Marginals of Geometric Inequalities

B. Klartag*

School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540, USA
klartag@ias.edu

Summary. This note consists of three parts. In the first, we observe that a surpris-
ingly rich family of functional inequalities may be proven from the Brunn—Minkowski
inequality using a simple geometric technique. In the second part, we discuss con-
sequences of a functional version of Santald’s inequality, and in the third part we
consider functional counterparts of mixed volumes and of Alexandrov—Fenchel in-
equalities.

1 Introduction

In this note we review a simple, folklore, method for obtaining a functional
inequality — an inequality about functions — from a geometric inequality, which
here means an inequality about shapes and bodies. Given a compact set K C
R™ and a k-dimensional subspace £ C R”, the marginal of K on the subspace
E is the function fx g : E — [0,00) defined as

fK,E(x) = VOln,k(Kﬂ [{IJ + EJ_])

where E+ is the orthogonal complement to £ in R™, and Vol,,_, is the induced
Lebesgue measure on the affine subspace x + E+. A trivial observation is
that an inequality of the form Vol, (A) > Vol,(B) implies the inequality
I} plar> / 5 [B,B- Thus geometric inequalities give rise to certain functional
inequalities in a lower dimension.

The idea of recovering functional inequalities from different types of in-
equalities in higher dimension is not new, and neither is the use of marginals
as explained above (see, e.g., [Bo, Er] or [KLS, page 548]). In this note we
observe that this obvious method, when applied to some classical geomet-
ric inequalities, entails non-trivial functional inequalities. In particular, this
method yields conceptually simple proofs of logarithmic Sobolev inequalities,
Prékopa—Leindler and other inequalities: All follow as marginals of the Brunn—
Minkowski inequality. Marginals of the Brunn—Minkowski inequality are the
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subject of the first part of this paper, that consists of Section 2 and Section
3. Although no new mathematical statements are presented in this part of
the note, we hope that some readers will benefit from the clear geometric
flavor added to the known proofs of these inequalities, in particular the ap-
proach of Bobkov and Ledoux to the gaussian log-Sobolev inequality [BoL].
We would also like to acknowledge the great influence of K. Ball’s work [B2]
and F. Barthe’s work [Bal] on our understanding of the interplay between
log-concave functions and convex sets.

An application of the “marginals of geometric inequalities” approach to
Santald’s inequality was carried out in [ArtKM]. By appropriately taking
marginals of both sides of Santalé’s inequality, the following new inequality
was established: For any integrable function g : R™ — [0, 00) with a positive
integral, there exists xp € R™ such that g(x) = g(x — x) satisfies

[ af a<emr (1

where f°(z) = infyern [e=@¥ /f(y)] for any f : R — [0,00). In the case
where g is assumed to be an even function, the inequality (1) was proven by
K. Ball [Bl]. If [2¢°(x)dz = 0, then we can take zo = 0 in (1). In that
case, equality in (1) holds if and only if ¢ is a gaussian function. Additionally,
the left hand side of (1) is always bounded from below by ¢", for a universal
constant ¢ > 0 (see [KIM]).

Santald’s inequality, once translated into its functional form (1), attains
power of its own. For example, it was shown in [ArtKM)] following ideas of
Maurey [M], that the inequality (1) implies a sharp concentration inequality
for Lipshitz functions of gaussian variables. The second part of this paper
describes further applications of the functional Santalé inequality (1). For
example, with the aid of the transportation of measure technique, we derive
the following corollary:

Corollary 1.1. Let K,T C R" be centrally-symmetric, convex bodies, and
denote by D C R" the standard Fuclidean unit ball in R™. Then,

Vol,, (K Ny T)Vol,, (K° Ny T) < Vol,, (D Ny T)? (2)

where K° = {x € R";Vy € K, (x,y) < 1} is the polar body, and ANy B is
defined as follows: If A is the unit ball of the norm || - ||a and B is the unit
ball of the norm || - ||g, then ANy B is defined as the unit ball of the norm

|llan = VI2l% + [l]5-

Here, a convex body is a compact, convex set with a non-empty interior.
Note that AN B C ANy B C v2(AN B) for any centrally-symmetric convex
sets A, B C R™. Thus, Corollary 1.1 immediately implies that

Vol,,(K N T)Vol, (K° N T) < 2"Vol,, (D N T)? (3)
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for any centrally-symmetric convex bodies K, T C R™. Inequality (3) is prob-
ably not sharp; The constant 2™ on the right hand side seems unnecessary.
The validity of (3), without the 2™ factor, was conjectured by Cordero—
Erausquin in [C-E|. Cordero—Erausquin proved this conjecture for the case
where K, T C R?™ are unit balls of complex Banach norms, and 7T is invariant
under complex conjugation [C-E]. Another case in which a sharp version of
(3) is known to hold, without the 2™ factor, is the case where T is an un-
conditional convex body. This follows from the methods in [C-EFM], and was
also observed independently by Barthe and Cordero—Erausquin [Ba2]. Corol-
lary 1.1 is derived from more general principles in Section 5, and so is the
following corollary.

Corollary 1.2. Let ¢ : R" — (—o0,00] be a convex, even function, and let

a > 0 be a parameter. Let p be a measure on R™ whose density F' = % 18

o0
F(J:):/O grtlemat® g—u(te) gy (4)

Then, for any centrally-symmetric, convex body K C R",
p(E)u(K®) < p(D)*. (5)

What types of measures arise in Corollary 1.27 By plugging in (4), e.g.,
a = 1,9(z) = ||z||* for some norm || - || on R™, we deduce that a measure
whose density is 1/(1 + [|z||?)"*? satisfies (5). Observe that these measures
are not log-concave (see Section 4 for definition).

The third part of this note focuses on the Alexandrov—Fenchel inequalities
for mixed volumes. Let f : R™ — [0,00) be a function that is concave on its
support. We define the Legendre transform of f to be

Lfx)y= sup [f(y) - (z, )]

y;f(y)>0

Note that £'f is convex. We use the notation £’ and not £, since our trans-
form is slightly different from the standard Legendre transform £ of convex
functions (see, e.g., [Ar] or (42) below). The transforms £ and £’ differ mainly
by a trivial minus sign.

Theorem 1.3. Let fo, ..., frn : R" — [0,00) be compactly-supported, continu-
ous functions, that are concave on their support. Assume also that L' fq, ..., L f,,
posses continuous second derivatives. Denote

V(fo, oo fn) = /Rn (£ fol(x) D (Hess[L' fi](x), ..., Hess[L' f,](z))dz  (6)

where D stands for mized discriminant (see, e.g., the Appendiz below) and
Hess stands for the Hessian of a function. Then:
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1. The multilinear form V(fo, ..., fn) may be extended to be defined for all
compactly-supported non-negative functions that are concave on their sup-
port (without any smoothness or even continuity assumptions). The quan-
tity V(fo, ..., fn) is finite also in this extended domain of definition.

2. The multilinear form V is continuous with respect to pointwise conver-
gence of functions, in the space of compactly-supported non-negative func-
tions that are concave on their support.

3. The multilinear form V s fully symmetric, i.e. for any permutation o €
S’ﬂ+17

V(fO; 7fn) = V(fO'(O)a "'7fcr(n))7

whenever fo, ..., fn : R™ — [0,00) are compactly-supported functions that
are concave on their support.

4. Let fo, .y fny 90y -y gn : R™ — [0,00) be compactly-supported functions
that are concave on their support. If fo > go, ..., fn = gn, then

V(fo, s fn) = V(905 s gn) > 0.

5. Let fo, ., fn + R™ — [0,00) be compactly-supported functions that are
concave on their support. The following “hyperbolic-type” inequality holds:

V(fos fis s f2)? =V (fo, fos for oo f)V (10 f1s f2r oons f)- (7)

The analogy with mixed volumes of convex bodies is clear (see Section 5).
Note that a function g : R™ — R is of the form g = £’ f for some compactly-
supported function f : R™ — [0, 00) that is concave on its support, if and only
if g is convex and

¥z € R", 0< g(z) - hr(z) < C (8)

for some C' > 0 and a compact, convex set T C R", where hp(z) =
sup,cr{z,y) is the supporting functional of 7. Thus, we could have refor-
mulated Theorem 1.3 in terms of convex functions satisfying condition (8),
rather than in terms of Legendre transform of concave functions.

Theorem 1.4. Let K C R™ be a compact, convezr set, and let fo,..., fn :
K — [0,00) be concave functions that vanish on OK. Assume further that the
functions have continuous second derivatives in the interior of K, and that
the second derivatives are bounded. Denote

I(foy s fn) :/Kfo(x)D(—Hessfl(ac),...,—Hessfn(:v))dx, (9)

where, as before, D stands for the mized discriminant and Hess stands for the
Hessian of a function. Then:
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1. The multilinear form I(fo, ..., fn) is finite, and continuous with respect to
pointwise convergence of functions (yet, trying to extend the multilinear
form I to non-smooth functions, we may encounter situations where I =
oo. We thus choose to formally confine the domain of definition of I to
smooth functions).

2. The multilinear form I is fully symmetric, i.e. for any permutation o €
Sn—i—l;

I(an [X3) fn) - I(fU(O)a "'afa(n))a

whenever fo, ..., fn : K — [0,00) are concave functions that vanish on 0K
and have continuous, bounded, second derivatives in the interior of K.

3. Let fo, ..o fr, 905 ooy gn = K — [0,00) be concave functions that vanish on
0K and have continuous, bounded, second derivatives in the interior of

K. IffO Z gO,'“,fn Z dn then

I(an afn) > I(gOa -~-agn) > 0.

4. Let fo, ..., fn : K — [0,00) be concave functions that vanish on 0K and
have continuous, bounded, second derivatives in the interior of K. The
following “elliptic-type” inequality holds:

I(f07f17"'7fn)2 < I(f07f07f2?"'7fn)](f17f1af27-"?fn)' (10)

The only significant difference between V' from Theorem 1.3 and I from
Theorem 1.4, is the fact that the Legendre transform is applied to the func-
tions in Theorem 1.3 (compare the definition (9) with the definition (6)). The
“elliptic” inequality (10) is transformed into the “hyperbolic” inequality (7)
after an application of the Legendre transform. It would be desirable to have
a deeper understanding of this fact. In particular, our proofs of (7) and of
(10) are completely different; We would like to see a unifying scheme for both
inequalities. Such a unifying approach might possibly shed new light on the
highly non-trivial Alexandrov—Fenchel inequalities. The proofs of Theorem 1.3
and Theorem 1.4 appear in Section 5.1 and Section 5.2, respectively. Section
5 constitutes the third part of this note.

For the convenience of the reader, we also include a short appendix re-
garding some standard properties of mixed discriminants. Here, the letter D
denotes both the unit Euclidean ball and the mixed discriminant, but the
context will always distinguish between the two meanings.

I would like to thank Vitali Milman and Daniel Hug for useful and inter-
esting discussions. I would also like to thank the anonymous referee for many
helpful comments. Part of the research was done while I was visiting the Erwin
Schrodinger Institute in Vienna, and I am grateful for the Institute’s warm
hospitality.
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2 The Basic Setting

We work in Euclidean spaces R™, for various m > 0, and we denote by | - |
and (-,-) the usual norm and scalar product in R™. Let n,s > 0 be integers,
and let f: R™ — [0, 00) be a function. The support of f, denoted by Supp(f),
is the closure of {z € R™; f(x) > 0}. We say that f is s-concave if Supp(f)
is compact, convex and f % is concave on Supp(f). An s-concave function is
continuous in the interior of its support (see e.g., [Ro]). With any function
f:R™ — [0,00) we associate a set

Kr = {(@,y) eR™* =R" x R*z € Supp(/), |yl < f* (@)} (1)

where, for given z € R" and y € R*, (z,y) are coordinates in R"*. If the
function f is measurable, so is the set K¢. Additionally, the set Ky is convex
if and only if f is s-concave. We also note that

VO](]Cf) = /s " K - (f%(gs))sdx = /@S/f (12)

x8/2
r(s+1)
For A > 0 and f: R™ — [0,00), we define the function A x5 f : R™ — [0, 00)
to be

where kg = is the volume of the s-dimensional Euclidean unit ball.

Ao fl (@) =2 f () (13)

Note that Kix,r = My = {Ay;y € Ky}, and hence we view A X, f as a
functional analog to homothety of bodies. If f is an s-concave function, so is
A X5 f. Recall that for two sets A, B C R™, their Minkowski sum is defined
by A+ B = {a+b;a € A,b € B}. For two functions f,g : R™ — [0,00), we
define their “s-Minkowski sum” as

w =

fonal@ = sw ) ) (19

whenever x € Supp(f) + Supp(g). If © ¢ Supp(f) + Supp(g), we set
[f &5 g] (z) = 0. Our definition is motivated by the fact that

Kre.g=Kf+ K.

Note that whenever f, g are s-concave, the function f s g is also s-concave.
The @, and X, operations induce a convex cone structure on the class of
s-concave functions.

Arguably one of the most useful geometric inequalities in the theory of
convex bodies is the Brunn—Minkowski inequality. This inequality states that
for any non-empty compact sets A, B C R™,

Vol(A + B)= > Vol(A) + Vol(B)w . (15)
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There are at least a handful of completely different proofs of (15), see, e.g.,
[BonF], [Brul, Bru2|, [GiM], [Gr], [GrM], [HO], [KnS], [Mc2]. For instance,
along the lines of Blaschke’s proof, we may use the easily verified fact that for
any hyperplane H C R™,

Su(A+ B) D Su(A) + Su(B),

where Sy is the Steiner symmetrization with respect to the hyperplane H (see,
e.g., [BonF]). We now derive (15) by applying a suitable sequence of Steiner
symmetrizations, such that Sy, ...Sg, (A+B), S, ...Su, (A) and Sy, ...SH, (B)
converge to Euclidean balls when k — oo.

The Brunn—-Minkowski inequality (15) for (n+ s)-dimensional sets implies
that for any A, u > 0 and measurable functions f, g : R” — [0, c0),

x 1 _1 1
Voly L (Kpns. fl[uxag)) ™ = AVOLugs () 755 4 Vol s(Kg) 75 (16)

where Vol ,  stands for outer Lebesgue measure (the set Ky, flo., [ux.g] TaY
be non-measurable). We immediately conclude that (16) translates, using (12),
to the following inequality: For all A, x> 0, an integer s > 0 and measurable
functions f, g : R™ — [0, 00),

(/tuxsﬂ@quwgnﬁ“ZA(/HQ";+M(/HQA“ (a7

where [ * is the outer integral. We summarize this discussion with the following
theorem.

Theorem 2.1. Let f,g,h : R® — [0,00) be three integrable functions, and
S, A, ;> 0 be real numbers. Assume that for any x,y € R™,

hO+ ) = (M @) +pe)*) (18)

Then,

Proof. Assume first that s is an integer. In this case, the theorem follows from
(17), as h > [A X f] @5 [ X5 g] pointwise, and [h = [*h. The case of an
integer s suffices for all the applications we present below. Next, assume that
s = p/q is a rational number, and p, g > 0 are integers. Note that by Holder’s
inequality, for any x1, ..., 24,91, ...,Yq € R",

q

M fan= +MH9(%)‘“’ (H A (x) +M9(yz)i)>

i=1

1
q

g (19)
H (Am; + py;) s
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where the second inequality follows from (18). Our derivation of (19) is in-
spired by [GrM]. For a function r : R” — [0, 00) we define ad-hoc 7 : R"? —
[0,00) by 7(z) = F(21,...,xq) = [[{_, r(z;) where z = (z1,...,24) € (R™)? are
coordinates in R™. Thus, (19) implies that for any z,y € R,

RO+ ) > (Af(@)% + g )" (20)

Note that gs = p is an integer, which is the case we already dealt with. Hence

(/h)n+ = (/h)(“ ZA(/f)j("“ +M(/~)q<m>
A o

and the theorem is proven for the case of a rational s > 0. The case of a real
s > 0 follows by a standard approximation argument. ([

Theorem 2.1 was first proven, for the case n = 1, by Henstock and
Macbeath [HeM]. Later, it was proven for all n > 1 by Dinghas [D], by Borell
[Bor] and by Brascamp-Lieb [BrL] independently. The notation in [Bor, BrL]
is different from ours, and it covers only the case where A+ = 1 in Theorem
2.1 (yet the general case follows easily). However, the framework in [Bor, BrL]
also covers the case where s < —n, which does not seem to fit well into our
discussion.

When A\ + p =1, letting s tend to infinity in Theorem 2.1, we recover the
Prékopa—Leindler inequality [Le, Prl, Pr2] as follows:

Corollary 2.2. Let f,g,h : R™ — [0,00) be three integrable functions and
0 < A< 1. Assume that for any x,y € R",

h(Az + (1= Ny) > f(x) g(y)' .

o= (0" )

Proof. The argument is standard. Fix M > 1. The basic observation is that,

Then,

(Aot + (1= Nyt ) =y (22)
uniformly for (z,y) € ( J\14, ) ( ) Therefore for any ¢ > 0 there is
so(e, M) > 0, such that whenever s > so(s M) and & < f(z),9(y) < M,

e+ (1= Ny) +e > (M@ + 0= Ngw)*)
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Denote K}VI ={z eR"3; < f(z) < M} and K} = {z e R"; 57 < g(z) <
M?}. Theorem 2.1 implies that for € > 0,5 > so(e, M),

EAKy+ume[Mx)+dde P(jiyf)nh%u,m(j;yg)ﬁs}
ST

Since f,g are integrable, the sets K}‘/I7Ké\4 C R™ are bounded, and so is

AK Y + (1= AN K,". Letting first € tend to zero, and then M tend to infinity,
we conclude (21). O

n—+s

Note that in the proof of Corollary 2.2, we could confine s to be an inte-
ger, and use the simpler inequality (17) rather than Theorem 2.1. The proof
of Corollary 2.2 is a prototype for the results we will obtain in the next sec-
tion. The idea is to consider a geometric inequality in dimension n + s, to use
the marginal of both sides of the inequality, and then let the extra dimen-
sion s tend to infinity. Thus our inequalities are traces of higher dimensional
geometric inequalities, when the dimension tends to infinity.

3 Minkowski’s Inequality

Suppose K C R" is a convex set with the origin in its interior. For x € R™ we
define "
HﬂK:qu>mXEK}

Then || - ||k is the (perhaps non-symmetric) norm whose unit ball is K. The
dual norm, which again may be non-symmetric, is [|z|l. = sup,cx(z,y). In
this section we will prove the following theorem:

Theorem 3.1. Let K C R" be a convex set with the origin in its interior.
Let || - || be the norm that K is its unit ball (it may be a non-symmetric
norm). Let 1 < p < oo, and let F': R™ — R be a differentiable function with
JIFIP, [|[VF|P < oo. Then,

cF?(x)
FP(z)log ———dx S/ VF(z)||Pdx 23)
. ( TFr(y)dy Rn|| (@) (
where ¢ = Voln(Ko)e”(%)%F(% +1), and ¢ > 1 satisfies 1%4—% =1 (forp=1
the value of ¢ is Vol,(K°)e™, as interpreted by continuity). If p > 1, then
equality in (23) holds for F(x) = aeI1212/9 where || - ||, is the dual norm and
a > 0 is an arbitrary real number. The constant c is also optimal in the case
p=1.
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Theorem 3.1 is equivalent, by a quick scaling argument produced below, to
a family of inequalities which were explicitly stated and proven by Gentil [G]
and independently by Agueh, Ghoussoub and Kang [AGK] (see also Remark
(2) on Page 320 in [C-ENV]). The proof in [AGK] uses the mass-transportation
method developed by Cordero-Erausquin, Nazareth and Villani [C-ENV] for
the study of Sobolev and Gagliardo—Nirenberg inequalities. The proof in [G]
relies on the Prékopa—Leindler inequality, and is related to the proof of the
gaussian logarithmic Sobolev inequality by Bobkov and Ledoux [BoL]. Our
approach is closer to that of Gentil, as we use Brunn—Minkowski, and our
main contribution here is the clear geometric framework.

The case p = 2 and || - || being the Euclidean norm in (23) is particu-
larly interesting; In this case (23) is simply equivalent to Stam’s inequality
from information theory [St]. Setting F'(xz) = G(v/2z) in (23) we may rewrite
inequality (23) for p =2, || =] -] as follows:

) (VIR GR(a)
o & 108 ey

for any function G such that the right-hand side is finite. Furthermore, sub-

|z)2

stituting G(x) = 6(2 )4% f(z) in (24), we obtain after integration by parts that

dx < 2/ VG (2)|?dx, (24)
Rn

2 T
[ o W{y)%(y)dw) <2 [[Vi@Pdn@) @

29 . . .
where 92 = _L__o~12I°/2 ig the density of the standard gaussian measure

de — (2m)n/

on R™. Inequa(lit})z (25) is the logarithmic Sobolev inequality for the gaussian
measure, first explicitly stated by Gross [Gro]. Inequality (25) is fundamental
in the study of concentration inequalities in Gauss space, see [L]. We learned
the fact that (25) and Stam’s inequality are easily equivalent from [Bel, Be2].

In [Be2] it is also shown how (25) directly implies Nash’s inequality.
For two sets K, T C R™ we denote the “T-surface area of K’ by

S(K:T) = L tim Vol (K + eT) — Vol (K)

m e—0+t S

if the limit exists. The Brunn—Minkowski inequality implies that

Vol (K + eT) > (Volm(K)% + sVolm(T)#)m
> Vol (K) + meVol,, (K) “# Vol,, (T) .

Consequently, whenever S(K;T) exists,

~ m—1

S(K;T) > Vol (K) % Vol (T) . (26)
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Inequality (26) is known as the Minkowski inequality (see e.g. [S, Theorem
3.2.1]). Note that K,T might be non convex in (26). Following our interest
in marginals of Minkowski’s inequality (26), we define, for any functions f, g :
R™ — [0, 00),

Ss(f;g) _ 1 lim f[f s (5 Xs g)] - ff (27)

n—+ 8 e-0t+ 15

whenever the integrals are defined and the limit exists. We interpret the
Minkowski inequality (26) as follows:

Proposition 3.2. Fiz s > 0. Let f,g : R" — [0,00) be integrable functions
such that Ss(f; g) exists. Then,

stz (077 ([ 28)

If f = A x5 g and g is s-concave, then equality holds in (28).

Proof. By Theorem 2.1, whenever the functions are integrable,

Juscxn= (([A 4 f0")"
(e [0 (]

We assume that S (f;g) exists, hence the definition (27) implies the desired
inequality. It is easy to verify that equality holds when f = A\ x4g is s-concave.
O

Recall from Section 1 that for a 1-concave function f : R™ — [0, 00), its
Legendre transform is

Lfx)y= sup [—(z,y) +fy)] (29)

yE€Supp(f)

The function £'f : R®™ — R is always convex. Additionally, for any numbers
A, it > 0 and functions f,g: R™ — [0, 00),

1
s

{0 ) @y (x5 9)]7 f = AL (S7) + n(g7), (30)
as the reader may easily verify. The inverse transform is
L' f(x) = inf :
flo) = int [(@.9)+ 1)

If f is 1-concave, then £'~1L'f = f on Supp(f). In this case, if z & Supp(f)
then £'71L'f(x) = —oo. Moreover, note that when f is concave, and is also
differentiable and strictly concave in some neighborhood of a point z, then

y=Vf) <« z=-VL}({).
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Lemma 3.3. Let s > 0 be an integer, and let f, g : R™ — [0,00). Assume that
f s continuous and that g is compactly-supported. Assume further that f is
continuously differentiable in the interior of Supp(f). Then, for x € R™ with

f(x) >0,

e exa @] _ = s T @] (V).
Moreover,
78 X0l =10) 2 im0 2] (vt )

locally uniformly in x in the interior of Supp(f).

Proof. Begin with the definitions (13) and (14). For sufficiently small £ > 0,

1 1 S
fesexgl@=  sw (@) +eg(2)
yE€Supp(f),z€Supp(g)
x=y+ez
= s (ffle—e)+egt (2))

z€Supp(g)

(all we need is that @ — ez € Supp(f) for all z € Supp(g); Recall that Supp(g)
is a bounded set). Since f is smooth and f(x) > 0, then f* is also continuously
differentiable in a neighborhood of x, and

1 1 1
fo(z —e2) = [5(2) —e(Vf*(2), 2) + [ez]az(e2),
where a,(y) — 0 as y — 0, locally uniformly in z. Therefore,

1 1
B

[f@s(exe0)] (@) = fH@)+e sup  [~(VFF(@),2) + g% (2) + |2l (e2)]

zE€Supp(g)
Denote o/ (€) = SUP,cgupp(q) 12/l (€2)]. Since Supp(g) is compact, then
al,(€) — 0 as € — 0 locally uniformly in z, and

Focexealf @-fHa)=e s [~(VfHa)e) +ot ()] | <eallo)

By (29) we conclude that
d 1

%[f Ds (5 Xs g)] (ZL’)

=] ()

and that the e-derivative converges locally uniformly in x. This in turn implies
that

e=

s—1 1

ZlFecExagl@|_ =T @)L o] (V@)

where the derivative converges locally uniformly in x. O

e=0
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Lemma 3.4. Let s > 1, and let f,g : R" — [0,00) be compactly-supported
bounded functions. Assume that the function f is of the form f(x) = (A —
G(z))" for some A,p > 0 and for a continuous function G : R™ — R, con-
tinuously differentiable in a neighborhood of {x; G(xz) < A}. Assume that VG
does not vanish on {x;G(x) = A}. Then,

S
n-+s

S = [ s @e o] (v )< o1

Proof. Our task is basically to justify differentiation under the integral sign
(see Lemma 5.2 for a less technical argument of the same spirit). For € > 0,
denote F(e,z) = [f@S(‘EXSgE)](I)_f(Z). According to (27),

S(f,g) = lim [ F(e,x)dz. (32)

n—+ 8 e—0+

Let K be a compact set contained in the interior of Supp(f). By Lemma 3.3,

s—1 1

Fle,) =2 sf 5 @)L |g*] (Vi (@)

uniformly on K. We conclude that

/KF(E,:U)dx | S/Kf“‘%l(x)z' [gé} (Vf%(x)) d (33)

for any compact set K contained in the interior of Supp(f). For § > 0, let K°
be a compact set, contained in the interior of Supp(f), such that Supp(f)\ K°
is contained in a d-neighborhood of dSupp(f). We will show that

/ F(e,z)dz
R\ K

It is straightforward to obtain (31) from (32), (33) and (34). Hence we fo-
cus our attention on proving (34). Denote R = max{|z|;x € Supp(g)},m =
sup g'/*. Then for any 0 < & < %,

/ [f @ (e xsg)](x)dmg/ ( sup [f(x—ez)i—&—sm})de
R7\ K2 (0Supp(f))s \|zI<R

where Ts = {z € R%; 3y € T,|ly — z| < 6} for any T C R™. Recall that
f(x) = (A—G(x))} and denote G(x) = inf|,_,|<. G(z). Then,

lim limsup
6—0t o+

=0. (34)

[(A — Gon(x): + em] T (A-G@)"
/R"\Ké Flen s /(3Supp(f))s : € e

P P
et o,
(0Supp(f))s €
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for a small enough 4, > 0, where in this proof we denote by ¢, C, ¢ etc.
positive numbers independent of ¢ and §. Therefore,

’/H\Ké F(S’x)‘ < CVol, ((9Supp(f))s)

Supp(f)N(OSupp(f)s €
A—-G, P
+ / A= Ger@)y (36)
(0Supp(f))s\Supp(f) €

Clearly Vol,,((dSupp(f))s) — 0 as § — 0. Next, we will bound (35). Since G
is continuously differentiable, we have that M < C on Supp(f)s. As
the gradient of G does not vanish on the compact set Supp(f), and since the
vector Vg(z) is normal to dSupp(f) for x € dSupp(f), we conclude that for
z € Supp(f),
G(z) < A—c-d(z,dSupp(f))

whenever d(z, 9Supp(f)) < é, where d(z, A) stands for the distance between
x and A. Therefore, (35) is smaller than

/ C [d(x, 8Supp(f))p_1 + 1] dz.
Supp(f)N(8Supp(f))s

The latter integral actually converges even when we replace the domain of
integration with the entire Supp(f), because p > 0. Hence (35) tends to zero
as § — 0, regardless of €. All that remains is to bound (36). The integrand
of (36) is non-zero only on (9Supp(f))er \ Supp(f). The volume of this set is
bounded by Ce, and thus (36) is smaller than

~ . +
C sup (A- GsR(I))i =%
x€(0Supp(f))er\Supp(f)
independently of §. This establishes (34) and the lemma is proven. (I

Next, we will prove Theorem 3.1. Aside from some technicalities, Theorem
3.1 follows simply by letting s tend to co in Minkowski’s inequality, in the form
of Proposition 3.2.

Proof of Theorem 3.1. First, assume that p > 1. Let s > 1 and denote

1 1
g7 (x) =1 — =)
Then g is concave and compactly-supported. Holder’s inequality implies that
1
[£'g*](z) = (1+ ||=|?)7 .

Next, let h : R®™ — R be a continuous function such that h(z) — oo when
|x| — oo. Assume that h is a continuously differentiable function whose gra-
dient is non-zero for x # 0. Assume also that
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/ e (W) + [Vh@)P) do < oo, (37)

Introduce ) N
fe(@) = (s = h(2))1.
Then f is compactly-supported, and by Lemma 3.4,

S(fg) = —° s—h(z = _VRl_ % v
Stri9) = [ s h@) <1+qp(8—h(33))+> "

Set t = % Proposition 3.2 along with some simple manipulations yields that

for any ¢t > 0,
PR TERSY HVh@Ir N7
[, G- <”qp<1th<:c>>+) ¢

> (1+nt) ( | -t dm) (tl [a- |x||z>i‘dw)";“ .
(39)

Note that by Proposition 3.2, equality in (38) holds for h(z) = ||z||{. Denote by
A(t) and by B(t) the left and right hand sides of inequality (38), respectively.
Then A(t), B(t) — [e /9 as t — 0, and hence we set A(0) = B(0) =
fe’h(w)/q. Our integrability assumptions on h allow us to differentiate A(t)
under the integral sign (see, e.g. [A1B], Theorem 20.4). We obtain

, _nw (hA(x)  R(z) | [[VA()|P
A(O):/e ; (_ 2, P )dm. (39)

Regarding differentiation of the right hand side, recall that K° is the unit ball
of || - ||«. Note that

4l

1 N 1t
e / (1— |z dx = Vol(KO)tﬂﬁ/ (1—s?)ar g7 1gnds
q n q 0

o 1
= Vol(K?) / sa(l—s)ai lds
0

t%"'lq
B vol(KO)q%r(g +1) . %ﬁf(i)
N tn+1 F(é + g)

which tends to Vol(K°)c], , = Vol(K°)qaI'(n/q+ 1) as t — 0. Next, we will
compute the derivative of B(t) (again, using differentiation under the integral
sign, justified by [AIB], Theorem 20.4). We derive

) h? y
B'(0) = /n et [—2(;) +n— log/6_¥dy + log (Vol(K°)c}, ,) | d.

Since A(0) = B(0) and A(t) > B(t) for all ¢, we conclude that A’(0) > B’(0).
Thus,
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W (z p W ( =~ o
/ JE (h(ac)+ IVh(2)| > . / (e EngVOUR®)

q paP [e " dy
where &, , = €"c}, , = (eq"/9)"I'(n/q + 1), with equality for h(z) = [lz||%.
Now, introduce F(z) = e~ 5% . Then we get

. - G o VOL(K°)EP

P / |V E(2)|Pde > / 7 () log e VI EN@) ) )
[ Fr(y)dy

- BT
and equality holds for F(r) = e~ »¢ . Our final manipulation is setting

F(x) = F(x/p'/9). We obtain, after a simple change of variables,

Cn,q VOI(K°)FP(x)
JFP(y)dy

where ¢, , = p~"/9¢, , = (e(q/p) )" (1 + n/q). Equality holds for F(z) =
e~ Iz12/a Note that if F is smooth, decays fast enough at infinity, and the
gradient of F' does not vanish for z # 0, then the integrability assump-
tion (37) on h(z) = —cqlog F(cox) automatically holds. This implies in-
equality (23) for a class of functions F' that is dense in W1P(R"). A stan-
dard approximation argument entails the conclusion of the theorem for any
function F with [ |F[P, [|[VF? < oco. This ends the case p > 1. The case
p = 1 of inequality (23) is obtained by continuity, with the sharp constant
e = limg oo (e(2)!/4)" (1 + 2). This concludes the proof. O

dx

J1vF@) iz = [P

Next we present the equivalence of Theorem 3.1 and the inequalities proven
by Gentil [G] and by Agueh, Ghoussoub and Kang [AGK]. Note that our
formulation is indeed equivalent to that in [G, AGK], since a convex function
that is homogenous of degree p, is necessarily ||z||? for some norm || - ||, which
is not necessarily a symmetric norm.

Corollary 3.5. Let K C R™ be a convex set with the origin in its interior.
Let ||-|| be the (possibly non-symmetric) norm for which K is its unit ball. Let
1<p<oo,andlet F : R" — [0,00) be a smooth function with [ FP(z)dx = 1.
Then,

/F”(m) log F?(z)dxz + log [cp,, VOl(K°)] < nlog (/ ||VF($)||pdm)%

where ¢, = [(eq)%n%F(% + 1)]/p™ and % + % =1 (the constant c,1 = n"
is interpreted by continuity). If p > 1, equality holds for F(x) = ae Plel
where || - ||« is the dual norm, and o, 3 > 0 are such that [ FP(x)dz = 1. The
constant is also optimal for p = 1.

Proof. The argument is standard. For any ¢ > 0, let G¢(z) = F(tz). Applying
Theorem 3.1 for the function G;, we obtain
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cFP(z) yd:v + (nlogt) /Fp(:r)dac.

tp/||VF(:c)||pdx2/F”(x)longp(y)d

Optimizing over ¢, we set t = (M)% Thus,

NINICIRE
n

— | FP(z2)dx

’ / (2)

- /Fp(x) o n [ FP(z)dx

cFP(x) n/
de + — [ FP(x)dx - log ———— .
Tty | e los e G

S TFr(y)d

Recall that [ FP(z) = 1. We conclude that

ﬁlog/nvnx)nm > /F”(x) log FP(z)dz + log ¢ + ﬁ(logﬁ - 1). 0
p p p

4 Santald’s Inequality

Let K C R" be a compact set. Santald’s inequality (see, e.g. [MeP]) states
that for some g € R", and K = K — x¢ we have

Vol,, (K)Vol,, (K°) < Vol, (D)? (41)

where, as before, K° = {zr € R™;Vy € K, (x,y) < 1} is the polar body
and D C R" is the Euclidean unit ball. Inequality (1), which is a functional
version of Santalé’s inequality, was proven in [ArtKM] by taking marginals of
both sides in (41). See also [B1, FM]. Here, for simplicity, we focus attention
on the case where the functions involved are even, as in [B1]. Recall that the
standard Legendre transform of a function ¢ : R™ — R is defined by (e.g.
[Ar])

Lo(x) = sup [(z,y) — o(y)]. (42)

yeR”

For a convex continuous function ¢ : R* — R we have LLy = . Note that
the only function for which Lo = ¢ is p(z) = [z|>/2. In the case of even
functions, inequality (1) reads as follows:

Proposition 4.1. Let ¢ : R™ — R be an even, measurable function such that
0< [e ¥ <oo. Then,

2
12
/ e‘“”dm/ e LPdr < (/ e_‘z‘ dx)

with equality iff ¢ is a.e. a positive definite quadratic form.

The inequality in Proposition 4.1 is due to K. Ball [B1], and the equal-
ity case was settled in [ArtKM]. One advantage of switching from geometric
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inequalities to analytic ones, is the availability of a new arsenal of analytic
techniques. This will be demonstrated in this section, where we apply the
results of Brenier, McCann and Caffarelli to Proposition 4.1.

We begin with standard definitions. A measure p on R is a logarithmically
concave measure (log-concave for short) if for any compact sets A, B C R"
and 0 < \ < 1,

WM+ (1= X)B) = u(A) u(B) . (43)

The Lebesgue measure on R™ is a log-concave measure, as follows from the
Brunn—Minkowski inequality (15). Given a function f : R™ — [0, 00), we say
that f is a log-concave function if

FOz+ 1= Ny) = f@) f(y)'

for all z,y € R™,0 < A < 1. The notions of a log-concave function and a
log-concave measure are closely related. Borell showed in [Bor] that if x4 is
a measure on R™ whose support is not contained in any affine hyperplane,
then p is a log-concave measure if and only if y is absolutely continuous with
respect to the Lebesgue measure on R™, and the density of u is a log-concave
function. In this section we will prove the following:

Theorem 4.2. Let f : R™ — (—o0,00] be an even measurable function, let
a > 0, and assume that p is an even log-concave measure on R™. Then,

2
|2
/ e_o‘fd,u/ el du < (/ e—o'3 du) (44)
n R’n. n

whenever at least one of the integrals on the left-hand side is both finite and
non-zero.

We recently learned that Theorem 4.2 was also proven independently, using
the same method as ours, by Barthe and Cordero—Erausquin [Ba2]. Given two
Borel probability measures 1, 1o on R™ and a Borel map T : R" — R" we
say that T transports uy to po (or pushes forward p; to us) if for any Borel
set A C R",

pa(A) = (T71(A)).
Equivalently, for any compactly-supported, bounded, measurable function ¢ :
R” — R,

[ e@na@) = [ o(radmo)
Brenier’s theorem [Bre], as refined by McCann [Mcl], is the following:

Theorem 4.3. Let uy and pe be two probability measures on R™ that are
absolutely continuous with respect to the standard Lebesgue measure. Then
there exists a convex function F : R™ — R such that T = VF exists p1-almost
everywhere, and T transports py to po. Moreover, the map T, called “Brenier
map”, is uniquely determined p-almost everywhere.
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A corollary of the uniqueness part in Theorem 4.3 is that if both py and ps
are invariant under a linear map L € GL,,(R), then T is also invariant under

L. Recall that we denote by +, the standard gaussian probability measure
on R", i.e. dJ; = (275”/26 || /2 For the case where p; = v, and d“j is a

log-concave function, the following useful result was proven by Caffarelli [C]:

Theorem 4.4. Let p be a probability measure on R™ such that ) = T exists,
and is a log-concave function. Let T be the Brenier map that transports 7y, to
w. Then T is a non-expansive map, i.e. |Tx —Ty| < |z —y| for all x,y € R™.

The following simple lemma demonstrates a certain relation between Leg-
endre transform and non-expansive maps.

Lemma 4.5. Let f : R" — (—o0,00] be a function. Let T : R™ — R™ be a
non-expansive map. Denote

af? = |Tef?

af? = |Tef?
2 ’ ’

alw) = f(Tz) + .

b(z) = Lf(Tx) +

Then, for any x € R™,
b(x) > La(x).

Proof. By (42), for any =,y € R™,
f(Tx) + Lf(Ty) > (Tx, Ty).
Hence, for all x,y € R™,

[Tz Ty | |Te=TyP eyl

F(Tw) — 5 Lf(Ty) - g > - s

as T is a non-expansive map. We conclude that

jz|? — [T ly|> — [Ty|”
9 5 > (z,y).

The definition (42) implies that b > La (and also that a > Lb). O

a(x) +b(y) = f(Tx) + + Lf(Ty) +

Proof of Theorem 4.2. First consider the case @ = 1. We may clearly assume
that the support of u is n-dimensional (otherwise, we may pass to a subspace
of a lower dimension). By Borell’s theorem, 1) := d” exists and is a log-concave

function. Let dv(z) = Ly(z)e” #1°/2 g where K = fz/J Je~12*/2dz Then,

z|2
/ effdu/ efﬁfd,u:/g/ ez )dl/(:zr)/ 3

Let T : R™ — R™ be the Brenier map that transports the probability measure
Yn to the probability measure v. Then,

)dl/(l‘).
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/ eifd,u/ efﬁfdlu:HQ/ e‘Tglsz(Tx)d’Yn(x)/ e\T;ﬂ,L‘f(Tm)dvn(x)

n

/ exp (|T:c|22— j? — £f(T))da.

Denote g(z) = f(Tx) + 22T and h(z) = £f(Tz) + 22572 Note
that from Theorem 4.4, we know that T is a non-expansive map. Lemma 4.5
implies that h > Lg. Furthermore, since v is even, by the uniqueness of the
Brenier map (Theorem 4.3) we also know that 7" is an even map. Hence h
and g are even functions. Assume that 0 < fR" e fdu= W f]R,,L e 9 < 0.
Proposition 4.1 implies that

2 2
K / 679\/ €7h < K / Gig/ efﬁ,g < K’,2
2m)" Jrn n 2m)" Jrn n

and the theorem follows for « = 1. If 0 < fRn e “ldu = W fRn e < o0
we repeat the last argument with A in place of g (note that g > Lh). This
ends the case a = 1.

For the general case, let o be the measure defined by piq (A) = (a2 A).

Note that

/ (@) djtal) = / o(Vaz)du(z) (45)

for any test function ¢. Let g : R™ — R be an arbitrary even function, and
set f(z) = ag(x/\/a). It is readily verified that Lf(z) = aLg(z/\/a). The
measure (i, is log-concave and even. Since f is also an even function, we
conclude, from the case treated above, that

/ e dpg / e dug < (/ e_‘m;2 dua)z

whenever the integrals converge. This translates, with the help of (45), into

/ eff(\/ar)dﬂ/ e LIWED g, < (/ ,;%d#) .

According to the definition of f we get that

/ efo‘gdu/ e E9du < (/ e~ 5 dp,(x))

whenever 0 < [e=*du < oo or 0 < [e~*£9dy < cc. O

Remark 4.6. For n = 1, the equality case in Theorem 4.2 is easily character-
ized: If p is not a multiple of the Lebesgue measure on R, then equality holds
if and only if f(z) = |z|?/2. If i is a multiple of the Lebesgue measure on R,
then equality holds if and only if f(x) = cz? for some ¢ > 0.



Marginals of Geometric Inequalities 21
Theorem 4.2 has some interesting consequences, two of which were formu-
lated in Section 1.

Proof of Corollary 1.1. For a centrally-symmetric convex set AQC R™, we
denote by || - ||a the norm whose unit ball is A. Let du = e~ I1*I7/2dz, and
consider the function f(z) = ||z|% /2. Then

2
£ = Wl

Note that for any centrally-symmetric convex set A C R™, we have

[E3F: n
/ e~ Thde = 25T (% + 1) Vol,, (A)
(see e.g., [P], page 11). In particular,

=% =l FlliF n n
/e : du:/ R S dx:22f(§+l>Voln(KﬁgT)

and similar identities hold for K° Ny T and D Ny T'. By Theorem 4.2,

[E1F =1%o z|? 2
/67 2Kdu/e* en dp < (/eilzl du) .

We conclude that

Vol,,(K Ny T)Vol,, (K° Ny T) < Vol,, (D Ny T)?
and (2) is proven. O

Proof of Corollary 1.2. Introduce dv = e~¥dx and note that v is even and
log-concave. Then, for an arbitrary centrally-symmetric convex set K C R",

el a2
/e * 2 dV:/ ate” 2 v(tK)dt
0

= a/ te™ T e Y@ drdt
0

tK
0 at?
= a/ / " lem % eI dudt = ap(K)
0 JK

(everything is positive, so we may interchange the order of integration). There-
fore, the inequality

e allzl%o alz)? 2
/ e~ 2Kdu/ e duﬁ(/ e 2 du)

of Theorem 4.2 translates to

a*p(K)p(K°) < o*p(D)?.

This concludes the proof. (I
Remarks.
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1. Assume that p is an even, log-concave measure, whose density is F(x).
Assume further that F(x) = F(x1,...,2,) actually depends only on
X1,y T|ep), for some 0 < e < 1. By using techniques similar to those
in [ArtKM], it is possible to show that for any centrally-symmetric con-
vex set K C R",

(E)(K®) < (1+ c(e))u(D)?

for some function c¢(e) that tends to zero as € — 0. The important feature
is that c(e) depends solely on € (and not on the dimension n).

2. What is the class of measures p that satisfy (44), for all even measurable
functions f and « > 0?7 This class contains all even, log-concave measures,
according to Theorem 4.2. If F' is a density of a measure satisfying (44)
and 8 > 0, then also the measure whose density is the function

(o)
x »—>/ t"“e_ﬁtzF(tx)dt (46)
0

satisfies (44), for all even functions f and a > 0. This follows by com-
bining the one-dimensional Prékopa—Leindler inequality with the proof of
Corollary 1.2, similarly to the argument in [B1] (see also [ArtKM, Theo-
rem 2.1]). We omit the details. We conclude that the class of densities of
measures p that satisfy (44) is closed under the transform (46).

5 Mixed Volumes

5.1 The V Functional

As observed by Minkowski (see, e.g., [S]), for any compact, convex sets
Ki,...,Kny C R", the function

N
(>‘17 ceey >‘N) = VOln(Z)\sz>a
=1

defined for Ay, ..., Ay > 0, is a homogeneous polynomial of degree n+ 1 in the
variables Ap, ..., Ay. Minkowski concluded (see, e.g., the Appendix here) that
there exists a unique symmetric multilinear n-form V' defined on the space of
compact, convex sets in R™ such that

Vol(K) = V(K, ..., K)

for any compact, convex set K C R™. The symmetry and multilinearity mean
that

1. For any compact, convex sets A, B, Ky, ..., K;, CR™ and A\, u > 0,

VA + uB, Ko, ..., Kp) = \€V(A, Ko, ..., Kn) + pV(B, Ks, ... K,).



Marginals of Geometric Inequalities 23
2. For any compact, convex sets K1, ..., K;, C R"™ and a permutation o € .S,,,
V(Kl, Kn) = ‘/Y(f(g(l)7 ceny Kcr(n))

We say that V(Kjy, ..., K},) is the mixed volume of Kj, ..., K,,. The mixed
volume V(Kj,..., K,,) depends continuously on the convex sets Ki, ..., K,
with respect to the Hausdorff metric on the space of convex sets. Two funda-
mental properties of mixed volumes of convex bodies are:

1. Ky cT,....K, CT, imply that 0 < V(K3,..., K,,) < V(T1, ..., Ty).
2. Alexandrov—Fenchel inequalities:

V(O T,Ky, ... Kp 2)* > V(C,C, Ky, ... Ky o)V(T, T, K1, ..., K, _3)
for any compact, convex sets C, T, K1, ..., K;,_o C R™.

Functional analogs of mixed volumes of convex bodies will be considered
here. We will restrict ourselves to 1-concave functions, as the formulae are
simpler in this case. Part of our discussion generalizes directly to the s-concave
case, with an integer s. For any 1-concave functions f1, ..., fy : R" — R, the
function

N
()\1>~~7>\N) — / [()\1 X1 fl) @1 ... D1 (>\N X1 fN)] = V01n+1 (Z)\llCﬁ),

i=1

defined for Aq,...,Any > 0, is a homogeneous polynomial of degree n in the
variables Aq,...,Ay. This follows from Minkowski’s theorem (recall that 1-
concave functions have compact support, hence the integral is always finite).
Therefore there exists a unique symmetric multilinear (n + 1)-form V' defined
on the space of 1-concave functions on R" that satisfies the following:

1. For any 1-concave functions fy, ..., f» : R — [0, 00), and any permutation
o c Sn—i-l)

V(foa ) fn) = V(fo’(O)a afo'(n))

2. For any 1-concave functions f, g, hi,...,h, : R" — [0,00) and A\, pu > 0,
V((A X1 f) D1 (,U X1 g)7h17 7hn) = )\V(f,hl, 7h’7‘L) + ILLV(g, hla ) hn)-

3. For any 1-concave function f : R™ — [0, 00),

V(f,s £)= | fla)dz.

Rn

4. If fo < go, -+, fn < gn are all 1-concave functions, then

0 < V(foy s fu) < V(0y-wes n)-
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5. For any 1-concave functions f, g, hs, ..., Ay,

V(f7g7 h27 ceey hn)2 Z V(fa fa h2) ceey hn)v(gaga h’2a ceey hn)

The proof of these five properties is a direct application of the known prop-
erties of Minkowski’s mixed volumes and our definitions (11), (12), (13) and
(14). We will see below that the multilinear form V satisfies the conclusions
of Theorem 1.3 (and agrees with the definition given in the formulation of
Theorem 1.3).

Mixed volumes of convex bodies are continuous with respect to the Haus-
dorff metric. We thus conclude that V(fy,..., f) is continuous with respect
to uniform convergence in the functions fo,..., f,. Indeed, if f, f1, f2,... :
R™ — [0,00) are l-concave functions such that f™ — f uniformly in R",
then Kgm — Ky in the Hausdorff metric. Actually, arguing as in Theorem
10.8 from [Ro], it is not very difficult to see that if f™ — f pointwise in R™,
then Kym — Ky in the Hausdorff metric. We thus conclude that V' satisfies
property 1 from Theorem 1.3. The next lemma is standard in convex analysis,
and follows e.g. from Theorem 1.1 in [CoH1]. We omit the details.

Lemma 5.1. Let f, f1, fa,... : R" — [0,00) be continuous, 1-concave func-
tions. Assume that fr — f uniformly in R™ when k — oo. Then, for any
continuous, non-negative function ¢ : R — R,

k—
[ o) =% [ o(s)ds
n RTL
(since the functions are concave on their support, the gradient erists a.e. and
so the integrals are well-defined).

The next lemma is a minor modification of Lemma 3.4 (for the case s = 1).

Lemma 5.2. Let f,g : R® — [0,00) be continuous, 1-concave functions.

Then,

1 !/
VUt = g [ 2V w)ar (47)

Proof. Since L'g is a non-negative continuous function, both sides in (47) are
continuous in f with respect to uniform convergence, according to Lemma
5.1. By approximation, we may assume that f equals, on its support, to the
minimum of finitely many affine functionals; Indeed, the set of functions of
this form is dense among continuous 1-concave functions, in the topology of
uniform convergence. Thus, we may suppose that

N
Supp(f) = |JAi, i#j = AinA; =0,

i=1

for some convex sets A1, ..., A, and that for x € A; we have f(z) = (x, 0;)+c;.
Let R = maxgesupp(q) |2]- If € A; and d(x, Aj) > Re for all j # i, then
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[fer(exig)(@) = sup [f(y) +eg(2)]

y€Supp(f),z€Supp(g)
ytez=x

= sup [(z —ez,0;)) + ¢ + sg(z)]
z€Supp(g)

as z € Supp(g) implies that y =z — ez € A; C Supp(f). Hence,

[f@1(ex19)](z) = f(z)+e sup  [g(2) = (2,0:)] = f(x) + L g(6y).

z€Supp(g)
Denote B, = {x € R™;3i = 1,..., N;d(z,0A4;) < Re}. Then Vol,(B;) < Ce,
for some C > 0 independent of &, and
/ [f @1 (e x1 9)](x)dx = / f(@)+eL'g(Vf(z))ds.
Supp(f)\B- Supp(f)\B-

Let w(d) be the modulus of continuity of f, and let M = sup g. Then,

‘ / erexglwi - [ s

_ ‘/B sup [z —e2) — f(2) +eg(2)]da

z€Supp(g)
< Vol (B:)(w(Re) +eM).

Note that Supp(f @1 (¢ x1 ¢)) C Supp(f) U B.. Consequently,

| rerexa@i— [ fw-c[ o)

upp(f)\Be
< Vol (Be)(w(Re) +eM).

Since w(Re) — 0 as € — 0, we conclude that

i[/nf@l <exlg)/nf} ﬂ/gﬂpp(f) Cg(Vi@).  (48)

By linearity and symmetry of V,

/n for(ex19) =V(f®1(ex19), [ 1 (e X1 9))

- (/n f> +(n+DeV(fy .y f,9) + O(7). (49)

The lemma follows from (48) and (49). O

We have proven almost all of the properties of V' that were announced
in Theorem 1.3. In fact, all that remains is to show that our definition of V'
agrees with the one given in Theorem 1.3.
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Lemma 5.3. Let fo, ..., fn be continuous, 1-concave functions on R™. Assume
that L' f1, ..., L' f,, have continuous second derivatives. Then,

1
’I’L+1 Rn

V(for-s fn) = L' fo(y)D(HessL' f1(y), ..., HessL' fn (y)) dy

where D s the mized discriminant.

Proof. By Lemma 5.2, for any continuous 1-concave functions f, g, we have

V(fyor frg) = — / L'g(Vf)
Supp(f)

n+1

1

=1 /Im(vf) L'g(y) det Hess (L' f(y))dy (50)

where we have used the following standard change of variables: We set y =
Vf(z) and so x = —VL' f(y). Note that

y € Im(Vf)={Vf(z);zeSuwp(f)} = L'fly)= sup (y,—ax).

zeSupp(f)

Hence L'f equals the support function of the convex set —Supp(f) on the
complement of Im(Vf). We conclude that if y & Im(Vf), then L' f(ty) =
tL' f(y) for t close to 1, and hence det(HessL f(y)) = 0. Hence we may extend

the integral in (50) and write,

V(Fron ) = g [ £at) detTess(2'(0)) .

By polarizing, we obtain

1

V(f()a"'afn) = Tl+1 an

L' fo(y)D(HessL' f1, ..., HessL' f,,)dy. 0

The proof of Theorem 1.3 is complete. We transfer our attention to the
functional I.

5.2 The I Functional

The I functional was considered, using different terminology, in [CoH2] and in
[TW3]. In the latter work, applications to partial differential equations were
discussed. Let K C R™ be a compact, convex set. Recall that for fo,..., f, :
K — [0,00) smooth, concave functions that vanish on K and that have
bounded derivatives in the interior of K, we set

I(fo,..., fn) = /K fo(z)D( — Hessf1(z), ..., —Hess fn () dz. (51)
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The multilinear form I is continuous with respect to pointwise convergence
of the functions fjy, ..., fn. This is essentially the content of Theorem 1.1 in
[CoH1]. Unlike the multilinear form V' from the previous section, the extension
of I to general concave functions that vanish on 0K, but that are not assumed
to have bounded derivatives, may fail to be finite (e.g. K = [-1,1] C R and
fo(t) = fi1(t) = V1 —t2). We therefore choose not to extend the definition of
I to the class of general concave functions. Detailed explanations regarding
such “Hessian measures” appear in [CoH1, CoH2, TW1, TW2, TW3|.

Let us begin with establishing the symmetry of I. This symmetry is based
on a certain relation between mixed discriminants and Hessians. Some readers
might prefer to formulate this relation in the language of exterior forms, which
is more suitable for applications of Stokes theorem (see, e.g., [Gr]). We stick
to the more elementary mixed discriminants. Following the notation of [R],
we define the Kronecker symbol 6 to be 1 if iy, ..., i), are distinct and
are an even permutation of ji, ..., jg, to be —1 if 41, ..., are distinct and are
an odd permutation of ji,...,jx, and to be zero otherwise. [A]; denotes the
(i, j)-element of the matrix A. Then if Ay, ..., A,, are n X n symmetric matrices,

D(Aq, ..., A,) = % ot (AR ARl
where the sum is over all i1, ..., jpn, J1, .o, jn € {1,...,n}. For matrices A, B we
write (A, B) = Tr(A'B), for A! being the transpose of A, and Tr(A) standing
for the trace of the matrix A. This is indeed a scalar product. We define
T(A1,...,An_1) to be the unique matrix such that (T'(Ay,...,An_1),B) =
D(Ay, ..., A1, B) for any matrix B. In coordinates,

i 1 i yeyin_14i i in—1
[T(Al,...,An,l)] = S A LAy 1)

i E J1s-dn—1,7 Ji° Jn—1

where the sum is over all 41, ..., jn—1, 71, - Jn—1 € {1, ..., n}.
Given a symmetric matrix A, we denote by [A]; the i*" row or column of
A. The next lemma was essentially noted in [R].

Lemma 5.4. Let f',...,f"~ ! : R® — R be functions with continuous third
derivatives. Then for any 1 <i < n,

div [T (Hess(f"), ...,Hess(f”fl))]i =0,

or equivalently, for any fived uw € R™, div (T (Hess(f'), ..., Hess(f"~1))u) = 0.

Proof. We need to prove that for any 1 <i <mn,
"9
i1,in—1,1 21 n—1 _
Z @ Z 5j1,..‘,jn71,jfi1,j1 Clin1,0n—1 0.
j=1

We write f; for the derivative with respect to the jth variable. It is sufficient
to prove that for any 1 < i,k < n,
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T1yeneyin—1,0 k—1 k+1 n—1 _
Z(sﬂh Jn—1,J 11,J1 1,0k —1 lk7jk7jfu+1dk+1 i —1,Jn—1 =0 (52)

where the sum is over i1, ...,%n—1, J1, .o, Jn—1,J. Since fi, .5 = fiy j.je, then
the left-hand side of (52) is equal to

115yl —1,1 k—1 k k+1 n—1
26]1; SJn— 1;Jf21711 : ik—l;jk—lfikvjajkf'bk+17.7k+l in_1,Jn—1 (53)

(jr and j were switched). But since 0 is reversed when we switch j and jg,
then (52) also equals the negative of the left-hand side of (53). We conclude
that the sum is zero. O

We would also like to use I(fo, ..., f) for non-concave functions. For any
bounded, sufficiently smooth functions f, ..., f : K — [0,00) with bounded
first and second derivatives, we use (51) as the definition of I(fo, ..., frn)-

Lemma 5.5. Let K C R™ be a convex set, and let fo,...,fn : K — [0,00)
be bounded functions that vanish on OK. Assume that these functions have
continuous third derivatives in the interior of K, and that the first and second
derivatives are bounded in the interior of K. Then, for any permutation o €
Sn+1

I(an afn) = I(fo’(())7 7fa‘(n))

Moreover,

I(fo,-s fn) :/KD(—Hess(fg),...,—Hess(fn),Vfo®Vf1).

Proof. Since mixed discriminant is symmetric, clearly

I(f07f17 7fn) = I(fo, fo’(l)v "'a.f(r(n))

for any permutation o of {1,...,n}. Thus it suffices to show that

I(fvgvh27 7hn) = I(gva h’27 7h'n)

for any bounded functions f,g,hs,....h, : K — [0,00), that vanish on
0K, have continuous third derivatives in the interior of K, and whose
first and second derivatives are bounded in the interior of K. Abbreviate
T = T(—Hess(hz), ..., —Hess(hy,)). Fix 1 < i < n. By Stokes Theorem,

0= /8 9Tl ve)do = /K div(fg[T]:) (54)

where v, is the outer unit normal to 0K at x. The use of Stokes theorem
here is legitimate: To see this, take a sequence of domains K5 C K with
K5 — K. In K5 we may clearly apply Stokes theorem. By our assumptions,



Marginals of Geometric Inequalities 29

[T)s, fi are bounded on K, and hence (gf;[T];)(z) — 0 uniformly as x — 0K.
This justifies (54). We conclude that

0= /K Figdiv([T]:) + £:(Vg, [T]:) + 9(V £, [T):).

By Lemma 5.4, div([T];) = 0, and summing for all 1 <i <mn,

/K;fi(Vg, (T]:) +/K;9<sz‘,[T]i> _o

By the definitions of I and T,

n

ImﬂmwM=AZNHrWM@@=AXMWMH)

We conclude that
I(g7 f7 h27 seey hn)

:/ (T,Vf@Vg)z/ D( — Hess(hs), ..., —Hess(h,,), V.f @ Vg).
K K

Since Hess(h;) is a symmetric matrix for i = 2,...,n and (Vf ® Vg)! =
Vg® Vf, by (56) from the Appendix, we conclude that

D( — Hess(hy), ..., —Hess(h,,), Vf ® Vg)
= D( — Hess(hs), ..., —Hess(hy), Vg @ V f)

and hence I is symmetric in f and g. (I

Proof of Theorem 1.4. The multilinear form I is finite, since it is the in-
tegral of a continuous function on a compact set. The continuity of I was
discussed right after (51). Thus the first property in Theorem 1.4 is valid.
According to Lemma 5.5, the functional I(fq, ..., f) is symmetric for func-
tions fg, ..., fn which are sufficiently smooth in the interior of K. By con-
tinuity, we obtain property 2 of Theorem 1.4. To obtain property 3, note
that —Hess(fo), ..., —Hess(f,,) are non-negative definite matrices, and hence
D(—Hess(fo), ..., —Hess(f)) > 0. Therefore, if fo > go, ..., fn = gn, then

Hmnmm:AmM4mwmwﬂmm»

2 /K.gOD( - HESS(fl), ceey _HeSS(fn)) = I(g(h fla f27 eeey fn)
Z I(gOaglana ey fn) Z Z 1(907 agn) Z I(Oa ,0) =0.

Property 3 is thus established. It remains to prove property 4. This proof is
similar to the proof of the Cauchy-Schwartz inequality. It is enough to consider
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sufficiently smooth concave functions f, g, ha, ..., hn, : K — [0,00). For t € R,
the function f + tg may fail to be concave. Nevertheless, we still have,

I(f +tg?f + tgahQa ahn)

- / (f + tg)D( — Hess(f + tg), —Hess(ha), ..., —Hess(hn)).
K
According to Lemma 5.5, for any t € R,

I(f +t97f +tgah2a (33} hn)

= /KD( — Hess(hs), ..., —Hess(hy,), V(f + tg) ® V(f + tg)).

Note that V(f + tg) ® V(f + tg) is a non-negative definite matrix. Since
—Hess(hs), ..., —Hess(h,,) are also non-negative definite, we conclude that

I(f+tgaf+tgah23"'ahn)
= tQI(gmg,hQ) ?h’ﬂ) + 2t](f7gah2a ahn) + I(fa fa hQa ahn) Z 0
for all ¢ € R. The fact that the quadratic function I(f + tg, f + tg, ha, ..., hp)

is always non-negative, entails that its discriminant is non-positive. This is
exactly the content of Property 4. The proof is complete. O

6 Appendix: Mixed Discriminants

Given p : R™ — R a homogeneous polynomial of degree k, there exists a
unique symmetric multilinear form p : (R™)* — R such that

for any = € R™. We say that p is the polarization of p. This is proven e.g. in
Appendix A in [H]. In particular, let A be an n x n matrix. Then det(A4) is a
homogeneous polynomial of degree n in the n? matrix elements. Hence, we may
define the “mixed discriminant of the matrices Ay, ..., A,” to be D(Aq, ..., A,),
a multilinear symmetric form such that

det(A) = D(4, ..., A)
for any matrix A. Note that by linearity,
N n
det (Z )\iAl) = > D(Aiy, o Ai)) [T N, (55)
i=1 i1yeeyin€{1,...,N} j=1

In fact, (55) is the essence of the proof of the existence of the polarization.
Also, since det(A) = det(A?), then
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D(A1, ..., A,) = D(AL, .., AL). (56)

The mixed discriminants satisfy various inequalities. We would like to mention
only Alexandrov’s inequality, from which it follows that the mixed discrimi-
nant of non-negative definite matrices is a non-negative number.

Lemma 6.1. Let A1, ..., Ap,_2, B, C be non-negative definite n X n symmetric
matrices. Then,

D(Ay, ..., A, 2,B,C)?> > D(Ay,...,Ap_2,B,B)D(Ay, ..., A,_5,C,C). (57)

Sketch of Proof. (See [H], pages 63-65.) First, suppose that the matrices are
positive definite. Let p(A) = det(A) = D(A4, ..., A). For any symmetric matrix
A and a positive-definite matrix B, the polynomial in the variable ¢,

p(tB + A) = det(B) det (tId + VB~LAVB-1)

has only real roots, as vV B~1AvV B~ is a real, symmetric matrix. By Rolle’s
Theorem,

%p(tB +A) =nD(B,tB + A, ....tB + A)

also has only real roots. The fact that D(C,tB + A, ...,tB + A) has only real
roots for any positive definite matrices B,C' and any symmetric matrix A,
follows from the general theory of hyperbolic polynomials (see e.g. Proposition
2.1.31 in [H]). We may now differentiate D(C,tB+ A, ...,tB+ A) and so forth.
By induction we conclude that

has only real roots for any positive definite matrices Ay, ..., A,_2, B and any
symmetric matrix C. Since g is a quadratic polynomial, its discriminant is
non-negative, which is exactly the inequality (57). Thus (57) is proven, for
the case of positive definite matrices. The inequality for non-negative definite
matrices follows by continuity. O

Remark. The fact that D(Ay, ..., Ap—3,tB+ C,tB + C,tB + C) has only real
roots implies the inequality

6agaiazaz — 4asao + 3asa3 — 4azai — ajag >0
which holds for any non-negative definite matrices, where
a; = D(Al, ceey Anfg; B7 i; C, 3— Z),

i.e. B appears i times, C' appears 3 — ¢ times. See also [Ros].
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