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Abstra
t

For every �xed integers r; s satisfying 2 � r < s there exists some � = �(r; s) > 0

for whi
h we 
onstru
t expli
itly an in�nite family of graphs H

r;s;n

, where H

r;s;n

has n

verti
es, 
ontains no 
lique on s verti
es and every subset of at least n

1��

of its verti
es


ontains a 
lique of size r. The 
onstru
tions are based on spe
tral and geometri


te
hniques, some properties of Finite Geometries and 
ertain isoperimetri
 inequalities.

1 Introdu
tion

The Ramsey number R(s; t) is the smallest integer n su
h that every graph on n verti
es


ontains either a 
lique K

s

of size s or an independent set of size t. The problem of

determining or estimating the fun
tion R(s; t) re
eived a 
onsiderable amount of attention,

see, e.g., [14℄ and some of its referen
es. A more general fun
tion was �rst 
onsidered (for

a spe
ial 
ase) by Erd}os and Gallai in [11℄. Suppose 2 � r < s � n are integers, and let G

be a K

s

-free graph on n verti
es. Let f

r

(G) denote the maximum 
ardinality of a subset of

verti
es of G that 
ontains no 
opy of K

r

, and de�ne, following [12℄, [8℄:

f

r;s

(n) = min f

r

(G);

where the minimum is taken over all K

s

-free graphs G on n verti
es.

It is easy to see that for r = 2, we have f

2;s

(n) < t if and only if the Ramsey number

R(s; t) satis�es R(s; t) > n, showing that the problem of determining the fun
tion f

r;s

(n)

extends that of determining R(s; t).
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Erd}os and Rogers [12℄ 
ombined a geometri
 idea with probabilisti
 arguments and

showed that

f

s�1;s

(n) � O(n

1�1=O(s

4

log s)

):

This bound has been improved in several subsequent papers [8℄, [17℄, [18℄ and the best

known bounds, proved in [17℄, [18℄, are




1

n

1

s�r+1

(log logn)

1�

1

s�r+1

� f

r;s

(n) � 


2

n

r

s+1

(logn)

1

r�1

;

where 


1

; 


2

are positive 
onstants depending only on r and s. Note that to pla
e an upper

bound on f

r;s

(n) one has to prove the existen
e of a graph with 
ertain properties. As is the


ase with the problem of bounding the usual Ramsey numbers, the existen
e of these graphs

is usually proved by probabilisti
 arguments. In fa
t there is no known expli
it 
onstru
tion

that provides any nontrivial upper bound for f

r;s

(n) for any value of r other than 2. By

expli
it we mean here a 
onstru
tion that supplies a deterministi
 algorithm to 
onstru
t a

graph with the desired properties in time polynomial in the size of the graph. It is worth

noting that for the 
ase r = 2, 
orresponding to the usual Ramsey numbers, there are

several known expli
it 
onstru
tions; see [10℄, [13℄, [9℄, [1℄, [2℄, [3℄. Despite a 
onsiderable

amount of e�ort, all these 
onstru
tions supply bounds that are inferior to those proved by

applying probabilisti
 arguments. The problem of �nding expli
it 
onstru
tions mat
hing

the best known bounds is of great interest, and may have algorithmi
 appli
ations as well.

In the present note we des
ribe two di�erent expli
it 
onstru
tions providing nontrivial

upper bounds for the fun
tion f

r;s

(n) in the 
ase r > 2. The �rst one is based on a spe
tral

te
hnique together with some of the properties of �nite geometries and implies that for

every �xed r; s we have:

f

r;s

(n) = O

�

n

1

2

+

2r�3

2s�4

�

:

The se
ond 
onstru
tion is based on a geometri
 idea and 
ertain isoperimetri
 inequal-

ities, and shows that for every s � 2, f

s;s+1

(n) � n

1��(s)

; where

�(s) = (1 + o(1))

2

s

2

(s+ 1)

2

ln s

and the o(1) term tends to 0 as n tends to in�nity.

Both 
onstru
tions are expli
it a

ording to all 
ommon de�nitions of this notion and,

in parti
ular, provide a linear time deterministi
 algorithm to 
onstru
t the appropriate

graph as well as an algorithm that determines if two given verti
es are 
onne
ted using a


onstant number of arithmeti
 or bit operations on words of length O(logn), where n is the

number of verti
es.

In the rest of this note we des
ribe these two 
onstru
tions and prove their properties.
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2 The �rst 
onstru
tion

The �rst 
onstru
tion we present applies �nite geometries and the proof of its properties

is based on the spe
tral te
hnique used in [1℄ for a similar purpose, together with some

additional ideas. Graphs 
onsidered in this se
tion may have loops. Ea
h loop 
ontributes

one to the degree of a vertex in
ident to it and 
ontributes 1=2 when we 
ount the number

of edges spanned by a set of verti
es.

We need the following lemma.

Lemma 2.1 Let G be a d-regular graph on n verti
es with at most one loop at ea
h vertex

and suppose that the absolute value of any eigenvalue of G but the �rst is at most �. For

every integer r � 2 denote

s

r

=

(�+ 1)n

d

 

1 +

n

d

+ � � �+

�

n

d

�

r�2

!

:

Then every set of more than s

r

verti
es of G 
ontains a 
opy of K

r

.

Proof. The proof relies on the following simple statement proved (in a slightly stronger

form) in [5℄ (see also [6℄, Chapter 9, Corollary 2.6.)

Proposition 2.2 Let G = (V;E) be a d-regular graph on n verti
es (with loops allowed)

and suppose that the absolute value of ea
h of its eigenvalues but the �rst is at most �. Let

B be an arbitrary subset of bn verti
es of G and let e(B) denote the number of edges in the

indu
ed subgraph of G on B. Then

je(B)�

1

2

b

2

dnj �

1

2

�bn :

To dedu
e the lemma from the above proposition we apply indu
tion on r. Note that if

S is a subset of verti
es of size k, then, by the proposition above, e(S) �

1

2

k

2

d

n

�

1

2

�k.

If r = 2 and k > (�+ 1)n=d then e(S) �

1

2

k

�

kd

n

� �

�

>

1

2

k, and therefore S 
ontains at

least one non-loop edge, as needed.

Assuming the assertion of the lemma holds for all integers between 2 and r we prove it

for r+1 ( � 3): Sin
e e(S) �

1

2

k

2

d

n

�

1

2

�k, there exists a vertex v 2 S whi
h is in
ident with

at least

kd

n

� � edges in S, implying that v has at least

kd

n

� � � 1 neighbours in S other

than itself. Let N denote the set of all these neighbours. By the indu
tion hypothesis if

kd

n

� �� 1 > s

r

, then N 
ontains a 
opy of K

r

, that together with v forms a 
opy of K

r+1

.

Hen
e, any set of more than

(s

r

+ �+ 1)n

d

=

(�+ 1)n

d

 

1 +

n

d

+ � � �+

�

n

d

�

r�1

!

= s

r+1
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verti
es of G 
ontains a 
opy of K

r+1

, 
ompleting the proof. 2

For any integer t � 2 and for any power q = 2

g

of 2 let PG(t; q) denote the �nite geometry

of dimension t over the �eld GF (q). The interesting 
ase for our purposes here is that of �xed

t and large q. It is well known (see, e.g., [15℄) that the points and hyperplanes of PG(t; q)


an be des
ribed as follows. Let B

t

denote the set of all nonzero ve
tors �x = (x

0

; : : : ; x

t

)

of length t + 1 over GF (q) and de�ne an equivalen
e relation on B

t

by 
alling two ve
tors

equivalent if one is a multiple of the other by an element of the �eld. The points of PG(t; q)

as well as the hyperplanes 
an be represented by the equivalen
e 
lasses of B

t

with respe
t

to this relation, where a point �x = (x

0

; : : : ; x

t

) lies in the hyperplane �y = (y

0

; : : : ; y

t

) if and

only if their inner produ
t h�x; �yi = x

0

y

0

+: : :+x

t

y

t

overGF (q) is zero. Let G(t; q) denote the

graph whose verti
es are the points of PG(t; q), where two (not ne
essarily distin
t) verti
es

�x and �y as above are 
onne
ted by an edge if and only if h�x; �yi = x

0

y

0

+ : : :+ x

t

y

t

= 0,

that is, the point represented by �x lies on the hyperplane represented by �y. The graphs

G(t; q) have been 
onsidered by several authors - see, e.g., [1℄, [7℄. It is easy to see that

the number of verti
es of G(t; q) is n

t;q

= (q

t+1

� 1)=(q � 1) = q

t

(1 + o(1)) and that it is

d

t;q

= (q

t

� 1)=(q � 1) = q

t�1

(1 + o(1)){ regular, where here and in what follows the o(1)

term tends to zero as q tends to in�nity. It is also easy to see that the number of verti
es of

G(t; q) with loops is pre
isely d

t;q

= (q

t

�1)=(q�1), sin
e the equation x

2

0

+ : : :+x

2

t

= 0 over

GF (q) is equivalent to the linear equation x

0

+ : : :+x

t

= 0, whi
h has exa
tly q

t

�1 nonzero

solutions. This is the only pla
e we use the fa
t that the �eld GF (q) is of 
hara
teristi


2. A similar 
onstru
tion exists for any prime power q, but the 
omputation in this 
ase is

(slightly) more 
ompli
ated.

We 
laim that ea
h 
opy of K

t+2

in G(q; t) 
ontains at least one vertex represented

by a ve
tor �x with h�x; �xi = 0. Indeed, let �x

1

; : : : ; �x

t+2

be ve
tors of PG(t; q) su
h that

h�x

i

; �x

j

i = 0 for every pair 1 � i 6= j � t + 2. Sin
e these are t + 2 ve
tors in a ve
tor

spa
e of dimension t + 1 there are �

1

; : : : ; �

t+2

2 GF (q) whi
h are not all zero, su
h that

�

1

�x

1

+ : : : �

t+2

�x

t+2

=

�

0. Multiplying this equality by �x

i

for every 1 � i � t+2, we 
on
lude

that �

i

h�x

i

; �x

i

i = 0, and hen
e there exists at least one index i su
h that h�x

i

; �x

i

i = 0.

The eigenvalues of G(t; q) are known and easy to 
ompute. To see this, let A be the

adja
en
y matrix of G(t; q). By the properties of PG(t; q), A

2

= AA

T

= �J + (d

t;q

� �)I ,

where � = (q

t�1

� 1)=(q � 1), J is the n

t;q

� n

t;q

all 1-s matrix and I is the n

t;q

� n

t;q

identity matrix. Therefore the largest eigenvalue of of A

2

is d

2

t;q

and all other eigenvalues

are d

t;q

� �. It follows that the largest eigenvalue of A is d

t;q

and the absolute value of all

other eigenvalues is (d

t;q

� �)

1=2

. Put � = (d

t;q

� �)

1=2

= q

(t�1)=2

. By Lemma 2.1 every set

of �(n

t;q

=d

t;q

)

r�1

(1 + o(1)) = n

1

2

+

2r�3

2t

t;q

(1 + o(1)) verti
es spans a 
opy of K

r

.

Let H(t; q) denote the graph obtained from G(t; q) by deleting all verti
es represented

by ve
tors �x with h�x; �xi = 0. This is a K

t+2

-free graph on n = q

t

verti
es, for whi
h the

4



following holds:

Theorem 2.3 For every �xed t and large enough q the graph H(t; q) on n = q

t

verti
es

has the following properties:

1. K

t+2

6� G.

2. For every r � 2 every set of n

0

(r; t) verti
es spans a 
opy of K

r

, where n

0

(r; t) =

n

1

2

+

2r�3

2t

(1 + o(1)).

To get a result for a general n, we 
an, for example, start with H(t; q), where q is the

minimal integer of the form q = 2

g

for whi
h q

t

� n. Then 2

t

n � q

t

. Now delete from

H(t; q) an arbitrary subset of q

t

� n verti
es, thus obtaining a graph on n verti
es with the

desired properties. This gives

Corollary 2.4 By an expli
it 
onstru
tion for every �xed r; t satisfying 2 � r < (t+ 1)=2,

and for every n,

f

r;t

(n) = O

�

n

1

2

+

2r�3

2t�4

�

:

3 The se
ond 
onstru
tion

The se
ond 
onstru
tion we present borrows the 
ore idea from the 
onstru
tion of Erd}os

and Rogers [12℄. Their argument is non-
onstru
tive and relies on the 
on
entration of

measure phenomenon in the high-dimensional sphere. Our 
onstru
tion is expli
it and

somewhat simpler to handle.

We begin with some notation.

Let s � 2 and k be positive integers (where s is assumed to be �xed while k tends to

in�nity). Denote V = [s℄

k

. Thus, the elements of V are ve
tors �x of length k. We endow V

with the normalized 
ounting measure P , that is, P (A) = jAj=jV j for every subset A � V .

For every two ve
tors �x; �y 2 V denote by d(�x; �y) the Hamming distan
e between �x and �y,

that is,

d(�x; �y) = jf1 � i � k : x

i

6= y

i

gj :

Also, for a set ; 6= U � V and a ve
tor �x 2 V let

d(�x; U) = minfd(�x; �y) : �y 2 Ug

denote the distan
e between �x and U .

For every integer Æ > 0 de�ne the Æ-neighbourhood U

(Æ)

of a nonempty subset U � V as

U

(Æ)

= f�x 2 V : d(�x; U) � Æg ;

5



thus U

(0)

= U .

De�ne a graph G = G(s; k) as follows. The vertex set of G is V , and two ve
tors �x; �y 2 V

are 
onne
ted by an edge in G if and only if d(�x; �y) > k

�

1�

�

s+1

2

�

�1

�

. Let us investigate

the properties of this graph.

Proposition 3.1 The graph G does not 
ontain a 
opy of K

s+1

.

Proof. Suppose indire
tly that �x

1

; : : : ; �x

s+1

are the verti
es of K

s+1

� G, then a

ording

to the de�nition of G we have d(�x

i

1

; �x

i

2

) > k(1�

�

s+1

2

�

�1

) for every pair 1 � i

1

6= i

2

� s+1.

For every 1 � j � k, there exists at least one pair of verti
es of K

s+1

having the same

value in the j-th 
oordinate. Therefore, summing over all k 
oordinates and averaging,

we obtain that there exists at least one pair of ve
tors �x

i

1

; �x

i

2

, that agree on at least

k

�

s+1

2

�

�1


oordinates. Thus d(�x

i

1

; �x

i

2

) � k� k

�

s+1

2

�

�1

, supplying the desired 
ontradi
tion.

2

We next prove that every suÆ
iently large subset of V spans a 
opy of K

s

. De�ne

an s-simplex S to be a set of s ve
tors �x

1

; : : : ; �x

s

2 V with d(�x

i

1

; �x

i

2

) = k for every pair

1 � i

1

6= i

2

� s.

Proposition 3.2 If V

0

� V and P [V

0

℄ > (s�1)=s, then V

0


ontains a 
opy of an s-simplex.

Proof. Clearly, ea
h ve
tor of V lies in the same number of s-simpli
es.

Choose randomly and uniformly a simplex S among all s-simpli
es in V . Then

P [S 6� V

0

℄ = P [ at least one vertex of S does not belong to V

0

℄

� s

jV j � jV

0

j

jV j

< s

�

1�

s� 1

s

�

= 1:

Hen
e there exists at least one s-simplex S with all verti
es in V

0

. 2

The next step is to obtain a good isoperimetri
 inequality for the �nite metri
 spa
e

(V; d). We use martingales as in, e.g., [20℄, [19℄, [21℄.

Lemma 3.3 For 
 > 0 denote Æ(
) = d(

p

ln s=2 + 
)

p

ke. If A is a subset of V with

P [A℄ � 1=s, then P [A

(Æ)

℄ > 1� e

�2


2

.

Proof. De�ne a fun
tion f : V ! R by f(�x) = d(�x;A). This fun
tion is 
learly Lips
hitz

with 
onstant 1, that is, jf(�x) � f(�y)j � d(�x; �y) for all �x; �y 2 V . Also, f(�x) = 0 for every

�x 2 A. Let Ef = X

0

; X

1

; : : : ; X

k

= f be the 
oordinate exposure martingale with respe
t

6



to f , that is, X

i

(�x) = E[f(�y) : �y 2 V : �y

j

= �x

j

8j � i℄. Hen
e Hoe�ding's inequality (see,

e.g. Lemma 1.2 of [19℄) implies:

P [X

k

�X

0

< �


p

k℄ < e

�2


2

; (1)

P [X

k

�X

0

> 


p

k℄ < e

�2


2

(2)

for all 
 > 0. In parti
ular, substituting 
 =

p

ln s=2 in (1) and re
alling that P [A℄ � 1=s,

we see that there exists at least one point �x 2 A, for whi
h

X

k

(�x)�X

0

(�x) = f(�x)�X

0

� �

q

ln s=2

p

k :

However, sin
e �x 2 A, one has X

k

(�x) = 0, and therefore X

0

�

p

ln s=2

p

k. Thus (2) implies

that

P [f > (

q

ln s=2 + 
)

p

k℄ < e

�2


2

:

The left-hand side of the above inequality is at least P [V n A

(Æ)

℄ with Æ = Æ(
) as in the

formulation of the lemma, and hen
e

P [A

(Æ)

℄ > 1� e

�2


2

: 2

Remark. M
Diarmid gives in [19℄ an isoperimetri
 inequality for graph produ
t spa
es

(see [19℄, Prop. 7.12), implying dire
tly our Lemma 3.3. We 
hose however to present its

proof here for the sake of 
ompleteness. Moreover, it is possible to improve the inequality

and obtain an asymptoti
ally tight isoperimetri
 inequality. This and related results will

appear in [4℄. For our purpose here the present estimate suÆ
es.

The result of the lemma 
an be reformulated in the following more 
onvenient way:

for every 
 > 0, if U � V and P [U ℄ � e

�2


2

, then P [U

(Æ)

℄ > (s � 1)=s. Indeed, assuming

P [U

(Æ)

℄ � (s�1)=s, denoteW = V nU

(Æ)

, then P [W ℄ � 1=s and therefore P [W

(Æ)

℄ > 1�e

�2


2

,


ontradi
ting the fa
t that W

(Æ)

\ U = ;. De�ne


 =

p

k

2

�

s+1

2

�

�

q

ln s=2� 1 =

p

k

s(s + 1)

(1 + o(1)) ; (3)

where the o(1) term tends to 0 as k tends to in�nity. Then if P [U ℄ � e

�2


2

, then P [U

(Æ)

℄ >

(s� 1)=s, where Æ = Æ(
). Therefore, by Proposition 3.2, the set U

(Æ)


ontains an s-simplex

S. Let �x

1

; : : : ; �x

s

denote its verti
es. Let �y

i

2 U satisfy d(�x

i

; �y

i

) � Æ(
), where 1 � i � s.

By the triangle inequality

d(�y

i

1

; �y

i

2

) � d(�x

i

1

; �x

i

2

)� 2Æ(
)

7



> k �

k

�

s+1

2

�
+ 2

p

k � 2

� k

 

1�

1

�

s+1

2

�

!

:

This means that the verti
es �y

1

; : : : ; �y

s

2 U form a 
opy of K

s

. Re
alling (3), we see that

every subset U � V of size jU j = jV j e

�2


2

= jV j e

�(1+o(1))2k=(s

2

(s+1)

2

)

spans a 
opy of K

s

.

Summing up the above, we obtain the following

Theorem 3.4 For every �xed s and large k the graph G = G(s; k) des
ribed above is a

graph on n = s

k

verti
es, having the following properties:

1. K

s+1

6� G;

2. Every set of at least n

1��(s)

verti
es spans a 
opy ofK

s

, where �(s) = (1+o(1))2=(s

2

(s+

1)

2

ln s) and the o(1) term tends to 0 as k tends to in�nity.

Corollary 3.5 By an expli
it 
onstru
tion, for every �xed s � 2,

f

s;s+1

(n) � n

1��(s)

;

where �(s) = (1 + o(1))2=(s

2

(s+ 1)

2

ln s).

Remarks. 1. For the 
ase s = 2 the above 
onstru
tion 
oin
ides with the 
onstru
tion

of Erd}os [10℄, proving a lower bound for the Ramsey number R(3; t). In this 
ase instead

of applying our approa
h based on isoperimetri
 inequalities one 
an 
al
ulate exa
tly the

maximum size of a subset of verti
es of G not 
ontaining an edge K

2

, using the well-known

result of Kleitman [16℄.

2. For general s, our estimate on �(s) is better by a fa
tor of 4 than the one of Erd}os and

Rogers.

3. A similar 
onstru
tion, requiring somewhat more 
ompli
ated analysis, yields an im-

provement of the expression for �(s) by a logarithmi
 fa
tor. Below we give an outline of

the argument, leaving all te
hni
al details to the reader.

For a given s, de�ne

t = t(s) = minf2 � i � s : s(mod i) < i=2g :

It 
an be shown that t(s) is at most polylogarithmi
 in s. Put s = tq + r. It follows from

the de�nition of t that r < t=2. Let V = [t℄

k

. De�ne

�

1

(s) = 1�

(r + 1)

�

q+1

2

�

+ (t� r � 1)

�

q

2

�

�

s+1

2

�
;

�

2

(s) = 1�

r

�

q+1

2

�

+ (t� r)

�

q

2

�

�

s

2

�

:
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It is easy to see that �

1

(s)k is an upper bound for the minimumHamming distan
e between

a pair in any family of s + 1 ve
tors in V . Similarly, �

2

(s)k is an upper bound for the

minimum Hamming distan
e between a pair in any family of s ve
tors in V .

Note that sin
e r < t=2 we have

�

2

(s)� �

1

(s) =

2q(t� r � 1)

(s� 1)s(s+ 1)

�

1

2s(s+ 1)

:

Now de�ne a graph G with vertex set V by joining two ve
tors �x; �y 2 V by an edge if their

Hamming distan
e ex
eeds �

1

(s)k. Then G is 
learly K

s+1

-free. De�ne an s-simplex to

be a family of s ve
tors in G, whose mutual Hamming distan
es are all equal to �

2

(s)k.

Assuming "ni
e" divisibility properties of k, we 
an 
laim that su
h an s-simplex indeed

exists and that every

s�1

s

jV j verti
es of G span an s-simplex. Now the same argument as in

the proof of Theorem 3.4 shows that every jV je

�
k=s

4

= n

1�
=s

4

ln t

= n

1�


0

=s

4

ln ln s

verti
es

of G span a 
opy of K

s

, where n = jV j and 
; 


0

are some absolute 
onstants. This gives

the bound

f

s;s+1

(n) � n

1�




0

s

4

ln ln s

;

where 


0

is an absolute 
onstant.

4. The idea applied in the 
onstru
tion of Theorem 3.4 
an be used also for obtaining


onstru
tive upper bounds for the fun
tion f

r;s

(n) for values of r other than s � 1. The

bounds obtained (as well as the above bound for f

s�1;s

(n)) are 
onsiderably weaker that

the ones proved in [18℄ by probabilisti
 arguments. It would be interesting to �nd expli
it

examples providing bounds 
loser to the last ones.

A
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