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Abstract

The localization technique from convex geometry is generalized to the setting of
Riemannian manifolds whose Ricci curvature is bounded from below. In a nutshell,
our method is based on the following observation: When the Ricci curvature is non-
negative, log-concave measures are obtained when conditioning the Riemannian
volume measure with respect to a geodesic foliation that is orthogonal to the level
sets of a Lipschitz function. The Monge mass transfer problem plays an important
role in our analysis.
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CHAPTER 1

Introduction

The localization technique in convex geometry is a method for reducing n-
dimensional problems to one-dimensional problems, that was developed by Gromov
and Milman [29], Lovész and Simonovits [36] and Kannan, Lovész and Simonovits
[31]. Its earliest appearance seems to be found in the work of Payne and Weinberger
[41], where the following inequality is stated: For any bounded, open, convex set
K C R™ and an integrable, C'-function f: K — R,

Diam?(K
) f=o = [ P [ o
K K m K
where Diam(K) = sup, ,cx |z — y| is the diameter of K, and |- | is the standard

Euclidean norm in R™. The localization proof of (1) goes roughly as follows: Given
f with [ [ =0, one finds a hyperplane H C R" passing through the barycenter

of K such that
|- f=o,
KNH+ KNH-

where H~, HT C R" are the two half-spaces determined by the hyperplane H. The
problem of proving (1) is reduced to proving the two inequalities:

Diam?(K N H*
[ e BRI [ g
KNH* ™ KNH*

The next step is to again bisect each of the two half-spaces separately, retaining the
requirement that the integral of f is zero. Thus one recursively obtains finer and
finer partitions of R” into convex cells. At the k' step, the proof of (1) is reduced
to 2% “smaller” problems of a similar nature. At the limit, the original problem is
reduced to a lower-dimensional problem, and eventually even to a one-dimensional
problem. This one-dimensional problem has turned out to be relatively simple to
solve.

This bisection technique has no clear analog in the context of an abstract
Riemannian manifold. The purpose of this article is to try and bridge this gap
between convex geometry and Riemannian geometry.

There are only two parameters of a given Riemannian manifold that play a role
in our analysis: the dimension of the manifold, and a uniform lower bound & for its
Ricci curvature. We say that an n-dimensional Riemannian manifold M satisfies
the curvature-dimension condition CD(k,n) with x € R if

Ricp(v,v) > K- g(v,v) for all p e M,v € T,M,

where g is the Riemannian metric tensor and Ricas is the Ricci tensor of M. The
contribution of Bakry and Emery [2] has made it clear that weighted Riemann-
ian manifolds are convenient for the study of curvature-dimension conditions. A
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2 1. INTRODUCTION

weighted Riemannian manifold is a triplet (M, d, ), where M is an n-dimensional
Riemannian manifold with Riemannian distance function d, and where the mea-
sure p has a smooth, positive density e™” with respect to the Riemannian volume
measure on M. The generalized Ricci tensor of the weighted Riemannian manifold
(M, d, ) is defined via

Ric,, := Ricpq + Hess,,
where Hess, is the Hessian form associated with the smooth function p : M — R.

The generalized Ricci tensor with parameter N, for N € (—o0, 1)U[n, +0o0] is defined
for p € M and v € T, M as follows:

Ric,(v,v) — (0yp)?/(N —n) N # n,+oo
Ricy n(v,v) := ¢ Ric,(v,v) N =400
Ricp(v,v) N =n,p= Const

The standard agreement is that Ric, , is undefined unless p is a constant function.
For k € Rand N € (—o0,1)U[n, +0o0] we say that (M, d, 1) satisfies the curvature-
dimension condition C'D(x, N) when

Ric, n(v,v) > K- g(v,v) for all p e M,v € T, M.

For instance, the C'D(0, co0)-condition is equivalent to the requirement that the
generalized Ricci tensor be non-negative. We refer the reader to Bakry, Gentil and
Ledoux [4] for background on weighted Riemannian manifolds of class CD(k, N).
In this article, a minimizing geodesic is a curve v : A — M, where A C R is
connected (i.e., an interval), such that

d(v(s),7(t)) = [s — ] for all s,t € A.

It is also customary to refer to the set v(A) = {v(¢t); t € A} itself as a minimizing
geodesic.

DEFINITION 1.1. Let k € R,1 # N € RU{oo} and let v be a measure supported
on the Riemannian manifold M. We say that v is a “CD(k,N)-needle” if there
exist a mon-empty, open interval A C R, a smooth function ¥ : A — R and a
minimizing geodesic v : A — M such that:

(i) Denote by 0 the measure on A C R whose density with respect to the Lebesgue
measure is e~ Y. Then v is the push-forward of @ under the map .

(i) The following inequality holds in the entire set A:

(¥')°

2 o’ >
(2) SEEN T

where in the case N = oo, we interpret the term (¥')?/(N — 1) as zero.

Condition (2) is equivalent to condition C'D(k, N) for the weighted Riemannian
manifold (A,d, §) with d(z,y) = | — y|. Examples of needles include:

1. Log-concave needles which are defined to be C'D(0, co)-needles. In this case,
¥ is a convex function. Log-concave needles are valuable when studying the
uniform measure on convex sets in R™ for large n.

2. A sin"-concave needle is a CD(n,n + 1)-needle. These are relevant to the
sphere S"*1 since the (n+1)-dimensional unit sphere is of class C'D(n, n+1).
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3. The N-concave needles are CD(0, N + 1)-needles with N > 0. Here, f/V
is a concave function, where f = e~ is the density of the measure 6. For
N < 0, the CD(0, N 4 1)-condition is equivalent to the convexity of f~/IVI,

4. A k-log-concave needle is a C'D(k, 00)-needle.

These examples are discussed by Gromov [28, Section 4]. We say that the
Riemannian manifold M is geodesically-convex if any two points in M may be
connected by a minimizing geodesic. By the Hopf-Rinow theorem, any complete,
connected Riemannian manifold is geodesically-convex. In this article there is no
need to assume that the Riemannian manifold M is complete, it suffices to require
geodesic convexity. A partition of M is a collection of non-empty disjoint subsets
of M whose union equals M.

THEOREM 1.2 (“Localization theorem”). Letn > 2,5k € R and N € (—o0,1) U
[n, +00]. Assume that (M, d, p) is an n-dimensional weighted Riemannian manifold
of class CD(k, N) which is geodesically-convex. Let f : M — R be a p-integrable
function with [, fdu = 0. Assume that there exists a point o € M with [, |f(x)|-
d(xg, z)dp(r) < 0o.

Then there exist a partition  of M, a measure v on Q and a family {pz}zeca
of measures on M such that:

(i) For any Lebesgue-measurable set A C M,

u(4) = [ pr(A)an(a)

(In particular, the map T — uz(A) is well-defined v-almost everywhere and
it is a v-measurable map). In other words, we have a “disintegration of the
measure [1”.

(i) For v-almost any T € €, the set T C M is a minimizing geodesic, the
measure pz is supported on L, and either I is a singleton or else pz is a
CD(k, N)-needle.

(ii) For v-almost any T € Q we have [; fduz = 0.

In Chapter 5 we demonstrate that Theorem 1.2 leads to alternative proofs
of some familiar inequalities from convex and Riemannian geometry. These in-
clude the isoperimetric inequality, the Poincaré and log-Sobolev inequalities, the
Payne-Weiberger/Yang-Zhong inequality, the Brunn-Minkowski type inequality of
Cordero-Erausquin, McCann and Schmuckenschliger, among others. Some of these
inequalities are consequences of the following Riemannian analog of the four func-
tions theorem of Kannan, Lovasz and Simonovits [31]:

THEOREM 1.3 (“The four functions theorem”). Letn > 2,a,8 >0,k € R, N €

(—00,1) U [n,+o0]. Let (M,d, ) be an n-dimensional weighted Riemannian man-
ifold of class CD(k,N) which is geodesically-convex. Let f1, fo, f3,fs : M —
[0, +00) be measurable functions such that there exists xg € M with

/M (fr(2) + fo(@) + fo(2) + fa(2)) - (1 + d(zo, x))dp(z) < oo
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Assume that ff“ff < f??‘ff almost-everywhere in M and that for any probability
measure 1 on M which is a CD(k, N)-needle,

(L) (L)< ([ gon)” (/)

whenever f1, fa, f3, f4 are n-integrable. Then,

(L) ([ o) < (f )" () -

Theorem 1.2 was certainly known in the case where M = R™ or M = S"~ 1L
However, even in these symmetric spaces, our proof of Theorem 1.2 is very different
from the traditional bisection proofs given in Gromov and Milman [29] or Lovész
and Simonovits [36]. The geodesic foliations that we construct in Theorem 1.2 are
integrable, meaning that there is a function u : M — R such that the geodesics
appearing in the partition are integral curves of Vu. This integrability property
makes the construction of the partition somewhat more “canonical”. In contrast,
there are many arbitrary choices that one makes during the bisection process, as
there could be many hyperplanes that bisect a domain in R™ into two subsets of
equal volumes. For a function u : M — R we define its Lipschitz seminorm by

u(z) — u(y)|
lullLip = sup ———.
P r£YyeEM d(aj? y)
Given a 1-Lipschitz function u : M — R and a point y € M, we say that y is a
strain point of u if there exist x, z € M for which

u(y) —u(x) = d(z,y) >0, u(z) —uly) =d(y,2) >0, d(z,z) =d(z,y)+d(y, 2).

Write Strain[u] C M for the collection of all strain points of w. The set Strain[u]
resembles the transport set defined at the beginning of Chapter 3 in Evans and
Gangbo [21]. It is explained below that Strainfu] is a measurable subset of M, and
that the relation

ey = Ju@) —uly)| = dz,y)

is an equivalence relation on Strain[u]. Write T°[u] for the collection of all equiv-
alence classes. (The rationale behind the small circle in the notation 7°[u] should
become clearer in Section 2.1, once T'[u] is defined). It is proven below that for any
7 € T°[u] there exists a minimizing geodesic v : A — M with v(4) = Z and

(3) u(y(t)) =t for all t € A.

Let 7 : Strain[u] — T°[u] be the partition map, i.e., x € w(x) € T°[u] for all
x € Strainu]. The conditioning of p with respect to the geodesic foliation T°[u] is
described in the following theorem:

THEOREM 1.4. Let n > 2,k € R and N € (—o0,1) U [n,+00]. Assume that
(M, d, ) is an n-dimensional weighted Riemannian manifold of class CD(k,N)
which is geodesically-convez. Let u : M — R satisfy ||u||Lip < 1. Then there exist a
measure v on the set T°[u] and a family {1} zero) of measures on M such that:

(i) For any Lebesgue-measurable set A C M, the map T — pz(A) is well-defined
v-almost everywhere and is a v-measurable map. If a subset S C T°[u] is
v-measurable, then 7=1(S) C Strain[u] is a measurable subset of M.
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(i) For any Lebesgue-measurable set A C M,

w(A N Strainfu]) = / uz(A)dv(I).
T°[u]
(#i3) For v-almost any I € T°[u], the measure uz is a CD(k, N)-needle supported
on Z C M. Furthermore, the set A C R and the minimizing geodesic -y :
A — M from Definition 1.1 may be selected so that T = v(A) and so that
(3) holds true.

We call the 1-Lipschitz function u from Theorem 1.4 the guiding function of
the needle-decomposition. In the case where the function u is the distance function
from a smooth hypersurface, the conclusion of Theorem 1.4 is essentially a classical
computation in Riemannian geometry which may be found in Bayle [5], Gromov
[26, 27], Heintze and Karcher [30] and Morgan [39]. That computation is related
to Paul Levy’s proof of the isoperimetric inequality. It is beneficial to analyze
arbitrary Lipschitz functions in Theorem 1.4, because of the relation to the dual
Monge-Kantorovich problem presented in the following;:

THEOREM 1.5 (“Localization theorem with a guiding function”). Letn > 2,k €
R and N € (—o0,1)U[n, +oo]. Assume that (M, d, ) is an n-dimensional weighted
Riemannian manifold of class CD(k, N) which is geodesically-convezx. Let f : M —
R be a p-integrable function with f/vl fdu = 0. Assume that there exists a point
xo € M with [, |f(x)|-d(zo, z)du(z) < co. Then,
(A) There exists a 1-Lipschitz function u : M — R such that

(4) /ufdp: sup /vfdp.
M lollLip<1JM

(B) For any such function u, the function f vanishes p-almost everywhere in
M\ Strainfu]. Furthermore, let v and {uz}zere) be measures on T°[u]
and M, respectively, satisfying conclusions (i), (ii) and (iii) of Theorem 1.4.
Then for v-almost any T € T°|u],

[u]
(5) fduz = 0.
T

(C) For any such function u, there exist Q, v, {uz}zcq satisfying the conclusions
of Theorem 1.2, which also satisfy the following property: For v-almost any
T €, there exist an interval A C R and a minimizing geodesic v : A — M
with y(A) = T such that (3) holds true.

Our article owes much to previous investigations of the Monge-Kantorovich
problem. An integrable foliation by straight lines satisfying an analog of (5) was
mentioned already by Monge in 1781, albeit on a heuristic level (see, e.g., Cayley’s
review of Monge’s work [14]). The optimization problem (4) entered the arena with
the work of Kantorovich [32, Section VIIT.4].

An analytic resolution of the Monge-Kantorovich problem which is satisfactory
for our needs is provided by Evans and Gangbo [21], with subsequent developments
by Ambrosio [1], Caffarelli, Feldman and McCann [13], Feldman and McCann [22]
and Trudinger and Wang [44]. Ideas from these papers have helped us in dealing
with the following difficulty: We are obliged to work with the second fundamental
form of the level set {u = tp} in order to use the Ricci curvature and conclude
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that uz is a CD(k, N)-needle. However, the function u is an arbitrary Lipschitz
function, and it is not entirely clear how to interpret its Hessian. Chapter 2 is
devoted to overcoming this difficulty, by showing that inside the set Strain[u] the
function u behaves as if it were a C1'!-function. The conditioning of 1 with respect
to the partition 7°[u] is discussed in Chapter 3, in which we prove Theorem 1.4.
Chapter 4 is dedicated to the proofs of Theorem 1.2 and Theorem 1.5.

Throughout this article, by a smooth function or manifold we always mean C'*°-
smooth. All differentiable manifolds are assumed smooth and all of our Riemannian
manifolds have smooth metric tensors. We do not consider Riemannian manifolds
with a boundary. When we mention a measure v on a set X we implicitly consider
a o-algebra of v-measurable subsets of X. All of our measures in this paper are
complete, meaning that if v(A) =0 and B C A, then B is v-measurable. When we
push-forward the measure v, we implicitly also push-forward its o-algebra. Note
that the concept of a Lebesgue-measurable subset of a differentiable manifold is well-
defined (e.g., Section 3.1 below). When we write “a measurable set”, without any
reference to a specific measure, we simply mean Lebesgue-measurable. An interval
A C R is an arbitrary connected set, which may be bounded or unbounded. We
write log for the natural logarithm.

Acknowledgements. 1 would like to express my gratitude to Emanuel Milman
for introducing me to the subject of Riemannian manifolds with lower bounds on
their Ricci curvature. Let me also thank the anonymous referee for a thoughtful
and thorough reading and for many useful remarks.



CHAPTER 2

Regularity of geodesic foliations

2.1. Transport rays

Let M be an n-dimensional Riemannian manifold which is geodesically-convex
and let d be the Riemannian distance function on M. As before, a curve v : I — M
is a minimizing geodesic if I C R is an interval and

d(v(s),~(t)) = d(s,t) for all s,tel.

A curve v : J — M is a geodesic if J C R is an interval, and for any = € J there
exists a relatively-open interval I C J containing x such that ~|; is a minimizing
geodesic. Thus, we only discuss geodesic curves of unit velocity, and not of arbitrary
velocity as is customary. For the basic concepts in Riemannian geometry that we
use here we refer the reader, e.g., to the first ten pages of Cheeger and Ebin [16]. In
particular, it is well-known that all geodesic curves are smooth, and that for p € M
and a unit vector v € T, M there is a unique geodesic curve v, , with 7, ,(0) = p
and Yp,(0) = v. Let I,, C R be the maximal set on which v, , is well-defined,
which is an open interval containing zero. Denote

exp,, (tv) = vp.(t) fort € Ip .

The exponential map exp, : T, M — M is a partially-defined function, which is
well-defined and smooth on an open subset of T, M containing the origin.

LEMMA 2.1.1. Let A C R be an arbitrary subset, and let v: A — M satisfy
(1) d(y(s),y(@)) = |s — ¢ for all s,t € A.

Denote conv(A) = {M+ (1 —XN)s; s,t € A,0 < A <1}. Then there exists a mini-
mizing geodesic 7 : conv(A) — M with |4 = 7.

PROOF. We may assume that #(A) > 3, because if A contains only two points
x and y, then we may connect vy(z) to v(y) by a minimizing geodesic. Fix s € A
with inf A < s < sup A. According to (1), for any r,t € A with r < s < ¢,

(2) d(y(r),~(s)) + d(v(s),~(t)) = d(v(r),~(t)).

Denote a = ¥(r),b = v(s),¢ = (). Select any minimizing geodesic v; from a to
b, and any minimizing geodesic 5 from b to ¢. We claim that v; and > make a
zero angle at the point b. Indeed by (2), the concatenation of the curves 7; and
~o forms a minimizing geodesic from a to ¢, which is necessarily smooth, hence the
curves v, and 7 must fit together at the point b. We conclude that there exists a
unit vector v € T4 M, such that for any x € A\ {s}, the vector sgn(z — s)v is
tangent to any minimizing geodesic from ~y(s) to y(x). Here, sgn(x) is the sign of
x € R\ {0}. Denote

V(@) = exp, ) (& = 8)v).

7



8 2. REGULARITY OF GEODESIC FOLIATIONS

Then # is the geodesic emanating from 7(s) in the direction of v, and it satisfies
A(z) = () for any = € A. The geodesic curve ¥ is thus well-defined on the
interval conv(A), with 4|4 = . Furthermore, it follows from (1) that the geodesic
7 : conv(A) — M is a minimizing geodesic, and the lemma is proven. |

The following definition was proposed by Evans and Gangbo [20] who worked
under the assumption that M is a Euclidean space, see Feldman and McCann [22]
for the generalization to complete Riemannian manifolds.

DEFINITION 2.1.2. Let u : M — R be a function with ||u||rip < 1. A subset
T C M is a “transport ray” associated with u if

(3) u(z) = u(y)] = d(z,y) forallz,y €T

and if for any J 2 T there exist x,y € J with |u(z) — u(y)| # d(z,y). In other
words, T is a maximal set that satisfies condition (3). We write T[u] for the col-
lection of all transport rays associated with .

By continuity, the closure of a transport ray is also a transport ray, and by
maximality any transport ray is a closed set. By Zorn’s lemma, any subset Z C M
satisfying (3) is contained in a certain transport ray. For the rest of this section,
we fix a function v : M — R with |Ju||;, < 1. The following lemma shows that
transport rays are geodesic arcs in M on which u grows at speed one. For a map
F defined on a set A we write F(A) = {F(x); z € A}.

LEMMA 2.1.3. Let J € T[u] and denote A = u(J) CR. Then A is an interval,
and there exists a minimizing geodesic v : A — M with v(A) = J which satisfies

(4) u(y(t) =t forte A

PROOF. The map u : J — A is invertible, according to (3). By defining
v(u(x)) = x for x € J, we see from (3) that

d(v(s),v(t)) = |s — t| for any s,t € A.

We may thus apply Lemma 2.1.1, and conclude that v may be extended to a curve
7 : conv(A) — M which is a minimizing geodesic. Furthermore, since ||u||rip < 1
with u(y(t)) =t for t € A, then necessarily

(5) u(y(t)) =t for t € conv(A).

The curve ¥ is a minimizing geodesic, and its image Z = §(conv(A)) satisfies (3),
thanks to (5). However, Z O J = v(A), while 7 is a transport ray. The maximality
property of J entails that Z = J and consequently A = conv(A) and v = 4. This
shows that A is an interval and that v : A — M is a minimizing geodesic with
v(A) = J. The relation (4) follows from (5). O

Lemma 2.1.3 shows that any transport ray Z C M is a minimizing geodesic
with a canonical parametrization v : A — Z satisfying (4). When we write that a
unit vector v € T M is tangent to Z we mean that v = 4(t) for some ¢t € A. We say
that

{r(t); t € int(A)}
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is the relative interior of the transport ray Z, where int(A) C R is the interior of
the interval A C R. Note that a transport ray Z could be a singleton, and then its
relative interior turns out to be empty. The set

{y(t); t € A\int(A)}
is defined to be the relative boundary of the transport ray Z. Since A C R is
an interval, then the relative boundary of any transport ray contains at most two
points. Recall the following definition from Chapter 1:

DEFINITION 2.1.4. Let u: M — R be a 1-Lipschitz function. Define Strain|u]
as the collection of all points y € M for which there exist x,z € M with

(6) d(z,y) = u(y)—u(z) >0, d(y, 2) = u(z)—uly) > 0, d(z,y)+d(y, z) = d(z, 2).

LEMMA 2.1.5. Let u: M — R be a 1-Lipschitz function. Then Strain[u] C M
equals the union of all relative interiors of transport rays associated with w.

PRrROOF. Suppose first that y € M belongs to the relative interior of a transport
ray Z. Let v : A — T be the parametrization of the minimizing geodesic Z given
by Lemma 2.1.3. Since y is in the relative interior of Z, there exists r, s, t € A with
r < s < t such that y(s) = y. Setting

v=a), =),
we see that (6) holds true in view of (4). Therefore y € Strain[u]. To prove the
other direction, let us pick a point y € Strain[u], and let z,z € M be points such
that (6) holds true. The triplet Z = {z,y, 2z} satisfies (3). By Zorn’s lemma, Z is

contained in a transport ray 7, and the point y must belong to the relative interior
of J as u(x) < u(y) < u(z). O

The short proof of the following lemma appears in Feldman and McCann [22,
Lemma 10]:

LEMMA 2.1.6. For any transport ray Z € T[u] and a point x in the relative
interior of I, the function w is differentiable at x, and Vu(z) is a unit vector
tangent to L.

LEMMA 2.1.7. For any x € Strain[u] there exists a unique I € T'u] such that
x € I. Furthermore, x belongs to the relative interior of L.

PRrROOF. From Lemma 2.1.5 we know that x belongs to the relative interior of
a certain transport ray. Lemma 2.1.6 implies that u is differentiable at  and that
Vu(z) is a unit vector. Consider the geodesic

(7) (1) = exp, (tVu(z))
which is well-defined in a maximal interval (a,b) C R containing zero. Define
(8) A={te(a,b); u(r(t)) = u(x) +t}.

Note that 0 € A. Since v is a geodesic and |ju| i, < 1, then A is necessarily an
interval and v : A — M is a minimizing geodesic. In fact, by (8) the set v(A) is
contained in a certain transport ray.

We will show that vy(A) is the unique transport ray containing x. Indeed, let
Z € T[u] be a transport ray such that = € Z. Since z is contained in the relative
interior of some transport ray, then Z is not a singleton by the maximality property
of transport rays. Note that Vu(z) is necessarily tangent to Z: this follows from
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equation (4) of Lemma 2.1.3 and from the fact that Vu(z) is a unit vector. We
conclude from (7), (8) and Lemma 2.1.3 that Z C «(A). However, we said earlier
that v(A) is contained in a certain transport ray, hence by maximality Z = y(A).
Therefore v(A) is the unique transport ray containing x. The point € Strain[u]
belongs to the relative interior of the transport ray (A), according to Lemma
2.1.5. ([l

DEFINITION 2.1.8. For a point y € M define a,(y) to be the supremum over
all € > 0 for which there exist x,z € M and § > 0 with

(9) d(z,y) = u(y)—u(z) > &, d(y,2) = w(z)—uly) > 4, d(z,y)+d(y,z) = d(z, 2).

The supremum over an empty set is defined to be —oo. Similarly, for y € M define
Bu(y) as the supremum over all § > 0 for which there exist x,z € M and e > 0
such that (9) holds true.

By comparing (6) and (9), we see that
Strain[u] = {y € M; au(y) > 0} = {y € M; u(y) > 0}

LEMMA 2.1.9. Let y € Strain[u] and let J € T[u] be the unique transport ray
containing y. Then,

(10) culy) = u(y) — inf u(z),  Buly) = [supu<z>} ~uly).

zeJ zeJ

PrOOF. If z,2z € M and £, > 0 satisfy (9), then the triplet Z = {x,y, z}
satisfies (3). By Zorn’s lemma, 7 is contained in a transport ray, which is necessarily
J, since J is the unique transport ray containing y. We thus see that in the
definition above of «a,(y) and f,(y), it suffices to restrict attention to z,z € J.
Now (10) follows from Lemma 2.1.3. O

The conclusions of Lemma 2.1.3, Lemma 2.1.6 and Lemma 2.1.9 may be sum-
marized as follows:

PROPOSITION 2.1.10. Let y € Strainu]. Set A = (—ay(y), Bu(y)) C R. Then
there exists a minimizing geodesic v : A — M with v(0) =y, such that y(A) is the
relative interior of a transport ray, and for allt € A,

u(y(t) =u(y) +t, () = Vu(y(t)).

A transport ray which is a singleton is called a degenerate transport ray. Ac-
cording to Lemma 2.1.3, a transport ray Z € T'[u] is non-degenerate if and only if
its relative interior is non-empty.

LEMMA 2.1.11. The following relation is an equivalence relation on Strain|u]:
(11) Ty = u(z) —u(y)| = d(z,y).

As in Chapter 1, we write T°[u] for the collection of all equivalence classes. Then
T°[u] is the collection of all relative interiors of non-degenerate transport rays.
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PrOOF. According to Lemma 2.1.5 and Lemma 2.1.7, the collection of all rel-
ative interiors of non-degenerate transport rays is a partition of Strain[u]. Let
x,y € Strain[u]. We need to show that xz ~ y if and only if z and y belong to the
relative interior of the same transport ray.

Assume first that © ~ y. Then Z = {z,y} satisfies (3), and hence there exists
a transport ray J € T[u] such that z,y € J. However, z,y € Strain[u] and J is
a transport ray containing xz and y. From Lemma 2.1.7 we conclude that = and
y belong to the relative interior of J. Conversely, suppose that z,y € Strain[u]
belong to the relative interior of a certain transport ray J € T'[u]. By (11) and
Definition 2.1.2, we have z ~ y. The proof is complete. (Il

A o-compact set is a countable union of compact sets. A topological space is
second-countable if its topology has a countable basis of open sets. Note that any
geodesically-convex, Riemannian manifold M is second-countable: Indeed, since
M is a metric space, it suffices to find a countable, dense subset. Fix a € M
and a countable, dense subset of T, M. Since M is geodesically-convex, the image
of the latter subset under exp, is a countable, dense subset of M. Therefore M
is second-countable, and any open cover of any subset S C M has a countable
subcover. Since M is locally-compact and second-countable, it is o-compact.

Define £, (y) = min{ow,(y), B.(y)} for y € M. Then £,(y) > 0 for y € Strain[u]
while £, (y) = —oo for y & Strain|u).

LEMMA 2.1.12. The functions au, By, by : M — RU{£o0} are Borel-measurable.

PrOOF. We will only prove that «,, is Borel-measurable. The argument for (3,
is similar, while ¢,, is Borel-measurable as ¢,, = min{ay,, 8, }. For €, > 0 we define
A. s to be the collection of all triplets (x,y, z) € M3 with

d(z,y) = u(y) —u(z) e, dy,z) =u(z) —uly) 26, d(z,y)+dy,z)=d(z,z)
Then A, ;5 is a closed set, by the continuity of v and of the distance function. The
Riemannian manifold M is o-compact, hence there exist compacts K1 C Ko C ...
such that M = U; K;. Define

Ai,e,é = As,é N (Kz x K; % Kz) (Z >1le> 0,5 > 0)

Note that A, . 5 is compact and hence 7(A; . 5) is also compact, where 7(z, y, z) = y.
Clearly, Ac s = U;A; . 5. Let oy o5 : M — RU{—o0} be the function that equals
¢ on the compact set m(A; . s) and equals —oo otherwise. Then ;. s is a Borel-
measurable function and by Definition 2.1.8, for any y € M,

ay(y) =sup{e >0;30 >0,y € m(Acs5)} =sup{a;s(y);e,d € QN (0,00),% > 1}.
Hence «,, is the supremum of countably many Borel-measurable functions, and is
thus necessarily Borel-measurable. ([
For € > 0 denote Straine[u] = {x € M; £,(x) > e}. Thus,
Strain[u] = U Straine[u] = {x € M; £,(z) > 0}.
e>0

The function u is basically an arbitrary Lipschitz function, yet the following the-
orem asserts higher regularity of w inside the set Strainfu]. Denote Ba(p,d) =
{z e M; d(x,p) < 6}
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THEOREM 2.1.13. Let M be a geodesically-convex Riemannian manifold. Let
u: M — R be a function with ||u||r;, < 1. Let p € M,eo > 0. Then there exist
§ >0 and a CY*-function @ : Ba(p,§) — R such that for any x € M,

x € Bam(p, §) N Straing, [u) = u(z) = u(x), Via(r) = Vu(x).

The remainder of this chapter is organized as follows: Section 2.2 contains the
standard background on C%!-functions. In Section 2.3 we discuss the Riemann
normal coordinates, and in Section 2.4 we complete the proof of Theorem 2.1.13.
Our proof of Theorem 2.1.13 is related to the arguments of Evans and Gangbo [21]
and to the contributions by Ambrosio [1], Caffarelli, Feldman and McCann [13],
Feldman and McCann [22] and Trudinger and Wang [44]. The new ingredient in
our analysis is the use of Whitney’s extension theorem.

2.2. Whitney’s extension theorem for C':!

Given a function f : R” — R we write 0;f = 0f/0x; for its i*" partial deriv-
ative, so that Vf = (01 f,...,0,f). Denote by |- | the standard Euclidean norm
in R™, and z - y is the usual scalar product of z,y € R™. For an open, convex set
K CR™ and a C'-function ¢ = (¢1,...,0m) : K — R™ we set

)

") — o .
Q) lellors = sup (0(@)] + ¢ @)lap) + sup 1@ = ¢ Wl
rzeK r#YyeEK |a:—y|

where the derivative ¢’'(z) is an m X n matrix whose (¢, j)-entry is 9;¢;(x), and

|Allop = sup [Av|/|v]
0#£vERN

is the operator norm. Similarly, we may define the C''*'-norm of a function ¢ : K —
Y, where X and Y are finite-dimensional linear spaces possessing inner products
and where K C X is an open, convex set. In fact, formula (1) remains valid in the
latter scenario, yet in this case we need to interpret ¢’(z) as a linear map from X
to Y and not as a matrix. For an open set U C R™, we say that f: U — R™ is a
CY1function if for any x € U there exists § > 0 such that

| 71560)| s <20

where f[g(, 5 is the restriction of f to the open ball B(z,d) = {y eR™; ly—z| <
§}. In other words, a Cl-function f : U — R™ is a C*!-function if and only if
the derivative f’ is a locally-Lipschitz map into the space of m x n matrices. Any
C?-function f : U — R™ is automatically a C'>!-function. A map ¢ : U — V is a
CYl-diffeomorphism, for open sets U,V C R”, if ¢ is an invertible C*'-map and
the inverse map ¢~ ' : V — U is also C™'. The C'-version of the following lemma
may be found in any textbook on multivariate calculus.

LEMMA 2.2.1. (i) Let Uy CR™ and Uy C R™ be open sets. Let fo : Uy — RF
and fy : Uy — Uy be CV1-functions. Then fa o fy is also a C%'-function.

(ii) Let U C R™ be an open set and let f : U — R™ be a CY -function. Assume
that xg € U is such that det f'(xo) # 0. Then there exists 6 > 0 such that
J|B(xo,6) 5 @ CY1-diffeomorphism onto some open set V.C R™.
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(iii) Let U C R™ be an open set and let f : U — R be a CY1-function. Assume
that xog € U is such that V f(xg) # 0. Then there exists an open set V. .C U
containing the point xo, an open set & C R*™ ! x R of the form Q = Qg x
(a,b) C R ! xR and a Ct1-diffeomorphism G : Q — V such that for any
(y;1) €,

f(Gy,1) =t.

PrOOF. (i) We know that h = f, o f; is a C'-function. The map z
f5(f1(x)) is locally-Lipschitz, since it is the composition of two locally-
Lipschitz maps. Since f] is locally-Lipschitz, the product

W(x) = fa(fr(2)) - fi(=)
is also locally-Lipschitz. Hence h is a C1:!-function.

(i) The usual inverse function theorem for C! guarantees the existence of § > 0
and an open set V C R™ such that f : B(xo,d) — V is a C!-diffeomorphism.
Let g : V — B(z,8) be the inverse map. The map ¢'(z) = (f'(g(z)))”" is
the composition of three locally-Lipschitz maps, which are z — ¢g(z),y —
f'(y) and A+ A~L. Hence ¢’ is locally-Lipschitz and g is C11.

(iii) This follows from (ii) in exactly the same way that the implicit function

theorem follows from the inverse function theorem in the C! case, see e.g.
Edwards [19, Chapter IIL.3]. O

Lemma 2.2.1(i) shows that the concept of a C1'l-function on a differentiable
manifold is well-defined:

DEFINITION 2.2.2. Let M and N be differentiable manifolds. A function f :
M — N is a CYL-function if f is CY! in any local chart. A CY'-function f : M —
N is a CYl-diffeomorphism if it is invertible and the inverse function f~1 : N' = M
is also Ct1.

Let K C R™ be an open, convex set and let f: K — R satisfy M := || f||c11 <
oo. It follows from the definition (1) that for z,y € K,

(2) V() =Vl < Mz -yl

For z,y € K we also have, denoting z; = (1 — t)x + ty,

®) 1

@)+ V1) (=) = )| = | [ (9000 = 916l - o] < o o

Conditions (2) and (3), which are basically Taylor’s theorem for C'*!-functions,
capture the essence of the concept of a C'!>!-function, as is demonstrated in Theorem
2.2.3 below. For points x,y € R™ and for f : {z,y} = Rand V : {z,y} — R" we
define ||(f,V)||z,y to be the infimum over all M > 0 for which the following three
conditions hold:

() [f(@) <M, V()| <M,
(i) [Vi(y) = V(2)| < Mly — =],
(iii) [f(z) +V(2) - (y—2) = fly)] < My — .
This infimum is in fact a minimum. Note that ||(f, V)]s, is not necessarily the
same as ||(f, V).«
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THEOREM 2.2.3 (Whitney’s extension theorem for C*1). Let A C R™ be an
arbitrary set, let f: A— R and V : A — R". Assume that

(4) sup |[(f, V)l < oo

x,y€

Then there exists a C*'-function f : R™ — R such that for any x € A,
f(@) = f(z), Vf(z)=V(a).

For a proof of Theorem 2.2.3 see Stein [42, Chapter VI.2.3] or the original
paper by Whitney [45]. Whitney’s theorem is usually stated under the additional
assumption that A C R" is a closed set, but it is straightforward to extend f and
V from A to the closure A by continuity, preserving the validity of assumption (4).

Given a differentiable manifold M and a subset A C M, a 1-form on A is a map
w:A— T*M with w(z) € Ty M for x € A. Let M, N be differentiable manifolds
and let ¢ : M — A be a C'-map. For a 1-form w on A C N we write ¢*w for the
pull-back of w under the map ¢. Thus ¢*w is a 1-form on ¢~!(A). Write (R™)* for
the space of all linear functionals from R™ to R. With any ¢ € (R™)* we associate
the vector V;, € R™ which satisfies

Lz)=z-V; for any x € R".
Since T (R™) is canonically isomorphic to (R™)*, any 1-form w on a subset A C R™
may be identified with a map w : A — (R")*. Defining V,,(z) := V,,(») € R" we
recall the formula
() Vorw() = ¢'(2)" - Vos((2),
where B* is the transpose of the matrix B. Here, w is a 1-form on a subset A C R™,
the function ¢ is a C*-map from an open set U C R" to R™, and the formula (5)

is valid for any 2 € U N p~1(A). For z,y € R® and for f : {z,y} — R and
w:{z,y} = (R™)* we define

1)l y = N0 Vi )lly -
LEMMA 2.2.4. Let K1,Ko C R™ be open, convexr sets. Let R > 1 and let
¢ : K| = Ky be a C'-diffeomorphism with
(6) I~ et < R.
Let z,y € K», denote A = {z,y}, let f: A—R, andletw: A— (R™)* be a 1-form
on A. Denote A = ¢ Y(A),& = p*w,f = fop, and T = o~ x),7 = » 1 (y).
Then,

)

1y < Core | (F2)]

where Cy, g > 0 is a constant depending solely on n and R.

PROOF. It follows from (1), (6) and the convexity of Ky that the map 1 := =1
is R-Lipschitz. Thus,
(7) 7 =& =[(y) —¢(x)] < Rly — =|.
Set V=V,:A->R*and V =V, : A —» R". Since & = p*w then w = 1*@ and
from (5),
V(z) =¢'(x)" - V(2).
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Denote M = ||(f,&))lz.5 = II(f,V)|lz.5. It suffices to show that f and V satisfy
conditions (i), (ii) and (iii) from the definition of ||(f, V')||s,y with M replaced by
2M(R? +nR +1). To that end, observe that

f@)]=1f@ <M, |V(2)|= () V(@) < MR
Thus condition (i) is satisfied. To prove condition (ii), we compute that
(8) V)= V(@) = ¢/ () V(G) - v (@) V(@)
< W) (V@) - V@) + | )" = '(@))V (@) < RM (15— 3] + |y - al).

Condition (ii) holds in view of (7) and (8). Denote ¢ = (¢1,...,%y). From (3) and
(7) we obtain

|f(z) +V(z) (y—x)— fy)] =
< f@+V@E) - G-2) - f@)

n

< ME - g+ MY |Vii(a) - (y — 2) = (Wily) — $i(2))] < M(R® +nR)|y — x|,

=1

Condition (iii) is thus satisfied and the lemma is proven. O

COROLLARY 2.2.5. Let M be an n-dimensional differentiable manifold, let R >
1 and let U C M be an open set. Assume that for any a € U we are given a convez,
open set U, C R™ and a CY1-diffeomorphism ¢, : U, — U. Suppose that for any
a,beU,

9) ley ' o @allcrs < R.

Let ACU. Let f : A— R and let w be a 1-form on A. For a € U set fo = f o @,
and w, = Yiw. Suppose that for any x,y € A there exists a € U for which

(10) ||(fa7wa)||gpgl(x),g‘p;1(y) S R'
Then there exists a C*'-function f : U — R with
(11) f|A:f7 d.ﬂA:w,

where df is the differential of the function f.

PROOF. Fix b € U and denote A, = ¢, '(A) C U, C R™. Abbreviate ¢y, =
oot opy. Let 2,y € Ay CR™. According to (10) there exists a € U for which

(12) [ (far wWa)llgy.a (@) pp.ay) < B

We may apply Lemma 2.2.4, thanks to (9) and (12), and conclude that for any
T,y € Ay,

(13) 1(fo,wo)llz,y < Cn,r,

for some C), g > 0 depending only on n and R. Recall that for any linear functional
£ € (R™)* there corresponds a vector V; € R™ defined via

Uz)=Vp- 2 (z € R™).
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In particular, for x € A we have wy(z) € (R")* and let us set Vi () := V,,, (») € R™.
According to (13), the function f;, : A, — R and the vector field V}, : Ay, — R”
satisfy

sup H(fba %)Hz,y S CniR < 0.

z,y€Ap
Theorem 2.2.3 thus produces a C*!-function fj : U, — R with
fo(@) = fo(z), Vfp(z) = Vi(2) (z € Ap).

In particular dfy|a, = wp. Setting f(z) = fy(p, '(2)) for z € U, we obtain a
function f : U — R satisfying (11). The function f is a C'!-function since it is the
composition of two C'1!-functions. O

REMARK 2.2.6. Corollary 2.2.5 admits the following formal generalization:
Rather than stipulating that U, is a subset of R™ for any a € U, we may as-
sume that U, C X,, where X, is an n-dimensional linear space with an inner
product. This generalization is completely straightforward, and it does not involve
any substantial modifications to neither the formulation nor the proof of Corollary
2.2.5.

2.3. Riemann normal coordinates

Let M be an n-dimensional Riemannian manifold with Riemannian distance
function d. For a € M we write (-, -) for the Riemannian scalar product in T, M, and
| - | is the norm induced by this scalar product. Given a C?-function h : T,M — R
and a point X € T, M we may speak of the gradient Vhi(X) € T, M and of the
Hessian operator V2h(X) : T,M — T, M, which is a symmetric operator such that
(1) h(Y) =h(X)+(Vh(X),Y - X)+ % (VZR(X)(Y — X),Y — X)+o(]Y — X|?).
On a formal level, since T, M is a linear space, we canonically identify T'x (T, M)
T,M for any X € T,M. Therefore the gradient Vh(X) belongs to T, M
Tx(TeM). A subset U C M is strongly convez if for any two points z,y € U
there exists a unigue minimizing geodesic in M that connects z and y, and further-
more this minimizing geodesic is contained in U, while there are no other geodesic
curves contained in U that join x and y. See, e.g., Chavel [15, Section IX.6] for more
information. The following standard lemma expresses the fact that a Riemannian
manifold is “locally-Euclidean”.

1R

LEMMA 2.3.1. Let M be a Riemannian manifold and let p € M. Then there
exists 09 = do(p) > 0 such that the following hold:

(i) The ball Ba(p,200) is strongly convexr and its closure is compact.
(i) Denote U = Baq(p,d0/2) and for a € U set
U,={X € T,M; exp,(tX) € U for allt € [0,1]}.
Then U, C T, M is a bounded, open set and exp, is a smooth diffeomorphism
between U, and U.
(iti) Define fox(Y) = 1 - d*(exp, X,exp,Y) fora € U, X,Y € U,. Then f, x :
Ua, — R is a smooth function, and its Hessian operator V2 f, x satisfies

@) %.Idgv%x(y)gzld (aeU,X,Y €U,),
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in the sense of symmetric operators, where 1d is the identity operator.

(iv) For any a,x € U and 0 < § < &, the set U, Nexp, ' (Bam(x,6)) is a convex
subset of Ty M. In particular, U, is convex.

(v) For any a € U and X,Y € U,,
1
3 | X —=Y]| <d(exp, X,exp,Y) <2-|X -Y]|.

(vi) For a,b € U consider the transition map ¢qp : Uy, — Uy defined by pqp =
expg1 oexp,. Then,

(3) sup ||@apllorr < oo.
a,bcU

ProOOF. We will see that the conclusions of the lemma hold for any sufficiently
small &y, i.e., there exists &y > 0 such that the conclusions of the lemma hold for
any 0 < d§p < 5. Fora e M,5 >0 and X € T, M we define Br,m(X,0) ={Y €
T,M; | X -Y]| < d}.

Item (i) is the content of Whitehead’s theorem, see [16, Theorem 5.14] or [15,
Theorem IX.6.1]. Regarding (ii), note that U, C Br, a(0,dp), and hence U, is
bounded. The openness of U, and the fact that exp, : U, — U is a smooth

diffeomorphism are standard, see [16, Chapter I]. Thus (ii) holds true. We move
to item (iii). By strong convexity, the function

fax(Y) = d2(expa X,exp,Y)/2

is a smooth function of ¥ € U,, which depends smoothly also on a € U and
X € U,. The Hessian operator of f,o at the point 0 € T, M is precisely the
identity, as follows from (1) and [16, Corollary 1.9]. By smoothness, the Hessian
operator of f, x at the point Y € T,, M is at least % -Id and at most 2Id, whenever
a is sufficiently close to p and X, Y are sufficiently close to zero. In other words,
assuming that dg is at most a certain positive constant determined by p, we know
that for a € Ba(p,20¢) and X,Y € By, m(0,200),

(4) % Id <V fux(Y)<2-1d.

Thus (iii) is proven. It follows from (4) that the function f, x is convex in the
Euclidean ball Bp, ((0,200). Let a,z € U and 0 < 6 < dp. Then Ba(z,0) C
Ba(a,2dp). Let X € U, be the unique vector such that z = exp,(X) and observe
that

(5) {Y €U,; fax(Y) <6%/2} = Uy, Nexp, (Bm(z,8)) € Br, m(0,25).
Since f, x is convex in By, a¢(0,2d), then (5) implies that the set
U, Nexp, !t (Ba(x,0))

is convex. Therefore (iv) is proven. Thanks to the convexity of U, we may use
Taylor’s theorem, and conclude from (2) that for a € U, X,Y € U,,

©) 11X VP < fux(¥) ~ (Fax(X) + Vax (X)-(V = X)) < X VP2

However f, x(X) = 0, and also Vf, x(X) = 0 since Y — f, x(Y) attains its
minimum at the point X. Therefore (v) follows from (6). Finally, the smooth map
Pa,b = epr_1 oexp, : U, — Up smoothly depends also on a,b € U. Since the closure
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of U is compact, the continuous function ||¢qp||c1.1 is bounded over a,b € U, and
(3) follows. O

For the rest of this section, we fix a point p € M, and let §o = dp(p) > 0 be the
radius whose existence is guaranteed by Lemma 2.3.1. Set U = Ba(p,do/2) and
for a € U let U, C T, M be defined as in Lemma 2.3.1(ii), so that exp, : U, — U
is a smooth diffeomorphism. When we say that a constant C' depends on p, we
implicitly allow this constant to depend also on the Riemannian structure of M
and on the dimension n.

Since T'x(Tu,M) = T,M for any a € M and X € T, M, we may view the
differential of the map exp, at the point X € T, M as a map
dexpy : TuM — T, M,

where x = exp,(X). We define II, , : T, M — T,M to be the adjoint map,
where we identify T, M = T3 M and T, M = T M by using the Riemannian scalar
products. In other words, for V' € T, M we define I, (V) € T, M via

(7) (II; o(V), W)y = (V,dexpx (W) for all W € T, M.

Here, (-, )4 is the Riemannian scalar product in T, M, and (-, -), is the Riemannian
scalar product in T, M. Following Feldman and McCann [22], for a € U and
X,Y € U, we denote x = exp,(X),y = exp,(Y) and define

F.(X)Y)
to be the unique vector V € U, C T, M for which exp,(V) = y. It follows from
Lemma 2.3.1 that the vector F,(X,Y) € U, is well-defined by strong convexity, as
xz,y € U and exp, : U, — U is a diffeomorphism. Note that for any a € U and
XY eU,,
|FG(X’ Y)‘ = d(CXpa X7 CXpn, Y)
Given a € U and X,Y € U, we define

(8) XY =, ,(Fa(X,Y)) € TLM.

Intuitively, we think of XY as a vector in T, M which represents “how exp,(Y') is
viewed from exp,(X)”.

LEMMA 2.3.2. Let h : U — R,t € R,a € U. Suppose that X,Y € U, and set
x = exp,(X),y = exp,(Y) and hy = hoexp,. Assume that h is differentiable at

the point x with Vh(xz) =t - Fo(X,Y). Then Vhe(X)=1- XY.
PROOF. Let us pass to 1-forms. Then dh, = exp?(dh), and for any W € T, M,
9)  (Vhe(X),W)a = (dha) x (W) = (dh), (dexpx (W)
= (Vh(z),dexpy (W))e = (tFa(X,Y), dexpx (W))a.

From (7) and (9) we obtain that Vhg(X) = II, ,(¢tF,(X,Y)) = ¢II, o(F,(X,Y)).
The lemma thus follows from (8). O

LEMMA 2.3.3. Leta € U, X,Y € U,. Assume that there exists « € R such that
X =aY. Then,

(10) XY =Y-X,
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dexpy(W)

-

FIGURE 1. Proof of Lemma 2.3.3

—
(11) | XY | =d(exp, X,exp,Y).

PROOF. Let Z € T, M be a unit vector such that X and Y are proportional to
Z. Write (t) = exp,(tZ) for the geodesic leaving a in direction Z. Then exp,(X)
and exp,(Y) lie on this geodesic and by the strong convexity of U,
(12) d(exp, (X),exp,(Y)) = [X =Y.

Let 8 € R be such that Y — X = 3Z. Denote x = exp,(X). The vector dexpx(Z) €
T, M is a unit tangent to . Additionally, F,,(X,Y) € T, M is a vector of length
d(exp, X,exp,Y) = |Y — X| which is tangential to the curve 7. It follows that

(13) Fu(X,Y) = B dexp (Z).

Let us now use the Gauss lemma [16, Lemma 1.8], which states that for any W €

ToM,

(14) (Z W), =0 = (dexpx (Z),dexpx (W)), = 0.
Since Z and dexpy (Z) are unit vectors, it follows from (14) that for any W € T, M,
(15) (dexpx (Z),dexpx (W), = (Z,W),.

From (7), (13) and (15) we conclude that II, ,(F,(X,Y)) = BZ. Recalling that
XY =1I1,.(F.(X,Y)) and that 8Z = Y — X, we establish (10). Now (11) follows
from (10) and (12). O

LEMMA 2.3.4. Leta € U and X, X1, X5,Y,Y1,Ys € U,. Then,

(16) X2 - XV - (2= V1) <Gy X[ IY2 = Vi,
and
(17) XY - XV - (X - X1)| <Gyt Y] 1Xe - X,

Here, C, > 0 is a constant depending on p.
Proor. For a € U and X,Y € U, denote
(18) Hox(Y)=XY Y.



20 2. REGULARITY OF GEODESIC FOLIATIONS

Then H, x : Uy, = T, M is a smooth function. Since T, M is a linear space, then at
the point Y € U, the derivative H; (Y) is a linear operator from the space 7, M
to itself. We claim that there exists a constant C), > 0 depending on p such that

(19) HH;,XQ(Y)i ‘/lel(Y)||op§Cp.|X27X1| fOI'CLGU, Xl,XQ,YGUa,

where [|S|[op = supgy [S(V)|/|V] is the operator norm. Write £(T, M) for the
space of linear operators on T, M, equipped with the operator norm. For a € U
and Y € U, the map

(20) Us3 X = Hy x(Y) € L(TaM)

is a smooth map. In fact, the map in (20) may be extended smoothly to the larger
domain a € Ba(p,200/3),X,Y € Br,rm(0,460/3)). Since U, is convex with a
compact closure, the smooth map in (20) is necessarily a Lipschitz map, and the
Lipschitz constant of this map depends continuously on a € U and Y € U,. Since
the closure of U is compact, the Lipschitz constant of the map in (20) is bounded
over a € U and Y € U,. This completes the proof of (19). From (18) and Lemma
2.3.3,

(21) H,o(Y)=0 for any Y € U,.

From (21) we see that Hy (Y) = 0 for any Y € U,. The set U, is convex, and by
applying (19) with Xs = X and X; = 0 we obtain

|Ha,x (Y2) — Ha,x (Y1)

su = sup ||H. (Y <C,|X for all X € U,,
Vs ) <
1 2

and (16) is proven. In order to prove (17), one needs to analyze H, y (X) = )W—FX.
According to Lemma 2.3.3 we know that H, (X) = 0 for any X € U,. The latter
equality replaces (21), and the rest of the proof of (17) is entirely parallel to the
analysis of H, x presented above. O

LEMMA 2.3.5. Let a € U and tqg € R. Assume that V,Z € U, are such that
toV € U,. Then, in the notation of Lemma 2.3.1(iii),

(22) fatov(Z) < farov (V) + {1 =to)V, Z = V) +|Z = V.

ProOF. Fix Xo,Y) € U, and define zg = exp,(Xg) € U,yo = exp,(Yo) € U.
Consider the function gy, (z) = % - d(z,y0)?, defined for € U. Then Vgy, (o)
equals the vector V' € Uy, C Ty, M for which yo = exp, (—V). Consequently,

(23) ngn ((E(]) = —Fa(XmYO).
Since fq.v, = gy, © €XP,, then from (23) and Lemma 2.3.2,
(24) V faxo (Xo) = —XoY.

According to (24) and Lemma 2.3.3, if X, Y € U, lie on the same line through the
origin, then

Viy(X)= XY = (Y~ X) =X — Y.
In particular,

(25) Vfa,to\/(v) = V — tov = (1 - to)v
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We may use Taylor’s theorem in the convex set U, C T, M, and deduce from the
bound (2) in Lemma 2.3.1(iii) that

2.2 - V|2

DN | =

(26) |fa7t0V<Z) - (fa,toV(V) + <Vfa,toV<V)7Z - V>)| <
Now (22) follows from (25) and (26). d

2.4. Proof of the regularity theorem
In this section we prove Theorem 2.1.13. We begin with a geometric lemma:

LEMMA 2.4.1 (Feldman and McCann [22]). Let M be a Riemannian manifold
with distance function d, and let p € M. Then there exists 61 = 61(p) > 0 with the
following property: Let xq,z1,%2,Y0,Y1,Y2 € Bm(p,01). Assume that there exists
o > 0 such that

(1) d(xlax]) :d(ylayj) :0‘27]‘ Sd(zzay]) fOT Za] € {03172}
Then,
max {d(zo, y0), d(z2,y2)} < 10 - d(w1,y1).

Together with Whitney’s extension theorem, Lemma 2.4.1 is the central in-
gredient in our proof of Theorem 2.1.13. The proof of Lemma 2.4.1 provided by
Feldman and McCann in [22, Lemma 16] is very clear and detailed, yet the nota-
tion is a bit different from ours. For the convenience of the reader, their proof is
reproduced in the Appendix below.

Let us recall the assumptions of Theorem 2.1.13. The Riemannian manifold
M is geodesically-convex and the function u : M — R satisfies ||u||pp < 1. We are
given a point p € M and a number ¢y > 0. Define

1 do

2 do =min{ ——, —,01 0 >0
@ 2 mm{mcp 2 1}
where C), is the constant from Lemma 2.3.4, the constant do = do(p) is provided by
Lemma 2.3.1, and §; = §1(p) is the constant from Lemma 2.4.1. Set

10*
(3) o = min{ey/2,62/3}, le—l—max{sup |u(x)|,},
zeU o
where as before, we denote
U= BM (p7 50/2)a
which is a strongly convex set in M. For a € U we define U, C T, M as in Lemma
2.3.1(ii), so that exp, : U, — U is a diffeomorphism.

PROPOSITION 2.4.2. Let x,zg, 1,2, Y0, Y1, Y2 € Ba(p,02) C U. Assume that
x lies on the geodesic arc between xg and xo while x & {xo,x2}. Suppose that

(4) ’U/(LUZ) = u(yl> = ’LL(.’L‘[)) +io fO?" i= 07 17 27
and that

Denote a =z and let X, Xo, X1, X2, Yy, Y1,Ys € U, be such that x = exp,(X) and
T; = expa(Xi)vyi = expa(Yvi) fOT’ 1=0,1,2.
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g X

Yo

FI1GURE 2. The dotted geodesics are of length at least o.

Denote ug, = uoexp,. Then the function u, : U, — R is differentiable at the
points X and Yy and the following hold:
(1) |ua(X)| < M and |Vua(X)| < M,
(ii) |Vue(X) —Vu(Y1)| < M|X =Y,
(iii) |ua(X) + (Vua(X), Y1 — X) —ue (Y1) < M| X — Y1|2.

Before proving Proposition 2.4.2 let us see how it implies Theorem 2.1.13.

PrRoOF OoF THEOREM 2.1.13. We will prove the theorem with
(6) d=o0/2.

We would like to apply Whitney’s extension theorem, in the form of Corollary 2.2.5
and Remark 2.2.6. Denote ¢, = exp, : U, — U for any a € U. Then ¢, is a smooth
diffeomorphism between the convex, open set U, C T, M and the open set U C M.
Thanks to Lemma 2.3.1(vi), there exists a constant R = R, > 0 depending on p
with the following property: For any a,b € U, condition (9) from Corollary 2.2.5
holds true. Denote

(7) A={x € Bpm(p,0); bu(x) > e0} = Bam(p,0) N Straine, [u].

Then A C U = Bum(p,do/2) according to (2), (3) and (6). The function u is
differentiable on the entire set A, according to Lemma 2.1.6. Define a 1-form w on
A by setting w = du|s. We will verify that the scalar function u : A — R and the
1-form w on the set A satisfy condition (10) from Corollary 2.2.5. In fact, for any
x,y € A we will show that there exists a € U for which

(8) ||(uavwa)||w;1(w)7w51(y) =M,

where M was defined in (3) while u, = u o ¢, and w, = @iw. Once we prove (8),
we have verified all of the requirements of Corollary 2.2.5 and Remark 2.2.6, and
the theorem easily follows: From the conclusion of Corollary 2.2.5, there exists a
CY!-function % : U — R with

(9) ﬁ|A:u|A, dﬁ|A:w:du|A.

Since U 2 Bam(p, ), the theorem follows from (7) and (9). Therefore, all that
remains is to show that for any x,y € A there exists a € U for which (8) holds true.
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Let us fix z,y € A. Since £,(x) > €9 > 20 and also ¢,(y) > 20 then by
Proposition 2.1.10 there exist minimizing geodesics 7z, vy, : (—20,20) — M with
v2(0) = z,v,(0) = y such that
(10)  u(r=(t)) =ul@) +1t,  ulyy(t) =uly) +t, for t € (—20,20).
Recall that z,y € A C Bap(p, ). Set to = u(y) — u(z). Since w is 1-Lipschitz, then
(6) implies that |tg| < 0. We now define
(11) zi =7, (to+ (i —1)o), yi =y ((i = 1)o) fori=0,1,2.
Since |tg| < o then tg+ (i — 1)o € (—20,20) and the points xg, x1, T2, Yo, Y1, Y2 are
well-defined. Since tg = u(y) — u(x) then (10) and (11) yield
(12) u(z;) = u(y;) = u(xo) +io fori=0,1,2.

Recall that ||ul/z;p < 1 and that ~,, v, are minimizing geodesics. We deduce from
(11) and (12) that for 4, j € {0, 1, 2},

(13) d(zs,x5) = d(yi, y;) = oli — j| = Ju(zi) — u(y;)| < d(s, ;).

Since 7,(0) = z and |tg| < o, then by (11) the points zg,x1,z2 are of distance
at most 20 from x. Similarly, the points yg,y1,y2 are of distance at most o from
y =y1. Since z,y € Ba(p,d) we obtain

(14) T, To, T1, T2, Y0, Y1,Y2 € B(p,d2) C U,

as § < 0/2 < d2/6. Recall from (11) that zg = v.(to — o) and xo = 7, (to + 0).
Since 7v,(0) = z and |tg] < o, the point x lies on the geodesic arc from zq to
x9. Furthermore, © & {xg,z2}. Thus all of the requirements of Proposition 2.4.2
are satisfied: This follows from (12), (13) and (14), as y = y;. We are therefore
permitted to use the conclusions of Proposition 2.4.2. Denote

a = xg.

As in Proposition 2.4.2 we define X, X, X1, X5, Y0,Y1,Ys € U, via x = exp,(X)
and x; = exp,(X;),y; = exp,(Y;) for i« = 0,1,2. Recall that ¢, = exp,, that
Ug = u o, and that wa = Yhw = @;(dula) = dua|,-1.4). Finally, the three
conclusions of Proposition 2.4.2 mean precisely that

1 tas o)l oy () = (s )3 = N(tas Vi)l v, < M.

To summarize, given the arbitrary points x,y € A, we found a € U for which (8)
holds true. The proof is thus complete. ([

It still remains to prove Proposition 2.4.2. Recall frogg the previous section
that for a € U and X,Y € U, we defined a certain vector XY € T, M.

LEMMA 2.4.3. Under the notation and assumptions of Proposition 2.4.2, we
have

(15) ‘m—é - XIXQ‘ <200 X - Yi,
and

(16) [(X1,Y: — X1)| <7000 - | X — V3|2
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oVi
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FiGURE 3. The projection of Y7 to the line is very close to Xj.

PROOF. Denote € = d(x,y;). According to Lemma 2.3.1(v),
(17) gg X - Y| < 2.

From (5), the point 2 is the midpoint of the geodesic arc between zy and z5. The
point x also lies on the geodesic between zy and x2. Let K € {0,2} be such that
lies on the geodesic from z; to k. According to (5),

(18) d(zy,2) + d(z,xx) = d(z1,2K) = 0.

From (5) and (18),

(19) o <d(xr,y1) < d(zk, ) + d(@,y1) = (0 — d(z, x1)) + d(z, y1).-
By using (19) and the fact that d(z,y;) = € we obtain

(20) d(z1,y1) < d(z1,2) + d(z,y1) < 2d(z,y1) = 2e.

We would like to apply Lemma 2.4.1. Recall from (2) that do < d1, where §; = 01(p)
is the constant from Lemma 2.4.1. Therefore g, z1,22,y0,41,¥2 € Bm(p,d1)-
Moreover, assumption (1) holds in view of (5). We may therefore apply Lemma
2.4.1, and according to its conclusion,

(21) d(xs,y;) <10-d(x1,y1) < 20e (1=0,1,2),

where we used (20) in the last passage. By Lemma 2.3.1(v), the inequality (21)
yields

(22) 1X; — ;| < 40e (i=0,1,2).

Since a = z¢ and exp,(Xg) = xo, then Xy = 0. According to Lemma 2.3.3, for
1=0,1,2,

(23) Yi| = [XoYi| = d(wo, y:) < 262, |Xi| = [XoXi| = d(wo, ;) < 203,

as To, 1,22, Y0, Y1,Y2 € Ba(p,d2). From Lemma 2.3.4 combined with (22) and
(23),

(24) ‘Yl?g XY - (Xa —Yl)‘ <Oy |Ya) - Y1 — X1| < Cp - 285 - 402 < 10,

where we used the fact that 62C, < 1/10 in the last passage, as follows from (2).
Similarly, according to Lemma 2.3.4 and to the inequalities (22) and (23),

—
(25) ‘Xﬂ_/z X Xy — (Y — XQ)’ <C,-|X1| - |Ya — Xa| <O, - 26, - 40 < 10e.
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Finally, by using (22), (24) and (25),
Y1Y2 — X1 Xo| = |(V1Ya — X1Y2) + (X1Y2 — X1X0))|
< 20e + \(Xl — Yl) + (Y2 —X2)| < 20e + |X1 — Y1| + |Y2 — X2| < 100g,

and (15) is proven, thanks to (17). We move on to the proof of (16). For a € U
and W, Z € U, define

(26) da(VV’ Z) = d(expa VV’ expa Z)

Then d2(W, Z) = 2f,w(Z), in the notation of Lemma 2.3.1(iii). Using Lemma
2.3.5 with V = Xl,to =0and Z = Yl,

(27) d?(Xo,Y1) < d%(Xo, X1) + (2X1, Y1 — X1) + 2|7 — X, %
From (5) and (26),

do(Xo,Y1) = d(zo,y1) > d(z0,21) = da(Xo, X1).
Therefore (27) entails
(28) (X1,Y1 = X1) > =1 — X1

Since x7 is the midpoint of the geodesic between a = xg and zo, then x5 =
exp,(X2) = exp,(2X;1). Hence X2 = 2X;. By using Lemma 2.3.5 with V =
X1,t0 =2 and Z =Y; we obtain

(29) d*(X9, Y1) < d%(Xo, X1) + (—2X1, Y1 — X1) + 2|1 — X, |2

As before, from (5) and (26) we deduce that d,(Xs,Y1) > do(X2, X1). Therefore
(29) leads to

(30) (X1,Y1 - X1) <1 - Xu”.
The desired conclusion (16) follows from (17), (22), (28) and (30). O

PROOF OF PROPOSITION 2.4.2. Tt follows from (4) and (5) that for 4,5 €
{0,1,2},
Bl Julw:) —ulz))] = u(y) —uly;)| = oli — j| = d(zi, z;) = d(yi, y;)-
Recalling Definition 2.1.2, we see that the triplet {xg,z1,22} is contained in a
certain transport ray Z € T[u]. By Lemma 2.1.3 and strong convexity, the entire
geodesic arc between xy and x5 belongs to Z. In particular x belongs to the relative
interior of Z. Since x ¢ {xg,z2}, it follows from (4) that u(z) < u(zz). Lemma
2.1.6 shows that the function w is differentiable at  and Vu(x) is a unit vector
tangent to Z. Hence
F.(X,X5)

d(z, x2)

according to the definition of Fi, (X, X5) from Section 2.3. Since Xy = 0, we con-
clude from (5) and Lemma 2.3.3 that |X;| = |)TX1>| = d(zg,x1) = 0. Applying
Lemma 2.1.3 with the transport ray Z that contains the three points a = xg, 2
and x9, we obtain

(33) " (expa (t- ?)) —u(wo)+t  forte[0,2.

Next, from (31) we also deduce that the triplet {yo,y1,y2} is contained in a certain
transport ray 7 and that y; belongs to the relative interior of the transport ray J.

(32) Vu(zr) =
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Additionally, u(y;) < u(y2) according to (4). We deduce from Lemma 2.1.6 that
the function u is differentiable at y; with

(34) vu(yl) _ ZI(YhYQ) _ Fa(YlaYrZ)’

(y1,92) o
where we used (5) in the last passage. Recall that a = ¢, and that 2 and «; lie on
the geodesic from xy to zo. Hence X and X; belong to the line segment between
Xop =0 and X5 in the tangent space T, M. Since z; is the midpoint of the geodesic

between xy and x2, then X5 = 2X;. Consequently, by (5) and Lemma 2.3.3,

T
— X X, — X X1 X
(35) XXo=Xy— X =|Xo— X|- 2L =Xy — X| - 2221 — f(a, 25) - 2222
| X1 | X1 | o

Recall that u, = u o exp,. According to Lemma 2.3.2 and to (32), (34) and (35),

XX X1 X Xo— X X V1Y
(36) Vug(X) = —22 A2 A2 A A1 Vo (Y1) = =2,
d(z, x2) 1o o o o

It follows from (36) and from conclusion (15) of Lemma 2.4.3 that

1 —= ? 200
(37) \Vua(X)—Vua(Yl)\:E\Xng—Yl 2| S 7|X*Y1|

Conclusion (ii) of the proposition follows from (37) and the definition (3) of M.
Conclusion (i) holds trivially, as |[Vue(X)| =1 < M while |u,(X)| < M by defini-
tion. It remains to prove conclusion (iii). It follows from (33) that

(38) ua(tX1/0) = u(wo) + ¢ for t €10, 2].

Recalling that X and X belong to the line segment between Xy = 0 and Xs = 2.X7,
we learn from (38) that

(39) Ua(X) + (Vg (X), X1 — X) = ua(X1).

From (4) we know that u.(X1) = u(x1) = u(y1) = ue(Y1). We will now use (36)
and (39), together with conclusion (16) of Lemma 2.4.3. This yields

ua(X) + (Vg (X), Y1 — X) — ua(V1)]
= [ua(X) + (Vua(X), X1 = X) + (Vua(X), V1 = X1) = ua(Y1))

X
g

and (iii) is proven in view of the definition of M. This completes the proof of the
proposition. (Il

104
S |X - Y1|27
o

w0+ {211 0 — )

By using a partition of unity and a standard argument, we may deduce from
Theorem 2.1.13 the following corollary (which will not be needed here):

COROLLARY 2.4.4. Let M be a geodesically-convex Riemannian manifold. Let
u: M — R satisfy ||ullrip < 1 and let eg > 0. Then there exists a C'-function

i : M — R such that for any x € M,
x € Straing, [u] = u(z) = u(x), Viu(zr) = Vu(x).



CHAPTER 3

Conditioning a measure with respect to a geodesic
foliation

Let (M,d, ) be a weighted Riemannian manifold of dimension n which is
geodesically-convex. In this section we describe the conditioning of u with respect to
the partition T°[u] associated with a given 1-Lipschitz function u. The conditioning
is based on “ray clusters” which are defined in Section 3.1. Analogous constructions
appear in Caffarelli, Feldman and McCann [13], Evans and Gangbo [21], Feldman
and McCann [22] and Trudinger and Wang [44]. Section 3.2 explains that the set
Strain[u] may be partitioned into countably many ray clusters. The connection
with curvature appears in Section 3.3.

3.1. Geodesics emanating from a C!'-hypersurface

In what follows we prefer to work with a slightly different normalization of the
exponential map. For ¢ € R set

Exp,(v) = exp,,(tv) (p e M,veT,M).

Then Exp, : TM — M is a partially-defined map which is well-defined and smooth
on a maximal open set containing the zero section. That is, for any v € T M there
is a maximal interval I C R containing the origin such that Exp,(v) is well-defined
for t € I. This maximal interval I is always open, and if ¢ € I, then Exp,(w) is
well-defined for any (w, s) € TM x R in a neighborhood of (v,t) € TM x R. Write
dExp, : T(TM) — TM for the differential of the map Exp, : TM — M. The
maps Exp, and dExp, are smooth in all of their variables, including the t-variable.
Note that for any p € M and v € T, M,

(1) Expy(v) =p  and iExpt(v) =v.
dt —0

Let v : (a,b) — M be a smooth curve with a,b € RU {£oo}. We say that
J : (a,b) — TM is a smooth vector field along v if J is smooth and J(t) € T, M
for any ¢ € (a,b). As in Cheeger and Ebin [16, Section 1.1], we may use the
Riemannian connection and consider the covariant derivative of J along -y, denoted
by

J =Vl
Then J' : (a,b) — TM is a well-defined, smooth vector field along . Assume that
v : (a,b) = M is a geodesic. We say that a smooth vector field J along v is a
Jacobi field if

(2) J"(t) = R(3(t), J(£))7(t) for t € (a,b),
where R is the Riemann curvature tensor. We refer the reader to Burns and Gidea
[11, Chapter 5] and to Cheeger and Ebin [16, Chapter I] for background on the

27
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Jacobi equation (2). The space of Jacobi fields along the fixed geodesic curve
v is a linear space of dimension 2n. In fact, we may parameterize the space of
Jacobi fields along vy by the (2n)-dimensional vector space T’ ) (T'M), where we
assume for simplicity that 0 € (a,b). The parametrization is defined as follows: For
§ € Ty 0)(T M) we define a Jacobi field J via

(3) J(t) = dExp, () for t € (a,b).

Let V : M — TM be a vector field on M, ie., V(p) € T,M for any p € M.
When we say that a vector field V' on the manifold M is differentiable at a point
p € M, we mean that V : M — TM is differentiable at p € M as a map
between the differentiable manifolds M and T M. For a vector field V on M that
is differentiable at the point p € M and for w € T, M we define

0LV = LVBE)| € Tup(TM)

S 0

where § : (—=1,1) — M is any smooth curve with 5(0) = p and 5(0) = w. As is
customary, we write V,V € T, M for the covariant derivative of V' with respect
to the Riemannian connection. It is explained in [11, Section 5.8] that there ex-
ists a linear map Verty(,) : Ty p)(TM) — TpM determined by the Riemannian
connection, which is called the wvertical projection, such that

(4) Vo,V = Verty ) (0w V).

s=

LEMMA 3.1.1. Let a € [—00,0),b € (0,+00], let v : (a,b) — M be a geodesic
and let § € Ty (TM). Let J(t) be the Jacobi field along v that is given by (3).
Assume that V is a vector field on M that is differentiable at the point v(0) € M
and satisfies V((0)) = 4(0) and 0y0\V = &. Then,

J'(0) = Vo) V-

PrOOF. Denote p = v(0). Proposition 5.9.2 in [11] states that, assuming the
relation (3),

(5) J/(O) = Vertv(p) (f)
Since d;(0)V = &, the conclusion of the lemma follows from (4) and (5). O

Write A, for the Lebesgue measure in R™. Recall that given a measurable set
A CR” apoint z € A is called a Lebesgue density point of A if for any sequence
of Euclidean balls (By)g=1,....co containing x with Diam(By) — 0, we have

6 —_ = .
The Lebesgue theorem states that almost any point x € A is a Lebesgue density
point, see, e.g., [43, Section 3.1.2]. When z is a Lebesgue density point of A, conclu-

sion (6) remains valid for any sequence of measurable sets (Bj)k=1,....0o containing
x with Diam(By) — 0, provided that

An(B

(7) in ﬂ
k Diam(By)™

Suppose that f : R™ — R is differentiable at the point x € R™. Assume that A C R™

is a measurable set of which x is a Lebesgue density point, and that f is constant

> 0.
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on the set A. We claim that necessarily V f(z) = 0: In fact, this is a standard
exercise in real analysis, which may be solved by applying (6) with (Bg)k=12,...
being a sequence of truncated cones.

We say that a C'-function f: M — R is twice differentiable with a symmetric
Hessian at the point p € M if the vector field V f is differentiable at the point p
and

(Vo(Vf),w) = (Vi (V[),v) for v,w € TyM.

The notation of the next lemma will accompany us now for several pages. We will
consider geodesics orthogonal to the level set {4 = ro}, where @ : M — R is usually
twice differentiable with a symmetric Hessian. We will assume that this level set
is locally parameterized by a C!-function f : Qg — M where Qy € R*"! is an
open set. The geodesics are denoted by F(y,t) = Exp,(Va(f(y)). Later on, the
restriction of F to a certain set will be denoted by F', while @ will be the function
provided by Theorem 2.1.13. By differentiating F(y, t) with respect to y; we obtain

a Jacobi field J;, as is precisely stated in the following lemma:

LEMMA 3.1.2. Letrg € R and let i : M — R be a C*-function. Let g C R*~1
be an open set and let yo € Q. Let f: Qg — M be a C'-map, and assume that the
function 4 is twice differentiable with a symmetric Hessian at the point f(yo). For
y€Qyandt €R set

Fly.1) = Bp (Va(f0),  Nyt) = 2 (w.1).

Our Riemannian manifold is not necessarily complete, and we assume that t
F(y,t) is well-defined in a mazimal interval (a,,by) € R containing the origin.
Suppose that By C Qg is a measurable set containing yo, such that yo is a Lebesque

density point of By C R, and

(8) a(f(y)) =ro, [Va(f(y)l=1 fory € By.
Then,
(i) For anyt € (ay,,by,) the map F is differentiable at the point (yo,t) € Qo xR.

ote that I' 1s well-defined in an open neighborhood of (yo,t) in R"™* X R).
(N hat F 1 ll-defined i ighborhood of ( )y inR" I xR)

(ii) There exist Jacobi fields J1(yo,t), -y Ju—1(yo,t) along the geodesic curve
t — F(yo,t), which are well-defined in the entire interval t € (ay,,by,), such
that

OF
Ji(yo,t) = a—y(yo,t) foralli=1,...,n—1, t € (ay,, by,).

(#ii) At the point (yo,0) € Qo x R we have

and
(10) (J7, Je) = (Jpy Ji) (i,k=1,...,n—1).

Here, J!(yo,t) is the covariant derivative of the Jacobi field t — J;(yo,t)
along the geodesic curve t — F(yo,t) fort € (ay,,by,).
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PROOF. The curve t — F(yo,t) is a geodesic curve of velocity one since
IVa(f(yo))| = 1 as follows from (8) and the fact that yo € By. The vector field
t — N(yo,t) is the unit tangent along this geodesic, with N (yo,0) = Va(f (o)), as
follows from (1). The equation

(11) F(y,t) = Exp,(Va(f(y)))

is valid in an open set in o x R containing {yo} X (ay,, by, ). The map f is a C'-map
and the vector field Vi : M — T M is differentiable at the point f(yo). Hence the
map y — Va(f(y)) is differentiable at yo. Since (¢,v) — Exp,(v) is a smooth map,
we conclude that for any t € (ay,,by,), the map F is differentiable at (yo,t), and
(i) is proven. Consequently, differentiating (11) at the point y = yo yields

oF ,
(12) Ji(yo,t) == 5—(vo,t) = dExp, ({y0,i) for t € (ay,,by,),i=1,...,n—1,

dyi
where
ol(Va)o f
(13) s = 20 ) € T (7).
Note that F(y,0) = f(y) for y € Q, and hence
of , . OF
(14) o (o) = o (40, 0).
From (12), (13) and (14) we obtain
(15) 6?]07’5 :a!]i(yo’())v’ljt for i = 1,...,’[1— 1.

and hence they are Jacobi fields along the geodesic t — F'(yo,t). This proves (ii
Thanks to (12) and (15) we may apply Lemma 3.1.1 with V = Va,{ = &y, 4, v(t) =

F(yo,t) and J(t) = J;(yo, 1), and conclude that

From (12) we learn that the vector fields Ji(yo, 1), ..., Jn—1(yo, t) have the form (3),

(16) J;(yo,O) :VJ,i(yO,o)Va for i = 1,...,7171.
Since yo is a Lebesgue density point of By, then (8) entails that for i = 1,...,n—1,
ot 0|V
Wi ly=y, Py y="0

Since J;(yo,0) = g—i(yo,O) = %(90) and N(yo,0) = Va(f(yo)), we may rewrite
(17) as

(18) (N(y0,0), Ji(y0,0)) =0 and (V J:(y0,0) Vi, N(y0,0)) =0,

fori=1,...,n—1. Now (9) follows from (16) and (18). As for the proof of (10):
in view of (16) we actually need to prove that

<v‘]1,(y070)v7:b, Jk(yo, 0)> = <VJk(yO’O)V€L, Ji(y(),0)> for ’i, k= 1, e, — 1.

The latter relations hold as @ is twice differentiable with a symmetric Hessian at

the point f(yo) = F(yo,0). 0

Recall the definitions of Strain[u], Strain.,[u] and o, B, from Section 2.1.
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DEFINITION 3.1.3. Let u : M — R satisfy ||ullrip < 1 and let Ry C M be a
Borel set. We say that Ry is a “seed of a ray cluster” associated with u if there
exist numbers ro € R,e9 > 0, open sets U C M,Qy C R* and CY1-functions
u:U =R, f:Qp—> M for which the following hold:

(i) For any x € U N Strain.,[u] we have that @(z) = u(x) and Va(zx) = Vu(x).

(ii) The CY-map f: Qo — M is one-to-one with f(Qo) = {z € U; a(z) = ro}.
The inverse map f=1: f(Qo) — Qo is continuous.

(iii) For almost any point y € Qqo, the function 4 is twice differentiable with a
symmetric Hessian at the point f(y).

(iv) Ry C {z € U N Strain.,[u]; @(z) =ro}.
If the functions au,, By : Ry — RU {£oo} are continuous, then we say that Ry
is a “seed of a ray cluster of continuous length”.

Note that any Borel set which is contained in a seed of a ray cluster, is in itself
a seed of a ray cluster. Recall from Lemma 2.1.11 that T°[u| is the collection of
all relative interiors of non-degenerate transport rays associated with u, and that
T°[u] is a partition of Strain[u].

DEFINITION 3.1.4. Let u: M — R satisfy ||u||Lip < 1. A subset R C Strain[u]
is a “ray cluster” associated with u if there exists Ry C M which is a seed of a ray
cluster such that

(19) R={z e M; 3T € T°[u] such that x € T and Z N Ry # 0} .

We say that R is a “ray cluster of continuous length” if Ry is a seed of a ray cluster
of continuous length.

When A C R” is a measurable set and f : A — R" is locally-Lipschitz, the
function f maps measurable sets to measurable sets: Indeed, any measurable set
equals the union of a Lebesgue-null set and countably many compacts, hence also
its image under a locally-Lipschitz map is the union of a Lebesgue-null set and
countably many compacts. Therefore, the concept of a measurable subset of a
differentiable manifold M is well-defined. Similarly, the concepts of a Lebesgue-null
set and a Lebesgue density point of a measurable set in a differentiable manifold
M are well-defined. The Lebesgue theorem, stating that almost any point of a
measurable set A is a Lebesgue density point of A, also applies in the context of
an abstract differentiable manifold.

For an arbitrary subset A C R”, a function f : A — R and a point zg € A,
we say that f is differentiable at zq if there is a unique linear map T : R® — R™
such that

lim [f(zo) + T(x — z0) — f(2)|/|z — x| = 0.

AdSxz—xo
In this case we may speak of the differential of f at xo. When A C R" is open, our
definition coincides with the familiar notion of differentiability. If f : A — R™ is
differentiable at the point z € A C R", and B C A is a measurable set containing
x such that z is a Lebesgue density point of B, then f|g is differentiable at x.

Similarly, given differentiable manifolds M and N, an arbitrary subset A C M
and a function f : A — N, we may speak about the differentiability of f at the
point p € A. When f is differentiable at p, we may consider the differential of f at
the point p.
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A function f: A — R™, where A C R™ is an arbitrary set, is locally-Lipschitz
if any point in A has a neighborhood in which f is Lipschitz. Similarly, when M
and A are differentiable manifolds and A C M is an arbitrary set, we say that
f : A — N is locally-Lipschitz when it is locally-Lipschitz in any chart. By the
Rademacher theorem and the Kirszbraun theorem (see, e.g., Evans and Gariepy
[21, Section 3.1]), any locally-Lipschitz function defined on a measurable subset A
of a differentiable manifold, is differentiable almost-everywhere in A.

A parallel line-cluster is a subset B C R™™! x R of the following form: There
exist a measurable set By C R"~! and continuous functions a : By — [—00,0) and
b: By — (0,400] such that

(20) B={(y,t) ER" " xR;y € By, ay <t <by},

where a, = a(y) and b, = b(y) for y € By. Note that when y € By is a Lebesgue
density point of By, the point (y,t) € B is a Lebesgue density point of B for any
t € (ay,by).

An almost line-cluster is a subset B C R"~! x R of the form (20) where By C
R"~! is measurable and the functions a : By — [—00,0) and b : By — (0, +o0]
are only assumed to be measurable, and not continuous. Note that a parallel line-
cluster is always measurable, as well as an almost line-cluster. We say that a map
F' is invertible if it is one-to-one and onto.

PROPOSITION 3.1.5. Let u : M — R satisfy ||ul|rip < 1. Suppose that R C
Strain|u] is a non-empty ray cluster of continuous length. Then there exist a parallel
line-cluster B C R ! x R, a measurable set By C R"™', functions a,b : By —
R U {xo0} and a locally-Lipschitz, invertible map F : B — R with the following
properties:

(i) The relation (20) holds true. Denoting f(y) = F(y,0) for y € By we have
that the set Ro = f(By) is a seed of a ray cluster satisfying (19). The inverse
map f~': Ry — By is a continuous map from Ry to By. Additionally,

(21) ay = —au(f(y)), by = Bul(f(y)) for ally € By.
(i1) For any y € By, the curve
t— F(y,t) t € (ay,by)

is a minimizing geodesic, and the set {F(y,t);t € (ay,by)} is the relative
interior of a transport ray associated with u. Furthermore, there exists rg € R
such that

(22) u(F(y,t)) =t+1o for all (y,t) € B.

(iii) For almost any Lebesque density point yo € By the following hold: The map
F is differentiable at (yo,t) for allt € (ay,,by,), and there exist Jacobi fields
J1(yo, ), - -y Jn—1(Yo,t) along the geodesic t — F(yo,t) in the entire interval
t € (ay,,by,) such that fori=1,....,n—1,

oF

(23) Ji(yo,t) = a—y_(yo,t) for all t € (ay,, by, )-

Denoting N (yo,t) = %—f(yo,t) we have, at the point (yo,0) € B,
(24) (JiyN) = (J/,N) =0 (t=1,...,n—1),
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and

(25) (J}, Je) = (J, i) (i,k=1,...,n—1).
Here, J/(yo,0) is the covariant derivative at t = 0 of the Jacobi field t —
Ji(yo,t) along the geodesic curve t — F(yo,t).

(iv) For (y,t) € B denote T(y,t) = {{J;(y, 1), Jk(y,t)>}i7k:1,_“7n, where J, := N.
Then the symmetric matriz T (y,t) is well-defined and positive semi-definite
almost everywhere in B, and for any Borel set A C R,

(26) Aui(A) = /F oy, VAT D

where Apq is the Riemannian volume measure in M.

ProOOF. Let Ry C M be the seed of a ray cluster of continuous length given
by Definition 3.1.4. Then Ry is a Borel set with

(27) R={r € M; 3T € T°[u] such that z € Z and ZN Ry # 0} .

Since Ry is a seed of a ray cluster, Definition 3.1.3 provides us with certain numbers
ro € R,e9 > 0, open sets U C M,Qy C R*~! and CV!-functions @ : U — R, f :
Qo — M such that

(28) Ry C {z € UN Straing, [u]; a(z) =10} .

Moreover, f is a one-to-one map with f(o) = {z € U; @(x) = ro}, and the inverse
function f=1: f(Qo) — Qo is continuous. We see that Ry C f(€). Denote

Bo = f_l(Ro) g Qo.
Since Ry C f(Qp) then
(29) f(Bo) = Ro.

Since By is the preimage of the Borel set Ry under the continuous map f, then
By € R™! is measurable. According to (28) and (29), for each y € By, the point
f(y) belongs to Strain.,[u] C Strain[u]. Since T°[u] is a partition of Strain[u], then
for any y € By there exists a unique Z = Z(y) € T°[u| for which f(y) € Z. In view
of (29), we may rewrite (27) as follows:

(30) R= | Z().
yE€Bo

For any y € By, the set Z(y) is the relative interior of a non-degenerate transport
ray. According to Proposition 2.1.10 there exists an open set (ay, b,) C R containing

the origin, with a, = —a,(f(y)),by = Bu( (y)), such that

B1)  Z(y) = {Exp, (Vu(f(y))) 5 t € (ay, by)} for y € Bo,

and such that ¢t — Expt(Vu(f(y))) is a minimizing geodesic in ¢ € (ay, b,) with
(32)  u(Exp,(Vu(f(y)))) = u(f(y)) +t for y € Bo,t € (ay, by).
The curve t — Exp,(Vu(f(y))) is a geodesic of velocity one, so

(33) [Vu(f(y))| =1 for y € By.

Since Ry is a seed of a ray cluster of continuous length, then the functions a,, 3, :
Ry — (0,+00] are continuous. Therefore b, = £,(f(y)) and a, = —a,(f(y)) are
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continuous functions of y € By, thanks to (29) and the continuity of f. Conse-
quently,

(34) B:={(y,t) eR" ' xR;y € By, a, <t <by,}
is a parallel line-cluster. According to (28), (29) and item (i) of Definition 3.1.3,

(35)  ul(f(y)) =u(f(y)) =ro, Vu(f(y)) = Vu(f(y)) for y € Bo.
For y € ¢ and ¢t € R define

(36) Fly.1) = Bxp (Va(f), N.1) = o 1)

Since M is not necessarily complete, then (y,t) — F(y,t) and (y,t) — N(y,t) are
well-defined on a maximal open subset of Q¢ x R that contains € x {0}. The
functions % and f are C''!-maps, and hence

Q 3y = Va(f(y) € TM

is locally-Lipschitz. The exponential map is smooth, and from (36~) we learn that
F is locally-Lipschitz. According to (31), (34) and (35), the map F' is well-defined
on the entire set B. Set

F =F|p,
a well-defined, locally-Lipschitz map. From (34), (35) and (36), for all (y,t) € B,

(37) F(y,t) = F(y,t) = Exp, (Va(f(y))) = Exp, (Vu(f(y))) -
We conclude from (30), (31), (34) and (37) that

R = F(B).
Thus F': B — R is onto. We argue that for any y1,y2 € By,

(38) Y1 # Yo g f(y1) & Z(y)-

Indeed, u(f(y1)) = u(f(y2)) = 7o according to (35). Hence, if f(y1) € Z(y2)
then by (31) and (32) necessarily f(y1) = Exp,(Vu(f(y2))) for ¢ = 0. Therefore
f(y1) = f(y2) and consequently y; = yo as the function f is one-to-one. This
establishes (38). Recalling that T°[u] is a partition, we deduce from (38) that the
union in (30) is a disjoint union. Glancing at (31) and (37), we now see that the
locally-Lipschitz map F' : B — R is one-to-one and hence invertible, as required.

Let us verify conclusion (i) of the proposition: The relation (20) holds true
in view of (34). It follows from (37) that F(y,0) = f(y) for all y € By. By
(27) and (29), the set Ry = f(By) is a seed of a ray cluster satisfying (19). The
definition of a, and b, above implies (21). Since f~1 : f(Qy) — Qo is continuous
and Ro C (), the verification of conclusion (i) is complete. We move on to the
proof of conclusion (ii) of the proposition: The fact that ¢ — F(y,t) is a minimizing
geodesic whose image is the relative interior of a transport ray follows from (31)
and (37). The relation (22) follows from (32), (35) and (37). Thus conclusion (ii)

is proven as well.

In order to obtain conclusion (iii) we would like to apply Lemma 3.1.2. To this
end, observe that our definition (36) of F(y,t) and N(y,t) coincides with that of
Lemma 3.1.2. According to Definition 3.1.3(iii), for almost any yo € By C o, the
function @ is twice differentiable with a symmetric Hessian at f(yo). Note that the
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requirement (8) of Lemma 3.1.2 is satisfied in view of (33) and (35). Thus, from
conclusion (ii) of Lemma 3.1.2, for almost any Lebesgue density point yo € By,

(39) J1(yo.t) = %(Qo,t)’ oo Jne1(yo,t) = %(yo,t),

are well-defined Jacobi fields along the entire geodesic t +— EF(yo,t) for t € (ay,, by,)-
In fact, (yo,t) is a Lebesgue density point of B for any t € (ay,, by, ). Recalling that
F = F|p we conclude from Lemma 3.1.2(i) that the map F : B — R is differentiable
at (yo,t) whenever t € (ay,, by, ). The relation (23) thus follows from the validity of
(39) for all ¢t € (ay,,by,). The Jacobi fields t — J1(yo,t),...,t — Jn_1(yo,t) also
satisfy (24) and (25), thanks to Lemma 3.1.2(iii), and the proof of (iii) is complete.

We continue with the proof of (iv). First of all, the function F is locally-
Lipschitz and hence differentiable almost everywhere in B. According to conclusion
(iii) which was proven above, for almost any (y,t) € B,

(40) T(00) = (). Ie0- D, = { (G000 Gomtw) |

where 0F /0y, := 0F/0t. We will use the area formula for Lipschitz maps from
Evans and Gariepy [21]. Let us recall the relevant theory. Let H : R® — R”
be a Lipschitz function. The Jacobian of H, denoted by Jp, is well-defined almost
everywhere. According to [21, Section 3.3.3], for any measurable function g : R” —
[0,00) and a measurable set D C R,

(41) [ s@n@ar=[ | ¥ g

R™ | sepnH-1(y)

where an empty sum is defined to be zero. We claim that in order to define the left-
hand side and the right-hand side of (41), it suffices to know the values of H in the
set D alone. Indeed, the Jacobian Jy(z) is determined by H|p at any Lebesgue
density point € D in which H is differentiable. The Kirszbraun theorem [21,
Section 3.3.1] states that any Lipschitz map from D to R™ may be extended to a
Lipschitz map from R™ to R™. It therefore suffices to assume that H : D — R" is a
Lipschitz function in order for (41) to hold true. In fact, it is enough to assume that
H : D — R" is only locally-Lipschitz. Indeed, there exist compacts K1 C Ko C ...
that are contained in D with

o0
An (D\U&) =0,
i=1
where A, is the Lebesgue measure on R™. The function H is Lipschitz in the
compact K; for any i. We now apply (41) with the compact set K; playing the role
of D and use the monotone convergence theorem. This yields (41) for the original
set D, even though H is only locally-Lipschitz. To summarize, when D C R" is a
measurable set and H : D — R™ is a locally-Lipschitz, one-to-one map, then for
any measurable function g : R” — [0, 00),

(42) /D o) T (2)de = / o(H (4))dy.

H(D)
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Next, what happens if the range of H is not a Euclidean space, but a Riemannian
manifold M? In this case, we claim that for any measurable set D C R" and a
locally-Lipschitz map H : D — M which is one-to-one,

(43) [ eleraaT@in = [ ol )i,
D H(D)
for any measurable ¢ : R" — [0,00). Here, T'(z) = ((0H/0x;,0H/0xj)), iy .-
Note that (iv) follows from (40) and (43), with D = B, H = F and ¢ = 1g-1(4). In
order to deduce (43) from (42) we need to work in a local chart, and observe that
det T'(z) is the Riemannian volume of the parallelepiped spanned by the tangent

vectors
oOH OH

871'17 ey 781‘” .
The usual Jacobian Jy(z) is the Euclidean volume of this parallelepiped in our
local chart. We conclude that +/detT(z)/Jg(x) is precisely the density of the
Riemannian volume measure Ay at the point H(x) in our local chart. By setting

9(x) = p(x)/det T(x)/ Ju (z),
we deduce (43) from (42). O

REMARK 3.1.6. It suffices to assume that A C R is a measurable set in order
for (26) to hold true. In fact, denote by 6 the complete measure on the set B
whose density is (y,t) — /det T'(y,t). Note also that the restriction of Ay to R
is a complete measure on R. The validity of (26) for all Borel subsets of R and a
standard measure-theoretic argument show that a subset A C R is Ay -measurable
if and only if F~!(A) is f-measurable. Therefore, F' pushes forward the measure 6
to the restriction of Ay to the ray cluster R.

REMARK 3.1.7. What happens if the ray cluster R from Proposition 3.1.5 is
not assumed to be of continuous length? The assumption that the ray cluster R is
of continuous length was mainly used to prove that the set B defined in (34) is a
parallel line-cluster. Without the assumption that R is of continuous length, the
functions

by = Bu(f();,  ay=—au(f(y))

are still measurable functions of y € By, thanks to Lemma 2.1.12 and the continuity
of f. Therefore B is an almost line-cluster. We thus see that only minor changes
will occur in the conclusion of the proposition, if the ray cluster R is not assumed to
be of continuous length. One obvious change would be that B becomes an almost
line-cluster, and not a parallel line-cluster. The only additional change is that

“for all t € (ay,, by,)”
in the second line of (iii) and also in (23) will be replaced by
“for almost all ¢ € (ay,,by,)”-

Indeed, the function F = F' |5 is differentiable at (yo,t) and it satisfies the equality
in (23) at any point (yo,t) € B which is a Lebesgue density point of B. By the
Lebesgue density theorem, for almost any yo € B and for almost any ¢ € (ay,, by,),
the point (yo,t) € B is a Lebesgue density point of B. To conclude, we are allowed
to apply Proposition 3.1.5, with the aforementioned tiny changes, even if the ray
cluster R is not assumed to be of continuous length.
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For a subset A C M define Ends(A) C M to be the union of all relative
boundaries of transport rays intersecting A. In other words, a point x € M belongs
to Ends(A) if and only if there exists a transport ray Z € T[u], whose relative
boundary contains x, such that ANZ # (.

LEMMA 3.1.8. Let u : M — R satisfy ||u||Lip < 1 and let R C Strainfu] be a
ray cluster. Then,
Am(Ends(R)) = 0.

PROOF. We can assume that R # (. We may apply Proposition 3.1.5(ii) thanks
to Remark 3.1.7. Whence,

R={F(y,t); y € By, ay <t<by}.

Furthermore, F = F|p where F as defined in (36) is a locally-Lipschitz map which
is well-defined in a maximal open subset of 5 x R containing 29 x {0}. We claim
that

(44)  Ends(R) = {F(y,t) .y € Bo, te RN {ay,b,}, Fy,t)is well—deﬁned} .

Indeed, fix an arbitrary point 2 € R. Since R C Strainfu], then according to
Lemma 2.1.7, there is a unique transport ray Z € T'[u] containing x. The transport
ray Z C M is a closed set, and the relative interior of Z contains the point x. By
Proposition 3.1.5(ii), the relative interior of Z must take the form

{F(y’t); t € (ayaby)}

for a certain y € By. Recall that F = F|g, and that the curve t — F(y,t) is a
minimizing geodesic in ¢ € (ay, b,). In the case where this minimizing geodesic may
be extended to a geodesic defined on a larger interval A D (ay, b, ), this extended
geodesic is given by ¢ — F(y,t) for t € A. We thus deduce from Lemma 2.1.3 that

(45) I= {F(y,t) t € RN [ay,by,], F(y,t)is Well—deﬁned} .

Since x € R was an arbitrary point, the relation (44) follows from the representation
(45) of the unique transport ray Z containing x. Consider the set

(46) {(y,t) € By xR;t € RN {ay, by}, Fly,1) is well—deﬁned} C R*" ' xR

This set is contained in the union of two graphs of measurable functions, and hence
it is a set of measure zero in R"~! x R. Since Ends(R) is the image of the set in (46)
under the locally-Lipschitz map F', then Ends(R) is a null-set in the n-dimensional
manifold M. O

3.2. Decomposition into ray clusters

As before, we write Ay for the Riemannian volume measure on the geodesically-
convex, Riemannian manifold M. Our main result in this section is the following:

PROPOSITION 3.2.1. Let u : M — R satisfy ||u||rip < 1. Then there exists a

oo Of disjoint ray clusters of continuous length such that

AAAA

AMm (Stmm[u] \ ([OJ Rl>> =0.
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We begin the proof of Proposition 3.2.1 with the following lemma.
LEMMA 3.2.2. Let u : M — R satisfy ||ul|rip < 1. Let R C Strainfu] be any

ray cluster associated with w. Then R is a Borel subset of M.

PROOF. We may assume that R # (). According to Proposition 3.1.5 and
Remark 3.1.7 we know that R = F(B) where B is an almost-line cluster. Let
Ry € M and ry € R be as in Proposition 3.1.5. We claim that a given point
x € Strain[u] belongs to R if and only if the following two conditions are met:

(A) To — u(gj) € (7O‘u(x)7ﬂu(x))'

(B) Exp,_y(z)(Vu(z)) € Ro.
In order to prove this claim, assume that z € Strain[u] satisfies conditions (A)
and (B). Since T°[u] is a partition of Strain[u], there exists Z € T°[u] such that
x € Z. From (A) and Proposition 2.1.10 the point Exp, _,)(Vu(z)) belongs to
Z, while condition (B) shows that this point belongs to Ry. Hence Z N Ry # 0.
From Definition 3.1.4 we obtain that Z C R and consequently x € R. Conversely,
assume that z € R. According to Proposition 3.1.5 there exists (y,t) € B for which
F(y,t) = x and u(x) =t + 9. Additionally,

ay(z) =t —ay, Bu(z) = by —t,
in the notation of Proposition 3.1.5. Since B is an almost-line cluster, then 0 €
(ay, by) and consequently ro — u(z) = —t € (ay —t,by —t) = (—au(z), Bu(x)). We
have thus verified condition (A). By Proposition 3.1.5 and Proposition 2.1.10, we
have
RO 2> F(ya 0) = EXpit(VU(l’)) = EXprofu(z)(vu(x)%

and (B) follows as well.

Recall that the set Strain[u] is Borel according to Lemma 2.1.12, as well as the
functions ay, B8, : M — RU {£oo}. Since u is continuous, then the collection of
all x € Strain]u] satisfying condition (A) is a Borel set. As for condition (B), the
set Ry is a seed of a ray cluster and by definition it is a Borel set. Consider the
partially-defined function

(1) Strain[u] 5> x — Exp, ;) (Vu(z)) € M.

We claim that this function is well-defined on a Borel subset of Strain[u], and that
it is a Borel map. Indeed, Lemma 2.1.6 shows that the Lipschitz function u is
differentiable in the Borel set Strain[u]. Consequently Vu : Strain[u] — TM is
a well-defined Borel map, as it may be represented as a pointwise limit of Borel
maps. The exponential map is continuous and the domain of definition of the
partially-defined map

TM xR > (v,t) = Exp,(v) € M

is an open set. Hence the map in (1) is a Borel map which is defined on a Borel
subset of Strain[u]. We conclude that the collection of all x € Strain[u] satisfying
condition (B) is Borel, being the preimage of the Borel set Ry under the Borel map
(1). Therefore the set R C Strain[u], which is defined by conditions (A) and (B),
is a Borel set.

(]
LEMMA 3.2.3. Let u : M — R satisfy ||ullLip < 1. Let R,R1,Ra,...,R C
Strain[u] be ray clusters. Then also R\ (UiLzl)Ri is a ray cluster.



3.2. DECOMPOSITION INTO RAY CLUSTERS 39

PROOF. Denote by Ry the seed of the ray cluster R provided by Definition
3.1.4. Then Ry is a Borel set. Lemma 3.2.2 implies that Ry = Ry \ (UX, R;) is a
Borel set as well. By the remark following Definition 3.1.3, the set Ry is a seed of
a ray cluster associated with u. In fact, the set Ry is the seed of the ray cluster
R\ (UL, R,;), as follows from Definition 3.1.4 and the fact that T°[u] is a partition

of Strain[u]. O

The equality of the mixed second derivatives of C'''-functions, stated in the
following lemma, is of great importance to us.

LEMMA 3.2.4. Let U C R™ be an open set and let f : U — R be a C''-
function. Then for i,j = 1,...,n, the functions 0;f and 0;f are differentiable
almost everywhere in U, with

(2) 0; (0;f) = 0; (0:f) almost everywhere in U.

PROOF. Let zy € U. It suffices to prove the lemma in an open neighborhood
of xg, in which f and 0O1f,...,0,f are Lipschitz functions. By the Rademacher
theorem, the functions 91 f,...,0,f are differentiable almost everywhere in U. By
considering slices of U, we see that it suffices to prove (2) assuming that n = 2 and
that U is a rectangle parallel to the axes, of the form

U={(z,y) eER’;a<z<bc<y<d}.
We may also assume that 0f/9dx and 0f /0y are Lipschitz functions in U. Denote

0 (of
h—ax(ay)

Since 9 f /Qy is Lipschitz, then h is an L*°-function. Furthermore, for any (x,y) € U,

Z—zm,y) - g—im, y)+ / Wt y)dt.

Integrating with respect to the y-variable we see that for any (z,y) € U,

B v of 7 vof
(3) flz,y) _f(:c,c)—i—/C a—y(:z:,s)ds—f(a:,c)+/C ay(a,s)ds—!—/[a’z]x[c’y] h,

where the use of Fubini’s theorem is legitimate as h is an L*°-function on U. Dif-
ferentiating (3) with respect to x, we deduce that the Lipschitz function 0f/0x
satisfies

(4) %(m,y) = %(w,c) + /y h(zx, s)ds

almost everywhere in U. Both the left-hand side and the right-hand side of (4) are
differentiable with respect to y almost everywhere in U. Therefore, by differentiat-
ing (4) with respect to y we obtain

o (of\
ay(a)h

almost everywhere in U. Thus (2) is proven. (I
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COROLLARY 3.2.5. Let f : M — R be a C%-function. Then the vector field
V f is differentiable almost-everywhere in M, and for almost any p € M,

(5) (Vo(Vf),w) = (Vyu(Vf),v) for v,w € TyM.
Here, by “almost-everywhere” we refer to the Riemannian volume measure Aaq.

ProoOF. Working in a local chart, we may replace M by an open set U C R"
equipped with a Riemannian metric tensor. Since f : U — R is a C'!-function,

Lemma 3.2.4 implies that the functions 0, f, ..., 0, f are differentiable almost ev-
erywhere, and
(6) 9i(9;f) = 9;(0:f)

almost everywhere in U. The Leibnitz rule applies at any point where the involved
functions are differentiable and hence,

(Vo,(Vf),05) = (Vo,(V[), )
=0i(V f,0;) = 0;{V f,0:) — (Vf,V5,0; = Vo,0;) = 0;(9;f) — 0;(0: f)
at any point in which 01 f,...,0,f are differentiable. Now (5) follows from the
validity of (6) almost everywhere in U. O

LEMMA 3.2.6. Let u : M — R satisfy ||ullrip < 1 and let € > 0 and p €
Straing[u]. Then there exist an open set V.C M containing p and a ray cluster
R C M such that

(7) Strain:[u) NV C R.

PROOF. Set eg = /2. Applying Theorem 2.1.13, we find § > 0 and a C1-
function @ : Bag(p,d) — R such that
(8)  x € Bum(p,d) N Straing,[u] = i(z) = u(x), Vi(z)= Vu(z).

We would like to apply the implicit function theorem, in the form of Lemma
2.2.1(iii). Decreasing ¢ if necessary, we may assume that By(p,d) is contained in
a single chart of the differentiable manifold M. Since p € Straine[u] C Straing,|u]
then p belongs to the relative interior of some transport ray. From (8) and Lemma
2.1.6,

(9) Vi(p) = Vu(p) #0  and  a(p) = u(p).

We may apply Lemma 2.2.1(iii) in the local chart, thanks to (9). We conclude from
Lemma 2.2.1(iii) that there exist an open set

(10) U € Bum(p,9)

containing p, an open set = Qy x (a,b) C R"~! x R and a Ct1-diffeomorphism
G:Q — U with

(11) w(G(y,t)) =t for (y,t) € Qo x (a,b).
Since p € U and G : @ — U is onto, then (9) and (11) imply that
(12) u(p) = t(p) € (a,b).

The set U is an open neighborhood of p, hence there exists 0 < n < & with
(13) Bu(p,m) €U
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According to Corollary 3.2.5, for almost any z € U, the C*!-function @ is twice
differentiable with a symmetric Hessian at x. Since G is a C'-diffeomorphism,
then for almost any (y,t) € Qo x (a,b), the function @ is twice differentiable with
a symmetric Hessian at the point G(y,t). From the latter fact and from (12) we
conclude that there exists

(14) to € (a,b) N (u(p) — g7u(p) + Q)

with the following property: For almost any y € Q9 € R"~!, the function 4 is twice
differentiable with a symmetric Hessian at the point G(y,tp). Denote

(15) Ry = {z € U N Straing, [u]; a(z) =to}.

Lemma 2.1.12 implies that Strain.,[u] = {z € M ; £,(z) > &0} is a Borel set. From
(15), the set Ry C M is also Borel. We claim that Ry is a seed of a ray cluster in
the sense of Definition 3.1.3. In order to prove our claim we define ry := ty and set

f(y) =Gy, to) (y € Qo).

Since G is a CM!-diffeomorphism onto U, then the C!'-function f is one-to-one
with a continuous inverse. The relation (11) implies that

(16) fQ)={zecU;ulx)=t}={zeU;a(z)=r0}.

Let us verify that the numbers ry € R, ¢ > 0, the open sets U € M, Qg C R*~! and
the CV!-functions @ : U — R, f : Qy — M satisfy the requirements of Definition
3.1.3. Indeed, by the choice of ty we verify requirement (iii) of Definition 3.1.3. By
using (16) and the preceding sentence we obtain Definition 3.1.3(ii). The relation
(15) and the fact that rg = to show that Definition 3.1.3(iv) holds as well. From (8)
and (10) we deduce Definition 3.1.3(i). Thus Ry is a seed of a ray cluster associated
with u. Set

(17) R={zx € M; 3T € T°[u] such that z € Z and ZN Ry # 0} .

Then R C Strain[u] is a ray cluster, according to Definition 3.1.4. We still need to
find an open set V' C M containing p for which (7) holds true. Let us define

(18) V={zeBu(pg) :lul)—to] < n/2}.

which is an open set containing p in view of (14). In order to prove (7), we recall
that € = 2¢¢ and let « € Strain:[u] NV be an arbitrary point. Since ¢, (x) > €, then
Proposition 2.1.10 implies that there exist Z € T°[u] and a minimizing geodesic
v [—e,e] = M with

(19) ~(0) ==
such that
(20) ’7([_855}) €1,

and such that

(21) u(y(t)) =u(z) +¢ for t € [—e,¢].
It follows from (21) and from Lemma 2.1.9 that

(22) L,(y(t) > e — |t for t € (—¢,¢).
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Since x € V, then |u(z) — to| < n/2 according to (18). Denoting t; = tg — u(x), we
have

(23) [t1] = [u(z) —to] <n/2 <e/2,

where 1 < ¢ according to the line before (13). From (21) and (23) we see that
u(y(t1)) = u(x) +t1 = to. From (22) and (23) it follows that £, (v(t1)) > /2 = «o.
Therefore,

(24) v(t1) € Straing,[u] N {zx € M; u(z) =to}.

Furthermore, z € V and hence d(z,p) < n/2 by (18). Since v is a unit speed
geodesic, then from (19) and (23),

(25) d(y(t1),p) < d(v(0),p) + [t1| = d(2,p) + ] <n/2+n0/2 = 1.

We learn from (13) and (25) that v(¢;) € U. From (8), (10) and (24), we thus
obtain that @(y(t1)) = u(y(t1)) = to. By using (15) and (24), we finally obtain
that

’y(tl) € Rp.

Note also that y(¢1) € Z, thanks to (20) and (23). We have thus found a point
v(t1) € ZN Ro, and hence ZN Ry # (). Recalling that Z € T°[u] we learn from (17)
that Z C R. Since x = v(0) € Z by (19) and (20), then = € R. However, x was an
arbitrary point in Strain.[u] NV, and hence the proof of (7) is complete. O

LEMMA 3.2.7. Letu : M — R satisfy ||ul|rip < 1. Then there exists a countable
family {R;}i=1,... 0o of disjoint ray clusters associated with w such that

(26) Strain[u] = G R;.

PROOF. In order to prove the lemma, it suffices to find ray clusters R C M

for i = 1,2,... which are not necessarily disjoint, such that
o0 ~
(27) Strain[u] C U R;.

i=1
IPdeed, any ray cluster R is automatically contained in Strain[u]. By setting R; =
R;\U;<;R; and using Lemma 3.2.3, we deduce (26) from (27). We thus focus on the

proof of (27). Recall from Section 2.1 that Strainfu] = |J,—, Strain ;,[u]. Hence, in
order to prove (27), it suffices to fix ¢ > 0 and to find ray clusters Ry, Ra, ... with

(28) Strain [u] C U R;.

i=1
Let us fix € > 0. We need to find ray clusters Ry, Ro,... satisfying (28). For
p € Strain[u] let us write V,. = V C M for the open set containing p that

is provided by Lemma 3.2.6. Then for any p € Strain.[u] there is a ray cluster
R =R, . C M such that

(29) Strain:[u) N Vpe C Ry ..
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Consider all open sets of the form V), . where p € Strain.[u]. This collection is an
open cover of Strain.[u]. Recall that M is second-countable, being a geodesically-
convex Riemannian manifold. Hence we may find an open sub-cover of Strain|u]

which is countable. That is, there exist points p1,pa,... € Strain[u] such that
(30) Straing[u] C U Vi e

i=1
From (29) and (30) we conclude that the ray clusters R; = R,, . satisfy (28), and
the lemma is proven. O

PrROOF OF PROPOSITION 3.2.1. In view of Lemma 3.2.2 and Lemma 3.2.7, all
that remains is to prove the following: For any ray cluster R C M with Ay (R) > 0,
there exist disjoint ray clusters of continuous length {R;}i=1,. .0, all contained in
R, such that

1) » (R\ ([‘j R)> “o

According to Remark 3.1.7, we may apply Proposition 3.1.5 for the ray cluster R.
Let B be the almost-line cluster that is provided by Remark 3.1.7 and Proposition
3.1.5, and let F, By, a,b be as in Proposition 3.1.5. The set By C R"! is a mea-
surable set, and a : By — [—00,0) and b : By — (0, +oc] are measurable functions.
By Luzin’s theorem from real analysis (e.g., [43, Section 1.4.3]), there exist disjoint

o-compact subsets Bék) C By for k=1,2,... such that

(32) An—1 (Bo\ <G B(()k)>> =0,
k=1

while for any k > 1, the functions a,|Bék) and b‘Bé’“’ are continuous. Here, \,_1 is
the Lebesgue measure on R"~!. From Proposition 3.1.5(i), the set Ry = f(Bo) is
a seed of a ray cluster, where f(y) = F(y,0) for y € By. Note that R*) := f(E(()k))
is a o-compact set for any k£ > 1, being the image of a o-compact set under a
continuous map. By the remark following Definition 3.1.3, the set R®) C Ry is a
seed of a ray cluster.

From our construction the functions a, = —a,(f(y)) and b, = B,(f(y)) are

continuous functions of y € Eék), for any &k > 1. From Proposition 3.1.5(i), the
function f~! is continuous on Ry, and therefore the functions a,, 8, are continuous
on R®) = f(B(()k)) for any k > 1. This shows that R%*) is actually a seed of
a ray cluster of continuous length. The function f is one-to-one, and therefore
RW R are pairwise-disjoint.

For k > 1, define Ry to be the union of all relative interiors of transport rays
intersecting R™) . The sets Ry, Ro, ... are pairwise-disjoint and are contained in R,
according to Proposition 3.1.5(ii). From Definition 3.1.4, the sets Ry, Ra,... are
ray clusters of continuous length, while Lemma 3.2.2 implies the measurability of
these sets. The desired relation (31) holds true in view of (32) and Proposition
3.1.5(iv). This completes the proof. |
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3.3. Needles and Ricci curvature
We begin this section with an addendum to Proposition 3.1.5.

LEMMA 3.3.1. We work under the notation and assumptions of Proposition
3.1.5. Let y = yo € By be a Lebesgue density point of By for which the conclusions
of Proposition 3.1.5(iii) hold true. Then either for all t € (ay,b,) the vectors

Jl(yat)7 sy Jn—l(yvt) € TF(y,t)M

are linearly independent, or else for all t € (ay,by), these vectors are linearly de-
pendent.

Proor. Fix Aq,...,\,_1 € R and denote

n—1
J(y,t) = Z Xidi(y,t) for t € (ay,by).
i=1

We would like to show that the set {t € (ay,b,); J(y,t) = 0} is an open set. Assume
that t; € (ay,b,) satisfies

(1) J(y,t1) = 0.

We need to prove that J(y,t) = 0 for ¢ in a small neighborhood of ¢;. To this end,
denote v = (A1,...,A\p—1) € R"7L. Since y € By is a Lebesgue density point of
Bo € R™ ! then there exists a Cl-curve v : (—1,1) — R"~! with v(0) = y and
4(0) = v, such that the set

I={se(-1,1); 7(s) € Bo}

has an accumulation point at zero. We are going to view ~ as a map from I to By,
and we will never use the values of v outside I. Thus, from now on when we write
4(0) = v, we actually mean that
—v(0
fim 28 =20
I125—0 S

We plan to apply the geometric lemma of Feldman and McCann, which is Lemma
2.4.1 above. Set

(2) p="F(y.t1) e M.
Let §; = 01(p) > 0 be the parameter provided by Lemma 2.4.1. Fix & > 0 with
(3) e< min{&l, by —t1,t1 — ay}.

Then a, < t; — ¢ while b, > t; +¢. Since B is a parallel line cluster, then the
functions a and b are continuous on By. Since « is continuous with (0) = y, then
for some 1 > 0,

(4) Ay(s) <t1—&, byy >t +e¢ for all s € IN(—n,n).
According to Proposition 3.1.5(iii) and the chain rule, for any t € (t1 — ¢, + ),
n—1
oF d
5 Jy,t) = N=—(y,t) = —F .t
5) 0= X (00 = ZFOG0|

where we only consider values s € I when computing the limit defining the deriv-
ative with respect to s. Note that the use of the chain rule is legitimate, as F' is
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differentiable at (y,t) while v(0) = y and 4(0) = v = (A1, ..., An—1). From (5), for
any t € (t; —e,t1 +¢€),

6 o= tm AFOODFOE.0) A0, FOs),0)

1350 || 1350 |s]

Fix 0<d <e. For s € (—m,n) NI and i = 0, 1,2 define
(7) B = Pyt + 06— 1), 5(s) = F(2(s), 1 +6(i — 1)),

The points xg, x1, T2, 20(s), 21(s), z2(s) € M are well-defined due to (3) and (4).
According to Proposition 3.1.5(ii),

(8) w(x;)=t1 4+ —1)+ro=mu(z(s)) fori=0,1,2, se IN(-n,n).

Recall that |lul|Lip < 1 and that ¢ — F(y,t) is a minimizing geodesic, as well as
t — F(y(s),t). We thus conclude from (7) and (8) that for any s € I'N(—n,n) and
i?j = 07 17 27

(9)  d(wi, ;) = d(2i(s), 2j(s)) = 0li = j| = |u(a:) — u(z;(s))| < d(ws, 2(s))-
Furthermore, since d(x;,21) < § < € for i = 0,1, 2, then thanks to (2) and (3),
(10) o, L1, T2 GBM(xlag):BM(p78) gBM(paél)

The map F is continuous, while v(s) — y as I 3 s — 0. Therefore, for i =
0,1,2 we have that z;(s) — x; as I 3 s — 0. From (10) we thus conclude that
20(8), z1(8), z2(s) € Bm(p, 61) for any s € I N (—7,7) for some 0 < 7j < 7. Thanks
to (9) we may apply Lemma 2.4.1 for the six points

To,L1,T2, ZO(S), 21(8)7 22(8) € BM (pa 61)a
when s € I N (—7,7). From the conclusion of Lemma 2.4.1,

d(zo, 20(8)) + d(x2, 22(5)) d(whzl(s)).

(11) lim sup < 20 - limsup

I35—0 |s| 1250 |s|
By using (6), (7) and (11) we obtain
(12) [T (y,tr = 0)| + [T (y, t1 + 0)| <20+ | J(y, t1)]-

However, 6 > 0 was an arbitrary number in (0,¢). From (1) and (12) we therefore
conclude that

[J(y,t)] =0 for all t € (t1 —¢e,t; +¢).

This completes the proof that the set {t € (ay,b,); J(y,t) = 0} is an open set. Since
J is a smooth Jacobi field, then this set is also closed. Therefore, either ¢ — J(y,t)
never vanishes on (ay,by), or else it is the zero function. In other words, for any

)\1,...,)\,1,1 G]R,

n—1 n—1
3t € (ay,by), Y Ndi(y,t) =0 = Vte(ayby), Y NJi(y,t) =0.
=1 =1

By linear algebra, either Jy(y,t),...,Jn—1(y,t) are linearly independent for all ¢ €
(ay, by), or else they are linearly dependent for all ¢t € (ay, b,). O
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Recall that (M, d, ) is an n-dimensional weighted Riemannian manifold which
is geodesically-convex. Recall also that A is the Riemannian volume measure on
the Riemannian manifold M. Let p : M — R be the smooth function for which

dp — _,

DEFINITION 3.3.2. A measure v on M is called a “Jacobi needle” of the weighted
Riemannian manifold (M, d, u) and the 1-Lipschitz function w : M — R if there
exist a non-empty interval (a,b) C R with a,b € RU{£oo}, a measure § on (a,b),
a minimizing geodesic 7y : (a,b) — M and Jacobi fields Jy(t), ..., Jn—1(t) along v
with the following properties:

(i) The measure v is the push-forward of 6 under the map ~.
(ii) Denote J, = . Then the measure 0 is absolutely-continuous in the interval

(a,b) C R, and its density is proportional to

tro OO fdet (1), Tu(D)) ...
(iii) There ezists t € (a,b) with
(14) (Ji(t),4(1)) = (Ji (1), ¥(t)) = 0 (i=1,...,n—1),
and
(15) (L), Tul6)) = (L), Ji(t) ik =1,...,n— 1)
(iv) FEither for allt € (a,b) the vectors
J1 (t)7 RV Jnfl(t) S T’y(t)M

are linearly independent, or else for all t € (a,b) these vectors are linearly
dependent.

(v) Denote A = (a,b) € R. Then the set y(A) is the relative interior of a
transport ray associated with u and

u(y(t)) =t for allt € A.

Assume that €1,€Qs,... are certain disjoint sets. Let v; be a measure defined
on Q; for i > 1. We may clearly consider the measure v = »._, v; defined on
Q =U;>19Q;. A subset A C Q is v-measurable if and only if AN, is v;-measurable
for any ¢ > 1.

Recall that T°[u] is a partition of Strain[u] and that 7 : Strain[u] — T°[u]
is the partition map, i.e., © € w(z) € T°[u] for any = € Strain[u]. According to
Lemma 2.1.7, for any = € Strain[u], the set 7(z) is the relative interior of the unique
transport ray containing z.

PROPOSITION 3.3.3. Let u : M — R satisfy ||ul|rip < 1. Then there exist a
measure v on T°[u] and a family {uz}zero) of measures on M, such that the
following hold true:

(i) If G C T°[u] is v-measurable then 7=1(G) C Strainlu] is a measurable subset
of M. For any measurable set A C M, the map T — uz(A) is well-defined
v-almost everywhere and is a v-measurable map.
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(i) For any measurable set A C M,

(16) w(A N Strainfu]) = / pz(A)dv(T).
T°[u]

(iii) For v-almost any T € T°[u], the measure pz is a Jacobi needle of (M, d, )
and u that is supported on T and it satisfies uz(M) > 0. Furthermore, the
interval A = (a,b) and the geodesic curve v from Definition 3.3.2 satisfy
Z=~(4).

PROOF. The measure p is assumed to be absolutely-continuous with respect to
Am. According to Proposition 3.2.1, there exist disjoint ray clusters of continuous
length {Ri}i:1,2,... with

(17) ] <Stmin[u] \ (U RZ>> =0.

Recall from Definition 3.1.4 and Lemma 3.2.2 that each ray cluster R; is a measur-
able set contained in Strain[u] of the form R; = Uzcg,Z for some subset S; C T°[u].
Fix 4 > 1. Let us apply Proposition 3.1.5 for R;, which is a ray cluster of con-
tinuous length. Proposition 3.1.5 provides us with a certain parallel line cluster
B C R" ! x R, a locally-Lipschitz, invertible map F : B — R;, and also with
vector fields

Jl(y7 t)a ey Jnfl(ya t)
Let J,, 70, Bo,ay, and b, be as in Proposition 3.1.5. Then for almost any Lebesgue
density point y € By, the vector fields Ji (y, ), ..., Jo—1(y, t) are well-defined Jacobi

fields along the entire geodesic t — F(y,t) for ¢t € (ay,b,). Consider the measure
on B whose density with respect to the Lebesgue measure on B is

(18) (1) = y/det (g, £), e D)) g

According to Proposition 3.1.5(iv) and Remark 3.1.6, the map F pushes forward
the measure whose density is given by (18) to the restriction of Arq to the ray
cluster R;. Next, consider the measure on B with density

(19) (y’ t) = eip(F(th)) ’ \/det (<Jf(y7 t)a Jk (ya t)>)l,k:1,...,n'

Glancing at (13), we see that the map F' pushes forward the measure whose density
is given by (19) to the restriction of u to R;. From Proposition 3.1.5(ii), for any
y € By there exists Z(y) € T°[u] such that

I(y) = {F(y,t); ay <t <by}.

Furthermore, Z(y) C R;, and since F is invertible then Z(y1)NZ(y2) = 0 for y1 # ya.
By Proposition 3.1.5(ii), for all y € By the map ¢t — F(y, t) is a minimizing geodesic.
Define the measure

fiz(y)
to be the push-forward under the map ¢ — F(y, t) of the measure on (ay, b,) whose
density is given by

=1,...,
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Then fiz(,) is a well-defined measure supported on Z(y) for almost any y € Bo.
Recall that the map F pushes forward the measure whose density is given by (19)
to the restriction of p to R;. By Fubini’s theorem, for any measurable set A C R;,

(20) n(A) = [ Ay = [z (),

where iz, = e‘y‘ﬁz(y). (The e~ ¥l factor in (20) might seem artificial, the inte-
grability of e~1¥! will shortly imply that a certain measure v; is a finite measure).
Denote

(21) By = {y € Bo; piz(y)(M) >0},

which is a measurable subset of By C R®~!. Define the measure v; to be the push-
forward under the map y — Z(y) of the measure on By whose density is y — e~ ¥l
Then v; is a finite measure supported on T°[u]. In fact, v; is supported on S; C T°[u]
since Z(y) € S; for all y € By. From (20) and (21), for any measurable set A C M,

(22) wANR;) = /s pr(AN R;)dy;(T) = /s pz(A)dv;(T).

Furthermore, puz(M) > 0 for v;-almost any Z € S;, by the definition of Bo. Recall
that when we push-forward a measure, we also push-forward its o-algebra. There-
fore if a subset G C S; is v;-measurable, then {y € By; Z(y) € G} is a measurable
subset of By. Since B is a parallel line cluster, also {(y,t) € B; y € By, Z(y) € G}
is measurable in R”~! x R. The image of the latter measurable set under F equals
77 HG), up to a set of Ays-measure zero. Since F is locally-Lipschitz, then 77 1(G)
is a measurable subset of Strain[u|, whenever G C S; is v;-measurable.

Let us show that pz is a Jacobi needle for v;-almost any Z € S;. Since pz is
proportional to fiz, it suffices to prove that iz, is a Jacobi needle for almost any
y € By. Properties (i) and (ii) from Definition 3.3.2 hold by the definition of AT (y)s
where we set

J’L(t) = Jz(y,t - TO)) P)/(t) = F(yvt - 7A())v a4 = Gy +T07 b= by + 70.

Property (v) follows from Proposition 3.1.5(ii). We deduce property (iii) of Def-
inition 3.3.2 (with ¢ = rg) from Proposition 3.1.5(iii). Property (iv) follows from
Lemma 3.3.1. Note also that setting A = (a,b) we have

(23) Z(y) = v(A).

Hence fiz(,) is a Jacobi needle supported on Z(y) for almost any y € By, and
consequently u7 is a Jacobi needle supported on 7 for v;-almost any Z € .S;. Write
S; C S; for the collection of all Z € S; for which ur is a Jacobi needle supported on
T with pz(M) > 0. Then 14(S; \ S;) = 0. For completeness, let us redefine p7 = 0
for Z € S;\ S;. Note that (22) still holds true for any measurable set A C M, since
we altered the definition of pz only on a v;-null set.

To summarize, we found a family of measures {uz}zes, such that (22) holds
true for any measurable set A C M. We now let ¢ vary. Since the ray clusters
{R;}i=12,.. are disjoint, then Si,Ss,... C T°[u] are also disjoint. Denoting v =
>, Vi, we deduce (16) from (17) and (22). This completes the proof of (ii), and
also of the second assertion in (i). Furthermore, for v-almost any Z € T°[u], we
have that Z € S; for some i, and the measure pz is a Jacobi needle supported
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on Z with uz(M) > 0. It thus follows from (23) that conclusion (iii) holds true.
Note that if a subset G C T°[u] is v-measurable, then G N S; is v;-measurable for
any i, and hence 771(G' N S;) C R; is measurable in M. Consequently 7~ 1(G) is
Anm-measurable whenever G C T°[u] is v-measurable. This completes the proof of
(i). The proposition is therefore proven. |

Recall from Section 1 the definition of the generalized Ricci tensor Ric, n of
the weighted Riemannian manifold (M, d, p).

DEFINITION 3.3.4. Let n > 2 and let (M,d, n) be an n-dimensional weighted
Riemannian manifold. We say that a measure v on the Riemannian manifold M is
a “Ricci needle” if there exist a non-empty, open interval A C R, a smooth function
¥ : A — R and a minimizing geodesic v : A — M such that:

(i) Denote by 0 the measure on A C R whose density with respect to the Lebesgue
measure is e~Y. Then v is the push-forward of 6 under the map .
(i) For any N € (—o0,1) U [n,400], the following inequality holds in the entire
interval A:
(V)2

N-1
where in the case N = oo, we interpret the term (V)2 /(N — 1) as zero.

\IIH Z Ricu,N(’%;)/) +

The following proposition asserts that any Jacobi needle in the sense of Defi-
nition 3.3.2 which is not the zero measure is in fact a Ricci needle.

PROPOSITION 3.3.5. Let n > 2,N € (—o0,1) U [n,+o0] and let (M,d,pn) be
an n-dimensional weighted Riemannian manifold which is geodesically-convex. Let
u: M — R satisfy ||ullrip < 1. Let v be a Jacobi needle of (M, d, ) and u. Then
either v is the zero measure, or else v is a Ricci needle.

The proof of Proposition 3.3.5 boils down to a classical estimate in Riemannian
geometry from Heintze and Karcher [30] that was generalized to the case of weighted
Riemannian manifolds by Bayle [5, Appendix E.1] and by Morgan [39]. According
to Gromov [26], the estimate stems from the work of Paul Levy on the isoperimetric
inequality in 1919. We begin the proof of Proposition 3.3.5 with the following trivial
lemma:

LEMMA 3.3.6. Let a,b € R with b > 0 and a & [-b,0]. Then,

(z,y € R).

a? y? (2 —y)? 1 b o a
— 4= = - 2 “y*) >0
a b a+b a—i—b(ag3 +oy y)_ ’

whenever b > 0 and a & [, 0]. O

Let us recall the familiar formulas for differentiating a determinant. If A; is an
invertible n x n matrix that depends smoothly on ¢ € R, then

(24) %log |det(As)| = Trace[At_1 'At],
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and
d? o 12
(25) 5 log|det(Ay)| = Trace[A; " - Ay] — Trace (At -At) .
PROOF OF PROPOSITION 3.3.5. Let v be a Jacobi needle of (M, d, ) and w.
We may assume that v is not the zero measure. Let a,b,0,v and Jy,...,J,—1 be
as in Definition 3.3.2. For ¢t € (a,b) denote
(26) F(t) = e OO fdet (Jilt), Jk(t)), it

where J, = 4. According to Definition 3.3.2(ii), the density of the measure 6
on (a,b) C R is proportional to the function f. We will prove that the smooth
function f is positive in (a, b), and that for any N € (—o0,1)U[n, +o0], the function
U := —log f satisfies

(v)?

N-1’

where in the case N = +o00 we interpret the term (¥’)?/(N —1) as zero. Comparing
Definition 3.3.4 of Ricci needles and Definition 3.3.2 of Jacobi needles, we see that
the proposition would follow from (27). The rest of the proof is therefore devoted
to establishing (27). The Jacobi fields Ji, ..., J,—1 satisfy the Jacobi equation:

(27) " > Ricu,n (¥,%) +

(28) JI(t) = R(Y(t), J; ()5 (t) for t € (a,b),i=1,...,n—1.
Since 7 is a geodesic then V+4 =0, and for any i =1,...,n — 1 and ¢t € (a,b),
d . /. d2 . 1.

dt dt?
From (28) and the symmetries of the Riemann curvature tensor we deduce that
(J!",4) = 0. Therefore (J;(t),4(t)) is an affine function of ¢ € (a,b). It thus follows
from (14) and (29) that for any ¢ € (a, b),

(30) Jl(t)vajn—l(t) J-’Y(t)
From (26) and (30) we obtain

(31) F(E) = e OO fdet (Jilt), Jk(t)),por,..oo1-

(The indices run only up to n — 1, as 4 = J, is a unit vector orthogonal to
J1y. .y Jn—1). Since 6 is not the zero measure, there exists t; € (a,b) for which
f(t1) # 0. From (31) we learn that the vectors

J1 (t1>7 RV Jn,1<t1) € Ty(t)M

are linearly independent. By Definition 3.3.2(iv), the vectors Ji (1), ..., Jo—1(t) are
linearly independent for all ¢ € (a,b). Hence, (31) yields

(32) vt € (a,b), f(t) >0.

From the Jacobi equation (28), for any ¢ € (a,b) and i,k =1,...,n— 1,
(33)

% (i ) = (T Ti)) = (I Je) = (T T ) = (R(3, i)Y, Ti) = (i R(Y, Ji)y) = 0,

by the symmetries of the Riemann curvature tensor. By using (15) and (33) we
deduce that in the entire interval (a,b) C R,

(34) (JI, Iy = (Ji, J}.) fori,k=1,...,n.
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Let Gy = (G¢(%,k))s k=1,....n—1 be the symmetric, positive-definite (n —1) x (n — 1)
matrix whose entries are G¢(4, k) = (J;(t), Jx(t)). According to (31) and (32), the
function ¥ = —log f satisfies,

1
(35) U(t) = p(v(t)) — 3 log det G for t € (a,b).
Denote H(t) = #(t)* C Ts)M, the orthogonal complement to the vector +(t).
From (29) and (30),
(36) Ji(t), Ji(t) € H(t) forallt € (a,b),i=1,...,n—1.

For any t € (a,b) the linearly-independent vectors Jy(t),. .., J,—1(t) € H(t) consti-
tute a basis of the (n — 1)-dimensional space H(t). In view of (36), we may define
an (n —1) x (n — 1) matrix A; = (A¢(i,k))ik=1,....n—1 by requiring that

n—1
(37) T =" Au(i, k) Ji(t) for t € (a,b),i=1,...,n—1.
k=1

Recall that G(i, k) = (J;(¢), J(t)). From (34) and (37), for any ¢ € (a,b),
Gilis k) = (Ji, Ji) + (Jiy Ty = 2077, k)

n—1 n—1
=2 <Z A (i, 0)Jy, Jk> =23 A(i, O)Gi(L, k).

/=1 =1

Equivalently, Gy = 24,G,. Since G, is a symmetric matrix then also A;G; = Gt/2
is a symmetric matrix. Since G is a positive-definite matrix, then from (24),

d .
(38) 7 log det(Gy) = Trace [Gt_th} = 2Trace [Gt_lAth} = 2Trace[Aq].

As for the second derivative, we use (37) and the Jacobi equation (28) and obtain,

(39) Gt(lvk) = <Jz{/’Jk>+2<Jz’/’Jl::> +<Jllclaji>
n—1
= 2(R(Y, J)A, Je) +2 Y Ar(i, 0) Ar(k,m) Gy (€, m)
£m=1
where we used the symmetries of the Riemann curvature tensor in the last passage.
Recall that Ricaq(%,7) is the trace of the linear transformation V +— —R(%, V)7 in
the linear space H(t). By linear algebra, (39) entails that

(40) Trace [G;lét} = —2Ricpm(¥(t), 4(t)) + Trace [2G; ' A7 Gy]

where we used the fact tha't AiGLA; = Ay (AGy)* = A2G, in the last passage, as
A;Gy is symmetric. Since Gy = 2A4;Gy then from (25) and (40),

2

(41) p7e] log det(Gy) = —2Rica(5(t), ¥(t)) + 2 Trace [A7] — 4 Trace [Gt_lAfGt] .
Applying (35) and (38) yields

(42) W' (t) = D51 p — Trace[Aq].

Since v is a geodesic, the equations (35) and (41) lead to
(43) W () = Hessy(Y(t),5(8)) + Ricp (¥(t), (1)) + Trace [A7] .
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We will now utilize the definition of the generalized Ricci tensor with parameter
N. From (43), for any N € (—o0, 1) U [n, +00],

(6&(15)0)2

W(t) 2 Ric,w (5(6),9(0) + e

+ Trace [A7],

where in the case where N = oo we interpret the term (9s)p)?/(N — n) as zero.
In the case where N = n, we require p to be a constant function and the latter
term is again interpreted as zero. The matrix G't = 2A;G; is symmetric, and
hence Gt_l/QAthl/2 is also symmetric. Thus the (n — 1) x (n — 1) matrix A; is
conjugate to a symmetric matrix and consequently it has n — 1 real eigenvalues,
repeated according to their multiplicity. The Cauchy-Schwartz inequality yields
[Trace(A;)]” < (n — 1) Trace[A2]. Therefore, for any t € (a,b) and N € (—o0,1) U
[n, +00],

(D50yp)? N (Trace[A;))?
N —n n—1 )

In the case where N = oo or N = n, we deduce (27) from (42) and (44). Otherwise,
we have N € R\ [1,n] and from (44) and Lemma 3.3.6,

(44) W (t) > Ricun (5(1), (1)) +

(O56)p — Trace[A4])?

(45) V(1) > Rie, n (3(0),5(1)) + O
From (42) and (45) we conclude that (27) holds true for any t € (a,b) and N €
(—00,1) U [n,+0o0]. The proof of the proposition is complete. O

ExXAMPLE 3.3.7. Consider the example where p = Const and where M C R"
is an open, convex set. Equations (42) and (43) along with simple manipulations
show that in this case,

(46) U'(t) = — Trace[Aq], U"(t) = Trace[A?]  and A, = —AZ.

The eigenvalues of A; may be viewed as “principal curvatures” or as “eigenvalues
of the second fundamental form” of a level set of u. Solving (46), we see that the
density f(t) = e~ Y is proportional to the function

k
(47) te ]I Al for ¢ € (a,b),
1=1

where k <n —1and Ay,...,A\x € R\ (a,b) are some numbers. An empty product
is defined to be one. We learn from (47) that the positive function f : (a,b) — R is
a polynomial of degree at most n — 1, all of whose roots lie in R\ (a, b).

THEOREM 3.3.8. Let n > 2 and assume that (M,d, ) is an n-dimensional
weighted Riemannian manifold which is geodesically-conver. Let u : M — R satisfy
llullLip < 1. Then there exist a measure v on the set T°[u] and a family {uz}zeroq
of measures on M such that:

(i) For any Lebesgue-measurable set A C M, the map T — uz(A) is well-defined
v-almost everywhere and is a v-measurable map. When a subset S C T°[u]
is v-measurable then m=*(S) C Strain[u] is a measurable subset of M, where
7 1 Strain[u] — T°[u] is the partition map.
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(i) For any Lebesgue-measurable set A C M,

(AN Strainfu]) = / pr(A)dv(T).
T°[u]
(iii) For v-almost any T € T°[u], the measure uz is a Ricci needle supported on
T C M. Furthermore, the set A C R and the minimizing geodesicy : A — M
from Definition 3.3.4 may be selected so that T = vy(A) and so that

u(y(t) =t for all t € A.

PRrOOF. Apply Proposition 3.3.3 to obtain certain measures v and {7 }ze7o[u]-
Applying Proposition 3.3.3(iii) and Proposition 3.3.5, we learn that puz is a Ricci
needle supported on Z for v-almost any Z € T°[u]. Together with Definition
3.3.2(v), this proves conclusion (iii). Conclusions (i) and (ii) follow from Proposition
3.3.3(i) and Proposition 3.3.3(ii), respectively. O

PrROOF OF THEOREM 1.4. Recall from Section 1 that the weighted Riemann-
ian manifold (M, d, ) satisfies the curvature-dimension condition CD(k, N) when
Ric, n(v,v) > K for any p € M,v € T,M, |v| =1.

Glancing at Definition 1.1 and Definition 3.3.4, we see that under the curvature-
dimension condition CD(k, N), any Ricci needle is in fact a CD(k, N)-needle. The
theorem thus follows from Theorem 3.3.8. (]



CHAPTER 4

The Monge-Kantorovich problem

In this section we prove Theorem 1.5, following the approach of Evans and
Gangbo [21]. We assume that (M, d, 1) is an n-dimensional, geodesically-convex,
weighted Riemannian manifold of class CD(k, N), where n > 2,k € R and N €
(—00,1) U [n,+0o0]. Suppose that f: M — R is a p-integrable function with

/M fdp=0.

Assume also that there exists a point zg € M with
1) [ @) dao. 2)dnta) < .

It follows from (1) that for any 1-Lipschitz function v : M — R,

J vl < oteo) [ 1+ [ 150 2dut) < .

as |v(z)| < |v(xo)| + d(xg, x) for all x € M. Conclusion (A) of Theorem 1.5 follows
from the following standard lemma:

LEMMA 4.1. There exists a 1-Lipschitz function u : M — R with

[ s :sup{/ ofdis v M R, o]l < 1}-
M M

PROOF. Recall that (M,d) is a locally-compact, separable, metric space (see,
e.g., Section 2.1). For k =1,2,... let vy : M — R be a 1-Lipschitz function such
that

/kad,uk2>o sup /vfd,u.
M M

lvllzip<1

Since fM fdu = 0, then we may add a constant to vy and assume that vy (z) = 0 for
all k. By the Arzela-Ascoli theorem, there exists a subsequence v, that converges
locally-uniformly to a 1-Lipschitz function v : M — R with u(x¢) = 0. Since
lvg(z)| < d(xg,z) for all z € M and k > 1, then we may apply the dominated
convergence theorem thanks to (1). We conclude that

/ufd,u:_lim/ vk, fdp = sup /vfdu,
M oo I Mm lvllLip<1JM

and the lemma is proven. [

54
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The maximization problem in Lemma, 4.1 is dual to the L'-Monge-Kantorovich
problem in the theory of optimal transportation. For information about the Monge-
Kantorovich L'-transportation problem, we refer the reader to the book by Kan-
torovich and Akilov [32, Section VIII.4] and to the papers by Ambrosio [1], Evans
and Gangbo [21] and Gangbo [25].

Most of the remainder of this section is devoted to the proof of conclusions (B)
and (C) of Theorem 1.5. To that end, let us fix a 1-Lipschitz function v : M — R
such that

(2) /ufdu: sup /vfdu.
M lv]|Lip<1 I M

Recall the definition of a transport ray from Section 2.1. The set T'[u] is the
collection of all transport rays associated with . From the definition of a transport
ray, for any x,y € M,

lu(z) — uly)| = d(x,y) — A7 € Tul, z,y € T.
A transport ray is called degenerate when it is a singleton. By the maximality
property of transport rays (see Definition 2.1.2), for any z € M,

{z} eT] <= VoFyeM, |uy)—ul)| <d(z,y).
Define Loose[u] C M to be the union of all degenerate transport rays associated
with u. Thus,
Loose[u] = {x € M; {z} € T[u]}.

By the maximality property of transport rays, for any Z € T[u],
(3) T N Loose[u] # 0 = dz € Loose[u], T = {x}.

From Lemma 2.1.3, any transport ray Z € T[u] is a minimizing geodesic. The
relative interior of Z € T'[u] is empty if and only if Z is a singleton. Recall from
Lemma 2.1.11 that 7°[u] is the collection of all relative interiors of non-degenerate
transport rays associated with u, while

(4) Strain[u] = U 7.
ZeT° [u]
It follows from (3) and (4) that
Strainu] N Loose[u] = (.
Finally, let us set Ends[u] = M\ (Loose[u] U Strain[u]). Thus, Strain[u], Ends|u]
and Loose[u] are three disjoint sets whose union equals M.

LEMMA 4.2. p(Ends[u]) = A (Ends[u]) = 0.

PRrROOF. Recall from Section 3.1 that for a subset A C M, we define Ends(A) C
M to be the union of all relative boundaries of transport rays intersecting A. We
claim that

(5) Ends[u] C Ends (Strain[u]) .

Indeed, if € Ends[u], then {z} is not a transport ray as x ¢ Loose[u]. From
Definition 2.1.2, there exists a non-degenerate transport ray Z € T'[u] that contains
x. Since x ¢ Strain[u], then the point z € Z does not belong to the relative
interior of Z. Consequently, x belongs to the relative boundary of Z. Since the
relative interior of Z is non-empty, then Z N Strain[u] # @ and consequently z €
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Ends (Strain[u]). Thus (5) is proven. Next, according to Lemma 3.2.7, there exist
ray clusters Ry, Ra, ... such that Strain[u] = U; R;. Hence,

(6) Ends(Strainju]) = U Ends(R;).

However, Lemma 3.1.8 asserts that Ay (Ends(R;)) = 0 for any 7 > 1. Consequently,
from (5) and (6),
Am (Endslu]) = 0.
Since p is absolutely-continuous with respect to Ay4, the lemma is proven. [
The following lemma, just like our entire proof of conclusion (B), is similar to

the mass balance lemma of Evans and Gangbo [21, Lemma 5.1]. For a set K we
write 1x for the function that equals one on K and vanishes elsewhere.

LEMMA 4.3. Let K C M be a compact set. For § > 0 denote
(7) us(r) = inf fu(y) +d(z,y) =6 1k (y)] for xz e M.

Let A C M be the union of all transport rays T € T[u] that intersect K. Then there
exists a function v : M — [0,1] such that

ule) —us(z) 0 zeM\A
(8) Jim ———— = v(lrf) igé\ff

Moreover, for any © € M and 6 > 0 we have that 0 < u(z) — us(z) < 4.
PROOF. Since ||u||rip < 1 then for all z € M,
(9) us(z) = inf [u(y) +d(z,y) —d-1k(y)] > inf [u(y) +d(z,y)] -5 > u(z)—4.
yeM yeEM

The “Moreover” part of the lemma follows from (9) and from the simple inequality
us(x) < u(z). For any z,y € M we have that u(x) — u(y) — d(z,y) < 0 as u is
1-Lipschitz. Therefore, for any x € M, the function

5 yeM (S

+1x(y)

is non-decreasing in § > 0. Hence the limit in (8) exists and belongs to [0, 1] for all
x € M. Next, fix a point £ € M\ A. Then for any y € K, the points z and y do
not belong to the same transport ray. Therefore |u(z) — u(y)| < d(x,y) and hence
u(y) + d(z,y) > u(x) for any y € K. By the compactness of K, there exists §, > 0
such that
(10) inf [u(y) +d(z,y)] = min [u(y) + d(z, y)] > u(z) + b

yeK yeK
Since u is 1-Lipschitz, then u(y)+d(x,y) > u(x) for all y € M. Consequently, from
(7) and (10),

ug(x) = u(x) when 0 < § < J;.

This proves (8) in the case where x € M\ A. Consider now the case where x € K.
Then,

(1) us(z) = Jnf [u(y) + d(x,y) =6 - 1k (y)] < u(@) +d(z,2) — 6 = u(x) — 6.

From (9) and (11) we learn that us(z) = u(x) — § for any € K and 6 > 0. This
proves (8) for the case where = € K. O



4. THE MONGE-KANTOROVICH PROBLEM 57

Following Evans and Gangbo [21, Lemma 5.1], we say that a measurable subset
A C M is a transport set associated with w if for any x € A\ Ends[u] and Z € T[u],
(12) rel = TICA

In other words, a transport set A is a measurable set that contains all transport
rays intersecting A \ Ends[u].

LEMMA 4.4. Let A C M be a transport set associated with uw. Then,
/ fdp > 0.
A

PROOF. It suffices to prove that fA fdp > —e for any € > 0. To this end, let us
fix e > 0. According to Lemma 4.2, the set Ends[u] is of y-measure zero. Therefore,

(13) [ ldn= [ 1fldu <.
A\ Ends[u] A

Since p is a Radon measure, it follows from (13) that there exists a compact K C
A\ Ends[u] such that

(14) /A\K [fldp < e.

For 6 > 0 we define us : M — R as in (7). Then w; is a 1-Lipschitz function, since
it is the infimum of a family of 1-Lipschitz functions. From (2),

)
For k =1,2,... denote

(15) / u_ué-f-d,uZO for all § > 0.
M

u(w) — uq ()
1/k
From the “Moreover” part of Lemma 4.3 we know that 0 < vg(x) < 1 for all z € M

and k > 1. According to Lemma 4.3, there exists a function v : M — [0, 1] such
that vi(x) — v(z) for all z € M. Furthermore, by (8),

(16) v(x){? reMA

vg(z) = (x e M).

where we used the fact that A is a transport set and hence A contains all transport
rays intersecting K C A\ Ends[u]. Since f is p-integrable and |vg(z)| < 1 for all
k and x, then we may use the dominated convergence theorem and conclude from
(15) and (16) that

(17) 0§/ kadukjf/ vfdu:/vfd,u:/ vfdqu/ fdu.
M A A\K K
Since v(x) € [0,1] for all z € M, then according to (14) and (17),

/fdu>/fdu—e> /vad,u—sz—/A\Kﬂd,u—e>—2e,

and the lemma is proven. (I
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COROLLARY 4.5. Let A C M be a transport set associated with u. Then,
/ fdu=0.
A

PRrROOF. In view of Lemma 4.4 we only need to prove that fA fdu < 0. Note
that the supremum of [ v(—f)du over all 1-Lipschitz functions v is attained for
v = —u. Furthermore, T[u] = T[—u] and Ends[u] = Ends[—u]. Therefore A is
also a transport set associated with —u. We may therefore apply Lemma 4.4 with
f replaced by —f and with u replaced by —u. By the conclusion of Lemma 4.4,
J4(=f)dp >0, and the corollary is proven. O

Recall that T°[u] is a partition of Strain[u], and that 7 : Strain[u] — T°[u] is
the partition map, i.e., z € w(x) € T°[u] for all x € Strain[u].

LEMMA 4.6. Let S C T°[u]. Assume that m=*(S) C Strain[u] is a measurable

subset of M. Then,
/ fdp =0.
7= 1(S)

PROOF. Recall that Strain[u], Loose[u] and Ends[u] are three disjoint sets whose
union equals M. In view of Lemma 4.2 and Corollary 4.5, it suffices to show that
there exists a transport set A C M with

(18) mHS)C A and A\ 77H(S) C Ends[u).

Any J € T°[u] is the relative interior of a non-degenerate transport ray. Since
transport rays are closed sets, it follows from Lemma 2.1.3 that the closure J of
any J € T°[u] is a transport ray. We claim that for any J € T°[u],

(19) T\ T C M\ (Loose|u] U Strain[u]) = Ends[u].

Indeed, it follows from (3) that J is contained in M\ Loose[u] since it is a transport
ray whose relative interior is non-empty. Any point x € J belonging to Strain[u]
must lie in 7, according to Lemma 2.1.7. Hence J \ J is disjoint from Strain|u],
and (19) is proven. Denote

(20) A= U 7.
Jes
Clearly A2 g J = (S). It follows from (19) that

(21)  A\THS) = { U J} \{ U J} c |J@\T) C Endslu).

Jes Jes JeSs
Now (18) follows from (21) and from the fact that A 2 |J,.qJ = 7~ '(S). All
that remains is to show that A C M is a transport set. Since 771(.9) is assumed to
be measurable and Endsfu] is a null set, then the measurability of A follows from
(18). In order to prove condition (12) and conclude that A is a transport set, we
choose z € A\ Ends[u] and Z € T'[u] with

(22) x el

Since € A\ Ends[u], then necessarily = € 7=1(5) C Strain[u] according to (21).
Denote by J the relative interior of the transport ray Z. From (22) and Lemma
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2.1.7 we deduce that Z is the unique transport ray containing x, and that z € J.
Since x € 7~1(S), we learn that J € S. From (20) we conclude that Z = J C A.
We have thus verified condition (12) and proved that A is a transport set associated
with . The lemma is proven. [

PRrROOF OF THEOREM 1.5(B). The set Strain[u] is measurable, as follows from
Lemma 2.1.12. We would like to show that

(23) flz)=0 for p-almost any point z € M \ Strain|u].

We learn from (3) and from the definition (12) that any measurable set S C Loose[u]
is a transport set associated with u. From Corollary 4.5, for any measurable set

S C Loose[u],
/ fdp=0.
S

This implies that f vanishes p-almost everywhere in Loose[u]. Recall that M \
Strain[u] = Loose[u] U Ends[u]. In view of Lemma 4.2, we conclude (23).

Next, let v and {7 }zero[,) be measures on T°[u] and M, respectively, satisfy-
ing conclusions (i), (ii) and (iii) of Theorem 1.4. Thus, for v-almost any Z € T°[u],
the measure pz is a CD(k, N)-needle supported on Z. Additionally, for any mea-
surable set A C M,

(24) w(A N Strainfu]) = /To[ ]/J,I(A)dV(I)7

and in particular, the map Z — puz(A) is v-measurable. It follows from (24) that
for any p-integrable function g : M — R,

(25) / = /. . ([aterturto)) aviz)

In order to complete the proof, we need to show that
(26) / fduzr =0 for v-almost any Z € T°[u].
I

Since f is p-integrable, from (25) the map Z — fI fduz is v-integrable, and in
particular, it is well-defined for v-almost any Z € T°[u]. The desired conclusion
(26) would follow once we show that for any v-measurable subset S C T°[u],

(27) /3 ( /Z fd,uz) dv(T) = 0.

Thus, let us fix a v-measurable subset S C T°[u]. From Theorem 1.4(i), the set
7~ 1(S) is a measurable subset of M. According to Lemma 4.6,

28 0= dp = - du(z).
(28) L= [ 1@ s @)
By using (25) and (28),

0= /S o Pl /T y ( / fduz) (T / ( / fduz) (T

Recalling that S C T°[u] was an arbitrary v-measurable set, we see that (27) is
proven. The proof is complete. ([
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PROOF OF THEOREM 1.2. From Theorem 1.4, Theorem 1.5(A) and Theorem
1.5(B) we obtain a 1-Lipschitz function v : M — R, a certain measure v on
T°[u] and a family of measures {{iz}zeror,) on the manifold M. We make the
following formal manipulations: Let €2 be the partition of M obtained by adding
the singletons {{z}; z € M\ Strain[u]} to the partition T°[u] of Strain[u]. Let ©
be the push-forward of p| s\ Strainu) Under the map x — {z} to the set 2. Define

V1 =v+7,

a measure on €. Finally, for x € M\ Strainfu] write p(,y for Dirac’s delta measure
at x. From Theorem 1.4, for any measurable subset A C M,

w(A) = p(A N Strainfu]) + (A \ Strainfu])
— [ i@ [ dute) = [ pa)in @,
T°[u] M\ Strainfu] Q

Thus conclusion (i) holds true with v replaced by v;. For vi-almost any Z € Q, we
have that either 7 is a singleton, or else Z is the relative interior of a transport ray
on which the CD(k, N)-needle p7 is supported. We have thus verified conclusion
(ii). Theorem 1.5(B) shows that f vanishes almost everywhere in M \ Strain[u].
Conclusion (iii) thus follows from Theorem 1.5(B). O

PrROOF OF THEOREM 1.5(C). This follows from Theorem 1.4(iii) and the pre-
vious proof. O

COROLLARY 4.7 (“Uniqueness of maximizer”). Suppose that (M,d, u) is an n-
dimensional, geodesically-convez, weighted Riemannian manifold. Let f : M — R
be a p-integrable function with fM fdp =0, and assume that there exists xo € M
with [, d(zo, )| f(x)|du(x) < +oo0. Assume furthermore that

(29) p({z € M; f(z) =0}) =0.
Let uy,us : M — R be 1-Lipschitz functions with

(30) / uy fdp = / ug fdp = Sup{/ ufdp; u: M = R, |ul|lLip < 1} .
M M M
Then uy — us s a constant function.

PrOOF. A 1-Lipschitz function u : M — R for which the supremum in (30)
is attained is called here a mazimizer. According to (29) and Theorem 1.5(B), the
set M\ Strain[u] is a Lebesgue-null set for any maximizer u. From Lemma 2.1.6
we deduce that for any maximizer u : M — R,

|[Vu(z)| =1 for almost any = € M.

Suppose now that u; and us are two maximizers. Then also (u; + u2)/2 is a

maximizer. Therefore for almost any x € M,

Vuy(z) + Vug(z)
2

Consequently Vu; = Vus almost everywhere, and hence u; — uy = Const. O

=1.

[Vu ()] = [Vus(z)] =

The CD(k, N) curvature-dimension condition was used in our argument only
in order to deduce that Ricci needles are C'D(k, N)-needles. The “Ricci needle”
variant of Theorem 1.4 is rendered as Theorem 3.3.8 above. Next we formulate the
corresponding variant of Theorem 1.5:
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THEOREM 4.8. Let n > 2 and assume that (M,d,n) is an n-dimensional
weighted Riemannian manifold which is geodesically-convex. Let f : M — R be
a p-integrable function with fM fdp =0. Assume that there exists a point xqg € M
with [, |f(x)| - d(zo, x)du(x) < co. Then,

(A) There exists a 1-Lipschitz function u : M — R such that

/ufdu: sup /vfdu.
M vllLip<1JM

(B) For any such function u, the function f wvanishes p-almost everywhere in
M\ Strainfu]. Furthermore, let v and {jz}zero[u) be measures on T°[u] and
M, respectively, satisfying conclusions (i), (i) and (iii) of Theorem 3.3.8.
Then for v-almost any T € T°u],

/I fduz = 0.

The proof of Theorem 4.8 is almost identical to the proof of Theorem 1.5.
The only difference is that one needs to appeal to Theorem 3.3.8 rather than to
Theorem 1.4 rather than, and to replace the words “C'D(k, N)-needle” by “Ricci
needle” throughout the proof.

REMARK 4.9. Similarly, Theorem 1.2 and Theorem 1.3 remain valid without
the CD(k, N)-assumption, yet one has to replace the words “C'D(k, N)-needle” by
“Ricci needle”.



CHAPTER 5

Some applications

One-dimensional log-concave needles are quite well-understood. Theorem 1.2
allows us to reduce certain questions pertaining to Riemannian manifolds whose
Ricci curvature is non-negative, to analogous questions for one-dimensional log-
concave needles.

5.1. The inequalities of Buser, Ledoux and E. Milman

Let M be a Riemannian manifold with distance function d. For a subset S C M
and ¢ > 0 denote

e = §'f ) )
S, {xe./\/l ;Ielsd(l‘ y)<£}

the e-neighborhood of the set S. The next proposition was proven by E. Milman
[38], improving upon earlier results by Buser [12] and by Ledoux [33]:

PROPOSITION 5.1.1. Let n > 2,R > 0. Assume that (M,d,p) is an n-
dimensional weighted Riemannian manifold of class CD(0, 00) which is geodesically-
convex with w(M) = 1. Assume that for any 1-Lipschitz function u: M — R,

(1) inf / lu(z) — aldp(z) < R.
a€cR M
Then for any measurable set S C M and 0 < e < R,

€
HS\8) > e 55 p(S) - (1 - u(S))
where ¢ > 0 is a universal constant.

It is well-known that the optimal choice of a in (1) is the median of the function
u. The expectation E = [ v udp is also a reasonable choice for the parameter a,
since fM |u— E|du is at most twice as large as the actual infimum in (1). We begin
the proof of Proposition 5.1.1 with the following standard estimate from the theory
of one-dimensional log-concave measures:

LEMMA 5.1.2. Let R > 0, let A C R be a non-empty, open interval, let W :
A — R be a convex function with fA e~ < o0, and let 1) be the measure supported
on A whose density is e=V. Suppose that R = [, |t|dn(t)/n(R). Then for any
0<t<1,0<e<2R and a measurable subset S C R,

€
(2) n(S) =t-n(R) = n(Ss\S)ZC-E-t(l—L‘)-n(R%
where ¢ > 0 is a universal constant.

PrROOF. We may add a constant to ¥ and stipulate that n(R) = 1. We may
rescale and assume furthermore that R = [, [t|dn(t) = 1. According to Bobkov [6,
Proposition 2.1], it suffices to prove (2) under the additional assumption that S is

62
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a half-line in R with n(S) = t. Reflecting ¥ if necessary, we may suppose that S
takes the form S = (—o0, a) for some a € A. Furthermore, we may assume that

(3) n((a,a+¢)) < min{t,1 —t}/2.
Indeed, if (3) fails then n(S: \ S) =n((a,a+¢)) > (¢/R) - t(1 — t)/4 and (2) holds
true. For z € R and 0 < s < 1 denote

O 1(s) = exp(—W(B1(5))).

Since VU is convex, then I : (0,1) — (0,00) is a well-defined concave function
according to Bobkov [7, Lemma 3.2]. Furthermore, since [, |t|dn(t) = 1 then
I(1/2) > ¢ where ¢ > 0 is a universal constant, as is shown in [7, Section 3.
Therefore, by the concavity of the positive function I : (0,1) — R,

(4) I(t) > 2¢- min{¢t,1 — ¢} forall 0 <t < 1.

Note that a € A as 0 < n((—00,a)) < n(R). Similarly, from (3) we learn that
a+¢e € A. Consequently (a,a +¢) C A. It now follows from (3) and (4) that

ca+e))>e- inf e Y@ >g. inf I(s) > e-c-min{t, 1 —t},
n(la,a+e) ze Ie(lar,la—i-a)e =° se[t,t+m}£{t,l—t}/2] (s) 2 - c-mind }

and (2) is proven. O
PROOF OF PROPOSITION 5.1.1. Denote t = u(S) € [0,1]. We may assume

that t € (0,1), as otherwise there is nothing to prove. Set f(x) = 1g(x) — ¢ for
x € M. Then [, fdu =0, and certainly for any zo € M,

/ 1F(@)] - d(o, 2)dpu(x) < |t +1]- / d(z0, 2)du(z) < oo,
M M

where the integrability of the 1-Lipschitz function z — d(zg,z) follows from (1).
Applying Theorem 1.5, we obtain a certain 1-Lipschitz function u : M — R and
measures v and {puz}zerop,) on T°[u] and M respectively. It follows from (1) that
after adding an appropriate constant to the 1-Lipschitz function u, we have

(5) / luldu < R.
M
For v-almost any Z € T°[u] we know that [ fduz = 0. Consequently, for v-almost
any Z € T°[u],
(6) pz(S) =t pz(M) < oc.

From Theorem 1.5(B), the function f vanishes p-almost everywhere outside Strainju],
but our function f(z) = 1g(x) — ¢ never vanishes in M. Hence Strain[u] is a set of
a full p-measure. From Theorem 1.4(ii) and from (5) we thus obtain that

) / ( / IU|duI> @ = [ fuldu= [ ol < R
T°[u] T Strainfu] M

Denote

®) B={zeru: [ oz <20 z(a)}.
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Since u(M) = p(Strainfu]) = 1 then ch[u] pur(M)dv(Z) = 1. From (7) and the
Markov-Chebyshev inequality,

(9) /B jz(M)dn(T) >

Furthermore, p7 is a log-concave needle (i.e., a CD(0, co)-needle) for v-almost any
T € B. We would like to show that for v-almost any Z € B and any 0 < € < R,

(10) Hr(S:\S) = e- 5t = 1) - pz(M),

N =

for a universal constant ¢ > 0. Let us fix Z € B such that uz is a log-concave needle
for which (6) holds true. Let ACR, ¥ : A — Rand v: A — M be as in Definition
1.1. Then A C R is a non-empty, open, interval and ¥ : A — R is smooth and
convex. From Theorem 1.4(iii) we know that Z = v(A) and

(11) u(y(t)) =t for all t € A.

Since Z € B, we may apply Lemma 5.1.2 thanks to (6), (8) and (11). The conclusion
of Lemma 5.1.2 implies (10). Consequently, for any 0 < e < R,

u(S:\ 8) = / yz (82 \ 8)dv(Z) > /B yz (52 \ 8)d(T)

To[u]
g

E-t(lft)-/BuI(M)dV(I).

The proposition now follows from (9). O

>c-

Proposition 5.1.1 is stated and proved in the particular case where x = 0 and
N = oo. In general, for values of k and N for which there is an appropriate
CD(k, N)-variant of the one-dimensional Lemma 5.1.2, we also have a CD(k, N)-
variant of the n-dimensional Proposition 5.1.1.

5.2. A Poincaré inequality for geodesically-convex domains

For k € R,1# N € RU{+0o0} and D € (0, 400) write Fy n,p for the collection
of all measures v supported on the interval (0, D) C R which are CD(k, N)-needles.
According to Definition 1.1, a measure v belongs to F,. y p if and only if v is
supported on a non-empty, open interval A C (0, D) with density e~%, where
¥ : A — R is a smooth function that satisfies
(¥')°
N-1
The term (¥/)2/(N — 1) in (1) is interpreted as zero when N = +oo. In order to

include the case D = 400, we write F,; n,+o0 for the collection of all measures v on
R which are CD(k, N)-needles. Define

Je W 2dv
Jg udv
where L™%(v) is an abbreviation for L'(v) N L?(v). There are some cases where
Ak, v, p may be computed explictely. For example, for N € (—oo, —1]U(1, +00], the

simple one-dimensional lemma of Payne and Weinberger [41] shows that

2

D?

(1) U >k +

AH,N’D:inf{ ;VE.FN,N,D,uEClﬁLmQ(V),/udV:O,/u2dV>0}
R R

(2) Ao,N,D =
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We refer the reader to Bakry and Qian [3] and references therein for variants of the
following proposition:

PROPOSITION 5.2.1. Letn > 2,k € R and N € (—o0,1)U[n, +o0]. Assume that
(M, d, ) is an n-dimensional weighted Riemannian manifold of class CD(k,N)
which is geodesically-convex. Denote

D = Diam(M) = sup d(z,y) € (0,+0o0].

z,yeM
Then for any C*-function f: M — R with f € L'(u) N L?(u),
(3) / fdp=0 —  Aowop / Py < / IV f|2dp.
M M M

PROOF. Let f: M — R be a C'-function with f € L'™*(u) and [, fdu = 0.
Applying Theorem 1.2, we see that (3) would follow from the following inequality:
for any measure v on M which is a CD(k, N)-needle,

4 L2 d d :0} A . 2dv < Vf|2dv.
(1) [fe W wd [ g0 — o[ Pas [ wita

Thus, let us fix a CD(k, N)-needle v for which f € L'™(v) and [, fdv = 0. Let
ACR¥U:A—-Randy:A— M be as in Definition 1.1. Denoting g = f oy, we
see that

g O < [VF(v(1))] fort € A,

as v is a unit speed geodesic. Hence (4) would follow from the inequality

(5) /967\1’ =0 = AR,N7D'/9267‘11 S/(g')zefqﬁ
A A A

where g : A — R is a C*-function with [, (|g| + ¢?) e™¥ < co. The set A is open
and connected, and since v : A — M is a minimizing geodesic then A is an open
interval whose length is at most D. The smooth function ¥ : A — R satisfies
(1), and the desired inequality (5) holds in view of the definition of A, nx p. This
completes the proof. O

The case kK = 0, N = oo of Proposition 5.2.1, with the constant Ay »,p given
by (2), goes back to Payne-Weinberger [41] in the Euclidean case, and to Li-Yau
[34], Yang-Zhong [47] and Yang [46] in the Riemannian case.

5.3. The isoperimetric inequality and its relatives

Recall the definition of F; n,p from the previous section. Recall that A, stands
for the e-neighborhood of the set A. For 0 <t < 1 and ¢ > 0 define

(1) I.np(te) =inf{v(A.);ve Funp, ACR, v(R)=1, v(A) =t}.

That is, I, n.p(t,€) is the infimal measure of an e-neighborhood of a subset of
measure ¢. There are cases where the function I, y p may be computed explicitly.
For example, when k > 0, N = D = oo, the infimum in (1) is attained when A is
a half-line and v is a Gaussian measure on the real line of variance 1/k. See E.
Milman [37] and references therein for more information about the function I, v p.
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PROPOSITION 5.3.1. Letn > 2,k € R and N € (—o0,1)U[n, +o0]. Assume that
(M, d, ) is an n-dimensional weighted Riemannian manifold of class CD(k,N)
which is geodesically-conver. Assume that (M) = 1. Denote D = Diam(M), the
diameter of M. Then for any measurable set A C M ande > 0, denoting t = p(A),

,U(AE) > IH,N,D(ty 5)-

PROOF. Denote f(z) = 1a(z) —t. Then [, fdu = 0. The proposition follows
by applying Theorem 1.2 and arguing similarly to the proof of Proposition 5.2.1. [

Similarly, one may reduce the proof of log-Sobolev or transportation-cost in-
equalities to the one-dimensional case by using Theorem 1.2, as well as the proof of
the inequalities of Cordero-Erausquin, McCann and Schmuckenschlidger [17, 18].
These inequalities are sometimes stated under the additional assumption that M
is a complete Riemannian manifold, or that u is the Riemannian volume measure.
The localization technique shows that these additional assumptions are superfluous.
Let us also observe that by using Theorem 4.8, it is straightforward to reduce the
proof of the Brascamp-Lieb inequality [10] to the one-dimensional case.

It was suggested to us by S. Bobkov to consider dilations of subsets of a Rie-
mannian manifold. That is, let n > 2 and N € (—o0,0) U [n, +00], and assume that
(M,d, i) is an n-dimensional weighted Riemannian manifold of class C'D(0, N)
which is geodesically-convex. Assume furthermore that u(M) = 1. Following
Nazarov, Sodin and Volberg [40], Bobkov and Nazarov [8] and Fradelizi [23], we
make the following definition: For a Borel subset A C M with u(A) > 0 and
0 < € < 1 define the set N.(A) to be the collection of all x € M for which there
exists a minimizing geodesic v : [a,b] — M with v(a) = x such that

M ({t€la,b];y(t) € A}) = (1 —¢)- (b—a),

where A; is the Lebesgue measure in the interval [a,b] C R. We think of N (A)
as a certain type of an e-neighborhood of the set A. A direct generalization to the
Riemannian setting of the proofs in [8] and [23] shows that

) L (4) > [(1- ) wMAN A 4]

where in the case N = +o00, the right-hand side of (2) is interpreted by continuity
as p(M\N:(A))1~¢. Additionally, let us mention here the cross-ratio isoperimetric
inequality of Lovész [35], which has a similar nature to the dilation inequality above,
and also admits a generalization to geodesically-convex Riemannian manifolds of
non-negative Ricci curvature. Perhaps one may devise an algorithm for estimating
the volume of such manifolds, in a certain computational model of interest? We will
end this section with a proof of the four functions theorem, rendered as Theorem
1.3 above.

PROOF OF THEOREM 1.3. By approximation, we may assume that the func-
tion f3 : M — [0, +00) does not vanish in M (for example, replace f3 by f3 + eg
where g is a positive function with suitable integrability properties, and then let
¢ tend to zero). We claim that for any C'D(k,N)-needle n on the Riemannian
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manifold M for which fi, fo, f3, f1 € L'(n),

o () () < (o) ([ )

Indeed, inequality (3) appears in the assumptions of the theorem, but under the
additional assumption that the measure 7 is a probability measure. By homogene-
ity, (3) holds true under the additional assumption that 7 is a finite measure. In
the general case, we may select a sequence of finite CD(k, N)-needles 7, such that
n¢ /' 1, and use the monotone convergence theorem. Thus (3) is proven.

Next, denote A = [, fidu/ [, fsdu, define f = fi — Afs, and apply Theorem
1.2. Let Q,{puz}zeq, v be as in Theorem 1.2. Then for v-almost any Z € ) we have
that fi, f2, f3, f4 € L' (uz) and

@) ([nanz) ([ fzduz>ﬁ < ([ nans) ([ f4duz>ﬂ

as follows from (3) and from the pointwise inequality f{* ff < fg ff that holds
almost-everywhere in M. However, fI friduz = A fI fsduz for v-almost any 7 € €.
Thus (4) implies that for v-almost any Z € €,

(5) /\a/ﬁ/IdeMIS/Ifzxduz-

Integrating (5) with respect to the measure v yields

xe/o /M fadp =3 | ( / fzduz) an) < | ( / f4duz> (1) = /M fad.

From the definition of A we thus obtain

(L) ([ om) < (f )" ([ )

and the theorem is proven. O



CHAPTER 6

Further research

This section contains ideas and conjectures for possible extensions of the results
in this article. First, we conjecture that the results and the arguments presented
above may be generalized to the case of a smooth Finsler manifold. Another inter-
esting generalization involves several constraints. That is, suppose that we are given
a weighted Riemannian manifold (M, d, 1) and a p-integrable function f : M — RF

with
/ fdu =0.
M

We would like to understand whether the measure p may be decomposed into k-
dimensional pieces in a way analogous to Theorem 1.2.

DEFINITION 6.1. Let M and N be geodesically-convex Riemannian manifolds.
We declare that “M — N has the isometric extension property” if for any subset
A C M and a distance-preserving map f : A — N, there exists a geodesically-
convex subset B C M containing A and an extension of f to a distance-preserving
map f: B— N.

Lemma 2.1.1 shows that R — M has the isometric extension property whenever
M is a geodesically-convex Riemannian manifold. If M C R™ is a convex set then
for any k£ < n,

R* — M

has the isometric extension property. Also S¥ — S™ has the isometric extension
property, as well as S¥ — M when M is a geodesically-convex subset of the sphere
S™. These facts have direct proofs which do not rely on the Kirszbraun theorem.
By considering small triangles, one may show the following: Only when M and N
are Riemannian manifolds of constant sectional curvature, which is the same for M
and N, it might be possible that M — A has the isometric extension property.

Let us discuss in greater detail the case where M C R" is an open, convex set.
Suppose that v : M — R is a 1-Lipschitz map. We may generalize Definition 2.1.2
as follows: A subset & C M is a leaf associated with u if

lu(z) —u(y)| = |z —y| for allz,y € S,

and if for any &1 2 S there exist z,y € S; with |u(z) — u(y)| < |z — y|. For any
leaf S C M, the set

u(S) = {u(x); x € S}
is a closed, convex subset of R¥. This follows from the isometric extension property

of R¥ — M. Let us define Strain[u] to be the union of all relative interiors of leafs.
Write T°[u] for the collection of all non-empty relative interiors of leafs. Suppose
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that p is a measure on the convex set M C R™ such that (M,|-|,u) is an n-
dimensional weighted Riemannian manifold of class CD(k, N). We conjecture that
there exists a measure v on T°[u] and a family of measures {js}serop,) such that

w(A N Strainfu]) = / us(A)dv(S) for any measurable A C M.
T°[u]

Additionally, for v-almost any S € T°[u], the measure s is supported on S and
(S| ps)

is a weighted Riemannian manifold of class CD(k, N). In other words, at least in the
Fuclidean setting, we conjecture that Theorem 1.4 admits a direct generalization
to functions u : M — R¥. Maybe the generalization works whenever u : M — N
is 1-Lipschitz, where N' — M has the isometric extension property. Moreover, in
the Euclidean setting, we believe that Theorem 1.5 may be generalized as follows:
Assume that f : M — R satisfies [,, fdu = 0 and also [, |f()]-d(zo, z)du(x) <
+oo for a certain zg € M. Let us maximize

(1) /M<f, u)dp

among all 1-Lipschitz functions u : M — RF. One may use Kirszbraun’s theorem
and prove that for any maximizer u : M — R¥ and for v-almost any leaf S € T°[u,

[ rdns =0 ana [ <f,u>dus:sup{ | oddussoss 5 R ||v||mps1}.
S M S

REMARK 6.2. The bisection method outlined in Section 1 has one significant
advantage compared to our results. The methods discussed in this article are very
much linear, or at least convex, as we obtain a geodesic foliation from the convex
maximization problem (1). In comparison, the bisection method works only in
symmetric spaces such as R™ or S™, but in these spaces it offers more flexibility,
since one may devise various linear and non-linear rules for the bisection procedure.
This flexibility is exploited artfully by Gromov [28]. It is currently unclear to us
whether one may arrive at an integrable foliation in the situations considered by
Gromov [28].

Another possible research direction is concerned with characterizations of mea-
sures p supported on a geodesically-convex Riemannian manifold M which are of
class CD(k, N). Ideally, one would like a characterization & la Borell [9]. That
is, perhaps if p satisfies a certain inequality of Cordero-Erausquin, McCann and
Schmuckenschlager, then there is a totally-geodesic submanifold S C M such that
u is supported on S, and (S,d, ) is a Riemannian manifold of class CD(k, N),
possibly non-smooth. This is also related to a remark by Gromov [28, Section 4.2].

Yet another possible research direction is concerned with CD(k, N + 1)-needles
in one dimension. It seems that many concepts and results from convexity theory
admit generalizations to the class of CD(k, N + 1)-needles. For example, when
0# N € R and k/N > 0, we may define a Legendre-type transform of a function
f:R —[0,+00] by setting
g(s+1)

nf —————2 for s € R,

(2) fr(s) = o 0
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o= {5 ) (5]

and we agree that g(s 4+ t)/0 = +oo and that 0V = 0 when N € (0,4o0) and
0N = 400 when N € (—o0,0). It seems that the function f* is either a density of
a CD(k, N + 1)-needle in R, or else it is a limit of such densities. We say that a
function f : R — [0, +00] is (k, N + 1)-concave if the set

{teR; f(t)>R-g(s+1t)}

is an interval for all R > 0,s € R. Perhaps the transform (2) is an order-reversing
involution on the class of upper semi-continuous (x, N 4 1)-concave functions on R.

where

In many cases, the CD(k, N)-needles may be further decomposed into needles of
a simpler form that satisfy a certain linear constraint. This was already discovered
by Lovész and Simonovits [36] in the most interesting case kK = 0, N = n.

DEFINITION 6.3. Let k € R,1 # N € RU {oo} and let v be a measure on a
certain Riemannian manifold M which is a CD(k, N)-needle. Let A, ¥ and 7 be
as in Definition 1.1. We say that v is a “CD(k, N)-affine needle” if the following
equality holds true in the entire set A:

(¥')?
N-1
where in the case N = oo, we interpret the term ()2 /(N — 1) as zero.

\IJ//:I'i—i—

For z € R write 24 = max{z,0}. The class of CD(k, N)-affine needles may be
described explicitly, as follows:
(1) The exponential needles are C'D(0, co)-affine needles, for which the function
e~ Y is an exponential function restricted to the open interval A. That is,
the function e~ takes the form

A3t a-elt

for certain 8 € R,a > 0. The k-log-affine needles are CD(k,co0)-affine nee-
dles, for which ¥ (t) — xt?/2 is an affine function in the open interval A.

(2) The N-affine needles are CD(0, N + 1)-affine needles with 0 # N € R, for
which f1/V is an affine function in the open interval A.

(3) For 0 #k € R and 0 # N € R, the CD(k, N + 1)-affine needles satisfy, for
allt € A,

{a-sin (VEt—B) 1o (VoL - 5)}f Kk/N >0

e = (a+ tB)Y k=0
(ov-sinh (\/[&] - t) + B - cosh ( |%|t))f Kk/N <0

for some «, B € R.
In the case where N € (0,+oc] and x > 0 it seems pretty safe to make the
following:

CONJECTURE 6.4. Let p be a probability measure on R which is a CD(k, N+1)-
needle. Let p : R — R be a continuous, p-integrable function with fR wdp = 0. Then
there exist probability measures { o tacq on R and a probability measure v on the
set § such that:
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(i) For any Lebesgue-measurable set A C R we have i(A) = [, pta(A)dv(a).

(i) For v-almost any a € ), the measure p,, is either supported on a singleton,
or else it is a CD(k, N + 1)-affine needle with [, pduq = 0.

Conjecture 6.4 reduces certain questions on CD(x, N + 1)-needles to an in-
equality involving only two or three real parameters. A proof of Conjecture 6.4 in
the case where N = 400 or k = 0 follows from Choquet’s integral representation
theorem and the results of Fradelizi and Guédon [24]. We are not sure what should
be the correct formulation of Conjecture 6.4 in the case where N < 0 and k < 0.



APPENDIX

The Feldman-McCann proof of Lemma 2.4.1

In this appendix we describe the Feldman-McCann proof of Lemma 2.4.1. Let
M be a Riemannian manifold with distance function d. Fix p € M and let 6y =
do(p) > 0 be the constant provided by Lemma 2.3.1. Thus, U = Bap(p, dp/2) is a
strongly-convex set. As in Section 2.3, for a € U we write
U, ={X € T,M; exp,(tX) e U for all ¢t € [0,1]},

a convex subset of T, M. Recall from Section 2.3 that for a € U and X,Y € U,,
denoting x = exp,(X),y = exp,(Y), we define F,(X,Y) € U, via the requirement
that

exp, (Fu(X,Y)) =y.
Next, for a € U and X,Y € U, let us define

¢, (X,Y) e T,M

to be the parallel translate of F,(X,Y") along the unique geodesic from z to a. The
map @, : U, x U, — T, M satisfies
(1) [©a(X,Y)| = [Fu(X,Y)| = d(exp, X, exp, ).
The behavior of @, on lines through the origin is quite simple: Since exp,(sX) and
exp, (tX) lie on the same geodesic emanating from a, then for any X € T, M and
s,t € R,
(2) D, (sX,tX)=(t—s5)X when sX,tX € U,.
See [22, Section 3.2] for more details about ®,. Our next lemma is precisely Lemma
14 in [22]. The proof given in [22, Lemma 14] is very simple and uses essentially
the same notation as ours, and it is not reproduced here. In fact, the argument is

similar to the proof of Lemma 2.3.4 above, and it relies only on the smoothness of
®,, and on the relation ®,(0,Y) =Y that follows from (2).

Lemma A.1. Leta €U and X,Y1,Ys € U,. Then,
04 (X,Y2) = Do (X, V1) — (Yo = V1) < Cpp - |X] - [V1 — Y2,

where Cp, > 0 is a constant depending only on p.

PrOOF OF LEMMA 2.4.1 (DUE TO FELDMAN AND MCCANN [22]). Define

1 do
3 01=20 =ming ——, — >,
) 1= () {2000~Cp 2}
where C), > 0 is the constant from Lemma A.l. Both the assumptions and the
conclusion of the lemma are not altered if we replace x;,y; by xo_;,y2_; for ¢ =
0,1,2. Applying this replacement if necessary, we assume from now on that

(4) d(zo,y0) < d(z2,y2).
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The points xg,x1,Z2,Yo,Y1,y2 belong to Ba(p,01) € U. Recall that the main
assumption of the Lemma is that

(5) d(zi, x;) = d(yi, y;5) = oli — j| < d(xs,y5) fori,j5=0,1,2.
Define
(6) e:=d(x1,y1).

Denote a = g and let Xy, X1, Xo, Yy, Y1,Ys € U, be such that x; = exp,(X;) and
y; = exp,(Y;) for i = 0,1,2. Since a = zp then

X, = 0.
For ¢ =0, 1,2 we know that z;,y; € Bm(p, 1) and X;,Y; € U,. It follows from (1),
(2) and (5) that
(7) 1Xi| = [®@a(Xo, Xi)| = d(x0,7;) <261, |Yi| = |Pa(Xo,Yi)| = d(z0,yi) < 20;.
By using (7) and Lemma A.1, for any R, Z, W € {0 = Xy, X1, X2, Y0, Y1, Y2},
(8)

_ _ 7 —
|®a(R, Z) = Pu(R, W) = (Z = W)| < Cp|R||Z-W| < 2Cp6:1|Z - W[ < ﬂ,

10

where we used (3) in the last passage. By using (1), (6) and also (8) with R =72 =
Xiand W =Y,

(9)
10 10 10 10
Vi=Xa| € [0 (X1, Y1) =00 (X1, X1)| = 5-|@a(X1, Y1) = -dor, 1) = e,

where ®,(X7,X;) =0 by (2). From (2), (5) and the fact that Xy =0,
(10) 20 < d(20,12) = [Pa(Xo, Y2)| = [Ya| = [(Y2 — X3) 4 (X2 — Xo)].

Note that | X2 — Xo| = |P4 (X0, X2)| = 20 from (1), (2) and (5). Hence, by squaring
the inequality (10),

(11) (20)% < |V — Xo? + 2(Ys — Xo, Xo — Xo) + (20)2.

According to (5), the point x; is the midpoint of the geodesic between xg = a and
x9. Therefore zo = exp,(X2) = exp,(2X;7) and by strong-convexity 2X; = Xo.
Consequently X5 — Xy = 2(X5 — X3), and from (11) we deduce that

1 1
(12) <Y2—X27X2—X1>:§<Y2—X27X2—X0> 2_1|Y2_X2|2'
Our next goal, like in [22, Lemma 16], is to prove that
1
(13) (Yo — X9, V1 = Y3) > —§|Y2—X2|2~
Begin by applying (2) and (5), in order to obtain

(14) 20 < d(yo,72) = [Pa(Yo, X2)| = [(®a (Yo, X2) — Pa(Y0,Y2)) + Pu(Y0, Y2)|.

From (5), the point y; is the midpoint of the geodesic between yy and yo. This im-
plies that F,(Yp,Y2) = 2F, (Yo, Y1) and therefore @, (Yo, Y2) = 2®,(Y), Y1). Recall
that |®,(Yo,Y2)| = d(yo,y2) = 20, according to (5). Thus, by squaring (14) and
rearranging,

_|®a()/0a X2) - QQ(}/Oa }/2)|2 S 2<(I)a(Y07 XQ) - ¢G(Y03 }/2)7 é(l(Y()v }/2)>
(15) = 4(Pa (Yo, X2) — @a(Y0, Y2), Pa(Y0, Y2) — Pa(Yo, Y1)).
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The deduction of (13) from (15) involves several approximations. Begin by using
(15) and also (8) with R =Yp, Z = X3, W = Y3, to obtain

(16) — (11/10)2 X = Ya|? < 4D, (Yo, X2) — @4 (Y0, Ya), @y (Yo, Ya) — @, (Yo, Y1)).

Applying (4), together with (8) for R = Z = X9, W = Y3, we obtain
(17)

11
Yol = |®a(Xo, Yo)| < [®a(X2, ¥2)| = |@a(X2, V2) = Ba(X2, X2)| < 75 [Y2 — Xaf.
According to Lemma A.1 and (17), for any Z, W € {0 = Xq, X1, X, Y0, Y1, Yo},

(18) - B
|®a (Y0, Z) = @a(Yo, W) = (Z = W)| < Cp- [Yo| - [Z2 = W| < 2C, - [V = Xo| - [Z = W],

It follows from (16) and from the case Z = Xo, W = Y5 in (18) that
(19) —(11/10)% - | Xz = Ya|* < 4(X — Y2, ®a (Yo, Y2) — a (Yo, Y1)
+8C,| X2 — Yo - |4 (Y0, Ya) — ®a (Yo, Y1)|-

Note that |®,(Yo, Y2) — ©,(Y0, Y1)| < 2|Y2 — Y7, as follows from an application of
(8) with R =Y}, Z = Y3, W =Y;. We now use (18) with Z = Y5 and W =Y, and
upgrade (19) to
(20) — (11/10)% |Xa — Ya|? < 4(X5 — Ya, Y — Y1) 4+ 30 - Cp| Xy — Ya|2 - [Yy — V1.
The next step is to use that |Y2 — V3| < |Ya| + V3] < 461 < 1/(300C,) according to
(3) and (7). Thus (20) implies
Xy — Ys|?

— (11/10)% - | Xy — Yo S 4(Xp — Y2, Yo — V1) + %7

and (13) follows. From (12) and (13),

(Yo — Xo, V1 — X1) = (Yo — Xo, (Y1 — Vo) + (Yo — Xo) + (X3 — X))

(21) Z—M-&-P@-%P-MZ%'D@—XQH
According to (9), (21) and the Cauchy-Schwartz inequality,

(22) 5o V2= Xol 2 Yo = Kol ¥~ Xa| 2 (V3 — X, Vi = X1) 2 5 [Va — Xaf”.
From (22),

(23) Yy — Xo| < 4e.

We may summarize (9), (17) and (23) by

(24) Y; — X;| < 5¢ (i=0,1,2).

For i = 0,1,2, we use (1), (24) and also (8) with R = Z = X; and W =Y;. This
yields

(25) d(‘rlvyz) = ‘(I)a(Xvaz” = |q)a(Xi7Y;)_<I)a(Xi7Xi)| < (11/10)|Y;_X1| < 6¢,
where ®,(X;, X;) = 0 according to (2). The lemma follows from (6) and (25). O
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