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Abstra
t. The main result of this paper is that for every 2 � r < s and n suf-

�
iently large there exist graphs of order n, not 
ontaining a 
omplete graph on s

verti
es, in whi
h every relatively not too small subset of verti
es spans a 
omplete

graph on r verti
es. Our results improve on previous results of Bollob�as and Hind.

1 Introdu
tion

Let 2 � r < s � n be natural numbers. Let G be a graph on n verti
es not


ontaining a K

s

, a 
omplete graph on s verti
es, as an indu
ed subgraph. What is

the largest size of a subgraph of G, whi
h does not 
ontain a K

r

, 2 � r < s, as an

indu
ed subgraph? In other words, the problem is to 
ompute the fun
tion

f

r;s

(n) = min

G

n

6�K

s

maxfjV

0

j; V

0

� V (G);K

r

6� G[V o℄g:

Note that for r = 2 the problem of determining f

r;s

(n) is that of determining


ertain Ramsey numbers, so the exa
t determination of f

r;s

(n) seems to be hopeless

in general, and the main e�orts have been devoted to understand the asymptoti


behavior of f

r;s

(n).

To the best of our knowledge this problem was �rst addressed by Erd}os and

Gallai ([4℄). They showed that f

p;n�p�2

(n) = 2p � 2, or, in other words, if every

2p � 2 verti
es of G

n


ontain a K

p

, then K

n�p�2

� G

n

, and this bound is tight,

as shown by a 
omplement of a 
omplete bipartite graph K

bn=2
;dn=2e

. Erd}os and

Rogers ([7℄) 
onsidered the 
ase of s �xed, r = s � 1 and n tending to in�nity and

showed that there exist graphs of order n, not 
ontaining a K

s

, su
h that every

indu
ed subgraph of G of order n

1��(s)


ontains a K

s�1

, where �(s) � 
=s

4

log s

for large values of s. The next step was made about thirty years after by Bollob�as

and Hind ([3℄), they used sophisti
ated arguments to show that

n

1=(s�r+1)

� f

r;s

(n) � n

(s�3)=(s�2)+2=(s+1)(s�2)+�

;

and for a parti
ular 
ase of r = 3; s = 4

(2n)

1=2

� f

3;4

(n) � n

7=10+�

:

For s and n tending to in�nity and a �xed r new results were obtained re
ently

by Linial and Rabinovi
h ([9℄), but we do not 
ite their results here. For possible

extensions for hypergraphs the reader is referred to [5℄, [10℄.

In this paper we 
on
entrate on the 
ase of r and s �xed and n tending to in�nity.

Our main aim is to improve on the upper bounds for the fun
tion f

r;s

(n) given by
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Bollob�as and Hind. We make extensive use of probabilisti
 methods, the monograph

of Alon and Spen
er ([2℄) may serve as a general referen
e to the subje
t.

Throughout the text we will use the symbol `
' as a generi
 symbol for various


onstants (probably having di�erent values).

2 An example: f

3;4

(7) = 4

As mentioned above, the exa
t determination of values of f

r;s

(n) is very hard in

general and it seems possible only for some values of r; s; n. As an illustration we

show one su
h 
ase whi
h 
an be easily solved 
ompletely: f

3;4

(7) = 4.

First let us prove that f

3;4

(7) � 4, or, in other words, if every four verti
es of a

graph G of order 7 
ontain a triangle, thenK

4

� G. If all verti
es of G are of degree

at most three and G does not 
ontain a K

4

, then a

ording to Brooks' theorem G

is three-
olourable, so there exists in G an independent set of verti
es W of size

three. But thenW together with any vertex of V nW does not 
ontain a triangle - a


ontradi
tion to our assumption about G. Hen
e there exists a vertex v

0

2 V (G) of

degree at least four. The neighbourhood of v

0

�(v

0

) = fv 2 V (G) : (v; v

0

) 2 E(G)g


ontains a triangle (v

1

; v

2

; v

3

) whi
h together with v

0

forms a 
omplete graph on

four verti
es.

The following graph G = (V;E) on seven verti
es, taken from the paper of

Linial and Rabinovi
h ([9℄), does not 
ontain a K

4

, but every �ve verti
es 
ontain

a triangle: V (G) = f0; 1; : : : ; 6g; E(G) =

�

(i; (i+1) mod 7); 0 � i � 6

	

[

�

(i; (i+

3) mod 7); 0 � i � 6

	

. This example shows that f

3;4

(7) � 4:

3 A lower bound for f

3;4

(n)

Bollob�as and Hind showed that f

r;s

(n) � n

1=(s�r+1)

. We 
an improve this bound

slightly using a result of Ajtai, Erd}os, Koml�os and Szemer�edi ([1℄) that every K

s

-

free graph on n verti
es with an average degree t 
ontains a vertex independent

set of size 
(n=t) log (log t=s) (instead of the value n=(t + 1) provided by Tur�an's

theorem).

Theorem 1. f

r;s

(n) � 


r;s

n

1=(s�r+1)

(log log n)

1�1=(s�r+1)

, where 


r;s

is a 
onstant

depending only on the values of r and s.

Proof. As in the proof of Bollob�as and Hind de�ne a sequen
e of graphs

G = G

0

; G

1

; : : : ; G

s�r

by putting G

i+1

= G

i

[�(v

i

)℄ for i = 0; 1; : : : ; s�r�1, where v

i

is a vertex of maximal

degree in G

i

. Obviously, every G

i

does not 
ontain a K

s�i

for i = 1; : : : ; s � r.

Denote � = 1=(s � r + 1). If there exists an i su
h that

�(G

i

) < 


0

r;s

jG

i

jn

��

(log log n)

�

;

take the �rst su
h i, denote it by i

0

. A

ording to the theorem of Ajtai, Erd}os,

Koml�os and Szemer�edi

ind(G

i

0

) > 


00

r;s

jG

i

0

j

jG

i

0

jn

��

(log log n)

�

log

�

log jG

i

0

jn

��

(log log n)

�

s

�

> 


r;s

n

�

(log log n)

1��

:
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In other 
ase

�(G

i

) � 


000

r;s

jG

i

jn

��

(log log n)

�

for every i = 0; 1; : : : ; s� r � 1, so

jG

s�r

j � jG

0

j(


000

r;s

n

��

(log log n)

�

)

s�r

;

and therefore

jG

s�r

j � 


r;s

n

1=(s�r+1)

(log log n)

1�1=(s�r+1)

:

Sin
e G

s�r

does not 
ontain a K

r

, the result follows. �

4 An upper bound for f

r;s

(n)

To establish f

r;s

(n) �m we have to show that there exists a graph G of order n

not 
ontaining a 
opy of K

s

su
h that every set of m verti
es of G 
ontains a K

r

.

The existen
e of su
h G is shown by using the Lovasz Lo
al Lemma ([6℄; [2℄, Ch.

5), and Janson's inequality ([8℄; [2℄, Ch. 8).

Consider a random graph G(n; p) - a graph on n verti
es in whi
h all edges are


hosen independently and with probability p, where the value of p = p(n) will be


hosen later. For a set S of s verti
es let A

S

be an event G[S℄

�

=

K

s

. Obviously,

Pr(A

S

) = p

(

s

2

)

. For a set T of m verti
es (where m will be an upper bound we

wish to establish) let B

T

an event that T does not 
ontain a K

r

.

Claim. Pr(B

T

) � 
 exp

n

�

�

m

r

�

p

(

r

2

)

+m

r+1

p

(

r

2

)

+r�1

maxfm

r�3

p

(r�3)r=2

; 1g

o

Proof. We prove it by using Janson's inequality. Our notation will be 
onsistent

with that of [2℄.

For a set X � T of size r let C

X

be an event G[X℄

�

=

K

r

. Let � = Pr[C

X

℄ = p

(

r

2

)

.

Our aim is to bound from above the probability Pr[

V

jXj=r

C

X

℄.

If the events C

X

were mutually independent then the probability Pr[

V

jXj=r

C

X

℄

would be

M =

Y

jXj=r

Pr(C

X

) =

�

1� p

(

r

2

)

�

(

m

r

)

< exp

�

�

�

m

r

�

p

(

r

2

)

�

:

Sin
e in fa
t the events C

X

and C

0

X

are mutually dependent if jX \ X

0

j � 2,

the probability Pr[

V

jXj=r

C

X

℄ may be greater than M . Janson's inequality asserts

that this di�eren
e is in some sense not so large.

For every 2 � i � r � 1 let

h(i) =

�

r

i

��

m� r

r � i

�

p

(

r

2

)

�

(

i

2

)

� 
m

r�i

p

(

r

2

)

�

(

i

2

)

;

and let

�

�

=

r�1

X

i=2

h(i):

Let also

� =

X

jXj=r

Pr(C

X

) =

�

m

r

�

p

(

r

2

)
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and

� =

X

2�jX\X

0

j�r�1

Pr(C

X

^ C

0

X

)

=

X

jXj=r

Pr(C

X

)

X

2�jX\X

0

j�r�1

Pr(C

0

X

=C

X

)

= �

�

X

jXj=r

Pr(C

X

) = �

�

�;

In the expression for �

�

the terms h(2) � 
m

r�2

p

(

r

2

)

�1

and h(r� 1) � 
mp

r�1

are

the only 
andidates for being the dominating term. If mp

r=2

� 1, then h(2) �

h(r � 1), otherwise h(2)� h(r � 1). So

� = �

�

� � 
m

r

p

(

r

2

)

maxfm

r�2

p

(

r

2

)

�1

;mp

r�1

g

= 
m

r+1

p

(

r

2

)

+r�1

maxfm

r�3

p

(r�3)r=2

; 1g:

Now Janson's inequality provides the following upper bound for Pr[B

T

℄ =

Pr[

V

jXj=r

C

X

℄ :

Pr[

^

jXj=r

C

X

℄ �M exp

�

1

1� �

�

2

�

� 
 exp

�

�

�

m

r

�

p

(

r

2

)

+m

r+1

p

(

r

2

)

+r�1

maxfm

r�3

p

(r�3)r=2

; 1g

�

:

�(Claim)

We shall now apply the Lovasz Lo
al Lemma. For this purpose we de�ne a

dependen
y graph of the events. The events A

S

and A

0

S

are independent unless S

and S

0

have at least two verti
es in 
ommon. The same is true for A

S

and B

T

or B

T

and B

0

T

. Consider a graph whose verti
es 
orrespond to all A

S

with S ranging over

all s-sets of V (G), and all B

T

with T ranging over all m-sets of V (G). Two verti
es

of the dependen
y graph are joined by an edge if the 
orresponding sets share at

least two verti
es. Ea
h A

S

is joined to

P

s�1

i=2

�

s

i

��

n�s

s�i

�

� 
n

s�2

events A

0

S

and to

at most

�

n

m

�

events B

T

. Ea
h B

T

is joined to

P

s

i=2

�

m

i

��

n�m

s�i

�

� 
m

2

n

s�2

events

A

S

(here we are assuming m = o(n)) and to at most

�

n

m

�

events B

0

T

. Asso
iate the

same 0 < x � 1 with ea
h vertex A

S

and the same 0 < y � 1 with ea
h vertex B

T

.

Now the Lo
al Lemma asserts that if there exist p, m su
h that

x(1 � x)


n

s�2

(1 � y)

(

n

m

)

� p

(

s

2

)

and

y(1� x)


m

2

n

s�2

(1� y)

(

n

m

)

� 
 exp

�

�

�

m

r

�

p

(

r

2

)

+m

r+1

p

(

r

2

)

+r�1

maxfm

r�3

p

(r�3)r=2

; 1g

�

;

then there exists a graph G on n verti
es not 
ontaining a K

s

, in whi
h every

indu
ed graph on m verti
es 
ontains a K

r

. Our aim is to �nd the minimal m for
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whi
h there exists a solution of the above two inequalities. Elementary 
al
ulations

give that the best 
hoi
e is

m = 


1

n

(s�2)r=(s(s�1)�r)

(log n)

((

s

2

)

�

(

r

2

))/((

s

2

)

(r�1)�

(

r

2

))

;

p = 


2

n

�2(s�2)=(s(s�1)�r)

(log n)

1

/((

s

2

)

(r�1)�

(

r

2

))

;

x = 


3

p

(

s

2

)

;

y = 


4

��

n

m

�

:

We have proved the following theorem:

Theorem 2. f

r;s

(n) < 


r;s

n

(s�2)r=(s(s�1)�r)

(log n)

((

s

2

)

�

(

r

2

))
/((

s

2

)

(r�1)�

(

r

2

))

; where




r;s

is a 
onstant depending only on the values of r and s.

Corollary 1. f

3;4

(n) � 
n

2=3

(log n)

1=3

:

Corollary 2. f

s�1;s

(n) � 


s

n

(s�2)=(s�1)

(log n)

2=(s�1)(s�2)

:

Compare now the bounds of Theorem 2 with the bounds obtained by Bollob�as

and Hind. While for the 
ase r = s � 1 these bounds approximately mat
h the

bounds of [3℄, for the general 
ase the bounds obtained here improve signi�
antly

previosly known bounds. For the 
ase of f

3;4

(n) the bound of Theorem 2 is also

better than the bound of Bollob�as and Hind. Nevertheless, it is easy to see that

the gap between the lower bound of Theorem 1 and the upper bound of Theorem 2

is still relatively large .
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