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Abstract

A well-known consequence of the Brunn-Minkowski inequality, is that the distribu-
tion of a linear functional on a convex set has a sub-exponential tail. That is, for any
dimension n, a convex set K C R of volume one, and a linear functional ¢ : R® — R,
we have

Vol, ({z € K;|o(@)| > tllell, ) }) <e® forallt > 1,

where |l¢[|r, (k) = [ l¢(@)|dz and ¢ > 0 is a universal constant. In this note we
prove that for any dimension n and a convex set K C R" of volume one, there exists
a non-zero linear functional ¢ : R™ — R such that

+2

Vol, ({z € K;lo(@)| > tlell, ) }) <e ©ED  forall ¢ > 1,

where ¢ > 0 is a universal constant.

1 Introduction

For two subsets A, B C R” and A > 0 we denote AA = {Az;z € A} and A+ B =
{z +y;z € A,y € B}. The latter operation is the well-known Minkowski sum of sets.
The classical Brunn-Minkowski inequality (see e.g., [35]) states that for any dimension
n, for any Borel sets A, B C R" and for any 0 < A < 1,

Vol, AN+ (1= \)B) > Vol,(A)*Vol,(B)' ™, (1)
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where Vol, is the standard Lebesgue measure on R". A convex body is a compact,
convex set with a non-empty interior. Suppose that K C R™ is a convex body of
volume one, and let ¢ : R® — R be a non-zero linear functional. Let M > 0 be
such that the set T = {z € R";|p(z)| < M} satisfies Vol,(K NT) = 2. Clearly
M < 3llellL, (k) = 3 [k l¢(x)|de. An elegant argument by Borell [6] states that the
Brunn-Minkowski inequality (1), together with the easily-verified inclusion,

2 t—1
—— (K\tI')+ —(KNT)C K\T forallt>1
KN+ = (KNT) C KT forall ¢> 1,

imply that
11
Vol, ({x € K;|p(z)| >tM}) < 3oL for all t > 1. (2)
=

2
Inequality (2) is a dimension-free sub-exponential estimate for the tail of the distribu-
tion of an arbitrary linear functional on an arbitrary convex body. Recall the definition
of the Orlicz norm; Let ¢ : [0,00) — [0,00) be a convex, non-decreasing function that
vanishes at the origin, and let (€2, 1) be a probability space. For a measurable function
g: Q — R, we denote

9l () = inf {)\ > 0;/91,1) ('g()\x”) du(z) < 1}.

For a convex set K C R" of volume one, we write |- ||z, (x) to denote || - ||, (x,) Where
Ax is the restriction of the Lebesgue measure on R™ to K. We will mainly consider the
Young functions 1 (t) = e — 1,1b5(t) = e!” — 1 and their variants. Inequality (2) now
translates as follows: For a convex body K C R" of volume one and a linear functional
p:R" = R,

lellz,, () < Cllellz i) (3)

where C' > 0 is some universal constant. We would like to emphasize that the constant
C'in (3) is a universal constant, independent of ¢, K and the dimension n.

Let us consider an example. Suppose K C R" is a simplex of volume one, with the
origin lying on one of its facets. Let ¢ : R® — R be a non-zero linear functional, that
is non-negative on K, and vanishes on the facet of K that contains the origin. We
assume that ¢ is normalized so that |||z, (k) = 1. Suppose that X is a random vector
that is distributed uniformly over K. Then the random variable ¢(X) has a density
that is proportional to the function

n—1
vl (=) o<t
0 otherwise

Since (1 —t/(n+1))"! ~ et for large n, then the distribution of the random variable
©(X) is very close to being an exact exponential, when the dimension n is large. Note
that there is nothing special about the simplex; Any cone over a convex base exhibits
such approximately-exponential behavior (see Figure 1).
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Figure 1

We conclude that (3) is sharp, in the following strong sense: Suppose that 1) :
[0,00) — [0,00) is a convex, non-decreasing function that vanishes at the origin. Sup-
pose also that C' > 0 has the property that for any dimension n, a convex body K C R”
of volume one, and a linear functional ¢ : R" — R we have [l¢[|., k) < Cll¢l|L, (x)-
Then, necessarily there exist C’, C” > 0 such that 9 (t) < C'y(C"t) for all t > 0.

Estimate (3) is the best possible general estimate. However, for some specific classes
of convex bodies, there exist much better estimates than (3). Consider, for instance,
an ellipsoid £ C R™ of volume one, centered at the origin. Let ¢ : R® — R be a non-
zero linear functional. Note that the random variable ¢(X), where X is distributed
uniformly over £, has a density that is proportional to

n—1
at?\ 2 at?
t— 11— — ~exp|—— 1,
n /. 2

for some a > 0. This distribution is very close to the gaussian distribution. We thus
conclude that for any linear functional ¢ : R® — R,

lellL,, @) < Clelwe (4)

where C' > 0 is a universal constant. All non-zero linear functionals are distributed
approximately according to the gaussian law, and hence for each non-zero linear func-
tional ¢, the estimate (4) is essentially sharp. The example of the ellipsoid shows that
for some convex bodies, a non-zero linear functional cannot satisfy a dimension-free
estimate stronger than 1. The purpose of this note is to prove the following theorem.

Theorem 1.1 Let n > 1 be an integer, and let K C R™ be a convex body of volume
one. Then there exists a non-zero linear functional ¢ : R™ — R such that for anyt > 1,
t2

Volu ({z € K3 lo(@)] > tllolln,)}) <e o ()

where ¢ > 0 is a universal constant. Equivalently, denote 1y-(t) = exp <@> — 1.

Then the linear functional ¢ satisfies

||‘P||L¢2_ &) < Cllelln, x)

where C' > 0 is a universal constant.



Therefore, a convex body cannot display “cone-type” behavior in all directions;
There always exists a direction in which better, almost sub-gaussian behavior is ob-
served. Theorem 1.1 is stated only for convex bodies of volume one, with the gener-
alization to general convex bodies being straightforward. An estimate that is slightly
weaker than (5) actually holds for “most” linear functionals on R™ in some sense (see
precise formulation in Corollary 5.3 below).

Aside from the logarithmic factors, Theorem 1.1 is sharp, as shown by the above
discussion. Up to the logarithmic factors, Theorem 1.1 provides an affirmative answer
to a question attributed to V. Milman in [2] (see also [28, 29]):

Question 1.2 (V. Milman) Does there exist a constant C' > 0 for which the follow-
ing holds: For any integer n > 1 and a convex body K C R™ of volume one, there exists
a non-zero linear functional ¢ : R™ — R such that ||<,0||L¢2(K) <Clellix)?

Let us briefly review the literature related to Question 1.2. In high-dimensional
convex geometry, the significance of dimension-free y»-estimates is already apparent
in Bourgain’s bound for the isotropic constant of general convex bodies [8, 9]. In
particular, in [9] the isotropic constant of a convex body K C R™ is shown to be
bounded by a function solely of

lellL,, (x
sup 1/2( )’
©#0 ||<PHL1(K)

where the supremum runs over all non-zero linear functionals ¢ : R” — R.

An affirmative answer to Question 1.2 was obtained for some particular classes of
convex bodies. Bobkov and Nazarov [4, 5] have provided a positive answer to Question
1.2 in the case where K is assumed to be an unconditional convex body. Paouris [28, 29]
has given an affirmative answer to Question 1.2 in the case where K is a zonoid, or
when K is a convex body with a “small diameter”. See [2] for more information on the
case of K being the unit ball of [, for 2 < p < oco.

In the context of an arbitrary convex body, no general, dimension-free estimates
were obtained, beyond the ;-estimate (3). Note that it is easy to establish some
dimension-dependent estimates for the tail distribution of linear functionals on convex
bodies. For instance, it follows from the Brunn-Minkowski inequality that |||z (k) <
Cnllel L, (k) for any n-dimensional convex body of volume one and a linear functional
@ :R®™ - R, where C > 0 is a universal constant.

Remarkable progress pertaining to the understanding of mass distribution in high
dimensional convex bodies was recently obtained by Paouris [30]. Among the conse-
quences of Paouris theorem [30], is a version of Theorem 1.1, without the logarithmic
factors, but with ¢ restricted to the range [1,n'/4]. This version follows immediately
by combining Paouris theorem [30] with the methods of [29]. Some of our techniques
here are related to and influenced by the approach taken by Paouris.



Theorem 1.1 allows generalizations slightly beyond the context of uniform measures
on convex sets. Recall that a function f : R™ — [0,00) is a logarithmically concave
function, log-concave in short, if

fOz+1=Ny) > f@) ), forallz,yeR™ 0< <1

A basic sub-class of log-concave functions consists of the s-concave functions for s > 0.
A function f: R™ — [0,00) is s-concave, for some s > 0, if

F5 O+ (1= Ny) = Af5 (@) + (1= N f (),

for all 0 < A < 1 and for all z,y € R™ with f(z), f(y) > 0. The characteristic
function of a convex set is an s-concave function, for any s > 0. Theorem 1.1 does
not hold when we replace uniform measures on convex sets with arbitrary log-concave
densities (consider, e.g., the one-dimensional log-concave density ¢ — e_m). However,
for functions that are s-concave the following theorem holds.

Theorem 1.3 Let a > 0, let n > 1 be an integer, and let f : R™ — [0,00) be an
an-concave function with [ f = 1. Denote by p the measure whose density is f. Then
there exists a mnon-zero linear functional ¢ : R™ — R such that for any t > 1,

2

t
g
p({z € R p(z) > tlgllr, o)) <e et
where ¢, > 0 is a constant depending solely on a.

Our main technical tool here is the logarithmic Laplace transform, as in our pre-
vious work [20]. The logarithmic Laplace transform is introduced and discussed in
Section 2, and then applied in Section 3 to the study of log-concave functions with a
bounded isotropic constant. Section 3 contains the main technical steps of the proof.
Theorem 1.1 and Theorem 1.3 are proved in Section 4. In Section 5 we address ques-
tions regarding the behavior of a “typical” linear functional. Throughout this text,
unless mentioned otherwise, we use the symbols ¢, c, ¢, ¢, cy,co, C,C’, C’, C ete. to de-
note various positive universal constants, whose value is not necessarily the same in
different appearances.

Acknowledgement. 1 would like to thank Charles Fefferman for his kind encourage-
ment and for many interesting discussions. I would also like to thank Jean Bourgain
and Gady Kozma for valuable discussions on possible applications of the results in this
note.

2 Logarithmic Laplace transform

In this section we develop a number of estimates that are related to the logarithmic
Laplace transform of log-concave functions. We denote by |- | and (-,-) the standard
Euclidean norm and scalar product in R™, respectively. We also write D" = {z €



R™ |z| <1} and S~ ! = {x € R"; |x| = 1}, the unit Euclidean ball and the unit sphere
in R™, respectively. When the dimension is clear from the context, we may write D in
place of D™. Let us begin with a very standard lemma.

Lemma 2.1 Let n > 1 and let f : R™ — [0,00) be a log-concave function with 0 <
[ f < oo. Then there exist A, B > 0 such that for all z € R",

f(x) < Ae=Blel,

Proof: Since [ f > 0, then there exists 0 < & < 1 such that K = { € R™; f(z) > ¢}
satisfies Vol,(K) > 0. The set K is convex, because f is log-concave. Therefore K
has a non-empty interior, since it is a convex set of positive volume. By translating
f, we may assume that D" C K, for some r > 0. Denote T' = {z € R™; f(x) > 5}.
The set T is convex, Vol,(T) > Vol,(K) > 0, and also Vol,,(T) < oo since [ f < oco.
Consequently, T" is bounded, as a convex set of a finite, positive volume. Thus for some
R > 0 we have T' C %D". Pick z ¢ RD™. Then

z _|¢|-R =« R-r

_ z : 6
@l = el = el T R=r " (6)

is a convex combination. Note that Rﬁ ¢ T and that rﬁ € K. Using (6) and the
log-concavity of f, we deduce that

|z| =R

2 (RE) 20 (r5) " @ 2 B B

M| O

In particular,

|z|—r

1\ E=r
flz) <e <2) < Ae Bl*l for any x ¢ RD™
for some A, B > 0 depending on f. Note also that f is bounded in RD™; Otherwise
the log-concavity implies that f = oo on K, in contradiction to our assumption that
| f < oo. We conclude that an estimate of the form f(z) < A'e=F'l7l | for some numbers
A’, B > 0, holds in the entire R". O

For a function F': R" — R U {oco} we write Dom(F') = {z € R"; F(z) < co}. Let

f :R™ — [0,00) be a log-concave function with 0 < [ f < co. We define Tf : R” —
R U {oo} by setting

Tf(w) =tog [ =10 7% @

In this note “log” stands for the natural logarithm. According to Lemma 2.1, the
function T f is finite in some open neighborhood of the origin. Furthermore, if z €
Dom(Y f) then f(y) = e f(y) is a log-concave function that has a positive, finite



integral. Lemma 2.1 implies that f decays exponentially, and hence we may differen-
tiate under the integral sign any finite number of times. We conclude that Dom(Y f)
is open, and that Y f is C*°-smooth in Dom(Y f).

A function F' : R" — R U {00} is strictly-convex if for any z1,z9 € Dom(F') with

r1 # xa, we have
p(2gm) B re)

The function Y f as defined in (7) is strictly-convex. Indeed, for any distinct points
x1,x2 € Dom(Yf),

(z1to2 ) / (1) f (@20 f(y)2Y
e\ 2 . e
[ < Ly [ o

by the Cauchy-Schwartz inequality. The following lemma is standard. Its straightfor-
ward proof appears, e.g., in [20, Lemma 3.1].

Lemma 2.2 Let n > 1, and let f : R™ — [0,00) be a log-concave function with
0 < [ f <oo. Then, for any x € Dom(Y f),

V@) = [ v dualy),

where g, s the probability measure on R™ whose density is proportional to y +—

e f(y). Additionally,

Hess(Tf)(z) = Cov(py) = / y @y dug(y) — [/ y dux(y)] ® [/ Y dum(y)] ;

the covariance matriz of u,. Here Hess stands for Hessian, and x ® x stands for the
matriz whose entries are (xixj)i,j:]_7,,,7n.

A set K C R" is centrally-symmetric when K = —K. Recall that for a centrally-
symmetric convex body K C R", the set

K°={zeR"Vy € K, (z,y) <1}

is the polar body of K. For a convex body K C R", we denote

1
Vol (K) \
rad (K) = ————=
vrad(K) (vOznwn)) |
the radius of the Euclidean ball that has the same volume as K. Recall that ¢; <

\/ﬁVoln(D")% < g for some universal constants ¢1,c2 > 0 (see, e.g., the first pages of
[31]). Therefore v.rad.(K) has the order of magnitude of \/nVol,, (K)Y/™.

The following lemma may be interesting in its own right. It is related to the use
of V(T f) as a “transportation map”, an idea developed already in [20]. It may be
beneficial, when reading this lemma, to have in mind the simplest example of the
function F(x) = A|z|?/2.



Lemma 2.3 Let n > 1 and let F : R®™ — R U {oc} be a C%-smooth, strictly-conver,
even function with F(0) = 0. Fixt > 0 and set K = {x € R"; F(z) < t}. Let
A>0, 0<a<1/2 and suppose that

det Hess(F)(z) > A" for z € aK. (8)

vrad.(K) < \/% -Vt

Proof: Fix x € aK. Since F is convex, the graph of F' lies above the supporting
hyperplane to F' at x. In particular,

Then,

F(z)+ (VF(x),2z —x) < F(2z) <t, (9)

since 2z € 2aK C K. Note that F' is non-negative, as a convex, even function that
vanishes at the origin. In particular F'(x) > 0, and we conclude from (9) that

(VF(z),z) <t. (10)
Next, fix y € K. Using (10) and the convexity of F' we obtain
t> Py) > F@) + (VF(z),y - 2) > F(@) + (VF(x),5) — t. (11)
Since F(x) > 0, we deduce from (11) that
(VF(z),y) <2t forallz e aK,yc K. (12)
Denote K’ = {VF(z);x € aK}. Then (12) is interpreted as
K' C 2tK°. (13)

The function F' is strictly-convex on K, hence its gradient is a one-to-one map. By
substituting x = VF(y) we obtain

Vol,(K') = / dr = / det Hess(F)(y)dy > Vol, (aK) A", (14)
{VF(y);ycaK} aK
where we have used (8). By combining (13) and (14) we conclude that

Vol (K°) > (O;f) ' Vol (K). (15)

The set K is centrally-symmetric and convex. According to the Santalé inequality (see
[34] or [1, 24]), we know that v.rad.(K)v.rad.(K°) < 1. Thus (15) implies that

vrad.(K) <

Ak



The lemma is proven. O

Remark. It is also possible to “reverse” the inequalities in Lemma 2.3. Suppose
that (8) is replaced by the requirement that det HessF(z) < A" for all x € K =
{y € R"; F(y) < t}. By slightly modifying the above argument, and in particular by
applying Bourgain-Milman’s inequality [10] in place of the Santalé inequality, one may
prove that, in this case, v.rad.(K) > ¢y/t/\/A, for some universal constant ¢ > 0.

Next, we review some of the basic, non-trivial properties of log-concave functions.
Suppose f : R™ — [0,00) is a log-concave function with 0 < [ f < co. According to
the Prékopa-Leindler inequality (see [32, 22, 33] or, e.g., the first pages of [31]),

¢ Lot (] ) ([ sos) 6)

for any Borel sets A, B C R™ and 0 < A < 1. Denote by u the measure whose density
is f, and let ¢ : R™ — R be a linear functional. As was explained in the introduction
for the case of convex bodies, Borell’s lemma [6] states that

lellLy, () < Cllelly ) (17)

where C > 0 is a universal constant. We conclude from Borell’s lemma, in particular,
that [¢[|L,(u) < CllellL,(u)- Furthermore, let M > 0 be such that

p (o € B fp(a)] < M) = .

Then we have cllo|[, () < M < 3[|¢l, (- Another corollary of (16) is that the
marginal function (z1,..,2x) — [ f(x1,..,2n)dTk41...dz, is a log-concave function.
Consequently, the convolution of two log-concave functions is again a log-concave
function, a fact that was already known to Lekkerkerker [23] in one dimension, and
to Davidovi¢, Korenbljum and Hacet [12] in the general case. Next, suppose that
f:R™ — [0, 00) is not only log-concave, but also s-concave for some s > 0. Then (16)
may be strengthened, as follows:

</a,4+53f (””dx) N Za( /Af@c)dw) " +5< /B f<x>dw)"l“ (18)

for any Borel sets A, B C R™ and «a, 8 > 0. Inequality (18) in n dimensions was proven
by Dinghas [13, 14|, by Borell [7], and by Brascamp and Lieb [11]. It follows directly
from the Brunn-Minkowski inequality (1), see [19]. The one-dimensional case of (18)
is due to Henstock and Macbeath [16]. The same line of reasoning also leads to the
conclusion that the convolution of an sj-concave function on R™ with an ss-concave
function on R™ is an (s; + s2 + n)-concave function (see, e.g., [7]).

The next lemma is standard, and is contained, e.g., in [17, Lemma 2.3]. Rather
than referring the reader to the proof in [17], here we will present a simpler proof that
we learned from Mark Rudelson.



Lemma 2.4 Letn > 1, let K C R™ be a centrally-symmetric convexr body, and let
r € R",t > 0. Suppose that sup,¢y(v,y) > t. Denote

A:{yeK;<x,y>z;}.

Then,
Vol,(A) > 27" Wol,(K).

Proof: Denote K+ = {y € K; (x,y) > 0}. Let yo € K be a point such that (z,y) >
t. Since yp € K and K+ C K, by convexity,
1 1
= ~KT CK.
%07 3

For any y € (yo + K™)/2 we have (x,y) > t/2. Therefore (yo + K*)/2 C A. Hence,
Kt
Vol,(A) > Vol, <y°+2) =2""Wol,(KT) = 27" Wol,(K).

O

Later on, we will make use of the following standard estimate for the gamma func-
tion: Begin with the routinely-verified fact, that for any n > 0, A > 1 and t > An, we
have t"e~" < (An)"e " exp (—(1 — %)(t — An)). Consequently,

oo

A

/ t"e~tdt < (An)"e A" ——— forany A > 1. (19)
An A-1

Our next lemma is an application of Laplace’s asymptotic method, and is a direct
extension of [21, Lemma 2.1].

Lemma 2.5 Let g : [0,00) — [0,00] be a non-decreasing, continuous, convex function
such that g(0) =0 and g #Z 0. Suppose that g is continuously differentiable on Dom(g).
Let n > 1 be an integer, and let tg > 0 be a point such that

e—g(to)tg — 2;1}8 e~ 9y (20)

Then ty exists and is unique. Furthermore, ty satisfies:
(i) glto) < n.

(ii) [or e 9Dtndt < e [ e 9indt.

(iii) Suppose a € R satisfies |ato| < 55. Then,

/ eI gy < " / e 90 g,
0 0

10



Proof: The function g is a non-constant, convex function. Hence, g(t) tends to
infinity as ¢ — oco. Consequently, the function ¢(t) = —g(t) +nlogt tends to —oo when
t — 0 or t — oo. Since ¢ is continuous, its finite maximum is attained. Furthermore,
 is strictly concave, hence the maximum is attained at a unique point tyg € Dom(g).
Thus a point ¢ty > 0 that satisfies (20) exists and is unique. Since ¢'(tg) = 0, we have

g/(to)to =n. (21)

By convexity, ¢’ is non-decreasing, hence ¢'(t) < % for any t < tg. Therefore,

glto) = g(0) + /0 "y (bt < /0 "=,

to

This proves (i). Next, we prove (ii). Recall that g is non-decreasing, hence,

00 t
/ e_g(t)t’l’bdt Z e_g(to) / ’ tndt = 1 e_g(to)tg—‘rl- (22)
. 0 n+1

The convexity of g and (21) imply that for any ¢ > 0,

n
g(t) = g(to) + & (t —to)- (23)
Therefore,
o0 o0 n n o0
eI gy < en—olto) [ Tty — _©o—glto)yntl [ —tyngy (24)
=~ n+1 0 .
5to 5to n 5n

From (24), (22) and the case where A =5 in (19), we conclude that

n
/oo e~ 9 gy < §27n+1 (5?> e—g(to)tg+1 <e™ /OO e_g(t)tndt,
5t0 4n e 0

as n > 1. This completes the proof of (ii). Now we proceed to prove (iii). Denote
P(t) = g(t) — at, a convex function. According to (21), and since aty < we know
that

n
20°
19n
"(tg) > ——.
Vito) 2 555,
The convexity of 1 implies that () > ¥(t9) + %é))—t’;(t —tg) for t > tg. Thus,

/ e Mgt
5to

o0 n n+l roo
< ei’g—w(to)/ e_ggitottndt < e—g(to)e%-i-ato % / et dt
5to 19n 4n

tg+1e—9(t0) e (20 ntl 4 (4n n _ t61+1€—g(to) e - e /00 o gy
n n” \ 19 3\et) = n+l1 27 2 )

11



for any n > 1, where we used (22) as well as (19). Consequently,

o eTL oo
/ et =9ty < 5 / e 9Ot (25)
5to 0
In addition, since 5|aty| < %,
5tg 5to en 00
/ eatfg(t)tn < e5ato|/ efg(t)tndt < 2/ efg(t)tndt‘ (26)
0 0 0

By adding (25) to (26) we obtain the third part of the lemma, and the lemma is proven.
O

Let f: R™ — [0,00) be an even, log-concave function. We define
K(f) ={z e R f(x) > e f(0)}.
The set K(f) is convex and centrally-symmetric, and it has a non-empty interior when

[ f > 0. The next lemma is, again, very similar to the methods in [21].

Lemma 2.6 Letn > 2 be an integer, and let f : R™ — [0,00) be an even, continuously
diﬁer@ntiable log—conccwe function with 0 < [ f < co. Then,

() f5K (y)dy > (1= e="V) o f(y)dy.
(i1) Suppase that x € R" satisfies supyc(py(2,y) < 55. Then,

Lo swar<e [ sy

Proof: Since f is even, log-concave and [ f > 0, then f(0) > 0. We divide f by
f(0), and assume from now on that f(0) = 1. For a unit vector § € S"~!, define
go(t) = —log f(t). Since f is even, log-concave and f(0) = 1, we conclude that
go : [0,00) — [0,00] is non-decreasing, convex and gg(0) = 0. The function gy is
also continuous on [0, 00) and continuously differentiable on Dom(gp). By Lemma 2.1,
go Z 0. Thus the function gy and the integer n — 1 satisfy the requirements of Lemma
2.5. Let to(0) be the point tg from Lemma 2.5, corresponding to gy and n—1. According
to Lemma 2.5(i), for any 6 € S"~1,

go(to(0)) <n—1<n.

Consequently,
t0(0)0 € K(f) for all § € S"L. (27)

For a set K C R", we denote by 1x the characteristic function of K. We integrate in
polar coordinates, and use (27) and Lemma 2.5(ii), to obtain

/5}( 1y dy—/sn 1/ Lske () (10) £ (10)t"~ " dtdf

5t
/ / . =1 —9@<t>dtd0> (n— 1 / / t"Le=90) gt
Sn 1 Sn 1

= (1= V) | Ty

Vv

12



This proves (i). We move to (ii). Our assumption in (ii) and (27) implies that
(, 0)t0(8)| < 2% for any 6 € S (28)

(we also used the fact that K(f) is centrally-symmetric). Using (28) and Lemma
2.5(iii), we obtain that for any 6 € S™~1,

| e nttenta < ot [Tty
0 0

By integrating the last inequality in polar coordinates, we conclude that

/ 9 f(y)dy = /S ) /0 e®0) £ (10)1" 1 dtdp

— / / - el@Otyn—1o=06(t) grqp < =1 / / - t"Le=90) gt
Snfl 0 S7L71 0
< e[ f

(x)dz.

This establishes (ii). The proof of the lemma is complete. O

For convenience, our notation treats both f and Y f as functions defined on R".
It is important to keep in mind that Y f is defined in principle on the dual space. In
particular, for any linear map 7' : R”™ — R"™ and a function f : R™ — [0, c0),

T(foT)=(Tf)o(T"), (29)

where (f o T)(x) = f(T(z)). Also note that K(f oT) = T~ K(f). In addition, we
clearly have, for any a > 0,

T(af) =7Tf, K(af) = K(f) (30)

Lemma 2.7 Letn > 2 be an integer, and let f : R™ — [0,00) be an even, continuously
differentiable, log-concave function with 0 < [ f < .

(i) For any x € R",
Tf(z)<n = sup (x,y) < Cn.
yeK(f)

(ii) For any x € R,
sup (z,y) <en = YTf(z)<n.
yeK(f)

(iii) For any x € R",

Tf(Cx)<n = sup ™Y f(y) < e"f(0).
yeR™

Here ¢,C' > 0 are universal constants.
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Proof: According to (30), we may multiply f by a positive constant, and assume
that f(0) = 1. Furthermore, for 6 > 0 denote 75(x) = dz. By (29) and the discussion
around it, we may substitute f with f o 75 for an appropriate § > 0, and assume that

Jfr=1
We begin by proving (i). Let € R™ be such that

sup (z,y) > Cin (31)
yeK(f)

for a universal constant C; to be chosen later. In order to prove (i), it is sufficient to
show that Y f(z) > n. That is, it is enough to prove that

/ e<””’y>f(y)dy > e”. (32)

According to (31) and to Lemma 2.4, the set
n &
A=K(f)n yGR;(x,wZ?n (33)

satisfies Vol,(A) > 27" Vol,(K(f)). The function f is even, log-concave and f(0) =
1. Hence f(y) =/ f(y)f(—y) < f(0) =1 for all y € R, and sup f = 1. According to
Lemma 2.6(i),

5"V ol (K (f)) > / F@)de > 1— e~ > ¢,
K(f)
We conclude that

Vol (A) > e ™. (34)
Note that

/ e<x’y>f(y)dy > /Ae<x’y>f(y)dy > Vol,(A) - min Y . min fly).

yeA yeA

By using (33), (34) and the definition of K(f), we deduce that

/ e<r’y>f(y)dy > exp [(C; —d - 1) n} > e”

for a large enough universal constant C; > 0. Thus (32) is proven. This completes the
proof of (i). To prove (ii), suppose that x € R™ is such that

sup (z,y) < —. (35)
yeK(f) 20

According to Lemma 2.6(ii), the inequality (35) entails that
e sy < e

14



Thus (35) implies that Y f(z) < n, and (ii) is proven. It remains to establish (iii). We
will assume that z € R™ satisfies

Tf(Cox) <n (36)

for a large enough constant Cy > 0 to be specified later on. According to part (i) of
the present lemma, which was already proven, we have

sup (z,y) < Qn <n. (37)
yeK(f) C2

where we assume, as we may, that the constant Cy is larger than the constant C' from
part (i). The function f is continuous. Therefore, whenever y € 0K (f) we have that
f(y) = e ™f(0) = e". Denote g(y) = ¥ f(y), a continuous log-concave function.
From (37) we obtain that for all y € 0K (f),

g(y) = "V f(y) = Ve < 1. (38)

Let y ¢ K(f). Then f(y) < e ™. Since f is continuous and f(0) = 1, there exists
0 < 6 < 1 such that f(fy) = e~™. Suppose that 0 < 6§ < 1 is the maximal possible
number such that f(0y) = e ™. Then

Oy € OK(f).
According to (38) we know that g(fy) < 1, and the log-concavity of g implies that
1> g(8y) > g(y)°9(0)" " = g(y)°.
Consequently, g(y) <1 for all y ¢ K(f). Since 0 € K(f) and ¢(0) =1,

sup e ™Y f(y) = sup g(y) = sup g(y) < sup e®¥ . sup f(y).
yEeR™ yEeR™ yeK(f) yeK(f) yeK(f)

By combining this with (37) we conclude that

sup e\ ™Y f(y) < e sup fly) = e
yeRn yeK(f)

This completes the proof of (iii), and the lemma is thus proven. O

Lemma 2.8 Letn > 2 and let f: R" — [0,00) be an even, log-concave function with
Jf=1 Let K = {x e R"; Y f(z) <n}. Then,

ev/nf(0)n < vrad.(K) < Cynf(0)n (39)

where ¢, C > 0 are universal constants.
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Proof: Suppose first that f is continuously differentiable. By the definition of K (f),

eF0)-Volo(K(f) < [ fa)da < [ fla)de = 1. (40)
K(f) R™

In addition, from Lemma 2.6(i),
FO)Volu (5K () = /5 RICTE (L) [z ay

Since Vol, (D)_% has the order of magnitude of \/n, we conclude from (40) and (41)
that

c vn v.rad.(K C vn . 42
S < vrad () < 08 (42)

Now, by (i) and (ii) of Lemma 2.7,
en[K(f))° € K € Cn[K(f)]°. (43)

According to Santald’s inequality (see [34] or [1, 24]) and Bourgain-Milman’s inequality
[10], we conclude from (43) that
n

Corad (B () = Vet (K) = Oy

By comparing (44) with (42), we conclude the desired inequality (39), in the case
where f is continuously differentiable. This completes the proof for the case of f being
a smooth function.

(44)

We deal with the general case using a standard approximation argument. Denote
ge(x) = (2me) ™"/ ? exp (—|z|?/2¢). Then g. is log-concave. Since f is also log-concave,
so is the convolution f; = f*g.. The function f; is C, even, log-concave and [ f. = 1.
Thus we have already proven the conclusion of the lemma for f.. Since f. — f in the
w*-topology when € — 0, the conclusions of the lemma also hold for f. The proof is
complete. O

3 Bounded isotropic constant

Let f : R™ — [0,00) be a log-concave function with 0 < [ f < oco. Recall that the
covariance matrix of f is the matrix Cov(f) = (Cov;;(f)), ;—; ,, Whose entries are

Covm(f):/ zixj f(z ﬁ Rnfﬂlf ff Rnxjf ff

where, as usual, x = (21, ..., x,) are coordinates in R™. The covariance matrix is well-
defined according to Lemma 2.1. We say that f is isotropic, or that f is in isotropic
position, if the barycenter of f lies at the origin and Cov(f) is a scalar matrix. Note
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that for any log-concave function f : R™ — [0,00) with 0 < [ f < oo, there exists a
volume-preserving affine transformation 7' : R™ — R™ such that f o T is isotropic (see,
e.g., [26]). The isotropic constant of f is defined as

_ SupxeR” f(m)
”‘(&Jmm

We refer the reader, e.g., to [26] for a thorough review of the isotropic position and
the isotropic constant of convex bodies. Clearly Ly = L if f(x) = f(z — x) for
some xg € R", and Ly = L,y for any a > 0. Note too that Ly = L. for any linear
transformation ' € GL,(R). The following lemma is well-known (it is almost identical,
e.g., to [26, Lemma 4.1]). Since our definitions are not entirely standard, we reproduce
its short proof below.

) " (det Cov(f)) % . (45)

Lemma 3.1 Letn > 1 be an integer, and let f : R™ — [0,00) be a log-concave function
with 0 < [ f < oo. Then,
Lf >c

where ¢ > 0 is a universal constant.

Proof: By translating f if necessary, we may assume that the barycenter of f is at
the origin. We may further replace f with af o T, for suitable a > 0 and T' € GL,(R),
and suppose that sup f = [ f = 1 and that f is isotropic. Consequently, Cov(f) =
L?J d and

nﬁ—4JWﬂ@m—Am/mijMﬁ—AmP—V@ﬂ@@ht

where we used the fact that [ f =1, as well as the identity [gdu = [~ p{z; g(x) >
t}dt, valid for any measure p and a non-negative measurable function g. Denote &, =
1

F{gfl) = Vol,(D"), and recall that ¢ < \/nkj; < C. Since sup f = 1, then
2
—2/n
fe’e) Kn n 2
anc > / max{1 — Vol,(vtD),0}dt = / (1 - t”/Q&n> dt = Kn™ > cn.
0 0 n —+ 2
Thus Ly > ¢/, and the proof is complete. [l

Note that the log-concavity assumption was barely used in the proof of Lemma 3.1.
For 0 < € <1 and a log-concave function f : R™ — [0,00) with 0 < [ f < 1, we define

. i/ ,
T.(f) = {x eR™YS <z22+25x> <2, fori=1,...,|log, nJ} . (46)

The set TE( f) is convex. Our main goal in the next few pages is to show that 7%( f)
is sufficiently largely. The following lemma serves to motivate the definition of T.(f),
and to demonstrate the usefulness of the desired lower bound for the volume of T.(f).
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Lemma 3.2 Let 0 < e < 1,M >0, let n > 1 be an integer, and let f : R™ — [0, 00)
be an even, log-concave function with [ f = 1. Denote by p the measure whose density
is f. Suppose that 0/M € T.(f). Then, for any 1 <t < \/nlog?*t/?n,

2

_ t
uw({x e R |(x,0)] > CtM}) <e e TogT e (D)
where Cg,ce > 0 are constants depending only on €.

Proof: In this proof, ¢,C,c etc. denote constants that depend solely on . Let
2<t<mandlet 1 <i< |logyn| be the integer such that 20 < 2 < 27+ Since
0/M € 1:(f),

t g 2i/2 oi 2
< ~ .- <e? <l
/n P <<CM(1ogt)2+59’y>> duly) < /n exp <<M ¢2+e’y>> duly) < e” < e,

for an appropriate choice of the constant C' > 0. An application of the Chebychev-
Markov inequality yields that for any 2 < ¢ < /n,

2

p({z e R™(0,z) > 2CMt log2+€t}) < ;7 =e ", (47)

Since f is even, then T.(f) is centrally-symmetric and —0/M € T.(f). By repeating
the above argument for —, and substituting s = tlog?** ¢ into (47), we see that for
any 1 < s < \/nlog*™n,

2

p({z e R (0, )] > CMs}) < e © loa® 2G40
The lemma is thus proven. (I

Lemma 3.3 Let n > 2 be an integer, and let f : R™ — [0,00) be an even, log-concave
function with [ f=1. Let 0 <t <n, and denote K = {x € R™; T f(z) < t}. Then,

vrad.(K°) >

where ¢ > 0 18 a universal constant.

Proof: By reasoning as in the proof of Lemma 2.8, we may clearly assume that f
is continuously differentiable. The function Y f is even, strictly-convex, C°°-smooth,
and Tf(0) = 0. Thus T f satisfies the requirements of Lemma 2.3. Let C; denote the
constant from Lemma 2.7(iii). Fix € R" such that max{C},2}z € K. Then,

YT(Ciz) <t <n.
Denote fy(y) = e®¥ f(y), a log-concave function. According to Lemma 2.7(iii),

sup fu(y) = sup eV f(y) < " f(0). (48)
yeR” yeR”
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The convex, even function Y f vanishes at the origin. Hence T f is a non-negative
function, and

fAyMy=i/ e f(y)dy = exp T () > 1. (49)

n

R'!L
Consequently, by (45), (48), (49) and Lemma 3.1,

ov — J2n W)Q CQn
det Cov(fz) = L] <Supy€Rn A > F0)2 (50)

According to Lemma 2.2, we know that
det Hess(Y f)(z) = det Cov(fz).

We deduce from (50) that

~ n
det Hess(Y f)(z) > <f(oc)2/N> if max{C1,2}z € K.
Thus, we may apply Lemma 2.3. According to the conclusion of that lemma,
vrad.(K) < C\/ff(O)%

By Bourgain-Milman’s inequality [10], we have v.rad.(K°) > (C’\/ff(O)l/")il, and
the lemma is proven. O

For a log-concave function f : R" — [0,00) with 0 < [ f < co and for a subspace
E C R", we define mg(f) : E — [0,00) to be the marginal function

me(Nw) = [ s

The Prékopa-Leindler inequality (16) implies that wg(f) is also a log-concave function.
The following lemma is an immediate consequence of the definitions.

Lemma 3.4 Let n > 1 be an integer. Suppose f : R™ — [0,00) is an even, isotropic,
log-concave function with f(0) = [ f =1. Let 1 < k <n be an integer, and let E C R™
be a subspace with dim(F) = k. Then,

=

(NN = ([ soae) " = 25210

where E+ is the orthogonal complement to E in R™.

Proof: The function f is isotropic, hence

(N
Cov(f) = (f(o)> L3Id = L}1d,
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where we used the fact that 1 = f(0) = sup f since f is even and log-concave. Conse-

quently, also
Cov(mg(f)) = Li1d. (51)

Since g (f) is even and log-concave, then supme(f) = mg(f)(0) = [L. f. Using (51)
and the definition (45) we see that

_(rEDONF I )
Lopiy = (TR ) 21 = et ont 2y = ( [ stoae) " 1
as [pme(f) = [z f=1. O

For a subspace £ C R™ we denote by Projg : R" — E the orthogonal projection
operator onto F in R™.

Lemma 3.5 Let n > 2 and let f : R® — [0,00) be an even, isotropic, log-concave
function with f(0) Jf =1 Let 2 < k < n be an integer, and denote K =
{x e R"; Y f(x) < k}. Then, for any subspace FF C R™ with dim(F) = /¢ > k,

1
Volg(ProjF(Ko))>/Z < CLf

Vol,(D*) VEk

v.rad.(Projp(K°)) = < Nk

where C' > 0 is a universal constant.

Proof: Fix a subspace E C R" of dimension k, and denote ¢ = wg(f). From

==

Lemma 3.4, we know that ¢(0)x = i—i Note that L, > ¢ according to Lemma 3.1.
Consequently,

g(0)% > (52)

£
Ly
Set Kp = {x € E;Yg(x) < k}. Note that
Yf(x) ="me(f)(x) ="Tg(x) forzeFE.
Therefore, Kp = K N E. Recall that dim(F) = k. Lemma 2.8 implies that
1
vrad. (K NE) = vrad.(Kg) > ¢ Vkg(0)F. (53)

From (52) and (53) we conclude that for any subspace E C R" of dimension &,

k

vrad. (K NE) > 6£. (54)
Ly

The subspace F' C R” satisfies dim(F) = ¢ > k. Note that (54) holds for all the

subspaces E C F with dim(E) = k. Next we call upon Corollary 3.1 from [17]. By the

conclusion of that corollary,

vrad. (KN F) > c\[/f. (55)
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Since (K N F)° = Projp(K°), Santald’s inequality and (55) imply that

L
v.rad.(Projp(K°)) < c=L.

Vk

The lemma is thus proven. O

For K, T C R™, the covering number of K by T is defined as
N(K,T) =min{#(A); K C A+ T},

where #(A) denotes the cardinality of the set A, and + here is the Minkowski sum. We
will frequently use the following elementary properties of covering numbers. Obviously,
N(A,C) < N(A,B)N(B,C) forany A, B,C C R™. Also, Vol,(K) < N(K,T)Vol,(T).
In addition, for Ky, ..., Ky, 11, ..., Ty C R™,

m
N(Ey+ o+ K, T+ o+ Tn) < [ N(K3, ). (56)
=1

Finally, N(u(K),u(T)) < N(K,T) whenever u is a linear map.

Let K C R™ be a centrally-symmetric convex body, and let v > 0. An ellipsoid

E C R" is called a “Milman ellipsoid of order « for K with constants a,b” if for any
t>1,

max{N (K, at€), N(E,atK), N(K°, atE®), N(£°, atK°®)} < e¥i® (57)

We refer the reader to, e.g. [25] for background on the Milman ellipsoid. A fundamental
theorem of Pisier [31, Section 7] states that given a centrally-symmetric convex body
K CR"and 0 < a < 2, there exists a Milman ellipsoid of order « for K, with constants
that are not larger than %, where C > 0 is a universal constant.

Next, we apply Lemma 3.5 in order to show that a Milman ellipsoid for the convex
set {x € R™; Y f(z) < k} is not too far from a Euclidean ball.

Lemma 3.6 Let A > 0,0 < e <1 and let n > 4 be an integer. Let f : R™ — [0, 00)
be an even, isotropic, log-concave function with f(0) = [ f =1. Suppose that Ly < A.
Let 2 < k < |§] be an integer, and denote K = {x € R"; T f(x) < k}. Then for any
1<t<cae/%

N (VEK®,CpctD) < exp (Ca. - tl) .

l1—¢
Here, cae,Cae > 0 are constants depending only on A and ¢.
Proof: In this proof we denote by ¢, C, ¢, ¢ etc. constants depending only on A and
e. Denote T' = VkK°. The set T is convex and centrally-symmetric. According to

Lemma 3.3,
vrad.(T) > c. (58)

21



Let « = 2 —¢ > 1. Let £ be a Milman ellipsoid of order « for T" with constants
C,C" > 0. That is, for any t > 1,

max{N (T, Ct€), N (€, CtT)} < exp (C’t%) . (59)

Denote by A1 > ... > A\, > 0 the lengths of the axes of the n-dimensional ellipsoid £.
From (58) and from the case t = 1 in (59), we conclude that

c<wvrad.(T) < N(T, CE)%v.rad.(CE) < Cv.rad.(€). (60)

Note that v.rad.(£) = ([, /\Z)% Hence, (60) implies that

(f[ )\Z> ' > c. (61)
=1

Next, set m = | 5], and let I denote the subspace spanned by the m longest axes of
the ellipsoid €. Projecting (59) to the subspace F', and substituting t = 1, we get
N (Projr(€),CProjp(T)) < ™.

Hence v.rad.(Projp(€)) < Cv.rad.(Projp(T)). We combine this estimate with Lemma
3.5, to obtain

(ﬁ )\i> " = v.rad.(Projr(€)) < Cv.rad.(Projp(VkK®)) < C'Ly < C. (62)
i=1

(recall that Ly < A). From (61) and (62) we have

n n m -1
H N = (H )\Z) . (H )\z> >ct.em >t
i=m+1 i=1 i=1

Since \; is a non-increasing sequence, then

1

Alz] 2 Amg1 = < H Ai) > cC. (63)

i=m-+1

Next, let £ be an integer with k < ¢ < 5. Let F' now denote the /-dimensional subspace
spanned by the ¢ longest axes of the ellipsoid £. Projecting (59) to F', we get that for
any t > 1,
. . o / n
N (ProgF(S),CthjF(\/EK )) < exp (C t—@) . (64)

Q=

Setting t = (%) in (64), we deduce that

1

A@.) Z = v.rad.(Projr(€)) < C (%)

Q=

v.rad.(Projr(VEK®)). (65)
=1
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Lemma 3.5, combined with (65), gives

<li[1 Ai)% <CA (%)

Since \; is a non-increasing sequence, then (66) implies that

Agﬁ(ﬁ)\i>}<0<2)
[T (& (5) 2t =T () 2l o

We use (67) together with (63) and (66), to obtain
Hmax{ — )\1,1} (63)
i=1
‘ 1 1 1\ ¢
< — (= N < < ! “ .
- Zl_[lmax{c (n) Ai EAZ} - (mln{C c}) H)\ (C ( > >

(recall that £ < |5 |.) Next, we will use standard estimates for the number of Euclidean
balls needed to cover an ellipsoid, see e.g. Remark 5.15 in [31]. Recall that Ay, ..., A, are
the lengths of the axes of the ellipsoid £. Then for any r > 0, we have N(&,4rD"™) <
[T, max{X;/r,1}. From (68) we thus conclude that for any k < ¢ < |3 ],

~ (1 i n (T é ‘
v(ee () o)< (e (3)) (69)
Next, suppose t > C'is such that t*logt < . Using (59) followed by the case £ =
n (69), we get

Q=
Q\H

<c( ) (66)

Ql~

Hence,

_n_
t>logt

N(T,C#2logtD) < N(T,C'tE)N(C'tE, Ct2loga tD) < et - (ét loga t) st O
(70)
(recall that v = 2 — e > 1). Now (70) implies that for any C' <t < ¢\/%,

, logt )
N(T,CtD) < exp (C’ ntlf% < exp (Ctl—_a> (71)

1 _ .
(note that c\/% <C (%) o (log %) 1). By selecting appropriate constants C, C' in (71),
we see that (71) holds also for 1 < ¢ < C'. The proof is thus complete. O

Recall the definition (46) of the set Ty(f).
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Lemma 3.7 Let 0 <e <1,A >0, let n > 4 be an integer, and let f: R™ — [0,00) be
an even, log-concave function with [ f = 1. Suppose that Ly < A. Then,

vrad.(To(f)) > cacf(0)n.

Here, car > 0 is a constant depending only on A and €.

Proof: In this proof, ¢,C, ¢ etc. denote constants that depend solely on A and ¢.
First, suppose that f(0) =1 and that f is isotropic. For ¢ > 0 denote

K ={z eR";Yf(z) <t}.
Dualizing (46), we get
[logy 1] 2,'/2

(Tg(f)) = conv LJI Z'2+5K2Oi ,
1=

where conv denotes convex hull. According to the Bourgain-Milman inequality [10], it
is sufficient to prove that

[logy 7] 21‘/2
(o]
v.rad. | conv U WKQi < C.
i=1
For any centrally-symmetric convex bodies Q, .., C R™, we know that conv(€; U
L UQ) C Q1+ ..o+ Q. Consequently, it is enough to prove that

[logy n] 2i/2
v.rad. Z; Sk | <C. (72)

we define ¢; to be the largest possible number, such that the following two requirements
hold:

it < CA,a/G\/g, whenever 1 <2° < locglf o (73)

and ¢ < min{ci"l/?), 1}, (74)
where ¢4 . /6 and cy4 1/3 are the constant from Lemma 3.6. Then ¢; is a constant depend-

4
ing only on A and €. We recursively define the functions log(k) t = max { (log log(kfl) t) ,C1 },

starting from log(o) t = t. Next, we divide the Minkowski sum in (72) into parts. We
set

C c1n
llogy —7 | [log, log(lil)nJ

logdn /9 9i/2
51 = Z i2+e Ky = Z j2+e Ky, (75)
i=1 i=1
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and for any p > 2 such that log(“_l) n > c1, we define

log, —L%
|‘ 2 log(”‘) nJ 21/2
J— (o]
S/‘ - Z j2+e K (76)
. Cln
i=|log, [ ey J+1

(where an empty Minkowski sum, if one occurs, equals the empty set). Thus, to
establish (72) it is sufficient to prove that

v.rad. ZS“ <C. (77)

pu>1

We will begin with estimating S7, the most significant term. Let us fix a positive
integer 4 such that 2¢ < Cl" . Because of (73), we may apply Lemma 3.6 for k = 2,

for the body Ks:, for 6/6 and for t = i1+%/2. By the conclusion of that lemma,

. Cn C'n
i/2 7o 1+e/2 - -
N (2/ K3, Ci™* D) < exp <i(1+s/2)(1€/6)> < exp <i1+e/4) '

Equivalently,
22  (C C'n
N ( oF K217 1+€/2D) S exp <21+€/4> . (78)

The definition of Sj, and the estimates (78) and (56) imply a certain bound on
N (Sl,CZi M#S/QD). Note that Y°, L < C’. By (56), (75) and (78),

N(Sl, C,D) S exp (Z 01/11115/4> < 6CI/TL. (79)

Next, we analyze S, for any relevant u > 2. Pick a positive integer ¢ such that

bg(f}fl)n <2t < 10;:1:) We may use Lemma 3.6 for k = 2¢, for the body K, for ¢

being % and for ¢ = 1/log™ n (note that (74) gives t < ca,1/3v/n/k, as required). By
the conclusion of that lemma,

!
22/2K2°Z,C 1og(“)nD < exp & .
(1og(u) n)1/3

Equivalently (note that clogn < i < C'logn when 2¢ > —<I* )

— lo g(l) n
2i/2 log(//') n C'n
N2 ks, eV 2 "Dl <exp|—" ). (80)
i2te log®™en (log™) n)1/3
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The number of summands in S, is bounded by

C'log <log(#*1) n) _C (log(“) n)1/4

and each of these summands satisfies (80). Consequently, (80), (76) and (56) imply
that for any p > 2,

1/4 1/4
(log(“) n) log™) n B <log(“) n)
N|8S,C — D | <exp Cnil/3 (81)
log™™ n (bg(m n)
Next, we will estimate the number of balls needed to cover }_ -, S,. By (81) and (56),
(10£% ) i/ ) ,
N Z Sy, C’ Z "o n D| <exp|Cn Z 12 (82)

p>2 p>2 u>2 (10g(u) n)

Both numerical sums in (82) are bounded by a universal constant. Thus (82) implies
the simpler estimate,

N> S,CD| <ef™ (83)
p>2

The estimates (79) and (83), together with (56), imply that N <Zu21 Sy, C/D) < eOm,
Hence

v.rad. ZS“ <C

p>1

and (77) is proved. This completes the proof in the case where f(0) = 1 and f is
isotropic.

The general case easily follows. Suppose f : R™ — [0,00) is an even, log-concave
function with [ f = 1. Let u : R® — R" be a linear map such that the function f,(z) =
(detu) - f(u(x)) satisfies f,(0) = [ fu = 1 and f, is isotropic. Clearly f(0) = .
Moreover, by (29),

v.rad. (Te(f)> = (det u)_% v.rad. <T5(fu)> = f(O)%v.rad. (Te(fu)> . (84)

Note too that Ly, = Ly < A. Thus we are in the case we have already treated, and

according to the above discussion, v.rad.(T:(f,)) > C. The lemma now follows from
(84). O
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4 Proof of the main result

In this section we complete the proofs of Theorem 1.1 and Theorem 1.3. Our first step
is to remove the assumption that Ly is bounded.

Lemma 4.1 Let n > 1 be an integer, and let f : R™ — [0,00) be an isotropic, even,
log-concave function with [ f =1. Let M > 0 be such that Cov(f) = M?Id. Denote

g(z) = W exp (— 2‘?;2). Let f' = f * g, the convolution of f and g. Then,

Cc

1

Ly <1 and f(0)n >—

TS FO)= = -5,
where ¢ > 0 is a universal constant.

Proof: Since both f and g are even and log-concave, so is their convolution f’.
Furthermore, according to our assumptions, Cov(f) = Cov(g) = M?Id. Consequently,

Cov(f') = Couv(f * g) = 2M?1d. (85)
Next, note that
1

'(0) = —z)dr < ————— z)de = Ly
o= [ rwat-oies oot [ g ()

Clearly [ f' =1. By (85), (86) and the definition (45),

1
sup f "\ N N 1
Lf/: (ff/> detCOU(f)2" :f(O)n\@MSﬁSI,
where we used once more the fact that an even, log-concave function attains its maxi-
mum at the origin. By Lemma 3.1, we know that Ly > ¢. Since f’ is isotropic, then
(85) and the definition (45) imply that

c c

flo)yn =z — >
detC’ov(f’)% M

3=

The proof is complete. O

Lemma 4.2 Let 0 < & < 1, let n > 4 be an integer, and let f : R™ — [0,00) be an
even, log-concave function with [ f = 1. Denote by u the measure whose density is f.
Then,

f(0)

Ly
Furthermore, there exists a non-zero linear functional ¢ : R™ — R such that for any
1<t< \/ﬁlog2+s/2 n,

v.rad. (Tg(f)) > ¢

2

PSR -
n({z € R (@) > tlolln,m}) <e e, (87)

Here c. > 0 is a constant depending only on €.
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Proof: In this proof, ¢,C,c etc. denote constants that depend solely on €. As we
argued before, we may replace f with f ow, for any u € SL,(R), without altering the
validity of the conclusions of the lemma. We thus replace f with an appropriate f o,
and assume from now on that f is isotropic.

Let M = f(O)_%Lf. Then Cov(f) = M?Id. Denote g(z) = m exp (— 2@;),

and set
f'=1rxg
Then f’ is an even, log-concave function with [ f’ = 1. Furthermore, Ly < 1 and
f’(O)% > ¢/M, according to Lemma 4.1. We invoke lemma 3.7, for f’,e and A = 1.
By the conclusion of that lemma,
¢ _ _f0)

v.rad. (Ts(f’)) > = ¢ L

(83)

Note that Y(f') = Y(f) + Y(g) > Y(f). Consequently, T.(f') C T.(f) and hence

£(0)
Lf ’

vrad (T.(f)) > ¢ (89)

This completes the proof of the first part of the lemma. It remains to prove the second
part of the lemma. To that end, denote

T={zxeR"YTf(x) <log2}. (90)

Suppose = € T'. Since f is even, then
| =2 [ @) W)y <4 [ e fu)dy < alog2,
" {yGR";<$,y>ZO} "

where we used the fact that t2 < 2e! for t > 0. Consequently, x € T implies that
(Cov(f)x,x) < 4log2. We conclude that

1 ORSE
rad.(T) < \/4log 2 —-C : 91
vrad(T) < % detC’ov(f)ﬁ Ly 1)

where the last equality follows from the definition (45). By comparing (89) with (91),
we conclude that

T.(f) ¢ ¢T.

The sets TE( f) and T are convex and centrally-symmetric. In particular, there exists
0 # x € R™ such that

VseR, szeT = szel.(f). (92)

We fix 0 # = € R” that satisfies (92). Let
M = ) ey = [ V)l ), (93)
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It is well-known that
p({y e R [z, y)| < M}) >c (94)

for some universal constant ¢ > 0 (see, e.g., [3, section 3]). Recall Borell’s lemma, the
P1-estimate (17). From (17) and (93),

/n exp (%ﬁ) fly)dy < 2.

Thus, &5 € T, by the definition (90). According to (92),

=7 € 1:(f). (95)

We may apply Lemma 3.2, based on (95). We conclude that for any 1 < ¢t <
\/ﬁlog2+€/2 n,

o 2
1 (fy € R™ (2, 5)] > OMs}) < ¢ oatwr (96)
By using (93) and (94), we see that (96) is equivalent to the desired estimate (87).
This completes the proof. O

We still need to take care of the range t > C \/ﬁlog2+5/ 2n. The following lemma
serves this purpose.

Lemma 4.3 Let a, A >0, let n > % be an integer, and let f : R™ — [0,00) be an an-

concave function with ff = 1 whose barycenter lies at the origin. Let x € R™, b > 0,
and denote K = {y € R"; |(x,y)| > b}. Suppose that

/ f(z)de < e=4.
K

Then

sup  [(z,y)] < Caab
yeSupp(f)

where Cyq > 0 is a constant depending solely on A and «, and as usual, Supp(f) is
the closure of the set {x € R™; f(x) # 0}.

Proof: For t € R denote

CE
(1) = / F(y)dy .
{yeR";(z,y) >t}

According to (18), the function v is concave on its support. The function f is log-
concave, [ f =1 and the barycenter of f lies at the origin. It is well-known that a
hyperplane through the origin divides R™ into two half-spaces, on each of which the
integral of f is not smaller than % This fact, essentially going back to Griinbaum and to
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Hammer [15], is proven e.g. in [3, Lemma 3.3]. Thus, we know that ¢ (0) > (%)1/((1“)”.
Our assumptions imply that

w02 (1) 2 g seit (97)

e

Since v is concave on its support, then (97) implies that

W ((1 - e2<aA¥1>>_1b> = 0.

A —1
Thus Supp(f) C {y € R";(z,y) < Cab}, for Cao = (1 - e_2<@+1)> . Repeating
the argument for —x in place of x, the lemma follows. [l

Lemma 4.4 Let 0 <e <1,a >0, let n > 1 be an integer, and let f : R™ — [0,00) be
an even, an-concave function with [ f = 1. Denote by p the measure whose density is
f. Then there exists a non-zero linear functional ¢ : R™ — R such that for any t > 1,

2

_ t
i ({z € R [p(@)] > tlollrg}) <e o wD (98)
where c.o > 0 is a constant depending only on € and o.

Proof: In this proof, ¢1, ¢, C,C’,C etc. denote positive constants that depend
solely on € and a. An an-concave function is clearly log-concave. First, suppose that
n > 4. Thus we may apply Lemma 4.2. By the conclusion of that lemma, there exists

a non-zero linear functional ¢ : R™ — R such that for any 1 <t < \/ﬁlog2+5/2 n,
e 2
1 ({z € R o) > tllellr,}) <e e, (99)
Substituting ¢ = v/nlog?™/2 n in (99), we obtain
i ({z € R p(@)] > Virllogn)* /2 |gl| L, }) < e (100)

. 2 .
Consider first the case n > =, where ¢ is the constant from (100). We may apply

Lemma 4.3, based on (100), and deduce that

n ({o € Bl = Covnllog ™ 2lpl 0 }) =0 (101)

From (99) and (101) we conclude that for any ¢t > 1,
t2

ot
p({z e R [p(@)] > tlelln,}) <e e, (102)

for an appropriate constant C’ depending only on « and €. The inequality (102) is
precisely the desired estimate (98). The lemma is thus proven, for the case where
n > max{%, 4}.

To deal with the case 1 <n < max{%,ll}, simply note that |||l () < C’n”g@HLl(ﬂ),
and hence (98) trivially holds in this degenerate case.

Next, we remove the assumption that the functions are even.
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Theorem 4.5 Let 0 < e <1, let n > 1 be an integer, and let f : R™ — [0, 00) be a log-
concave function with [ f = 1. Denote by p the measure whose density is f. Then there

exists a non-zero linear functional ¢ : R™ — R such that for any 1 <t < \/ﬁlogHE/2 n,

S
n({z € R |p(@)] > tollr,go}) <e e (103)

where ¢ > 0 s a constant depending only on €.

Proof: In this proof, ¢,C,c, ¢ etc. represent constants depending only on . Let
f'(xz) = f(—z), and consider the convolution g = f x f’. The function g : R™ — [0, o0)
is an even, log-concave function with f g = 1. Denote by v the measure whose density
is g. We may suppose that n > 4 (see the final sentence in the proof of Lemma 4.4).
According to Lemma 4.2, there exists a non-zero linear functional ¢ : R® — R such
that for any 1 < ¢t < /nlog?t/?n,

+2

v ({z € R o) > tllelln,o)}) <e o e, (104)

Let M > 0 be such that

p (e € R p(@)] < M}) = -

By Borell’s lemma (17), we know that c[|¢||1,(,) < M. Consequently,

Var,(p) c c
M > C||<P||L2(u) 2 ¢y/ Varu(p) =c 5 = EHSDHLQ(V) > ﬁ“@”Ll(y)a (105)

where for any probability measure p, we write Var,(¢) = [pn ©*(v)dp(y)—(Jan ¢(¥)dp(y))
the variance of ¢ with respect to the measure p. Let X and Y be independent random
vectors, that are distributed according to the densities f and f’, respectively. Then the
random vector X +Y is distributed according to v. Note that Prob{|p(Y)| < M} = 2

5
Consequently, by (105), for any 1 <t < \/ﬁlog2+5/2 n,

2
2 Prob{[o(X)] = (t-+ 1)M) (106)
= Prob{lp(X)| > (t + )M, |p(Y)] < M} < Prob{|g(X +Y)| > tM)}
L2
< Prob {‘QO(X +Y)| > ct||<p||L1(l,)} < e Clog™EErD)

where we used (104) for the last inequality. From (106) we deduce (103), for C' <
t < ey/nlog?*e/2n. Recall that p({z € R™; |o(z)| > el ) < 1—c (see, e.g., the
methods in [3, section 3]). Thus, we may adjust the constants, so that (103) will hold
forall 1 <t < \/ﬁlog2+€/2 n. The proof is complete. (Il

Theorem 1.3 is the case € = 1 of the following theorem.
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Theorem 4.6 Let o > 0,0 < e <1, let n > 1 be an integer, and let f : R™ — [0, 00)
be an an-concave function with [ f = 1. Denote by p the probability measure whose

density is f. Then there exists a non-zero linear functional ¢ : R™ — R such that for
anyt>1,

+2

7 ({SL‘ € R"; |p(x)| > t||<p\|L1(u)}) < ¢ “flogTTe(t4n) (107)
where cq e > 0 is a constant that depends only on o and €.

Proof: In this proof, ¢, ci,C, ¢ etc. denote positive constants that depend only on
a and €. Let f'(x) = f(—=x), and consider the convolution g = f * f’. The function
g:R" — [0,00) is an even, (2« + 1)n-concave function.

Denote by v the measure whose density is g. According to Lemma 4.4, there exists
a non-zero linear functional ¢ : R™ — R such that for any ¢ > 1,

2

_ t
v ({z € R |p(@)] > tllellL,o)}) <e o,

Let M > 0 be such that u({z € R";|p(z)| < M}) = 2. Arguing as in the proof of
Theorem 4.5, we find that M > c||l¢||z,). Let X and Y be independent random
vectors, that are distributed according to the densities f and f’, respectively. Then
the random vector X + Y is distributed according to the density ¢g. As in the proof of
Theorem 4.5, we conclude that for any ¢t > 1,

2 e 2
gPT’Ob{’SO(X)’ Z (t + l)M} S PTOb {‘W(X + Y)‘ Z Ct”SOHLl(l/)} S (&4 clog4+5(t+1) .
By adjusting the constants, we conclude that for any ¢ > 1,
_é t2
p({z € R Jp(@)] > tlolln, ) <e e,
The theorem is thus proven. O

Theorem 1.1 is the case € = 1 of the following theorem.

Theorem 4.7 Let 0 < e < 1, let n > 1 be an integer, and let K C R" be a convex
body of volume one. Then there exists a non-zero linear functional p : R™ — R such
that for any t > 1,

+2

Vol, ({z € K;|p(@)| > tllellL,x)}) <e = oet=wm, (108)
FEquivalently, denote 1po—(t) = exp <m) — 1. Then the linear functional ¢

satisfies
1ol i) < Cellellnae-

Here, C;,c. > 0 are constants that depend only on ¢.
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Proof: The function 1g is an n-concave function. Thus, according to Theorem 4.6,
there exists a non-zero linear functional ¢ : R™ — R™ that satisfies (108). To establish
the second part, note that for M = [|¢||L, (k)

foon{ (&) few (25
v (e (B (85 45) )
< /Ooomin{l,tclcl}dtSQ

for a suitable constant C'y > 0. The theorem is thus proven. O

dx

5 Using /-position

In this section we employ the fundamental properties of the ¢-position, see e.g. [31,
sections 2 and 3]. We will prove variants of Theorem 1.1 and Theorem 1.3, where
rather than asserting the existence of a linear functional with a certain property, we
will show that a “random” linear functional possesses this property. See Theorem 5.1
and Theorem 5.2 below for the exact formulation.

Denote by o, the unique rotation invariant probability measure on the unit sphere
S"=1. Let K C R"™ be a centrally-symmetric convex body. For z € R" we denote
|zl x = inf{A > 0;2 € AK}. Then || - ||k is the norm whose unit ball is K. We define

M) = [ lellxdon(a)

A well-known consequence of Holder’s inequality is that M (K)v.rad.(K) > 1. In
general, M (K) may be much larger than 1/v.rad.(K). However, a useful theorem (see,
e.g., [27, sections 14 and 15] or [31, sections 2 and 3]) states that for any centrally-
symmetric convex body K C R", there exists a linear transformation u € SL,(R) such

that
logn

vorad.(u(K))
It is customary to say that this linear map u transforms K into /-position, or that the
body u(K) is in ¢-position.

M(u(K)) < C (109)

Theorem 5.1 Let 0 < e < 1, let n > 1, and let f : R" — [0,00) be a log-concave
function with [ f =1, such that [xf(z)dx = 0. Then there exists u € SLp(R) for
which the following holds.

Denote f = fou, and let p be the measure whose density is f Then, there exists
e c S with 0,(©) > %, such that for any 0 € ©, and for any 1 <t < \/ﬁlog?’JrE/2 n,

2

U ({x c Rn, ’<$’ 0>’ > t”<7 0>HL1(M)}) < e—Cs log2 (n+1) logd+e(t+1)
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where ¢ > 0 s a constant depending only on €.

Proof: In this proof, the letters ¢, C, C etc. stand for constants depending solely on
e, We define f(z) = f(~a) and S(f)(z) = (f+/)(2) = fyu f(y)f(y—=)dy. Then S(f)

is an even, log-concave function with [ S(f) = 1. Clearly, for any map u € SL,(R) we
have S(f) ou = S(f ou). Recall the definition (46) of 7.. Then

T(S(f ou) = u* (T2(S(£)))

The set T.(S(f)) is convex and centrally-symmetric. Let u € SL,(R) be such that
u* (TE(S(f))) is in (-position. We write f = f o u.

To simplify the notation, we denote g = S(f). According to Lemma 4.2,

g(0)1/m
L,

v.rad.(T(g)) > ¢

By our assumption, Ta(g) is in ¢-position. Therefore,

. L,logn
M(T:(g)) < Cg?O)l/” .

(110)
The inequality (110) implies the existence of a set ©; C S"~! with 0,,(©1) > 7%, such
that for each 6 € ©1,

9O, T.(q). (111)

Lglogn
Denote T'= {z € R"; Tg(z) < log2}. Arguing as in (90) and (91), we know that

g(0)!/n
L,

vrad.(T) < c

The upper bound on v.rad.(T) implies the existence of Oy C S"~! with ¢,(02) > 1%,
such that for each 6 € ©9,

1/n
IOy p (112)
g
(otherwise, the convex hull of TN C %S"‘l and the origin, that is contained in

T, would have too large a volume). Let us set © = ©1 N ©y. Then 0,(0) > 2. We
compare (111) and (112), and conclude that for any 6 € O, we have

s

VseR, s9eT = 0eT-(g). (113)

logn

All that remains for us to show, is that for any # € ©, and for any 1 < t < /nlog*™ n,

+2

i ({2 € RY [(2,0)] > (-, 0)l1,)}) < ¢ FEOTIRTIGD. (114)
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We thus focus our attention on establishing (114). Fix 6 € © and set

M =160 = [ 1e.0)| (@)
Denote by v the measure whose density is g. Arguing as in (105) above, we find that
M = Cl{, 0L, )-
Borell’s lemma (17) implies now that & € T, and by (113) we deduce that

0 A
Cillogn € T=(9)- (115)

We may apply Lemma 3.2, based on (115). We conclude that for any 1 < s <
\/ﬁlog2+€/2 n,

/ 82

v ({y € R {2, 3)| > CM(logn)s}) < e meGim. (116)

The estimate (116) is very close to our desired inequality (114), the only difference is
that the measure p is replaced by v. Next, we repeat the argument (106) from the
proof of Theorem 4.5, and deduce (114) from (116).

Let X and Y be independent random vectors that are distributed according to the
densities f and f'(z) = f(—x), respectively. Then the random vector X + Y is dis-
tributed according to the density g. Note that Prob{|(Y,8)| < 3M} > 2. Consequently,
for any C'log?n < s < \/nlog3*¢n,

!’ 5‘2

3 _ .
Prob{|(X,0)| = (s + )M} < S Prob{|(X +Y,0)| > sM} < e O o T D o D) |

Now (114) follows easily, in the range C'log?n < t < cy/nlog®™n. Note that (114) in
the range 1 < t < Clog®n is redundant, and (17) provides a better estimate in that
range. The proof is complete. O

Theorem 5.2 Let 0 < e < 1,a > 0, let n > 1 be an integer, and let f : R™ — [0, 00)
be an an-concave function with [ f =1, such that [xf(x)dx = 0. Then there exists
u € SLy(R) for which the following holds.

Denote f = fou, and let i be the measure whose density is f Then, there exists

e c S with 0,(0) > %, such that for any 6 € ©, and for any t > 1,

+2

1 ({3; e R"™; [{z,0)| > t||(, 9>HL1(#)}) < e O logZ(nt1) loghFE (t41)

where ¢ > 0 is a constant depending only on € and o.
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Proof: The argument is similar to the proof of Lemma 4.4. We outline the details.
In this proof we denote by ¢,C,c,¢ etc. constants depending only on ¢ and a. An
an-concave function is also log-concave. We thus may employ Theorem 5.1. Let
u € SLy(R) be the linear map from the conclusion of that theorem. We denote
f = f ou, and note that the barycenter of f lies at the origin.

By the conclusion of Theorem 5.1, there exists © C S"~! with 0,(0) > %, such
that for any 6 € ©, and for any 1 <t < \/nlog>**/?n,

+2

i ({e € R {2,0)] > (-, 011, }) < ¢ Toommeem=tm, (117)

We will substitute ¢ = /nlog?>*/?n in (117) and then use Lemma 4.3 (similarly to
(100) and (101)). By the conclusion of that lemma, for any 6 € ©,

i ({z e B 1(2.0)] > Covimllog )™ (,)ll1,n | ) =0, (118)

under the assumption that n > C. The theorem follows From (117) and (118). O

Recall that the characteristic function of a convex set is trivially n-concave. The
following corollary is equivalent to the case ¢ = & = 1 in Theorem 5.2.

Corollary 5.3 Let n > 1 be an integer, and let K C R™ be a convexr body of volume
one, whose barycenter lies at the origin. Then there exists u € SL,(R) for which the
following holds.

Denote K = u(K). Then, there exists © C S~ ! with 0,,(©) > %, such that for any
0 € O, and for anyt > 1,
t2

Vol ({z € K;[(,0)] > (), (i } ) < ¢ “PFommeD

where ¢ > 0 is a universal constant.
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