n : a < |x| < |b|}) = κn (b

n − an) = nκn

ˆ b

a

rn−1dr

12



gwip .milxbhpi`d dn ze`xle zg` divwpet aivdl jixv xe
kd gtp z` lawl i
k

lawpe f (r) = e−
1
2 r

2

ˆ

Rn

e−
1
2 |x|

2

dx =

(
ˆ

R

e−
1
2 |x|

2

dx

)n

= (2π)
n/2

ˆ ∞

0

rn−1e
1
2 r

2

dr =

[

s =
1

2
r2
]

=

ˆ ∞

0

(2s)
n−2
2 e−sds = 2

n−2
2 Γ

(n

2
+ 1
)

.dpekpd `gqepd z` milawne

bpilxihq zgqep :dkxrd mb lawl xyt` `nb divwpet xear

Γ (n+ 1) = n! =
√
2πn

(n

e

)n
(

1 +O

(
1

n

))

?dwihehtniq`d dn

Voln (B
n) =

πn/2

Γ
(
n
2 + 1

) =





√
2πe+O

(
1√
n

)

√
n





n

diaewdn xirf ghy dqkn Rn-a xe
k xnelk .hppetqw` lkn xdn xzei 0-l s`ey df

.eze` znqegy

.7 e` 6 
nn 
r ,
nnd mr dler xe
kd gtp ,ab` mikenp mi
nna

?1 gtp mr xe
kd ly qei
xd dn .1 gtp mr xe
k dvxp miizexazqd mixa
 liaya

zeidl jixv qei
xd

√
n√

2πe+O
(
n−1/2

)

.

√
nBn = {√nx : x ∈ Bn} z` xewgp xnelk ,

√
n-a lnxpp ,miaeyiga jazqdl `l i
k

.iqe`b mibltzn xe
k ly mikzgd igtpy d`xp

.X ∼ Unif (
√
nBn) xe
ka 
ig` bltzny Rn-a ixwn xehwe X idi

.diaewd ly dxwnl 
ebipa ,miielz miixwn mipzyn od X1, . . . , Xn ely zehpi
xewd

.zkaeqn xzei `l dgkedd z`f zexnl

z` fθ-a onqp .〈X, θ〉 =∑n
i=1 θiXi n"na hiape θ ∈ Sn−1

(reaw) oeeik xehwe xgap

,diaewa enk .〈X, θ〉 ly zetitvd zivwpet

fθ (t) =
Voln−1 (

√
nBn ∩Hθ,t)

Voln (
√
nBn)

.Hθ,t = {x ∈ Rn : 〈x, θ〉 = t} xeyin-lrd `ed Hθ,t xy`k

13



.dirad ly ziaeaiqd dixhniqd awr ,θ-a ielz `l fθ (t) = f (t)-y al miyp

ely qei
xd z` aygl xyt` .n− 1 
nnn ,xe
k `ed Hθ,t ∩
√
nBn-y mb al miyp

okl .

√
n− t2 lawle qxebzit htyn zervn`a

f (t) =
κn−1 ·

(√
n− t2

)n−1

κn · (
√
n)
n = cn ·

(

1− t2

n

)n−1
2

xy`k

cn =
κn−1√
nκn

=
stierling

1√
2π

+O

(
1

n

)

-y oeeik ,o`iqe`bl s`ey df

(

1− t2

n

)n−1
2

n→∞−→ e−
1
2 t

2

.

(

1− t2

n

)n−1
2

= e−
1
2 t

2

+O
(
1
n

)
egiked :libxz

zniiwn 〈θ,X〉 ly zetitvd f` X ∼ Unif (
√
nBn) m` ,θ ∈ Sn−1

lkl :dpwqnd

∀t
∣
∣
∣
∣
f (t)− 1√

2π
e−

1
2 t

2

∣
∣
∣
∣
≤ C

n

mikre
 (n − 1 
nnn) miliawn mikzg ly migtpd ,diaewa wx `le ,xe
ka mb

.miielz mipzyndy zexnl dfe ,ziqe`b

leeqwnl zkieyn (hrn 
er d`xpy) dxitqd lye xe
kd ly efd dpekzd ,zixehqid

.(Maxwell)

yiy zexnl (ifkxnd leabd htyn) CLT-l xyw yi xe
kle dxitqly okzi :dxrd

.edyn e` miielz-izla mipzyn mr dfd avnd z` zaxwny dgked efi` yi .zeielz

.Sn−1
ely dtyd 
il zfkexn ely dq`nd lk hrnk :Bn xe
kd ly ztqep dpekz

,r ≤ 1 xy`k .X ∼ Unif (Bn) idi ?dpeekd dnl

Prob [|X | ≤ r] = Vol (rBn)

Vol (Bn)
= rn

f` ,r = 1− 1
n ,1-l aexw r gwip

Prob

[

|X | ≤ 1− 1

n

]

=

(

1− 1

n

)n

≤ e−1 <
1

2

.

1
n iaera dtilwa z`vnp dq`nd aex xnelk

14



11 dry

d`vezd ixg` zxne` divi`ehpi`d .Sn−1
dxitqd lr d
ig`d d
ind lr xa
p

.Bn xe
kd lr d
ig`d d
inl dne
 
e`n didz `idy dpexg`d

.
nrn zeey da ze
ewpd lk ik ,xewgl gep xzei zvw dxitqd z`

xnelk ,Sn−1
lr d
ig`d zexazqdd z
in z` σ = σn−1-a onqp

σ (A) =
Voln−1

(
A ∩ Sn−1

)

Voln−1 (Sn−1)

:σ lr aeygl/
earl mikx
 2 (zegtl) yi

-iql zihp`ixeepi`y d
igid zexazqdd z
in ,O (n)-l qgia Haar z
in ef .1

f` UU t = I m` U ∈ GLn lkl xnelk .mitewiyle miaea

ˆ

Sn−1

f (x) dσ (x) =

ˆ

Sn−1

f (Ux) dσ (x)

.EX2
1 = 1

n if` .X ∼ Unif
(
Sn−1

)
gipp :`nbe


.EX2
1 = 1

nE |X |
2
= 1

n okle ,X1
d′
= X2

d′
= . . .

d′
= Xn ,dixhniqn :xaqd

dlhd yi ,dxitqinda zlkeny A ⊂ Sn−1
xear .Rn-a mipt ghy z
in ef .2

.P (A) lr f (x) =

√

1− |x|2 divwpetd ly sxbd `id A f`e ,P : A → Rn−1

okle ,∇f (x) = x√
1−|x|2

`ed hp`i
xbd

Voln−1 (A) =

ˆ

P (A)

√

1 +
|x|2

1− |x|2
dx

:libxz

egiked .Y ∼ Unif
(
Sn−1

)
gippe ,Sn−1

lr z"a miixwn mixehwe X,Y gipp .1

.zebltzd dze` yi Y1-le X · Y -ly

(X1, . . . , Xn−2) ∼ if` .X = (X1, . . . , Xn) ∼ Unif
(
Sn−1

)
gipp :q
nikx` .2

.Unif
(
Bn−2

)

.Bn−1
lr (?ile`)

1√
1−|x|2

-l zipeivxetext (X1, . . . , Xn−1) ly zetitvd - fnx

(S2
-a zegtl ,d
ig` zebltzd zpzep zg` dhpi
xew lr dlhdd)

15



:marginal ly zetitvd ly aeyig

θ ∈ Sn−1
xy`k

√
nX · θ ly zetitvd f` X ∼ Unif

(
Sn−1

)
m`y raep 2 libxzn

`id ,reaw

cn

(

1− t2

n

)n−2−1
2

=

[
1√
2π

+O

(
1

n

)](

1− t2

n

)n−3
2

n ≥ 3-l if`

√
nX · θ ly zetitvd f m` ,m
ewnk

∀t
∣
∣
∣
∣
f (t)− 1√

2π
e−

1
2 t

2

∣
∣
∣
∣
≤ C

n− 2
≤ C̃

n

.Large Deviations - zele
b zeihq lr xa
l xearp

z` meqgp xnelk ,owz zeihq

√
n wgxna zeidl zexazqdd dn aygp

Prob
[√
nX1 ≥ t

]

.cn ≈ 1√
2π

mr ,cn

(

1− t2

n

)n−3
2

`id

√
nX1 ly zetitvd

,okl

Prob
[√
nX1 ≥ t

]
= cn

ˆ

√
n

t

(

1− s2

n

)n−3
2

ds

≤ cn

ˆ

√
n

t

e−
s2

2n (n−3)ds

= cn

ˆ

√
n

t

e−
1
2 s

2− 3s2

2n ds

≤ C̃

ˆ ∞

t

e−
1
2 s

2 ≤ C̃

t
e−

1
2 t

2

f` X ∼ Unif
(
Sn−1

)
m` :dpwqn

∀t ≥ 1√
n

Prob [X1 ≥ t] ≤ Ce−
n
2 t

2

dpekp dkxrd dze` okle ,Prob [X1 ≥ 1] ≤ 1 ≤ C̃e−
n
2 t

2

miiwzn 0 ≤ t ≤ 1√
n

xear

.t ≥ 0 lkl

- :zilnxep zebltzdl miaexiw lr 
v zxrd

ˆ ∞

t

e−
1
2 s

2

=
e−

1
2 t

2

t+ 1
t+ 2

t+ 3

.

.

.
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Prob [X1 ≥ t] zexazqdd .t = 1
10 xear d`xp :epiyry dn ly zixhne`ibd zernynd

xen` df ohw t xeary oey`x hana d`xp .dxitqd jezn dtik ly iqgid ghyd `id

hrn yie ,Prob
(
X1 ≥ 1

10

)
≤ Ce−c̃n df deab 
nna la` ,dxitq ivg hrnk zeidl

.gipp 100 agex ew lrn dq`n 
e`n

,

{
x ∈ Sn−1 : x1 = 0

}

il zfkexn Sn−1

ly dq`nd aex :dpwqn

σ
(
x ∈ Sn−1 : |x1| < 10

)
≥ 1− Cec̃n

daxd ly zeaiaq ly jezigy xexae ,deeyn iew oend yi :qwe
xt dt yiy d`xp

.wix `ed mdn

.
on
entration of measure phenomenon ,deab 
nna d
ind fekix zrtez ef

n→∞

la` gtpd fekix z` dyib
ny ,mideab mi
nna dxitqd z` xiivl jx
 :1 xei`

ziaeaiqd dixhniqd z` z
a`n

.Sn−1
lr zixhnixtefi`d diraa weqrl xearp

:zeiexyt` izy yi .dwixhn xi
bdl jixv lk m
ew

dxitqd lr odipia if
e`bd wgxnd didi wgxnd ,x, y ∈ Sn−1
ozpida .1

cos d (x, y) = 〈x, y〉

df ,x, y ∈ Sn−1
ze
ewp izy oia Rn-a i
ilwe`d wgxnd lr aeygl xyt` .2

.|x− y|

didz dxdpn ik df z` mi`ex meineid iiga ,|x− y| ≤ d (x, y) ≤ π |x− y|-y xexa

.zelewy zenxepd xnelk .ghyd ipt lr yiak xy`n dxvw xzei
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d(x, y)

|x− y|

dxitqd lr zewixhnd izy :2 xei`

ε > 0-e A ⊂ Sn−1
xear onqp zrk

Aε =

{

x ∈ Sn−1 : inf
y∈A
|x− y| ≤ ε

}

zinex
d dxitqindd xear lynl

H =
{
x ∈ Sn−1 : x1 ≤ 0

}

.Hε =
{
x ∈ Sn−1 : x1 ≤ ε

}
`id dagxdd

.σ (Hε) ≥ 1− ce−ε2n/2 la` σ (H) = 1
2 ?dfd geqipa d
ind fekix zrtez `id dn

(edyn e` 30-d zepya P. Levy i"r gked ,Sn−1
-a zixhnixtefi`d dirad) :htyn

.σ (Aε) ≥ σ (Hε) f` σ (A) ≥ 1
2 m` ,ε > 0 lkle ,lxea A ⊂ Sn−1

lkl

:dgked

.A z` li
bn wx df la` ,Aε =
(
A
)

ε
ixdy ,zexebq zeveawl mvnhvdl witqn

,ε > 0 lkl if` .Sn−1
-a zexebqd zeveawd sqe` z` Closed

(
Sn−1

)
-a onqp :1 dprh

dveawl

{

σ (Aε) :
A ∈ Closed

(
Sn−1

)

σ (A) ≥ 1/2

}

.menipin yi

:dgked

itl Closed
(
Sn−1

)
lr Hausdor� zwixhn z` xi
bp

dH (A,B) = inf

{

ε > 0 :
A ⊂ Bε
B ⊂ Bε

}

18



.dwixhn ok` efy ze`xl lw

:zepekz zniyx

f` Sn−1
-a zexebq zeveaw K1 ⊃ K2 ⊃ . . . m` •

lim
ℓ→∞
dH

Kℓ =

∞⋂

ℓ=1

Kℓ

miiwzn m0 mieqn mewnn lgd ,ε > 0 lkly jixv :xaqd

m ≥ m0 =⇒
∞⋂

ℓ=1

Kℓ ⊂ (Km)ε - trivial

=⇒ Km ⊂
( ∞⋂

ℓ=1

Kℓ

)

ε

miteb dl` .K̃m = Km\int ((
⋂
Kℓ)ε)-a hiap ,ipyd wlgd z` gikedl i
k

xehpw ly dnldn ,

⋂
K̃m = ∅ m` .K̃1 ⊃ K̃2 ⊃ . . . miihwtnewe mixebq

miiwzn m ≥ m0 lkle ,Km0 ⊂ int ((
⋂
K)ε) f`e ,K̃m0 = ∅-y jk m0 miiw

f` ,x0 ∈
⋂
K̃m m` ik ,

⋂
K̃m 6= ∅ okzi `l .Km ⊂ Km0 ⊂ int ((

⋂
K)ε)

.dxizq efe ,x0 ∈
⋂
Km hxta

12 dry

.zqpkzn iyew zx
q lk :dnly sxe
qe`d zwixhn •
ly jezig df .K =

⋂∞
N=1

⋃

m≥N Km z` gwip .iyew zx
q {Km}m≥1 idz

d
(

KN ,
⋃

≥N

)

→ 0 ze`xdl xzep .

⋃

m≥N Km
N→∞−→ K okl ,z
xei dx
q

.iyew zx
q Km ik dfe ,N →∞ xy`k

.ihwtnew

(
Closed

(
Sn−1

)
, dH

)
ixhnd agxnd •

ε zyx yi ε > 0 lkl m` wxe m` hwtnew `ed mly ixhn agxn ?dnl

F ⊂ ,agxnd z` miqkn ε qei
xa mixe
k ly ziteq zenk xnelk ,ziteq

.Fε = Closed
(
Sn−1

)
,|F | <∞ ,Closed

(
Sn−1

)

F ⊂ Sn−1
xnelk ,Sn−1

ly zyx gwip ?Closed
(
Sn−1

)
-l ε-zyx dpap ji`

-y xexa .2F = {A : A ⊂ F} ⊂ Closed
(
Sn−1

)
-a hiap .Fε ⊂ Sn−1

mr ziteq

,A ∈ Closed
(
Sn−1

)
gwip m` ?Closed

(
Sn−1

)
ly ε zyx `id dnl .ziteq 2F

.dH (A,B) ≤ ε-e B = {x ∈ F : infy∈A |x− y| < ε} ∈ 2F f`

.
ala zeiteq zeveaw mr dveaw lkl se`yl elit` xyt`y mi`ex dgkeddn

:(upper semi-
ontinuous) dlrnln dtivx d`ad divwpetd •

Closed
(
Sn−1

)
∋ A 7→ σ (A) ∈ [0, 1]
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.Am → A =⇒ lim supσ (Am) ≤ σ (A) m` xnelk

.le
b witqn m xear Am ⊂ Aε f` ,ε > 0 idi .Am → A gipp :dgked

zetivxne ,z
xei dx
q `id A1/m dx
qd .lim supσ (Am) ≤ σ (Aε) okl

.σ (Aε)ց σ (A) ,bal z
in ly (zeveaw ly ziz
ewn zeqpkzda)

f` .H =
{
x ∈ Sn−1 : x1 ≤ 0

}
zinex
d dxitqindd z` H-a onqp •

A 7→ σ (A ∩H)

.dlrnln dtivx mb

(dne
 `xep dgked geha ef ;migeha epiid `l) .zn
ewd dgkedl ddf dgkedd

.A-a dtivx divwpet A 7→ σ (Aε) ,ε > 0 lkl •
- dwzrd `id A 7→ Aε dwzrddy dfn zraep dlrnln zetivxd :dgked

.Closed
(
Sn−1

)
-a uiytil1

-y ze`xdl mivex .Am → A-e ,0 < δ < ε gwip ?dhnln zetivx yi dnl

Aε−δ ⊂ okle ,A ⊂ (Am)δ ,mieqn mewnn lgd .lim inf σ ((Am)ε) ≥ σ (Aε)
-l δ z` si`yp m` .lim inf σ ((Am)ε) ≥ σ (Aε−δ)-y raep dfne ,(Am)ε
ly zeixlebxn .

{
x ∈ Sn−1 : d (x,A) < ε

}
oini 
va lawp z
in zetivxn ,0

lim inf σ ((Am)ε) ≥ okle ,Aε enk d
in dze` mr dveaw ef ,dxitqd lr d
ig`d d
ind

.σ (Aε)

,ε > 0 m`e ,Sn−1
-a d
i
n dveaw A m` :zeixlebxd mr oiiprd iabl hexit

.σ (A′
ε) = σ (Aε)-y ze`xdl dvxp .A′

ε =
{
x ∈ Sn−1 : d (x,A) < ε

}
onqp

z` dqkny B (uk, rk) mixe
k ly dx
q yiy drnyn ,d
ind ly zeixlebxd

ze`xl lw .δ > 0 lkl ,σ (A′
ε) + δ xzeid lkl `ed mdly ze
ind mekqye A′

ε

σ (Aε) ≤ σ (A′
ε) + 2δ okle ,Aε z` miqkn B

(
uk, rk + δ · 2−k

)
mixe
kdy

.l"yn ,δ > 0 lkl

:1 dprh zgked

sqe`a hiap

F =

{

A ∈ Closed
(
Sn−1

)
: σ (A) ≥ 1

2

}

dtivx A 7→ σ (Aε) divwpetd .dlrnln dtivx A 7→ σ (A) ik ,dxebq `id F f`

.lawzn menipind okle ,ihwtnew Closed
(
Sn−1

)
agxnde

σ (A) ≤ 1
2 m` xnelk ,menipind lawzn da m` "zxrfnn" dxebq dveawl `xwp

.σ (Aε) = min {σ (B) : B ∈ F}-e
.hwtnew envr `ed zexrfnnd zeveawd sqe` dyrnle ,zexrfnn zeveaw yiy epi`x

.dxitqind `id zxrfnn dveawy `id ze`xdl epzxhn

dveawl meniqwn yi :2 dprh

{σ (A ∩H) : A is aminimizer}
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:dgked

dtivx A 7→ σ (A ∩H) divwpetde ,hwtnew `ed zexrfnnd zeveawd sqe`y epi`x

.meniqwn yi okl .dlrnln

.H lr ilniqwn jezig dl yi m` zinex
 `xwiz zxrfnn dveaw

.H `id d
igid zinex
d zxrfnnd dveawdy ze`xdl :epzxhn

.ixhn agxn lka xzei e` zegt zeyrl xyt`e ,hyten 
e`n eiykr 
r epiyry dn

zeveaw yiy mir
eiy dfn lawl xyt` dfl dygnd .ixhne`b oeirx jixv eiykr

.od dn mir
ei `l la` ,n ≥ 4 xear ,RPn-a e` Tn-a zexrfnn

zpzepe ,A ⊂ Sn−1
dveaw zlawny dlert ef :ze
ewp 2 ziivfixhniqa ynzyp

zxrfnn dveawy d`xpe ,d
in dze` mr Sθ (A) ⊂ Sn−1
"zinex
 xzei" dveaw

.H gxkda dfy d`xpe ,df ly zay z
ewp `id xzeia zinex


(5/3/2014) d
in fekixe Sn−1 lr zixhnixtefi`d dirad jynd 3

10 dry

dq`nd aexy epi`xe ,deab 
nina zexitq ly zepekz lr epxai
 zn
ewd mrta

.deeyn ew lk - deeynd ew 
il z`vnp

σ (H) = 1/2 f` ,zinex
d dxitqindd H =
{
x ∈ Sn−1 : x1 < 0

}
m` ,wei
 xzil

`id A ⊂ Sn−1
ly ε zagxde ,(d
ig`d zexazqdd z
in σ xy`k)

Aε =
{
x ∈ Sn−1 : ∃y ∈ A. |x− y| < ε

}

-
e`bd wgxnd mr mvra ze`vez oze` lawp ,Rn-a "dxdpn wgxn" `ed wgxnd o`k)

(dxitqd lr if

f`

σ (Hε) ≥ 1− Ce− 1
2 ε

2n

.ilqxaipe` reaw C > 0 xy`k

lkl ik dpyn `l df la` ,divpapew dt eptlgdy al miyl jixv ,≤ znerl < iabl

,ε > 0 lkle A ⊂ Sn−1
lxea zveaw

σ
({
x ∈ Sn−1 : d (x,A) = ε

})
= 0

(qxewd ly ziad 
enra riteny s
a xaqen df)

,ε > 0-e lxea zveaw A ⊂ Sn−1
m` :ixhnixtefi` oeieeiy-i` xary reaya epgked

.σ (Aε) ≥ σ (Hε) f` ,σ (A) ≥ σ (H) = 1
2 m`e

menipindy dprhd rvn`a epwqtd dgkedd jldna

min

{

σ (Aε) : A ⊂ Sn−1Borel, σ (A) ≥ 1

2

}
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.dxebq zeidl zaiig `idy ze`xl lw .zxrfnn dveaw yi xnelk ,lawzn

meiwn okle ,sxe
qe`d zwixhn zgz ihwtnew zexebqd zeveawd agxny epi`xd

σ (A ∩H) ≥ exeary dfk xnelk ,xzeia inex
 xrfnn yiy raep zxrfnn dveaw

.A′ ⊂ Sn−1
zxg` zxrfnn dxebq dveaw lkl σ (A′ ∩H)

.
igid oexztd dfye ,A = H d`xp meid

.zixpb i
 dgkedd x`ye ,zixhne`bd dipad z` ea yiy mewnd df ,epxn`y enk

:xeyin-lrl qgia Rn-a sewiy xi
bp

πθ (x) = x− 2 (x · θ) θ

.πθ = π−θ-y al miype

.xzeia inex
 zxrfnn A ⊂ Sn−1
idi

gippe ,θ1 > 0 mr θ ∈ Sn−1
idi :dprh

E ⊂ A ∩
{
x ∈ Sn−1 : x1 > 0, x · θ > 0, πθ (x) ∈ H

}

.πθ (E) ∩ A 6= ∅ f` .σ (E) > 0 mbe

���
���
���
���
���
���

���
���
���
���
���
���

���
���
���
���
���

���
���
���
���
���

E

θ

πθ(E)

H-le A-l qgia E dveawd mewin :3 xei`

:efd dprhd ozpida H ⊂ A-y dgkedd

xe
kd `ed B (x0, ε) xy`k ,dxebq A ik ,A-l xf B (x0, ε) ⊂ H yi zxg`

B (x0, ε) =
{
x ∈ Sn−1 : |x− x0| < ε

}

B (y0, ε) ⊂ Sn−1\H edyfi` yi okl .σ
(
A\H

)
> 0 le
b yxtdd ,σ (A) = 1

2 -y oeeik

mr Sn−1\H ly ieqik mr df z` ze`xl xyt` ?dnl .σ (A ∩B (y0, ε)) > 0 mr

.ε qei
xa mixe
k ly dipn-za zenk
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intersection

measure

disjoint

y0

x0

H

with positive

from A

θ

A-l qgia mixe
kd ipy mewin :4 xei`

θ = xgap .mixe
kd jeza ze
ewpd lkl mb jke ,(y0)1 > 0-e (x0)1 < 0 gxkda

f` ,(y0 − x0) / |y0 − x0|

πθ (B (y0, ε)) = B (x0, ε)

.dprhl dxizqa πθ (E) ∩ A = ∅ la` σ (E) > 0 f` ,E = A ∩B (y0, ε) gwip

.σ (Aε) ≥ σ (Hε) okle ,H ⊂ A mb f` H ⊂ A m` :ixhnixtefi`d y"`d raep dfn

two-point symmetriza-) .ze
ewp izy ziivfixhniq lr zknzqn dprhd ly dgkedd

(tion, two-point rearrangement, polarization

rawp .Sθ (A) ⊂ Sn−1
dveaw dpnn xevile ,A ⊂ Sn−1

dveaw zgwl `ed oeirxd

xi
bpe ,θ ∈ Sn−1

(x ∈ A) TA (x) =

{

πθ (x) πθ (x) /∈ A, x · θ > 0

x otherwise

Sθ (A) = {TAx : x ∈ A}
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A

A−

A+ ∩ πθ(A
−)

θ

dlertd z`vez :5 xei`

:zekizgl A z` wlgp

A+ = {x ∈ A : x · θ > 0}
A− = {x ∈ A : x · θ ≤ 0}
A = A− ⊎

(
A+ ∩ πθ

(
A−)) ⊎

(
A+\πθ

(
A−))

Sθ (A) = A− ⊎
(
A+ ∩ πθ

(
A−)) ⊎ πθ

(
A+\πθ

(
A−))

.A xy`n "dhnl" xzei SθA-y d`xp la` ,divfixhniq ynn `l ef f`

(zixhne`b dt dxew dn oiadl i
k aeh libxz) .A = B (x0, ε) :`nbe


.Sθ (B (x0, ε)) = B (x0, ε) f` x0 · θ < 0 m` •

.Sθ (B (x0, ε)) = B (πθ (x0) , ε) f` x0 · θ ≥ 0 m` •

:zepekz

,F ⊂ A lxea zveaw lkl :d
in zxnyn TA dwzrdd •

σ (F ) = σ (TA (F ))

.σ (SθA) = σ (A) ,hxta •

.SθA ⊂ SθÃ f` A ⊂ Ã m` :zeipehepen •

f` ,A jeza wx zx
ben TA ,wei
 xzil) .TA (H) ⊂ H f` θ1 > 0 m` •
(TA (H ∩ A) ⊂ H ∩ A
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:zeveaw zagxd ly x
q ztlgd •

[Sθ (A)]ε ⊂ Sθ (Aε)

.B (x, ε) ⊂ Sθ (Aε)-y ze`xdl jixv .x ∈ Sθ (A) gwip :dgked

:mixwnl 
ixtp

okl .B (πθx, ε) ⊂ Aε mbe B (x, ε) ⊂ Aε f` .πθ (x) ∈ A mbe x ∈ A gipp .1

.z
aer dlkdde ,divfixhniqa xnyp B (x, ε)

.x · θ < 0-y zr
l xyt` ,x ∈ Sθ (A)-y oeeik .πθx /∈ A la` x ∈ A gipp .2

.Sθ (Aε) ⊃ Sθ (B (x, ε)) = B (x, ε) raep x·θ < 0-e B (x, ε) ⊂ Aε-y jkn

,m
ewd dxwna enk .x ·θ < 0-e πθx ∈ A raep x ∈ SθA-n f` ,x /∈ A gipp .3

.Sθ (Aε) ⊃ Sθ (B (πθx, ε)) = B (x, ε)

11 dry

x

πθ(x)

y

A = {x, y}

Sθ(Aε)
Sθ(A)ε

ynn dlkd yi ea dxwn ly `nbe
 :6 xei`

xnelk ,dprha enk E idz .θ1 > 0 gipp •

E ⊂ A ∩
{
x ∈ Sn−1 : x1 > 0, x · θ > 0, πθ (x) ∈ H

}

.σ (SθA ∩H) ≥ σ (A ∩H) + σ (E) f`

wlgd ?dnl .TA (A ∩H) ⊎ Sθ (E\πθ (A)) z` dlikn Sθ (A)-y d`xp :dgked

TA (A ∩H) ⊂ TA (A) = raep dpnny A∩H ⊂ A dheyt dlkdn `ed oey`xd

.SθA

.πθ

(

Ẽ
)

⊂ Sθ (A) f` ,Ẽ = E\πθ (A) onqp ,dipyd dlkdd iabl

A ∩ H-l mixf πθ

(

Ẽ
)

mbe Ẽ mb ik ?xf TA (A ∩H) ∪ Sθ
(

Ẽ
)


egi`d dnl

.π (A ∩H)-l mbe
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raep efd dlkddn

σ (SθA) ≥ σ (TA (A ∩H)) + σ (E\πθ (A))
= σ (A ∩H) + σ (E\πθ (A))

:dprhd zgked

σ ((SθA)ε) ≤ la` ,σ (SθA) = σ (A) ≥ 1
2 f` ,xzeia zinex
 zxrfnn dveaw A m`

.zxrfnn dveaw ok mb SθA okle ,σ (Sθ (Aε)) = σ (Aε)

,σ (E\πθA) = 0 okle ,xzeia zinex
 mb `id ,σ (SθA ∩H) ≥ σ (A ∩H)-y oeeik

πσE ∩ A jezigd ,σ (πθE) = σ (E) > 0-y oeeike ,σ (πθE\A) milawn πθ sewiyne

.wix `l

.ixhnixtefi`d htynd zgked z` miiqn df

mixyw mr zeiveleapi` daxd yiy `id dt epynzyd mvra day zixhne`bd dpekzd

.odipia miwe
d

σ (Aε) ≥ milawn f` ,σ (A) ≥ 1
2 gippe ,lxea zveaw A ⊂ Sn−1

idz :dpwqn

.σ (Hε) = 1− Ce−ε2n/2

,mile
b milbrn aiaq zfkexn dq`ndy wx `l :d
in fekix ly 
e`n dwfg d`vez ef

.

1
2 d
inn dveaw lk ly dty aiaq zfkexn `id

�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������

A

σ(A) = 1
2

dlzlzt xzei dty mr dveawl `nbe
 :7 xei`

ly mineyi didi qxewd aex ,mieqn oaena) .efd d
aerd ly mineyi dnk d`xp

(efd d
aerd

Sn−1
lr uiytil zeivwpet

.{f ≥ t} :=
{
x ∈ Sn−1 : f (x) ≥ t

}
:oeniq
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:(Levy 1950's, S
hmidt) htyn

M oeivgd .|f (x)− f (y)| ≤ |x− y| xnelk ,uiytil-1 divwpet f : Sn−1 → R idz

.σ ({f ≤M}) ≥ 1
2 -e σ ({f ≥M}) ≥ 1

2 miiwny xtqnd `ed f ly

.σ ({|f −M | ≥ t}) ≤ C−t2n/2
miiwzn ,t > 0 lkl f`

:dgked

uiytil zpekzn ,x ∈ At xear j` .σ (At) ≥ 1 − Ce−t2n/2 f` ,A = {f ≤M} gwip

.f (x) ≤M + t raep

milawn x ∈ Bt xeare ,σ (Bt) ≥ 1 − Ce−t2n/2 f` ,B = {f ≥M} xi
bp dne
a

.f (x) ≥M − t
okle ,{|f −M | ≥ t} ⊂ (At ∩Bt)c-e σ (At ∩Bt) ≥ 1− 2Ce−t

2n/2
okl

σ ({|f −M | ≥ t}) ≤ 2Ce−t
2n/2

-petl xnelk ."dreaw ziaihwt`" `id Sn−1
lr uiytil divwpety xne` dfd htynd

dly jxrd z` miaygn m` ,f (x1, . . . , xn) =
1
10

(
x41 + x22x7

)
enk zitivtq divw

miaexw `xep wx `l` geehd lka mikxr milawn `l dxitqd lr zei`xw` ze
ewpa

.oeivgl

did htynd m` gep xzei did .aygl dywy xhnxt `ed oeivgd :rixtny 
g` xa


.mixg` mi
ne` lr xa
n

f` .E =
´

Sn−1 fdσ onqpe ,uiytil-L divwpet f : Sn−1 → R idz :dpwqn

∀t > 0, σ ({|f − E| > t}) ≤ Ce− ct2n
L2

(edyn e` 2-e 1
2 md ,mii`xep `l elit` md) .miilqxaipe` mireaw C, c > 0 xy`k

:dgked

:|E −M | ≤ C̃√
n
-y d`xp .L = 1 gipp

|E −M | =
∣
∣
∣
∣

ˆ

Sn−1

(f −M) dσ

∣
∣
∣
∣
≤
ˆ

Sn−1

|f −M | dσ =

ˆ ∞

0

σ ({|f −M | ≥ t}) dt

meqg oexg`d lxbhpi`d .bal htynn

ˆ ∞

0

σ ({|f −M | ≥ t}) dt ≤
ˆ ∞

0

Ce−nt
2/2dt =

C√
n

ˆ ∞

0

e−
1
2 t

2

dt =
C̃√
n

.σ ({|f − E| > t}) lr mqgd z` zrk gikep

oekp zeidl Ce−ct
2n

mqgl mexbz c ≤ 1-e C ≥ e ly dxiga f` t ≤ 1√
n

m` •
.il`ieixh ote`a
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lawp |E −M | ≤ C̃√
n

aexiwdn ,t ≥ 1√
n

m` •

{|f − E| ≥ t} ⊂
{

|f −M | ≥
(

C̃ + 1
)

t
}

lawp m
ewd htyna yeniyne

σ ({|f − E| ≥ t}) ≤ σ
(

{|f −M |} ≥ Ĉt
)

≤ Ce−c̃t2n

12 dry

thin ziirale (CLT) ifkxnd leabd htynl didi d
in fekixl ozipy `ad meyiid

.shell

.zexekfza ligzp

zepeyd zvixhn .E |X |2 < ∞ mr ,ixwn xehwe X = (x1, . . . , xn) ∈ Rn idi

mixai` mr n× n l
eba dvixhn `id X ly (
ovarian
e) ztzeynd

Cov (X)i,j = Cov (Xi, Xj) = EXiXj − EXiEXj

f` ,(ihqipinxh
) edylk v ∈ Rn gwip ,efd dvixhnd ly zernynd z` oiadl i
k

exear

Var (X · v) = Cov (X) v · v

(positive semi-de�nite) .zilily-i`e zixhniq dvixhn Cov (X) hxtae

?dfd oeieeiyl miribn ji`

Var
(∑

viXi

)

= Cov




∑

i

viXi,
∑

j

vjXj





=
∑

i,j

vivjCov (Xi, Xj) = 〈Cov (X) v, v〉

Cov (X) =-e EX = 0 m` itexhefi` e` lnxepn `ed X ixwnd xehwedy 
ibp :dx
bd

.Id

izllkd `l ,dwifitne 
g` 
nin lr zelhdn ,qp`ixeewl zeivi`ehpi` ipin lk yi℄

[byend z` xzei il exidad `l od ik dt oze`

miiw xeyin-lra jnzp epi`y E |X |2 < ∞ mr X ixwn xehwe lkly gikedl :libxz

Cov (TX) = :fnx) .itexhefi` b + T (X)-y jk T ziaeig zx
ben dvixhne b xehwe

(TCov (X)T t

28



zelhdd .Var (X · θ) = 1-e EX · θ = 0 miiwzn θ ∈ Sn−1
lkl ,itexhefi` X xy`k

leab htyn liaya aeh lenxp enk d`xp df .marginal distribution ze`xwp dl`d

.ifkxn

:miitexhefi` mixehwel ze`nbe


.oey`xd xeriya epi`x :X ∼ Unif
([
−
√
3,
√
3
]n
)

diaewa d
ig` zebltzd •

.0-a zlgezdy xexa .X ∼ Unif
(√
nSn−1

)
dxitqd lr d
ig` zebltzd •

`id zepeyd

EX2
1 =

1

n
E
(
X2

1 + . . .+X2
n

)
=

1

n
·
(√
n
)2

= 1

.Cov (X) = Id okle ,dxitqa oeeik lkl jk df ziaeaiq dixhniqne

dxi
bn `idy ixwnd xehwed m` zitexhefi` `id µ zexazqd z
iny xn`p •
.itexhefi` `ed ely zebltzdd z`

-xewd ipniq ztlgdle zeh`pi
xewd x
q ztlgdl zihp`ixeepi` µ-y gipp

(libxz) .zitexhefi` `id µ f` .

´

Rn
|x|2 dµ (x) = n-y jk lnxppe ,zeh`pi


lr d
ig`d d
indn zlawzn zixhniq jk lk d
inl `nbe


B
(
ℓnp
)
=

{

x ∈ R
n :

n∑

i=1

|xi|p ≤ 1

}

(mi`zn lenxpa)

miiwl i
k witqn dle
b G ⊂ O (n) m` •

∀E ellipsoid. (∀g ∈ G. gE = E) =⇒ E is a ball

.zitexhefi` `id

´

Rn
|x|2 dµ (x) = n mr zihp`ixeepi`-G d
in lk f`

xe
k `ed xy`k wx ?zitexhefi` `id 
i`eqtil` lr d
ig`d d
ind izn •
.i
ilwe`

.itexhefi` `ed miielz-izla Prob [Xi = ±1] = 1
2 ilepxa ipzyn ly xehwe •

.itexhefi` `ed Prob [X = ±ei
√
n] = 1

2n zebltzd mr xehwe •

:(Sudakov '76, Dia
onis-Freedman '84) thin shell-d htyn

gippe ,ε > 0 idi .Rn-a itexhefi` ixwn xehwe X idi

E

( |X |√
n
− 1

)2

≤ ε2
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lkly jk σ (F) ≥ 1 − Ce−c
√
n

dle
b d
inn F ⊂ Sn−1
lxea zveaw zniiw f`

xnelk ,o`iqe`b zeidl aexw 
e`n mi`znd marginal-d ,θ ∈ F

∀t |Prob [X · θ ≤ t]− Φ (t)| ≤ C̃
[√

ε+
1

n1/8

]

xy`k

Φ (t) =
1√
2π

ˆ t

−∞
e−

1
2
s2ds

.miilqxaipe` mireaw c, C, C̃-e

.mipeeikd lka hrnk ziqe`b zeidl zaxwzn 
e`n zebltzdd ,dler 
nind xy`k

lawp ayia'v oeieeiy-i`n ?E

(
|X|√
n
− 1
)2

≤ ε2 dgpdd ly zernynd dn

Prob

[

1−√ε ≤ |X |√
n
≤ 1−√ε

]

≥ 1− ε

√
n(1 +

√
ε)

√
n(1−√ε)

d
ig` zebltzd ly dxwna ,zexazqdd aex zfkexn da dw
d dtilwd :8 xei`

dveaw jeza

.E

(
|X|√
n
− 1
)2

≤ Cε2 f` E

(
|X|
R − 1

)2

≤ ε2-e itexhefi` X m` :libxz
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?ifkxnd leabd htynl xywd dn

EXi = 0,Var (Xi) = 1,EX4
i ≤ ,zebltzd idf z"a miixwn mipzynX1, . . . , Xn eidi

:ε ≤ 10√
n

mr thin shell miiwn X f` ,50

E

( |X |√
n
− 1

)2

≤ E

( |X |√
n
− 1

)2( |X |√
n
+ 1

)2

= E

(

|X |2
n
− 1

)2

= Var

(

|X |2
n

)

=
1

n2
Var

(∑

X2
i

)

=
1

n2

∑

Var
(
X2
i

)
=

1

n
Var

(
X2
i

)
≤ 49

n

marginal-d

(
1√
n
, 1√

n
, . . . , 1√

n

)

mieqn 
e`n oeeikay xne` ifkxnd leabd htyn

la` mipeeik ly 
e`n dagx dveaw lr ozep thin shell-d htyn ,iqe`b zeidl s`ey

.dfa `wee
 `l

.miiqe`b zeidl miaexw `l mipeeik daxd ,thin shell-d zgpd ila :dxrd

(12/3/2014) dw
d dtilwd htyn 4

:m
ewd xeriydn zexekfz

:Sn−1
-a d
in fekix •

.σ (Aε) ≥ 1− Ce−ε2n/2 f` σ (A) = 1
2 -e A ⊂ Sn−1

m`

:uiytil zeivwpet ly fekix •
f` ,uiytil-L divwpet f : Sn−1 → R m`

∀t > 0, σ ({x : |f (x)− E| > t}) ≤ Ce−ct2n/L2

.E =
´

Sn−1 fdσ xy`k

.(thin shell theorem) dw
d dtilwd htyn :meyii •
miiwne ,(lnxepn e`) itexhefi` X-y gipp .ε > 0 idie ,Rn-a ixwn xehwe X idi

dw
d dtilwd i`pz z`

E

∣
∣
∣
∣

|X |√
n
− 1

∣
∣
∣
∣

2

≤ ε2

-e σ (F) ≥ 1− Ce−c
√
n
mr F ⊂ Sn−1

zniiw f`

∀θ ∈ F , t ∈ R |Prob [X · θ ≤ t]− Φ (t)| ≤ C
[

1

n1/8
+
√
ε

]

31



xy`k

Φ (t) =
1√
2π

ˆ t

−∞
e−

1
2 s

2

ds

:zxekfz •
.ziaeaiq dixhniql zeihp`ixeepi` `l `id dt zeitexhefi` ly zernynd

.m
ewd xeriyd mekiqn dx
bdd z` `exwl xyt` mihxtl

d
ind ,{±ei}ni=1 lr d
ig` zihxwqi
 zebltzd :zeitexhefi` ze
inl ze`nbe
℄ •
[

√
nSn−1

dxitqd lr d
ig`d

:dw
d dtilwd htyn zgked

`id

√
nY1 ly zetitvd f` ,Y ∼ Unif

(
Sn−1

)
m`

ϕn (t) = cn

(

1− t2

n

)n−3
2

+

ozep ze`xl dyw `ly xeliih aexiw .cn = 1√
2π

+O
(
1
n

)
mr

∀t |ϕn (t)− ϕ (t)| ≤ C

n

.ϕ (t) = 1√
2π
e−

1
2 t

2

xy`k

.

´∞
−∞ |Φn − Φ| ≤ C

n -y gked ,Φn (t) = Prob [
√
nY1 ≤ t] =

´ t

−∞ ϕn onqp :libxz

xeare ,gipf

´

1 − Φ ly wlgd |t| ≥ n1/4
xear ,divxbhpi`d megz z` wlgl :fnx

(n1/2
d
ewpa wlgl mb jixv ile`) .|ϕn (t)− ϕ (t)| ≤ C t4

n ϕ (t) miiwzn |t| ≤ n1/4

(Monge, Kantorovi
h, Wasserstein, von Neumann) :oiihyxqee wgxn

xi
bp .(ixhn agxn lk lr e`) R lr zexazqd ze
in µ, ν eidi

dw (µ, ν) =W1 (µ, ν) = sup
F 1-Lip.

[
ˆ

R

Ffµ−
ˆ

R

Fgν

]

agxn lr w∗
ziibeleteh ly divfixhn ef .the L1

-Wasserstein distan
e :zilbp`a

(dylg zeqpkzd `id zeqpkzd) .zexazqdd ze
in

(transportation of measure mr dlewy dx
bd yi)

zexahvnd zebltzdd zeivwpet z` onqp ,R lr zexazqd ze
in µ1, µ2 eidi :dnl

Ψi (t) = µi ((−∞, t])

:gipp

32



.ρ1, ρ2 zeietitv yi µ1, µ2-l .1

.limt→∞ |t| · |Ψ1 (t)−Ψ2 (t)| = 0 zeqpkzd yi .2

yex
 dfd i`pzd) .

´

|x| dµi (x) < ∞ miiteq mipey`x mihpnen yi µ1, µ2-l .3

(xexa ote`a x
ben didi wgxndy i
k

.dw (µ1, µ2) ≤
´∞
−∞ |Ψ1 −Ψ2| f`

(dyw dnl zeidl dleki `l ef f` ilqxaipe` reaw oi`)

:dgked

absolutely elit` e`) uiytil zeivwpet F,G m`y ziynn dfilp`a qxewdn xekfp

(zellken zexfbpa) miwlga divxbhpi` yi ,(
ontinuous

ˆ b

a

F ′G = FG|ba −
ˆ b

a

FG′

ze`xdl :dxhnd .idylk F uiytil-1 divwpet xgap

ˆ

R

Fdµ1 −
ˆ

R

Fdµ2 ≤
ˆ ∞

−∞
|Ψ1 −Ψ2|

lawp miwlga divxbhpi`n

ˆ

Fdµ1 −
ˆ

Fdµ2 =

ˆ

F (ρ1 − ρ2) =
ˆ

F (Ψ1 −Ψ2)
′

= lim
T→∞

ˆ T

−T
F (Ψ1 −Ψ2)

′

= lim
T→∞

F (Ψ1 −Ψ2)|T−T −
ˆ T

−T
F ′ (Ψ1 −Ψ2)

lawp dipyd dgpddn

F (t) · (Ψ1 (t)−Ψ2 (t)) ≤ (F (0) + |t|) · (Ψ1 (t)−Ψ2 (t))→ 0

.oey`xd mxebd z` lqgn dfe

,ipyd mxebd xear

ˆ T

−T
F ′ (Ψ1 −Ψ2) ≤

∣
∣
∣
∣
∣

ˆ T

−T
F ′ (Ψ1 −Ψ2)

∣
∣
∣
∣
∣
≤
ˆ T

−T
|Ψ1 −Ψ2| =

ˆ ∞

−∞
|Ψ1 −Ψ2|

F : R → uiytil-1 divwpet lkl f` Y ∼ Unif
(
Sn−1

)
-e Z ∼ N (0, 1) m` :dpwqn

,R

∣
∣Ef (Z)− Ef

(√
nY1

)∣
∣ ≤ C

n
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:zixwird dnld

,σ (F) ≥ 1 − Ce−c
√
n

d
inn ∃F ⊂ Sn−1
f` .uiytil-L divwpet f : R → R idz

miiwzn θ ∈ F lk xeary

|Ef (X · θ)− Ef (Z)| ≤ CL
(

1

n1/4
+ ε

)

enk 
g` eze` `ed dt ε-d) .Z ∼ N (0, 1)-e ,miilqxaipe` mireaw C, c > 0 xy`k

(thin shell-d ly mqgd

d`vezde ,∀f∃F df dt .htyna mivexy d`vezdn jetd miznkd x
q dt :dxrd

.∃F∀f didz xzei dwfgd

:dgked

ly zipiite` divpwetk f z` oiin
p m` .θ ∈ Sn−1
xear g (θ) = Ef (X · θ) onqp

:ze`xdl mivex epgp` .agxn ivg lka yi dq`ndn dnk z

en g f` ,xyi ivg

(essentially 
onstant) .dreaw xzei-e`-zegt g divwpetd .1

.Ef (Z) jxra `ed dfd reawd .2

.θ1, θ2 ∈ Sn−1
eidi .efk g-y we
ap ,zereaw hrnk od Sn−1

-a uiytil zeivwpet

:aygp

|g (θ1)− g (θ2)| = |Ef (X · θ1)− Ef (X · θ2)|
≤ E |f (X · θ1)− f (X · θ2)|

(f L-Lip.) ≤ L · E |X · θ1 −X · θ2| = L · E |X · (θ1 − θ2)|

(C-S) ≤ L

√

E (X · (θ1 − θ2))2

(isotropi
ity) = L |θ1 − θ2|

.uiytil-L `id g mb xnelk

lr htynd ?dn myl .dly zlgezd z` aygp ,dreaw xzei-e`-zegt g-y xne` df

xne` uiytil zeivwpet ly fekix

∀t σ
({
θ ∈ Sn−1 : |g (θ)− E| ≥ t

})
≤ Ce−cnt2/L2

`id F =
{
θ ∈ Sn−1 : |g (θ)− E| ≤ L

n1/4

}
dveawdy lawp ,t = L

n1/4 gwip m`

θ ∈ F lkle ,σ (F) ≥ 1− Ce−c
√
n

e`n dle
b

|Ef (X · θ)− E| ≤ c L

n1/4
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[edyn e` zeihzq` zeaiqn ,reaw dt miyl si
rd frea℄

.|E − Ef (Z)| ≤ CL
(

1
n1/4 + ε

)
-y ze`xdl xzep

:izexazqd oeniql xearp

E =

ˆ

Sn−1

g (θ) dσ (θ) =

ˆ

Sn−1

E (X · θ) dσ (θ) = Ef (X · Y )

.X-a z"a Y ∼ Unif
(
Sn−1

)
xy`k

.thin shell-d i`pzn zraep o`iqe`bl mine
marginals-d lky d
aerd :zpiiprn dxrd

jynda .dfl df mine
 marginals-d lky lawp oii
r ,miiwzn `l dfd i`pzd m` la`

.edyn e` mip`iqe`b ly mekq df ,ze`xp dl`d zeiebltzdd ji` lr xa
p qxewd

X · Y -l f` Y ∼ Unif
(
Sn−1

)
m` :ziad ixeriyn libxza ynzyp aeyigd jyndl

okl .E = Ef (|X |Y1) raep dfn .zebltzd dze` yi |X |Y1-le

|E − Ef (Z)| = |Ef (|X |Y1)− Ef (Z)|
≤

∣
∣Ef (|X |Y1)− f

(√
nY1

)∣
∣+
∣
∣f
(√
nY1

)
− Ef (Z)

∣
∣

≤L·dw(
√
nY1,Z)

≤ LE
∣
∣|X |Y1 −

√
nY1

∣
∣+

CL

n

=
CL

n
+ LE

∣
∣
∣
∣

( |X |√
n
− 1

)√
nY1

∣
∣
∣
∣

(C-S) ≤ CL

n
+ L

√

E

( |X |√
n
− 1

)2

· E
(√
nY1

)2

≤ CL

n
+ L · ε = CL

(
1

n
+ ε

)

≤ CL
(

1

n1/4
+ ε

)

.ixwird htynd zgkedl xearp .dnld z` giken df

,t ∈ R xear xi
bpe ,δ = max
{

1
n1/8 ,

√
ε
}

rawp

1

0

t t + δ

It =

It =







1 x ≥ t
1− 1

δ (x− t) t ≤ x ≤ t+ δ

0 x ≥ t+ δ
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zrk miiwzn θ ∈ Sn−1
lkl

Prob [X · θ ≤ t] ≤ EIt (X · θ) ≤ Prob [X · θ ≤ t+ δ]

zeidl leki df lynl ,uiytil `l 
e`n zeidl leki X ·θ-y `ed dfd iehiad ly oexzid

.uiytil-

1
δ `id It divpwetd la` .
i
a dpzyn

dnlde ,xyid lr t ly mikxrd lka zg` zaa helyl mikixv epgp`y `id dirad

.mrt lka zg` uiytil divwpeta wx helyl zxyt`n

zebltzddy dl`k zeidl eply t ikxr z` xgap .k ≤ n1/8
f` ,k =

⌈
1
δ − 1

⌉
onqp

t−1 = t0 = −∞ mb rawp .tj = Φ−1 (jδ) :deey ote`a mdipia wlgzz ziqe`bd

,Z ∼ N (0, 1) m` e` .tk+1 = +∞-e

Prob (Z ≤ tj) = jδ

.j = 1, . . . , k xy`k

t1 t2 t3 t6 t7 t8t4 t5

zyxd ze
ewp inewin :9 xei`

rhwn lk ly agexd okle ,

1√
2π

`id ziqe`bd zebltzdd ly zilniqwnd zetitvd

.|tj+1 − tj | ≥
√
2πδ ≥ δ zegtl `ed

.|Prob [Z ≤ t]− jδ| ≤ 2δ okle t ≤ tj+1 f` tj−2 ≤ t ≤ tj + δ m`

σ (Fj) ≥ mr Fj ⊂ Sn−1
yiy lawp .f = Itj xear zixwird dnld z` lirtp

mbe 1− Ce−c
√
n

∀θ ∈ Fj
∣
∣EItj (X · θ)− EItj (Z)

∣
∣ ≤ C · 1

δ
·
(

1

n1/4
+ ε

)

dle
b didz oii
r d
ind f` ,F =
⋂k
j=1 Fj xi
bp

σ (F) ≥ 1− k · Ce−c
√
n

≥ 1− 2n1/8Ce−c
√
n

≥ 1− C̃e−c̃
√
n
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j = 1, . . . , k lkle θ ∈ F lkl miiwzne

∣
∣EItj (X · θ)− EItj (Z)

∣
∣ ≤ C

δ

(
1

n1/4
+ ε

)

ze`xdl mivex epgp` .t ∈ R-e θ ∈ F rawp

|Prob [X · θ ≤ t]− Prob [Z ≤ t]| ≤ C̃
(

1

n1/8
+
√
ε

)


g` 
vn miiwzne ,tj−1 < t ≤ tj-y edylk j yi f` ,t ∈ R rawp :oey`x 
rv

Prob [X · θ ≤ t] ≤ Prob [X · θ ≤ tj ] ≤ EItj (X · θ)

≤ EItj (Z) +
C

δ

(
1

n1/4
+ ε

)

≤ Prob [Z ≤ tj + δ] +
C

δ

(
1

n1/4
+ ε

)

≤ Prob [Z ≤ t] + 2δ +
C

δ

(
1

n1/4
+ ε

)

≤ Prob [Z ≤ t] + Ĉδ

ipy 
vne

Prob [X · θ ≥ t] ≥ Prob [X · θ ≤ tj−1] ≥ Prob [X · θ ≤ tj−2 + δ] ≥ EItj−2 (X · θ)

≥ EItj−2 (Z)−
C

δ

(
1

n1/4
+ ε

)

≥ Prob [Z ≥ tj−2]−
C

δ

(
1

n1/4
+ ε

)

≥ Prob [Z ≥ t]− 2δ − C

δ

(
1

n1/4
+ ε

)

≥ Prob [Z ≥ t]− Ĉδ

[dfd oexg`d alyd liaya xgap δ ly jxrd℄

.l"yn

fekix ,mirexb dyrpy miaexiwd dnk dpyn `l hrnk ,dheyt i
 dzid dgkedd

.o`iqe`bl dti`yd z` lawl lwy wfg jk lk d
ind

:dpwqn

mr zilnxepezxe` zkxrn f1, . . . , fn ∈ L2 (µ) idze ,zexazqd agxn (Ω, µ) idi

n∑

i=1

f2
i ≡ n
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θ = (θ1, . . . , θn) ∈ yi f` .dgkedd lr lwiy ,∀i.
´

fidµ = 0 xzeind i`pzd z` mb gippe

miiwzny jk Sn−1

∀t > 0.

∣
∣
∣
∣
∣
µ

({
n∑

i=1

θifi ≤ t
})

− Φ (t)

∣
∣
∣
∣
∣
≤ C

n1/8

zeipenxd ly qiqale ,dixet wexit ly zeixhnepebixh zeivwpetl lynl miiwzn df

,iaihifpxh ote`a Ω lr zlrety G zihwtnew dxeag lkl ,illk xzei ote`a .zeixtq

zeivwpetk G ly dbvd ly ilnxepzezxe` qiqa lkl miiwzn

∑
f2
i ≡ n i`pzd

.L2 (Ω)-a

`id "zi`xw`" divwpety mixne` (ixa lwiin) zegtl mwlg ,mi`wifit ly iehia yi

.σ ({f ≤ t}) = Φ (t) zniiwny f

zinvr divwpet xnelk ,"zi`xw` divwpet `ed i`xw` lb" :zwie
n xzei dxryd

.o`iqe`bl daexw `id miillk mighyn lr o`iqltld ly zi`xw`

:dpwqnd ly dgked

Efi (Y ) fj (Y ) = xne` zeilnxepezxe`d ly i`pzd .µ itl bltzny ixwn dpzyn Y idi

.zeitexhefi` 
e`n xikfn df .Efi (Y ) = 0 mb re
i .δij

.itexhefi` ynn df f` ,Xi = fi (Y ) miaikx mr ixwn xehwe xi
bp

,ok lr xzi

|X |2 =

n∑

i=1

X2
i =

n∑

i=1

fi (Y )
2
= n

.ε = 0 mr thin shell i`pz ,E

(
|X|√
n
− 1
)2

= 0 okle

miniiwny ,dl`k daxd elit` ,θ ∈ Sn−1
yi ,dw
d dtilwd htynn

∀t |Prob (X · θ ≤ t)− Φ (t)| ≤ C

n1/8

xnelk

∣
∣
∣µ
({∑

θifi ≤ t
})

− Φ (t)
∣
∣
∣ ≤ C

n1/8

1√
n
(θ, . . . , θ) lr miriavn `l ,θ ly meiw migihan wxy `id dt zixwird dirad :dxrd

.htyna ynzydl rixtn df ,deab iekiqa dfy zexnl .xg` itivtq xehwe s` lr e`

.yx
p dw
d dtilwd i`pz dnl dxidny `nbe
 d`xp

.dw
 dtilw odl oi`y zeitexhefi` ze
in yi

,
g` qei
xa dxitq lr 
ig` zbltzn

1
2 iekiqay µ zexazqd z
in lynl xi
bp

1
2

√
n,

√
7
2

√
n eidi miqei
xd) .xg` qei
xa dxitq lr 
ig` zbltzn

1
2 iekiqae

(d`xpk
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efy zexnl ,d
indn 50%-n xzei yi ezaiaqay qei
x s` oi` ,dw
 dtilw oi` dfl

.zitexhefi` d
in

X = RY f` ,R ∼ Unif
{

1
2

√
n,

√
7
2

√
n
}

ilepxa dpzyne Y ∼ Unif
(
Sn−1

)
gwip

,miiwzn `l mihpnend mr i`pzd mb f` E

(
|X|√
n
− 1
)2

> c miiwzn .dkk bltzn

.melk gihan `l htynde

?marginal distributions-d dn

,θ = e1 xear 
ibp

X1 = RY1 =

{
1
2

√
nY1 p = 1

2√
7
2

√
nY1 p = 1

2

`id zetitvd f`

fX1 =
f 1

2

√
nY1

+ f√
7

2

√
nY1

2

+

1/2
√
7/2

=

= 1
2

.ziqe`b `l llka xnelk

.thin shell i`pz uegp dnl ilnwet xzei xaqd

Prob
[
|X | ≤ 1

2

√
n
]
≥ e` Prob [|X | ≥ 2

√
n] ≥ 1

10 -e ,itexhefi` ixwn xehweX-y gipp

.

1
10

.miiqe`b `l marginals-d aex dnl dt xiaqp

,Fθ = Prob [X · θ ≤ t] 
g` marginal ly zxahvnd zebltzdd ziivwpet z` xi
bp

.zrvennd divwpetd lr xa
p Φ-n dpey Fθ llk jx
ay oerhl i
k
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,miiwzn `l thin shell i`pz m` :dprh

F (t) =

ˆ

Sn−1

Fθ (t) dσ (θ)

.|F (t)− Φ (t)| > c > 0-y t yi :L∞
znxep oaena ,Φ-n wegx

:dgked

`ed aeyiga oey`xd alyd

F (t) =

ˆ

Sn−1

Prob [X · θ ≤ t] dσ (θ)

= Prob (X · Y ≤ t) = Prob [|X |Y1 ≤ t]

(Y ∼ Unif
(
Sn−1

)
o`k)

.E (|X |Y1)2 = 1 ,itexhefi` X-y oeeik

dkxrda ynzyp

1− Φ (3) ≈ 10−3

1− Φ (6) ≈ 10−8

.

√
nY1 ly zebltzdd jxra mb ef okle

okl

1−F (6) = Prob [|X |Y1 ≥ 6] ≥ 1

10
Prob

[
2
√
nY1 ≥ 6

]
=

1

10
Prob

[√
nY1 ≥ 3

]
≈ 10−4

.1 − Φ (6) ≈ 10−8
-n wegx df

zeiepey mr mip`iqe`b ly divifetxteq llk jx
a `ed X ·θ ,thin shell ila :dxrd 
er

.zepey

marnigals-de ,dfl df mine
 marginals-d :zertez izy dt yi ,m
ew epxn`y enk

.mip`iqe`b md dxitq ly

miwlgny ,ely ziaeaiqd divfixhniqd lr lkzqdl xyt` ,X ixwn xehwe ozpida

zelwa mi`exe ,xa
 eze` ynn marginals-d lk f` .dtilw lk lr zexazqdd z`

zepey mr o`iqe`b znxez R qei
xa dxitq lk ,mip`iqe`b ly divifetxteq mdy

.R2/n

-i` ,dxwp`et ipeieeiy-i` :mipey mipeeika ,d
in fekix lr xa
l dn lr oend 
er yi

.milbpihxn ,aleaeq-bel ipeieeiy

.divaihen xqg ile` d`xie ipkh 
e`n didi df la`

xa
l xearp `ad reayae ,deab 
nnl dn
wd :qxewd ly oey`xd wlg z` miiqp f`

.exagzi dl`d mi`yepd qxewd jynda .zexinw lr
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d
in fekix ,xl
pil-dtewxt ,iwqaewpin-oexa :zexinw 5

(19/3/2014)

.deab 
nnl dn
wd :'` wlg eid mipey`xd mixeriyd zrax`

.zexinw ly zepekz mr zexazqd ze
in :'a wlg z` ligzp eiykr

dpekz idyefi` yxe
 d
in fekixy m
ew epi`x ?o`k zexazqd qipkdl llka dnl

.deab 
nna zeixlebx ly

xyt`ye ,igxkd `l dixhniqd ly i`pzdy d`xp aexwae ,dxitqd lr m
ew epi`x

.zexinw zegpd enewna gipdl

.deab 
nna zewfg ze`vez zpzep `idy d`xpe ,ixhne`b i`pz `id zexinw

lk oi` .zixhne`b zeixlebx ly dwfg dxevk zexinw lr aeygl xyt` ,epzpigan

zexev eli`k d`xp) .dne
 d
ina zewfg ze`vez zepzepy zevetpe zegep zepekz jk

(zewfg ze`vez ok mb zzl zexen` zeixlebx ly zeylg

ly ziqiqad dxezd gezita gztpe ,dheyt xzeie zipkh zegt didz meid d`vxdd

.zexinw

lken mdipia rhwd lk mb x, y ∈ K xy`k m` dxenw `id K ⊂ Rn dxev :dx
bd

.λx + (1− λ) y ∈ K mb ,0 < λ < 1 lkl xnelk ,K-a

(
onvex shape llk jx
a 2 
nna ,zegtl 3 
nna 
onvex body) xenw seb :dx
bd

.(dwix `le) dneqge ,dgezt ,dxenw dveaw `ed

:`id gikepy dpey`xd d`vezd

(Brunn-Minkowski iwqaewpin-oexa oeieeiy-i`) :htyn

f` .zewix-`l lxea zeveaw A,B ⊂ Rn eidi

|A+B|1/n ≥ |A|1/n + |B|1/n

zeveaw ly (Minkowski sum) iwqaewpin mekqe ,bal z
in |A| = Voln (A) xy`k

`ed

A+B = {x+ y : x ∈ A, y ∈ B} =
⋃

x∈A
(x+B)
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B lebire A ynegn ly iwqaewpin mekq :10 xei`

B = xy`k ,|A+ tB| = |A| + t |∂A| + πt2 miiwzn ,xeiva mi`exy enk ,xeyina

.λA = {λx : x ∈ A}-e d
igid lebir B (0, 1)

yi .n dlrnn t-a mepilet `ed |A+ tB| ,zexenw A,B ⊂ Rn xy`k :zillk dpekz

.dt gikep `ly ,efd dpga`dn dligzny "axern gtp" ly dnly dixe`iz

.geqipa driten `l `id ixd ?zexinwl xeyw n"ay epxn` dnl

dxenw A ⊂ Rn :iwqaewpin mekq zxfra zexinw oiit`l xyt` ,oey`x xa
 •
.λA+ (1− λ)A ⊂ A ,0 < λ < 1 lkl m` wxe m`

m` wxe m` n"a y"`a oeieeiy yi ,zexebq zeveaw B-e A-e |A| , |B| > 0 m` •
.A ly (dilation) getip ly dffd B-e ,zexenw A,B

f` B = x0 + λA m` :lwd oeeikd ly dwi
a

A+B = (x+ λA) +A = x+ (1 + λ)A

.|A+B|1/n = (1 + λ) |A|1/n + |A|1/n f`e

epi`xy dgkedl 
e`n dne
e ,divfixhniq mr `id odn zg` .n"a ly zegked oend yi

,divfilwel mr yi ,divhxetqpxh mr yi .zxg` divfixhniq mr la` ,miireay iptl

.zihilp` dgked d`xp epgp` .mixeyin-lr i
i-lr jezig xnelk

.oeieeiyd dxwn zxfra zi
bp `nbe
 dpap .zxg` dwfg s` mr oekp `l y"`d :dxrd

yi mixtqna .|tA|1/n = t-e |sA|1/n = s-e ,|sA+ tA|1/n = s + t f` |A| = 1 m`

dwfg mr eze` lirtp m`e ,(x+ y)
α ≥ xα+yα f` x, y > 0-e α ≥ 1 m`y ,oeieeiy-i`

lawp β ≥ 1
n

|A+B|β =
(

|A+B|1/n
)nβ

≥
(

|A|1/n + |B|1/n
)nβ

≥ |A|β + |B|β

42



xnelk ,oekp `l y"`d oeieeiyd ixwnay lawp β < 1
n xy`k .xzei ylg y"` heyt dfe

.|A+B|β < |A|β + |B|β

:n"a y"` ly mineyii

f` ,xe
k B ⊂ Rn m`e ,lxea zveaw A ⊂ Rn m` :Rn-a ixhnixtefi`d y"`d •

|A| = |B| =⇒ |Aε| ≥ |Bε|

.Aε = A+ εB (0, 1) xy`k

f` ,Voln (A) > 0 ,dwlg dty A-l m` :dxrd

(Voln−1 (∂A) =) |∂A| = lim
ε→0+

|Aε| − |A|
ε

mb milawn okle

|A| = |B| =⇒ |∂A| ≥ |∂B|

`l `ede ,mipt ghyl daeh dx
bd jixv wie
n xzei ote`a df z` zeyrl i
k

.dwlg dty ly dxwna oekp epazky dn la` .rwxd xnega aeh witqn ltehn

:n"a y"`n ixhnixtd y"`d z` gikep

|Aε| = |A+ εB (0, 1)| ≥
(

|A|1/n + ε |B (0, 1)|1/n
)n

=
(

|B|1/n + ε |B (0, 1)|1/n
)n

=
(

|B +B (0, 1)|1/n
)n

= |Bε|

if` .i
nn-ℓ agxn-zz E ⊂ Rn idi .K = −K mr dxenw K ⊂ Rn gipp •

∀x ∈ R
n Volℓ (K ∩ E) ≥ Volℓ (K ∩ (E + x))

ipy 
vne ,K ⊃ Kx+K−x
2 zexinwn if` .Kx = K ∩ (E + x) onqp :dgked

.K0 = K ∩E ⊃ Kx+K−x
2 okle ,E = (E + x) + (E − x)

,ℓ 
nna n"an

|K ∩ E|1/ℓ ≥ 1

2

(

|Kx|1/ℓ + |K−x|1/ℓ
)

= |Kx|1/ℓ

.gtpd eze` mdl yi okle ,K−x = −Kx ik

:iwqaewpin-oexa ly ziltk `qxb •
if` .0 < λ < 1 ,(zewix ile`) lxea zeveaw A,B ⊂ Rn eidi

|λA + (1− λ)B| ≥ |A|λ |B|1−λ
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.iq
pd-ipeaygd y"`dne iwqaewpin-oexan :dgked

lawpe n"a y"` z` lirtp zxg` .xexa df ,0 d
inn zeveawd zg` m`

|λA+ (1− λ)B|1/n ≥ λ |A|1/n + (1− λ) |B|1/n ≥
(

|A|1/n
)λ (

|B|1/n
)1−λ

.ziltkd `qxbdn ziaihi
`d "dlibx"d `qxbd z` mb lawl lw

onqp .ziaeig d
inn A,B ⊂ Rn mipezp

Ã = |A|−1/n
A

B̃ = |B|−1/nB

ziltkd `qxbdn lawpe λ = |A|1/n
|A|1/n+|B|1/n xgap .1 gtpn miteb

∣
∣
∣
∣
∣

1

|A|1/n + |B|1/n
(A+B)

∣
∣
∣
∣
∣
=
∣
∣
∣λÃ+ (1− λ) B̃

∣
∣
∣ ≥

∣
∣
∣Ã
∣
∣
∣

λ ∣
∣
∣B̃
∣
∣
∣

1−λ
= 1

=⇒ |A+B| ≥
(

|A|1/n + |B|1/n
)n

Prekopa-) xl
pil dtewxt oeieeiy-i` :iwqaewpin-oexa ly zilpeivwpet `qxb •
.(Lindler

miiwzny gippe ,0 < λ < 1 ,ze
i
n f, g, h : Rn → [0,∞) eidi

∀x, y ∈ R
n h (λx+ (1− λ) y) ≥ f (x)λ g (y)1−λ

if`

ˆ

h ≥
(
ˆ

f

)λ (ˆ

g

)1−λ

xgap :n"a ly ziltkd `qxbl xyw

f = 1A

g = 1B

h = 1λA+(1−λ)B

f` x, y ∈ Rn m`y ze`xdl mivex epgp`

1λA+(1−λ)B (λx+ (1− λ) y) ≥ 1A (x)
λ
1B (y)

1−λ
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dx
bdd itl dfd dxwnae ,x ∈ A, y ∈ B m` `l` qt`zn oini 
v

1λA+(1−λ)B (λx + (1− λ) y) = 1

lawp l"t y"`n

|λA+ (1− λ)B| =
ˆ

1λA+(1−λ)B ≥
(
ˆ

1A

)λ(ˆ

1B

)1−λ
= |A|λ |B|1−λ

.Holder y"` z` ,"milyn" e` ,jetd oeieeiy-i` df

.0 < λ < 1 mr

´

fλg1−λ ≤
(´
f
)λ (´

g
)1−λ

`ed ea y"`d ly divfilnxep yi

`ed l"t mr aleynd mqgd

ˆ

Rn

f (x)
λ
g (x)

1−λ
dx ≤

(
ˆ

Rn

f

)λ(ˆ

Rn

g

)1−λ
≤
ˆ

Rn

(

sup
x=λy+(1−λz)

f (y)
λ
g (z)

1−λ
)

dx

F,G,H : Rn → zeivwpet yi m` :jk minrtl gqepn l"t y"` zextqa

,0 < λ < 1-e [−∞,∞)

∀x, y H (λx+ (1− λ) y) ≤ λF (x)+(1− λ)G (y) =⇒
ˆ

e−H ≥
(
ˆ

e−F
)λ (ˆ

e−G
)1−λ

:(xl
piil-dtewxt) P-L y"` ly dgked

.
nnd lr divwe
pi`a d`vezd z` d`xp

mr ,0 < λ < 1 reawe f, g, h : R→ [0,∞) zivwpet yely zepezp :n = 1

∀x, y h (λx+ (1− λ) y) ≥ f (x)λ g (y)1−λ

.

´

h ≥
(´
f
)λ (´

g
)1−λ

-y ze`xdl mivexe

l"pke fM = min {f,M} xnelk .zeneqg ody gipdle zeivwpetd z` mehwl xyt`

h = hM oda ze
ewpa :zenehwd zeivwpetd xear miiwzn oii
r i`pzd .gM , hM
.M -n xzei `l gxkda `ed oini 
ve ,M `ed l`ny 
v f` hM < h m`e ,xexa df

lkl miiwzn `ed ,zeneqgd zeivwpetd lkl miiwzn y"`d m`y d`xn ileab jildz

(zhlyp zeqpkzd) .ze
i
nd zeivwpetd

rityn `l df ,AλB1−λ
reawa h z`e ,B reawa g z` ,A reawa f z` miltek m`

gipdle ,g z`e f z` lnxpl xzen okl .zepwqnd lr e` htynd zegpd lr

‖f‖∞ = ‖g‖∞ = 1

45



.{f > t} = {x ∈ R : f (x) > t} onqp

,0 < t < 1 lkl :dprh

{h > t} ⊃ λ · {f > t}+ (1− λ) · {g > t}

f` ,y ∈ {g > t}-e x ∈ {f > t} m` :z`f we
ap

h (λx+ (1− λ) y) ≥ λf (x) + (1− λ) g (y) > t

.λx+ (1− λ) y ∈ {h > t} okle

.|A+B| ≥ |A|+ |B| f` ,ziaeig d
in mr A,B ⊂ R m` :1 
nna n"a y"`a ynzyp

xyt` ,`l m` .oekp gxkda df ziteqpi` d
inn zeveawd zg` m` :df ly dgked

lkl f` .supA = inf B = 0-e ,zeneqg B-e A-y jk fifdle 0 d
inn dveaw xiqdl

,ε, δ > 0

A+B ⊃ (A+ ε) ∪ (B + δ)

.|A|+ |B| − ε− δ zegtl d
inn dfe

dfn lawp

|{h > t}| ≥ λ |{f > t}|+ (1− λ) |{g > t}|

lawp

´

R
f =
´ ‖f‖∞
0 |{f > t}| dt ipiaet htynne

ˆ ‖h‖∞

0

|{h > t}| ≥
ˆ 1

0

|{h > t}| ≥ λ

ˆ 1

0

|{f > t}|+ (1− λ)
ˆ 1

0

|{g > t}|
ˆ

R

h ≥ λ

ˆ

R

f + (1− λ)
ˆ

R

g

lawp iq
pd-ipeaygd y"`dne

ˆ

R

h ≥ λ
ˆ

R

f + (1− λ)
ˆ

R

g ≥
(
ˆ

R

f

)λ(ˆ

R

g

)1−λ

wfgd ixeaigd y"`d mb oekp f` ,zeey g-e f ly L∞ znxep m` ,illk ote`a :dxrd

.iltk y"` wx xi`yn lenxpd ly jildzd la` .xzei

.n 
nn xear gikepe ,k ≤ n− 1 xear oekp y"`dy gipp .divwe
pi`d xarn z` dyrp

,f (y, t) od eply zeivwpetd .Rn−1 × R ∋ (y, t) = x ∈ Rn zeh`pi
xewa ynzyp

zeniiwn ode ,h (y, t) ,g (y, t)

h (λy1 + (1− λ) y2, λt1 + (1− λ) t2) ≥ f (y1, t1)λ f (y2, t2)1−λ
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onqp

F (y) =

ˆ ∞

−∞
f (y, t) dt

G (y) =

ˆ ∞

−∞
g (y, t) dt

H (y) =

ˆ ∞

−∞
h (y, t) dt

:epzxhn

ˆ

Rn

h ≥
(
ˆ

Rn

f

)λ (ˆ

Rn

h

)1−λ

l"v ,lewy ote`a

ˆ

Rn−1

H ≥
(
ˆ

Rn−1

F

)λ(ˆ

Rn−1

G

)1−λ

i`pzd z` we
al jixv jk myle ,n− 1 
nna l"t zxfra z`f gikedl dvxp

∀y1, y2 ∈ R
n−1 H (λy1 + (1− λ) y2) ≥ F (y1)

λ
G (y2)

1−λ

oezp .g, h xear dne
ae fy (t) = f (y, t) onqp .y1, y2 ∈ Rn−1
rawp ,z`f ze`xl i
k

hλy1+(1−λ)y2 (λt1 + (1− λ) t2) ≥ fy1 (t1)λ gy2 (t2)1−λ

lr lawznd y"`de ,1 
nna P-L i`pz z` zeniiwn fy1 , gy2, hλy1+(1−λ)y2 xnelk

:epivxy dn wei
a `ed milxbhpi`d

H (λy1 + (1− λ) y2) =
ˆ ∞

−∞
hλy1+(1−λ)y2 ≥

(
ˆ ∞

−∞
fy1

)λ(ˆ ∞

−∞
gy2

)1−λ
= F (y1)

λ
G (y2)

1−λ

lawp n− 1 
nna l"t y"`ne ,i`pzd z` epw
a

ˆ

Rn−1

H ≥
(
ˆ

Rn−1

F

)λ(ˆ

Rn−1

G

)1−λ

.l"yn
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.(marginal) ziley zebltzdl xarn zgz xnyp P-L i`pzy dt epi`xd mvra

lawl xyt`y `ed gwld .d
in fekix lawl i
k iwaqewpin-oexa ly meyi d`xp

.zexinw jezn wx ,dixhniq ila d
in fekix

k"
a) 0 z` likny ,xenw seb K ⊂ Rn gipp .jpa iagxn oial zexinw oia xyw yi

:ilqaewpin lpeivpwet z` mixi
bn .(K = −K migipn

∀x ∈ R
n ‖x‖K := inf {λ > 0 : x ∈ λK}

:dly d
igid xe
k `edy dnxep ef

.‖λx‖K = λ ‖x‖K f` x ∈ Rn ,0 < λ ,λ ∈ R m` :zeipbened •

,y ∈ (‖y‖K + ε)K-e x ∈ (‖x‖K + ε)K miiwzn 
inz :yleynd oeieeiy-i` •
K zexinwne

x+ y ∈ (‖x‖K + ‖y‖K + 2ε)K

.‖x+ y‖K ≤ ‖x‖K + ‖y‖K okle ,ε > 0 lkl oekp df

.0 ∈ K ik ,x = 0 m` wxe m` ‖x‖K = 0 •

."zixhniq `l dnxep" z`xwp ef

.dxyk dnxep ef f`e ,‖x‖K = ‖−x‖K f` K = −K m`

z` milikny mixenw miteb oial zeixhniq `l zenxep oia zwie
n r"gg dn`zd yi

.0

.ziy`xl qgia miixhniq miteb oial zenxep oia zwie
nd dn`zdd z` dlikn ef

(uniform 
onvexity ,d
ig` d
ina zexinw) :dx
bd

.0 ∈ K ,xenw seb K ⊂ Rn gipp

xeza K ly zexinwd qele
en z` xi
bp ε > 0 xear

δ (ε) = inf

{

1−
∥
∥
∥
∥

x+ y

2

∥
∥
∥
∥
K

;
x, y ∈ K

‖x− y‖K > ε

}

(lawzn did menitpi`d ,K lr milkzqn epiid m`)

dlikn `l ∂K m` wxe m` (
ig` ote`a xenw K) ε > 0 lkl δ (ε) > 0 miiwzn

.rhw

."xenw xzei" seb lrk sebd lr miayeg ,le
b xzei δ (ε)-y lkk

:ze`nbe
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.δ (ε) ≥ 1
8ε

2
,
i`eqlit` e` xe
k `edy K xear :libxz •

(zeix`pil zewzrdl zihp`ixeepi` dx
bdd)

yi p = 1 xear .B
(
ℓnp
)
= {x ∈ Rn :

∑ |xi|p ≤ 1} onqp :dyw xzei libxz •
miiwzn 1 < p < 2 xear ,mirhw

δ (ε) ≥ c (p− 1) ε2

,p > 2 xeare

δ (ε) ≥ cpεp

.miillk mixenw miteba d
in fekix gikep

.0 ∈ K ,xenw seb K ⊂ Rn rawp

K lr d
ig`d zexazqdd z
in z` µ-a onqp

µ (A) =
|A ∩K|
|K|

xi
bp ,x ∈ Rn-e A ⊂ Rn xear

d (x,A) = inf
y∈A
‖x− y‖K

ihwxhqa` inxep agxna mi
aer .K-l qgia lkd ,Rn-n dxyeny zi
ilwe` dnxep oi`

.iteq 
nnn

(
ig` ote`a mixenw mitebl d
in fekix) :htyn

if` .lxea A ⊂ Rn idz

∀ε > 0 µ ({x ∈ K : d (x,A) ≥ ε}) ≤ 1

µ (A)
e−2nδ(ε)
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negligible

K

A+ εK

|A|
|K|

= 1
2

ε

e−nδ(ε)

zeaxernd zeveawd ly zixhne`b dpenz :11 xei`

:dgked

‖x− y‖K ≥ miiwzn y ∈ B-e x ∈ A ⊂ K lkl if` .B = {x ∈ K : d (x,A) ≥ ε} onqp

okle ,ε

x+ y

2
∈ (1− δ (ε))K

xnelk

A+B

2
⊂ (1− δ (ε))K

∣
∣
∣
∣

A+B

2

∣
∣
∣
∣
≤ (1− δ (ε))nK

,B-M y"`ne

√

|A| · |B| ≤
∣
∣
∣
∣

A+B

2

∣
∣
∣
∣
≤ (1− δ (ε))nK

lawpe |K|-a wlgp

√

µ (A)µ (B) ≤ (1− δ (ε))n ≤ e−nδ(ε)

okle

µ ({x ∈ K : d (x,A) ≥ ε}) = µ (B) ≤ 1

µ (A)
e−2nδ(ε)
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.l"yn

(?mihexg z
in) 
one measure-d lr xa
p Sn−1
lr d
ind fekix y"` z` xfgyl i
k

.∂K lr

A ⊂ ∂K =⇒ ν∂K (A) =
Voln ({tx : x ∈ A, t ∈ [0, 1]})

Voln (K)

K

0

A

xy`k ok dxwna) .miptd ghy z
in `l k"
a `id .∂K lr zexazqd z
in `id ν∂K
(xa
 eze` 0-n ze`td lk ly wgxndy tehilet e` ,p = 1, 2,∞ mr K = B

(
ℓnp
)

.ν∂K-l qgia ∂K lr d
in fekix egikede egqp :libxz

:fnx

Ã =

{

tx : x ∈ A, t ∈
[

1− 1

n
, 1

]}

yiy dti` ,libxk .qxewd jynda d`xpy d`xpk ,eiykr df ly mineyii d`xp `l

.zewfg ze`vez ipin lk yi d
in fekix

.(Santalo) elhpq y"` lr xa
l xearp

:dx
bd

ixletd/il`e
d sebd .(K = −K yex
l gep minrtl ,0 z` likny) xenw sebK ⊂ Rn idi

`ed ely

K0 = {x ∈ R
n : ∀y ∈ K, x · y ≤ 1}

"zil`e
d dnxepd ly d
igid xe
k"
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zil`e
d dnxepd z` mixi
bn ,Rn-a dnxep ‖·‖K m` ?dpeekd dnl

‖x‖∗K = sup
y 6=0

|x · y|
‖y‖K

(〈x, ·〉 lpeivwpetd ly zil`e
d dnxepd)

.‖x‖∗K = ‖x‖K0 if` ,K = −K m` :dprh

:zepekz

.xenw `l K m` elit` ,dxenw 
inz K0
dveawd •

miagxn i`vg ly jezigk lewy ote`a xi
bdl xyt` :xaqd

K0 =
⋂

y∈K
{x ∈ R

n : x · y ≤ 1}

.B
(
ℓnp
)0

= B
(
ℓnq
)
f` ,

1
p + 1

q = 1-e p, q ≥ 1 m` •

.K =
(
K0
)0

,xenw K m` •
.dx
bddn K ⊂

(
K0
)0

.xebq

(
K0
)0

:xaqd

miiwzny ilniqwnd sebd `ed ixletd sebd ,dx
bddn

∀x ∈ K, y ∈ K0 x · y ≤ 1

yi f` ,x /∈ K m` :d
xtdd htynn raep df ?xenw K xy`k

(
K0
)0 ⊂ K dnl

x`eza edyti` did df ,mikx
 ipin lka eze` gikedl xyt` .
ixtn xeyin-lr

.oey`xd

z ·y < 1 ,z ∈ K lkly jk y ∈ Rn miiw .x /∈
(
K0
)0

-y d`xpe ,x /∈ K zrk idz

(0 ∈ K ik dfk mipeieeiy-i`d ly oeeikd) .x · y > 1 la`

.x /∈
(
K0
)0

okle x · y > 1 la` ,y ∈ K0
-y o`kn

.K = B (0, 1) m` wxe m` K = K0
miiwzn •

.xexa =⇒ oeeikd

.K ∩K0 ⊂ B (0, 1) xexa okle ,x · y ≤ 1 f` x ∈ K, y ∈ K0
m` ,jetdd oeeika

.B (0, 1) ⊂ K0
okle ,dlkd oeeik zkted zeil`e
e ,K ⊂ B (0, 1) ,K = K0

m`

.K = B (0, 1) okl

,0 = bary
enter

(
K0
)
-y gipp .0 z` dlikny dgezt dveawK ⊂ Rn idz :elhpq y"`

f`

|K| ·
∣
∣K0

∣
∣ ≤ |B (0, 1)|2
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(26/3/2014) elhpq oeieeiy-i` ,x
p'fl mxetqpxh 6

,|A| , |B| > 0 mr A,B ⊂ Rn m` :iwqaewpin-oexa y"` z` epgked m
ewd xeriya

|A+B|1/n ≥ |A|1/n + |B|1/n

f, g, h : m` :zilpeivwpet `qxb `edy ,xt
pil-dtewxt y"` zxfrd epi`xd df z`

miiwzn m`e ,0 < λ < 1-e Rn → [0,∞)

∀x, y ∈ R
n h (λx + (1− λ) y) ≥ f (x)λ g (y)1−λ

f`

ˆ

h ≥
(
ˆ

f

)λ(ˆ

g

)λ

.
nind lr divwe
pi`a epi`x df f`

(x
led y"`l jetd oeeik ly beq df)

,0 ∈ intK mr K ⊂ Rn m` :zeix`let zeveaw epx
bd

K0 = {x ∈ R
n : ∀y ∈ K.x · y ≤ 1}

:ze`nbe


B
(
ℓnp
)0

= B
(
ℓnq
)
f`

1
p + 1

q = 1 m` •

`ed K0
f` ,n− 1 
nnn ze`t F -e mi
ew
ew V mr xehilet `ed K ⊂ Rn m` •

.n− 1 
nnn ze`t V -e mi
ew
ew F mr tehilet

(dxenw gxkda `l) dneqg dveaw K ⊂ Rn m` :hrn 
er gikepy ,elhpq oeieeiy-i`

f` ,K = −K-e

|K| ·
∣
∣K0

∣
∣ ≤ |Bn2 |2

.mi
i`eqtil`a oeieeiy mr

.zigxkd `l efd dgpdd la` ,xenw seb didi K llk jx
a :dxrd

fkxny gipdl xyt` K = −K mewna ,dixhniqd zgpd z` yilgdl xyt` :dxrd

xnelk ,ziy`xa `ed K0
ly dq`nd

barycenter
(
K0
)
:=

(
ˆ

K0

x1dx, . . . ,

ˆ

K0

xndx

)

= (0, . . . , 0)
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zg` zniiwzn m` ,d
i
n f : Rn → R idz :elhpq y"` ly zilpeivwpet `qxb

dixhniqd zepekzn

ˆ

Rn

~xe−f(x) = 0

ˆ

Rn

~xe−f
∗(x) = 0

f`

ˆ

Rn

e−f
ˆ

Rn

e−f
∗ ≤

(
ˆ

Rn

e−
1
2 |x|

2

)2

= (2π)n

.x
p'fl mxetqpxh zervn`a zx
ben zix`letd divwpetd o`k

xi
bp ,d
i
n f : Rn → R ∪ {+∞} ozpida :dx
bd

f∗ (y) = sup
x ∈ Rn

f (x) <∞

[〈x, y〉 − f (x)]

:zepekz

f (x)+f∗ (y) ≥ zniiwny (menitpi`d) zilnipind divwpetd `id f∗
divwpetd •

.x, y ∈ Rn lkl x · y

,0 < λ < 1-e x, y ∈ Rn lkl xnelk ,dxenw f∗
divwpetd •

f∗ (λx+ (1− λ) y) ≤ λf∗ (x) + (1− λ) f∗ (y)

:zexenw zeivwpet ly zepekz

.t ∈ R ∪ {+∞} lkl dxenw {x ∈ Rn : f∗ (x) < t} dveawd –

.zexenw zeivwpet md zexenw zeivwpet ly menxteqe meniqwn –

(epigraph) sxbit`d –

{(x, t) ∈ R
n × R : t ≥ f∗ (x)}

(dxebq dveaw ef dtivx f∗
m`) .dxenw dveaw `ed

ziteq f∗
day d
ewp lkay milawn ,hxalid agxna d
xtd htynn

.wiynd didi df dxifb divwpetd m` .f∗
-n dphwy zipit` divwpet yi

.zeix`pil zeivwpet ly menxteq `id ik dxenw f∗
-y wiqdl xyt`
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,(lower semi 
ontinuous) dhnln dtivxe dxenw f : Rn → R∪{+∞} m` :dprh •
.f = f∗∗

f`

dhnln dtivx f ,oitilgl .f (x0) ≤ limx→x0
f (x) :dhnln zetivx ly dx
bd

.dxebq dveaw `ed sxbit`d m` wxe m`

.dtivx `id f` ,(+∞ jxrd z` zlawn `le) dxenw f : Rn → R m` :dxrd

(libxz)

:dprhd ly dgked

zniiwny zilnipind divwpetd `id f∗∗
ik ?dnl .xexa f∗∗ ≤ f oeeikd

.dfd i`pzd z` zniiwn f -e ,f∗∗ (x) + f∗ (y) ≥ x · y
-e x0 ∈ Rn rawp .zetivxae zexinwa ynzydl jixv jetdd oeeikd liaya

.f∗∗ (x0) > t0 ze`xdl :dxhnd .t0 < f (x0)

(x0, t0) /∈-y mir
ei epgp` .ze
ewpn zexenw zeveaw ly d
xtda ynzyp

,
ixtn xeyin-lr yi f` ,dxenwe dxebq dveaw `ed sxbit`d .epigraph (f)
miiwzny jk ,c ∈ R-e y0 ∈ Rn miniiw xnelk

∀x ∈ R
n f (x) ≥ y0 · x+ c

t0 < y0 · x+ c

graph of

epigraph(f)
x 7→ x · y0 + c

(x0, t0)

R

Rn

divwpetl qgia xeyin-lrd mewin :12 xei`

.lynl ziteq f m` ixyt` izla df .en+1-l liawn dfd xeyin-lrdy okzii

.jk xg` dfd dxwna lthp

raep efd d
xtddn

f∗ (y0) = sup [x · y0 − f (x)] ≤ sup [x · y0 − (y0 · x+ c)] = −c
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okle

f∗∗ (x0) ≥ x0 · y0 − f∗ (y0) ≥ x0 · y0 + c > t0

{f <∞} dveawdn 
xten x0 ,zipit` divwpet xi
bn `l xeyin-lrd ea dxwna

.dfd dxwnd z` dqkny dne
 oerih gqpl xyt`e ,Rn-a xeyin-lr i"r

oeieeiy-i`dn raep df .f∗ (s) = 1
q |s|

q
f` ,f (t) = 1

p |t|
p
-e

1
p + 1

q = 1 m` :R-a •
xkend

st ≤ sp

p
+
tq

q

f` f (x) = 1
p ‖x‖

p
K-e ,(?K = −K jixv m`d) xenw seb K ⊂ Rn m` :Rn-a •

.f∗ (x) = 1
q ‖x‖

q
K0

?dnl

f∗ (x) = sup
y∈Rn

[

x · y − ‖y‖
p
K

p

]

= sup
t > 0
y ∈ Rn

[

x · (ty)− ‖ty‖
p
K

p

]

= sup
y∈Rn

‖y‖pK · sup
t>0

[
x · y
‖y‖pK

t− tp

p

]

= sup
x∈Rn

‖y‖pK ·

(
|x·y|
‖y‖pK

)q

q

= sup
y∈Rn

1

q

(

|x · y|
‖y‖p−p/qK

)q

=
1

q
‖x‖qK0

,x ∈ Rn-a dxifbe ,dxenw divwpet f m` •

f∗ (∇f (x)) + f (x) = x · ∇f (x)

ik ?dnl

f∗ (∇f (x)) = sup
y∈Rn

[∇f (x) · y − f (y)]

`ede ,y = x-a qt`zn (y-l qgia) ∇f (x) · y − f (y) iehiad ly hp`i
xbde

.y = x-a lawzn menwteqd okl .y-a dxenw divwpet

.edyn e` zihilp` dwipkna x
p'fl mxetqpxh zx
bdl zynyn efd dpekzd

[izpad ynn `ly ,zihilp` dwipkna oei
 `a o`k℄
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f (x) = 1
2 |x|

2
m` wxe m` f = f∗

dnvr ly x
p'fl mxetqpxh `id divwpet •
f` f (x) + f∗ (y) ≥ x · y ?dnl

f (x) =
f (x) + f∗ (x)

2
≥ 1

2
|x|2

,f ≤ g =⇒ g∗ ≥ f∗
xnelk ,x
q silgn `edy dpekzd yi x
p'fl mxetqpxhl

.f (x) = 1
2 |x|

2
milawn lkd jqae ,f∗ ≥ 1

2 |x|
2
eply dxwna okle

xi
bp u : Rn → R xear :libxz

I (u) = − log

ˆ

Rn

e−u
∗ ∈ R

dpekzd z` xl
pil-dtewxtn egiked ,u1, u2 : Rn → R m`

I

(
u1 + u2

2

)

≤ I (u1) + I (u2)

2

.ilpeivwpetd elhpq y"` z` gikep

(l"t y"` ly ziltkd `qxbd) :htyn

f` h
(√
xy
)
≥
√

f (x) g (y) miiwzne ,ze
i
n f, g, h : R+ → [0,∞) gipp

ˆ

R+

h ≥
√
ˆ

R+

f

ˆ

R+

g

(λ 6= 1
2 mre ,zei
nn-ax ze`qxb mb oaenk yi)

(ipenxd rvenn mr l"t ly `qxb mb yi)

:dgked

:l"ta dpzyn ztlgd dyrp

H (t) := eth
(
et
)

G (t) := etg
(
et
)

F (t) := etf
(
et
)

ze`xdl dvxp .zexg`d miizyl dne
ae

´

R
H =

´

R+ h miniiwn dl`

ˆ

R

H ≥
√
ˆ

R

F

ˆ

R

G
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ze`xdl jixv f` ,l"ta ynzyp df liaya

H

(
s+ t

2

)

≥
√

F (s)G (t)

xnelk

e
s+t
2 h

(

e
s+t
2

)

≥ e s+t2

√

f (es) g (et)

.eply dgpdd heyt efe

zeniiwn f, g : R+ → [0,∞) m` :dpwqn

f (x) g (y) ≤ e−xy

f`

ˆ

R+

f

ˆ

R+

g ≤ π

2

:dgked

miiwzn f` ,h (t) = e−
1
2 t

2

gwip

∀s, t ≥ 0
√

f (s) g (t) ≤ e− 1
2 st = h

(√
st
)

,iltkd l"t y"`n

ˆ

R+

f

ˆ

R+

g ≤
(
ˆ

R+

h

)2

=

(
1

2
·
√
2π

)2

=
π

2

.ilpeivwpetd elhpq y"`l daexw 
e`n dpekz xak ef

(ilpeivwpet elhpq y"`) :htyn

mr f, g : Rn → [0,∞) eidi

∀x, y ∈ R
n f (x) g (y) ≤ e−x·y

f` .

´

Rn
~xg (x) = 0 e`

´

Rn
~xf (x) = 0 gippe

ˆ

Rn

f

ˆ

Rn

g ≤ (2π)
n

.i`pzd z` zeniiwn od ,g = e−ψ
∗
-e f = e−ψ m` ?m
ew enk htyn eze` df dnl

:n = 1 xear dgked

.zeiliaxbhpi` f, g-y gipp
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R+
-a ,m
ewn dpwqna ynzyp .

´ 0

−∞ f =
´∞
0 f xnelk ,0-a oeivgdy gipp .1

:
xtpa R−
-ae

ˆ ∞

0

f

ˆ ∞

0

g ≤ π

2
ˆ 0

−∞
f

ˆ 0

−∞
g ≤ π

2

lawpe xagp

(
1

2

ˆ ∞

−∞
f

)

·
ˆ ∞

0

g +

(
1

2

ˆ ∞

−∞
f

)

·
ˆ 0

−∞
g ≤ π

("oeivgd")mf ∈ R d
ewp yi ziliaxbhpi` f : R→ [0,∞) lkly epi`xd dk 
r .2

g : R→ [0,∞) lkly

(
∀x, y ∈ R f (x+mf ) g (y) ≤ e−xy

)
=⇒

ˆ

R

f

ˆ

R

g ≤ 2π

lewy ote`a e`

(
∀x, y ∈ R f (x) g (y) ≤ e−xy−mfy

)
=⇒

ˆ

R

f

ˆ

R

g ≤ 2π

enk xa
 eze` dfy lawpe ,g (y)-l emfy mxebd z` qipkp

(
∀x, y ∈ R f (x) g (y) ≤ e−xy

)
=⇒

ˆ

R

f

ˆ

R

gemfy ≤ 2π

f` ,

´

R
xg (x) = 0 gipp

ˆ

R

g (y) emfydy ≥
ˆ

R

g (y) [1 +mfy] dy =

ˆ

R

g (y) dy

mb okle ,avnd z` rxn wx il`ivppetqw` mxeb ztqed xnelk

ˆ

R

f

ˆ

R

g ≤ 2π

zeig f∗
-e f -y d
eard z` aeh xzei zvw oiadl jixv ,n > 1 mr dgkedd xear

.miil`e
 miagxna
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agxnd `ed X∗
el il`e
d agxnd ,dimX = n 
nnn ix`pil agxn X m` :dx
bd

ix`pilia sexiv yi .dim (X∗) = n miiwzn .ℓ : X → R miix`pild milpeivwpetd ly

.y (x) ∈ R yi y ∈ X∗
-e x ∈ X m` :ipepw

`ed f : X → R ly x
p'fl mxetqpxh

f∗ (y) = sup
x∈X

[y (x)− f (x)]

.y ∈ X∗
xy`k

,ely il`e
d agxnl agxn oia ddfn zix`lwq dltkny `ed dlibxd dx
bdl xywd

.miix`pil miagxn ly mfitxenefi` df .X ∋ x 7→ 〈x, ·〉 ∈ X∗
dn`zdd zxfra

dltkn mr ix`pil agxn .X∗
-a zix`lwq dltkn dxyn X-a zix`lwq dltkn

oke ,milxbhpi` ,zeieef ,migtp ,mikxe` aygl xyt` .i
ilwe` agxn `ed zix`lwq

.d`ld

:libxz

lxbhpi`dy e`xd .F : X ×X∗ → R idz .1

ˆ

X×X∗
F (x, y) dxdy

.zix`lwqd dltknd ly dxigaa ielz `l

f` ,iaeig lxbhpi` yi f : X → [0,∞)-l m` .2

1
´

X f

ˆ

X

xf (x) dx

.zix`lwqd dltkna ielz `l

.divwe
pi`a elhpq y"` z` gikedl zrk xearp

zeniiwne zeiliaxbhpi` g : X∗ → [0,∞)-e f : X → [0,∞)-e ,n = dimX ≥ 2 gipp

∀x ∈ X, y ∈ X∗ f (x) g (y) ≤ e−y(x)

efi` xegal xyt` f` ,i
ilwe`d dpand zxigaa ielz `l

´

X f
´

X∗ g-y al miyp

.dvxpy zix`lwq dltkn

.

´

X ~xf (x) dx = 0-y mb gipp

,eilr miknzpy H+, H−
miagxn i`vge ,ziy`xa xaery H ⊂ X xeyin-lr yi .1

miiwzny jk

ˆ

H+

f =

ˆ

H−
f =

1

2

ˆ

X

f

60



f`e ,y0 ∈ X∗
lpeivpwet xnelk

H = {x ∈ X : y0 (x) = 0}
H+ = {x ∈ X : y0 (x) > 0}
H− = {x ∈ X : y0 (x) < 0}

lr y0 d
ewp lk ,ziy`xd aiaq C ⊂ X∗
dqtil` lr lkzqp ?dfk H yi dnl

xaer y0 xy`k miktdzn mde ,

´

H− f z`e

´

H+ f z` zraew dqtil`d zty

.mieey md da d
ewp yi ,miipiad jxrn .−y0-l

:agxnd i`vg ipya bari
enter-d z` xi
bp .2

0

b− := bar(f |H−)

H

H−

H+

b+ := bar(f |H+)

miiwzny al miyp

0 = bar (f) =
1

2
· b+ +

1

2
· b−

.b+ = −b− e`

.|b+| = 1-e H ⊥ b+ ditl zix`lwq dltkn xgap

e1, . . . , en−1, b qiqady fixkpe ,H ly e1, . . . , en−1 qiqa xgap ?z`f miyer ji`

.en = b onqp .ilnxepezxe` qiqa `ed

zeh`pi
xewa ynzyp .X = Rn gipp ,e1, . . . , en ∈ X ilnxepezxe` qiqa yi .3

R
n ∋ x = (y, t) ∈ R

n−1
︸ ︷︷ ︸

H

× R

:eply zegpdd

∀x, y ∈ R
n−1, s, t ∈ R f (x, t) g (y, s) ≤ e−(x·y+ts)
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∀i = 1, . . . , n−1
ˆ ∞

0

ˆ

Rn−1

yif (y, t) dydt = 0

(

and for

ˆ ∞

−∞
as well

)

:dxhnd

ˆ

R

ˆ

Rn−1

f (x, t)

ˆ

R

ˆ

Rn−1

f (y, s) ≤ (2π)n

.marginal gwip :l"t ly dgkeda epiyry dn wei
a dyrp

:dx
bd

F+ (x) =

ˆ ∞

0

f (x, t) dt

F− (y) =

ˆ 0

−∞
g (y, t) dt

G+ (x) =

ˆ ∞

0

f (x, t) dt

G− (y) =

ˆ 0

−∞
g (y, t) dt

f`

ˆ

Rn−1

F+ =

ˆ

Rn−1

F− =
1

2

ˆ

Rn

f

ˆ

Rn−1

G+ +

ˆ

Rn−1

G− =

ˆ

Rn

g

mbe

ˆ

Rn−1

~xF (x) dx = 0

,s, t > 0 lkl f` .x, y ∈ Rn−1
rawp

ex·yf (x, t) g (y, s) ≤ e−st

,[0,∞) lr l"t ly dpwqndn

ex·y
ˆ ∞

0

f (x, t) dt

ˆ ∞

0

g (y, s)ds ≤ π

2

okle

F+ (x)G+ (y) ≤ π

2
e−x·y
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dne
ae

F− (x)G− (y) ≤ π

2
e−x·y

dinwe
pi`d zgpdn lawp okle ,0-a `ed F+
ly bari
enter-d

ˆ

Rn−1

F+

ˆ

Rn−1

G+ ≤ π

2
· (2π)n−1

dne
ae

ˆ

Rn−1

F−
ˆ

Rn−1

G− ≤ π

2
· (2π)n−1

oeieeiydn ,i
nn-
gd dxwna enk

ˆ

Rn−1

F+ =
1

2

ˆ

Rn

f

lawp

1

2

ˆ

Rn

f

ˆ

Rn−1

G+ +
1

2

ˆ

Rn

f

ˆ

Rn−1

G− ≤ 2 · π
2
(2π)

n−1

.l"yn

?zilpeivwpetd `qxbdn zeveaw lr elhpq y"` z` miwiqn ji`

oi` okle K0 = (convK)0 :dxrd) .K = −K zixhniqe dxenw dveaw K ⊂ Rn idz

(dxenw K-y dgpda zeillk zlabd

xi
bp

f (x) =
1

2
‖x‖2K

f∗ (x) =
1

2
‖x‖2K0

ozep elhpq y"` f`

ˆ

Rn

e−f
ˆ

Rn

e−f
∗ ≤ (2π)

n
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:migtpl df z` xywp

ˆ

Rn

e−
1
2‖x‖

2
K =

ˆ ∞

0

∣
∣
∣

{

e
1
2‖x‖

2
K ≥ t

}∣
∣
∣ dt

[

t = e−s
2/2
]

=

ˆ ∞

0

se−
1
2 s

2

Voln (sK) ds

= Voln (K) ·
ˆ ∞

0

sn+1e−
1
2 s

2

ds

[
u = s2/2

]
= Voln (K) ·

ˆ ∞

0

(2u)
n/2

e−
1
2udu

= 2n/2Voln (K) Γ
(n

2
+ 1
)

ozp ilpeivpwetd elhpq y"` xnelk

|K| ·
∣
∣K0

∣
∣ · 2nΓ

(n

2
+ 1
)2

≤ (2π)
n

xnelk

|K| ·
∣
∣K0

∣
∣ ≤

(

πn/2

Γ
(
n
2 + 1

)

)2

= |Bn2 |2

.thin shell lre zexerw-bel ze
in lr xa
p `ad xeriya

.dxerw-bel d
in ef dn xn`p

mirtl odilr lkzqdl oiiprny epi`xe ,zexenw f : Rn → R ∪ {+∞} zeivwpet yi

.(log-
on
ave) dxerw-bel divwpet z`xwp ef .e−f xeza

miiwzny ,E ⊂ Rn ipit` agxn-zz miiw m` xerw-bel `ed Rn-a X i`xw` xehwe

.E-a dxerw-bel divpwet `id X ly zexazqdd zetitve Prob [X ∈ E] = 1

(2/4/2014) ail-tnwqxa oeieeiy-i` ,zexerw-bel ze
in 7

e` ,divwpet zeidl dleki df .xae
n dna xikfp .zexerw-bel ze
in lr meid xa
p

.ixwn xehwe e` ,d
in

:dx
bd

jnzp X-y E ⊂ Rn ipit` agxn-zz yi m` xerw-bel `xwp Rn-a X ixwn xehwe

ρ : E → [0,∞) divwpet yi xnelk .dxerw-bel divpwet `ed E-a X ly zetitvde ,ea

zniiwny

ρ (λx+ (1− λ) y) ≥ ρ (x)λ ρ (y)1−λ
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-e

Prob [x ∈ A] =
ˆ

A∩E
ρ (x) dx

.xebq didi zexirw-bel ly i`pzdy i
k `id miagxn-zz miyxny daiqd

:Rn-a zexerw-bel zeivwpet

.dxenw H : Rn → Rn ∪ {+∞} xy`k ρ = e−H meyxl xyt` •
(o`ipehlindd didi H ,zilwifit zkxrn ly qaib z
in ef m`)

ax zebltzd mb .dxenw divwpet x 7→ x2 ik ,dxerw-bel `id qe`b z
in •
.dxerw-bel `id (e−〈Ax,x〉

zetitv mr) zilnxep

.dxerw-bel divwpet 1K f` ,dxenw K ⊂ Rn m` •
(+∞ jxrd z` lawl zexenw zeivwpetl miyxny daiqd ef)

:zexenw zeivwpet ly zepekz

:f` .dxenw divwpet H : Rn → R ∪ {+∞} gipp

(libxz) .zinewn uiytile {H < +∞} ly mipta dtivx H divwpetd •

H ly sxbd lrn `vnp [a, b] xzind ,H ly sxbd lr ze
ewp izy a, b m` •
.H ly sxbl zgzn `vnp (zeiteqpi`d miipxwd izy) xyid ly jyndde

.el miwiynd mixeyin-lrd lk lrn `ed H ly sxbd •

.ilily-i` x
ben ∇2H o`iqdd m` wxe m` dxenw H f` ,C2
dwlg H m` •

.∂θθH =
(
∇2H

)
θ · θ zniiwny dvixhnd `ed o`iqdd

dze` miraew epgp`e Rn lka zx
ben divwpetdy ,dpi
r d
ewp efi` dt yi)

xenw `l dx
bd megz mixyt`n minrtl .zx
ben `l `idy ze
ewpa +∞-l

(dfd dxwna weqrp `l mrt s` .
e`n agxzn zeivwpetd oeebn f`e

A,B > 0 miniiw f` .dxerw-bele ziliaxbhpi` divwpet ρ : Rn → [0,∞) idz :dprh

.x ∈ Rn lkl ρ (x) ≤ Ae−B|x|
-y jk

:dgked ly dviwq

dveaw .ziliaxbhpi` ρ ik iteq gtp mre ,dxenw {ρ > ε} dveawd ,ε > 0 lkl .1

(libxz) .dneqg `id - `ln 
nnn `id m` ,Rn-a dxenw

-y jk R > 0 yi f` ,ε = ρ(0)
2 gwip ,ρ (0) > 0-y jk divwpetd z` fifp .2

zexirw-beln .ρ (x) ≤ ρ(0)
2 miiwzn dtyd lr f` ,{ρ > ε} ⊂ B (0, R)

ρ (0)

2
≥ ρ

(
R

|x|

)

≥ f (0)λ f (x)1−λ

65



lawp .λ = 1− R
|x| xy`k

1

2
ρ (0)

1−λ ≥ ρ (x)1−λ

okle

ρ (x) ≤ ρ (0) ·
(
1

2

) 1
1−λ

= ρ (0) ·
(
1

2

) 1
1−λ

= ρ (0) ·
(
1

2

)|X|/R

.epivxy enk dkir
 efe

f` .Rn-a z"a mixerw-bel mixehwe X,Y didi :dprh

-bel ProjE (X) f` ,zilpebezxe`d dlhdd ProjE-e agxn -zz E ⊂ Rn m` .1

.xerw

.xerw-bel T (X) f` .zipit`/zix`pil dwzrd T : Rn → Rn idz .2

.xerw-bel X + Y mekqd .3

:dgked

yi xnelk ,(
xtpa 
g` lk) xeyin-lr lr miknzp `l Y -e X-y gipp zehytd myl

.o`k mda lthp `l la` dvw ixwn yi .dxerw-bel zetitv mdl

.Rn ∋ x = (y, z) ∈ E × E⊥
meyxp :lhidl zeni`zny zeh`pi
xewa ynzyp .1

`id X ly zetitvd m` .ProjE (x) = ProjE (y, z) = y f` ,x ∈ Rn m` xnelk

`id lhidd ly zetitvd ,ρ

ρ̃ (y) =

ˆ

E⊥
ρ (y, z)dz

ze`xdl mivex epgp` .0 < λ < 1 ,y1, y2 ∈ E xgap .dxerw-bel ρ̃-y gikep

ρ̃ (λy1 + (1− λ) y2) ≥ ρ̃ (y1)λ ρ̃ (y2)1−λ

xnelk

ˆ

E⊥
ρ (λy1 + (1− λ) y2, z)dz ≥

(
ˆ

E⊥
ρ (y1, z) dz

)λ (ˆ

E⊥
ρ (y2, z)dz

)1−λ

,z1, z2 ∈ E⊥
lkly ze`xdl jixv ,xl
pil-dtewxta ynzydl i
k

ρ (λy1 + (1− λ) y2, λz1 + (1− λ) z2) dz ≥ ρ (y1, z)λ ρ (y2, z)1−λ

.ρ ly zexirw-beld wei
a efe

milihn m`y dlib oexa ,dfd geqipa dlbzd iwqaewpin-oexa :zixehqid dxrd)

(dxerw-bel divwpet milawn ,xzei jenp 
nnl xenw seb ly zipiite` divwpet
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xyt`k T = ProjE ◦ S meyxl xyt` T : Rn → Rn zix`pil dwzrd lk .2

zix`pil dwzrd S : Rn → Rn-e ,dimE = rank (T ) 
nnn agxn-zz E ⊂ Rn

.xerw-bel S (X)-y ze`xdl witqn .dkitd

?S (X) ly zetitvd dn

ρS(X) (y) = ρX
(
S−1y

)
· det−1 (S)

.zexinw lr mixney reawa dltkde ix`pil mipzyn iepiy

`id ely zetitvd ixdy ,R2n
-a xerw-bel ixwn xehwe `ed (X,Y )-y al miyp .3

ρ (s, t) = ρX (s) ρY (t)

.dxerw-bel `id zexerw-bel zeivwpet ly ziz
ewp dltkn •
.iz
ewp menipin mb •

.dxerw-bel ok mb diveleapewdy lawpe T (x, y) = x+ y dlhdd z` lirtp

dn`zd yiy xikfp .ze
in ly dtya didi df .zexirw-bel ly zxg` dx
bd dyrp

:ze
inl miixwn mipzyn oia

X r.v ←→ µ (A) = Prob [X ∈ A]

-e A,B ⊂ Rn lxea zeveaw bef lkl m` dxerw-bel `id Rn lr µ d
in :dx
bd

,0 < λ < 1

µ (λA+ (1− λ)B) ≥ µ (A)λ µ (B)
1−λ

.zelewy zex
bdd f` ,Rn-a zetitv yi µ-l m`y egiked :libxz

.ifkxnd leabd htynl zexirw-bel oia mixyw lr xa
p

le
b wlgy ze`xdl witqn ,ixwn dpzyn ly miiqe`b milhid lawl i
ky xikfp

zepekz lawl xyt` zexirw-bel zgpday d`xp .dxitq aiaq fkexn mdly dq`ndn

.dw
 dtilw ly dl`k

:dprhn ligzp

dpzyn ly zetitv lynl) ziliaxbhpi`e dxerw-bel divwpet f : R+ → [0,∞) idz

:p ≥ 0 xear dly mihpnend zivwpet z` xi
bp .(ixwn

Mf (p) =
1

Γ (p+ 1)

ˆ ∞

0

tpf (t) dt

.[0,∞) lr dxerw-bel divwpet Mf f`

:zexrd
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:uxeey-iyew y"`n ,dxenw-bel dzid divpwetd ,

1
Γ(p+1) mxebd did `l m` •

ˆ ∞

0

t
p+q
2 f (t) dt ≤

√
ˆ ∞

0

tpf (t) dt ·
ˆ ∞

0

tqf (t) dt

.xerw bel `ed 
pxbhpi`d m` :xerw-bel `ed lxbhpi`y wiqdl zillk jx
 yi •
.dxerw-bel gxkda `l `id (t, p) 7→ tpf(t)

Γ(p+1) divwpetd

divwpetdy egiked :libxz

M̃f (p) =

ˆ ∞

0

(
t

p

)p

f (t) dt

.dxerw-bel

f (t) = gwip m` .zil`ivppetqw` `id dxerw-bel divwpet ly zipeviwd `nbe
d •
lawp ,Ae−Bt

Mf (p) =
A

Γ (p+ 1)

ˆ ∞

0

tpe−Btdt =
AB−(p+1)

Γ (p+ 1)

ˆ ∞

0

tpe−tdt = AB−(p+1)

.dxerw-bel `id f` p-a zil`ivppetqw` divwpet ef

:dgked

ze`xdl jixv .(0,∞)-a p < q rawp

Mf

(
p+ q

2

)

≥
√

Mf (p)Mf (q)

,xhnxt 
er mr dgkedd z` zeyrl e` xyt` ,0 < λ < 1 lkl ze`xdl jixv zipkh)

(Mf ly zetivxn oerhl xyt`y e`

g (t) = divwpetdy jk A,B > 0 `vnp .zil`ivppetqw` divwpetl f z` deeyp

zniiwn Ae−Bt

Mf (p) = Mg (p) = AB−(p+1)

Mf (q) = Mg (q) = AB−(q+1)

(logA, logB lr zeix`pil ze`eeyn heyt dl`)

.zegtl ze
ewp 2-a zekzgp g-e f zeivwpetdy d`xp

ixdy ,
inz g > f -y e` 
inz f > g-y okzi `l •
ˆ ∞

0

tpf (t) dt =

ˆ ∞

0

tpg (t) dt
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ilily e` t lkl iaeig (t− x0) (f (t)− g (t))-y jk x0 ∈ (0,∞) yiy okzi `l •
.t lkl

xi
bp ,t > x0-l f (t) < g (t)-e t < x0-l f (t) ≥ g (t) lynl miiwzn m`

k (x) =

ˆ ∞

x

tpf (t) dt−
ˆ ∞

x

tpg (t) dt

xnelk .iaeig jk xg`e ilily ligzn dfe ,k′ (x) = xp (g (x)− f (x)) miiwn df

okle ,k (∞) = 0-e k (0) = 0 miiwzn .[x0,∞)-a dlere [0, x0]-a z
xei k
Mf (p) = dpekza ynzyp .oeieeiy-i` yi edyizne ,x ∈ (0,∞) lkl k (x) ≤ 0

lawpe Mg (p)

ˆ ∞

0

tq−p (tpf (t)) dt =
by parts

(q − p)
ˆ ∞

0

xq−p−1

(
ˆ ∞

x

tpf (t) dt

)

dx

< (q − p)
ˆ ∞

0

xq−p−1

(
ˆ ∞

x

tpg (t) dt

)

dx =

ˆ ∞

0

tqg (t) dt

.dxizq efe ,Mf (q) < Mg (q) xnelk ,mieqn x > 0 xear

f

g

log f

log g

g-e f zeivwpetd oia miqgid :13 xei`

lr e` ,ze
ewp izya zqt`zn `id okl .dxenw divwpet `id log g− log f divwpetd

lkle ,g (x) ≤ f (x) ,x ∈ [a, b] lkly jk a, b ∈ (0,∞) yi xnelk .oxw lr e` ,rhw

.f (x) ≤ g (x) miiwzn x /∈ [a, b]

ze`xdl jixv

Mf

(
p+ q

2

)

≥
√

Mf (p)Mf (q)

ze`xdl jixv xnelk .

√
Mg (p)Mg (q) =Mg

(
p+q
2

)
wei
a `ed df ly oini 
v

Mf

(
p+ q

2

)

≥Mg

(
p+ q

2

)
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,r > 0 lkle ,x ∈ (0,∞) lkl ,m
ew epxn`y dnn

(xr − ar) (xr − br) xp (f (x)− g (x)) ≤ 0

lxbhpi` dyrpe r = q−p
2 aivp

0 ≥
ˆ ∞

0

(xr − ar) (xr − br)xp (f (x)− g (x))

=

ˆ ∞

0

xq (f (x)− g (x))− (ar + br)

ˆ ∞

0

x
p+q
2 (f (x)− g (x)) + arbr

ˆ ∞

0

xp (f (x)− g (x))

.Mf

(
p+q
2

)
≥Mg

(
p+q
2

)
milawn xzepy dnne ,eqt`ziy jk epap iyilyde oey`xd mxebd

.m
ewd htynd ly miyeniy d`xp

.xerw-bele ilily-i` ,iynn n"n X-y gipp

epgked epgp` .EX4 ≥
(
EX2

)2
lynl ozep x
led y"`

EX2

2!
≥
√

EX4

4!
· EX

0

0!

.jetd oeeika y"` df .EX4 ≤ 6
(
EX2

)2
xnelk

lr lkzqdl xyt` di`xle ,we
d df la` ,jetd x
led ozp xl
pil-dtewxt mb)

(zil`ivppetqw` mibltzny miixwn mipzyn

xnelk) .zil`i
x dixhniq lrae xerw-bel ,Rn-a ixwn xehwe X-y gipp :dpwqn

.E

(
|X|
σ − 1

)2

≤ 1
n f` .σ = E |X | onqp .(|X | ly divwpet `id X ly zetitvd

:dgked

ly zxfbpd `id |X | ly zetitvd .ρ (x) = ρ (|x|) onqp

P (|X | ≤ t) =
ˆ

tBn
ρ (x) dx = nκn

ˆ t

0

sn−1ρ (s) ds

lawp m
ew dnldn .nκnt
n−1ρ (t) `id |X | ly zetitvd okle

Mρ (n) ≥
√

Mρ (n− 1)Mρ (n+ 1)

xnelk

1

n!

ˆ ∞

0

tnρ (t) ≥
√
´∞
0 tn−1ρ (t)

(n− 1)!
·
´∞
0 tn+1ρ (t)

(n+ 1)!
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-y al miyp

E |X |α = nκn

ˆ ∞

0

tn−1+αρ (t) dt

lewyd z` lawle nκn-a y"`d z` litkdl xyt` okle

1

n!
E |X | ≥

√

E |X |2
(n− 1)! (n+ 1)!

e`

(

1 +
1

n

)

(E |X |)2 ≥ E |X |2

e`

E

( |X |
σ
− 1

)2

=
E

(

|X |2
)

(E |X |)2
− 2

E |X |
E |X | + 1 ≤ 1

n

.l"yn

lawp ,xerw-bele ziaeaiq dixhniq lra `ed m`e ,E |X |2 = n f` ,itexhefi` X m`

.

σ√
n

`ed dtilwd agexy

.dxwp`et y"` ly beq ,fekixl zexinw oia sqep xyw dyrp

(ail-tnwqlxa) :htyn

divpwet ψ : Rn → R mr

dµ
dx = e−ψ gipp .Rn-a dxerw-bel zexazqd z
in µ gipp

.x ∈ Rn lkl ∇2ψ (x) > 0 mr ,C∞
dwlg ,dxenw

,f ∈ C1 (Rn) ∩ L2 (µ) divwpet lkl if`

Varµ (f) ≤
ˆ

Rn

[(
∇2ψ

)−1∇f · ∇f
]

dµ

d`xp lynl .wfg xzei y"`de ,le
b xzei o`iqdd jk ,dxenw xzei divwpetdy lkk

.dw
 dtilw milawn f (x) = x2 xeary xzei xge`n

.zeihtil` g"
n lr dprh i
k-
r meid gikep

:dgked

dgked didz ef .Bo
hner zgqepe ,Ri

i zeinenwrl mixeywy zepeirxa ynzyp

.zihilp` 
e`n
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zxfbpd ixehxte` z` yi .Rn-a ihwtnew jnez mr C∞
zeivwpet sqe` z` S-a onqp

miiwiy ∂∗i : S → S xehxte` `ed dfl (i
bp+) 
envd .∂i : S → S ziwlgd

∀u, v ∈ S
ˆ

Rn

(∂iu) vdµ = −
ˆ

Rn

u (∂∗i v) dµ

miwlga divxbhpi`n ?eze` `vnp ji`

ˆ

Rn

(∂iu) ve
−ψ = −

ˆ

Rn

u
[
∂iv · e−ψ − v · ∂iψ · e−ψ

]
= −
ˆ

Rn

u [∂iv − (∂iψ) v] dµ

xi
bdl xiaq xnelk

∂∗i u = ∂iu− (∂iψ) u

xehxte`l

Lu =

n∑

i=1

∂∗i (∂iu)

.Rn-a µ d
ind lr qltl xehxte` mi`xew

,u, v ∈ S lkl ?aeh xehxte` df dnl

ˆ

Rn

(Lu) vdµ =

n∑

i=1

ˆ

Rn

∂∗i (∂iu) vdµ

= −
n∑

i=1

ˆ

Rn

(∂iu · ∂iv) dµ = −
ˆ

Rn

〈∇u,∇v〉 dµ

:divhenewd iqgi dn d`xp

∂i∂
∗
ku = ∂i (∂ku− (∂kψ)u)

= ∂k (∂iu)− (∂ikψ) u− (∂kψ) (∂iu)

= ∂∗k (∂iu)− (∂ikψ) u

sqepae

∂i (Lu) =

n∑

k=1

∂i (∂
∗
k∂ku)

=

n∑

k=1

[∂∗k (∂i∂ku)− (∂ikψ) (∂ku)]

= L (∂iu)−
n∑

k=1

∂ikψ · ∂ku
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eply dxwna gikep .(lxbhpi` ixg`) zipnix dixhne`ibn xpkea zgqep z` xikfn df

∀u ∈ S
ˆ

Rn

(Lu)
2
dµ =

ˆ

Rn

(
∇2ψ

)
∇u · ∇udµ+

n∑

i=1

ˆ

Rn

|∇∂iu|2 dµ

:dgked

ˆ

Rn

(Lu)
2
dµ = −

ˆ

Rn

〈∇ (Lu) ,∇u〉 dµ

= −
n∑

i=1

ˆ

Rn

〈∂i (Lu) , ∂iu〉 dµ

= −
n∑

i=1

ˆ

Rn

L (∂iu)∂iudµ+

ˆ

Rn

n∑

i,k=1

∂ikψ∂ku∂iudµ

=

n∑

i=1

ˆ

Rn

(∇∂iu · ∇∂iu) dµ+

ˆ

Rn

(
∇2ψ

)
∇u · ∇udµ

:xpkea zgqepn raepy y"`

∀u ∈ S
ˆ

Rn

(Lu)
2
dµ ≥

ˆ

Rn

(
∇2ψ

)
∇u · ∇udµ

zraep zeihtil` g"
n ly dxezdn

znxepaH =
{
f ∈ L2 (µ) :

´

fdµ = 0
}
-a setv {Lu : u ∈ S} zeivwpetd sqe` :dnl

.L2 (µ)

.d`xpk `ad xeriya efd dnld z` gikep

:ail-tnwqlxa y"` zgked

.

´

Rn
fdµ = 0-y gipdle ,f -n reaw xqgl xyt`

.‖Lu− f‖L2(µ) < ε mr u ∈ S zniiw ,dnldn .ε > 0 idi

:aygp .Varµ (f) =
´

f2dµ z` meqgl mivex

ˆ

Rn

f2dµ = ‖Lu− f‖2L2(µ) + 2

ˆ

Rn

(Lu) fdµ−
ˆ

Rn

(Lu)
2
dµ

< ε2 − 2

ˆ

Rn

(∇u · ∇f) dµ−
ˆ

Rn

(
∇2ψ

)
∇u · ∇udµ

(f ∈ C1 (Rn) ik xzen df la` ,f /∈ S mr miwlga divxbhpi` dt epiyr)
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−2x · y−Ax · x ≤ f` A > 0-e x, y ∈ Rn m`y ,zix`pil dxabl`n `gqepa ynzyp

ixhne`b-ihnzix`d oeieeiy-i`dne uxeey iyew oeieeiy-i`n :efd `gqepl dgked .Ay ·y
`vei

x · y = A1/2x ·A−1/2y ≤ (Ax · x)1/2
(
A−1y · y

)1/2 ≤ 1

2
Ax · x+A−1y · y

okle

−2x · y −Ax · x = 2 (−x · y)−A (−x) · (−x) ≤ A−1y · y

,ε > 0 lkly lawp

ˆ

Rn

f2dµ < ε2 +

ˆ

Rn

(
∇2ψ

)−1∇f · ∇fdµ

.l"yn

(23/4/2014) dxwp`et ipeieeiy-i` ,ail-tnwqxa jynd 8

xy`k

dµ
dx = e−ψ ,Rn lr d
in µ idz :ail-tnwqxa oeieeiy-i` lr epxai
 ytegd iptl

wfgd oaena dxenw ,C∞
dwlg ψ : Rn → R

∀x. ∇2ψ (x) > 0

,C1
dwlg `idy f ∈ L2 (µ) divwpet lkl f`

Varµ (f) ≤
ˆ

Rn

(
∇2ψ

)−1∇f · ∇fdµ

xy`k

Varµ (f) =

ˆ

f2dµ−
(
ˆ

fdµ

)2

xeywy "o`iqltl"d ly dfilp` zxfra ,zg` dnl i
k-
r df z` epgked gqt iptl

.(asso
iated lapla
ian) µ d
inl

itl S = C∞
c (Rn) lr x
ben xehxte`d :xikfp

Lu =
n∑

i=1

∂∗i ∂iu = ∆u−∇u · ∇ψ
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,v ∈ C∞ (Rn)-e u ∈ S m` :miwlga divxbhpi` zxyt`ny dpekz yi dfd xehxte`l

ˆ

Rn

u (Lv) dµ = −
ˆ

Rn

(∇u · ∇v) dµ =

ˆ

Rn

v (Lu)dµ

.u ∈ S lkl

´

Ludµ = 0 hxtae

xpkea zgqep z` minyex .oldlk did dgkedd ly oeirxd

∀u ∈ S.
ˆ

Rn

(Lu)
2
dµ ≥

ˆ

Rn

(
∇2ψ

)
∇u · ∇udµ

.ail-tnwqxa y"` z` milawne il`e
l mixaere

m` :dnla epynzyd okl .edyn ly o`iqltl `id divwpet lk `l la`

H =

{

f ∈ L2 (µ) :

ˆ

Rn

fdµ = 0

}

.L2 (µ) dwixhna H-a dtetv `id {Lu : u ∈ S} f`

dyrpy qxewa d
igid mrtd didz ef ,gikep `ly htyna ynzyp dgkedd jldna

.dkk

.zihtil` zeixlebx lr xa
p

-e C1
dwlg `id f : C→ C m`y migiken zeakexna

∂f

∂z
=

1

2

(
∂f

∂x
+ i

∂f

∂y

)

≡ 0

.f ∈ C∞
f`

-e C2
dwlg `ed f : Rn → Rn m` .zeipenxd zeivwpet lr dne
 htyn yi

∆f =
n∑

i=1

∂2f

∂x2i
≡ 0

.f ∈ C∞
f`

."Lu = 0 =⇒ u ∈ C∞
" ly liawnd z` zr
l jxhvp epgp`

.efd dpekzd z` mdl yiy mixehxte` ly dgtyn mdy ,miihtil` mixehxte` xi
bp

dxevdn xehxte` `ed T -e u ∈ S-y gipp :dx
bd

Tu (x) =

n∑

i,j=1

aij (x) ∂
iju (x) +

n∑

i=1

bi (x) ∂
iu (x) + c (x) u (x)

75



,x ∈ Rn lkl m` ihtil` xehxte` T -y mixne` .C∞
miwlg aij , bi, c min
wnde

dvixhnd

A = [aij (x)]
n
i,j=1

.ziaeig zx
bene zixhniq `id

?dwlg gxkda `id divwpet lr qt`zn ihtil` xehxte` m` dnl

aiaq ohw xe
ka u ly rvennd jxra `ed ∆u (x) − u (x) jxrd .o`iqltla lkzqp

:x

1

|B (x, ε)|

ˆ

B(x,ε)

u = u (x) +
ε2

2
∆u (x) + . . .

u ly rvennd jxra `ed Tu (x) + c̃ (x)u (x) jxrd ,T xg` ihtil` xehxte` xear

(my wei
a `l la` x 
il ely fkxndy) ohw 
i`eqtil` lr

xyt` lynl ,wlg xzei daxd df la` .dly rvennl deey u-y xne` df Tu ≡ 0 m`

.C∞
divwpet mr diveleapew dfk aexiw zxfra xevil

f` A =

(
1 0
0 1

)

m` :epgqip `l 
ery htynl zi
bp `nbe


Lu = 2
∂2u

∂x∂y

.Lu ≡ 0 f` C2\C3
-a `ed u (x, y) = u (x) m`e

miiwny ,
envd xehxte`l dgqep `vnp

ˆ

Rn

(Tu)v =

ˆ

Rn

u (T ∗v)

heyt df

ˆ

Rn

(Tu) v =

ˆ

Rn





n∑

i,j=1

aij∂
iju+

n∑

i=1

bi∂
iu+ cu



 v

=

ˆ

Rn



−
n∑

i,j=1

∂iu∂j (aijv)−
n∑

i=1

u∂i (biv) + cuv





=

ˆ

Rn





n∑

i,j=1

u∂ij (aijv)−
n∑

i=1

biu∂
iv − div (b)uv + cuv





=

ˆ

Rn





n∑

i,j=1

aiju∂
ijv +

[
1st order + 0th order in v

]




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`ed mb (did xyt` la` ,ely ixnbl zyxetn `gqep epnyx `ly) T ∗
xehxte`d okle

.ihtil`

(weak solutions) miylg zepexzt lr xa
p

jnez mr dl`k wx `le ,C∞
divwpet lk lr Tu, T ∗u z` xi
bdl xyt`y xexa

.ihwtnew

,u ∈ S-e f ∈ C∞
lkl ,ok lr xzi

ˆ

Rn

(Tf)u =

ˆ

Rn

fT ∗u

,f ∈ C∞ (Rn) lkl okl

Tf ≡ 0 =⇒ f ⊥ {T ∗u : u ∈ S}
.Tf ≡ 0 okle ,u ∈ S lkl

´

(Tf)u = 0 f` f ⊥ {T ∗u : u ∈ S} m` :jtidl mbe

,f ∈ C∞
lkl xnelk

Tf ≡ 0 ⇐⇒ f ⊥ {T ∗u : u ∈ S}

(ylg oexzt) :dx
bd

.K ⊂ Rn zihwtnew dveaw lkl ziliaxbhpi` f · 1K xnelk ,f ∈ L1
loc (R

n) idz

m` ylg Tf ≡ 0-y xn`p

∀u ∈ S
ˆ

Rn

fT ∗u = 0

.C∞
wlg `ed Tf ≡ 0 ly ylg oexzt lk :zihtil`d zeixlebxd htyn

miwlga divxbhpi`e zeiwlgd zexfbpd z` miyer ?dfd htynd z` migiken ji`

,ely oixb ziivwpet mi`vene megd oirxb z` mixi
bn ,zeiveaixhqi
d zxez zxfra

zpekz zxfra) efd oixb zivwpet mr dnvr ly diveleapewd `id f -y migiken f`e

.zeipenxd zeivwpet lr liaeil htynl ,lynl ,dne
 df .C∞
dfe ,(mirvennd

-xte` ,aleaeq iagxn zxfra ,zegked ipin lk 
er yie ,dt dfd htynd z` gikep `l

-ilp` md aij , bi, c min
wnd m`y ,oe
ir mb yi .
ere ,miil`ivpxti
-e
e`qt mixeh

miylgd zepexztd mb f` ,(zewfg xeh zxfra agxnd lka mix
ben xnelk ,Cω) miih

.dl`k md

.bal z
in wx `l ,dwlg d
in lkl qgia y
gn gqpl xyt` efd dixe`zd lk z`

,eply dxwna

Lu = ∆u−∇ψ · ∇u
∂µ

∂x
= e−ψ(x)dx

L∗ = L
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ik ,ihtil` df

A (x) =








1 0
1

.

.

.

0 1








.C∞
dwlg f f` ,

´

f (Lu)dµ = 0-e f ∈ L2 (µ) gipp :dpwqn

-na H-a dtetv {Lu : u ∈ S} f` H =
{
f ∈ L2 (µ) :

´

f = 0
}

onqp :dnll xefgp

.L2 (µ) zwixh

.iteq 
ninn oirxb yiy ze`xdl xyt` ,illk ihtil` xehxte`l :dxrd

divpwet f -y d`xp mvra .f /∈ H-y ze`xdl jixv .f ⊥ {Lu : u ∈ S} gipp :dgked

.dreaw

miiwzn u ∈ S lkl ,zrk

ˆ

(Lf)udµ =

ˆ

f (Lu)dµ = 0

.f ∈ C∞ (Rn) ,zihtil` zeixlebxn .Lf = 0 okle

milawn f2
xear

L
(
f2
)

= ∆
(
f2
)
−∇

(
f2
)
· ∇ψ

= 2div (f∇f)− 2f∇f · ∇ψ
= 2 |∇f |2 + 2f∆f − 2f∇f · ∇ψ
= 2 |∇f |2 + 2fLf = 2 |∇f |2

,θ ∈ S lkl

ˆ

Rn

|∇ (θf)|2 dµ =

ˆ

Rn

|f∇θ + θ∇f |2 dµ

=

ˆ (

f2 |∇θ|2 + 2 (fθ)∇f · ∇θ + θ2 |∇f |2
)

dµ

=

ˆ

(

f2 |∇θ|2 + 1

2
∇
(
f2
)
· ∇ (θ)

2
+ θ2 |∇f |2

)

dµ

=

ˆ

(

f2 |∇θ|2 − 1

2
L (f)2 θ2 + θ2 |∇f |2

)

dµ

=

ˆ

f2 |∇θ|2 dµ
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,θ ∈ S lkl okle

ˆ

|∇ (θf)|2 dµ =

ˆ

|∇θ|2 f2dµ

gwip

θ (x) =







1 |x| ≤ 1

smooth 1 ≤ |x| ≤ 2

0 |x| ≥ 2

onqp

C = sup
x∈Rn

|∇θ (x)|

xi
bp

θk (x) = θ (x/k)

f`

|∇θk (x)| =
1

k
|∇θ (x/k)| ≤ C

k

aygp f`

ˆ

B(0,k)

|∇f |2 dµ ≤
ˆ

Rn

|∇ (θkf)|2 =

ˆ

Rn

|∇θk|2 f2dµ ≤ C2

k2

ˆ

Rn

fdµ =
C2

k2
‖f‖2L2(µ)

,k > k0-e k0 > 0 lkl

ˆ

B(0,k0)

|∇f |2 dµ ≤
ˆ

B(0,k)

|∇f |2 ≤ C2

k2
‖f‖2L2(µ)

k→∞−→ 0

.dreaw f -e ,Rn lka ∇f ≡ 0 okle

.zereawl hxt L2 (µ)-a "zeipenxd-L" zeivwpet oi`y epgked

.ail-tnwqxa ly mineyii ze`xl xearp ,dfilp`d mr epxnb

xne` df :zxekfz

Varµ (f) ≤
ˆ

Rn

(
∇2ψ

)−1∇f · ∇fdµ
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l
eba dw
 dtilw" el yiy mixne` ,Rn-a X itexhefi` ixwn xehwel :zxekfz 
er

m` "ε

E

( |X |√
n
− 1

)2

≤ ε2

:dwfg dw
 dtilw zpekz mr X ly ze`nbe
 hrn epl eid

X = (X1, . . . , Xn) miielz-izla miaikx •
√
nSn−1

lr d
ig`d d
ind •

f` ,E |X |2 = n-e ,dxerw-bel zil`i
x zetitv yi X-l m` •

E

( |X |√
n
− 1

)2

≤ C

n

iaeig reaw C xy`k

(ynn epiyr `l) .d
ig` d
ina zexenw zeveaw •

.ail-tnwqxa ly oey`xd meyiil xearp

δ > 0 yie dwlg ψ xy`k ,e−ψ zetitv mr ,Rn lr zexazqd z
in µ idz :htyn

,f ∈ C1 ∩ L2 (µ) lkl f` .∇ψ (x) ≥ δId ,x ∈ Rn lkly jk

Varµ (f) ≤
1

δ

ˆ

Rn

|∇f |2 dµ

:dgked

(
∇2ψ

)−1 ≤ 1

δ
Id,

Varµ(f) ≤
ˆ

Rn

(
∇2ψ

)−1∇f · ∇fdµ ≤ 1

δ

ˆ

Rn

|∇f |2 dµ

(Poin
are 
onstant) dxwp`et reaw" mixne` .dxwp`et oeieeiy-i` `xwp htynay y"`d

."δ zegtl `ed µ ly

.

´

(
|x|2√
n
− 1
)2

dµ (x)≪ 1 f`

´

Rn
|x|2 dµ (x) = n-e δ ≫ 1

n m` :dpwqn

okle ,∇f = 2x
n -e

´

Rn
fdµ = 0 f` ,f (x) = |x|

n − 1 gwip :dgked

ˆ

Rn

f2dµ = Varµ (f) ≤
1

δ

ˆ

Rn

|∇f |2 dµ =
4

δn2

ˆ

Rn

|x|2 dµ (x) = 4

δn
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-y o`kn

ˆ

Rn

( |x|√
n
− 1

)2

dµ (x) =

ˆ

Rn

(
|x|2
n − 1

)2

(
|x|2
n + 1

)2 dµ (x) ≤
ˆ

Rn

(

|x|2
n
− 1

)2

dµ (x) =

ˆ

f2dµ (x) ≤ 4

δn

.

4
δn ≪ 1 f` δ ≫ 1

n m` ,zrk

dtilwd iaer lr aeh mqg lawl i
k ,∇2ψ ≥ 1√
n


ibp ,
e`n hrn jixv :oiiprn df

.dw
d

.dxwp`et y"` lr zvw 
er xa
p

f : uiytil-1 divwpet lkl f` ,1 dxwp`et reaw mr Rn lr zexazqd z
in µ m`

,Rn → R

µ ({x ∈ R
n : |f (x)− E ≥ t|}) ≤ Ce−ct

.E =
´

Rn
fdµ-e miilqxaipe` mireaw md c, C > 0 xy`k

dxwp`et reaw ,

√
n− 1Sn−1

lr d
ig`d d
ind µ xear :Sn−1
ly dxwnl deeyp

.1 `ed

.e−t xnelk ,"il`ivppetqw`-zz apf" ozep htynd

.e−t
2

xnelk ,"iqe`b-zz apf" `ed izin`d avnd

divfinihte` zeyrle ,fp lr dxwp`et y"` z` lirtdl heyt) .jx
en libxz :dgked

(p lr

.ail tnwqxa ly meyii 
er dyrp

agxnd ly (orthant) iaeigd wlgd z` onqp

R
n
+ = {x ∈ R

n : ∀i. xi ≥ 0}

m` xenw-p `ed K-y mixne` .K ⊂ Rn+ ,p > 0 idi :dx
bd

{(xp1, . . . , xpn) : (x1, . . . , xn) ∈ K}

.xenw

(zexinw-p ly 
igid oaend `l df)

:ze`nbe


onqp

Bnp =
{

x ∈ R
n
+ :
∑

xpi ≤ 1
}
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.p ≥ 1 m` xenw df
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�������

p=1p=1/2

p = 1
2 , 1 xear B2

p ly ze`nbe
 :14 xei`

?dnl .p ≤ 1
2 lkl xenw-p `ed B1/2-y d`xp

{

(xp1, . . . , x
p
n) : x ∈ Bn1/2

}

=

{

x ∈ R
n
+ :
∑(

x
1/p
i

)1/2

≤ 1

}

= Bn1
2p

.p ≤ 1
2 xy`k xenw dfe

,∀x, y ∈ Rn+ m` zipehepen dveaw K ⊂ Rn+-y xn`p :libxz

x ∈ K, ∀i. yi ≤ xi =⇒ y ∈ K

.q ≤ p xear zexinw-q zxxeb zexinw-p ,zeipehepen zeveaw xeary egiked

.zexinwn xzei dylg dpekz `id zexinw-ivg ,zeipehepen zeveaw xear xnelk

:htyn

,C1
dwlg f : Rn+ → R divwpet lkl f` .dxenw-ivg K ⊂ Rn+-y gipp

ˆ

K

f = 0 =⇒
ˆ

K

f2 ≤ 4

ˆ

K

n∑

i=1

x2i (∂if (x))
2
dx

enk edyn zi`xp Rn+-a "ziqetih" dxenw-ivg dveaw
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(x1, . . . , xn)→ (x2
1, . . . , x

2
n)

(x1, . . . , xn) 7→ f
(
x21, . . . , x

2
n

)
m` dxerw-bel-ivg `id f zetitvy xn`p :dx
bd

.dxerw bel `ed

.dxerw-bel-ivg `id dxenw-ivg dveaw lr d
ig`d d
ind :`nbe


`ed

(√
X1, . . . ,

√
Xn

)
xehwedy gked .xerw-bel-ivg ixwn xehwe X idi :libxz

.xerw-bel

:xzei wfg edyn gikep epgp`

,f ∈ C1 ∩ L2 (µ) lkl f` .Rn+ lr dxerw-bel-ivg zexazqd z
in f idz

Varµ (f) ≤ 4

ˆ

R
n
+

n∑

i=1

x2i (∂if (x))
2
dµ (x)

(ail-tnwqxa y"`l rbepa) :dxrd

ail-tnwqxa y"`a oeieeiy yi

Varµ (f) =

ˆ

(
∇2f

)−1∇f · ∇fdµ

.
g 4 reawdy raep dfn .mdly miix`pil mitexiva wxe ,f = ∂1ψ, . . . , ∂nψ xy`k

`id ψ-y gipdl xyt`n ,dt dyrp `ly ,aexiw lr oerih .e−ψ = dµ
dx onqp :dgked

.C∞
dwlg

-e ,π (x1, . . . , xn) =
(
x21, . . . , x

2
n

)
dwzrdd z` xi
bp

e−ϕ(x) = e−ψ(π(x)) ·
n∏

i=1

(2xi)
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Rn Rn
+

π

π−1

ν µ

mixae
nd miagxnd oia xywd :15 xei`

.dx
bd itl ,xerw-bel `ed e−ψ(π(x)) wlgd

.ν (A) = µ (π (A)) miiwzn ,A ⊂ Rn+ lxea dveaw lkl xnelk ,ν = π∗µ xi
bp

miiwzny `
eep

dν

dx
= e−ϕ(x)

ze`xdl yi ,ihwtnew jnez mr C∞
dwlg u : Rn+ → R ogea zivwpet ozpida

ˆ

Rn

u (π (x)) e−ϕ(x)dx =

ˆ

Rn

u (y) e−ψ(y)dy

ef ,y = π (x) dpzyn mitilgn m` okle ,Jπ(x) =
∏n
i=1 (2xi) `ed π ly o`iaewrid

.milawny `gqepd wei
a

okle ,ϕ (x) = ψ (π (x))−∑i log (2xi)-y mir
ei epgp`

∇2ϕ (x) ≥ 0 +∇2

(

−
n∑

i=1

log (2xi)

)

=






x−2
i 0

.

.

.

0 x−2
n






okle ,x
q jted ziktedd dvixhnl xarn

(
∇2ϕ (x)

)−1 ≤






x2i 0
.

.

.

0 x2n





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lawp g (x) = f (π (x)) onqp m` ,ail-tnwqxan

Varν (g) ≤
ˆ

R
n
+

(
∇2ϕ

)−1∇g · ∇gdν

≤
ˆ

R
n
+

n∑

i=1

x2i
(
∂ig (x)

)2
dν (x)

.Varν (g) = Varµ (f) raep pull ba
k ly dpekzdn

okle [jk xg` siqedl ,4y2i
(
∂if (y)

)2
= x2i

(
∂if (x)

)2
we
al lw℄ ,oini 
v iabl

ˆ

R
n
+

(
n∑

i=1

x2i
(
∂ig (x)

)2

)

dν (x) = [y = π (x)] =

ˆ

R
n
+

4

(
n∑

i=1

y2i
(
∂if (y)

)2

)

dµ (x)

:dx
bd

miiwzn (x1, . . . , xn) ∈ Rn lkl m` un
onditional `ed K ⊂ Rn-y mixne`

(x1, . . . , xn) ∈ K ⇐⇒ (|x1| , . . . , |xn|) ∈ K

.iaeigd orthant-a zx
beny dveaw ly sewiy heyt df xnelk

:d
aer

hxtae ,zipehepene dxenw `id K ∩Rn+ f` ,dxenwe un
onditional `id K ⊂ Rn m`

.dxenw-ivg

mb f ∈ C1 ∩ L2 (K) idze ,dxenwe un
onditional dveaw K ⊂ Rn idz :1 dpwqn

xnelk ,un
onditional ok

∀x ∈ R
n f (x1, . . . , xn) = f (|x1| , . . . , |xn|)

f`

ˆ

K

f = 0 =⇒
ˆ

K

f2 ≤ 4

ˆ

K

n∑

i=1

x2i
(
∂if (x)

)2
dx

Rn lr un
onditional-e zitexhefi` ,dxerw-bel zexazqd z
in µ idz :2 dpwqn

f` .(un
onditional divwpet `id dly zetitvd xnelk)

ˆ

Rn

( |x|√
n
− 1

)2

dµ (x) ≤ C

n
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:dgked

mqgd z` ze`xdl witqn ,m
ew epi`xdy enk

ˆ

Rn

(

|x|2
n
− 1

)2

dµ (x) ≤ C

n

,1 dpwqnn .

´

Rn
fdµ = 0 f` ,f (x) = |x|2

n − 1 gwip

ˆ

(

|x|2
n
− 1

)2

dµ (x) ≤ 4

ˆ

Rn

n∑

i=1

x2i
(
∂if (x)

)2
dµ =

4

n2

n∑

i=1

ˆ

Rn

x4i dµ (x)

f` .µ itl bltzny ixwn xehwe X = (X1, . . . , Xn) idi

E

(

|X |2
n
− 1

)2

≤ 4

n2

n∑

i=1

EX4
i

libxzd itl f` ,xerw-bel-ivg ixwn xehwe `ed (|X1| , . . . , |Xn|)-y mir
ei epgp`

,mihpnend ly zexirw-beln .xerw-bel ixwn xehwe

(√

|X1|, . . . ,
√

|Xn|
)

,m
ew

E
(√
Xi

)4

4!
≥

√

E
(√
Xi

)8

8!
· E
(√
Xi

)0

0!

miiwzne ,i lkl EX4
i ≤ C okle ,

1
4! `ed l`ny 
v ,zeitexhefi`n

ˆ

(

|x|2
n
− 1

)2

dµ (x) ≤ 4

n2

n∑

i=1

EX4
i ≤

C

n

.zpzep dw
 dtilw dn xikfp

:CLT htyn milawn

,θ ∈ Rn lkl f` ,Rn-a un
onditional-e itexhefi` ,xerw-bel ixwn xehwe X m`

∀t
∣
∣
∣
∣
P [〈θ,X〉 ≤ t]− 1√

2π

ˆ t

−∞
e−

1
2 s

2

ds

∣
∣
∣
∣
≤ C

∑

θ4i

.ixnbl mixg` mi`yepl xearp `ad xeriya ,qxewd ly dfd wlgd ly seqd df
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(30/4/2014) itexhefi`d reawd 9

:eiykr 
r qxewa miwlg ipy epl eid

-xtefi` oeieeiy-i` ,(miielz-izla miixwn mipzyn) ifkxn leab ihtyn - '` wlg .1

.dw
 dtilw ,dxitqd lr ixhni

.deab 
nin lr wx did df

.xl
pil-dtewxt ,elhpq ,iwqaewpin-oexa :zexinw ly miiqiqad mipeieeiy-i`d .2

ly zepeyd z` mqeg ,dxwp`et qetihn y"`) ail-tnwqxa oeieeiy-i` jk xg`

(xl
pil-dtewxt ly zilniqhpitpi` `qxb mvra ef) (divwpet

epi`x .dxitqa enk dixhniq jixv `le ,"d
in fekix zxxeb zexinw"y epi`x

.ifkxn leab htyne ,un
onditional-e mixenw mitebl dw
 dtilw

.onlin-oiibxeae itexhefi`d reawd :iyilyd wlgl xearp eiykr

xeyw 
e`n ok mb didi dfd wlgd ,min
ewd miwlgd znerl dyiba l
ad didi

el oi` eli`k Rn-l qgiizp ,ixwn dpzyn e` d
in xewgpyk mrtd la` ,zexinwl

la` ,minrtl eritei dnxepde zixlwqd dltknd ,ixnbl wie
n `l df .i
ilwe` dpan

.Rn lrn illk i
nn-seq ixehwe agxnl eqgiizi ze`vezd ipexwr ote`a

.zexerw-bel ze
in ly (rigidity ,ze
itv e`) zegiyw zepekzn ligzp

:dprh

f` .x0 ∈ Rn-a 
aek fkxn mr ,zexazqd z
in ,dxerw-bel f : Rn → R idz

e−n · sup f ≤ f (x0) ≤ sup f .1

− log f (x0) ≤ −
´

f log f ≤ − log f (x0) + n .2

zeidl zx
ben ely ditexhp`d f` ,f zetitv mr ,Rn-a ixwn xehwe X m` :dx
bd

Ent (X) := −
ˆ

Rn

f · log f

."qtez X-y gtpd bel" xeza ditexhp` lr aeygl i`
k

dveaw lr 
ig` jxra bltzn xerw-bel ixwn dpzyn ,aexiw ly oaen edyfi`a xnelk

.

1
sup f jxra `ed dly gtpdy

m` we
d oey`xd sirqd ,n = 1 
nina ?miwe
d dl`d mipeieeiy-i`d izn :dxrd

f (x) =
∏

i e
−xi1[0,∞) (xi) zetitvd illk 
nina .f (x) = e−x1[0,∞) (x) m` wxe

.− log sup f + n we
dd oeilrd leabd z` zpzep `id ipyd sirqae ,dwe
d

:dprhd zgked


g` s` dpyi `l df ,xirf o`iqe`b mr diveleapew dyrp zxg`) .dwlg f -y gipp

la` xefbl xyt` zxg` ;zexirw-bel lr zxneyy dlert efe ,daxda mixhnxtdn

(zepi
ra xzei

87



fkxn x0 m` ,a ∈ Rn lkly gikep .dxenwe dwlg ψ : Rn → R xy`k f = e−ψ onqp

,
aekd

ψ (x0) ≤
ˆ

Rn

ψe−ψ

︸ ︷︷ ︸

Ent(X)

≤ ψ (a) + n

sirq dfy ,inf ψ ≤ ψ (x0) ≤ (inf ψ) + n zexiyi milawn ?zeprhd z` xxeb df dnl

.yex
d z` lawpe a = x0 aivp ,2 sirq xear .1

-e supf mixtqnde f (bar (f)) xehwed okle ,ff 
aekd fkxn mb ,f z` mififn mb

.mipzyn `l Ent (f)

.d
ewp lkl lawp ,zeffdd lk ixg` .a = 0 xear gikedl witqn okl

.Ef (X) ≥ f (EX) ,dxenw divwpet f -e ixwn xehwe X m` :ovpi y"`a ynzyp

f (x) ≥ xnelk ,a-a jnez xeyin-lr f -l yi ,a = EX onqp :df ly dgked •
okle ,x lkl f (a) + ℓ (x− a)

Ef (X) ≥ f (a) + Eℓ (x− a) = f (a) + ℓ (Ex− a) = f (a) = f (EX)

if` ,e−ψ zetitv mr ixwn xehwe X idi ,dzr

ψ (x0) = ψ (EX) ≤ Eψ (X) =

ˆ

Rn

ψ (x) e−ψ(x)dx

miiwzn x, y ∈ Rn lkl xnelk ,dly miwiynd lrn `id dxenw divwpet :ipy y"`

ψ (y) ≥ ψ (x) +∇ψ (x) · (y − x)

lawpe y = 0 aivp

ψ (0) +∇ψ (x) · x ≥ ψ (x)

zexiyi raep dfn

ˆ

Rn

ψe−ψ ≤
ˆ

Rn

[ψ (0) +∇ψ (x) · x] e−ψ(x)dx

= ψ (0) +

ˆ

Rn

(
n∑

i=1

xi∂iψ (x)

)

e−ψ(x)dx

= ψ (0)−
n∑

i=1

ˆ

Rn

xi∂i

(

e−ψ(x)
)

dx
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miiwzn ei ⊥ y mr ei oeeika ℓ xyi lr ,i rawp

ˆ

R

∂i

(

e−ψ(y+tei)
)

tdt = −
ˆ

R

e−ψ(y+tei)dt+ e−ψ(y+tei)ei
∣
∣
∣

∞

−∞

.seqpi`a 0-l zil`ivppetqw` jre
 mipta iehiad ik qt`zn oexg`d mxebde

ipiaetn lawp ,aey mekqp m`

ψ (0)−
n∑

i=1

ˆ

Rn

xi∂i

(

e−ψ(x)
)

dx = ψ (0)+

n∑

i=1

ˆ

Rn

e−ψ(x)dx = ψ (0)+n

ˆ

e−ψ = ψ (0)+n

.l"yn

zexazqd zetitv `idy dxerw-bel f : Rn → [0,∞) xear ,onqp

K (f) =

{

x ∈ R
n : f (x) ≥ 1

10n
· sup f

}

:if`

(dxerw-bel divwpet ly daeb ew) dxenw K (f) dveawd .1

:K (f) lr i
n xzei dpzyn `l f divwpetd .2

sup
K(f)

f ≤ 10n · inf
K(f)

f

xear P (X ∈ K (f)) ≥ 1 − e−cn f` ,f zetitv mr Rn-a ixwn xehwe X m` :dprh

.P (f (x) ≥ e−αn · sup f) ≤ e−cαn ,α ≥ 2 lkl ,dyrnl .edylk ilqxaipe` reaw c

:ze`nbe


f` ,Rn-a ihx
phq iqe`b X gipp .1

f (x) =
1

(2π)n/2
e−

1
2 |x|

2

K (f) = B
(
0, c
√
n
)

.ziy`xd aiaq O (
√
n) qei
xa xe
k jeza ig o`iqe`bde

(large deviations ,zele
b zeihq ly dixe`iza mb mi`ex df z`)
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dnxepd z` yi .K = −K ,xenw seb K ⊂ Rn idi .2

‖x‖K = inf {λ > 0 : x ∈ λK}

.K (f) = cnK ,f (x) = e−‖x‖K
xear

.K (f) = c
√
nK ,f (x) = e−‖x‖2K

xear

.dqb dl`wqa ,dpn`p f z` bviin K sebd

P (ψ (X) ≥ inf ψ + αn) ≤ miiwzn α ≥ 2 lkl f` e−ψ zetitv yiX-l m`y ,dprhd z` gikep

.e−cαn

:dgked

lkly gikep .A = ψ (0) onqpe ,ψ (0) ≤ inf ψ + 1
10 -y jk ixewnd xehwed z` fifp

miiwzn α ≥ 1.9

P (ψ (X) ≥ A+ αn) ≤ e−cαn

gikedl witqn f` ,oiihypxa oeieeiy-i`a ynzyp

Ee
ψ(x)−A

2 ≤ 2n

raep dfn ixdy

P (ψ (X) ≤ A+ αn) = P

(

e
ψ(x)−A

2 ≥ eαn2
)

≤ Ee−
ψ(x)−A

2

eαn/2
≤ 2ne−

αn
2 ≤ e−cαn

.c = 0.2 milawn ,α ≥ 1.9 m`

milawn ψ ly zexinwn

∀x ∈ R
n ψ

(x

2

)

≤ ψ (x)

2
+
ψ (0)

2
=
ψ (x) +A

2

okle

Ee
ψ(x)−A

2 =

ˆ

Rn

e
ψ(x)−A

2 e−ψ(x)dx =

ˆ

Rn

e−
ψ(x)+A

2 dx ≤
ˆ

Rn

e−ψ(x/2)dx

[x = 2y] =

ˆ

Rn

e−ψ(y)2ndy = 2n

,dxerw-bel f m` ,mekiql

f1/n (barycenter) ∼ (sup f)
1/n ∼ e−Ent(f)/n
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.0 < c1 ≤ lim inf AB ≤ lim sup A
B ≤ c2 <∞ m` A ∼ B o`k

.e±1
md c1, c2 mireawd dl`a

:dl`l mb milewy dl`d minxebd

(sup f)
1/n ∼

ˆ

Rn

f1/n · f ∼
ˆ

K(f)

f1/n · f ∼ 1

Voln (K (f))
1/n

.ze`xl lw df la` gikep `l df z`

elit` e` ,dpezp Cov zvixhn mr miixwnd mixehwed lk oian :zxken d`ad d
aerd

lewy df) .zilniqwn ditexhp` yi o`iqe`bl ,Cov zvixhn ly dpezp dhppinxh


(ovpi y"`l mvra

.

´

f log g
f ≤

´

f
(
g
f − 1

)

= 0 ,zexazqd zeietitv f, g m` :dgked zviwq •
lawp ziqe`bd zetitvd z` g-a aivp m`

−
ˆ

f log f ≤
ˆ

f log
1

g
= c+Var (f)

.zixlebx div`ehiqa zegtl ,zepey oial ditexhp` oia xyw edyfi` didiy mitvn

.logVol (K (f)) jxra `idX ly ditexhp`d ,dxerw-bel f zetitv mr ixwn xehweX xy`k

.

1
2 log detCov (X) `id Cov eze` mr o`iqe`b ly ditexhp`d

.mixenw mitebl dxew xa
d eze` m` d`xp

(itexhefi`d reawd) :dx
bd

mipnqn ,dxerw-bel zetitv mr Rn-a ixwn xehwe X m`

LX = (det Cov (X))
1/2n · f1/n (EX)

.X ly itexhefi`d reawd

f` ,ditexhp` `hal mikx
 oend epl yi :dxrd

LX ∼ (detCov (X))
1/2n · 1

Vol (K (f))
1/n

∼ detCov (X)
1/2n · (sup f)1/n

n · logLx ∼ 1

2
log detCov (X)− Ent (X)

.ditexhp`de Cov-d oia l
add dfy xekfl xyt`

.ilqxaipe` reaw i
k-
r ,itexhefi`d reawd z` oiadl dvxp

:dprh
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.LT (X) = LX ,T : Rn → Rn dkitd zipit` dwzrd lkl .1

.LX > const > 0 ,xerw-bel X lkl .2

:dgked

zewzrd xear gikedl witqn f` ,f (EX) z` `le qp`ixeewd z` dpyn `l dfd .1

fT (x) = |detT |−1 · f` ,T (X) ly zetitvd z` fT -a onqp m` .zeix`pil

-e f
(
T−1x

)

det Cov (TX) = |detT |2 · detCov (X)

okle

LTX = detCov (TX)
1/2n · fT (ETX)

1/n
= |detT |2/2n |detT |−1/n

LX

.f (0) = 1-e ,Cov (X) = λ · Id-e ,EX = 0-y jk X lr zipit` dwzrd lirtp .2

miiwzn

(detCov (X))
1/n

= λ =
TrCov (X)

n
=

n∑

i=1

Var (Xi)

n
=

n∑

i=1

E
(
X2
i

)

n
=

E |X |2
n

-y o`kn .sup f ≤ en okle f (0) = 1-y mir
ei

P

(

|X | ≤
√
n

100

)

=

ˆ

B(
√
n/100)

f ≤ Voln

(

B

(

0,

√
n

100

))

· en

= κn
(√
n
)n ·

( e

100

)n

≤
(√

2πe√
n

)n

·
(√
n
)n ·

( e

100

)n

≤ 1

2

okl

E |X |2 ≥ E

[

|X |2 · 1|X|≥
√
n

100

]

≥ n

1002
·P
(

|X | ≥
√
n

100

)

≥ Cn
(

1− P

(

|X | ≤
√
n

100

))

≥ c·n

okle

LX = detCov (X)
1/2n · f1/n (0) =

√

E |X |2
n

≥ const
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dbvda :dxrd

1

n
logLX ∼ 2 logCov (X)− Ent (X)

.ilqxaipe` reaw ly l
eb x
qn `ede ,o`iqe`b xear lawzn menipind

."ditexhp`d enk zegtl le
b qp`ixeewd"y ernyn LX > const y"`d

exeary ilqxaipe` reaw miiw :dxryd

∀n∀X LX < const

.dfd xywd z` miiwi `ly ,oiiprne jaeqn edyn `id ditexhp`dy aeygl xyt`

:dgked dl oi`y jian d`xpy ,dlewy dprh d`xp skz la`

-ewn agxn-zz) H ⊂ Rn xeyin-lr miiw ,1 gtpn K ⊂ Rn xenw seb lkl :dxryd

-y lk (1 
nin

Voln−1 (K ∩H) > const

zxryd e` (hyperplane 
onje
ture) xeyin-lrd zxryd z`xwpy ,zifkxn dxryd ef

.(sli
ing 
onje
ture) jzgd

.reaw mr mewna

c√
n

mr sli
ing problem-d :(jx
en zvw) libxz

-x`lwq Cov (X)-e EX = 0-y gippe ,X ∼ Unif (K) ,xenw seb K ⊂ Rn gipp :dprh

,1 
nn-ewn miagxn-izz H1, H2 ⊂ Rn lkl if` .zi

Voln−1 (H1 ∩K)

Voln−1 (H2 ∩K)
≤ C

(edyn e`

√
6 `ed ilnihte`d) .C > 0 ilqxaipe` reaw xear

mireaw ipy mpyi if` .EX = 0 mr X ∼ Unif (K) ,xenw seb K ⊂ Rn lkl :dnl

,θ ∈ Sn−1
lkly lk c1, c2 > 0 miilqxaipe`

c1 |K| ≤ Voln−1

(
K ∩ θ⊥

)
·
√

E (X · θ)2 ≤ c2 |K|

f` .〈X, θ〉 ly zetitvd z` f -a onqpe ,θ ∈ Sn−1
rawp :dgked

f (t) =
Voln−1 ({x ∈ K : x · θ = t})

Voln (K)

´∞
−∞ tf (t) dt = okle E (X · θ) = 0 miiwzn .dxerw-bel divwpet ef ,xl
pil-dtewxtn

.E (X · θ)2 =
´∞
−∞ t2f (t) dt mb miiwzne .0
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-l lewy yweand y"`d okl

c1 ≤ f (0) ·
√
ˆ ∞

−∞
t2f (t) dt ≤ c2

zei
nn-
gd zexerw-beld ze
ind ,zepeye zlgez ly lenxp i
k-
r ik xexa i
 df)

(yxetna gikep ;hwtnew od

.Mf (−1) = f (0)-e ,dxerw-bel Mf (p) = 1
Γ(p+1)

´∞
0 tpf (t) dt ,xekfk :
g` oeeik

:−1, 0, 2 aivp

Mf (0) ≥ Mf (−1)2/3Mf (2)
1/3

ˆ ∞

0

≥
(
ˆ ∞

0

f

)3

≥ f (0)2 · 1
2

ˆ ∞

0

t2f (t) dt

mb ,dixhniqn

ˆ 0

−∞
f ≥ 1

2
· f (0)2 ·

ˆ 0

−∞
t2f (t) dt

.1 ≥ 1
2 · f (0)

2 ´∞
−∞ t2f (t) dt lawpe mipeieeiyd ipy z` xagp

f` .

´∞
0
f ≥ 1

2 okle

´∞
0
f ≥
´ 0

−∞ f k"da gipp .sup f ≤ e · f (0)-y mir
ei :ipy oeeik

P

(

0 ≤ X · θ ≤ 1

10f (0)

)

≤ 1

10f (0)
· sup f ≤ e

10

okle

P

(

X · θ ≥ 1

10f (0)

)

= P (X · θ ≥ 0)− P

(

0 ≤ X · θ ≤ 1

10f (0)

)

≥ 1

2
− e

10
>

1

5

o`kne

ˆ ∞

−∞
t2f (t) dt = E (X · θ)2 ≥ E

[

(X · θ)2 · 1{X·θ≥ 1
10f(0)}

]

≥ 1

100
· 1

f2 (0)
· P
(

X · θ ≥ 1

10f (0)

)

≥ 1

500
· 1

f2 (0)

(mi-sli
e ly gtpd oia meqg qgi yiy) :dprhd zgked

,dnldn .θ ∈ Sn−1
idi .Cov (X) = λ2Id onqp

c1 ≤
∣
∣K ∩ θ⊥

∣
∣

|K|

√

E (X · θ)2 ≤ c2
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okle

∀θ ∈ Sn−1 c1
λ
≤
∣
∣K ∩ θ⊥

∣
∣

|K| ≤ c2
λ

lawp ,H2 = θ⊥2 -e H1 = θ⊥1 onqp m`

|K ∩H1|
|K ∩H2|

≤ c2/λ · |K|
c1/λ · |K|

=
c2
c1

.ilqxaipe` reaw `edy

Cov zvixhne ziy`xa 
aek fkxn ,1 gtp mr ,xenw seb K ⊂ Rn gipp :dpwqn

,ziy`xd jx
 xaery H ⊂ Rn xeyin-lr lkl f` .zix`lwq

c1
LK
≤ Voln−1 (K ∩H) ≤ c2

LK

.X ∼ Unif (K) xear LK := LX xy`k

wx mir
ei ,ziy`xd jx
 epi` xeyin-lrd m` :dxrd

|K ∩Haffine| ≤ e · |K ∩Hlinear | ≤
c3
LK

xzeid lkl e ly qgi yie xerw bel df ,H-l jpe`nd oeeika marginal-d lr milkzqn)

(
aekd fkxnl meniqwnd oia

milawn dnldn :dpwqnd zgked

∣
∣K ∩ θ⊥

∣
∣

|K| ∼ 1
√
´

K (X · θ)2 dx

.

1
LK

wei
a df okle ,K jeza 1 `id X ly zetitvd la`

mr H ⊂ Rn xeyin-lr miiw if` .|K| = 1 ,xenw seb K ⊂ Rn gipp :libxz

Voln−1 (K ∩H) ≥ c

LK

(xzeia dphwd zepeyd mr oeeik egw)

.`ad xeriya jetdd oeeika dxixbd z` dyrp

:`nbe


f` X ∼ Unif (K) m` ,0-a 
aek fkxn el yi .K =
[
− 1

2 ,
1
2

]n ⊂ Rn gwip •
.Cov (X) = 1

12 · Id
,θ ∈ Sn−1

lkl :dpwqn

1 ≤ Voln−1

([

−1

2
,
1

2

]n

∩ θ⊥
)

≤
√
2
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-de (xiaq) θ = (1, 0, . . . , 0) xy`k lawzn menipind la` ,df z` d`xp `l

.(riztn) θ = 1√
2
(1, 1, 0, . . . , 0) xy`k lawzn meniqwn

,lhid xear ik riztn df

∣
∣
∣
∣
Projθ⊥

([

−1

2
,
1

2

]n)∣
∣
∣
∣
=
∑

|θi|

.θ = 1√
n
(1, 1, . . . , 1) xy`k ilniqwn dfe

f` ,1 gtpa xe
k `ed K ⊂ Rn m` •
∣
∣K ∩ θ⊥

∣
∣ ≈ 1√

e
+O

(
1√
n

)

-l deab 
nna zi
bp `nbe
 ozep df

jk miixhniqe mixenw miteb K,T ⊂ Rn-e n ≤ 4 m` :(iht-onfea) htyn

.|K| ≤ |T | f`
∣
∣K ∩ θ⊥

∣
∣ ≤

∣
∣T ∩ θ⊥

∣
∣
miiwzn θ ∈ Sn−1

lkly

(7/5/2014) oiyw htyn ,deab 
nin-ewn mikzg ly migtp 10

reawd z` f dxerw-bel zetitv mr Rn-a X ixwn xehwe xear epx
bd xary xeriya

itexhefi`d

LX = Lf = det
1
2nCov (X) · f (EX)

1
n

f` ,dkitde zix`pel T m` :zeix`pil zewzrdl ihp`ixeepi` xnelk ,ze
igi xqg df

.LT (X) = LX

.LX > const > 0 dhnln meqg itexhefi`d reawdy epi`xd

wei
 xzil ,ditexhp`l zepey oia qgid z` jxra `han itexhefi`d reawd

n · logLX ∼
1

2
log detCov (X)− Ent (X)

,xenw K ⊂ Rn xear X ∼ Unif (K) m` :1 
nin-ewn mikzg ly migtpl xyw epi`x

,θ ∈ Sn−1
lkl f` ,EX = 0 gippe

C1 <
Voln−1

(
K ∩ θ⊥

)

Voln (K)
·
√

E (X · θ)2 < C2

.C1, C2 > 0 miilqxaipe` mireaw bef mr
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zeidl jixv 0-a jxrd f`e ,X · θ i
nn-
g xerw-bel ixwn dpzynl divwe
x epiyr

xzil) .rx `l `ed oaln zxfra zebltzdd sxb ly aexiwd xnelk ,meniqwnl aexw

(miiaeig mireaw ipy oia meqg owzd ziihq letk 0-a daebd ,wei


,θ ∈ Sn−1
lkl f` ,zix`lwq Cov-d zvixhn ,sqepa m` :dpwqn

√

E (X · θ)2 = detCov (X)
1
2n =

LX

Voln (K)
−1/n

,ziy`xd jx
 H xeyin-lr lkl ,zix`lwq Cov (X) xy`k ,mekiql

c1
Voln (K)

−1/n

LK
≤ Voln−1 (K ∩H)

Voln (K)
≤ c2

Voln (K)
−1/n

LK

xeviwa e`

c2
LK
≤ Voln−1 (K ∩H)

Voln (K)
n−1
n

≤ c1
LK

d
igi ixe
k e` ,ixlebx qwltniq lynl) zix`lwq Cov zvixhn yi miteb oendl

.
aekd fkxn jx
 mikzg ly migtp lr zekxrd milawn jke ,(B
(
ℓnp
)
ly

.deab 
nin-ewn mikzg :`ad `yepd

(m
ewd `yepd ly jynd `id dpey`xd dnld)

.iyeniy ziqgi mqga ligzp .migtpa zegte zegt hley itexhefi`d reawd o`k

-x`lwq Cov (X)-e EX = 0 mr ,f zetitv lra ,xerw-bel ixwn xehwe x gipp :1 dnl

if` .k 
ninn E ⊂ Rn agxn-zz gwip .zi

(
ˆ

E

f

) 1
n−k

≥ cf (0)
1/n

LX

(ilqxaipe` reaw c xy`k)

df .Y = ProjE⊥ (X)-e ,ilpebezxe`d lhidd z` ProjE : Rn → E onqp :dgked

-e ,EY = 0 ,(xl
pil-dtewxtn) xerw-bel

Var (Y · θ) = E (Y · θ)2 = E (ProjE⊥X · θ)2 = E (X · ProjE⊥θ)
2
= Var (X · ProjE⊥θ)

.E⊥
-a ixwn xehwek Cov (Y ) =

L2
X

f(0)2/n
IdE⊥ okle Cov (X) =

L2
X

f(0)2/n
Id dvixhnd

,ipy 
vn

const < LY = detCov (Y )
1

2(n−k) ·
(
ˆ

E

f

) 1
n−k
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(zetitvd ly 0-a jxrd `ed

´

E
f ik)

.d`vezd z` milawne mitb` mixiarn

yi ik ,miiwzn jetdd oeieeiyd-i` mb xnelk ,we
d dfd mqgd ,reaw k m` :dxrd

oekp jetdd oeeikd ,xeyin-lrd zxryd zgz .itexhefi`d reawd lr dlrnln mqg

.illk ote`a

.(volume ratio) gtp zepn :deab 
nin-ewn mikzg ly migtpl zxg` dyib dqpp

(jzg lkl swz m
ewd mqgd) .miiqetih mikzg rbxk xewgp

(o`ipnqxbd) .Rn ly mii
nin k-d miagxnd-zz lk sqe`d z` Gn,k-a onqp

:sxe
qe`d zwixhn zxfra dxitqd lr mikzg zxfra zx
beny ,zirah dwixhn yi

d (E1, E2) = dH
(
E1 ∩ Sn−1, E2 ∩ Sn−1

)

zelhdd ly zevixhnd lr lkzqdl e` ,zeixitq zeieef mr edyn :zewixhn 
er)

-teh dpan eze` z` ozep zevixhnd oia wgxne ,o`ipnqxbd ixai` lr zeilpebezxe`d

(ibele

miiwzn .zeti zepekz ipin lk 
er yie ,zihwtnew dibeleteh mr ,dwlg drixi elit` ef

.Gn,1 ∼= Gn,n−1
∼= RPn−1

mb

?o`ipnqxbd lr d
ig`d zexazqdd z
in idn ?i`xw` agxn-zz edn :dl`y

-ihifpxh dlert ihwtnew ibeleteh agxn lr yi m` :Haar htyna ynzydl xyt`

miaeaiqd zxeag ef eplv`) .dil` qgia zihp`ixeepi` d
igi zexazqd z
in yi ,zia

(O (n)

mixgapy (zizexazqd) z"a miixwn mixehwe k lixbdl `id dxiyi xzei daeyz

,E = span {X1, . . . , Xk} onqp .X1, . . . , Xk mze` onqp ,Sn−1
jezn 
ig` ote`a

.i`xw`d agxnd-zz didi dfe

(k lr divwe
pi` :fnx) Prov (dim span {X1, . . . , Xk} = k) = 1 :0 libxz

,U ∈ O (n) lkl xnelk .SO (n) zgz zihp`ixeepi` Gn,k-a E ly zebltzdd :1 libxz

zebltzda oeieeiy yi

Gn,k ∋ span {X1, . . . , Xk}
︸ ︷︷ ︸

E

d.
= span {UX1, . . . , UXk}
︸ ︷︷ ︸

U(E)

∈ Gn,k

z
in z` µn,k-a mipnqn .o`ipnqxba 
ig` bletn l"pk E agxn-zzy mixne`

dxyend zexazqdd

µn,k (A) = Prob (E ∈ A)

.lxea zveaw A ⊂ Gn,k lkl

d
igi xehwe i`xw`a xgap .
ig` bletn i`xw` agxn-zz E ∈ Gn,k idi :2 libxz

SE = zi
nin k − 1-d dxitqd lr d
ig`d d
inl qgia ,SE d
igid zxitqa
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z
in ly ze
igia ynzydl :fnx .Sn−1
-a 
ig` bletn dfy egiked .Sn−1 ∩ E

.miaeaiql zeihp`ixeepi`l qgia Sn−1
lr d
ig`d zexazqdd

K seb xear (volume radius) gtpd qei
x z` xi
bdl gep ,Voln (B
n
2 ) 6= 1-y oeeikn

,ℓ 
ninn

v.rad. (K) =

(

Volℓ (K)

Volℓ
(
Bℓ2
)

)1/ℓ

.K ly dfl deey egtpy xe
kd ly qei
xd `ed v.rad. (K) xnelk

mr K ⊂ Rn m` xnelk .xywddn raepy 
ninl qgia gtpd qei
x z` aygp 
inz

f` ,wix `l mipt

v.rad. (K) =

(
Voln (K)

Voln (Bn2 )

)1/n

∼ √n · Vol (K)
1/n

.miynzyn ea f` ,ℓ 
ninn E ⊂ Rn agxn-zza miteba miwqrzn m`e

if` .i`xw` agxn-zz E ∈ Gn,ℓ idie ,1 ≤ ℓ ≤ n ,xenw K ⊂ Rn gipp :htyn

miiwzn 1− c2e−c2n zegtl zexazqda

v.rad. (K ∩ E)λ diam (K ∩ E)1−λ ≤ C · v.rad. (K)

.diam (A) = supx,y∈A |x− y|-e λ = ℓ/n xy`k

qei
x dfi`a dpyn `l ,xe
k B ⊂ Rn m` :volume radius lr zeheyt ze`vez dnk

f` ,(0-a fkxn mr)

v.rad. (B) = v.rad. (B ∩ E)

.E ⊂ Rn agxn-zz lkl

diaewd gtp" xnelk ,v.rad. (Bn) ∼ √n mb yi .v.rad. ([−1, 1]n) ∼ √n ,diaewl rbepa

(!meqgd `l) ."mqegd xe
kd gtp jxra `ed

.

1√
n
Bn2 ⊂ Bn1 -a al miyp .(
ross polytope-d) Bn1 = {x ∈ Rn :

∑ |xi| = 1} z` gwip

f` ,x ∈ 1√
n
Bn2 gipp ?dnl

1√
n
≥ |x| =

√∑

x2i ≥
C-S

∑n
i=1 |xi · 1|
√∑n

i=1 1
2

=
1√
n

∑

|xi|

d`xp .meqgd xe
kd ly gtpd jxra `ed Bn1 ly gtpd .x ∈ Bn1 -e
∑ |xi| ≤ 1 okle

.df z`

.Voln (B
n
1 ) = 2n/n! :dnl

i
k .Voln (B
n
1 ) = 2n · Voln

(
Bn,+1

)
dixhniqn .Bn,+1 = Rn+ ∩ Bn1 onqp :dgked

d`xp .Bn,+1 = conv
(

{en} ∪Bn−1,+
1

)

-y al miyp zg` dkizg ly gtpd z` aygl

meyxl xyt` (x1, . . . , xn) ∈ Bn,+1 m` .df z`

(x1, . . . , xn) = xn · (0, . . . , 0, 1) +
(
n−1∑

i=1

xi

)

·
(x1
Σ
, . . . ,

xn−1

Σ
, 0
)
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milawn ,hexg gtpl `gqepdn

Voln
(
Bn,+1

)
=

1

n
· 1 ·Voln−1

(

Bn−1,+
1

)

.Voln
(
Bn,+1

)
= 1

n! zpzep efd diqxewxde

okl

v.rad. (Bn1 ) =

(
Voln (B

n
1 )

Voln (Bn2 )

)1/n

=
2 · (n!)−n

(
πn/2/Γ

(
n
2 + 1

))1/n
∼ 1/n

1/
√
n

-y jk c1, c2 > 0 miilqxaipe` mireaw yi xnelk

c1√
n
≤ v.rad (Bn1 ) ≤

c2√
n

[−1, 1]n ⊂ √nBn
2 ⊂ n · Bn

1

jxra volume radius eze` mr miteb dyely :16 xei`

,λn 
ninn i`xw` agxn-zz E-e xenw seb K ⊂ Rn m` :m
ewn htynd z` d`xp

ddeab zexazqda

diam (K ∩ E)1−λ · v.rad. (K ∩ E)λ ≤ C · v.rad. (K)

if` .n ≥ ℓ-e ,xenw seb K ⊂ Rℓ idi :dnln ligzp

Volℓ (K) · diam (K)
n−ℓ ≤ cn

ˆ

K

|x|n−ℓ dx
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mr x0 ∈ K d
ewp xgap :dgked

|x0| ≥
1

2
· sup
x∈K
|x|

.diam (K) ≤ 4 |x0| okle ,K ⊂ B (0, 2 |x0|) zeidl aiigy al miyp

enke .K0 ⊂ K ,zexinwn .Volℓ (K0) =
(
1
4

)ℓ
Volℓ (K) if` .K0 = 1

4K + 3
4x0-a hiap

.x ∈ K0 lkl |x| ≥ 1
2 |x0| ≥ 1

8diam(K) okle ,K0 ⊂ B
(
x0,

1
2 |x0|

)
ok

,okl

ˆ

K

|x|n−ℓ dx ≥
ˆ

K0

|x|n−ℓ dx ≥ Volℓ (K0) · inf
y∈K0

|y|n−ℓ ≥

≥
(
1

4

)ℓ

Volℓ (K) ·
(
1

8

)n−ℓ
diam(K)

n−ℓ ≥
(
1

8

)n

Volℓ (K) diam (K)
n−ℓ

:htynd zgked

lr zexazqdd z
in z` σn-a onqp .zeix`let zeh`pi
xewa divxbhpi` dyrp

f` ,dxitqd

Voln (K) =

ˆ

Rn

1K = Voln−1

(
Sn−1

)
ˆ

Sn−1

(
ˆ ∞

0

1K (rθ) rn−1dr

)

dθ

= Voln−1

(
Sn−1

)
ˆ ∞

0

(
ˆ

Gn,ℓ

(
ˆ

Sn−1∩E
1K (rθ) rn−1dσE (θ)

)

dµn,ℓ (E)

)

dr

= Voln−1

(
Sn−1

)
ˆ

Gn,ℓ

(
ˆ

Sn−1∩E

ˆ ∞

0

1K (rθ) |rθ|n−ℓ rℓ−1drdσE (θ)

)

dµn,ℓ (E)

=
Voln−1

(
Sn−1

)

Volℓ−1 (Sℓ−1)

ˆ

Gn,ℓ

(
ˆ

E

1K (x) |x|n−ℓ dx
)

dµn,ℓ (E)

=
nVoln (B

n)

ℓVolℓ (Bℓ)

ˆ

Gn,ℓ

(
ˆ

K∩E
|x|n−ℓ dx

)

dµn,ℓ (E)

(lemma) ≥ cn · n
ℓ
· Voln (B

n)

Volℓ (Bℓ)

ˆ

Gn,ℓ

|K ∩ E| · diam (K ∩ E)
n−ℓ

dµn,ℓ (E)

lawpe 1/n zwfga dlrp

Voln (K)
1/n

Voln (Bn)
1/n
≥ c ·

(
ˆ

Gn,ℓ

Volℓ (K ∩E)

Volℓ (Bℓ)
diam (K ∩E)n−ℓ

)1/n

xnelk

ˆ

Gn,ℓ

(

v.rad. (K ∩ E)
λ
diam (K ∩ E)

1−λ
)n

≤ [C · v.rad. (K)]
n
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,aewxn y"`ne

ProbE

[

v.rad. (K ∩ E)
λ
diam (K ∩ E)

1−λ ≥ 2Cv.rad. (K)
]

≤
E

[(

v.rad. (K ∩E)
λ
diam (K ∩ E)

1−λ
)n]

[2C · v.rad. (K)]
n ≤ [C · v.rad. (K)]

n

[2C · v.rad. (K)]
n ≤

1

2n

.epgkedy htynd ly mineyii d`xp

E ∈ Gn,n2 idi .v.rad. (K) ≤ R mr ,Bn2 ⊂ K ,xenw seb K ⊂ Rn gipp :dpwqn

,1− e−n zegtl iekiqa if` .i`xw` agxn-zz

Bn2 ∩ E ⊂ K ∩E ⊂ cR2 · (Bn2 ∩ E)

.cR2 · Bn2 -l Bn2 oia megz "ixnbl hrnk" K xnelk

λ ly divwpet idyefi`a cR2
z` silgdl jixve ,λn zgwl xyt`

n
2 mewna :dxrd

.R-e

,1− e−n zegtl iekiqay epi`x :dgked

v.rad. (K ∩ E)1/2 · diam(K ∩ E)1/2 ≤ C · v.rad. (K)

-e v.rad. (K ∩E) ≥ 1 okle ,Bn2 ∩ E ⊂ K ∩E-y mir
ei ,K ⊃ Bn2 -y oeeikn

diam (K ∩ E)
1/2 ≤ C · R

.K ∩ E ⊂ 2
(
CR2

)
Bn2 ,zexg` milina

.K =
√
n · Bn1 gwip :`nbe


,i
nin

n
2 ,E i`xw` agxn-zz xear okle .v.rad. (K) ≤ const-e Bn2 ⊂ K :if`

Bn2 ∩ E ⊂
√
nBn1 ∩E ⊂ C · (B ∩ E)

:miixhniqe mixenw mitebl zeni`zn zenxepy xkfip

‖x‖K = inf {λ > 0 : x ∈ λK}

.‖·‖K1
≥ ‖·‖K2

f` ,K1 ⊂ K2 m`
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-dn reaw xehwta `id ℓn1 -a
n
2 
ninn i`xw` agxn-zza zixyend dnxepd xnelk

:zi
ilwe`d dnxep

∀x ∈ E c

√
√
√
√

n∑

i=1

x2i ≤
1√
n
·
n∑

i=1

|xi| ≤

√
√
√
√

n∑

i=1

x2i

E,E⊥ ⊂ ,mikpe`n miagxn-izz ipy miniiw ,ibef n xear :Kashin htyn raep dfn

miiwzny jk

n
2 
ninn Rn

∀x ∈ E ∪ E⊥ 1

10
·

√
√
√
√

n∑

i=1

x2i ≤
∑n
i=1 |xi|√
n

≤

√
√
√
√

n∑

i=1

x2i

z` miiwi `l E⊥
-y iekiqd l"pke ,e−n `ed z`f miiwi `l E-y iekiqd :dgked

zexyt`d z` zqxed `l divlxewde ,eze` eniiwi mdipy deab iekiqa okl .i`pzd

(union bound) dze` zxtyn wx `l`

.mipey 
e`n miagxn md ℓ2-e ℓ1 ik ,riztn 
e`n htyn df

wexit yi E ⊂ L1 ([0, 1]) i
nin-n agxn-zz lkl :zexg` zexeva mb gqpl xyt`

-y jk F ⊂ E miiw :Kashin

∀f ∈ F ∪ F⊥ c ‖f‖2 ≤ ‖f‖1 ≤ ‖f‖2

meqgd xe
kd ly gtp-qei
xd enk "jxra" `ed mdly gtp-qei
xdy Bn1 enk mitebl

.(dneqg gtp zpn) �nite volume ratio mr miteb mi`xew ,(meqg 
i`eqtil` e`)

zeidl zx
ben seb ly gtp zpn

inf
E⊂K

(
Voln (K)

Voln (E)

)1/n

.E ⊂ K-y jk E mi
i`eqtil`d lk lr `ed inf-d xy`k

-zz miiw f` ,R xzeid lkl gtp zpn mr ixhniqe xenw seb K ⊂ Rn m` :dpwqn


i`eqtil` jxra `ed jzgdy E ∈ Gn,n/2 agxn

E ⊂ K ∩ E ⊂ cR2 · E

.ziy`xl qgia ixhniq 
i`eqtil` `ed E xy`k

xe
k zeidl ilniqwnd 
i`eqtil`d z` dxiarny zix`pil dwzrd lirtp :dgked

mikzg efd divifeta yi ,zn
ewd dprhdn .gtpd qei
x `ed gtpd qgi f`e ,d
igid

`l ,meiw wx dt yi) .
i`eqtil` jxra mdy mikzg yi K-l okle ,xe
k jxra mdy

(ddeab zexazqd
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.1 < p < 2 lkl B
(
ℓnp
)
lynl ,dneqg gtp zpn mr mitebl ze`nbe
 
er yi

y"`a epynzyd lirl epiyry dn lka

diam (K ∩ E)
1−λ · v.rad. (K ∩ E)

λ ≤ C · v.rad. (K)

.diam (K ∩ E)-l lirln mqg lawl i
k

,ihqipinxh
 mqg miaiig `l m` ,mqg dfk lawl zg` jx
 `id dneqg gtp zpn

.xe
k likdl miaiig `le

.low M∗
estimate lynl ,ohw `ed mikzg ly xhewdy ze`xdl zehiy oend yi

(14/5/2014) onlin-oiibxea htyn 11

:mixa
 dnk epiyr xary xeriya


ninn E ⊂ Rn agxn-zzl miiwzn (1 − e−n) dle
b zexazqda - gtp zepn •
dimE = λn

diam (K ∩ E)1−λ · v.rad. (K ∩ E)λ ≤ C · v.rad. (K)

mr ,Rn-a xerw-bel ixwn xehwe X m` :onlin htyn zgkeda dpey`xd dnld •
agxn-zz lkl f` ,zix`lwq dvixhn Cov (X)-e EX = 0 miiwny ,f zetitv

miiwzn dimE = k 
ninn E ⊂ Rn

(
ˆ

E

f

)1/(n−k)
≥ c · f (0)

1/n

LX

-lrd zxryd ,LX > const-y mir
ei ,itexhefi`d reawd `ed LX ,xekfk –

.LX < const `id (jzgd zxryd) xeyin

.onlin-oiibxea zxez lr xa
p eiykr

-l` ,jzgd lhid htyn ,jetd iwqaewpin oexa ,onlin-oiibxea y"` z` dlikn ef

.(gikedl mir
eiy) xeyin-lrd zxryd ly "zekx" ze`qxbe ,onlin 
i`eqti

`ed (il`e
d) ixletd sebd ,K = −K ixhniqe xenw seb K ⊂ Rn ozpida

K0 = {x ∈ R
n : ∀y ∈ K. 〈x, y〉 ≤ 1}

:zepekz
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.K00 = K .1

.dlkdd oeeik z` jted zeix`letd qgi .2

.K ⊂ RBn ⇐⇒ K0 ⊃ 1
RB

n
(`)

f` ,ilpebezxe`d lhidd ProjE-e ,ix`pil agxn-zz E ⊂ Rn m` .3

(ProjEK)
0
= K0 ∩ E

:dgked

(ProjEK)
0

=

{

x ∈ E : sup
y∈ProjEK

〈x, y〉 ≤ 1

}

=

{

x ∈ E : sup
y∈K
〈x, y〉 ≤ 1

}

= K0 ∩E

((ProjEK)
0
=
(
K0 ∩ E

)
+ E⊥

miiwzn ,E-a `le Rn-a zeveawk)

f` K = −K ⊂ Rn m` :elhpq y"` .4

Voln (K) · Voln
(
K0
)
≤ Voln (B

n)
2

d
in mr zixhniqe dneqg ,d
i
n dveaw lkl ,zexinw zegpd ila mb oekp df

.Rn-a ziaeig

,lewy ote`a

v.rad. (K) · v.rad.
(
K0
)
≤ 1

.mi
i`eqtil`a `ed ihwtnew xenw K xy`k oeieeiyd dxwn

Mahler) xl`n zltkn llk jx
a `xwp df .S (K) = v.rad. (K) · v.rad.
(
K0
)
onqp

(produ
t

,dkitd T : Rn → Rn zix`pil dwzrde (K = −K) ixhniq K ⊂ Rn lkl :dprh

.S (K) = S (T (K)) miiwzn

:xaqd

S (T (K)) = v.rad. (T (K)) · v.rad.
(

(T (K))
0
)

= |detT |1/n v.rad. (K) · v.rad.
(

(T ∗)−1K0
)

= |detT |1/n v.rad. (K) ·
∣
∣det

(
T−1

)∣
∣
1/n

v.rad.
(
K0
)
= S (K)
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zeix`pil zewzrd ele
en mixenwd mitebd agxn :xara epxkfd `ly ,d
aer 
er

xexa dfn .efd dpekzd z` xexbiy ihxwpew xzei edyn jynda gikep .hwtnew `ed

.meniqwn wx `le menipin zeidl jixv S (K)-ly

.S (K) ≥ c/n ,ixhniqe xenw K ⊂ Rn lkl :dnl

EX = xnelk ,itexhefi` `ed X ∼ Unif (K)-y gippe ,zix`pil dwzrd lirtp :dgked

.Cov (X) = Id-e 0

.Bn ⊂ K ⊂ CnBn-y gikep

‖X · θ‖∞ ≥ okl .E (X · θ)2 = 1 f` .θ ∈ Sn−1
gwip ,dpey`xd dlkdd z` ze`xl i
k

xnelk .1

∀θ ∈ Sn−1 sup
x∈K
|〈x, θ〉| ≥ 1

.Bn ⊂ K okle ,K0 ⊂ Bn-y xne` dfe

,xara epi`xy enk f` .θ ∈ Sn−1
aey rawp ,jetdd oeeika

c1 ≤
Voln−1

(
K ∩ θ⊥

)
√

E (X · θ)2

Voln (K)
≤ c2

okl

∀θ ∈ Sn−1 Voln−1

(
K ∩ θ⊥

)
≥ c1Voln (K)

`ed ely gtpde ,zexinwn K-a lken conv
(
x,K ∩ θ⊥

)
hexgd ,x ∈ K lkl

Voln
(
conv

(
x,K ∩ θ⊥

))
=

1

n
|x · θ| · Voln−1

(
K ∩ θ⊥

)

xnelk

∀θ ∈ Sn−1, x ∈ K |x · θ| ·Voln−1

(
K ∩ θ⊥

)
≤ nVoln (K)

lawp dl`d mipeieeiy-i`d ipy z` wlgp m`e

∀θ ∈ Sn−1, x ∈ K |x · θ| ≤ cn

.K ⊂ cnBn-e 1
cnB

n ⊂ K0
okle ,

1
cnθ ∈ K0

xnelk

okle

1
CnB

n ⊂ K0 ⊂ Bn lawp Bn ⊂ K ⊂ CnBn zelkddn

S (K) = v.rad. (K) · v.rad.
(
K0
)
≥ 1 · 1

Cn
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E ⊂ Rn 
i`eqtil` yi Rn-a ixhniqe xenw seb lkly dt epgked mvray al miyp

miiwzny jk

E ⊂ K ⊂ cnE

zix`pild dwzrda miynzyn zxg`e ,Bn xe
kd zeidl leki E ,itexhefi` K m`)

(zitexhefi` divifetl dxiarny

.S (K)-l daeh xzei dkxrd lawl dvxp

menihte`d df .oe'b 
i`eqtil` `xwp df ,

√
n mr dlkd yi mi
i`eqtil` iabl :dxrd

.dfd xhnxta

.S (K) > const ,ixhniqe xenw K ⊂ Rn seb lkl :onlin-oiibxea y"`

.zetitva izernyn iepiy i"r lynl ,xeyin-lrd zxryd z` "sewrl" didi oeirxd

zexazqd zetitv f : K → [0,∞)-y gipp .K = −K ,xenw seb K ⊂ Rn idi :2 dnl

dneqgy dxerw-bel

∀x ∈ K e−2n ≤ f (x) ≤ e2n

E ∈ Gn,ℓ agxn-zz xear f` .λ = n/ℓ onqpe ,1 ≤ ℓ ≤ n idi .zix`lwq Cov (f) mr

:miiwzn 1− e−n zegtl iekiqa ,Haar z
in itl xgapy

(1 zexazqda) v.rad. (K ∩E) ≥ cλ
√
nL

1− 1
λ

f .1

diam(K ∩E) ≤ cλ
√
nLf .2

S (K ∩ E)λ ≥ cλ
Lf

.3

.v.rad. (K) ∼ √n-y raep max |log f | < 2n-e ,zexazqd zetitv f -y jkn :dxrd

.x0 = EX onqp .f ezetitvy ixwn xehwe X idi :dgked

,1 dnln .E ∈ Gn,ℓ idi .1

(
ˆ

E+x0

f

) 1
n−ℓ

≥ c · f (x0)
1/n

Lf

okl

Volℓ (K ∩ (E + x0)) ≥ e−2n

ˆ

E+x0

f ≥ e−2n

(

c
e−2

Lf

)n−ℓ
≥ c̃nλ ·

1

L
n(1−λ)
f
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.iwqaewpin-oexa y"`a ynzyp ?ziy`xd jx
 jzg iabl y"`l xearp ji`

milawn K = −K dixhniqdn

− (K ∩ (E + x0)) = K ∩ (E − x0)

n"ane |K ∩ (E + x0)| = |K ∩ (E − x0)| okle
∣
∣
∣
∣

(K ∩ (E + x0)) + (K ∩ (E − x0))
2

∣
∣
∣
∣
≥ 1

2
|K ∩ (E + x0)|+

1

2
|K ∩ (E − x0)| = |K ∩ (E + x0)|

miiwzn zexinwn la`

(K ∩ (E + x0)) + (K ∩ (E − x0))
2

⊂ K ∩ E

okle

|K ∩ E| ≥ |K ∩ (E + x0)|

`ed gtpd qei
x .x0 jx
 xaery jzga lawzn menipind xnelk

v.rad. (K ∩ (E + x0)) =

(
Volℓ (K ∩ E)

Volℓ (Bℓ)

)1/ℓ

≥ c̃
1/λ
λ · 1

L
1
λ (1−λ)
f

· c
√
ℓ

︸︷︷︸

v.rad.(Bℓ)

= c̃
1/λ
λ · c ·

√
λ · √n · L

1
λ (λ−1)

f = cλ
√
nL

1− 1
λ

f

,1− e−n iekiqa .2

diam (K ∩ E)1−λ · v.rad (K ∩ E)λ ≤ C · v.rad (K)

miiwzn f`e

diam (K ∩ E)
1−λ ≤ c

√
n

v.rad. (K ∩ E)
λ

≤ cλ
√
n
(√

nL
1− 1

λ

f

)−λ

= cλ
(√
n
)1−λ

L1−λ
f

xnelk

diam (K ∩ E) ≤ c̃λ
√
nLf
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xne` 1 sirq .3

v.rad. (K ∩ E) ≥ cλ
√
nL

1− 1
λ

f

okle ,K ∩ E ⊂ c̃λ
√
nLfB

E
-y raep 2 sirqn

(K ∩ E)
0 ⊃ 1

c̃λ

1√
nLf

·BE

okle

v.rad.
(

(K ∩ E)0
)

≥ ĉλ ·
1√
nLf

mekiqle

S (K ∩E) = v.rad. (K ∩E) · v.rad.
(

(K ∩E)
0
)

≥ cλ ·
√
nL

1− 1
λ

f · 1√
nLf

=
cλ

L
1/λ
f

-bel f zexazqd zetitv zniiwy gipp .K = −K ,xenw seb K ⊂ Rn idi :dpwqn

mr f : K → R dxerw

sup f

inf f
≤ e4n

cλ-e λ = ℓ
n xy`k ,S (K ∩E)

λ ≥ cλ/Lf mr E ∈ Gn,ℓ miiw 1 ≤ ℓ ≤ n lkl f`

.n-a `le λ-a wx ielzy reaw

sup f =-y jk zpwzny zix`pil dwzrd milirtn .dpexg`d dnldn raep :dgked

-zz miiw oii
r la` ddeabd zexazqdd z` mi
a`n .zix`lwq Cov (f)-ye e2n

.miiwzn oii
r dfd sirqd ,zeix`pil zewrzdl ihp`ixeepi` S-y oeeike ,mi`zn agxn

ziqgi zelwa xearp jk xg` .meqg Lf -y jk

sup f
inf f ≤ e4n mr f `evnl `id epzxhn

.S (K) lr oezgz mqgl S (K ∩ E) lr oezgz mqgn

.(Lapla
e) q`ltl mxetqpxh :dgkedd ly 'a aly

y ∈ Rn lkl onqp ,Rn-a X ixwn xehwe ozpida :dx
bd

ΛX (y) = logE
(

e〈X,y〉
)

= log

ˆ

Rn

ey·xf (x) dx ∈ [−∞,∞]

.zniiw m` ,X ly zetitvd f xy`k

.q`ltl mxetqpxh mi`xew eΛx-l

f` .Rn-a xerw-bel ixwn xehwe X idi :dprh
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.da C∞
wlg Λx-e ,dgezt {ΛX < +∞} dveawd .1

Λx (y) < m` xnelk ,lxbhpi`d oniql zgzn xefbl xzen {ΛX < +∞} dveawa .2

,+∞

∀α ∂α
(

eΛX(y)
)

= E
[
Xαey·X

]

,∂α =
(

∂
∂y1

)α1

· · ·
(

∂
∂yn

)αn
,(α1, . . . , αn) ∈ Nn qw
pi`-ihlen α xy`k

.yα = yα1
1 · · · yαnn

-y jk A,B > 0 miniiw f` ,ziliaxbhpi`e dxerw-bel f : Rn → [0,∞) m` :zxekfz

∀x ∈ R
n f (x) ≤ Ae−B|x|

:dprhd zgked

xnelk ,ΛX (y0) <∞ gipp

ˆ

f (x) ey0·x
︸ ︷︷ ︸

fy0 (x)

dx <∞

-petqw` zkre
 fy0 (x) okle ,dxerw-bele ziliaxbhpi` fy0 (x) = f (x) ey0·x if`

-y jk δ > 0 miiw xnelk ,seqpi`a zi`ivp

∀ |z| < δ

ˆ

ez·xfy0 (x) dx <∞

.B (y0, δ)-a iteq ΛX okle ,exp (ΛX (y0 + z)) df la`

:y1-l qgiae 0-a gipp ?xefbl xzen dnl

∂

∂y1

(

eΛx(y)
)

=
∂

∂y1

[
ˆ

Rn

ey·xf (x) dx

]∣
∣
∣
∣
y=0

= lim
y1→0

1

y1

(
ˆ

Rn

ey1x1f (x) dx− 1

)

= lim
y1→0

ˆ

Rn

[
ey1x1 − 1

y1

]

f (x) fx

jixv zhlypd zeqpkzdd htyna ynzydl liaya ,dnipt leabd z` qipkdl mivex

okle ,

∣
∣e
s−1
s

∣
∣ ≤ es-y jka ynzyp .ziliaxhpi` dhpx'efn

∣
∣
∣
∣

ey1x1 − 1

y1

∣
∣
∣
∣
f (x) ≤ |x1| ey1x1f (x)
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lawpe ,lxbhpi`de leabd z` silgp .iliaxbhpi` df f` witqn ohw y1 m`e

∂

∂y1

(

eΛX (y)
)

(0) =

ˆ

Rn

lim
y1→0

ey1x1 − 1

y1
f (x) fx =

ˆ

Rn

x1f (x) dx

.mipeniq wx ,miy
g zepeirx oi` ,libxz `id dgkedd x`y

zeidl Xy z` xi
bp ΛX (y) < +∞-e Rn-a xerw-bel ixwn xehwe X xear :oeniq

.e−Λ(y)f (x) ey·x `id x d
ewpa ezetitvy ixwn dpzyn

if` ΛX (y) < +∞-y jk y ∈ Rn ,xerw-bel n"e X idi :dprh

∇ΛX (y) = EXy

∇2ΛX (y) = Cov (Xy)

mihplenew zxvei divwpet ozep inzixbeld q`ltl mxetqpxhy mixne` zexazqda)

((z"a md mipzynyk mixagzny mihpnend)

:dgked

okle ,lxbhpi`d oniql zgzn xefbl xzen

∂Λ (y)

∂yi
=

´

Rn
xie

y·xf (x) dx
´

Rn
ey·xf (x) dx

= E (Xy · ei)

∂2Λ (y)

∂yi∂yj
=

´

Rn
xixje

y·xf (x) dx
´

Rn
ey·xf (x) dx

−
´

Rn
xie

y·xf (x) dx ·
´

Rn
xje

y·xf (x) dx
(´

Rn
ey·xf (x) dx

)2

= E [(Xy · ei) (Xy · ej)]− E (Xy · ei)E (Xy · ej) = Cov (Xy) ei · ej

ΛX-y dfn raep .y ∈ {ΛX < +∞} lkl ziaeig zx
ben dvixhn `id ∇2ΛX ,hxta

:uxeey-iyewn ,zehyta xzei ze`xl lw df z` la` ,dxenw divwpet

ΛX

(
y1 + y2

2

)

= logE
√
ey1·Xey2·X ≤ log

√
Eey1·X · Eey2·X =

ΛX (y1) + ΛX (y2)

2

dxenw `id ΛX : Rn → R∪{+∞} divwpetd ,xeyin-lra jnzp `l X m` ,dyrnle

.∇2ΛX (y) = Cov (Xy) > 0 xnelk ,ynn

:ynn dxenw divwpet ly hp`i
xbd lr zexrd izy

.EXy ∈ K okle ,K-a jnzp Xy mb ,K dxenw dveawa jnzp X m` .1


g-
g dwzrd `id x 7→ ∇F (x) f` ,dwlge ynn dxenw F : Rn → R m` .2

.zikxr

.f (t) = F ((1− t)x+ ty) xi
bpe [x, y] ⊂ Rn-a hiap ,x 6= y ∈ Rn m` :dgked

j` .f ′ (0) < f ′ (1) okle ,dwlge ynn dxenw divwpet ef

f ′ (0) = ∇F (x) · (y − x)
f ′ (1) = ∇F (y) · (y − x)

.∇F (x) 6= ∇F (y) mb ,f ′ (0) 6= f ′ (1)-y oeeikn
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f` .X ∼ Unif (K) gippe ,xenw seb K ⊂ Rn gipp :dprh

ˆ

Rn

det Cov (Xy) dy ≤ Voln (K)

:dgked

mipzyn ztlgd rval xzen f` ,r"gge dwlg y 7→ ∇Λ (y) dwzrdd

ˆ

Rn

det Cov (Xy) dy =

ˆ

Rn

det∇2Λ (y) dy

[z = ∇Λ (y)] =

ˆ

∇Λ(Rn)

1 · dz = Voln (∇Λ (Rn)) ≤ Voln (K)

.y lkl ∇Λ (y) = EXy ∈ K ik

,LXy ≤ c/
√

εS (K)-y jk y ∈ εnK0
miiw f` .ε > 0 idie ,K ⊂ Rn idi :dpwqn

.X ∼ Unif (K) xy`k

.`ad reaya df z` gikep

(21/5/2014) onlin 
i`eqtil` ,onlin-oiibxea jynd 12

.onlin-oiibxea y"` zgked z` miiqp xeriyd

,xekfk

S (K) = v.rad (K) · v.rad.
(
K0
)

S (K) > miiwzny K = −K miiwnd K ⊂ Rn xenw seb xear ,gikedl `id epzxhn

.const

jxevd z` sewrl mil
zyn epgp` dgkedae ,"xeyin-lrd zxryd ly dylg `qxb" ef

.da ynzydl

zetitv f : K → [0,∞)-e ,K = −K mr K ⊂ Rn m` :dnl epgked xary xeriya

,λ = ℓ/n xeary jk E ∈ Gn,ℓ miiw 1 ≤ ℓ ≤ n lkl f`

sup f
inf f ≤ e4n mr dxerw-bel

S (K ∩ E)λ ≥ cλ
Lf

.mivex epgp`y enk mqg oziz dreawd zetitvdy zxne` xeyin-lrd zxryd ,xekfk

?ohw Lf mr f mipea 
vik

Xy ixwn xehwe epx
bd ,y ∈ Rn-e ,K = −K mr K ⊂ Rn xear :eply oexztd

deey zetitvd ,wei
 xzil .x 7→ ex·y1K (x)- zipeivxetext ezetitvy

1

zy
· ex·y1K (x)
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xy`k

zy =

ˆ

Rn

ex·y1K (x)

≥
ˆ

Rn

(1 + x · y)1K (x) dx = Voln (K)

(0-a 
aekd fkxn ik)

d`xn mipzyn ztlgd lr qqazdy aeyig

ˆ

Rn

det Cov (Xy) dy ≤ Voln (K)

,wei
 xzil

ˆ

Rn

detCov (Xy) dy =

ˆ

det∇2Λdy = Voln (∇Λ (Rn))

jk y ∈ εnK0
miiw ,0 < ε < 1 lkle ,ixhniqe xenw seb K ⊂ Rn lkl :dprh

miiwzny

LXy ≤
c

√

εs (K)

:dgked

miiwzny xexa

ˆ

εnK0

detCov (Xy) dy ≤
ˆ

Rn

. . . ≤ Voln (K)

rvennd okle

1

|εnK0|

ˆ

εnK0

detCov (Xy) dy ≤
|K|
|εnK0|

.yweand y dfy d`xp .det Cov (Xy) ≤ |K|
|εnK0| exeary y ∈ εnK0

miiwy o`kn

LXy ≤ (detCov (Xy))
1/2n ·

(

sup fXy
︸︷︷︸

density

)1/n

≤
( |K|
|εnK0|

)1/2n

· sup
x∈K

(
ex·y1K (x)

zy

)1/n

≤ 1√
ε

( |K|
|nK0|

)1/n

·
(
eεn

|K|

)1/n

≤ eε√
ε

(
1

|nK0| · |K|

)1/2n

≤ c√
ε
· 1√

n

√

1

|Bn|2/n s (K)
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eplaiw ,|Bn|2/n ∼ 1
n -y oeeikn

LXy ≤
c√
ε
· 1
√

s (K)

mr ,K lr xerw-bel ixwn xehwe Xy-y oeeik

supK fXy
infK fXy

=
supx∈K e

x·y

infx∈K ex·y
≤ e2εn

lawle dnla ynzydl xyt`

E = Gn,ℓ miiw 1 ≤ ℓ < n lkl if` .K = −K ,xenw seb K ⊂ Rn idi :dpwqn

exeary

s (K ∩ E)
λ ≥ cλ

Lf
≥ cλ

√

s (K)

.λ-a wx ielzy reaw cλ > 0-e λ = ℓ/n xy`k

.ε = 1/2 mr dprhd z` lirtp :dpwqnd zgked

e` λ→ 0+ xy`k 0-l s`ey d`xpk `ed la` ,λ-a wx ielzy reaw df :cλ iabl dxrd

.miipia 
nin jx
 xearl miaiig okl .λ→ 1−

(
xty-qx'bex y"`) :htyn

if` .agxn-zz E ⊂ Rn-e xenw seb K ⊂ Rn idi

|K ∩ E| · |ProjE⊥K| ≤ 4n |K|

.ℓ = dimE xy`k

(
n
ℓ

)
-l 4n z` xtyl :libxz

conv ({x} ∪ (K ∩ E)) ⊂ okle ,x ∈ K∩(2y + E) miiw f` .y ∈ 1
2 ·ProjE⊥K idi :dgked

.

1
2 (K ∩ E) ly dffd likn K ∩ (y + E) xnelk ,K

,jkitl

Voln (K) =

ˆ

Proj
E⊥ (K)

|K ∩ (y + E)| dy

≥
ˆ

1
2Proj

E⊥ (K)

|K ∩ (y + E)| dy

≥
∣
∣
∣
∣

K ∩ E
2

∣
∣
∣
∣
·
∣
∣
∣
∣

ProjE⊥ (K)

2

∣
∣
∣
∣
=

1

4n
|K ∩ E| · |ProjE⊥ (K)|

oeeika y"` mb yi ,ziy`xd jx
 xaery agxn-zz E-e ixhniq seb K xy`k :dxrd

.jetdd
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.0 = barycenter (K) dgpdd zgz |K ∩ E| · |ProjE⊥K| ≥ |K| gikedl :libxz

E ∈ Gn,ℓ lkle K = −K ixhniqe xenw seb K ⊂ Rn lkl :
xty-qx'bexn dpwqn

,1 ≤ ℓ < n mr

s (K) ≥ cλs (K ∩ E)
λ · s (ProjE⊥K)

1−λ

.λ-a wx ielz cλ-e λ = ℓ/n xy`k

:dgked

|K| ≥ 4−n |K ∩ E| · |ProjE⊥K|
|K|0 ≥ 4−n

∣
∣K0 ∩E⊥∣∣ ·

∣
∣ProjEK

0
∣
∣

lawpe ,(K ∩ E)
0
= ProjE

(
K0
)
-y xekfp

s (K)
n
=
|K| ·

∣
∣K0

∣
∣

|Bn|2
≥ 16−n

|Bn|2
·
∣
∣Bℓ
∣
∣
2
s (K ∩ E)

ℓ ·
∣
∣Bn−ℓ

∣
∣
2
s (ProjE⊥K)

n−ℓ

okl .ℓ = dimE xy`k

s (K) ≥
(∣
∣Bℓ
∣
∣
2 ·
∣
∣Bn−ℓ

∣
∣
2

16n |Bn|2

)1/n

· s (K ∩ E)
λ · s (ProjE⊥K)

1−λ

-y `
eel wx xzep

(∣
∣Bℓ
∣
∣ ·
∣
∣Bn−ℓ

∣
∣

4n |Bn|

)2/n

≥ cλ

okl .miilqxaipe` mireaw i
k-
r

∣
∣Bℓ
∣
∣
1/ℓ ∼ 1√

ℓ
,xekfk

(∣
∣Bℓ
∣
∣ ·
∣
∣Bn−ℓ

∣
∣

|Bn|

)2/n

≥






(
c1√
ℓ

)ℓ

·
(

c1√
n−ℓ

)n−ℓ

(
c2√
n

)n






2/n

= c̃

(
1√
ℓ

)2λ (
1√
n− ℓ

)2−2λ

n

= c̃

(
1

λ

)λ(
1

1− λ

)1−λ
> const

:onlin-oiibxea y"` zgked

onqp

sN = inf {s (K) : 1 ≤ n ≤ N, K ⊂ R
n convex, K = −K}
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.sN > c
N epgked xary xeriya .sN > const :epzxhn

miiw 1 ≤ ℓ < n lkly epi`x .ixhniqe xenw seb 1 ≤ n ≤ N mr K ⊂ Rn idi

mr E ∈ Gn,ℓ

s (K ∩E)
λ ≥ cλ

√

s (K)

.λ = ℓ/n xear

,ipy 
vn

s (K) ≥ cλs (K ∩E)λ s (ProjE⊥K)1−λ ≥ c̃λ ·
√

s (K) · sN

lawpe ,

2
3n ≤ ℓ ≤ 3

4n gwipe ,n ≥ 10-y gipp

√

s (K) ≥ C · s1−λN

lawpe ,n ≤ N mrK ⊂ Rn miixhniqd mixenwd mitebd jk lr menitpi`d z` gwip

√
sN ≥ C · s1−λN =⇒ sN ≥ C1/(λ− 1

2 )

(iaeig xtqn df reaw N lr xear ik sN -a wlgl xzen)

f : K → [0,∞) dxerw-bel zetitv zniiw K = −K-e xenw K ⊂ Rn lkl :dpwqn

miaivn .

sup f
inf f ≤ e2εn-e Lf < c√

εs(K)
eplaiw diipaa .

sup f
inf f ≤ 10n-e Lf < const mr

.meqg mvra `ed s (K)-e ,edylk ε

m` e` ,meqg itexhefi`d reawdy gipdl xyt` ,gtp ly miqb miaeyiga :dpwqn

.ely divxpi`d 
i`eqtil` enk bdpzn xenw seb lky ,evxz

.M 
i`eqtil` :qxewd ly `ad `yepl epze` `ian df

`xwp ziy`xa fkxn mr E ⊂ Rn 
i`eqtil` .ixhniqe xenw seb K ⊂ Rn idi :dx
bd

.|K ∩ E| ≥ αn |K| m`e |E| = |K| m` "α > 0 reaw mr onlin 
i`eqtil`"


i`eqtil` yi ,ixhniqe xenwK ⊂ Rn lkly jk c > 0 ilqxaipe` reaw miiw :htyn

.c reaw mr onlin

.|K| = 1-y jk lnxpp .zeix`pil zewzrdl zihp`ixeepi` dx
bdd :dgked

.K lr cn1 ≤ fX ≤ cn2 -e LX < const-y jk K lr X xerw-bel ixwn xehwe miiw

ET (X) = xnelk ,itexhefi` T (X)-y jk T : Rn → Rn dkitd zipit` dwzrd lirtp

.Var (T (X)) = Id-e 0

.det (T )
1/n ∼ 1 :dprh
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detCov (X)1/n ∼-y raep ,LX ∼ 1-e LX = detCov (X)1/2n·(sup fX)1/n-y oeeikn :xaqd

,(detT )
2/n

`ed mdipia qgid .detCov (T (X)) = 1 ,itexhefi` T (X)-y oeiikn .1
.det T ∼ 1 okle

,aexwn y"`n

P
(
|T (X)| ≥ 2

√
n
)
≤ E |T (X)|2

4n
=

1

4

okle

1

2
<

3

4
≤ P

(
T (X) ∈ 2

√
nBn

)

if` .E1 = T−1 (2
√
nBn) xi
bp

P (X ∈ E1) = P (T (X) ∈ T (E1)) = P
(
T (x) ∈ 2

√
nBn

)
≥ 1

2

okle

1

2
≤
ˆ

E1

fX (z)dz =

ˆ

E1∩K
fX ≤ |E1 ∩K| · cn

?E1 ly gtpd dn .|K| = 1 ,xekfk .|E1 ∩K| ≥ cn-y epi`x

|E1| =
∣
∣T−1

(
2
√
nBn

)∣
∣ =

1

detT
·
∣
∣2
√
nBn

∣
∣

.|E1|1/n ∼ 1 okle

.wei
a 1 gtp mr ,ixhniq 
i`eqtil` lawl epivx

f` .x0 ∈ Rn edyfi` mr E1 = x0 + E2-y jk ixhniq 
i`eqtil` E2 ⊂ Rn idi

-e ,|E1| = |E2|

(E1 ∩K) + ((−E1) ∩K)

2
⊂ E2 ∩K

lawp iwqaewpin-oexane K ly dixhniqn

|K ∩ E2| ≥
∣
∣
∣
∣

1

2
[(x0 + E2) ∩K] +

1

2
[(−x0 + E2) ∩K]

∣
∣
∣
∣

≥
√

|(x0 + E2) ∩K| · |(−x0 + E2) ∩K| = |(x0 + E2) ∩K| = |E1 ∩K|

.|E2|1/n = |E1|1/n ∼ 1-e |E2 ∩K| ≥ cn mr ziy`xd aiaq 
i`eqtil` E2 xnelk
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`ed jezigde okle E ⊃ cE2-e ,oekpd gtpd mr df .E = |E2|1/n E2 zrk xi
bp

|K ∩ E| ≥ |K ∩ (cE2)| ≥ |cK ∩ cE2| = cn |K ∩ E2| ≥ c̃n

.zeti zepekz 
er el yiy d`xp .onlin 
i`eqtil` ly meiw epi`xd

.K + E-l oeilr mqgl K ∩ E-l oezgz mqgn xearl dvxp

(2 
xty-qx'bex) :dnl

if` .miixhniqe mixenw K,T ⊂ Rn eidi

|K + T | · |K ∩ T | ≤ 8n |K| · |T |

dnldn .E = {(x, x) : x ∈ Rn} agxnd-zz z` gwipe ,K×T ⊂ R2n
-a hiap :dgked

lawp 
xty-qx'bex ly zn
ewd

|(K × T ) ∩E| · |ProjE⊥ (K ∩ T )| ≤ 16n |K × T |

?|(K × T ) ∩ E| edn

(K × T ) ∩ E = {(x, y) : x ∈ K, y ∈ T, x = y} = F (K ∩ T )

,2n/2 `ed dly o`iaewrid .F (x) = (x, x) oeqkl`d zwzrd F : Rn → R2n
xy`k

okle

|K ∩ T | =
(

1√
2

)n

· |(K × T ) ∩ E|

okle ,E⊥ = {(x,−x) : x ∈ Rn} ,lhidd iabl

ProjE⊥ (x, y) =

(
x− y
2

,
y − x
2

)

ProjE⊥ (K × T ) =

{(
x− y
2

,
y − x
2

)

: x ∈ K, y ∈ T
}

=
{(z

2
,−z

2

)

: z ∈ K − T
}

`ed gtpd okle ,2−n/2 `ed o`iaewrid

|K + T | = |K − T | =
√
2
n |ProjE⊥ (K × T )|

.epniiqe |K × T | = |K| · |T | ipiaet htyna ynzyp

reaw mr) onlin 
i`eqtil` E ⊂ Rn ,ixhniqe xenw seb K ⊂ Rn-y gipp :dpwqn

.c-a wx ielz c̃ xy`k |K + E|1/n ≤ c̃ · |K|1/n if` .(c
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okle ,cn |E| = cn |K| ≤ |E ∩K|-y mir
ei :dgked

|K + E| ≤ 16n |K| · |E|
|K ∩ E| ≤

(
16

c

)n

· |K|

|K + E| ≤-e |K| = |E|-y dyix
d i"r M -
i`eqtil` mixi
bn minrtl :dxrd

.reawd i
k-
r lewy df ,eiykr epxaqdy enk .cn |K|

i`eqtil` `ed E0 f` K ly onlin 
i`eqtil` `ed E m` :mb d`xp `ad reaya

.K0
ly onlin

.ieqik ixtqn i"r `id M -
i`eqitl` xi
bdl ztqep jx


xi
bp K,T ⊂ Rn mixenw miteb xear :dx
bd

N (K,T ) = min

{

N ≥ 1 : ∃x1, . . . , xN .K ⊂
N⋃

i=1

(xi + T )

}

K

T

milebir mr ynegn ly ieqik :17 xei`

,miixhniqe mixenw miteb K,T ⊂ Rn xear :dprh

N (K,T ) ≤ |K + T/2|
|T/2|

-y jk K-a ze
ewp ly ilniqwn sqe` zeidl F z` xi
bp :dgked

∀x, y ∈ F
(

x+
T

2

)

∩
(

y +
T

2

)

= ∅

okl ,K + T
2 -a milken mleke ,mixf

{
x+ T

2

}

x∈F mitebd

#F ·
∣
∣
∣
∣

T

2

∣
∣
∣
∣
≤
∣
∣
∣
∣
K +

T

2

∣
∣
∣
∣
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N (K,T ) ≤-y o`kn .y ∈ x+ T -y jk x ∈ F miiw y ∈ K lkl ,zeilniqwndn la`

.#F
,(edylk reaw mr) ely onlin 
i`eqtil` E ,ixhniqe xenw seb K ⊂ Rn gipp :dpwqn

.N (K, E) ≤ c′n-e N (K, E) ≤ cn f`

:dgked

N (K, E) ≤ |K + E/2|
|E/2| ≤ cn

N (E ,K) ≤ |K/2 + E|
|K/2| ≤ c′n

,(c > 0 reaw mr) ely onlin 
i`eqtil` E ,ixhniqe xenw seb K ⊂ Rn gipp :dprh

,ixhniqe xenw T ⊂ Rn lkl f`

|T +K|1/n ∼ |T + E|1/n

.iwqaewpin mekq jxevl K z` "dpn`p bviin" E 
i`eqtil`d ,xnelk

okle ,N ≤ ecn xear K ⊂ ⋃Ni=1 (xi + E)-y mir
ei epgp` :dgked

T +K ⊂
N⋃

i=1

(xi + T + E)

-y o`kn

|T +K| ≤ N · |T + E| ≤ ecn |T + E|

okle ,E ⊂ ⋃Ni=1 (xi +K) ,ipyd oeeika

|T + E| ≤
∣
∣
∣
∣
∣

N⋃

i=1

(xi + T +K)

∣
∣
∣
∣
∣
≤ ec′n |T +K|

.|T ∩K|1/n ∼ |T ∩ E|1/n xxeb mb 
i`eqtil` i"r K ly beviid :libxz

Bn m` α reaw mr (M-position) onlin avna `vnp K ⊂ Rn seby mixne` :dx
bd

.K ly α reaw mr onlin 
i`eqtil` `ed

TK : Rn → dkitd zix`pil dwzrd zniiw K ⊂ Rn ixhniqe xenw seb lkl :dxrd

.ilqxaipe` reaw mr onlin ziivifeta seb TK (K)-y jk Rn
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"jetdd iwqaewpin-oexa oeieeiy-i`" :htyn

LK , LT zeix`pil zewzrd zeniiw f` ,miixhniqe mixenw miteb K,T ⊂ Rn eidi

K̃ = onqp m`y jk ,(T i"r zrawp LT dwzrdde K i"r zrawp LK dwzrdd)

,T̃ = LT (T )-e LK (K)

∣
∣
∣K̃ + T̃

∣
∣
∣

1/n

≤ c
(∣
∣
∣K̃
∣
∣
∣

1/n

+
∣
∣
∣T̃
∣
∣
∣

1/n
)

f`e ,onlin avna T̃ -e K̃-y gipdl xyt` .onlin avna ynzyp :dgked

∣
∣
∣K̃ + T̃

∣
∣
∣

1/n

∼
∣
∣
∣Bn + T̃

∣
∣
∣

1/n

∼ |Bn +Bn|1/n ∼ |Bn|1/n =
∣
∣
∣K̃
∣
∣
∣

1/n

=
∣
∣
∣T̃
∣
∣
∣

1/n

.det (LK) = det (LT ) = 1-y gipdl xyt` :libxz

`edy edylk qei
xa xe
k miiwy miyxe
y i"r onlin avn xi
bdl xyt` :dxrd

.
i`eqtil`

(28/5/2014) jetd ixhnixtefi` y"` ,agxn-zzd zpn htyn 13

.onlin 
i`eqtil` :`yepd

mr E ⊂ Rn (ixhniq) 
i`eqtil` miiw ,K = −K mr xenw K ⊂ Rn xear ,xekfk

miiwzny jk |K| = |E|

|K ∩ E|1/n ≥ c |K|1/n .1

|K + E|1/n ≤ c |K|1/n .2

N (K, E) ≤ cn, N (E ,K) ≤ cn .3

yi ,0 < λ < 1 xear dim (E) = ℓ = λn mr E ⊂ Rn n"z lkl (libxz) .4

(dgkeda aly did hrnk df) |K ∩ E|1/ℓ = cλ |E ∩ E|1/ℓ

.zeil`e
n raep df ,zelhd xear mb qgi eze` z` yi ,dne
a

f` ,N (K, E) ≤ cn e` ,|K + E|1/n ≤ c |K|1/n-e |E| = |K| m` :xary reayn libxz

.c-a ielzy reaw mr ,K ly onlin 
i`eqtil` `ed E
m` ,epi`xy enk .dqb dl`wqa gtp iaeyiga K z` ahid bviin E onlin 
i`eqtil`

,T ⊂ Rn ixhniqe xenw seb lkl f` ,K ly onlin 
i`eqtil` E

|K + T |1/n ∼ |E + T |1/n
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(?onlin gpn) onlin ziivifeta `ed ixhniqe xenw seb K ⊂ Rn-y mixne` :dx
bd

.K ly onlin 
i`eqtil` `ed rBn-y jk r > 0 reaw miiw m`

jk det (TK) = 1 mr TK : Rn → Rn zix`pil dwzrd zniiw ,K xenw seb lkl

.onlin gpna TK (K)-y

mixenw miteb K,T ⊂ Rn gipp :jetdd iwqaewpin-oexa y"` z` eplaiw ,d`vezk

if` .onlin gpna mi`vnpd miixhniqe

|K|1/n + |T |1/n ≤
B−M

|K + T |1/n ≤ C
[

|K|1/n + |T |1/n
]

miaeyig jxevl) i
ilwe` xe
k enk bdpzn onlin gpna xenw seb :dprh-`hna mkqp

(miqb

.zigxkd `l `id la` ,dixhniqa epynzyd eply zekxrda :dixhniq iabl dxrd

ltih onlin ixewnd xn`na .zepeirx mze` mr la` dkex` xzei hrn dgked `vz

.
ala ixhniqd avna

.onlin 
i`eqtil`e zeil`e
 lr xa
p

.|log r| ≤ c mrK0
ly onlin 
i`eqtil` rE0 f`K ly onlin 
i`eqtil` E m` :dprh

.dfd xarna x
x
zn reawd :dxrd

:dprhd zgked

,onlin-oiibxeae elhpqn

v.rad.
(
K0
)
∼ 1

v.rad. (K)

.E0 ∩K0
z` oiadl mivex epgp`

,dixhniqe zexinw zxnyn `ide ,dlkdd oeeik z` ztked zeil`e
y oeeik

E0 ∩K0 = [conv (K ∪ E)]0

okle

v.rad.
(
E0 ∩K0

)
= v.rad.

(

conv (K ∩ E)0
)

∼ 1

v.rad. (conv (K ∪ E))

≥ 1

v.rad. (K + E)

&
1

v.rad. (K)
∼ v.rad.

(
K0
)
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mr v.rad.
(
E0 ∩K0

)
≥ c · v.rad.

(
K0
)
,mekiql

v.rad.
(
E0
)
∼ 1

v.rad. (E) ∼
1

v.rad. (K)
∼ v.rad.

(
K0
)

onqp m`

r =
v.rad.

(
K0
)

v.rad. (E0)

-e |log r| ≤ c miiwzn

v.rad.
(
rE0
)

= v.rad.
(
K0
)

v.rad.
(
rE0 ∩K0

)
≥ min {r, 1}

v.rad.
(
E0 ∩K0

)
≥ c · v.rad.

(
K0
)

.onlin 
i`eqtil` ly dx
bdd z` hrn zepyl :dvlnd

:m` α > 0 reaw mr K ly onlin 
i`eqtil` `ed E ⊂ Rn :ziaihpxhl` dx
bd

v.rad. (K ∩ E) ≥ α · v.rad. (K)

α · v.rad. (K) ≤ v.rad. (E) ≤ 1

α
· v.rad. (K)

-e |K ∩ T |1/n ≥ c |K|1/n f` ,|K| = |T | ,onlin gpna K,T ⊂ Rn m` :libxz

.N (K,T ) ≤ Cn

.agxn-zz zpn didi qxewd ly df wlga dyrpy oexg`d xa
d

i`xw` agxn-zz E ⊂ Rn-e ,ziy`xd z` likny xenw seb K ⊂ Rn m` :zxekfz

,1− e−n zegtl iekiqa f` ,λ = ℓ/n-e 1 ≤ ℓ ≤ n xear ,ℓ 
ninn

diam (K ∩ E)
1−λ · v.rad. (K ∩ E)

λ ≤ C · v.rad. (K)

iekiqa f` ,v.rad. (K) = 1 mr ,onlin gpna ixhniqe xenw sebK ⊂ Rn-y gipp :dprh

,(0 < λ < 1-e ℓ = λn libxk) E ∈ Gn,ℓ miagxn-izz ipt-lr 1− e−n zegtl

diam (K ∩ E) ≤ cλ .1

ProjE (K) ⊃ cλ (Bn ∩ E) .2

(cλ reaw mr) onlin gpna ProjE (K)-e K ∩E mb .3
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:dgked

,E ∈ Gn,ℓ jzg lkly epi`x .1

v.rad. (K ∩E) ≥ c · v.rad. (E ∩Bn)

,1− e−n zegtl iekiqa ,mii`xw` mikzg iabl oeieeiyd-i`ne

diam (K ∩ E)
1−λ · v.rad. (K ∩ E)

λ ≤ C

okle

diam(K ∩E) ≤ Cλ

-y al miyp .zeil`e
a ynzyp .2

ProjEK ⊃ cλ (Bn ∩ E) ⇐⇒ K0 ∩ E ⊂ 1

cλ
(Bn ∩ E)

K0
mby jkne 1-n raep df .K0 ∩ E ≤ c̃λ ,le
b iekiqay ze`xdl witqn okl

.gtp qei
x eze` mr jxrae onlin gpna

raep jkne ,K ⊂ ⋃⌊cn⌋
i=1 (xi +Bn) xnelk ,N (K,Bn) ≤ cn-y mir
ei .3

ProjEK ⊂
⌊cn⌋
⋃

i=1

(ProjExi + (Bn ∩E))

xnelk

N (ProjEK,B
n ∩ E) ≤ cn =

(

c1/λ
)dimE

,ipy 
vn

v.rad. (ProjEK) ≥ v.rad. (K ∩ E) ≥ c · v.rad. (Bn ∩ E) ≥ cλ

.onlin gpna ProjEK-e K ∩ E-y dl` ipyn raep libxzdn

v.rad. (K) =-y jk lnxpp .K = −K ,xenw seb K ⊂ Rn idi :agxn-zzd zpn htyn

agxn-zz xgap ekezae ,i`xw` E ∈ Gn,n2 xgap .onlin ziivifeta K-y gippe ,1
,1− 2e−cn iekiqa f` .

n
4 
ninn F ⊂ E i`xw`

c1B
F ⊂ ProjF (K ∩ E) ⊂ c2BF

c1B
F ⊂ F ∩ ProjE (K) ⊂ c2BF
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.miilqxaipe` mireaw c1, c2 > 0-e BF = Bn ∩ F xy`k

.mireawd lr wx mirityn md ,zeaiyg mey oi`

1
2 ,

1
4 mixtqnl :dxrd

:dgked

reaw mr) onlin gpna K ∩ E-e K ∩ E ⊂ c · Bn ,1 − e−n zegtl iekiqay epi`x

.(ilqxaipe`

la` .cBn ⊂ ProjF (K ∩ E) ,1− e−n/2-n le
b iekiqa ,zn
ewd dprha 2-n

cBF = c · ProjF
(
BE
)
⊃ ProjF (K ∩ E)

dgkedd .1− e−n − e−n/2-n le
b iekiqa dpey`xd zelkdd zxyxy z` eplaiw okl

.ddf dipyd zxyxyd ly

F ⊂ E ⊂ Rn miagxn-izz miniiw K = −K mr K ⊂ Rn xenw seb lkl :dpwqn

-y jk E ⊂ F 
i`eqtil`e dim (F ) =
⌊
n
4

⌋
-e dim (E) =

⌊
n
2

⌋
mr

c1E ⊂ F ∩ ProjEK ⊂ c2E

.i`xw` agxn-zzl elit` oekp df ,zix`pil dwzrd ixg` :dgked

F ⊂ miniiw f` ,i
nin-n inxep agxn X m` :(mii
nin-seq) jpa iagxnl geqip

E/F -y jk dim (F ) =
⌊
n
4

⌋
-e dim (E) =

⌊
n
2

⌋
mi
nin mr ely miagxn-izz E ⊂ X

.ilqxaipe` reaw i
k-
r ,hxalid agxnl itxenefi`

-izz F ′ ⊂ E′
xy`k ProjF (K ∩ E) = F ′ ∩ (ProjE′K) f` ,F ⊂ E m` :dxrd

.mi
nin mze`n miagxn

.qxewd ly 4 wlg z` ligzp

,(epi`xy dnn xg`) ail-tnwqxa y"` ,ze
in ly divhxetqpxh (ly lv) eidi df wlga

.jetd ixhnixtefi` y"`e

jynda milype ,"dhnl dlrnln" didz dgkedd :jetd x
qa dfd wlgd z` 
nlp

.jxhvpy zenl

.jetdd ixhnixtefi`d oeieeiy-i`dn ligzp

f` ,|A| = |B| m` ,iwqaewpin-oexan :ixhnixtefi`d y"`d

|A+ εB| − |A|
ε

≥ |B + εB| − |B|
ε

okle

|∂A|
|A|

n−1
n

≥ |∂B|
|B|

n−1
n

∼ √n

.Rn-a i
ilwe` xe
k B xy`k
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xyt` lynl .eppevxk le
b ixhnixtefi`d qgid mda mixenw miteb `evnl xyt`

x`yp gtpdyk eppevxk miptd ghy z` li
bdl xyt` ,"wiiwpt" zxeva seb zgwl

.reaw

.i
n le
b `l mipt ghy mr divifet yiy xazqn

uetpy ,oe'b gpn mb yi .onlin gpn eitexhefi`d gpnd z` xak epi`x ,K ⊂ Rn xear

.zexinw ly dxeza

zxigak oitilgl e` ,dkitd zix`pil dwzrd zlrtdk xazqdl xyt` divifet mr

.inxep agxna (
i`eqtil`) i
ilwe` dpane qiqa

(jetd ixhnixtefi` y"`) :htyn

T : Rn → Rn zix`pil dwzrd zniiw if` .K = −K mr xenw seb K ⊂ Rn idi

miiwn K1 = T (K)-y jk gtp zxney

|∂K1|
|K1|

n−1
n

≤ 2n =
|∂Q|
|Q|

n−1
n

,1 `ed mb gtpde ,1 ghy yi zg` lkly ze`t 2n yi ,Q =
[
− 1

2 ,
1
2

]n
diaewd xear

.ipeviwd dxwnd zn`a dfy d`xp .qgid df okle

,dkitd T : Rn → Rn lkl :dprh

|∂T (Q)|
|T (Q)|

n−1
n

≥ 2n

.qgid z` dpyn `l reawa dltkd ik det T = 1-l mvnhvdl xyt` :dgked

?Te2, . . . , T en i"r zyxtpd d`td ly gtpd dn .|TQ| = 1 xnelk

-y mir
ei epgp` ,zix`pil dxabl`n

Adj (T ) e1 = (Te2)× . . . (Ten)

`edy ,

∑n
i=2 [0, T ei] oeliawnd gtpl deey ekxe`e ,Te2, . . . , T en-l jpe`ny xehwe `ed

.d`td gtp

(Adj (T ) = T−1
f` ,detT = 1-y oeeik ,eply dxwna)

okl

|∂T (Qn)| = 2

n∑

i=1

|Adj (T ) ei| = 2n

∑n
i=1

∣
∣T−1ei

∣
∣

n

≥ 2n

(
n∏

i=1

∣
∣T−1ei

∣
∣

)1/n

≥ 2n ·
(
det
(
T−1

))/n
= 2n
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:Hadamard y"`a dt epynzyd

det





| |
v1 · · · vn
| |



 ≤
n∏

i=1

|vi|

lr inf ixg` miptd ghy" z` yi diaewl ,miixhniqd mitebd lk jezn ,mekiql

mewna qwltniq df ,dixhniq ila .dixhniq ila xzeia le
bd - "zeix`pil zewzrd

.diaew

.jetdd ixhnixtefi`d y"`d z` gikep `ad reayae meid

:dgkedl miaikxn ipy eidi

ail-tnwqxa y"` .1

oe'b gpn .2

.zitexhefi` d
in df dn :zxekfz

z`xwp `id ,zix`lwq dvixhn Cov (µ) m` .Rn-a zibef zexazqd z
in µ idz

θ ∈ Sn−1
lkl ,zeibefn .zitexhefi`

Cov (µ) θ · θ =
ˆ

Rn

(x · θ)2 dµ (x)

.F lr zknzpd zitexhefi` zexazqd z
in zniiwy jk F ⊂ Sn−1
gipp :1 dpekz

okzii `l ,θ ∈ Sn−1
lkl ,wie
n ote`a ."mipeeikd lka dle
b F" gxkda if`

F ⊂
{

x ∈ R
n : |x · θ| ≤ 1√

n

}

ik

ˆ

F
(x · θ)2 dµ (x) =

ˆ

F
x21dµ (x) =

1

n

ˆ

F
|x|2 dµ (x) = 1

n

hxtae

max
x∈F
|x · θ|2 ≥ 1

n

d
ind ixdy ,ze
ewpd zenk zpigan dle
b dveaw zeidl aiig `l jnezd :dxrd

."ahid zexfetn" zeidl zeaiig od f` la` .zitexhefi`

1
2n

∑n
i=1 δ±ei

ilnxepezxe` qiqa ly lhid i"r zelawzn minrtl zeitexhefi` ze
in :2 dpekz

n"z E ⊂ RN -e ,ilnxepezxe` qiqa e1, . . . , eN ∈ RN m` ,lynl .xzei deab 
nina

i = 1, . . . , N xear onqp .i
nin-n

pi =
1

2n
|ProjEei|2 , vi =

ProjEei
|ProjEei|
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d
in dl` itl xi
bpe

µ =
N∑

i=1

piδ±vi

:E-a zitexhefi` d
in µy d`xp

∀θ ∈ E
ˆ

E

(x · θ)2 dµ (x) = 1

n

N∑

i=1

|(ProjEei) · θ|2 =
1

n

N∑

i=1

|ProjEθ|2 =
1

n
|θ|2

f` ,θ1, . . . , θn ∈ E ilnxepeze` qiqa gwip ?zexazqd z
in ef dnl

1 = n · 1
n
=

ˆ

E

n∑

i=1

(x · θi)2 dµ (x) =
ˆ

E

|x|2 dµ (x) = 1

.Sn−1
lr zknzp µ ik

:libxz

.epx`izy dxevdn `id Sn−1
lr iteq jnez mr zitexhefi` d
in lk .1

zniiwn µ =
∑
piδvi d
ind .2

N∑

i=1

pi · vi ⊗ vi = Cov (µ)

∑
pi · vi ⊗ vi m` zitexhefi` µ xnelk ,{vivj}i,j=1...n = v ⊗ v = vvt xy`k

.zix`lwq

miniiwn mde c1, . . . , cN > 0-e θ1, . . . , θN ∈ Sn−1
-y gipp :ail-tnwqxa y"`

N∑

i=1

ci · θi ⊗ θi = Id

,fi : R→ R ze
i
n zeivwpet lkl f`

ˆ

Rn

N∏

i=1

f cii (x · θi) dx ≤
N∏

i=1

(
ˆ

R

|fi|
)ci

:zexrd

.x
led y"` z` xikfn df .1
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milawn ,c1 = . . . = cn = 1-e ilnxepezxe` qiqa θ1, . . . , θn-e N = n m` .2

.oeieeiy yi fi ≥ 0 m`e ,ipiaet

(1948 ,oe'b) :htyn

dkitde zix`pil T : Rn → Rn zniiw if` .K = −K mr xenw seb K ⊂ Rn gipp

zibef zitexhefi` zexazqd z
in zniiwe ,Bn ⊂ K1 miiwn K1 = T (K)-y jk

.Sn−1 ∩ ∂K rbnd ze
ewp ly ziteq dveaw-zz lr zknzpy

Bn ,gpn eze`ae ,zilpebezxe` dwzrd i
k-
r 
igi dfd gpnd :zexeyw `l 
v zexrd

.K ⊂ √nBn-e ,K-a lkeny xzeia le
bd gtpd mr 
i`eqtil`d `ed

:jetdd ixhnixtefi`d y"`d z` gikep ,dl`d miaikxnd ipy ozpida

zix`pil T : Rn → Rn zniiw K = −K ixhniq K ⊂ Rn lkly ze`xdl mivex

miiwn K1 = T (K)-y jk dkitde

|∂K1|
|K1|

n−1
n

≤ 2n

θ1, . . . , θN ∈-ye ,Bn ⊂ K-y dzrn gippe ,K1-aK z` silgp .oe'b htynn T -a ynzyp

.|∂K| ≤ 2n · |K|
n−1
n

-y d`xp .zitexhefi` µ =
∑
piδ±θi d
indye Sn−1 ∩ ∂K

,i = 1, . . . , N lkl :1 aly

K ⊂ {x ∈ R
n : |x · θi| ≤ 1}

Bn-e θi z` likn H f` .θi d
ewpa K-a jnezy H xeyin-lr gwip ,z`f ze`xl i
k

H oia `vnp K ,dixhniqn .H = θi + θ⊥i xnelk ,lnxep θi okle ,ely 
g` 
va `vnp

.−H-l

.|K| ≤ 2n :2 aly

reawa ltk mdy ,c1, . . . , cN > 0 miniiw .f (t) = 1[−1,1] (t) onqp ,z`f ze`xl i
k

miniiwny ,pi-d ly

N∑

i=1

ci · θi ⊗ θi = Id

,1 alyne ail-tnwqxa y"`n

Voln (K) =

ˆ

Rn

1K (x) dx

≤
ˆ

Rn

N∏

i=1

f ci (〈x, θi〉) dx

≤
N∏

i=1

(
ˆ

R

f

)ci

= 2
∑N
i=1 ci
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d
aera ynzype

∑
ci · θi ⊗ θi = Id oeieeiyd lr Trace lirtp ?

∑
ci = n dnl

.Trace (θi ⊗ θi) = |θi|2 = 1

:3 aly

|∂K|
|K| ≤ n

:Bn ⊂ K-y oeeikn df

|∂K| = lim
ε→0

|K + εBn| − |K|
ε

≤ lim
ε→0

|K + εK| − |K|
ε

= |K| · lim
ε→0

(1 + ε)n − 1

ε
= n |K|

:4 aly

|∂K| ≤ 2n · |K|
n−1
n

:xaqd

|∂K| ≤ n · |K| = n · |K|
n−1
n · |K|1/n ≤ 2n |K|

n−1
n

,ixhniqe xenw K ⊂ Rn lkly epgked

√
n ∼ |∂Bn|

|Bn|
n−1
n

≤ inf
T∈SLn(R)

|∂ (TK)|
|TK|

n−1
n

≤ 2n

(11/6/2014) oe'b htyne ,jetd ixhnixtefi` y"` jynd 14

.9/7/2014 `ed ziad ixeriy ly dybdd 
ren

-niq xenw seb K ∈ Rn xear :jetdd ixhnixtefi`d y"`d z` epgked xary xeriya

m` "ilnipin mipt ghy" gpna `edy xn`p ,ixh

|∂K| = inf
T∈SLn(K)

|∂ (TK)|

.ilnipin mipt ghy gpna od diaewdye xe
kdy epi`x ,lynl
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zxney zix`pil dwzrd zniiw ,(`l m` mb e`) K = −K mr xenw seb lkl ,oaenk

.ilnipin mipt ghy gpna `ed T (K)-y jk ,T ∈ SLn ,gtp

f` ,ilnipin mipt ghy gpna ixhniqe xenw seb K ⊂ Rn m` :epgkedy htyn

√
n ≈ |∂Bn|

|Bn|
n−1
n

≤
isoper.

|∂K|
|K|

n−1
n

≤
inverse

|∂Qn|
|Qn|

n−1
n

= 2n

.Qn = [−1, 1]n xy`k

`l 
er mdipy z`y ,ail-tnwqxa y"`a mbe ,oe'b gpna epynzyd dgkeda :dxrd

.epgked

epgked jetdd ixhnixtefi`d y"`d z` :oe'b gpnl aexw ilnipin mipt ghy ly gpnd)

(aeh witqn did dfe ,oe'b gpn lr

dpenz) L ⊂ Rn gpn miiw ixhniq K ⊂ Rn xenw seb lkl :(1948) John htyn

zitexhefi` d
in zniiwy jke ,Bn ⊂ L-y jk (dkitd zix`pil dwzrd zgz K ly

.Sn−1 ∩ ∂L ly ziteq dveaw-zz lr zknzpy

.mixenw miteb lr zeivwpet ly meqwn lr eiykr xa
p ,dgkedd jxevl

meniqwn zlawn ,U ⊂ Rn xear ,dwlg divwpet f : U → R m` :Fermat oexwr

.∇f (x0) = 0 f` ,x0 ∈ U zinipt d
ewpa

iltek ly oexwrd ,x0-a dwlg ∂U m` ?x0 ∈ ∂U -a lawzn meniqwnd m` dxew dn

.ipevigd lnxepd ly ziaeig dletk `ed ∇f (x0)-y xne` 'fpxbl

gipp .dwlg f : Rn → R-e ,dxenw dveaw K ⊂ Rn-y dzr gipp

f (x0) = sup
x∈K̄

f (x)

.x0 ∈ ∂K xear

:ilnxepd hexgd z` xi
bp

NK (x0) = {v ∈ R
n : ∀x ∈ K, v · x ≤ v · x0}
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K

zizpit d
ewpa ilnxepd hexgd :18 xei`

.Rn lk wei
a `ed miilnxepd mihexgd lk 
egi`

m` .K = {x ∈ Rn : ∀x ∈ F , x · v ≤ 1} idi ?ilnxepd hexgd z` mi`ven ji` :libxz

,x0 ∈ ∂K lkl if` .K = F0
,jk xvep xenw seb lk .tehilet K - ziteq F

N (x0) =







N∑

i=1

λivi :
v1, . . . , vN ∈ F

∀i vi · x0 = supx∈K vi · x
λ1, . . . , λn ≥ 0







(Kuhn-Tu
ker i`pz) :dprh

.∇f (x0) ∈ NK (x0) f` ,x0 ∈ K̄ d
ewpa lawzn f ly meniqwnd m`

dliqn xi
bp .∇f (x0) · x > ∇f (x0) · x0 miiwzny x ∈ K dfi` yi ,zxg` :dgked

,γ (t) = (1− t)x0 + tx ⊂ K

d

dt
f (γ (t))

∣
∣
∣
∣
t=0

= ∇f (x0) · (x− x0) > 0

.x0-a meniqwn dl oi`e ,γ jxe`l x0-n dler f okle

:yeniyl `nbe


.n× n ,zeixhniqd zevixhnd sqe` z` V -a onqp •
.A,B ∈ V xear 〈A,B〉 = Tr (AB) zix`lwq dltkn xi
bp .ix`pil agxn df

onqp .oezp ixhniqe xenw seb K ⊂ Rn idi

U = {T ∈ V : ∀x ∈ ∂K, Tx · x ≥ 1}
= {T ∈ V : ∀x ∈ ∂K, 〈T, x⊗ x〉 ≥ 1}
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ik

Tr (T x⊗ x) =
∑

i,j

Tijxixj

miix`pil mipeieeiy-i` i"r zbven `id ik ,dxebqe dxenw dveaw `id U f`

.mixebqe

-l`de ,0 aiaq xe
k likn K ik ,ziaeig zx
ben hxta `id f` ,T ∈ U m`


i`eqti

E = {x ∈ R
n : Tx · x ≤ 1} =

{

x ∈ R
n : T 1/2x ∈ Bn

}

= T−1/2 (Bn)

-keny mi
i`eqtil` zexi
bny zevixhnd zveaw `id U ,dyrnl .K-a lken

.K-a mil

okle ,T ∈ U lkl Voln (E) ≤ Voln (K) ,hxta

Vol (Bn) ·
√
detT−1 = Voln (E) ≤ Volk (K)

.T ∈ U lkl detT > cK > 0 xnelk

?T ∈ ∂U 'wpa U ly ilnxepd hexgd edn

NU (T ) =







N∑

i=1

λxi ⊗ xi :
λ1, . . . , λN > 0
x1, . . . , xN ∈ ∂K
〈T, xi ⊗ xi〉 = 1







if` ,Id ∈ ∂U -e f (Id) = maxT∈U f (T )-y jk dwlg f : V → R m` :dpwqn

miiwzny jk x1, . . . , xN ∈ ∂K 'wpe N ≥ 0 miiw

.∇f (Id) =∑λixi ⊗ xi-y jk λ1, . . . , λN > 0 yi .1

.|xi| = 1 okle ,〈Id, xi ⊗ xi〉 = 1 .2

.x1, . . . , xN ∈ Sn−1 ∩ ∂K-e Bn ⊂ K ,hxta

mi`zn gpnay ,f : U → R `evnl jixv ,oe'b htyn z` gikedl i
k ,mekiql

didz

∑
λiδxi d
indy i
k ,∇f (Id) = Id mbe ,Id-a lawzn dly meniqwnd

.zitexhefi`

.det (Id + tei ⊗ ej) = δij ik ?dnl .∇f (Id) = Id if` ,f (T ) = detT gwip

-new `l U dveawd ,dhnln meqg dfy oeeik .U lr T 7→ detT z` xrfnp

la` ,zihwt

{T−1 : T ∈ U}
.lawzn detT ly menipinde ,zihwtnew


i`eqtil`d if` .T0 ∈ U -a lawzn menipidny gipp

{x ∈ R
n : T0x · x ≤ 1}

.K-a milkeny mi
i`eqtil`d lk oian ilniqwn gtp lra `ea

.zedfd gxkda `id T0 ziaeigd dvixhnde ,Bn `ed 
i`eqtil`d ,mi`zn gpna
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:dgkedd ialy mekiq


i`eqtil` `xwp df .K-a lkend ilniqwn gtp lra ixhniq 
i`eqtil` miiw .1

.Loewner

.Bn xe
kd `ed 
i`eqtil`dy jk ,zix`pil dwzrd milirtn .2

jk v1, . . . , vN ∈ Sn−1 ∩ ∂K-e λ1, . . . , λN > 0 miniiw ,Kuhn-Tu
ker i`pzn .3

miiwzny

(∗) Id =
∑

λivi ⊗ vi

.{v1, . . . , vN} lr zknzpd zitexhefi` d
in meiwl lewy (∗) i`pz .4

.oeieeiy-i` 
er mb lawp xign eze`a .ail-tnwqxa y"` z` gikep

f1, . . . , fN : R → [0,∞) eidie ,v1, . . . , vN ∈ Sn−1
xy`k ,

∑
civi ⊗ vi = Id-y gipp

f` .ze
i
n

ˆ

Rn

N∏

i=1

f c1i (x · vi) dx
︸ ︷︷ ︸

(I)

≤
B-L

N∏

i=1

(
ˆ

R

fi

)ci

︸ ︷︷ ︸

(II)

≤
Barthe

sup
x =

∑
ciθivi

θi ∈ R

ˆ

Rn

N∏

i=1

f cii (θi) dx

︸ ︷︷ ︸

(III)

:xl
pil-dtewxte x
led y"`l d`eeyd

ˆ

Rn

√

fg ≤
Holder

√
ˆ

Rn

f

ˆ

Rn

g ≤
P-L

ˆ

Rn

sup
x= y+z

2

√

f (y) g (z)dx

.mixhnxt daxd mr "Holder ly dllkd" `ed ail-tnwqxa •

.i
nn-
gd "xl
pil-dtewxt ly dllkd" `ed Barthe y"` •

:mialy ipy dgkedl

.fi (t) = e−
1
2λit

2

eay dxwna xnelk ,mip`iqe`b xear y"`d z` gikedl .1

.illkd dxwnd z` gikedle ,ze
in ly divhxetqpxha ynzydl .2

.dgkeda ligzp
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.(III)-e (II) ,(I) z` aygp ,fi (t) = e−
1
2λit

2

eay dxwna

(I) =

ˆ

Rn

e−
1
2

∑

ciλi〈x,vi〉dx =

ˆ

e−
1
2Ax·x =

(2π)
n/2

√
detA

=

√

(2π)
n

det (
∑
ciλivi ⊗ vi)

(II) =

√
√
√
√

N∏

i=1

(
2π

λi

)ci

ik ?zeni`zn 2π ly zewfgd dnl

n = Tr (Id) = Tr
(∑

civi ⊗ vi
)

=
∑

ci |vi|2 =
∑

ci

,x
p'fl mxetqpxh zxfra eze` aygl xyt` .(III) ly hxetnd aeyigd z` d`xp `l

`veie

(III) =

√
√
√
√(2π)

n
det

(
N∑

i=1

ci
λi
vi ⊗ vi

)

onqp ?iqe`bd dxwna mipeieeiy-i`d z` migiken ji`

D = inf
λ1,...,λN

(II)gauss

(I)gauss

f`

D2 = inf
λ1,...,λN

det
(
∑N

i=1 ciλivi ⊗ vi
)

∏N
i=1 λ

ci
i

= inf
λ1,...,λN

det
(
∑N

i=1
ci
λi
vi ⊗ vi

)

∏N
i=1

(
1
λi

)ci =

(

inf
λ1,...,λN

(III)gauss

(II)gauss

)2

.D = 1 ,mip`iqe`b xear :dprh

.zix`pil dxabl` md (III) ly aeyigde dprhd

.divhxetqpxh :'a alyl xearp

,g1, . . . , gN : R→ [0,∞)-e f1, . . . , fN : R→ [0,∞) zeivwpet lkly dyrnl gikep

(∗)
´

Rn

∏N
i=1 f

ci
i (x · vi)

∏N
i=1

(´

R
fi
)ci

≤
´

Rn
supx=

∑

ciθivi

∏N
i=1 g

ci
i (θi) dx

∏N
i=1

(´

R
gi
)ci
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ly menitpi`d ,mip`iqe`b mr aeyigdn .(∗)-n miraep dhxa mbe ail-tnwqxa mb

(∗)-n okl .daiqd dze`n 1 ≤ `ed l`ny sb` ly menxteqd .1 ≥ `ed oini sb`

.oeieeiyd dxwnn wlge ,dhxa ,ail-tnwqxa z` milawn

-pet lkl oeieeiy yi f` ilnxepezxe` qiqa vi-d m` :oeieeiyd dxwn iab hexit zvw)

wlg m` .mip`iqe`ba wx `ed oeieeiyd f` ,1-n ynn miphw ci-d lk m` .zeivw

(miipia dxwn yi f` ,1 md ci-dn

:(∗) zgked

´

fi < ∞,
´

gi < mb gippe ,R lr ynn zeiaeige zetivx gi-e fi-y gipp ,zehyt tyl

gipdle (zeiliaxbhpi` zeivwpetd ik) lnxpl xyt` .∞

∀i
ˆ

R

fi =

ˆ

R

gi = 1

xnelk ,miiwziy jk zx
beny Ti : R→ R dwzrd ef ?divhxetqpxh df dn

ˆ x

−∞
fi (t) dt =

ˆ Ti(x)

−∞
gi (t) dt

ν =-e µ = fi (x) dx oia d
in ziivhxetqpxh z`xwp `ide ,dtivx divwpet ef

.zexazqd ze
in bef ,gi (y) dy

:Ti z` xi
bdy i`pzd

∀x µ ((−∞, x]) = ν ((−∞, Ti (x)])

,lxea zveaw lkl okle ,(miipxw izy ly yxtd) rhw lkl oekp

µ
(
T−1
i (A)

)
= ν (A)

.ν-l µ z` ztge
 Ti milina ,(Ti)∗ µ = ν xnelk

-epen `idy d
igid dzwrdd `id Ti la` ,T∗µ = ν zeniiwny T zewzrd oend yi

.dler zipeh

(Brenier) :zpiiprn d
aer

zniiw :ν-l µ oia "zipepw" divhxetqpxh oin yi ,Rn-a zexazqd ze
in µ, ν xear

.T∗µ = ν zniiwny dxenw ψ : Rn → R mr T = ∇ψ dxevdn d
igi T : Rn → Rn

.dfd wfgd htyna ynzyp `l

yie ,

´

R
fi =

´

R
gi = 1 zeniiwny ze
ngpe zetivx zeivwpet yi :eiykr eply dxhnd

mr v1, . . . , vN -e c1, . . . , cN

ci
∑

vi ⊗ vi = Id

mir
eie

1 ≤ D2 = inf

{
det (

∑
ciλivi ⊗ vi)
∏
λcii

: λ1, . . . , λN > 0

}
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:gikedl x`yp

(∗)
ˆ

Rn

N∏

i=1

f cii (x · vi) dx ≤
ˆ

Rn

sup
x=

∑

ciθivi

N∏

i=1

gcii (θi) dx

((I) ≤ (II) ≤ (III)-ye D = 1-y zihnehe` raep dfn)

zeniiwny Ti ր zeivhxetqpxh epipa

ˆ x

−∞
fi (t) dt =

ˆ Ti(x)

−∞
gi (t) dt

.fi (x) = gi (Ti (x))T
′
i (x) lawpe xefbp

,y ∈ Rn xear ,xi
bp :(∗) zgked

T (y) =

n∑

i=1

ciTi (y · vi) vi

:efd T z` xefbp

T ′ (x) =





| |
∂T
∂x1

· · · ∂T
∂xn

| |





zniiwn ef

T ′ (y) =
N∑

i=1

ciT
′
i (y · vi) vi ⊗ vi

T (x) = m` :r"gg T okl .i lkl ci > 0 ike dler Ti ik ,ziaeig zx
ben dvixhn ef

`id ipy 
vn la` ,ziaeig 
inz `l s 7→ T (x+ sθ) ly zxfbpd f` ,T (x+ θ)
.T ′ (x+ sθ) θ · θ > 0
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aygp zrk

ˆ

Rn

sup
y=

∑

ciθivi

N∏

i=1

gcii (θi) dx ≥
ˆ

T (Rn)

sup
x=

∑

ciθivi

N∏

i=1

gcii (θi) dx

[x = T (y)] =

ˆ

Rn

sup
Ty=

∑

ciθivi

N∏

i=1

gcii (θi) detT
′ (y) dy

[θi = Ti (y · vi)] ≥
ˆ

Rn

N∏

i=1

gcii (Ti (y · vi)) det
(∑

ciT
′
i (y · vi) vi ⊗ vi

)

dy

[D ≥ 1] ≥
ˆ

Rn

N∏

i=1

[gi (Ti (y · vi))T ′
i (y · vi)]

ci dy

=

ˆ

Rn

N∏

i=1

f cii (y · vi) dy

,iqe`bd dxwna (III)-l `gqepd lr xzeep .zix`pil dxabl`a mixa
 gikedl xzep

:D = 1 dnl gikep la`

D2 = inf

{
det (

∑
ciλivi ⊗ vi)
∏
λcii

: λ1, . . . , λN > 0

}

l"v .D ≤ 1 okl ,1 milawn λ1 = . . . = λN = 1 m`

det
(∑

ciλivi ⊗ vi
)

≥
∏

λcii

.det (
∑
civi ⊗ vi) = 1 df mewna witqi drynl .

∑
civi ⊗ vi = Id xy`k

:dgked

Id =
N∑

i=1

civi ⊗ vi =





| |√
c1v1 · · · √cNvN
| |










− √
c1v1 −
.

.

.

− √
cNvN −






:Cau
hy-Binet zgqepa ynzyp

det
(
AtA

)
=

∑

I ⊂ {1, . . . , N}
#I = n

det (AI)
2

.I `ed odly qw
pi`dy A jezn zexeyd ly dxiga `ed AI xy`k

okl

1 = det

(
N∑

i=1

civi ⊗ vi
)

=
∑

I ⊂ {1, . . . , N}
#I = n

dI
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xy`k

0 ≤ dI = det




∑

j∈I
civi ⊗ vi





okle

det

(
N∑

i=1

λicivi ⊗ vi
)

=
∑

I ⊂ {1, . . . , N}
#I = n

(
∏

i∈I
λi

)

dI

(AM-GM) ≥
∏

I ⊂ {1, . . . , N}
#I = n

(
∏

i∈I
λi

)dI

=

N∏

i=1

λ
∑

I∋i dI
i

?ci =
∑

I∋i dI dnl

∑

I∋i
dI =

∑

I ⊂ {1, . . . , N}
#I = n

dI −
∑

I ⊂ {1, . . . , N} \ {i}
#I = n

dI

= det





N∑

j=1

cjvj ⊗ vj



− det




∑

j 6=i
cjvj ⊗ vj





= 1− det (Id− civi ⊗ vi) = 1− (1− ci) = ci

.l"yn
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