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Abstract

Here we show that any centrally-symmetric convex body K C R"
has a perturbation T" C R™ which is convex and centrally-symmetric,
such that the isotropic constant of T is universally bounded. T is close
to K in the sense that the Banach-Mazur distance between 7' and K
is O(logn). If K is a body of a non-trivial type then the distance is
universally bounded. The distance is also universally bounded if the
perturbation T is allowed to be non-convex. Our technique involves
the use of mixed volumes and Alexandrov-Fenchel inequalities. Some
additional applications of this technique are presented here.

1 Introduction

Let K C R™ be a centrally-symmetric (i.e. K = —K) convex set with
a non-empty interior. Such sets are referred to here as “bodies”. We
denote by (-,-) and |-| the standard scalar product and Euclidean norm
in R®. We also define D as the unit Euclidean ball and S"~! = 9D.
The body K has a linear image K with Vol(K) = 1 such that

/~ (z,0)%dx (1)

K

does not depend on the choice of §# € S"~1. We say that K is an
isotropic linear image of K or that K is in isotropic position. The
isotropic linear image of K is unique, up to orthogonal transformations
(e.g. [MP1]). The quantity in (1), for any § € S*! and any K an
isotropic linear image of K, is usually referred to as L2 or as the square
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of the isotropic constant of K. An equivalent definition of Lg is the
following:

nL3 = il%f/ |Tx|>dx (2)
K

where the infimum is over all matrices T' such that det(T") = 1. For
a comprehensive discussion of the isotropic position and the isotropic
constant we refer the reader to [MP1].

Ly is an important linearly invariant parameter associated with
K. A major conjecture is whether there exists a universal constant
¢ > 0 such that Lg < ¢ for all convex centrally-symmetric bodies in all
dimensions. A proof of this conjecture will have various consequences.
Among others (see [MP1]), it will establish the fact that any body of
volume one has at least one n — 1 dimensional section whose volume
is greater than some positive universal constant. This conjecture is
known as the slicing problem or the hyperplane conjecture. The best
estimate known to date is Lx < c¢n'/*logn for K ¢ R™ and is due
to Bourgain [Bou2] (see also the presentation in [D]). In addition, the
conjecture was verified for large classes of bodies (some examples of
references are [Ba2|, [Boul], [J], [KMP], [MP1}).

In this note we deal with a known relaxation of this conjecture,
which we call the “isomorphic slicing problem”. It was suggested to
the author by V. Milman. For two sets K,T C R", we define their
“geometric distance” as

1
de(K,T) :inf{ab; EKC T C bK, a,b > O}.

The Banach-Mazur distance between K and T is
dpym (K, T) = inf{dq(K,L(T)) ; L is a linear operator}.

Let K,,,T, C R™ for n = 1,2,... be a sequence of bodies such that
dpm (Kn,T,) < Const independent of the dimension n. In this case
we say that the families {K,} and {7} are uniformly isomorphic.
Indeed, the norms defined by K, and T, are uniformly isomorphic.
The isomorphic slicing problem asks whether the slicing problem is
correct, at least up to a uniform isomorphism. Formally:

Question 1.1 Do there exist constants c1,co > 0 such that for any
dimension n, for any centrally-symmetric convexr body K C R"™, there
exists a centrally-symmetric convezr body T C R™ with dpp (K, T) < ¢1
and Lt < ¢ ?

In this note we answer this question affirmatively, up to a logarith-
mic factor. The following is proven here:



Theorem 1.2 For any centrally-symmetric convex body K C R™ there
exists a centrally-symmetric convex body T C R™ with dpy (K, T) <
c1logn and

L <co

where c¢1,co > 0 are numerical constants.

The logn factor in Theorem 1.2 stems from the use of the I-position
and Pisier’s estimate for the norm of the Rademacher projection (see
[P]). In fact, in the notation of Theorem 1.2 we prove that dpy (K, T) <
1 M(K)M*(K) (see definitions in Section 3). Therefore we verify the
validity of the isomorphic slicing conjecture for bodies that have a lin-
ear image with bounded M M*. This large class of bodies includes all
bodies of a non trivial type (e.g. [MS]). In addition, Proposition 5.2
and Proposition 5.3 provide other classes of bodies for which Question
1.1 has a positive answer.

There exist some connections between the slicing problem and its
isomorphic versions. An example is provided in the following lemma.

Lemma 1.3 Assume that there exist c1,co > 0 such that for any in-
teger n and an isotropic body K C R™ there exists an isotropic body
T C R™ with dg(K,T) < ¢1 and Ly < co. Then there exists cg > 0
such that for any integer n and body K C R™, we have Li < c3.

Proof: Lt < cq, therefore T is in M-position (as observed by K.
Ball, see definitions and proofs in [MP1]). Since dg(K,T) < c1, then
K is also in M-position. Using Proposition 1.4 from [BKM] we obtain
a universal bound for the isotropic constant. O

A set K C R™ is star-shaped if for any 0 < ¢t < 1 and z € K we
have tx € K. A star shaped set K C R" is quasi-convex with constant
C>0if K+ K C CK, where K+T ={k+t;k € K,t € T} for any
K, T C R". For centrally-symmetric quasi-convex sets, the isomorphic
slicing problem has an affirmative answer. Formally, as is proven in
Section 4,

Theorem 1.4 For any C > 1 there exist ¢1,co > 0 with the following
property: If K C R™ is centrally-symmetric and quasi-conver with
constant C, then there exists a centrally-symmetric T C R™ such that
dpm(K,T) < ¢1 and Ly < ¢o. (Note that T is necessarily ¢;C-quasi
convet).

Our proof has a number of consequences which are formulated and
proved in Section 5. Among these are an improvement of an esti-
mate from [BKM], and a connection between the isotropic position



and an M-position of order a for bodies with a small isotropic con-
stant. Throughout this paper the letters ¢, C,c’, c1, co, Const etc. de-
note positive numerical constants, whose value may differ in various
appearances. The same goes for ¢(¢),C(p) etc. which denote some
positive functions that depend purely on their arguments. We ignore
measurability issues as they are not essential to our discussion. All
sets and functions used here are assumed to be measurable.

2 Log concave functions

In this section we mention some facts regarding log-concave functions,
most of which are known and appear in [Bal] or [MP1], yet our versions
are slightly different. f : R™ — [0, 00) is log-concave if log f is concave
on its support. f is s-concave, for s > 0, if f/* is concave on its
support. Any s-concave function is also log-concave (see e.g. [Bo], also
for the connection with log-concave measures). Given a non-negative
function f on R™ we define for x € R™,

0o —1/n+2
lally = < / f(m)r"“dr) .

We also define Ky = {x € R";||z||; < 1}. The following Busemann-
type theorem appears in [Bal] (see also [MP1]):

Theorem 2.1 Let f be an even log-concave function on R™. Then Ky
is convex and centrally-symmetric and || - ||; is a norm.

In what follows we repeatedly use two well known facts. The first
is that for any 1 < k <mn,

()= (1) < () g

The second is that for any integers a,b > 0,

/01 s9(1 — s)bds = o 11) (a 1— b) , 4)

Lemma 2.2 Let f: R™ — [0,00) be an even function whose restric-
tion to any straight line through the origin is s-concave. If s > n then

da(Ky, Supp(f)) < C%

where ¢ > 0 is a numerical constant, and Supp(f) = {x; f(x) > 0}.



Proof: Multiplying f by a constant if necessary, we may assume
that f(0) = 1. Fix § € S"~!. Denote My = sup{r > 0; f(r6) > 0}.
Since flgr is s-concave and f(0) = 1, for all 0 < r < My,

F(ro) > (1— A;g)

By the definition of ||6]|; and by (4),

My S Mn+2
o1 = [ (1 ) e ; .
0 Mo (n4sto)(PTeTl
n+1

In addition, since f|gr is even, its maximum is f(0) = 1 and

M, 1
o]l "+ < / P e = — M2,
0 n+2
Combining this with the estimate (3),

n+1

e(n + s+ 2)/n+2 (ni-fld) "
My

(n 4 2)1/(n+2)
My

<ol <

and since s > n,

1 c2 8 n 1
Vo e sm — 0 —— = —5 K —S
€ A S 161 < Mon s upp(f) C Ky C o upp(f)
and the lemma is proven. O

The isotropic constant and the isotropic position may also be de-
fined for arbitrary measures or densities, not only for convex bodies.
Let f : R™ — [0,00) be an even function with 0 < [, f < oo. The
entries of its covariance matrix with respect to a fixed orthonormal
basis {eq, .., e, } are defined as

1
M; ;= W - (x)(z, e;)(x, e;)dx.

1

We define Ly = (lf(io)f) " det(M)=7. One can verify that if f = 1 is
R™

the characteristic function a body K C R”, then Ly = Li. Our next

lemma claims that if f is log-concave, then the body K shares the

isotropic constant of the function f, up to a universal constant. This

fact appears in [MP1] and in [Bal], but our formulation is slightly

different. For completeness we present a proof here.



Lemma 2.3 Let f be an even function on R™ whose restriction to any
straight line through the origin is log-concave. Assume that fR" f < oo
Then,

ClLf < LKf < CQLf

where c¢1,co > 0 are universal constants.

Proof: We may assume that f(0) = 1. Integrating in polar coordi-
nates, for any y € R",

| e
Ky
[ [ et = L [ el
= y,r0)*r" " drdf = / Y, w2 d
sn—-1Jo n+ 2 gn—1 ”9” 2

f
1 ~ 2 n+1 o 2
vz ) fo SO0 = | sy

n+2

where df is the induced surface area measure on S™~!. Denote by
M(f) and M(Ky) the inertia matrices of f and of 1k, respectively.
We conclude that Vol(Kf)M(Ky) = 5 (fgn f) M(f). To compare

the isotropic constants, we need to estimate

Jf
Vel(K,)" Now,

Vol(Ky) = l/sn_l (/Ooof(ra) r”*ldr)"% do. (5)

n

We shall use the following one-dimensional lemma, which is proven at
the end of this section (see also [Bal], [BKM] or [MP1]).

Lemma 2.4 Let g : [0,00) — [0,00) be a non-increasing log-concave
function with g(0) =1 and [;° g(t)t"~'dt < co. Then, for any integer
n>1,

nt2 oo 1
nw Jo g(t)etide (n+1)!
< : nt2 < nt2 *

nhEe (fooo g(t)t”_ldt) " (=1 =

(the left-most inequality - which is more important to us - holds also
without the log-concavity assumption).

Since f is even and log-concave on any line through the origin, it is
non-increasing on any ray that starts at the origin. From the left-most
inequality in Lemma 2.4, for any 6§ € S"~! (except for a set of measure
zero where the integral diverges),

n42 nt2

> n+1 non * n— "
/0 f(r@)r+dr2m</0 f(ré)r 1d7">



and according to (5),

n+2
1 n™ o n2/n
Vol(K¢) > — 0) r"Ldrdf = .
D= 5T /S/o f oy n+2/nf

Since M(K ) = -1y Jendpr(py,

n+2 Vol(Ky)
L%(f_ 1 Jon [ 1+g< 1 n+2 n%z<c
L2~ n+2 \Vol(Ky) “n+2 \ n2/n >

This completes the proof of one part of the lemma. The proof of the
other inequality is similar. Using the right-most inequality in Lemma
24,

n+2

Ly, 1 Jion f 142 L (-
- < )) 2 ( > C1

L7 n+2\Vol(K; “n+2 (n+1)!

and the lemma is proven. O

Proof of Lemma 2.4: Begin with the left-most inequality. Define
A > 0 such that [~ g(t)t"~'dt = fOA t"~1dt. Then,

/A(l — g(®)t"Hdt — /OO g(t)t" it

A
A oo
< 2| [Ca-goeta- [T gweta) o
0 A
A A e
Since fO ttidt = nn—:? (fo t"ildt> , we get that
n+2 n+2

9] . A . n oo ) -
t)ent dt>/ "t dtz(/ 3k dt)
| st | S (o

To obtain the other inequality we need to use the log-concavity of the
function. Define B > 0 such that h(t) = e~ 5B satisfies

/ g(t)t”‘ldtz/ h(t)t"Ldt.
0 0

It is impossible that g < h always or g > h always, hence necessarily
to = inf{t > 0; h(t) > g(t)} is finite. —log g is convex and vanishes at
zero, so §(t) = M is non-decreasing. Thus (B — §(t))(t —tg) > 0
or equivalently (h(t) — g(t))(t — to) > 0 for all ¢ > 0. Therefore,

/00(9(t) — h(t))t"dt — /Oo(h(t) — gt at

to

< 2 [ oty = wepe=a— [ - gty ar] <o

0 to



: o0 —tByntl gy _ __ (nt1)! % tBn—1 7\
Slncefo (& t tn+ dt—m(‘fo e t t" dt) s

n+2

/OOO g(t)t"dt < /OOO h(t)t" T dt = m (/OOO g(t)t”_ldt> '

O

3 Constructing a function on K

Let K C R™ be a centrally-symmetric convex body. In this section
we find an an-concave function F' supported on K whose isotropic
constant is bounded. From Lemma 2.3 it follows that Ly, < Const.
According to Lemma 2.1, K is a convex body, and by Lemma 2.2
we get that dg(K, Kr) < ca. If good estimates on a were obtained,
Theorem 1.2 would follow. Let || - || be the norm for which K is its
unit ball, and denote by ¢ the unique rotation invariant probability
measure on S"~!. The median of ||z|| on S"~! with respect to o is
referred to as M'(K). We abbreviate M’ = M'(K) and define the
following function on K:

fK(x):inf{Ogtgl;xe(l—t) {KQA}I/D} +tK}.

Then fx is a convex function which equals zero on K N ﬁD. Define
also

M(K) :/S o), M7(K) :/ o)
where ||z||. = sup, ¢k (z,y) is the dual norm.

Proposition 3.1 Let K C R™ be a centrally-symmetric convex body,
and let « = cM(K)M*(K). Then,

/K (1 — fr(2)*" dx < 2Vol (K N ]\}[/D)

where ¢ > 0 is some numerical constant.

Proof: We denote F(z) = (1 — f(x))*". Then,
1
/ F(z)dz = / Vol{z € K; F(z) > t}dt
K 0

1
= / Vol{r € K; f(z) <1 ftﬁ}dt
0



and substituting s =1 — tan yields

/K F(z)dx = an/ol(l —5)" 1Yol ((1 —5) [K N ID] + sK) ds.

M/

Expand the volume term into a polynomial whose coefficients are mixed
volumes (see e.g. [Sch]):

Vol ((1 —5) [K N A}[,D] + sK) = Zn: (Z‘) Vis'(1—s)" "

=0

where V; = V(K i; [K N I&,D] ,n— ). Then,

n 1
/ F(;p)dq; = an Z Vi <TZ7“) / 81(1 _ s)(a—i-l)n—i—lds
K Pt 0

and by (4),

Using (3) we may write

an—1\V,

/I(F(x)dxzaj_lvo 1+§;<0n,i(1_~_n(w>l/i>i (6)

where % < ¢p,; < e. By Alexandrov-Fenchel inequalities, V> > V;_1V; 41
for i > 1 (e.g. [Sch]). It follows that for 1 < i < j,

ORI

In particular, if a +1 > 46%, then by (7),

n Vi 1/ 2¢e Wi 1
Cni————— | — < — < -
’(1+a)n—1 Vo 1+aW 2

Substituting into (6) we obtain

n

1 1
/KF(ac)dx<VOZ?<2V0:2Vol (KQMD>.

=0



We still need to show that our o = e¢M(K)M*(K) is greater than

Vi 1 1
467(1). Since T DNK C 35D,

1

< V (K,l;lD,n

]' *
T D - 1) = Gy VDI (K)

because Vol(D)M*(K) = V(K,1; D,n—1) (see e.g. [Sch]). Regarding
Vb, since M’ is the median,

1 1 Vol (D)
n—1 M
a(M'KﬂS )25 = Vol(KﬂMD>>.
In conclusion,
Vi 1 2 y
— < —Vol(D)M*(K)————— =2M'(K)M*(K).
Vo = (a1 Y UDIM )WVOZ(D) (FOMT(K)

The median of a positive function is not larger than twice its ex-
pectation. Therefore, M'(K) < 2M(K), and we get that for a =
cM(K)M*(K), it is true that a +1 > 46% for a suitable numerical
constant ¢ > 0. g

Corollary 3.2 Let K C R" be a centrally-symmetric convex body,
a=cM(K)M*(K) and denote F(x) = (1 — fx(x))*". Then,

Lp < c
where ¢, > 0 are universal constants.

Proof: Consider F' as a density on K, i.e. consider the probability

measure pp(A) = %. Since FF=1on KN ﬁD, by Proposition
3.1,

1 1
KNn—D —.
“( M ) 73
In other words, the median of the Euclidean norm with respect to p is

not larger than A}[,. Since F' is an-concave,

(M")?

EH|$|2 <

by standard concentration inequalities for the Euclidean norm with
respect to log-concave measures (it follows, e.g. from Theorem IIL.3
in [MS], due to Borell). Combining definition (2) and the fact that

10



2
L% = (f(—o)> " det(Mp)w where My is the covariance matrix, we get
K

F
that )
Ji Fx)dz\ "™ ) c
e Ly <E —_—.
(Fror ) b = met < G
Since [, F(z)dz > Vol (DN K) > 3Vol(7-D) and F(0) =1, we
obtain that L% < W,D)Q/n < Const. O

Proof of Theorem 1.2: We shall use the notion of l-ellipsoid, and
Pisier’s estimate for M (K)M*(K). We refer the reader to [P] or [MS]
for definitions and proofs. Let K C R™ be a centrally-symmetric con-
vex body. There exists a linear image K of K such that its [-ellipsoid
is the standard Euclidean ball. By Pisier’s estimate,

M*(K)M(K) < clogdpn (K, D) < ¢ logn.

According to Corollary 3.2, there exists an an-concave function F' sup-

ported exactly on K, with @ = ¢M(K)M*(K) and Ly < ¢;. By
Lemma 2.3 we get that Lk, < cy. From Lemma 2.2,

dpm(K,Kp) < dg(K,Kp) < ca < ¢ M(K)M*(K) < Clogn.

This completes the proof. O

4 The quasi-convex case

We define the covering number of K C R™ by T C R" as

N
N(K,T)—min{N>0;E|x17..,xN€R”, K C Umi+T}.

i=1

Every convex body K C R" is associated with a special ellipsoid, called
a Milman ellipsoid or an M-ellipsoid. An M-ellipsoid may be defined
by the following theorem, which was proved for the convex case in
[M1] (see also chapter 7 in [P]). The extension to the quasi convex
case appears in [BBS].

Theorem 4.1 Let K C R™ be a centrally-symmetric quasi-conver
body with constant 3. Then there exists an ellipsoid € C R™ with
Vol(€) = Vol(K) such that

N(K,E) <e™, N(EK)<e™
where ¢ = ¢(B) > 0 depends solely on 3. We say that £ is an M-
ellipsoid of K (with constant c).

11



If a Euclidean ball of appropriate radius is an M-ellipsoid of K,
we say that K is in M-position (with some constant). The following
lemma is standard:

Lemma 4.2 Let K C R" be a centrally-symmetric quasi-convexr body
with constant B such that Vol(K) = 1, and which is in M -position
with constant ¢ = ¢(B). Then,

1. Vol(K N+/nD)Y"™ > ¢Vol(D)'/™.

2. K CceD
where ¢/ =/ (8) >0, ¢ =¢&(B) > 0 depend solely on (.

Proof: All constants in this proof depend on (. Let D,, be a Eu-
clidean ball of volume one in R™. Then N(K,D,) < €. Since ¢ <
Vol(y/nD)'/™ < C, then also N(K,/nD) < e (e.g. Lemma 7.5 in
[P]). Hence there exists a point € R™ such that Vol (K N (z + /nD)) >
e~ “". Since K is centrally-symmetric, KN(—z + /nD) # 0. By quasi-
convexity,

0 # [Kn(z++vnD)| + [KN(—z++v/nD)] C BK N2y/nD
and hence Vol(BK N 2y/nD) > e " as it contains a translation of
KN (x+ +/nD). Since 8 > 2,
Vol(K N+/nD) > ﬂfanol(ﬁK N2ynD) > e~ (etlosfn,

To obtain that K C e D, we just use the fact that K is a star body,
and that a segment of length larger than 21/ne® cannot be covered by
€™ balls of radius 1/n. O

Let K C R”™ be a centrally-symmetric quasi-convex body with con-
stant § (in short “a (-quasi-body”). Assume that Vol(K) = 1 and
that K is in M-position. Let us construct the following function on

K:
1 lz| < V/n
e I R N T

for some a > 0 to be determined later, where

M, :sup{r > O;r;—‘ € K}.
F is not log-concave, yet we may still consider the centrally-symmetric
set Kp, C R™, defined in Section 2. Note that the restriction of Fi
to any straight line through the origin is an-concave on its support,
hence it is possible to apply Lemma 2.2 or Lemma 2.3. We begin with
a one-dimensional lemma.

12



Lemma 4.3 Let 0 < a < b and o > 1 be such that b > 2a (1+ %)
Let n be a positive integer. Then,

b an b
t _ n
/ (1— a) < (C—l) / mdt
o b—a o o

where ¢; > 0 is a numerical constant.

Proof: Denote the integral on the left by I and the integral on the
right by J = 45 [b"*! — a™*!]. Substituting s = {=2 obtains

I=(b—a) /01(1 —5)* (a+ (b—a)s)" ds
= (b—a) io (7) a"i(b—a) /01(1 — 5)*"sids

1=

and using (4),

= bmae _0 — +(1i)>(ani+ z) (b . a>i '

The estimate (3) along with some trivial inequalities, yields that
b—a

nn=eNi (b—a\' b—a ¢t -1
et () () -

« a an q—1

where ¢ = %. We assumed that g > 2, and hence

e 2= 2 () o< (2

«

O
Next we show that for a suitable value of a;, which is just a numer-
ical constant, most of the mass of Fx is not far from the origin.

Lemma 4.4 For any o > 1,

n—1
/ Fr(z)dz < (9) Vol(K)
R”\coay/nD

(67

where ¢y is the constant from Lemma 4.3 and 0 < co < 2 + % 5 a
numerical constant.

13



Proof: Note that

max{Mg,\/n} N an
/ Fg(x)dx = / / <1 — T\/ﬁ) " Ldrdf
R"\v/nD sn=1J/n MQ — \/’E

where df is the induced surface area measure on the sphere. Let F =
{0 € S"71; My > coay/n}. By Lemma 4.3,

/ Fr(x)dx
R™\coan/nD
My r—\/ﬁ an .
"~ drdf
// ( Ma-f)
n—1 n—1
(£) // " ldrdg < () Vol(K).
O{ EJyn «

O

Lemma 4.5 Assume that K C R™ is a 8-quasi-body of volume one in
M -position. Then for a = c3(f),

LFK < 64(6)
where c3(B),ca(B) depend solely on 3, not on K or on n.
Proof: By Lemma 4.2,

Vol (K nvnD)"™ > ¢(8).
If & = c3(0) is suitably chosen, then by Lemma 4.4,

Cc1 n—1 o 1 n
[R"’\czozﬁD ( )d$ < (a) < a (625@) Vol (K n \/ED) .

Define a measure by u(E) = %.
-
VnD, we get that

n «Q 1 "

Since K C e“®" D, then

Since F equals 1 on K N

2 2 a 1 n, 2¢(8)n
E,lz|* < (c2a)*n + - <625(ﬁ)> e < ¢(B)n.

2
Therefore, as in Corollary 3.2, L%K < ¢(B) (I;Kég))"_ Note that

Fr(0) = 1. Since [ Fx > Vol(K N+y/nD), we conclude that

L%K < 64(6).

14



O

Proof of Theorem 1.4: Let K C R™ be a C-quasi-body. Let K be

a linear image of K such that Vol(K) = 1 and K is in M-position

(with a constant that depends only on C). Consider the function Fz
for a = ¢3(C). By Lemma 2.2, the body T' = K satisfies

da(K,T) < ¢(0)
for some function ¢/(C) > 0. Also, by Lemma 2.3 and Lemma 4.5,
Ly < 6LFI"( < E(C)

for some ¢(C), a function of C. This completes the proof. O

Remark: There exist quasi-bodies with large isotropic constants.
For example, fix {e1,..,e,} an orthonormal basis in R”, and let K =
By U, ei + B} where BY = {x;),|(z,e;)] < 1}. The quasi-
convex body K has an isotropic constant of order y/n, the largest
possible order. However, if a quasi-body is close to an ellipsoid, then
its isotropic constant is controlled by the distance to the ellipsoid.
Also, a quasi-body with a small outer volume ratio has a universally
bounded isotropic constant.

5 Consequences of the proof

Here we present a few results which are byproducts of our methods.
Our first two propositions enrich the family of convex bodies for which
Question 1.1 has an affirmative answer. In this section Vol(T') denotes
the volume of a set T' C R" relative to its affine hull.

Lemma 5.1 Let K C R™ be an isotropic centrally-symmetric convex
body of volume one, 0 < A <1 and Lxg < A for some A > 1. Then for
any subspace E of dimension An,

Vol(KNE)w < c¢(A)

where ¢(A) depends solely on A, and is independent of the body K and
of the dimension n.

Proof: Since Ex|x|? < nA2%, the median of the function |z| on K is
smaller than 2,/nA. Then K’ = K N2y/nAD satisfies Vol(K') > 1.
Also, given any subspace E C R™ of dimension An,

An
Vol(K' N E) < Vol(2y/nAD N E) < <c\g> .

15



Since K’ is symmetric, Vol(K') < Vol(K'NE)Vol(Projg. K'), where
E* is the orthogonal complement of E and Projg. is the orthogonal
projection onto E+ in R™. Therefore,

, _ Vol(K') VoAl
P K) > P K)y>——2 _>|c—= .
Vol (Projpr K) > Vol (Projp. K' ) > Vol(K' 1 B) = <c 1

We denote the polar body of K by K° = {y € R";Vz € K, {(z,y) <
1}. By Santalé’s inequality [Sa] and reverse Santalé [BM] (recall that
projection and section are dual operations),

Vol(K NEYWol (Projp. K) (8)

c \\n c (1=X)n 1
< (%) (T
An <(1—/\)n> Vol (ProjpK°) Vol(K° N EL)

< (i)n m < (i)n mVol(K) < "Vol(K).

Hence,

K)* AN
Vol(KNE)w <& Vol(X) - <@ <c> < dA
Vol (Projg. K)» VA

and the lemma is proven, with ¢(A) = cA > cA. O

The next proposition states that the isomorphic slicing conjecture
holds for all projections to proportional dimension of bodies with a
bounded isotropic constant.

Proposition 5.2 Let K C R" be a body with Lx < A, and let 0 <
A < 1. Then for any subspace E of dimension \n, there exists a convex
body T C E such that

dpym(Projp(K),T) < ()\), Lt <c(\A)

where Projg is the orthogonal projection onto E inR™, and ¢’ (\), c(\, A)
are independent of K and of n.

Proof: We may assume that K is of volume one and in isotropic
position. For x € E, define

f(z) = Vol(K N [E* + z)).

For any 601,02 € F,

/E<x,91><x,92>f(x)d:17:/ (x,01){(x,05)dx.

K
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Hence by Lemma 5.1,
Ly = (f(0)% Lx < Vol(K NEY)5n A < ¢(A)XA = (A, A).

Set T'= K. By Lemma 2.3 we know that Ly < ¢L; < ¢/(\, A). Also,
by Brunn-Minkowski (e.g. [Sch]) f is (1 — A)n-concave. By Lemma 2.2
de (T, Projp(K)) < ¢35, and the proof is complete. O

Our next proposition verifies the isomorphic slicing conjecture un-
der the condition that at least a small portion of K (say, of volume
larger than e~V™) is located not too far from the origin.

Proposition 5.3 Let K C R™ be a body of volume one, such that
K C BnD. Assume that Vol(K N yy/nD) > e=%V™. Then there exists
a body T C R™ such that

)
dBM(K,T)<C(1+ﬁ’y>, LT<C/’}/

where ¢,/ > 0 are numerical constants.

Proof: It K C 2v+y/nD, the proposition is trivial since Ly < c'v.
Assume the contrary, and denote C = K N 2vyy/nD. As in Section 3,
we define

fl)=inf{l0<t<lLze(1-t)C+tK}

and consider the density F(z) = (1 — f(x))*" on K for a = c’%ﬁg_l).
As in Proposition 3.1, we get that [, F(z)dz > § [, F(x)dz. The

same argument used in Corollary 3.2 shows that

V(K,1;C,n—1)
Vol(C)

LKF <C,’)/7 dg(KF,K)<C

Hence, it remains to show that %&%—1) <1+ %. Define f(t) =
Vol(K NtD). According to our assumption, log f(yy/n) > —dy/n and
log f(2v+/n) < 0. We conclude that there exists v/n < tg < 2yv/n
with (log f(to))" < %. By Brunn-Minkowski inequality, log f is concave

and (log f)’ is decreasing. Therefore, for t = 2vy/n > to,

l Sn—1 )
tow 1) = L) < 2,

For x € 0C, we denote by v, the outer unit normal to C' at x, if it is
unique (it is unique except for a set of measure zero, see [Sch]). Let
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hi(x) = supyeK(x,y). Then (see [Sch]),

1
V(K,1;C,n—1) = E/ hi(vg)dx
ocC

1 1
= f/ hK(a:)dx—l—f/ he(vy)dx
N JKntsn—1 n Joc\tsn—1

- <iVol(C)) B+ Vol(C) = (1 4 ﬂj) Vol(C)

IN

where we used the fact that hx < 8n and that Vol(C) = £ [, ho(ve)da.
This completes the proof. O

Following Pisier (e.g. [P]), we say that K is in M-position of order
a with constants ca, ¢}, if Vol(K) = Vol(rD) and for all ¢ > 1

maz{N (K, tcarD), N(rD,tca K)} < e“at®. (9)

By a duality theorem [AMS], if K is in M-position of order «, then

also
o ./ 1 1 / o ¢
max <N | K° ccat—D | ,N | -D,c cotK < efet
r r

for some numerical constant ¢’ > 0. A fundamental theorem of Pisier
[P] states that for any « < 2, a centrally-symmetric convex body has a
linear image in M-position of order a, with some constants that depend
solely on a.. Next, we show that bodies with a relatively small isotropic
constant satisfy half of the requirements of Pisier’s M-position of order
1.

p‘ﬁ

Proposition 5.4 Let K C R™ be a convex isotropic body whose vol-
ume is one and such that Lx < A for some number A. Then for any
t>1,

N(K,ctAv/nD) < exp (c’%)
where ¢,/ > 0 are numerical cosntants.

Proof: If K C 4A\/nD, then trivially N(K,4At\/nD) = 1 and
there is nothing to prove. Otherwise, denote f(t) = Vol(K NtD).
The median of the Euclidean norm on K is smaller than 2,/nA, hence
f(2y/nA) > 1. Also, f(4y/nA) < 1. Therefore, there exists a point
to € [24/nA,4y/nA] such that

VOlnfl(K N toSn_l)
Vol (K NtoD)

log 2 c

S AnA—2ynd  JnA

= (log f(to))’

18



Denote T'= K NtygD. For x € 9T, denote by v, the outer unit normal
to T at x, if it is unique. Since K is isotropic, K C énAD (see [MP1]),
and

/ hi(vy)dx (10)
KnNtgSn—1

< Volu 1 (K NtgS" Y)enA < ﬁVol(T)énA = c\/aVol(T).
Because Vol(T) = + [, hr(va)dz,
/ hi(vy)dx = / hr(vg)dz < nVol(T). (11)
OT\toS™~1 AT \toS™—1

Since 9T = 9T \ tpS™ 1 U [K NteS™~ 1], adding (10) to (11) obtains

nV(T,n—1;K,1) :/

/
hi (ve)dz < nVol(T) {1 + C] .
oT

NG

Therefore V(T,n — 1;T 4+ K, 1) < Vol(T) [1 +e (1 + \%)} for any
¢ > 0. By Minkowsi inequality (e.g. [Sch]),

Vol(T)"* Vol(T + eK)# < V(T,n—1;T + K, 1)

and hence

Vol(T + eK)# < Vol(T)« [1 +e (1 + \jﬁﬂ .

Denote ¢ = . Then for any ¢ > 0 (see e.g. Lemma 4.16 in [P]),

Vol(K +tT) 1 c " . n
< _— v @ Tl _ N C1
N(K,2tT) oI(0T) {1+ . (1+ \/ﬁﬂ < et

where ¢ <1+ \% is in fact very close to one. For ¢t > 1,

N(K,4At\/nD) < N(K,2ttoD) < N(K,2t[K NtoD]) < e ¥

since to > 24/nA and the proposition is proven. O

Remark: As is evident from the proof, Proposition 5.4 also holds
for any A > 0 that satisfies Vol(K N 2y/nA) > e~V™. This is a much
weaker requirement than Lx < A.

The next Proposition follows immediately from Proposition 2.2 in
[KM] and Theorem 5.2 in [P] (due to Carl [C]).
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Proposition 5.5 Assume that there exists ¢ > 0 such that for any
dimension n and for any centrally symmetric convex body K C R™ we
have Li < c. Then for any centrally symmetric isotropic convex body
K C R” of volume one,

N(vnD,dtK) < exp (c’ﬂ)
3

where ¢ = ¢/(¢) depends only on c. Furthermore, the exponent ‘% 7
may be replaced by number smaller than %

Proposition 5.4 and Proposition 5.5 together imply that if the hy-
perplane conjecture is correct, then the isotropic position is an M-
position of order « for any a < % This information adds to the result
of K. Ball, which states that the isotropic position is an M-position
under the slicing hypothesis.

For K C R™, the volume ratio of K is defined as

v (K) = sup ( ‘:/(;ll((lg)) ) '

where the supremum is over all ellipsoids contained in K. We denote

L, =sup{Lk ; K C R" is a centrally — symmetric convex body},
L,(a) =sup{Lk ; K CR", vr(K) < a}.
In [BKM] it is proven that for any ¢ > 0,
Ly, < ¢(8) Ly(v(6))t*? (12)
where ¢(8),v(8) ~ eT3. Next, we improve the dependence in (12).
Corollary 5.6 There exist c1,ca > 0, such that for all n,

L, < Can(CQ).

Proof: Let K C R™ be a centrally-symmetric convex body of vol-
ume one. Assume that K is in M-position. Then there exists a rotation
U € O(n) such that the body K + UK satisfies v.r.(K + UK) < ¢,
for some numerical constant ¢ > 0 (see [M2]). Define the following
function:

f@) = (x x1luk)(z) = / 1k () 1lyk(z —t)dt = Vol(K N (z + UK))

n
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where 1g, 1y are the characteristic functions of K and UK. It is
straightforward to validate that fRn f =1and that supp(f) = K+UK.
For any 0 € R",

/n (2, 0)2f (x)dz = / / (2 — 1,002 (D) 1uk (z — t)dtda

:/K<w,9>2dx+/UK<x,9>2dx

and hence M(f) = M(K)+ M(UK). In addition, since det(M(K)) =
det(M(U(K)) and the matrices are positive,

det(M(f))Y™ > det(M(K))/™ + det(M(UK))Y/™ = 2det(M (K))'/™.

Since f(0) = Vol(KNUK) > ¢™ (e.g. [M2]), it follows that Lx < ¢/Ly.
The function f is also n-concave, for it is a convolution of characteristic
functions of convex bodies (e.g. the appendix of [GrM]). Therefore,
the body T' = K satisfies dg(T, K +UK) < ¢, and v.r.(T) < co. Since
Lk < cLy < ci Ly, the corollary follows. O

Remarks.

1. At present, there is no good proven bound for M(K)M*(K) in
the non-symmetric case, and hence the central symmetry assump-
tion of the body is crucial to the proof of Theorem 1.2. However,
some of the statements in this paper may be easily generalized to
non-symmetric bodies. In particular, Theorem 1.4, Propositions
5.2-5.5 and Corollary 5.6 also hold in the non-symmetric case.

2. The proof of Corollary 5.6 reduces the problem of bounding the
isotropic constant of K, to the problem of bounding the isotropic
constant of a body close to K+ UK, where U € O(n) and K is in
M-position. If K is not centrally-symmetric, yet its barycenter
is at the origin, then Vol(K N(—K)) > ¢ (see [MP2]). Choosing
U = —Id we find a centrally-symmetric body T, close to K — K,
with Lx < cLy. Hence, universal boundness of the isotropic
constant of convex, centrally-symmetric bodies would imply the
universal boundness of the isotropic constant of non-symmetric
convex bodies as well. We also conclude Bourgain’s estimate
Lg < en'/*logn for K C R"™ being a non-symmetric convex
body. This was previously proved in [Pa].

Acknowledgement. 1 would like to thank Prof. Vitali Milman for
many excellent discussions regarding the slicing problem and other
problems in high dimensional geometry.
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