Logarithmically-concave moment measures I

Bo’az Klartag

Abstract We discuss a certain Riemannian metric, related to the toric Kihler-
Einstein equation, that is associated in a linearly-invariant manner with a given log-
concave measure in R™. We use this metric in order to bound the second derivatives
of the solution to the toric Kédhler-Einstein equation, and in order to obtain spectral-
gap estimates similar to those of Payne and Weinberger.

1 Introduction

In this paper we explore a certain geometric structure related to the moment measure
of a convex function. This geometric structure is well-known in the community of
complex geometers, see, e.g., Donaldson [13] for a discussion from the perspective
of Kihler geometry.

Our motivation stems from the Kannan-LovasZ-Simonovits conjecture [17, Sec-
tion 5], which is concerned with the isoperimetric problem for high-dimensional
convex bodies. Essentially, our idea is to replace the standard Euclidean metric by
a special Riemannian metric on the given convex body K. This Riemannian metric
has many favorable properties, such as a Poincaré inequality with constant one, a
positive Ricci tensor, the linear functions are eigenfunctions of the Laplacian, etc.
Perhaps this alternative geometry does not deviate too much from the standard Eu-
clidean geometry on K, and it is conceivable that the study of this Riemannian
metric will turn out to be relevant to the Kannan-Lovasz-Simonovits conjecture.

Let u be an arbitrary Borel probability measure on R™ whose barycenter is at the
origin. Assume furthermore that p is not supported in a hyperplane. It was proven
in [12] that there exists an essentially-continuous convex function ¢ : R” — R U
{+0oc}, uniquely determined up to translations, such that y is the moment measure
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of v, i.e.,
[ sduts) = [ v@)e s M)

for any p-integrable function b : R™ — R. In other words, the gradient map = —
V() pushes the probability measure e~%(*)dz forward to u. The argument in
[12] closely follows the variational approach of Berman and Berndtsson [5], which
succeeded the continuity methods of Wang and Zhu [29] and Donaldson [13].

Even in the case where p is absolutely-continuous with a C*°-smooth density, it
is not guaranteed that 1) is differentiable. From the regularity theory of the Brenier
map, developed by Caffarelli [9] and Urbas [28], we learn that in order to conclude
that ¢ is sufficiently smooth, one has to assume that the support of p is convex.

An absolutely-continuous probability measure on R"™ is called log-concave if
it is supported on an open, convex set K C R", and its density takes the form
exp(—p) where the function p : K — R is convex. An important example of a log-
concave measure is the uniform probability measure on a convex body in R™. Here
we assume that ;1 is log-concave and furthermore, we require that the following
conditions are met:

(2) The convex set K C R™ is bounded, the function p is C'*°-smooth, and p and its
derivatives of all orders are bounded in K.

Under these regularity assumptions, we can assert that
(3) The convex function ¥ is finite and C'°*°-smooth in the entire R".

The validity of (3) under the assumption (2) was proven by Wang and Zhu [29] and
by Donaldson [13] via the continuity method. Berman and Berndtsson [5] explained
how to deduce (3) from (2) by using Caffarelli’s regularity theory [9]. In fact, the
argument in [5] requires only the boundness of p, and not of its derivatives, see also
the Appendix in Alesker, Dar and Milman [2]. Since the function v is smooth, it
follows from (1) that the transport equation

e P(VP(2)) et V27,D(x) — ¢~ ¥(@) %)

holds everywhere in R™, where V21(x) is the Hessian matrix of . In the case
where p = Const, equation (4) is called the foric Kdihler-Einstein equation. We
write z - y for the standard scalar product of z,y € R™, and |z| = /2 - z.

Theorem 1. Let i be a log-concave probability measure on R™ with barycenter at
the origin that satisfies the regularity conditions (2). Then, with the above notation,
forany x € R™,

A(z) < 2R*(K)

where R(K) = sup,¢ || is the outer radius of K, and Ay = Y, 0% /0x? is
the Laplacian of 1.

Theorem 1 is proven by analyzing a certain weighted Riemannian manifold. A
weighted Riemannian manifold, sometimes called a Riemannian metric-measure
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space, is a triple
X =(2,9.p)

where (2 is a smooth manifold (usually an open set in R™), where g is a Rieman-
nian metric on {2, and p is a measure on (2 with a smooth density with respect to
the Riemannian volume measure. In this paper we study the weighted Riemannian
manifold

M= (R",v%,e*w(z)dx) . )

That is, the measure associated with A/ has density e~¥ with respect to the
Lebesgue measure on R", and the Riemannian tensor on R™ which is induced by
the Hessian of 1) is

> aijdatda (6)
ij=1
where we abbreviate 1;; = 9%¢)/9x'0x7. There is also a dual description of M e
Recall that the Legendre transform of f : R™ — R U {+o0} is the convex function

(@)= sup [z-y— f(y) (z € R™).
f (5)65 +oo
We refer the reader to Rockafellar [26] for the basic properties of the Legendre
transform. Denote ¢ = ¥*. From (4) we see that the Hessian matrix of the convex
function v is always invertible, hence it is positive-definite. Therefore ¢ is a smooth
function in K whose Hessian is always positive-definite. Consequently, the map
Ve : K — R" is a diffeomorphism, and V1) is its inverse map. One may directly
verify that the weighted Riemannian manifold M is canonically isomorphic to

Mp, = (K, VQQDMU) )

with z — Vi (z) being the isomorphism map. In differential geometry, the isomor-
phism between M, and M}, is the passage from complex coordinates to action/angle
coordinates, see, e.g., Abreu [1]. Here are some basic properties of our weighted
Riemannian manifold:

(i) The space M, is stochastically complete. That is, the diffusion process associated

with M, is well-defined, it has 1 as a stationary measure and “it never reaches
the boundary of K.

(ii) The Bakry-Emery-Ricci tensor of M w18 positive. In fact, it is at least half of the
Riemannian metric tensor.

(iii) The Laplacian associated with M, has an interesting spectrum: The first non-
zero eigenvalue is —1, and the corresponding eigenspace contains all linear func-
tions.

Property (ii) is a particular case of the results of Kolesnikov [23, Theorem 4.3]
(the notation of Kolesnikov is related to ours via V. = @ = 1), and properties (i)
and (iii) are discussed below.
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It is important to note that the construction of M, does not rely on the Euclidean
structure: Suppose that V' is a real n-dimensional linear space and p is a probability
measure on V satisfying the assumptions of Theorem 1. Then the convex function
1 : V* — R whose moment measure is x is well-defined up to translations, and
it induces the weighted Riemannian manifolds A/, and M}, via the procedure de-
scribed above. The fact that M, is well-defined without any reference to a Euclidean
structure is in sharp contrast with the Riemannian metric-measure space (R™, |-|, 1)
that is frequently used for the analysis of the log-concave measure (.

In the following sections we prove the assertions made in the Introduction, and
as a sample of possible applications, we explain below how to recover the classical
Payne-Weinberger spectral gap inequality [25], up to a constant factor:

Corollary 1. Let p be a log-concave probability measure on R™ with barycenter
at the origin that satisfies the regularity conditions (2). Then, for any i-integrable,
smooth function f : K — R,

2
2du — d R*(K Vf2du.
/Kfu(/Kfu)m()/Kfu @

The constant 2R?(K) on the right-hand side of (7) is not optimal. In the case
where p is the uniform probability measure on a convex body X C R™ with a
central symmetry (i.e., K = —K), the best possible constant is 4R*(K) /72, see
Payne and Weinberger [25].

Throughout this note, a convex body in R" is a bounded, open, convex set. We
write log for the natural logarithm. A smooth function or a smooth manifold are
C°°-smooth. The unit sphere is S"~! = {z € R";|z| = 1}. The five sections
below use a variety of techniques, from It6 calculus to maximum principles. We
tried to make each section as independent of the others as possible.

Acknowledgements. The author would like to thank Bo Berndtsson, Dario Cordero-
Erausquin, Ronen Eldan, Alexander Kolesnikov, Eveline Legendre, Emanuel Mil-
man, Ron Peled, Yanir Rubinstein and Boris Tsirelson for interesting discussions
related to this work. Supported by a grant from the European Research Council
(ERC).

2 Continuity of the moment measure

This section is concerned with the continuity of the correspondence between convex
functions and their moment measures. Our main result here is Proposition 1 below.
We say that a convex function v : R” — R is centered if

/ eV @dr =1, / zie Ve =0, i=1,...,n. ®)
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The role of the barycenter condition in (8) is to prevent translations of 1 which
result in the same moment measure. It is well-known that any convex function v :
R™ — R satisfying [ e=% = 1 must tend to +o0 at infinity. More precisely, for any
such convex function 1 there exist A, B > 0 with

Y(z) > Alz| - B (z € R"), )
see, e.g., [19, Lemma 2.1]).

Proposition 1. Ler {2 C R™ be a compact set, and let 1, 91,12,... : R* = R
be centered, convex functions. Denote by (i, i1, 42, - . . the corresponding moment
measures, which are assumed to be supported in (2. Then the following are equiva-
lent:

(i) ¥y — 1 pointwise in R™.
(i) e — pweakly (i.e., [bdue — [ bdp for any continuous function b : 2 — R).

Several lemmas are required for the proof of Proposition 1. For a centered, con-
vex function ¢ : R™ — R we define

K(w) = {x ER™; Y(x) <2+ int w<y>},
yeR™

a convex set in R™. Since the barycenter of e ~%(*) dx lies at the origin, then 1(0) <
n+inf,crn ¥ (x), according to Fradelizi [14]. Hence the origin is necessarily in the
interior of K (¢). For z € R™ consider the Minkowski functional

Jally = inf {3 > 0:2/A € K()}

Since a convex function is continuous, then ¥ (x/||z||y) = 2n + inf ¢ for 0 # x €
R™.

Lemma 1. Let ¢ : R™ — R be a centered, convex function. Then,

P(x) = nllzlly +(0) - 2n (z € R™). (10)

Proof. Since the barycenter of e~¥(*)dz lies at the origin, from Fradelizi [14],

(0) <n+ inf ¢(z). (11)

"L‘ERW

x € K(v). In order to prove (10) for 2z ¢ K (1), we observe that for such x we
have ||z||, > 1 and hence

Whenever € K(¢) we have |[z], < 1. Therefore (10) follows from (11) for

$(0)+n < inf ¢<y>+2n¢< d )s(l ! )'w<0>+ L),

yer® 1l [ [ e
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due to the convexity of 1. We conclude that ¥(x) > ¥(0) + n||z|, for any x ¢
K (1), and (10) is proven in all cases. O

Proof of the direction (i) = (ii) in Proposition 1. Denote
K={zeR"%¢Y(x)<2n+1+¢(0)},

a convex set containing a neighborhood of the origin. Since e~ is integrable, then
K must be of finite volume, hence bounded. According to Rockafellar [26, Theo-
rem 10.8], the convergence of 1, to v is locally uniform in R™. In particular, the
convergence is uniform on K, and there exists £y > 1 such that ¢ (x) > 2n+1),(0)
for any x € OK and ¢ > {y. Setting M = )(0) — 1 we conclude that

K(the) C K, (0) > M for all £ > (. (12)
Denote R = sup, ¢ |z|. From (12) and Lemma 1, for any ¢ > ¢,
() 2 nllally, +we(0) = 2n > Flal + (M — 2n) (€R"). (3)
According to our assumption (i) and [26, Theorem 24.5] we have that
Vie(x) ZF Vi (x)

for any x € R”™ in which 1, 11,9, ... are differentiable. Let b : 2 — R be a
continuous function. Since a convex function is differentiable almost everywhere,
we conclude that

b(Vpe(z))e™ V() o b(Vip(z))e ™) for almost any z € R".

The function b is bounded because {2 is compact. We may use the dominated con-
vergence theorem, thanks to (13), and conclude that

/deuz = /n b(Vaby(z))e Y@ dg 23 /

Thus (ii) is proven. O

b(Vy(x))e @ de = / bdys.
2

n

It still remains to prove the direction (ii) = (i) in Proposition 1. A function
f:R™ = Ris L-Lipschitz if | f(z) — f(y)| < L|x — y| for any z,y € R".

Lemma 2. Let L,e > 0. Suppose that ¢ : R™ — R is a centered, L-Lipschitz,
convex function, such that

/ (Vi (z) - Ole @ dx > ¢ forall § € S™ 1. (14)

Then,
alz| — B < ¢(x) < Llz| + v (x € R"), (15)
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where o, 3,7y > 0 are constants depending only on L, e and n.

Proof. Fix § € S"~! and set H = 6+, the hyperplane orthogonal to 6. The
function
me(y) = inf ¥(y +16) (y e H)

is convex. Furthermore, for any fixed y € H, the function ¢ — ¢ (y + t0) is convex,
L-Lipschitz and tends to 400 as ¢ — Zo00. Hence the one-dimensional convex
function ¢ — (y + t0) attains its minimum at a certain point ty € R, is non-
decreasing on [tg, +00) and non-increasing on (—oo, to]. Therefore, for any y € H,

/ . ‘w‘ewyﬂwdt / * ’ % o H10)

dt = 2e~me W),
ot €

We now integrate over y € H and use Fubini’s theorem to conclude that

/ \Vip(z) - Ole V@ de = 2/ e Wy, (16)
n H

Consider the interval
Ip={teR;the K(¥)}. a7

Then,

/ V()24 > / e (0)/2 gy > on— "4
—00 Ig

1o (18)

where |Iy| is the length of the interval Iy. Fix a point y € H. Then there exists
to € R for which mg(y) = ¢ (y + £of). From (18) and from the convexity of ¢,

o) [o'e) : ma (1 o0
/ e_w(%"’_w)dt _ 1/ e_w(”;oe""%)dt > }e_ 6] / e_w(Qte) dt
—o0 2 —o0 2 —o0

__mg(y)+me(0)

1 1
> e 2 e " Iy| > ie*m(y)e*%u@\, (19)

where in the last passage we used that mg(0) < ¥(0) < n + inf¢ < n+ my(y),
because the barycenter of e~¥(*)dz lies at the origin. Integrating (19) over y € H,

we see that
271 2n on 2n
/ / 540) gy = 2 ° / P
\Iel (I Jge 7o

/ R
H

Combine the last inequality with (14) and (16). This leads to the bound

-1

Ig] < C ( / |W(sc)-0le‘1"mdx> < % (20)
for some constant C,, depending only on n. Recall that the origin belongs to K ()
and hence 0 € Iy. By letting 6 range over all of S™~! and glancing at (17) and (20),
we see that
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K(y) € B(0,Cn/e) @n
where B(z,r) = {y € R"; |y — 2| < r}. From (21) and from Lemma 1,

P(x) 2 P(0) = 2n + nflzlly = ¥(0) — 2n + éilﬂ?l (z €R"), (22)

n

for C,, = C), /n. By integrating (22) we obtain
1= / eV < e—<w<o>—2n>/ e—<17l/Co .

Therefore, 1(0) < ~ for v = 2n + log( [, eclel/Cn dzx). Since v is L-Lipschitz,
then the right-hand side inequality of (15) follows. Next, observe that

= / V@) g > / o) ~Llz| g _ g=1(0) / oLl g
Hence 4(0) > log( [z, e~ 1ldz;), and the left-hand side inequality of (15) follows
from (22). O
Proof of the direction (ii) = (i) in Proposition 1.
Step 1. We claim that

liminf< inf / |z - 0|dw(x)) > 0. (23)
7

£—00 fesSn—1

Assume that (23) fails. Then there exist sequences £; € Nand 6; € S »=1 such that
lim |z - 0;|dpg,; (x) = 0. (24)
j—oo Jo

Passing to a subsequence, if necessary, we may assume that §; — 6y € S™~'. The
sequence of functions |z - ;] tends to |z - fy| uniformly in 2 € (2. Hence, from (ii)
and (24),

/|x~00|du(x): lim / (& - Ooldjue, () = lim / @ - 0;|dpug, () = 0.
n J=0 )0 J=0 )0

Therefore 1 is supported in the hyperplane 6. However, 4 is the moment measure
of the convex function ¢ : R™ — R, and according to [12, Proposition 1], it cannot
be supported in a hyperplane. We have thus arrived at a contradiction, and (23) is
proven.

Step 2. We will prove that there exist «, 3,y > 0 and ¢y > 1 such that
alz| — B < e(x) < Ll|z| + v (£ > Ly, z € R™). (25)

Indeed, according to Step 1, there exists £ > 1 and g9 > 0 such that
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/ Vit (2) -0l @ dg :/ -0ldue(z) > 2o (£> o0 € SV, (26)
n Q

Denote L = sup,c, |z|. The function 1, is centered and convex. Furthermore, for
almost any = € R™ we know that Vi), (z) € {2, because the moment measure of 1),
is supported in (2. Hence, for ¢ > 1,

[Vipe(z)| < L for almost any « € R". 27

Since a convex function is always locally-Lipschitz, then (27) implies that 1), is L-
Lipschitz, for any . We may now apply Lemma 2, thanks to (26), and conclude
(29).

Step 3. Assume by contradiction that there exists g € R™ for which )y (z0)
does not converge to ¥(xo). Then there exist ¢ > 0 and a subsequence ¢; such that

[Ye; (20) — Y (20)| > € (j=1,2,...). (28)

From (25) we know that the sequence of functions {wg]. }j=1,2,... is uniformly
bounded on any compact subset of R™. Furthermore, 1, is L-Lipschitz for any j.
According to the Arzela-Ascoli theorem, we may pass to a subsequence and assume
that t,, converges locally uniformly in R", to a certain function F'. The function
F'is convex and L-Lipschitz, as it is the limit of convex and L-Lipschitz functions.
Furthermore, thanks to (25) we may apply the dominated convergence theorem and
conclude that F' is centered.

To summarize, the functions F, ¢y, ,y,, ... are L-Lipschitz, centered and con-
vex. We know that ¢,; — F'locally uniformly in R"™. According to the implication
(i) = (ii) proven above, the sequence of measure { Hee; }j=1727___ converges weakly
to the moment measure of F'. But we assumed that p, converges weakly to u, and
hence w is the moment measure of F'. Thus ¢, F' : R" — R are two centered, con-
vex functions with the same moment measure p. This means that ) = F', according
to the uniqueness part in [12]. Therefore ¢;; — ) pointwise in R", in contradic-
tion to (28), and the proof is complete. O

3 A preliminary weak bound using the maximum principle

In this section we prove a rather weak form of Theorem 1, which will be needed
for the proof of the theorem later on in Section 5. Throughout this section, y is a
log-concave probability measure on R™ with barycenter at the origin, supported on
a convex body K C R", with density e~” satisfying the regularity conditions (2).
Also, ¥ : R™ — R is the smooth, convex function whose moment measure is g,
which is uniquely defined up to translation, and ¢ = 9* is its Legendre transform.
In this section we make the following strict-convexity assumptions:
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(x) The convex body K has a smooth boundary and its Gauss curvature is positive
everywhere. Additionally, there exists g > 0 with

V2p(x) > e - Id (z € K), (29)

in the sense of symmetric matrices.

Denote by || Al the operator norm of the matrix A. Our goal in this section is to
prove the following:

Proposition 2. Under the above assumptions,

sup ||V ()] < +o0.
zER™

The argument we present for the demonstration of Proposition 2 closely follows
the proof of Caffarelli’s contraction theorem [10, Theorem 11]. An alternative ap-
proach to Proposition 2 is outlined in Kolesnikov [22, Section 6]. We begin the proof
of Proposition 2 with the following lemma, which is due to Berman and Berndtsson
[5]. Their proof is reproduced here for completeness.

Lemma 3. sup ¢(x) < +oo.
reK

Proof. Since K is bounded, it suffices to show that ¢ is a-Holder for some o« > 0.
According to the Sobolev inequality in the convex domain KX C R" (see, e.g., [27,
Chapter 1]), it is sufficient to prove that

/ [Vo(z)[Pde < +oo, (30)
K

for some p > n. Fix p > n. The map x — V(x) pushes the measure y forward to
exp(—(z))dx. Hence,

/ [VlPdu :/ |z[Pe ¥ @) dz < 400, (31)
K R™

where we used the fact that e =% decays exponentially at infinity (see, e.g., (9) above
or [19, Lemma 2.1]). Since p is a bounded function on K and e~” is the density of
u, then (30) follows from (31). O

For z € R™ denote hf (r) = sup, ¢ @ - y, the supporting functional of K. The
following lemma is analogous to [10, Lemma 4].

Lemma4. lim sup |V¢(z)— Vhg(x)| = 0.

R—)oo‘z‘ZR

Proof. The function ¢ : K — R is convex, hence bounded from below by
some affine function, which in turn is greater than some constant on the bounded
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set K. According to Lemma 3, the function ¢ is also bounded from above. Set
M = sup,c |¢(z)|. By elementary properties of the Legendre transform, for any

x € R,

(@) =z V() — o(Vi(z)) <z Vip(z) + M. (32)
Recall that x/|x| is the outer unit normal to K at the boundary point VA () when-
ever 0 # = € R™, and that sup, ¢ x -y = = - Vhg (). Therefore, for any x € R",

Y(@)=suplz-y—p))>-M+suwpax-y=-M+2x- -Vhg(z). (33)

yeK yeK
Using (32) and (33),
2M
<vm4m—kuM~§Isﬁa (0 # z € R"). (34)

Recall that Vip(z) € K for any = € R™. Since 0K is smooth with positive Gauss
curvature, inequality (34) implies that there exist Rx, ax > 0, depending only on
K, with

[Vhg(x) — Vip(z)] < ag % for |z| > Rk. (35)

The lemma follows from (35). O
Fore > 0,60 € R™ and a function f : R™ — R denote
355 f(x) = f(x + ) + f(z — 0) — 2f(x) (z €R™).
For a smooth f and a small ¢, the quantity 66()2) f(x)/e? approximates the pure sec-

ond derivative fgg(x). We would like to use the maximum principle for the function
e (), but we do not know whether or not it attains its supremum. This is the

reason for using the approximate second derivative 55?#}(3:) as a substitute.

Corollary 2. Fix 0 < € < 1. Then the supremum of 5(5‘69)1/)(33) over all x € R™ and
0 € S"~is attained.

Proof. According to Lemma 4 and the continuity and 0-homogeneity of Vhg (),

lim sup [Vip(z1) — Vip(ao)| = lim sup |[Vhg(z1) — Vhg(22)]
R—oo  jz|>r R—oo  jz|>r
z1,x2€B(x,1) z1,z0€B(z,1)
—lim s [Vh(er) — Vhr(w) =0, (36)
R—o0 Jz|=1

x1,90€B(x,1/R)

where B(z,r) = {y € R"; |x — y| < r}. From Lagrange’s mean value theorem,
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835 p(x) = ((x + £0) — () — ((x) — Y(x — b))
<e sup  |Vi(x1) — V()| (37)

z1,22€B(z,¢)

According to (36) and (37),

lim  sup 65‘2)1/)(37) <e lim sup  |[V¢(z1) — Vi(z2)| =0.  (38)
R—00 |z|>R R—o0 lz|>R
gesn—1 z1,20€B(z,€)

Since 1 is convex and smooth, then the function 5(%)1/1 is non-negative and continu-
ous in (z,60) € R™ x S"~ L. It thus follows from (38) that its supremum is attained.

O

We shall apply the well-known matrix inequality, which states that when A and
B are symmetric, positive-definite n X n matrices, then

logdet B < logdet A+ T'r [Afl(B — A)] =logdet A+Tr [A*IB] —n, (39)

where T'r(A) stands for the trace of the matrix A. Recall that the transport equation
(4) is valid, hence,

log det V> (z) = =1 (x) + (p o Vi) (x) (xeR™).  (40)

In particular, V24 (z) is always an invertible matrix which is in fact positive-

definite. We denote its inverse by (VQw(z))fl = (" (x))i j=1.....n- For a smooth
function u : R™ — R denote

Au(w) = Tr (V@) V2u(e)] = 69 (@uyle) (@ €RY), @)

where we adhere to the Einstein convention: When an index is repeated twice in
an expression, once as a subscript and once as a superscript, then we sum over this
index from 1 to n. According to (39) for any § € R",

log det V2(z+0) < logdet V2 (x)+1" (x);;(x+0)—n (v € R™), (42)

with an equality for 6 = 0.

Proof of Proposition 2. We follow Caffarelli’s argument [10, Theorem 11]. Our
assumption (29) yields that the function p(x) — eg|x|?/2 is convex. Hence, for any
x,ysuchthatz —y,x +y,z € K,

€o

plx+y) + ple —y) — 2p(z) > ) (|x +yP+ |-yl - 2\x|2) = eoly|?. (43)

Fix 0 < ¢ < 1 and abbreviate dgg f = 6569) f. From (40) and (42) as well as some
simple algebraic manipulations, for any § € R,

A(Sgorp) > Sag (log det V) = —8g1) + Sag(p o V). (44)
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According to Corollary 2, the maximum of (z,6) — Jgetp(x) over R™ x S"~1is
attained at some (g, ¢) € R™ x S™~!. Since 1) is smooth, then at the point z,

0= V(beeth)(z0) = Vio(xo + €€) + Vb(z¢ + c€) — 2V(xp).
In other words, there exists a vector u € R such that
Vi(zg + ce) = Vib(zo) + u, Vi(zg — ee) = Vip(zg) — u.
Setting v = V() and using (43), we obtain
See(p o V) (z0) = p(v +u) + p(v —u) = 2p(v) > eoluf*. (45)
The smooth function & +— de.10(2) reaches a maximum at x, hence the matrix
V2 (8eeth) (o) is negative semi-definite. Since the matrix (V21)) =1 (z¢) is positive-
definite, then from the definition (41),
0> A(deeth) (wo)- (46)
Now, (44), (45) and (46) yield
Seeth(0) = bee (p o V) (20) > olul>. (47)
By the convexity of v,
P(zo + ee) — Y(zo) < Vip(zo +ce) - (ce) = (v +u) - (ce)

and
Y(xg — ee) —P(xg) < Vip(zg — ce) - (—ee) = (v —u) - (—ee).

Summing the last two inequalities yields
Seeth(z0) < (v+u) - (ge) + (v —u) - (—ce) = 2¢e(u - e) < 2ule. (48)
The inequalities (47) and (48) imply that |u| < 2e/eo and hence from (48),
See (1) (wo) < 4% /0.

Consequently, for any x € R™ and § € S™~! we have 5§)Z)¢($) < 4e? /g, and
hence

s y(z) 4

= lim -2 < —.

Yoo(z) chor g2 o €0

Therefore || V21 (z)|| < 4/¢o for any x € R™, and the proof is complete. O

Remark 1. Our proof of Proposition 2 provides the explicit bound

sup [[V24(x)| < 4/eo. (49)
rER™
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By arguing as in [11], one may improve the right-hand side of (49) to just 1/¢q. We
omit the straightforward details.

4 Diffusion processes and stochastic completeness

In this section we consider a diffusion process associated with transportation of
measure. Our point of view owes much to the article by Kolesnikov [23], and we
make an effort to maintain a discussion as general as the one in Kolesnikov’s work.

Let 1 be a probability measure supported on an open set K C R"™, with density
e ” where p : K — R is a smooth function. Let 1) : R™ — R be a smooth, convex
function with

R—oc0 \|z|>R

lim < inf w(m)> = +o0. (50)

Condition (50) holds automatically when f e~ % < oo, see (9) above. Rather than
requiring that the transport equation (4) hold true, in this section we make the more
general assumption that

e P(VE@) det V24h(z) = e~V (@) (z € R™) (51

for a certain smooth function V' : R™ — R. Clearly, when p is the moment measure
of v, equation (51) holds true with V' = 1) and condition (50) holds as well. The
transport equation (51) means that the map = — V() pushes the probability
measure e~ (*)dx forward to y. In this section we explain and prove the following:

Proposition 3. Ler K C R” be an open set, and let V1) : R™ — Randp: K — R
be smooth functions with 1) being convex. Assume (50) and (51), and furthermore,
that
inf . —00. 52
nf Vp(z) > —oo (52)
Then the weighted Riemannian manifold M = (R”7 V2, e‘v(c”)dx) is stochasti-
cally complete.

Remark 2. Note that in the most interesting case where V' = 1, the weighted Rie-
mannian manifold M from Proposition 3 coincides with M ; as defined in (5) and
(6) above. Additionally, in the case where p is log-concave with barycenter at the
origin, condition (52) does hold true: In this case, according to Fradelizi [14], we
know that p(0) < n + inf,cx p(x). By convexity,

Vp(z) -2 > p(z) — p(0) = —n (z € K),

and (52) follows. Thus Proposition 3 implies the stochastic completeness of M,
when p is a log-concave probability measure with barycenter at the origin, which
satisfies the regularity conditions (2).
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We now turn to a detailed explanation of stochastic completeness of a weighted
Riemannian manifold. See, e.g., Grigor’yan [15] for more information. The Dirich-
let form associated with the weighted Riemannian manifold M = (2, ¢,v) is de-
fined as

I'(u,v) :/ g (Vgu, Vav)dy, (53)
2

where u,v : {2 — R are smooth functions for which the integral in (53) exists.
Here, V ju stands for the Riemannian gradient of u. The Laplacian associated with
M is the unique operator L, acting on smooth functions u : {2 — R, for which

/ (Lu)vdv = —I'(u,v) (54)
9]

for any compactly-supported, smooth function v : 2 — R. In the case of the
weighted manifold M = (R”, V24, e*V(“’)d:v) from Proposition 3, we may ex-
press the Dirichlet form as follows:

I'(u,v) = / (v uv;) eV (55)

where VZ2(z)™! = (¥ (x)); j=1,...n and u; = Ou/dx". Note that the matrix
V21/J(a:) is invertible, thanks to (51). As in Section 3 above, we use the Einstein
summation convention; thus in (55) we sum over ¢, j from 1 to n. We will also make
use of abbreviations such as 1; ;5 = 931/(92'0x79z"), and also Phy = P*ehik
and z/;,? = *9pI™ 1), 1. Therefore, for example,

_ WY(a)

(W) = =5 = = ik = —0.

We may now express the Laplacian L associated with M = (R", V23, e~V (@) dz)
by g
Lu =i — (5 + V) (56)

as may be directly verified from (55) by integration by parts.

Lemma 5. For any smooth function u : R — R,

Lu =P ug; =3 pi(V(@))u;. 57)
j=1

Proof. We take the logarithmic derivative of (51) and obtain that for = 1,... n,

Dlg(w) = =Vil@) + D pi(V(@)ue(z)  (z €R"). (58)

i=1

Multiplying (58) by 1/7¢ and summing over ¢ we see that for j = 1,..., n,
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v () = = (2)Vil2) + ps (Vo (z))  (z €R™). (59)
Now (57) follows from (56) and (59). O

Lemma 6. Under the assumptions of Proposition 3, there exists A > 0 such that for
all x € R™,

(Ly)(x) < A

Proof. Set A = max{0,n — infycx Vp(y) - y}, which is a finite number ac-
cording to our assumption (52). From Lemma 5,

Lip(x) = ey — Zp]vw fanpr bj(@).

Jj=1

It remains to prove thatn — > p; (Vi) (2))¢; () < A, or equivalently, we need to
show that

Voly) - y>n—A forally € K. (60)
However, (60) holds true in view of the definition of A above. Therefore Ly < A
pointwise in R™. O

The Laplacian L associated with a weighted Riemannian manifold M is a
second-order, elliptic operator with smooth coefficients. We say that M is stochas-
tically complete if the Itd diffusion process whose generator is L is well-defined at
all times ¢ € [0, 00). In the particular case of Proposition 3, this means the follow-
ing: Let (B;);>0 be the standard n-dimensional Brownian motion. The diffusion
equation with generator L as in (57) is the stochastic differential equation:

dY, = V2 (V*(Y2) "2 dB, — Vp(Vi(Yy))dt, (61)

where (V24)(x))~'/? is the positive-definite square root of (V21(z))~". For back-
ground on stochastic calculus, the reader may consult sources such as Kallenberg
[16] or Pksendal [24]. The stochastic completeness of M is equivalent to the exis-
tence of a solution (Y} )¢>0 to the equation (61), with an initial condition Y; = z for
a fixed z € R"™, that does not explode in finite time. Proposition 3 therefore follows
from the next proposition:

Proposition 4. Let ¢,V and p be as in Proposition 3. Fix z € R". Then there
exists a unique stochastic process (Yy)i>o, adapted to the filtration induced by the
Brownian motion, such that for all t > 0,

Y, =2+ / tﬁ(V% (v0)~*dB,; - / t Vo(Vip(Y))dt, (62)
0

0

and such that almost-surely, the map t — Y; (t > 0) is continuous in [0, 400).
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Proof. Since 1)(x) tends to +00 when x — oo, then the convex set {¢) < R} =
{z € R™;¢(x) < R} is compact for any R € R. We use Theorem 21.3 in Kallen-
berg [16] and the remark following it. We deduce that there exists a unique contin-
uous stochastic process (Y;):>o and stopping times T}, = inf{¢t > 0;¢(Y;) > k}
such that for any k£ > ¢(z),t > 0,

min{¢, T} } ) _1/2 min{¢, T} }
Vg ==+ [ VE(VO) dBe [ Op(uvi)at
0 0
(63)
Denote T' = sup;, T%. We would like to prove that 7' = 400 almost-surely. Accord-
ing to Dynkin’s formula and Lemma 6, for any k > v (z) and ¢t > 0,

min{¢,Tj }
Etb (Yaninge ) = 9(2) +E /O (L) (Yi)dt < (=) + 24¢,

where A is the parameter from Lemma 6. Set « = — inf g~ ¥(x), a finite number
in view of (50). Then ¢ (z) 4 « is non-negative. By Markov-Chebyshev’s inequality,
forany ¢ > 0 and k& > ¢(2),

) < ]Ew(}/;nin{t,Tk}) +a < 2At + 'l/)(Z) +«

< = ; >
P(Tk > t) P ('l/)(ymm{t,Tk}) = k A +a >~ A Ta

Hence, for any ¢t > 0,

B(T' < 1) < inf P(T), < #) < liminf 2ALT V() o
k k—o0 k+ «

=0.

Therefore 1" = +o0 almost surely. We may let & tend to infinity in (63) and deduce
(62). The uniqueness of the continuous stochastic process (Y3 )¢>¢ that satisfies (62)
follows from the uniqueness of the solution to (63). O

For z € R™ write (Yt(z))fzo for the stochastic process from Proposition 4 with
Y, = z. Denote by v the probability measure on R™ whose density is e =" (%) dz.
The lemma below is certainly part of the standard theory of diffusion processes. We
were not able to find a precise reference, hence we provide a proof which relies on
the existence of the heat kernel.

Lemma 7. There exists a smooth function pi(x,y) (z,y € R™,t > 0) which is
symmetric in x and y, such that for any y € R"™ and t > 0, the random vector

)/t(y)
has density x — pi(x,y) with respect to v.

Proof. We appeal to Theorem 7.13 and Theorem 7.20 in Grigor’yan [15], which
deal with heat kernels on weighted Riemannian manifolds. According to these the-
orems, there exists a heat kernel, that is, a non-negative function p,(x,y) (z,y €
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R™ ¢ > 0) symmetric in 2 and y and smooth jointly in (¢, x,y), that satisfies the
following two properties:

(i) For any y € R, the function u(t, x) = p:(z, y) satisfies

ou(t, )
ot

= Lyu(t, ) (x e R",t > 0)

where by L,u(t, x) we mean that the operator L is acting on the x-variables.
(ii) For any smooth, compactly-supported function f : R” — R and = € R"™,

[ e prwany) =5 f). (64

and the convergence in (64) is locally uniform in z € R”.

Theorem 7.13 in Grigor’yan [15] also guarantees that [ p;(z,y)dv(z) < 1 for any

y. It remains to prove that the random vector Yt(y) has density = — p;(x,y) with re-
spect to v. Equivalently, we need to show that for any smooth, compactly-supported
function f : R - Randy € R, ¢ > 0,

Bf (W) = [ f@pday)ivia). (65)

Denote by v(t,y) (t > 0,y € R") the right-hand side of (65), a smooth, bounded
function. We also set v(0,y) = f(y) (y € R™) by continuity, according to (ii).
Then the function v(¢,y) is continuous and bounded in (¢,y) € [0,4+00) x R™.
Since f is compactly-supported then we may safely differentiate under the integral
sign with respect to y and ¢, and obtain

ov(t, 0 ,
WD) [ 8D i), Lty = [ 5@ Lyl ) o)
R™ R™
From (i) we learn that
WD) Luity) (v € R" £ 0) (66)

Fix tg > 0 and y € R™. Denote Z; = v (to —t,Y;(y)> for 0 < t < to. Then

(Zt)0§t§t0 is a continuous stochastic process. From Itd’s formula and (66), for 0 <
t < tp,

t

Zy=2Z20 + Ry + / {Lyv (to - t,Y;(y)) - % (to . t,Y;(y)ﬂ dt = Zy + R,
0

where (Ry)o<t<t, is a local martingale with Ry = 0. Since v is bounded, then

(Z¢)o<t<t, is a bounded process, and (R¢)o<¢<t, is in fact a martingale. In particu-
lar ER;, = ERy = 0. Thus,
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Ef (V) =2, =BZ =vlto.n) = | @b (@ 9)iv(a),

and (65) is proven. O

Corollary 3. Suppose that Z is a random vector in R", distributed according
to v, independent of the Brownian motion (Bt)i>o used for the construction of

(Y;&(Z))tZO,zeR"~

(2)

Then, for any t > 0, the random vector Y, "’ is also distributed according to v.

Proof. According to Lemma 7, for any measurable set A C R,

P(v % e a)= / (v e A)dv(z) = / n ( /A pt(z,x)du(x)) dv(z)
_ /A (/npt(a:,z)du(z)) dv(z) = v(A). O

Remark 3. Our choice to use stochastic processes in this paper is just a matter of
personal taste. All of the arguments here can be easily rephrased in analytic termi-
nology. For instance, the proof of Proposition 4 relies on the fact that L) is bounded
from above, similarly to the analytic approach in Grigor’yan [15, Section 8.4]. An-
other example is the use of local martingales towards the end of Lemma 7, which
may be replaced by analytic arguments as in [15, Section 7.4].

5 Bakry-Emery technique

In this section we prove Theorem 1. While the viewpoint and ideas of Bakry and
Emery [4] are certainly the main source of inspiration for our analysis, we are not
sure whether the abstract framework in [3, 4] entirely encompasses the subtlety of
our specific weighted Riemannian manifold. For instance, Lemma 9 below seems
related to the positivity of the carré du champ I'; and to property (ii) in Section
1 above. In the case ¢ > 1/2, Lemma 9 actually follows from an application of
[3, Lemma 2.4] with f(x) = 2! and p = 1/2. Yet, in general, it appears to us
advantageous to proceed by analyzing our model for itself, rather than viewing it as
an abstract diffusion semigroup satisfying a curvature-dimension bound.

Let u be a log-concave probability measure on R"™ satisfying the regularity as-
sumptions (2), whose barycenter lies at the origin. Let ¢ : R™ — R be convex and
smooth, such that the transport equation (4) holds true. In Section 4 we proved that
M ; is stochastically complete. Since M- is isomorphic to M, then M, is also
stochastically complete.
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Let us describe in greater detail the diffusion process associated with M, =
(K, V2, 11). Recall that the Legendre transform ¢ = 1* is smooth and convex on
K, and that

p(x) +9(Vep(z)) =z - Vo(z) (z € K).
We may rephrase (4) in terms of ¢ = t*, and using (VZp(z)) ™! = V2 (Vp(1)),
we arrive at the equation

det V2ip(z) = = Ve@)—¢@)=p@) (x € K). (67)

The Hessian matrix V2 is invertible everywhere, so we write (Vzgo(x))_l —

(¢"(x))i j=1,...n» and as before we use abbreviations such as wzk ALY
In this section, for a smooth function v : K — R, denote

Lu(z) = ¢"uij — x'u; forz = (z*,...,2") € K. (68)
The following lemma is “dual” to Lemma 5.

Lemma 8. The operator L from (68) is the Laplacian associated with the weighted
Riemannian manifold M,,.

Proof. By taking the logarithmic derivative of (67) and arguing as in the proof of
Lemma 5, we obtain that forany z € K,: =1,...,n,

o

o] =" —"p;. (69)

Integrating by parts and using (69), we see that for any two smooth functions u, v :
K — R with one of them compactly-supported,

K K K

Lemma 9. Fixe > 0. Forz € K set f(z) = p'(x). Then, for the function f¢(x) =
f(x) we have
L(f*)+efc>0.

Proof. Fori, 5 =1,...,n,

fi= (M= -t oime,  fij = —oi + 2030k
Therefore,

Lf=¢"f; —a'fi=—¢;7 + 2070} + a7} (70)

Taking the logarithm of (67) and differentiating with respect to z* and ¢, we see
that
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‘P;ie — o1 00 = —pic + ie + 0 i (i,0=1,...,n).
Multiplying by '?!'¢ and summing yields

o]t — oot = et pi H ot al o)t (71)

Since p is convex then its Hessian matrix is non-negative definite and p;p ¢ >
0. From (70) and (71),

y , y y
Lf =@ 0f" — o™ 4+ piup o™ > oIl — ot =l — f. (72)

The chain rule of the Laplacian is L(A(f)) = N (f)Lf + N'(f)¢" f; f;, as may be
verified directly. Using the chain rule with A(¢) = ¢ we see that (72) leads to

L(ff)=ef'Lf+e(e—1)f 2!
>efs Tl ol el —eft He(e — 1) TR Ml

That is,
115, .11
_ 4 elip:
L(f5)+efe >ef [wiﬂa}’w(a—l) @11" ]
115,11
_ » il
>ef! [sﬂ}f@}’“ - (pllj ] ; (73)

where we used the fact that ©'"@i' > 0 in the last passage (or more gen-
erally, ”’h;h; > 0 for any smooth function h). It remains to show that the
right-hand side of (73) is non-negative. Denote A = (ap,lcj) j.k=1,...,n. The matrix
B = (p¥*); k=1, , is a symmetric matrix, since pl7F = oMk, We
have A = (V2p)B, and hence

P 2
ool = Tr(a?) = 11 [ (7% 2570 )|
= w2287y
HS'

since the matrix (V2p)'/2B(V2p)'/? is symmetric, where | T ;s stands for the
Hilbert-Schmidt norm of the matrix 7". We will use the fact that the Hilbert-Schmidt
norm is at least as large as the operator norm, that is, ||T'||%¢ > |Tz|?/|z|? for any
0 # x € R™. Setting e; = (1,0,...,0), we conclude that

2 . . .
|(V290)1/2B(v2¢)1/2(v2<p)71/261| _ QOllZSOijSDllj _ ﬁp;l@llj

17 1k
=z 2 11 1
[(V2p)~1/2¢ | ® ®

PP =

Therefore the right-hand side of (73) is non-negative, and the lemma follows. []
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Let (By);>0 be the standard n-dimensional Brownian motion. From the results
of Section 4, the diffusion process whose generator is L from (68) is well-defined.

That is, there exists a unique stochastic process (Xt(z))tzo,ze K, continuous in ¢ and
adapted to the filtration induced by the Brownian motion, such that for all ¢ > 0,

t -1/2 t
XP =2y / V2 (V3% (X)) TaB— | xPa. as
0 0

Our proof of Theorem 1 relies on a few lemmas in which the main technical obstacle
is to prove the integrability of certain local martingales.

Lemma 10. Fix z € K and set X; = Xt(z) (t > 0). Then for any t > 0,
EX; =etz, (75)

and for any 6 € S"1,

t
AR(X,-0)2 > (2-0)* + 2/ e*E [(V?p) ' (X,)0 - 0] ds. (76)
0

Proof. From 1t6’s formula and (74),
d(e'Xy) = e'dX; + e Xydt = V2e! (V2p(X,)) /2 dB,.

Therefore (e! X, +)o<t<T 18 a local martingale, for any fixed number 7" > 0. However,
e! Xy € e K for0 <t <T,and K C R™ is a bounded set. Therefore (e’ X;)o<;<r
is a bounded process, and hence it is a martingale. We conclude that

Ee! X, = Ee® Xy = 2z (t >0),
and (75) is proven. It remains to prove (76). Without loss of generality we may
assume that § = e¢; = (1,0,...,0). Denoting Y; = X, - e;, we obtain from (74)

that
Yy = V2 (V2o(Xy)) 2 €1 - dB; — Yidt.

Set Z; = e?'Y,? = e%'(X, - e1)?. According to It0’s formula,
1
dZ; = 2e*'Y2dt + 2e*'Y;dY; + 3 (2e%") - 20 (X )dt = 2e* o™ (X)) dt + d M,
where (M});>o is a local martingale with My = 0. This implies that for any ¢ > 0,
t
Zy = (z-e1)* + M, +/ (2e* ' (X)) ds. 77
0

Since !'! is positive, then for any ¢ > 0,

Zy — (z-e1)* > M. (78)
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The convex body K is bounded, and hence (Z;)o<;<7 is a bounded process for any
number 1" > 0. According to (78), the local martingale (Mt)ogth is bounded from
above, and by Fatou’s lemma it is a sub-martingale. In particular EM; > EM, = 0
for any t. From (77),

t
EZ, > (z-el)2+2E/ e oM (X,)ds (t>0).
0

Since EZ; < +o0 and o!! is positive, we may use Fubini’s theorem to conclude
that for any ¢ > 0,

t
EZ; > (z-e1)* + 2/ X Ep! (X,)ds. O
0

Remark 4. Once Theorem 1 is established, we can prove that equality holds in (76).
Indeed, it follows from Theorem 1 and (77) that (M;)o<:<7 is a bounded process
and hence a martingale.

Lemma 11. Assume that the convex body K has a smooth boundary and that its
Gauss curvature is positive everywhere. Assume also that there exists €y > 0 with

V2p(x) > e - Id (x € K) (79)

in the sense of symmetric matrices. Fix z € K and set X; = Xt(z) (t > 0). Denote
f(x) = oY (x) for x € K. Then, for any t,e > 0,

f(z) < et (EfE(X)VE. (80)

Proof. Our assumptions enable the application of Proposition 2. According to the
conclusion of Proposition 2, there exists M > 0 such that

V3h(y) < M - Id (y € R™).
Since (V2p) () = V2 (Vp(x)), then,
fl@)= ¢ (@) <M (x € K). (81)

From It&’s formula and (74),

6Etf6(Xt)=f€(Z)+Mt+/O e [(LF)(Xs) +ef*(Xo)lds,  (82)

where M, is a local martingale with My = 0. According to (82) and Lemma 9, for
any t > 0,
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e fE(Xy) > f(2) + M. (83)

We may now use (81) and (83) in order to conclude that the local martingale
(M¢)o<i<T is bounded from above, for any number 7' > 0. Hence it is a sub-
martingale, and EM; > EM, = 0 for any ¢ > 0. Now (80) follows by taking the
expectation of (83). Oa

Remark 5. We will only use (80) for ¢ = 1, even though the statement for a small
¢ is much stronger. In the limit where ¢ tends to zero, it is not too difficult to prove
that the right-hand side of (80) approaches exp(t + E log f(X%)).

The covariance matrix of a square-integrable random vector Z = (Z1,...,Z,) €
R™ is defined to be

CO’U(Z) = (EZZZ] — EZZ . ]EZJ)

ij=1,...n"

Corollary 4. Assume that the convex body K has a smooth boundary and that its
Gauss curvature is positive everywhere. Assume also that there exists €9 > 0 with

V2p(x) > eo - Id (z € K). (84)

Then forany z € K andt > 0,
o2t
(V) 7'(2) < A1) Cov (Xt(z)>
in the sense of symmetric matrices.

Proof. Fix z € K,t > 0 and § € S"~1. We need to prove that

2t

2 -1 € (2)
(Vie(z)) 6-0< mVar(Xt -0). (85)
Without loss of generality we may assume that 6 = e; = (1,0,...,0). We use

Lemma 10 and also Lemma 11 with € = 1, and obtain

t t
HE(Xe1)? > (z-el)2+2/ PRt (XP)ds > (z-61)2+2<p11(z)/ e*ds.
0 0

Recall that EXt(Z) = e~tz, according to Lemma 10. Consequently,

2t €2t

(E(Xt(z) ce1)? —(e7tz- 61)2> = 7Var(Xt(Z) -e1),

OEE 2(ef — 1)

1)
and (85) is proven for 6 = e;. O

Proof of Theorem 1. Assume first that the convex body K has a smooth boundary,
that its Gauss curvature is positive everywhere, and that there exists £y for which
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(84) holds true. We apply Corollary 4 with ¢ = log 2, and conclude that for any
ze K,

Tr [(V20) "\ (2)] < 2Tr {Cou(Xt(z))} <9E 'Xf” * <oRX(K)

as Xt(z) € K almost surely. Therefore, for any € R, setting z = Vi)(z) we have
Ap(x) = Tr [V2(z)] = Tr (V) "' (2)] <2R*(K). (86)

It still remains to eliminate the extra strict-convexity assumptions. To that end, we
select a sequence of smooth convex bodies K, C R"™, each with a positive Gauss
curvature, that converge in the Hausdorff metric to /. We then consider a sequence
of log-concave probability measures p, with barycenter at the origin that converge
weakly to u, such that pu, is supported on Ky and such that the smooth density of
e satisfies (84) with, say, ¢g = 1/£. We also assume that p, and K satisfy the
regularity conditions (2).

It is not very difficult to construct the p,’s: For instance, convolve p with a tiny
Gaussian (this preserves log-concavity), multiply the density by exp(—|z|?/£), trun-
cate with K, and translate a little so that the barycenter would lie at the origin. This
way we obtain a sequence of smooth, convex functions ¢, : R™ — R such that pu,
is the moment measure of 1),. We may translate, and assume that 1) and each of the
Y} s are centered, in the terminology of Section 2. According to (86), we know that

Atpg(x) < 2R?*(Ky) (r €R™ £ >1). (87)

Furthermore, 1y — p© weakly, and by Proposition 1, also 1, — ) pointwise in
R™. Since ), and v are smooth, then [26, Theorem 24.5] implies that

{— 00

Vipe(x) — Vip(x) (x € R™).

The function ¢ is R(K)-Lipschitz, and R(K,) — R(K).Hence sup, , |V ()]
is finite. By the bounded convergence theorem, for any o € R™ and € > 0,

/ sz/ VW-NZif/ Vi N = A, (88)
B(zo,e) OB(z0,¢) OB(z0,¢) B(zo,e)

where IV is the outer unit normal. From (87) and (88) we conclude that for any
To € R"and € > 0,

{— 00

/ Ay < Vol (B(xg,¢€)) - limsup 2R*(K,) = 2Vol, (B(zo,€))R*(K),
B(zo,¢)

where Vol,, is the Lebesgue measure in R”™. Since 1 is smooth, then we may let €
tend to zero and conclude that Av)(z0) < 2R?(K), for any o € R™. O
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Posteriori, we may strengthen Corollary 4 and eliminate the strict-convexity as-
sumptions. These assumptions were used only in the proof of Lemma 11, to deduce
the existence of some number M > 0 for which V2¢(z) < M - Id, for all z € R™.
Theorem 1 provides such a number M = 2R?*(K), without any strict-convexity
assumptions on p or K. We may therefore upgrade Corollary 4, and conclude that

Corollary 5. Suppose that 1 is a log-concave probability measure in R™ with
barycenter at the origin, satisfying the regularity conditions (2). Let (Xt(Z))tZ(),ze K
be the stochastic process given by (74). Then this process is well-defined and
bounded, and for any z € K and t > 0,

2t

(V2p)"L(2) < h Cov (x{7)

in the sense of symmetric matrices.

6 The Brascamp-Lieb inequality as a Poincaré inequality

We retain the assumptions and notation of the previous section. That is, u is a log-
concave probability measure on R”, with barycenter at the origin, that satisfies the
regularity assumptions (2). The measure p is the moment-measure of the smooth
and convex function ¢ : R™ — R. Equation (4) holds true, and we denote ¢ = ¥*.
According to the Brascamp-Lieb inequality [8], for any smooth function » : R” —
IR such that ue~? is integrable,

/ ue™ ¥ =0 — / ue V¥ < / [(VQw)_1Vu . Vu} e Y. (89)

Equality in (89) holds when u(z) = V(z) - 6 for some § € R™. Note that (89) is
precisely the Poincaré inequality with the best constant of the weighted Riemannian
manifold ;. By using the isomorphism between M, and M ;, we translate (89) as
follows: For any smooth function f : K — R which is p-integrable,

Var,(f) < /K (7 f:£5) dp, (90)

where Var,(f) = [ f2du—([ fdu)?. Equality in (90) holds when f(z) = A+x-0
for some € € R™ and A € R. This is in accordance with the fact that linear functions
are eigenfunctions, i.e.,

Lzt = —a! (i=1,...,n)

where Lu = ¢"u;; — z'u; is the Laplacian of the weighted Riemannian manifold
M,,. In fact, (90) means that the spectrum of the (Friedrich extension of the) operator
L cannot intersect the interval (—1, 0), and that the restriction of — L to the subspace



Logarithmically-concave moment measures I 27

of mean-zero functions is at least the identity operator, in the sense of symmetric
operators.

Theorem 1 states that Ay (z) < 2R?(K) everywhere in R™. A weak conclusion
is that V29 (z) < 2R?(K) - Id, or rather, that (V2p(z))~! < 2R*(K) - Id. By
substituting this information into (90), we see that for any smooth function f €
LY (p),

Var(f) < 2R(K) / IV f2dp. o1
K

This completes the proof of Corollary 1. See [20, 21] for more Poincaré-type in-
equalities that are obtained by imposing a Riemannian structure on the convex body
K. The Kannan-LovasZ-Simonovits conjecture speculates that R?(K) in (91) may
be replaced by a universal constant times ||Cov(u)]||, where C'ov(p) is the covari-
ance matrix of the random vector that is distributed according to p, and || - || is the
operator norm.

A potential way to make progress towards the Kannan-Lovasz-Simonovits con-
jecture is to try to bound the matrices (V2¢)~!(z) (z € K) in terms of Cov(p).
The following proposition provides a modest step in this direction:

Proposition 5. Fix 0 € S"~! and denote

V= (z - 0)%du(z).
Rn

2 V=19 .p9|P 1/p
(/K‘W dM) §4p2.

Proof. Without loss of generality, assume that § = e; = (1,0,...,0). According
to Corollary 5, forany z € K and ¢t > 0,

Then, for any p > 1,

2t 2t

2
11 < (2) | < € (=) '
P < 5 Var (X{7 - e1) < L (X7 -er) 92)

(et =1)

Let Z be a random vector that is distributed according to u, independent of the
Brownian motion used in the construction of the process (Xt(Z))tZO,ze . It follows
from Corollary 3 that for any fixed ¢ > 0 the random vector X t(Z) is also distributed
according to p. By setting ¢ = log 2 in (92) and applying Holder’s inequality, we
see that for any p > 1,

2p
El"(2)] < 2E|X{7 o1 = 2E|Z - er. 93)

The random vector Z has a log-concave density. According to the Berwald inequal-
ity [6, 7],
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(@17l

1)  [(2p+1)Y/Cp) S 2
<————/E|Z- < —=VV. 94
) = F(3)1/2 | 61| = \/i\/v ( )

(The Berwald inequality is formulated in [6, 7] for the uniform measure on a convex
body, but it is well-known that is applies for all log-concave probability measures.
For instance, one may deduce the log-concave version from the convex-body version
by using a marginal argument as in [18]). The proposition follows from (93) and

(94). O
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