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ABSTRACT. The main result of this paper is that for every 2 < r» < s and n suf-
ficiently large there exist graphs of order n, not containing a complete graph on s
vertices, in which every relatively not too small subset of vertices spans a complete
graph on r vertices. Our results improve on previous results of Bollobds and Hind.

1 INTRODUCTION

Let 2 < r < s < n be natural numbers. Let G be a graph on n vertices not
containing a K°, a complete graph on s vertices, as an induced subgraph. What is
the largest size of a subgraph of G, which does not contain a K7, 2 <r < s, as an
induced subgraph? In other words, the problem is to compute the function

Fra(m) = jmin, max{|Val, Vo C V/(G), K™ £ G[Vol}.

Note that for » = 2 the problem of determining f.,(n) is that of determining
certain Ramsey numbers, so the exact determination of f,. ;(n) seems to be hopeless
in general, and the main efforts have been devoted to understand the asymptotic
behavior of f, s(n).

To the best of our knowledge this problem was first addressed by Erdés and
Gallai ([4]). They showed that f, n—p—2(n) = 2p — 2, or, in other words, if every
2p — 2 vertices of G, contain a K?, then K® P72 C (G, and this bound is tight,
as shown by a complement of a complete bipartite graph K */2:[7/21 Erdds and
Rogers ([7]) considered the case of s fixed, r = s — 1 and n tending to infinity and
showed that there exist graphs of order n, not containing a K*, such that every
induced subgraph of G of order n!~¢(*) contains a K*~', where €(s) ~ ¢/s*logs
for large values of s. The next step was made about thirty years after by Bollobas

and Hind ([3]), they used sophisticated arguments to show that

nl/(s—'r—l—l) < f'r‘s(n) < n(s—B)/(s—2)—|—2/(s—|—1)(s—2)—|—e’

and for a particular case of r = 3,5 = 4
(2n)1/2 < f3,4(n) < ’I’L7/10+E.

For s and n tending to infinity and a fixed r» new results were obtained recently
by Linial and Rabinovich ([9]), but we do not cite their results here. For possible
extensions for hypergraphs the reader is referred to [5], [10].

In this paper we concentrate on the case of r and s fixed and n tending to infinity.
Our main aim is to improve on the upper bounds for the function f,.,(n) given by
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Bollobas and Hind. We make extensive use of probabilistic methods, the monograph
of Alon and Spencer ([2]) may serve as a general reference to the subject.

Throughout the text we will use the symbol ‘¢’ as a generic symbol for various
constants (probably having different values).

2 AN EXAMPLE: f34(7) = 4

As mentioned above, the exact determination of values of f, ;(n) is very hard in
general and it seems possible only for some values of r,s,n. As an illustration we
show one such case which can be easily solved completely: f3.4(7) = 4.

First let us prove that f54(7) > 4, or, in other words, if every four vertices of a
graph G of order 7 contain a triangle, then K* C G. If all vertices of G are of degree
at most three and G does not contain a K*, then according to Brooks’ theorem G
is three-colourable, so there exists in G an independent set of vertices W of size
three. But then W together with any vertex of V\ W does not contain a triangle - a
contradiction to our assumption about G. Hence there exists a vertex vg € V(G) of
degree at least four. The neighbourhood of vo I'(ve) = {v € V(G) : (v,v0) € E(G)}
contains a triangle (v1,vs,vs) which together with vy forms a complete graph on
four vertices.

The following graph G = (V,E) on seven vertices, taken from the paper of
Linial and Rabinovich ([9]), does not contain a K*, but every five vertices contain
a triangle: V(@) = {0,1,...,6}, B(G) = {(3,(i+1) mod 7), 0<i<6}U{(s,(i+
3)mod7), 0<:< 6}. This example shows that f54(7) < 4.

3 A LOWER BOUND FOR f34(n)

Bollobés and Hind showed that f, ;(n) > nt/(s=+1) We can improve this bound
slightly using a result of Ajtai, Erdés, Komldés and Szemerédi ([1]) that every K*°-
free graph on n vertices with an average degree ¢ contains a vertex independent
set of size ¢(n/t)log (logt/s) (instead of the value n/(t + 1) provided by Turdn’s
theorem).

Theorem 1. f,  (n) > cr,snl/(s_r'i'l)(log log n)l_l/(s_r'i'l), where ¢, s is a constant

depending only on the values of » and s.

Proof. As in the proof of Bollobds and Hind define a sequence of graphs
G =Go,Gi,...,Gs_1
by putting G;+1 = G4[['(v;)] forz =0,1,...,s—r—1, where v; is a vertex of maximal

degree in G;. Obviously, every G; does not contain a K* % fori = 1,...,s — r.
Denote a = 1/(s — r + 1). If there exists an ¢ such that

A(G) < c;’s|Gi|n_°‘(log logn)%,

take the first such z, denote it by 79. According to the theorem of Ajtai, Erdds,
Komlés and Szemerédi

. G| log |G, |n™*(loglogn)®
s " |G, 1 -
m (G 0) > C,,.’s |Gi0 |n_°’-(10g 10g ’I’L)a o ( S

l—-e

> ¢y sn”(loglogn)
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In other case
A(G;) > . |Giln~*(log log n)*

'8

for every 1 =0,1,...,s —r — 1, so

|Gs—r| = |Gol(cp,n™*(log logn)*)*,

7,8

and therefore
|Gs_r| > cr’snl/(S—r—l—l)(log log n)l—l/(s—r+1)‘

Since G;_, does not contain a K", the result follows. [

4 AN UPPER BOUND FOR f;, (n)

To establish f,s(n) < m we have to show that there exists a graph G of order n
not containing a copy of K? such that every set of m vertices of G contains a K.
The existence of such G is shown by using the Lovasz Local Lemma ([6]; [2], Ch.
5), and Janson’s inequality ([8]; [2], Ch. 8).

Consider a random graph G(n,p) - a graph on n vertices in which all edges are
chosen independently and with probability p, where the value of p = p(n) will be
chosen later. For a set S of s vertices let As be an event G[S] = K*. Obviously,
Pr(As) = p(;). For a set T' of m vertices (where m will be an upper bound we
wish to establish) let B an event that 7" does not contain a K".

Claim. Pr(Br) < cexp {_(fg)p(é) 4t p(2) T max fmr 3 plr=9r/2 1}}
Proof. We prove it by using Janson’s inequality. Our notation will be consistent

with that of [2].

For a set X C T of size r let Cx be an event G[X| = K". Let e = Pr[Cx]| = p(;).
Our aim is to bound from above the probability Pr[/\|X|:T Cx].

If the events C'x were mutually independent then the probability Pr[/\|X|:T Cx]
would be

M= yﬂpr(@x) () e {_(’:})p(;)}.

Since in fact the events Cx and CY% are mutually dependent if | X N X'| > 2,
the probability Pr[/\|X|:T Cx|] may be greater than M. Janson’s inequality asserts

that this difference is in some sense not so large.
For every 2 <1 <7 —1 let

h(i) = () (m - ?“)p(;)—(;) < emmip(d)-(3),

7 r—1
and let .
A* = " h(i).
=2
Let also
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and
A= Y Pr(Cx ACK)

2<| XX |<r—1

= Pr(Cx) Y, Pr(Cx/Cx)

|X|=r 2<|XNX!|<r—1
=A" ) Pr(Cx) =A%,
| X |=r

In the expression for A* the terms h(2) < cm"_zp(;)_1 and h(r — 1) < emp”~! are
the only candidates for being the dominating term. If mp™/? <« 1, then h(2) <«
h(r — 1), otherwise h(2) > h(r — 1). So

T

A=Au< cmrp(;) max{mr_zp(z)_l,mpr_l}

_ cmr+1p(;)+r—1 max{mr—Bp(r—B)r/Z 1}

Now Janson’s inequality provides the following upper bound for Pr [Br] =
PriAx_, Cx] :

_ 1 A
Pr] /\ CX]SMeXP{l—e?}
| X |=r

S cexp {_ (T) p(;) _I_ m?“i‘lp(;)‘i""_l max{mT—ap(T—3)T/2’ 1}} .
O(Claim)

We shall now apply the Lovasz Local Lemma. For this purpose we define a
dependency graph of the events. The events Ag and A are independent unless S
and S’ have at least two vertices in common. The same is true for As and Bt or Br
and BY.. Consider a graph whose vertices correspond to all Ag with S ranging over
all s-sets of V(G), and all By with T ranging over all m-sets of V(G). Two vertices
of the dependency graph are joined by an edge if the corresponding sets share at

least two vertices. Each Ag is joined to Z::_; (s) ("_?) < cn®7? events A% and to

K] 5§—1
at most (::L) events By . Each Br is joined to Y., _, (T) (ns__T) < em?n®~2? events
As (here we are assuming m = o(n)) and to at most (") events Bf.. Associate the

same 0 < ¢ < 1 with each vertex As and the same 0 < y < 1 with each vertex Br.
Now the Local Lemma asserts that if there exist p, m such that

n

z(l — m)cns_z(l — y)(m) > p(;)
and
y(1 - )™ (1 - y) )

Z cexp {_ (T)p(;) _I_ m?“i‘lp(;)‘i""_l max {mr—3p(’r‘—3)'r‘/2’ 1}}’

then there exists a graph G on n vertices not containing a K?°, in which every
induced graph on m vertices contains a K". Our aim is to find the minimal m for
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which there exists a solution of the above two inequalities. Elementary calculations
give that the best choice is

m = ernt#= D (=17 (16g ) () =)/ () r--(3)),
p= czn—Z(s—Z)/(s(s—l)—r)(log n)1/((;)(r—1)—(;)) :

= c;;p(;) ’

r=e/(2);

We have proved the following theorem:
Theorem 2. f,.,(n) < cr’sn(s_z)r/(s(s_l)_r)(logn)((;)_(;))/((3)("_1)_(;)), where

cr,s 15 a constant depending only on the values of r and s.
Corollary 1. f34(n) < en?/?(logn)'/3.
Corollary 2. f,_; 4(n) < c,n(672/(=1)(log n)2/(s—1)(s=2),

Compare now the bounds of Theorem 2 with the bounds obtained by Bollobas
and Hind. While for the case » = s — 1 these bounds approximately match the
bounds of [3], for the general case the bounds obtained here improve significantly
previosly known bounds. For the case of f3 4(n) the bound of Theorem 2 is also
better than the bound of Bollobas and Hind. Nevertheless, it is easy to see that
the gap between the lower bound of Theorem 1 and the upper bound of Theorem 2
is still relatively large .

REFERENCES

1. M. Ajtai, P. Erdés, J. Komlés and A. Szemerédi, On Turdn’s theorem for sparse graphs,
Combinatorica 1 (1981), 313-317.

2. N. Alon, J. Spencer and P. Erd8s, The probabilistic method, John Wiley & Sons, New York,
1992.

3. B. Bollobas and H. R. Hind, Graphs without large triangle free subgraphs, Discrete Math. 87
(1991), 119-131.

4. P Erdés and T. Gallai, On the minimal number of vertices representing the edges of a graph,
Publ. Math. Inst. Hungar. Acad. Sci. 6 (1961), 181-203.

5. P. Erdés, A. Hajnal and Zs. Tuza, Local constrains ensuring small representing sets, J. Com-
bin. Theory Ser. A 58 (1991), 78-84.

6. P. Erdos and L. Lovasz, Problems and results on 3-chromatic hypergraphs and some related
guestions, Infinite and finite sets (A. Hajnal et al., eds.), North-Holland, Amsterdam, 1975,
pp. 609-628.

7. P. Erdés and C. A. Rogers, The construction of certain graphs, Canad. J. Math. 14 (1962),
702-707.

8. S. Janson, Poisson approzimation for large deviations, Random Structures and Algorithms 1
(1990), 221-230.

9. N. Linial and Yu. Rabinovich, Local and global clique numbers, J. Combin. Theory Ser. B (to
appear).

10. Zs. Tuza, Minimum number of elements representing a set system of given rank, J. Combin.
Theory Ser. A 52 (1989), 84-89.

DEPARTMENT OF MATHEMATICS, TECHNION - ISRAEL INSTITUTE OF TECHNOLOGY, HAIFA
32000, ISRAEL.
E-mail address: mat2800@technion.technion.ac.il



