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Abstra
t

For a graph G = (V;E) on n verti
es, where 3 divides n, a triangle

fa
tor is a subgraph of G, 
onsisting of n=3 vertex disjoint triangles

(
omplete graphs on three verti
es). We dis
uss the problem of deter-

mining the minimal probability p = p(n), for whi
h a random graph

G 2 G(n; p) 
ontains almost surely a triangle fa
tor. This problem

(in a more general setting) has been studied by Alon and Yuster and

by Ru
i�nski, their approa
h implies p = O((logn=n)

1=2

). Our main

result is that p = O(n

�3=5

) already suÆ
es. The proof is based on a

multiple use of the Janson inequality. Our approa
h 
an be extended

to improve known results about the threshold for the existen
e of an

H-fa
tor in G(n; p) for various graphs H .

1 Introdu
tion

Let H be a graph on h verti
es. If h divides n, we say that a graph G on n

verti
es 
ontains an H-fa
tor, if G 
ontains n=h vertex disjoint 
opies of H.

Thus, for example, a K

2

-fa
tor is a perfe
t mat
hing.

As usual, we de�ne G(n; p) as the probability spa
e, 
onsisting of all la-

belled graphs with vertex set V = f1; : : : ; ng, where a graph G = (V;E) 2
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G(n; p) has probability P [G℄ = p

jEj

(1 � p)

(

n

2

)

�jEj

, the probability p may de-

pend on n. In other words, ea
h edge (i; j) 2

�

V

2

�

is 
hosen to be an edge of

G 2 G(n; p) with probability p, all 
hoi
es being independent. For a graph

property A we say that a random graph G 2 G(n; p) whp (with high proba-

bility) has A, if the probability of A tends to 1 as n tends to in�nity.

In this paper we 
onsider the following problem. Let H be a �xed graph

on h verti
es, and assume h divides n. What is then the minimal probability

p = p(n) asserting that a random graph G 2 G(n; p) whp has an H-fa
tor?

For the 
ase H = K

2

the solution has been given by Erd}os and R�enyi in [3℄,

they showed that p = O(log n=n) suÆ
es to have whp a perfe
t mat
hing

in G 2 G(n; p). For the 
ase of a general graph H the problem remains

unsolved. Some partial results have been obtained by Alon and Yuster [2℄

and by Ru
i�nski [5℄. However, the problem is still open for many important


lasses of graphs, in parti
ular, for the 
ase H = K

r

for every r � 3.

In this paper we are mostly 
on
erned with the 
ase H = K

3

, this graph

is a
tually the smallest one for whi
h the problem is yet unsolved. This

interesting problem is mentioned by Erd}os in his Appendix to the monograph

of Alon and Spen
er [1℄. We would like to note, however, that the approa
h

developed in this paper 
an be applied as well to other graphs H.

For the 
ase H = K

3

, the method of Alon and Yuster and of Ru
i�nski

shows that it suÆ
es to take p = C(lnn=n)

1=2

for some 
onstant C > 0. Here

we improve this result by proving the following

Theorem 1 A random graph G 2 G(n; 1200n

�3=5

) whp 
ontains a triangle

fa
tor, assuming 3 divides n.

The 
onstant 1200 in the statement of the theorem 
an 
ertainly be improved.

We do not make any spe
ial attempt to optimize it.

Throughout the paper, we assume n to be suÆ
iently large where ne
es-

sary. We will o

asionally omit 
oor and 
eiling signs for the sake of 
onve-

nien
e.
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The rest of the paper is organized as follows. In Se
tion 2 we des
ribe

the framework of the Janson inequality used as the main te
hni
al tool in

our proof. In Se
tion 3 we show that a random graph G 2 G(n; p) whp


ontains an almost triangle fa
tor, that is, loosely speaking, a family of vertex

disjoint triangles 
overing all but n

�

verti
es for some 
onstant 0 < � < 1.

Then we de�ne a 
ertain family of graphs, whi
h we 
all H

0

-trees (Se
tion 4)

and show that our random graph whp 
ontains large H

0

-trees (Se
tion 5).

Finally (Se
tion 6), these H

0

-trees are used to turn an almost triangle fa
tor

into the desired triangle fa
tor. In Se
tion 7, we dis
uss the appli
ations of

the presented approa
h for estimating the threshold for the existen
e of an

H-fa
tor for other graphs H, in parti
ular, for the 
ase H = K

r

, r > 3.

2 The Janson inequality

In the 
ourse of the proof we will make a multiple use of the powerful in-

equality of Janson, �rst des
ribed in [4℄ (see also [1℄, Ch. 8). The following

parti
ular s
heme of the inequality will suÆ
e for our purposes.

Let S be a family of labelled subgraphs of a 
omplete graph on n labelled

verti
es. Ea
h edge of this 
omplete graph is 
hosen to be an edge of a random

graph G 2 G(n; p) with probability p, all 
hoi
es being independent. For ea
h

member S 2 S we de�ne the 
orresponding indi
ator random variable X

S

whi
h takes the value 1 if S � G, and the value 0 otherwise. Now de�ne

X =

X

S2S

X

S

;

that is, X 
ounts the number of subgraphs from S that turn out to be

subgraphs of G. Also, let

� = 2

X

S;S

0

2S

E(S)\E(S

0

) 6=;

P [(X

S

= 1) ^ (X

S

0

= 1)℄ : (1)
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Then, assuming P [X

S

= 1℄ � Æ for every S 2 S, Janson's inequality states

that

P [X = 0℄ � exp

(

�EX +

�

2(1 � Æ)

)

: (2)

3 Covering almost all verti
es by triangles

As the starting point of our proof, we show that if G 2 G(n; p) with p =

�(n

�3=5

), then whp almost all verti
es 
an be 
overed by a family of vertex

disjoint triangles.

Proposition 1 whp every set of at least n

0:95

verti
es of a random graph

G 2 G(n; p), where p = Cn

�3=5

for any absolute 
onstant C > 0, 
ontains a


opy of a triangle.

Proof. For a �xed subset V

0

� V (G) of size jV

0

j = n

0:95

, denote by S

the family of all triangles of a 
omplete graph on V

0

. For ea
h triangle

S 2 S we denote by X

S

the 
orresponding indi
ator random variable. Let

X =

P

S2S

X

S

, then

EX =

 

jV

0

j

3

!

p

3

= �(n

1:05

) :

In order to apply Janson's inequality, de�ne as in (1)

� = 2

X

S;S

0

2S

E(S)\E(S

0

) 6=;

P [(X

S

= 1) ^ (X

S

0

= 1)℄

=

 

jV

0

j

3

!

p

3

(jV

0

j � 3)p

2

= O(n

4=5

) = o(EX) :

Sin
e Æ = P [X

S

= 1℄ = p

3

= o(1), we have by (2)

P [X = 0℄ � exp

(

�EX +

�

2(1 � Æ)

)

= exp(��(n

1:05

)) :
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Hen
e the probability of the existen
e of a set V

0

of size jV

0

j = dn

0:95

e,

spanning no triangles, 
an be bounded from above by

 

n

n

0:95

!

P [X = 0℄ � 2

n

e

��(n

1:05

)

= o(1) ;

that is, whp every set of n

0:95

(and therefore of at least n

0:95

) verti
es spans

a 
opy of a triangle. 2

Corollary 1 For any 
onstant C > 0, a random graph G 2 G(n; p) with

p = Cn

�3=5

whp 
ontains a family of vertex disjoint triangles, 
overing all

but at most n

0:95

verti
es.

Proof. The desired family 
an be obtained by pi
king triangles one by one

greedily. The above proposition shows that this pro
ess whp will not stop

before less than n

0:95

verti
es will remain un
overed. 2

4 The graph H

0

and H

0

-trees

The following simple graph H

0

plays a 
ru
ial role in our proof. H

0

has

four verti
es v

0

; v

1

; v

2

and v

3

and �ve edges (v

0

; v

1

); (v

0

; v

2

); (v

1

; v

2

); (v

1

; v

3

)

and (v

2

; v

3

) (that is, H

0

is a 
omplete graph on four verti
es with one edge

deleted). An important property of H

0

is that if we remove one of the verti
es

v

0

; v

3

, then the remaining graph forms a triangle. For this reason, we will


all the verti
es v

0

; v

3

removable, while the verti
es v

1

; v

2

will be 
alled the

kernel of H

0

.

Now, based on H

0

, we de�ne the following family of graphs, ea
h member

of it being 
alled an H

0

-tree. With ea
h H

0

-tree T = (V;E) we asso
iate a

vertex subset R � V (T ), whi
h is 
alled the set of removable verti
es. Here

is the re
ursive de�nition of H

0

-trees.

De�nition 1 1) A graph H

0

is H

0

-tree with the set of removable verti
es

R = fv

0

; v

3

g;
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2) If T = (V;E) is an H

0

-tree with the set of removable verti
es R � V (T )

and H is a 
opy of H

0

with removable verti
es u

0

; u

3

and kernel fu

1

; u

2

g

so that V (H)\V (T ) = V (H)\R = fu

0

g, then the graph T

0

= (V

0

; E

0

),

de�ned by V

0

= V (T ) [ V (H), E

0

= E(T ) [ E(H), is an H

0

-tree with

the set of removable verti
es R

0

= R(T ) [ fu

3

g;

3) Every H

0

-tree 
an be obtained from H

0

by applying 2).

In words, an H

0

-tree T

0


an be obtained by taking a union of an H

0

-tree

T and a 
opy of H

0

, sharing exa
tly one vertex that is removable for both of

them.

The following proposition states some properties of H

0

-trees.

Proposition 2 Every H

0

-tree T = (V;E) with the set of removable verti
es

R � V (T ) has the following properties:

1) jV (T )j � 1 (mod 3);

2) jRj � jV (T )j=3;

3) For every v 2 R, the graph T n fvg 
ontains a triangle fa
tor.

(That is why the set R is 
alled the set of removable verti
es.)

Proof. The proof is by indu
tion on jV (T )j.

1) and 2) If T = H

0

, then jV (T )j � 1 (mod 3) and also jR(T )j = 2 >

jV (T )j=3. Ea
h appli
ation of part 2) of De�nition 1 adds three new verti
es

to T , one of them being added to the set of removable verti
es;

3) Let T be obtained by joining an H

0

-tree T

0

= (V

0

; E

0

) with the set

of removable verti
es R

0

� V

0

and a 
opy H of H

0

on verti
es u

0

; u

1

; u

2

; u

3

,

where u

0

and u

3

are removable and V

0

\V (H) = fu

0

g. If a vertex r 2 R

0

nfu

0

g

is deleted from T , then by indu
tion the graph T

0

n frg 
ontains a triangle

fa
tor, whi
h 
an be 
ompleted to a triangle fa
tor of T n frg by adding the

triangle u

1

; u

2

; u

3

. If u

0

is deleted, then a desired triangle fa
tor is obtained
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by adding the triangle u

1

; u

2

; u

3

to a triangle fa
tor in T

0

n fu

0

g, existing

by the indu
tion hypothesis. Finally, if u

3

is deleted from T , then the graph

T

0

nfu

0

g 
ontains by indu
tion a triangle fa
tor, to whi
h we add the triangle

u

0

; u

1

; u

2

. 2

The above proposition shows that, having a family F of vertex disjoint

triangles and an H

0

-tree T su
h that V (F) \ V (T ) = ;, we 
an use any

removable vertex v 2 R(T ) to build a new triangle with verti
es yet un
overed

by F . The deletion of v from T results in the new graph T

0

, having a triangle

fa
tor. This triangle fa
tor 
an be then added to F .

5 Finding large H

0

-trees

In this se
tion we show that when p

0

= 6n

�3=5

, then whp a random graph

G 2 G(n; p

0

) 
ontains large vertex disjoint H

0

-trees. Sin
e in the sequel we

will make use of the existen
e of disjoint H

0

-trees of various sizes, the result

is presented in the following parametri
 form.

Lemma 1 If p

0

= 6n

�3=5

, then for every integer k, satisfying 4 � k � n=6

and k � 1 (mod 3), a random graph G 2 G(n; p

0

) whp 
ontains

j

n

6k

k

vertex

disjoint 
opies of H

0

-trees, ea
h having k verti
es.

The proof of the lemma is based on the following

Proposition 3 Let p

0

= 6n

�3=5

. Then whp for every triple of disjoint

subsets U

0

, U

00

, W of the vertex set of a random graph G 2 G(n; p

0

), satisfying

jU

0

j � n=18, jU

00

j � n=6, jW j � n=3, there exists in G a 
opy of the graph

H

0

, having its kernel verti
es in W , one of its removable verti
es in U

0

and

the other one in U

00

.

The 
onstants 1=18, 1=6, 1=3 in the above proposition are 
hosen some-

what arbitrarily, they are spe
i�
 for its use in the proof of Lemma 1.
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Proof. Clearly, it suÆ
es to prove the proposition for the 
ase jU

0

j = n=18,

jU

00

j = n=6, jW j = n=3.

For a �xed triple U

0

; U

00

;W satisfying the above restri
tion, let us denote

by S the family of all 
opies of the graph H

0

in the 
omplete graph on

U

0

[ U

00

[ W , satisfying the proposition requirements. For ea
h su
h 
opy

S we denote by X

S

the 
orresponding indi
ator random variable, taking the

value 1 i� S � G. Let also

X =

X

S2S

X

S

:

Then

EX =

X

S2S

EX

S

=

n

18

n

6

 

n

3

2

!

p

5

> 3n :

Let

� = 2

X

S;S

0

2S

E(S)\E(S

0

) 6=;

P [(X

S

= 1) ^ (X

S

0

= 1)℄

= 2

X

S2S

P [X

S

= 1℄

X

S

0

2S

E(S

0

)\E(S) 6=;

P [X

S

0

= 1jX

S

= 1℄

= EX

X

S

0

2S

E(S

0

)\E(S) 6=;

P [X

S

0

= 1jX

S

= 1℄

for some �xed S 2 S. A routine 
onsideration of all possible mutual 
on�g-

urations of S and S

0

yields

� = EX(O(n

2

p

4

+ np

2

+ np

3

)) = o(EX) :

Sin
e Æ = P [X

S

= 1℄ = o(1), we have by Janson's inequality (2)

P [X = 0℄ � e

�EX(1+o(1))

< e

�3n

:

Hen
e the probability of the existen
e of a triple U

0

; U

00

;W satisfying the

above requirements and not 
ontaining a desired 
opy of H

0

, 
an be bounded
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from above by

�

n

jU

0

j

��

n

jU

00

j

��

n

jW j

�

P [X = 0℄

� (2

n

)

3

e

�3n

= o(1) : 2

Proof of Lemma 1. Assuming that the assertion of the above proposition

holds, we prove the lemma deterministi
ally. Let k be an integer, satisfying

the 
onditions of the lemma. Suppose we have already found t su
h H

0

-trees,

ea
h with a vertex set of size k and where 0 � t < n=6k. Denote the union

of their vertex sets by V

0

. Clearly, jV

0

j = kt � n=6. We put V

0

aside and

show that the remaining verti
es V

1

= V n V

0

still 
ontain an H

0

-tree on k

verti
es.

Let us 
onsider the following iterative pro
ess. At ea
h stage of the pro-


ess we have a family T

i

= fT

1

; : : : ; T

m

g of vertex disjoint subgraphs of G, a

vertex subset U

j

� V (T

j

), 1 � j � m, being asso
iated with ea
h member of

T

i

. Initially, we 
hoose arbitrarily n=6 verti
es v

1

; : : : ; v

n=6

from V

1

and set

T

j

= fv

j

g, U

j

= fv

j

g, T

1

= fT

1

; : : : ; T

n=6

g. Assume now that at stage i � 1

we have a family T

i

= fT

j

g

m(i)

j=1

, satisfying the following 
onditions:

(1) every member T 2 T

i

is either a single vertex or an H

0

-tree with the set

of removable verti
es R(T ) = U(T );

(2)

n

6

�

P

T2T

i

jV (T )j �

n

3

.

Note that these 
onditions are 
learly satis�ed for our initial 
hoi
e of T

1

.

We �rst 
he
k whether there exists a subgraph T

j

2 T

i

with jT

j

j � k. If

su
h a subgraph indeed exists, the pro
ess terminates with T

j

as the output.

Otherwise, set U

0

=

S

T2T

i

U(T ). By Proposition 2 and 
onditions (1), (2),

jU

0

j � n=18. Then we 
hoose arbitrarily n=6 verti
es from V

1

n

S

T2T

i

V (T )

and denote this set by U

00

, let also W = V

1

n (

S

T2T

i

V (T ) [ U

00

). It follows

from the above dis
ussion that jW j � n=3. A

ording to Proposition 3,
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there exists a 
opy H of the graph H

0

with its kernel verti
es u

1

; u

2

in W ,

one removable vertex u

0

in some set U(T

j

) and the other u

3

in U

00

. Now we

repla
e the subgraph T

j

in the family T

i

by a new subgraph T

0

j

with V (T

0

j

) =

V (T

j

)[V (H) and E(T

0

j

) = E(T

j

)[E(H), we set also U(T

0

j

) = U(T

j

)[fu

3

g.

Clearly, T

0

j

is an H

0

-tree with the set of removable verti
es R(T

0

j

) = U(T

0

j

),

also jV (T

0

j

)j = jV (T

j

)j + 3 and jU(T

0

j

)j = jU(T

j

)j + 1. Hen
e a new family

T

0

i

= T

i

� T

j

+ T

0

j

satis�es 
ondition (1). If

P

T2T

0

i

jV (T )j � n=3, then we set

T

i+1

= T

0

i

, otherwise we get T

i+1

by deleting from T

0

i

a subgraph T having

the smallest number of verti
es, if several su
h subgraphs exist, we 
hoose

one of them arbitrarily. Sin
e all subgraphs of T

i

are of size at most n=6, a

new family T

i+1

satis�es n=6 �

P

T2T

i+1

jV (T )j � n=3, and we may pro
eed

to the next step.

One 
an easily see from the des
ription of the pro
ess that the average

size of a subgraph in T

i

in
reases at ea
h step. Therefore after a �nite number

of steps (whi
h may depend on n) the pro
ess terminates. Sin
e at ea
h step

the size of some member of T

i

in
reases by 3, we 
an not `skip' over the

desired size k of an H

0

-tree. 2

6 In
reasing the size of an almost triangle

fa
tor and 
overing all verti
es

The proof of Theorem 1 is based on the following key lemma.

Lemma 2 De�ne sequen
es fp

l

g

1

l=0

and f�

l

g

1

l=0

by p

0

= 6n

�3=5

, p

l

= p

0

+

6

5

p

l�1

�

6

5

p

0

p

l�1

for l � 1; and �

l

= 0:95 � 0:05l for l � 0. Then for every

integer l satisfying 0 � l � 18, a random graph G 2 G(n; p

l

) whp 
ontains

a family of vertex disjoint triangles 
overing all but at most n

�

l

verti
es.

Proof. By indu
tion on l. For l = 0, the assertion of the lemma follows from

Corollary 1.
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Assume now l � 1. Note that 1�p

l

= (1�p

0

)(1�

6

5

p

l�1

). This enables us

to represent a random graph G 2 G(n; p

l

) as a union of two random graphs:

G

0

2 G(n; p

0

) and G

00

2 G(n;

6

5

p

l�1

). Note also that p

l

= �(n

�3=5

) for every

1 � l � 18.

Let us �rst expose the edges of G

0

. Let m

1

= bn

�

l�1


. Let m

2

be the

smallest integer satisfying m

2

� 2m

1

+ n

�

l

and m

1

+ m

2

� 0 (mod 3). In

the 
al
ulations below we substitute m

1

= n

�

l�1

, m

2

= 2n

�

l�1

+ n

�

l

, this does

not a�e
t the 
orre
tness of our proofs. Also, let k be the largest integer sat-

isfying km

2

� n=6 and k � 1 (mod 3). Clearly, k = (1 + o(1))(n

1��

l�1

=12).

A

ording to Lemma 1 G

0

whp 
ontains bn=6k
 � m

2

vertex disjoint H

0

-

trees, ea
h having k verti
es. We 
hoose m

2

of these subgraphs and denote

this family by T

0

= fT

1

; : : : ; T

m

2

g. Let

V

0

=

m

2

[

j=1

V (T

j

) ;

V

1

= V n V

0

;

then jV

1

j � 5n=6.

Now we expose the edges of G

00

. Let us �rst look at the edges of G

00

inside

V

1

. By the indu
tion hypothesis the subgraph G

00

[V

1

℄, 
onsidered as a random

graph on jV

1

j �

5

6

n verti
es with edge probability

6

5

p

l�1

, whp 
ontains a

family of vertex disjoint triangles 
overing all but at most jV

1

j

�

l�1

< m

1

verti
es. Let us �x a subfamily F

0

of triangles, 
overing all but exa
tly m

1

verti
es of V

1

. Here we use the assumption m

1

+ m

2

� 0 (mod 3). Sin
e

every T

j

2 T

0

is an H

0

-tree, we have jV (T

j

)j � 1 (mod 3), therefore jV

0

j �

m

2

(mod 3). Hen
e we 
an drop from the family of triangles, 
overing all

but at most (5n=6)

�

l�1

< m

1

verti
es of V

1

some triangles in order to 
over

all but exa
tly m

1

verti
es. We denote the set of verti
es of V

1

, un
overed

by F

0

, by W = fv

1

; : : : ; v

m

1

g.

Let us de�ne the following pro
ess. At the beginning of step i (1 � i �

m

1

) we have a subfamily T

i�1

� T

0

, jT

i�1

j = m

2

� 2(i � 1), and a family

11



of vertex disjoint triangles F

i�1

� F

0

. We aim to �nd a triangle v

i

; u

1

; u

2

,

where u

1

2 R(T

j

1

) and u

2

2 R(T

j

2

), T

j

1

; T

j

2

2 T

i�1

, j

1

6= j

2

. If su
h a triangle

exists, then we add it to F

i�1

, obtaining F

0

i�1

. Sin
e u

l

and u

2

are removable

verti
es of T

j

1

and T

j

2

, respe
tively, both subgraphs T

j

1

n fu

1

g and T

j

2

n fu

2

g


ontain triangle fa
tors. We add these triangle fa
tors to F

0

i�1

, thus obtaining

F

i

. The subgraphs T

j

1

and T

j

2

are then removed from T

i�1

, resulting in a

new family T

i

.

Now we 
laim that whp this pro
ess 
an be performed su

essfully for

m

1

steps, that is, for all points of W . To prove this, we look at the edges

of G

00

inside V

0

and between V

0

and V

1

. At step i of the above pro
ess the

family T

i�1


ontains at least m

2

� 2m

1

� n

�

l

subgraphs. Choose m

2

� 2m

1

subgraphs from T

i�1

arbitrarily and denote them by T

1

; : : : ; T

m

2

�2m

1

. Note

that

P

m

2

�2m

1

j=1

jV (T

j

)j = k(m

2

� 2m

1

) = �(n

0:95

). By Proposition 2, part

2, jR(T

j

)j � jV (T

j

)j=3, so jR(T

j

)j � k=3 and thus jR(T

j

)j = �(n

1��

l�1

) for

every 1 � j � m

2

� 2m

1

.

The random variable Y , 
ounting the number of edges of G

00

with end-

points in distin
t removable sets of T

1

; : : : ; T

m

2

�2m

1

, is binomially distributed

with parameters

P

1�j

1

<j

2

�m

2

�2m

1

jR(T

j

1

)jjR(T

j

2

)j = �(n

1:9

) and

6

5

p

l�1

. Us-

ing standard large deviation inequalities (see, e.g., [1℄, Appendix A, Theorem

A.13) it 
an be shown that whp for every 
hoi
e of m

2

� 2m

1

subgraphs

from T

0

the 
orresponding random variable Y satis�es Y � EY (1 + o(1))

and therefore Y = 
(n

1:9

p

l�1

). Also, for a vertex u 2

S

m

2

�2m

1

j=1

R(T

j

) the

expe
tation of the number of edges of G

00

, 
onne
ting u with verti
es from

V

0

, is

6

5

j(V

0

j � 1)p

l�1

� np

l�1

=4, and again large deviation inequalities imply

that whp this number of edges does not ex
eed np for every su
h u.

Let us examine now the subgraph G

i

of G

00

, whose vertex set is

S

m

2

�2m

1

j=1

R(T

j

)

and whose edge set 
onsists of all edges having endpoints in distin
t R(T

j

).

A

ording to the above dis
ussion, this subgraph whp has 
(n

1:9

p

l�1

) edges,

and the maximal degree in it does not ex
eed np

l�1

.

12



Now we expose the edges of G

00

, 
onne
ting the 
urrent vertex v

i

with the

verti
es of G

i

. If v

i

is 
onne
ted with both endpoints of e = (u

1

; u

2

) 2 E(G

i

),

then v

i

; u

1

; u

2

form the desired triangle. Therefore, we need to prove that su
h

an edge e exists with probability 1 � o(m

�1

1

). We show it again through the

Janson inequality. For every e = (u

1

; u

2

) 2 E(G

i

) let S

e

= f(v

i

; u

1

); (v

i

; u

2

)g.

Let S = fS

e

: e 2 E(G

i

)g. For every S

e

2 S the 
orresponding indi
ator

random variable X

S

e

takes the value 1 i� (v

i

; u

1

); (v

i

; u

2

) 2 E(G

00

), where

e = (u

1

; u

2

). Clearly, EX

S

e

= (

6

5

p

l�1

)

2

= o(1). Denoting X =

P

S

e

2S

X

S

e

, we

see that

EX = jE(G

i

)j(

6

5

p

l�1

)

2

= 
(n

1:9

p

3

l�1

) :

Re
alling de�nition (1) of �, we have

� = 2

X

e;e

0

2E(G

i

);

e\e

0

6=;

P [(X

S

e

= 1) ^ (X

S

e

0

= 1)℄

= 2

X

v2V

0

X

e;e

0

2E(G

i

);

v=e\e

0

P [(X

S

e

= 1) ^ (X

S

e

0

= 1)℄

= 2

X

S

m

2

�2m

1

j=1

V (T

j

)

 

d

G

i

(v)

2

!

�

6

5

p

l�1

�

3

= O(n

0:95

n

2

p

2

l�1

p

3

l�1

) = O(n

2:95

p

5

l�1

) :

But p

l�1

= �(n

�3=5

), and therefore EX = 
(n

0:1

) and � = o(1). Hen
e

Janson's inequality (2) implies that

P [X = 0℄ � e

�EX(1+o(1))

= e

�
(n

0:1

)

;

showing that the i-th step of the above des
ribed pro
ess is su

essful with

probability 1 � e

�
(n

0:1

)

. Sin
e the number of steps is m

1

< n, the pro
ess

whp 
an be performed su

essfully for all verti
es of W .

After the pro
ess has �nished, we have a family T

m

1

= fT

1

; : : : ; T

m

2

�2m

1

g

of H

0

-trees. Deleting a removable vertex u

j

2 R(T

j

) from every T

j

2 T

m

1

,

we then �nd a triangle fa
tor in ea
h T

j

. Their union is added to F

m

1

. Now

13



F

m

1


overs all verti
es of V but fu

1

; : : : ; u

m

2

�2m

1

g, thus forming a desired

family of triangles. 2

Proof of Theorem 1. The proof is very similar to that of Lemma 2,

therefore we indi
ate only some di�eren
es, leaving the details to the reader.

We refer to the notation of Lemma 2 and its proof. Consider a random graph

G 2 G(n; p

19

) and represent it as a union of G

0

2 G(n; p

0

) and G

00

2 G(n; p

18

).

Note that by Lemma 2, G

00

whp 
ontains a family of vertex disjoint triangles,


overing all but at most n

0:05

verti
es. De�ne m

1

to be the largest integer

not ex
eeding n

0:05

and satisfying m

1

� 0 (mod 3), and de�ne 
ru
ially

m

2

= 2m

1

. Then if the m

1

{step pro
ess of Lemma 2 will be su

essful, the

family T

m

1

will be empty. Therefore, after step m

1

we will have a triangle

fa
tor. Note that at ea
h step i, 1 � i � m

1

, the family T

i


ontains at least

m

2

� 2m

1

+ 2 = 2 H

0

-trees with k = �(n

0:95

) verti
es. Arguments similar to

those of the proof of Lemma 2 show that step i is su

essful with probability

1� o(m

�1

1

). We omit detailed 
al
ulations.

Note that we have shown that G 2 G(n; p

19

) whp has a triangle fa
tor.

In order to estimate p

19

, we write p

l

� p

0

+

6

5

p

l�1

for every l � 1. This implies

p

l

� 5

�

�

6

5

�

l+1

� 1

�

p

0

. Thus p

19

< 187p

0

< 1200n

�3=5

. 2

7 Con
luding remarks

1) One may wonder why the asymptoti
 order of probability p = �(n

�3=5

)

in Theorem 1 
annot be redu
ed. Indeed, at almost all steps of the above

proof a smaller order of probability would suÆ
e. It is easy to see that

when p = o(n

�3=5

) the proof of Proposition 3 
eases to work. Moreover, if

p = o(n

�3=5

), for every �xed vertex v 2 V the expe
ted number of 
opies

of H

0

, 
ontaining v, is o(1), and therefore we expe
t the 
opies of H

0

in

G 2 G(n; p) to be mostly vertex disjoint. It 
an be shown that in this 
ase

G whp does not 
ontain an H

0

-tree of size n

�

for any �xed � > 0.

2) A natural question is what is the right value of the threshold for the

14



existen
e of a triangle fa
tor in a random graph G 2 G(n; p). Our Theorem

1 shows that this threshold is at most O(n

�3=5

). On the other hand, it 
an

be proven, using for example Janson's inequality and the se
ond moment

method, that when

�

n�1

2

�

p

3

= ln n + w(n) for any fun
tion w(n) tending

to in�nity with n, that whp every vertex of a random graph G 2 G(n; p)

parti
ipates in at least one triangle, while if

�

n�1

2

�

p

3

= ln n�w(n), then whp

there exists at least one vertex that does not parti
ipate in any triangle. This

motivates the following

Conje
ture 1 p(n) = (log n)

1=3

n

�2=3

is the threshold fun
tion for the exis-

ten
e of a triangle fa
tor in a random graph G 2 G(n; p).

3) The approa
h of this paper 
an be used as well to get new results in

the problem of determining the threshold for the appearan
e of an H-fa
tor

for graphs H other than a triangle. Let us illustrate this by taking H = K

r

,

a 
omplete graph on r verti
es, where r � 4 is �xed. Here is a brief outline

of the proof.

a) Prove that if p = Cn

�

2r

(r�1)(r+2)

for any 
onstant C > 0, then whp every

n

1�

1

10r

verti
es of a random graph G 2 G(n; p) span a 
opy of K

r

(
f. Propo-

sition 1). Therefore whp a random graph G 2 G(n; p) with p = Cn

�

2r

(r�1)(r+2)


ontains a family of vertex disjoint 
opies of K

r


overing all but at most

n

1�

1

10r

verti
es (
f. Corollary 1).

b) De�ne the graph H

0

= K

r+1

n feg. The two removable verti
es of H

0

are those having degree r � 1, the other verti
es form a kernel. Then de�ne

the notion of an H

0

-tree in a manner similar to that of De�nition 1. Every

H

0

-tree T = (V;E) with the set of removable verti
es R � V (T ) has the

following properties (
f. Proposition 2):

1. jV (T )j � 1 (mod r);

2. jRj � jV (T )j=r;

15



3. For every v 2 R, the graph T n fvg 
ontains a K

r

-fa
tor.

Note that if p = �(n

�

2r

(r�1)(r+2)

), then the expe
tation of the number of 
opies

of H

0

in G 2 G(n; p) is linear in n. This will enable us to build H

0

-trees


ontaining n

�

verti
es for 0 < � < 1.


) Prove that if p

0

= 6n

�

2r

(r�1)(r+2)

, then whp for every triple of disjoint

subsets U

0

, U

00

, W of V (G), G 2 G(n; p), satisfying jU

0

j = n=18, jU

00

j = n=6

and jW j = n=3, there exists in G a 
opy of H

0

having its kernel verti
es in

W , one of its removable verti
es in U

0

and the other in U

00

(
f. Proposition

3). Derive from this that for every integer k satisfying r + 1 � k � n=6

and k � 1 (mod r), a random graph G 2 G(n; p) whp 
ontains

j

n

6k

k

vertex

disjoint 
opies of H

0

-trees, ea
h having k verti
es (
f. Lemma 1).

d) De�ne two sequen
es fp

l

g

1

l=0

and f�

l

g

1

l=0

by p

0

= 6n

�

2r

(r�1)(r+2)

, p

l

= p

0

+

6

5

p

l�1

�

6

5

p

0

p

l�1

for l � 1; and �

l

= 1 �

1

10r

(l + 1) for l � 0. Then prove that

for every l satisfying 0 � l � 10r � 2, a random graph G 2 G(n; p

l

) whp


ontains a family of vertex disjoint 
opies of K

r


overing all but at most n

�

l

verti
es. The proof of this statement is very similar to that of Lemma 2. We

mention only some di�eren
es. We de�ne the numbers m

1

and m

2

so that

they satisfy m

1

+m

2

� 0 (mod r) and m

2

� (r�1)m

1

� n

�

l

. Also, k should

satisfy k � 1 (mod r). Then we �nd in G

0

2 G(n; p

0

) m

2

vertex disjoint

H

0

-trees, ea
h having k verti
es. Denote the union of their vertex sets by

V

0

, let also V

1

= V n V

0

. Now we look at the edges of G

00

2 G(n;

6

5

p

l�1

).

First, we �nd in V

1

a family F of vertex disjoint 
opies of K

r

, 
overing all

but m

1

verti
es. Denote these unmat
hed verti
es by W . Then, for ea
h

vertex v

i

2 W we �nd a 
opy of K

r

, 
ontaining v

i

and having remaining

r � 1 verti
es in removable sets of distin
t H

0

-trees.

e) Prove that G 2 G(n; p

10r�1

) whp 
ontains a K

r

-fa
tor. The proof 
an be

shaped after that of Theorem 1. We de�ne m

1

� n

1

10r

, m

1

� 0 (mod r),

m

2

= (r�1)m

1

. Then k satis�es k = �(n

1�

1

10r

). At ea
h step of the m

1

-step

pro
ess the family T

i

has at least r � 1 H

0

-trees, ea
h having k verti
es.
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Estimating p

l

from above gives p

l

� p

0

+

6

5

p

l�1

, hen
e p

l

� 5

�

�

6

5

�

l+1

� 1

�

p

0

.

Thus p

10r�1

� 5

�

�

6

5

�

10r

� 1

�

p

0

< 30

�

6

5

�

10r

n

�

2r

(r�1)(r+2)

. Summing the above,

we 
laim the following

Theorem 2 Let r � 4 be a �xed number. Then if p(n) = 30

�

6

5

�

10r

n

�

2r

(r�1)(r+2)

,

then a random graph G 2 G(n; p) whp 
ontains a K

r

-fa
tor, assuming r di-

vides n.
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