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Abstra
t

The weighted set 
overing problem, restri
ted to the 
lass of r-uniform hypergraphs,

is 
onsidered. We propose a new approa
h, based on a re
ent result of Aharoni, Holz-

man and Krivelevi
h about the ratio of integer and fra
tional 
overing numbers in

k-
olorable r-uniform hypergraphs. This approa
h, applied to hypergraphs of maximal

degree bounded by �, yields an algorithm with approximation ratio r(1 � 
=�

1

r�1

).

Next, we 
ombine this approa
h with an adaptation of the lo
al ratio theorem of Bar-

Yehuda and Even for hypergraphs and present a general framework of approximation

algorithms, based on subhypergraph ex
lusion. An appli
ation of this s
heme is de-

s
ribed, providing an algorithm with approximation ratio r(1�
=n

r�1

r

) for hypergraphs

on n verti
es. We dis
uss also the limitations of this approa
h.

1 Introdu
tion

The minimum set 
over problem is 
ertainly one of the most 
entral problems of 
ombi-

natorial optimization. In an instan
e of this problem, a 
olle
tion C of subsets of a �nite

set S and a weight fun
tion w : C ! R

+

are given, the task is to �nd a subset C

0

� C of

minimum weight w(C

0

) =

P


2C

0

w(
) su
h that every element of S belongs to at least one

member of C

0

. When all weights equal identi
ally 1, we obtain the unweighted version of

the problem.

For our purposes it is more 
onvenient to reformulate this problem in terms of hyper-

graphs. A hypergraph H is an ordered pair H = (V;E), where V is a �nite non-empty set

(the set of verti
es), and E is a 
olle
tion of distin
t non-empty subsets of V (the set of

edges). H is 
alled r-uniform if jej = r for all edges e 2 E(H). The set 
over problem 
an be

�

This resear
h forms part of a Ph. D. thesis written by the author under the supervision of Professor

Noga Alon. Resear
h supported in part by a Charles Clore Fellowship.

1



represented as follows: for given hypergraph H = (V;E) and weight fun
tion w : V ! R

+

,

solve the optimization problem:

min

P

v2V

w(v)g(v)

s.t.

P

v2e

g(v) � 1 for every e 2 E(H) ; (1)

g(v) 2 f0; 1g for every v 2 V :

This formulation leads naturally to the following fra
tional relaxation of the integer problem

(1).

min

P

v2V

w(v)g(v)

s.t.

P

v2e

g(v) � 1 for every e 2 E(H) ; (2)

g(v) � 0 for every v 2 V :

For a hypergraph H = (V;E), any feasible solution g of (1) (or, alternatively, the set

of verti
es of weight 1 in a feasible solution g) is 
alled a 
over of H with value jgj =

P

v2V

w(v)g(v). An optimal solution of (1) is an optimal 
over of H , having the 
overing

number of H (whi
h we denote by �(H)) as its value. Quite similarly, any feasible solution

g of (2) is a fra
tional 
over of H , an optimal solution of (2) is an optimal fra
tional 
over

of H with value �

�

(H), 
alled the fra
tional 
overing number of H . It is important to

note, that the problem (2) is a Linear Programming problem that 
an be solved in time

polynomial in jV j and jEj ([17℄). Clearly, the solution �

�

(H) of the fra
tional problem (2)

may serve as a lower bound on the solution �(H) of the more diÆ
ult integer problem (1).

In this paper we 
onsider the 
ase of r-uniform hypergraphs, where r is thought to be

a �xed number.

The above de�ned problem (1) turns out to be NP-
omplete even for the unweighted


ase and r = 2 (that is, for the 
ase of graphs, where this problem is usually 
alled the

vertex 
over problem), as shown by Karp [18℄. This result motivates studying approximate

algorithms for this problem.

An approximation algorithm A for the problem (1) is a polynomial time algorithmwhi
h,

for a given input instan
e (H;w) of (1), produ
es a feasible solution. The value of the

solution obtained by A for an instan
e H , is denoted by A(H). The approximation ratio R

A

of an approximation algorithmA on a family of instan
es H is R

A

= sup

n

A(H)

�(H)

: H 2 H

o

.

The approximation ratio R

A


an be viewed as a quantitative measure of the quality of an

algorithm A. Here we aim to develop eÆ
ient approximation algorithms for the 
lass H

r

of

r-uniform hypergraphs, for a given and �xed value of r.

The set 
over problem remains hard even as an approximation problem. Speaking

expli
itly, it is MAX{SNP 
omplete as proven in [22℄. Moreover, a 
ommonly believed

2




onje
ture (see, e.g., [15℄, [23℄) states that unless P=NP, there does not exist a polynomial

time approximation algorithm A with approximation ratio R

A

� r � � for any positive


onstant �.

Let us des
ribe brie
y known results in the positive dire
tion. We start with the �rst

non-trivial 
ase r = 2. The following very simple algorithm, attributed in [10℄ to Gavril,


an be easily seen to have approximation ratio 2 in the unweighted 
ase. The algorithm

pro
eeds as follows. Given a graph G, �nd a maximal (under in
lusion) mat
hing M in

G (for example, by pi
king edges greedily) and take all verti
es in the edges of M as a


over. This idea 
an be easily generalized to the 
ase of general r. Several algorithms

having approximation ratio 2 for the general (weighted) 
ase are known, the algorithm

of Bar-Yehuda and Even [3℄ being the simplest of them. Most (if not all) of the more

sophisti
ated approximation algorithms rely heavily on the theorem of Nemhauser and

Trotter [21℄, enabling to redu
e a given problem to the problem restri
ted to a 
lass of

graphs G satisfying jV (G)j=�(G) � 2. This redu
tion is based on the fa
t that for any

graph G = (V;E) and any weight fun
tion w : V ! R

+

there always exists an optimal

solution g of the 
orresponding fra
tional problem (2) with g(v) 2 f0; 0:5; 1g for every

v 2 V (G). Unfortunately, this phenomenon does not hold for larger values of r, as it has

been shown by Chung, F�uredi, Garey and Graham in [6℄ that for every rational number

0 � � < 1 there exists a 3-uniform hypergraph H su
h that the fra
tional part of �

�

(H)

equals �.

An important partial 
ase of the vertex 
over problem is when the maximal degree of a

graph is bounded from above by a parameter �. For this 
ase Ho
hbaum [15℄ des
ribed an

algorithm with approximation ratio 2�2=�, based on a 
oloring argument. This result has

been improved by Halld�orsson and Radhakrishnan [13℄ to the ratio 2 � (log� + O(1))=�

by invoking an algorithm of Shearer [25℄ for �nding e�e
tively an independent set of size


(n log�=�) in a triangle-free graph on n verti
es with maximal degree �.

For the general 
ase of graphs on n verti
es, the best known approximation algorithm

is due to Bar-Yehuda and Even [4℄ (Monien and Spe
kenmeyer [20℄ des
ribed a
tually the

same algorithm for the unweighted 
ase), it has approximation ratio 2 � log logn=2 logn.

Along with the theorem of Nemhauser and Trotter, this algorithm uses the so 
alled Lo
al

Ratio Theorem and pro
eeds by ex
luding subgraphs G

0

� G, having large 
overing number

relatively to their order.

Returning to the set 
overing problem for r-uniform hypergraphs for general r, we

mention the algorithm of Hall and Ho
hbaum [11℄ for a general multi
overing problem

(where in (1) the �rst group of restri
tions is

P

v2e

g(v) � b(e) for ea
h edge e 2 E). This

algorithm has approximation ratio r and performs O(maxfjV j; jEjg jV j) iterations. Peleg,

S
he
htman and Wool [23℄ present several algorithms, having approximation ratio r for
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the unweighted 
ase, they also des
ribe a randomized approximation algorithm, having

approximation ratio r

�

1�

�




m

�

1

r

�

, where m is the number of edges in the hypergraph H

and 
 is some absolute 
onstant. This algorithm �rst solves the fra
tional problem (2) and

then uses the te
hnique of randomized rounding with s
aling, developed by Raghavan and

Thompson [24℄.

Now we des
ribe new results presented in this paper and its stru
ture. In Se
tion

2 we gather some results about fra
tional 
overs and mat
hings, used in the subsequent

se
tions. A re
ent theorem of Aharoni, Holzman and Krivelevi
h [1℄, bounding the ratio

between integer and fra
tional 
overing numbers in k-
olorable r-uniform hypergraphs, is

presented together with two di�erent proofs in Se
tion 3. Both proofs are algorithmi
,

the 
orresponding algorithms are des
ribed in the same se
tion. In Se
tion 4 we apply

one of these algorithms to the problem of approximating the set 
overing number for r-

uniform hypergraphs of maximal vertex degree bounded by �, obtaining an algorithm

with approximation ratio r(1� 
=�

1

r�1

). In Se
tion 5 we 
ombine the se
ond algorithm of

Se
tion 4 with the lo
al ratio approa
h of Bar-Yehuda and Even, giving a general s
heme

of an approximation algorithm, parameterized by a family H

0

of ex
luded subhypergraphs.

A parti
ular realization for a 
on
rete 
hoi
e of H

0

is presented in Se
tion 6, yielding an

algorithmwith approximation ratio r(1�
=n

r�1

r

) for hypergraphs on n verti
es. We dis
uss

also the limitations of the lo
al ratio approa
h in Se
tion 7.

We 
lose this se
tion with some notation. Given a hypergraph H = (V;E) and a weight

fun
tion w : V ! R

+

, the degree d(v) of a vertex v 2 V is the number of edges of H


ontaining v. For a subset V

0

� V , the notation H [V

0

℄ stands for the subhypergraph of H ,

indu
ed by V

0

. This subhypergraph has set of edges E(V

0

), we denote its 
ardinality by

e(V

0

) = jE(V

0

)j. A subset V

0

� V is 
alled independent in H , if e(V

0

) = 0. The weight

w(V

0

) of V

0

is w(V

0

) =

P

v2V

0

w(v). For a given hypergraph H

0

, a hypergraph H is 
alled

H

0

-free, if H does not 
ontain a (not ne
essarily indu
ed) 
opy of H

0

. Given a family of

hypergraphs H

0

= fH

1

; : : : ; H

t

g, H is 
alled H

0

-free, if it is H

i

-free for ea
h member H

i

of

H

0

.

2 Fra
tional 
overs and mat
hings in hypergraphs

In this short se
tion we a

umulate some basi
 fa
ts about fra
tional 
overs and mat
hings,

to be used in the sequel.

Let us formulate the LP problem dual to the previously de�ned problem (2) of deter-

mining the fra
tional 
overing number of a hypergraph H = (V;E).

max

P

e2E

f(e)
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s.t.

P

e3v

f(e) � w(v) for every v 2 V (H) ; (3)

f(e) � 0 for every e 2 E :

A feasible solution f of this problem is a fra
tional mat
hing in H with value jf j =

P

e2E

f(e). A fra
tional mat
hing having the largest possible value, is 
alled optimal, and

its value is the fra
tional mat
hing number �

�

(H).

The Duality Theorem of Linear Programming applied to the pair of problems (2), (3)

implies

Proposition 1 For every hypergraph H = (V;E) and every weight fun
tion w : V ! R

+

the following holds true:

1. �

�

(H) = �

�

(H);

2. If g : V ! R

+

is an optimal fra
tional 
over and f : E ! R

+

is an optimal fra
tional

mat
hing, then

f(e) > 0 implies

X

v2e

g(v) = 1;

g(v) > 0 implies

X

v2e

f(e) = w(v) : (4)

(These are the so 
alled 
omplementary sla
kness 
onditions).

We will make a dire
t use of the following

Proposition 2 For every r-uniform hypergraph H = (V;E) and every weight fun
tion

w : V ! R

+

the following holds true:

1. If g is a fra
tional 
over of H, then for every subset V

0

� V the fun
tion g

0

: V

0

! R

+

,

de�ned by g

0

(v) = g(v) for every v 2 V

0

(that is, g

0

is the restri
tion of g to V

0

), is a

fra
tional 
over of the hypergraph H [V

0

℄;

2. If g is an optimal fra
tional 
over of H, satisfying g(v) > 0 for every v 2 V , then

�

�

(H) = w(V )=r.

Proof. 1) Follows immediately from the de�nition of a fra
tional 
over;

2) Let f : E ! R

+

be an optimal fra
tional mat
hing of H with respe
t to w. Then,

by the 
omplementary sla
kness 
onditions (4)

w(V ) =

X

v2V

w(v) =

X

v2V

X

e3v

f(e) =

X

e2E

f(e)je \ V j

=

X

e2E

f(e)r = r

X

e2E

f(e) = r�

�

(H) = r�

�

(H) : 2

The reader is referred to the survey paper of F�uredi [9℄ for additional results about

integer and fra
tional 
overs and mat
hings in hypergraphs.
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3 Covers in k-
olored hypergraphs

Given a hypergraph H = (V;E), a partition V = V

1

[ : : : [ V

k

is a proper k-
oloring of H

with 
olors V

1

; : : : ; V

k

if je\ V

i

j < jej for ea
h e 2 E(H) with jej � 2 and 1 � i � k, that is,

no edge, besides of 
ourse singletons, is mono
hromati
. A hypergraph H is k-
olorable if

it has a proper k-
oloring.

Ho
hbaum [15℄ suggested the following approa
h to vertex 
over approximation. Given

an instan
e (G;w), �rst redu
e the problem to an instan
e (G

0

; w), for whi
h �(G

0

) �

w(V (G

0

))=2 by applying the Nemhauser { Trotter algorithm, then 
olor G

0

by k 
olors

V

1

; : : : ; V

k

and take the 
omplement of a 
olor 
lass V

i

, having the maximal weight w(V

i

),

to be an approximate solution, thus obtaining the approximation ratio 2� 2=k.

Trying to generalize this idea for the 
ase of r-uniform hypergraphs for general r, we need

to bypass the la
k of the Nemhauser{Trotter type result for r � 3. This 
an be a
hieved

by using the following re
ent result of Aharoni, Holzman and Krivelevi
h [1℄, whose proof


an be 
onverted into a polynomial time approximation algorithm.

Theorem 1 Let H = (V;E) be an r-uniform k-
olorable hypergraph and let w : V ! R

+

be a weight fun
tion on the verti
es of H. Denote by �(H) and by �

�

(H) the 
overing and

the fra
tional 
overing numbers of H, respe
tively, with respe
t to w. Then

�(H)

�

�

(H)

� max

�

r � 1;

k � 1

k

r

�

:

(We remark that in paper [1℄ bounds on the ratio �(H)=�

�

(H) are proven for various types

of r-uniform hypergraphs.)

For the sake of 
ompleteness we provide here a proof of the above theorem. A
tually,

we give two di�erent proofs, to be 
onverted later to two approximation algorithms.

Proof 1. Suppose that the theorem fails, and let H = (V;E) with w : V ! R

+

be a


ounterexample with the smallest number of verti
es. Then we must have

S

e2E

e = V . Fix

some proper k-
oloring V

1

; : : : ; V

k

of H . Let g : V ! R

+

be an optimal fra
tional 
over

of H and let f : E ! R

+

be an optimal fra
tional mat
hing in H , with respe
t to w. We

distinguish between two 
ases.

Case 1: g(v) > 0 for all v 2 V .

Then, by Proposition 2, part 2, one has

�

�

(H) =

w(V )

r

: (5)

On the other hand, the 
omplement of a heaviest 
olor 
lass is 
learly a 
over of H with

weight not ex
eeding

k�1

k

w(V ), therefore

�(H) �

k � 1

k

w(V ) : (6)
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Comparing (5) and (6), we derive �(H)=�

�

(H) �

k�1

k

r { a 
ontradi
tion with the 
hoi
e of

H .

Case 2: There exists a vertex v

0

2 V with g(v

0

) = 0. By our assumption about H , this

vertex belongs to some edge e

0

2 E. Sin
e je

0

j = r and

P

v2e

0

g(v) � 1, there exists a vertex

v

1

2 e

0

with g(v

1

) � 1=(r� 1). If fv

1

g is a 
over of H , then 
learly �(H) � w(v

1

). On the

other hand, by the 
omplementary sla
kness 
onditions (4), we have w(v

1

) =

P

e3v

1

f(e),

therefore �

�

(H) = �

�

(H) �

P

e3v

1

f(e) = w(v

1

) , so in fa
t �(H) = �

�

(H) = w(v

1

),


ontradi
ting the 
hoi
e of H . So we may 
onsider the hypergraph H

0

= H [V � v

1

℄. De�ne

a new weight fun
tion w

0

: V (H

0

)! R

+

by w

0

(v) = w(v) for all v 2 V (H

0

). Sin
e H

0

is also

r-uniform and k-
olorable, it follows from the minimality of H that the theorem statement

is valid for H

0

. Obviously,

�(H) � �(H

0

) + w(v

1

) (7)

(a 
over of H

0


an be extended to a 
over of H by adding v

1

). On the other hand, by

Proposition 2, part 1, we 
on
lude that

�

�

(H

0

) � �

�

(H)� g(v

1

)w(v

1

) � �

�

(H)� w(v

1

)=(r� 1) : (8)

It follows from (7) and (8) that

�(H) � �(H

0

) + w(v

1

) � max

�

r � 1;

k � 1

k

r

�

�

�

(H

0

) + w(v

1

)

� max

�

r � 1;

k � 1

k

r

��

�

�

(H)�

w(v

1

)

r � 1

�

+ w(v

1

)

� max

�

r � 1;

k � 1

k

r

�

�

�

(H) ;

again obtaining a 
ontradi
tion to the 
hoi
e of H . 2

Proof 2. We present this proof in the following probabilisti
 setting.

Lemma 1 Let H = (V;E) be an r-uniform hypergraph and let w : V ! R

+

be a weight

fun
tion on the verti
es of H. Let g : V ! R

+

be an optimal fra
tional 
over of H with

respe
t to w. Suppose V = V

1

[ : : :[ V

k

is a partition of V . Suppose further that for some

Æ > 0 there exists a set B � [0; Æ℄

k

su
h that for every �x = (x

1

; : : : ; x

k

) 2 B the set

T (�x) =

k

[

i=1

fv 2 V

i

: g(v) � x

i

g

is a 
over of H. If there exists a probability measure � de�ned on B (�(B) = 1) su
h that

all marginal distributions �

i

, 1 � i � k, are uniform on the interval [0; Æ℄ (that is, if �x 2 B

7



is randomly 
hosen from B a

ording to the measure �, then P [a � x

i

� b℄ = (b� a)=Æ for

every 0 � a � b � Æ), then

�(H)

�

�

(H)

�

1

Æ

:

Proof of Lemma 1. Let �x 2 B be randomly 
hosen from B a

ording to the measure �.

De�ne a random variable Y = w(T (�x)), where T (�x) is as de�ned above. Let us estimate the

expe
tation of Y . By linearity of expe
tation, E[Y ℄ =

P

v2V

w(v)P [Y

v

= 1℄, where Y

v

is the

indi
ator random variable for v 2 V being sele
ted to T . Sin
e � has marginal distributions

uniform on the interval [0; Æ℄, for every 1 � i � k and for every v 2 V

i

we have

P [Y

v

= 1℄ = P [v 2 T ℄ = P [g(v) � x

i

℄ = minf1; g(v)=Æg � g(v)=Æ ;

hen
e

E[Y ℄ =

X

v2V

w(v)P [Y

v

= 1℄ �

X

v2V

w(v)

g(v)

Æ

=

�

�

(H)

Æ

:

We 
on
lude that there exists at least one point �x 2 B, for whi
h the 
orresponding 
over

T (�x) has weight w(T ), satisfying w(T ) � �

�

(H)=Æ. 2

Now our strategy is to �nd, for a k-
olored hypergraph H with a given proper k-
oloring

V

1

; : : : ; V

k

, an appropriate set B and a measure � and then to apply Lemma 1.

Consider �rst the 
ase k < r. In this 
ase we need to prove �(H)=�

�

(H) � r� 1. Sin
e

every k-
olorable hypergraph for k � r is also r-
olorable, we may assume without loss of

generality that H is an r-
olorable hypergraph, thus redu
ing to the se
ond 
ase k � r.

Assume now that k � r. De�ne �rst k+1 points Q

0

; Q

1

; : : : ; Q

k

in [0;

k

(k�1)r

℄

k

as follows.

Q

0

= (

1

r

; : : : ;

1

r

) ;

Q

j

= (0; : : : ;

k

(k � 1)r

| {z }

j-th 
oord.

; : : : ; 0); j = 1; : : : ; k :

Now let B

j

be the interval in R

k

joining Q

0

and Q

j

, and let

B =

k

[

j=1

B

j

:

Clearly, B � [0;

k

(k�1)r

℄

k

. In order to 
he
k that T (�x) is a 
over for every �x 2 B, 
onsider,

for example, the interval B

1

= [Q

0

Q

1

℄. It 
an be easily seen that for ea
h point �x =

(x

1

; : : : ; x

k

) 2 B

1

we have x

1

� 1=r and x

1

� x

i

for ea
h 2 � i � k, and the last k � 1


oordinates have the same value whi
h we denote by y. The equation (k�1)x

1

+y = k=r is

satis�ed by both endpoints of B

1

and hen
e by every point of B

1

. Consider an edge e 2 E

8



and denote je\V

1

j = s

1

, then s

1

� r� 1. If T (�x)\ e = ;, then g(v) < x

i

for ea
h v 2 e\V

i

,

1 � i � k, therefore

X

v2e

g(v) < s

1

x

1

+ (r� s

1

)y � (r� 1)x

1

+ y

= (k � 1)x

1

+ y � (k � r)x

1

�

k

r

�

k � r

r

= 1 ;

obtaining a 
ontradi
tion to the de�nition of g.

Now we need do de�ne a probability measure � on B. To this end, let �

j

be the uniform

measure on B

j

with �

j

(B

j

) = 1=k and let � =

P

k

j=1

�

j

. Then � is a probability measure

on B. For a given 
oordinate 1 � i � k, there are k�1 intervals B

j

, for whi
h the marginal

distribution �

j

i

is uniform on [0;

1

r

℄ and one interval B

i

for whi
h �

i

i

is uniform on [

1

r

;

k

(k�1)r

℄.

Hen
e �

i

is uniform on the interval [0;

1

r

℄ with �

i

([0;

1

r

℄) =

k�1

k

and also is uniform on the

interval [

1

r

;

k

(k�1)r

℄ with �

i

([

1

r

;

k

(k�1)r

℄) =

1

k

. Sin
e

1

r

.�

k

(k�1)r

�

1

r

�

= k � 1, we derive that

�

i

is uniform on the whole interval [0;

k

(k�1)r

℄. Therefore the set B and the measure �,

required in Lemma 1, have been found, and we apply the lemma to get the desired result.

2

Now we turn the above proofs into polynomial time approximation algorithms. Taking

a 
loser look at the �rst proof, we note that it may pro
eed under a weaker assumption

on a hypergraph H . Namely, it suÆ
es to assume that for every subset V

0

� V the

indu
ed subhypergraph H [V

0

℄ 
ontains an independent set I of weight at least w(V

0

)=k

(this assumption 
learly holds true for k-
olored hypergraphs). This observation is utilized

by the following re
ursive algorithm.

Algorithm A1

Input: An r-uniform hypergraph H = (V;E), a weight fun
tion w : V ! R

+

, and an

algorithm IND(H

0

; w), returning in independent set I � V

0

of weight at least w(V

0

)=k in

any given indu
ed subhypergraph H

0

= (V

0

; E

0

) of H .

Output: A 
over C of H .

1. C = ;;

2. Delete all isolated verti
es of H ;

3. Find on optimal fra
tional 
over g : V ! R

+

;

4. if g(v) > 0 for every v 2 V begin

9



I = IND(H;w);

C = V n I ;

end;

5. else begin

Find a vertex v

1

2 V with g(v

1

) �

1

r�1

;

if fv

1

g is a 
over of H , set C = fv

1

g;

else begin

De�ne H

0

= H [V � v

1

℄, w

0

(v) = w(v) for every v 2 V � v

1

;

C = fv

1

g [A1(H

0

; w

0

);

end;

end;

6. return (C) .

Proof 1 of Theorem 1 implies immediately the following

Corollary 1 R

A1

� max

n

r� 1;

k�1

k

r

o

.

The obvious drawba
k of the above algorithm lies in its re
ursivity, resulting in a multiple

solution of the LP problem (2). If a proper k-
oloring (V

1

; : : : ; V

k

) of H is given, we 
an

use another algorithm based on Proof 2 of Theorem 1. A 
areful examination of Proof 2

reveals the following fa
ts:

1. The set B is a union of k intervals B

1

; : : : ; B

k

, none of them being parallel to any


oordinate axis;

2. While moving along ea
h interval B

j

and building the 
orresponding 
over T (�x), one


an see that T (�x) may 
hange only at the point �x = (x

1

; : : : ; x

k

) for whi
h there exists

an index i, 1 � i � k, and a vertex v 2 V

i

for whi
h g(v) = x

i

. Moreover, given su
h

a pair (�x; v), we 
he
k if B

j


ontains a point �y = (y

1

; : : : ; y

k

) with y

i

> x

i

. If su
h a

point indeed exists, we denote I

1

= f1 � i � k : y

i

> x

i

g, I

2

= [1; k℄ n I

1

. Making

an in�nitesimally small step along B

j

from �x towards �y and obtaining a new point

x+ dx 2 B

j

, we noti
e that

T (x+ dx) =

[

i2I

1

fv 2 V

i

: g(v) > x

i

g [

[

i2I

2

fv 2 V

i

: g(v) � x

i

g :

10



If x

i

is the maximal value of the i-th 
oordinate in B

j

, we 
onsider the set

T (�x) =

k

[

i=1

fv 2 V

i

: g(v) � x

i

g :

The above two fa
ts show that it suÆ
es to 
he
k only a �nite number of points from

B.

Algorithm A2

Input: An r-uniform hypergraph H = (V;E), a weight fun
tion w : V ! R

+

and a proper

k-
oloring (V

1

; : : : ; V

k

) of H .

Output: A 
over C of H .

1. Find an optimal fra
tional 
over g : V ! R

+

;

2. De�ne a set B � R

k

as in Proof 2 of Theorem 1;

3. for ea
h 
olor V

i

do

for ea
h vertex v 2 V

i

do

for ea
h interval B

j

of B do

if there exists a point �x = (x

1

; : : : ; x

k

) 2 B

j

with g(v) = x

i

begin

if there exists a point �y = (y

1

; : : : ; y

k

) 2 B

j

with y

i

> x

i

begin

I

1

= f1 � i � k : y

i

> x

i

g;

I

2

= f1; : : : ; kg n I

1

;

end;

else begin

I

1

= ;;

I

2

= f1; : : : ; kg;

end;

T =

S

i2I

1

fv 2 V

i

: g(v) > x

i

g [

S

i2I

2

fv 2 V

i

: g(v) � x

i

g ;

end;

4. C = a subset T � V having the smallest weight among the subsets T found in step 3;

5. return (C) .
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Proof 2 yields the following

Corollary 2 R

A2

� max

n

r� 1;

k�1

k

r

o

.

We will apply algorithm A1 to the set 
overing problem restri
ted to r-uniform hyper-

graphs of bounded maximal degree � (Se
tion 4). AlgorithmA2 will be applied in Se
tions

5,6 to a general set 
overing problem for r-uniform hypergraphs.

4 Approximate 
overs in hypergraphs of bounded degree

Suppose that the family of instan
es of the set 
over problem is restri
ted to r-uniform

hypergraphs of maximal vertex degree at most �. We would like to get an approximation

algorithm with approximation ratio better than the trivial ratio r.

In order to apply algorithm A1 of the pre
eding se
tion, we need an algorithm IND for

�nding an independent set of relatively large weight in r-uniform hypergraphs of maximal

degree �. This is provided by the following

Theorem 2 Let H = (V;E) be an r-uniform hypergraph of maximal degree at most � and

let w : V ! R

+

be a weight fun
tion on the verti
es of H. Then H 
ontains an independent

set I of weight w(I) �

r�1

r

w(V )

.

�

1

r�1

. Moreover, su
h an independent set 
an be found

in time polynomial in jV j and jEj.

Proof. De�ne �rst the weight fun
tion w

e

: E ! R

+

on the edges of H by setting

w

e

(e) =

P

v2e

w(v) for every e 2 E. Let V

0

2 V be a random subset of V de�ned by

P [v 2 V

0

℄ = p, the exa
t value of p will be 
hosen later. Denote by X the random variable

X = w(V

0

) ;

denote also by Y the random variable

Y =

1

r

X

e2E(V

0

)

w

e

(e) :

By linearity of expe
tation,

EX =

X

v2V

w(v)P [v 2 V

0

℄ = pw(V )

and also

EY =

1

r

X

e2E

w

e

(e)P [e 2 E(V

0

)℄ =

1

r

X

e2E

w

e

(e)p

r

=

p

r

r

X

e2E

w

e

(e)

=

p

r

r

X

e2E

X

v2e

w(v) =

p

r

r

X

v2V

w(v)d(v)�

p

r

�w(V )

r

:
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Therefore

E[X � Y ℄ � pw(V )�

p

r

�w(V )

r

:

Now we 
hoose p =

1

�

1

r�1

to maximize the above expression. Then

E[X � Y ℄ �

r � 1

r

w(V )

�

1

r�1

:

Thus there exists a spe
i�
 set V

0

for whi
h the di�eren
e X � Y is at least

r�1

r

w(V )

�

1

r�1

.

Fix su
h a set V

0

and for every edge e 2 E(V

0

) delete from V

0

a vertex v 2 e, having

the smallest weight w(v). Clearly, the total weight of the deleted verti
es does not ex
eed

1

r

P

e2E(V

0

)

w(e) = Y , so the remaining subset I � V

0

is independent and has weight at least

X � Y �

r�1

r

w(V )

�

1

r�1

.

The above des
ribed randomized algorithm 
an be easily derandomized using standard

te
hniques of the 
onditional expe
tations method (see, e.g., [2℄, Ch. 15). 2

Denote by IND the algorithm des
ribed in the above theorem. In
orporating IND into

algorithm A1 of Se
tion 3, we obtain the algorithm B for whi
h the following result holds.

Corollary 3 R

B

� max

�

r � 1; r

�

1�

r�1

r�

1

r�1

��

.

5 Lo
al ratio approa
h - a general s
heme

In this se
tion we develop a general s
heme of approximation algorithms, 
ombining the

lo
al ratio approa
h of Bar-Yehuda and Even [4℄, the idea of Ho
hbaum [15℄ based on a


oloring argument, and our algorithm A2. Our presentation follows 
losely that of [4℄.

Lemma 2 Let H = (V;E) be a hypergraph and let w, w

0

and w

1

be weight fun
tions

on the verti
es of H su
h that w(v) � w

0

(v) + w

1

(v) for every v 2 V . If C

�

, C

�

0

and

C

�

1

are optimal 
overs for the instan
es (H;w), (H;w

0

) and (H;w

1

), respe
tively, then

w(C

�

) � w

0

(C

�

0

) + w

1

(C

�

1

).

Proof.

w(C

�

) =

X

v2C

�

w(v)

�

X

v2C

�

w

0

(v) + w

1

(v)

= w

0

(C

�

) + w

1

(C

�

)

� w

0

(C

�

0

) + w

1

(C

�

1

) :
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The last inequality follows from the optimality of the 
overs C

�

0

and C

�

1

. 2

For a hypergraph H

0

de�ne the lo
al ratio lr(H

0

) of H

0

as lr(H

0

) = jV (H

0

)j=


�

(H

0

),

where 


�

(H

0

) is the size of a minimal unweighted 
over of H

0

. Let A be any approximation

algorithm for the set 
overing problem.

Algorithm LOCAL(H

0

)

Input: A hypergraph H = (V;E) with a weight fun
tion w : V ! R

+

. It is assumed that

H

0

and A have been �xed in advan
e.

Output: A 
over C of H .

1. Find a 
opy of the hypergraph H

0

in H . Let V

0

be the vertex set of this 
opy;

2. Set Æ = min

v2V

0

w(v);

3. De�ne the weight fun
tion w

0

: V ! R

+

by

w

0

(v) =

(

w(v)� Æ; v 2 V

0

w(v); otherwise ;

4. Run the algorithm A on the instan
e (H;w

0

) to get a 
over C for H ;

5. return(C).

Theorem 3 (The Lo
al Ratio Theorem)

R

LOCAL(H

0

)

(H;w)� maxflr(H

0

); R

A

(H;w

0

)g :

Proof. Denote R = maxflr(H

0

); R

A

(H;w

0

)g. Also, let 


�

and 


�

0

be the values of optimal

solutions for the instan
es (H;w) and (H;w

0

), respe
tively. Sin
e jC \ V

0

j � jV (H

0

)j, we

have

w(C) = w

0

(C) + ÆjC \ V

0

j � w

0

(C) + ÆjV (H

0

)j

� R

A

(H;w

0

)


�

0

+ Æ lr(H

0

)


�

(H

0

)

� R(


�

0

+ Æ


�

(H

0

))

� R


�

:

The last inequality is obtained by de�ning w

1

(v) = w(v) � w

0

(v) and then by applying

Lemma 2. 2
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The algorithm LOCAL(H

0

) 
an be easily generalized to a family of �xed hypergraphs

H

0

= fH

1

; : : : ; H

t

g, as follows.

Algorithm LOCAL(H

0

)

Input: A hypergraph H = (V;E) with a weight fun
tion w : V ! R

+

. It is assumed that

H

0

and A have been �xed in advan
e.

Output: A 
over C of H .

1. while for some i there exists a 
opy of H

i

in H with vertex set V

0

so that w(v) > 0 for

every v 2 V

0

do begin

Set Æ = min

v2V

0

w(v);

for all v 2 V

0

do w(v) = w(v)� Æ;

end;

end;

2. C

1

= fv 2 V : w = 0g;

3. V

1

= V n C

1

;

4. Run the Algorithm A on the instan
e (H [V

1

℄; w

0

) to obtain a 
over C

2

for H [V

1

℄;

5. C = C

1

[ C

2

;

6. return (C) .

It should be stressed that in order to run the above algorithm, we should be able to

�nd all 
opies of the hypergraphs from H

0

in H . Clearly, if H

0


ontains a �xed number of

hypergraphs, this 
an be done in polynomial time, for example, by exhaustive sear
h.

De�ne the lo
al ratio lr(H

0

) of the family H

0

as lr(H

0

) = max

H

i

2H

0

lr(H

i

).

Corollary 4 (The Lo
al Ratio Corollary)

R

LOCAL(H

0

)

(H;w) � maxflr(H

0

); R

A

(H [V

1

℄; w

0

)g :

The above 
orollary 
an be easily proven by indu
tion on the number of iterations of Step

2, using the Lo
al Ratio Theorem (Theorem 3).

Taking another look at the above algorithm, we note that at the end of Step 4, the

set V

1

does not 
ontain a 
opy of any hypergraph from H

0

. Thus we may expe
t that the
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resulting subhypergraph H [V

1

℄, serving as an input for the algorithm A, is relatively sparse

and hen
e 
an be eÆ
iently 
olored by a small number of 
olors. This observation prompts

the use of the approximation algorithm A2 for 
olored hypergraphs, des
ribed in Se
tion 3.

The simplest appli
ation of the Lo
al Ratio Corollary arises when H

0


onsists of one

hypergraph, whi
h is just a single edge. In this 
ase, V

1

will 
learly span no edge, and there

will be no need for algorithm A. The algorithm LOCAL(H

0

) then redu
es to the following

simple pro
edure: while H 
ontains an edge e 2 E(H) with all verti
es of positive weight,


hoose su
h an edge e, set Æ = min

v2e

w(v) and update w(v) = w(v)� Æ for all v 2 e; if all

edges 
ontain verti
es of zero weight w(v) = 0, return the set of all verti
es of weight zero

as the output. This algorithm runs in O(jEj) steps and has approximation ratio r by the

Lo
al Ratio Corollary.

6 Lo
al ratio approa
h - implementation

In this se
tion we analyze the performan
e of the algorithm LOCAL(H

0

) for H

0

= fH

0

g

and for a parti
ular 
hoi
e of a hypergraph H

0

.

We assume that the uniformity number r is �xed throughout the se
tion. De�ne a

hypergraph H

0

= (V;E) as follows. The vertex set V (H

0

) 
onsists of 2r � 1 verti
es

denoted by v

1

; : : : ; v

2r�1

. The edge set E(H

0

) 
onsists of r edges of type (v

1

; : : : ; v

r�1

; v

i

),

where i ranges from r to 2r � 1, and one additional edge (v

r

; v

r+1

; : : : ; v

2r�1

). One 
an

easily see that a minimal unweighted 
over of H

0

has size 2, therefore H

0

has lo
al ratio

lr(H

0

) = (2r � 1)=2 = r � 0:5. Note also that for r = 2 the 
orresponding hypergraph H

0

is simply a triangle.

Now we 
laim that every H

0

-free hypergraph H 
ontains a relatively large independent

set and therefore 
an be 
olored with a relatively small number of 
olors, thus providing a

platform for using algorithm A2.

Lemma 3 There exists a 
onstant 
 = 
(r) su
h that if H = (V;E) is an r-uniform H

0

-free

hypergraph on n verti
es, then H 
ontains an independent set of size at least 
n

1=r

, whi
h


an be found in time polynomial in n.

Proof. Let jEj = f . Averaging implies that there exist r� 1 verti
es u

1

; : : : ; u

r�1

2 V (H)

su
h thatH 
ontains at least f

�

r

r�1

�

.

�

n

r�1

�

= rf

.

�

n

r�1

�

edges passing through u

1

; : : : ; u

r�1

.

Let e

1

; : : : ; e

s

be these edges, then s � rf

.

�

n

r�1

�

. Denote U =

S

s

i=1

e

i

nfu

1

; : : : ; u

r�1

g, then

jU j = s and U does not span an edge from E (if su
h an edge e

0

existed, then e

0

together

with the r edges from e

1

; : : : ; e

s

, that interse
t it, would form a 
opy of H

0

), hen
e U is an

independent set of size at least rf

.

�

n

r�1

�

.
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On the other hand, 
hoosing ea
h vertex v 2 V to belong to a random subset W of

V independently and with probability p = (n=rf)

1=(r�1)

(if n=rf > 1 the assertion of the

lemma is trivial) and 
al
ulating expe
tations as done in the proof of Theorem 2, we 
an

show that H 
ontains an independent set of size at least np � fp

r

=

r�1

r

�

n

r

rf

�

1

r�1

, whi
h


an be found in polynomial time using the method of 
onditional expe
tations. Therefore,

H 
ontains an independent set of size at least

max

(

rf

�

n

r�1

�

;

r � 1

r

�

n

r

rf

�

1

r�1

)

� 
n

1

r

for some 
onstant 
 = 
(r), as 
laimed. 2

An algorithm for �nding an independent set is easily 
onverted into a 
oloring algorithm

as follows. At ea
h step, we �nd an independent set in the 
urrent hypergraph, 
olor it by

a fresh 
olor and remove it from the hypergraph. The following lemma, used in most of the

papers on approximate graph 
oloring (see, e.g., [16℄, [26℄, [12℄) provides an upper bound

on the number of 
olors.

Lemma 4 An iterative appli
ation of an algorithm �nding an independent set of size 
n

1

r

in a hypergraph H on n verti
es, produ
es a 
oloring of H with no more than

r


(r�1)

n

r�1

r


olors.

Proof. Denote by f(n) the guaranteed size of the output of the independent set algorithm

applied to an H

0

-free hypergraph H on n verti
es, then f(n) � 
n

1=r

. We may assume that

f is a 
ontinuous, positive and non-de
reasing fun
tion of its real argument. Let V

1

; : : : ; V

k

be the resulting 
oloring of the above des
ribed 
oloring algorithm. We assume that V

1

is

the �rst 
olor used, V

2

is the se
ond one and so on. Enumerate the n verti
es of H by the

numbers 1; : : : ; n in su
h a way that if i

1

2 V

j

1

and i

2

2 V

j

2

and j

1

< j

2

, then i

1

> i

2

(that

is, verti
es with larger numbers got smaller 
olors). It 
an be easily seen that if i 2 V

j

, then

jV

j

j � f(i). Therefore

k =

k

X

j=1

1 =

k

X

j=1

X

i2V

j

1

jV

j

j

�

n

X

i=1

1

f(i)

:

This sum 
an be estimated from above by the integral

Z

n

0

dt

f(t)

�

1




Z

n

0

dt

t

1

r

=

r


(r� 1)

n

r�1

r

: 2

Now we 
an de�ne a spe
i�
 algorithmA that 
an be substituted in LOCAL(H

0

): given

anH

0

-free r-uniform hypergraph H on n verti
es, 
olorH by O(n

(r�1)=r

) 
olors as des
ribed

above, and then use algorithm A2. Denote the above des
ribed pro
edure by C and the

resulting algorithm by LOCAL(H

0

) + C, then we have
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Corollary 5

R

LOCAL(H

0

)+C

� max

�

2r� 1

2

; r� 1; r

�

1�

�(1)

n

r�1

r

��

= r

�

1�

�(1)

n

r�1

r

�

for large values of n.

The algorithmLOCAL(H

0

)+C 
an be viewed as an extension of the algorithmCOVER2

of [4℄, based on Wigderson's algorithm [26℄ for 
oloring a triangle-free graph on n verti
es

in 2

p

n 
olors.

Comparing with the randomized algorithm of Peleg, S
he
htman and Wool [23℄, we note

that for the typi
al 
ase jE(H)j = �(jV (H)j

r

), our algorithm has a better approximation

ratio.

A possible way of improving the above presented results is to extend the family H

0

=

fH

0

g to a family of hypergraphs with lo
al ratio stri
tly less than r and then to show that

an H

0

-free hypergraph H 
ontains a large independent set. Bar-Yehuda and Even took in

their paper [4℄ H

0

to 
onsist of odd 
y
les of length at most l, where l is a fun
tion of the

number n of verti
es of the given graph. It is not 
lear what is the analog of an odd 
y
le

in r-uniform hypergraphs for r � 3 here (our hypergraph H

0


an be viewed as an analog of

a triangle) and how to sear
h in polynomial time for subhypergraphs from a family of size

growing with n. In any 
ase, this approa
h 
annot give substantially better results for any


hoi
e of a �xed family H

0

, as demonstrated in the next se
tion.

7 Lo
al ratio approa
h { limitations

The main result of this se
tion shows that for any 
hoi
e of a �xed family H

0

of ex
luded

r-uniform (r � 3) hypergraphs the lo
al ratio approa
h 
annot produ
e an approximation

algorithm with approximation ratio asymptoti
ally better than r. A result of a similar


avor has been proven by Boppana and Halld�orsson [5℄ for the 
ase of graphs (r = 2).

Let H

0

= fH

1

; : : : ; H

t

g be a �xed family of r-uniform hypergraphs. If we want to

plug this family into our general algorithm LOCAL(H

0

) and to obtain an algorithm with

approximation ratio better than r, we should require that lr(H

i

) < r for every H

i

2 H

0

.

So assume this is indeed the 
ase and write lr(H

0

) = r � � for some �xed 0 < � < r.

For an r-uniform hypergraph H = (V;E), where jV j > r, let

�(H) = max

V

0

�V;jV

0

j>r

e(V

0

)� 1

jV

0

j � r

18



be the density of H . It is easy to 
he
k that if H has no isolated verti
es, then �(H) �

jE(H)j=jV (H)j. Given a family H

0

= fH

1

; : : : ; H

t

g, let �(H

0

) = min

1�i�t

�(H

i

) denote the

density of H

0

.

The following lemma states that a hypergraph H having a relatively small lo
al ratio

should be rather dense.

Lemma 5 Let H = (V;E) be an r-uniform hypergraph satisfying lr(H) � r � � for some

0 < � < r. Then �(H) �

2(r��)+3

2r(r��)

.

Proof. Suppose that the lemma fails, and letH = (V;E) be a hypergraph with the minimal

number of verti
es, 
ontradi
ting the lemma statement. Then H has no isolated verti
es

and therefore �(H) � jE(H)j=jV (H)j, as noted above.

De�ne the subsets U

1

and U

2

of V by

U

1

= fv 2 V : d(v) = 1g ;

U

2

= fv 2 V : d(v) = 2g ;

let also jV j = n, jU

1

j = n

1

and jU

2

j = n

2

. Then 
learly

n

1

+ n

2

� n : (9)

Assume �rst that H has an edge e

0


ontained entirely in U

1

. Then if the subset V n e

0

spans no edges, then (re
all that U

1


onsists of verti
es of degree 1) H has only one edge

e

0

, and therefore lr(H) = r, 
ontradi
ting our assumption. Otherwise, we 
onsider the

hypergraph H

0

= H [V n e

0

℄. It has n � r verti
es, more than one edge, and its minimal


over has one vertex less than a minimal 
over of H . Then

lr(H

0

) =

jV (H

0

)j

�(H

0

)

=

n� r

�(H)� 1

<

n

�(H)

= lr(H)

(in this se
tion �(H) denotes the 
overing number of H for the unweighted 
ase). From the

de�nition of �(H) we have �(H

0

) � �(H), thus obtaining a 
ontradi
tion to the minimality

of H .

If there exists an edge e

0

2 E(H) with je

0

\ U

1

j = r � 1, then denote v

0

= e

0

n U

1

and


onsider the hypergraph H

0

= H [V n e

0

℄. Clearly, jV (H

0

)j = n � r and �(H

0

) � �(H)� 1

(if C is 
over of H

0

, then C [ fv

0

g is a 
over of H), and we get a 
ontradi
tion in a similar

way as above.

Summarizing the above, we may assume that every edge e 2 E(H) has at most r � 2

verti
es in 
ommon with U

1

. Now we are going to show that the set U

1

[ U

2


ontains a

relatively large independent subset in H . For every 2 � i � r de�ne the edge set E

i

� E by

E

i

= fe 2 E(H) : je \ U

2

j = i; je \ U

1

j = r � ig ;
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let also a

i

= jE

i

j. Then we have

2n

2

=

X

v2U

2

d(v) �

r

X

i=2

ia

i

: (10)

If there exist two edges e

1

; e

2

2 E

2

su
h that e

1

\e

2

6= ;, then let v

0

2 e

1

\e

2

\U

2

. Considering

the hypergraph H

0

= H [V n ((e

1

nU

2

)[ (e

2

nU

2

)[fv

0

g)℄, we see that jV (H

0

)j = n� (2r�3)

and �(H

0

) � �(H)�1 (a 
over of H 
an be obtained by adding v

0

to a 
over of H

0

), and we

again get a 
ontradi
tion. Thus, we may assume that all edges of E

2

are pairwise disjoint,

implying

2a

2

� n

2

: (11)

Multiplying (10) by 1=24 and (11) by 1=12 and adding we get a

2

=4+ a

3

=8+

P

r

i=4

ia

i

=24 �

n=6, therefore

r

X

i=2

a

i

2

i

�

n

6

: (12)

Let V

0

be a random subset of U

2

, obtained by 
hoosing ea
h vertex v 2 U

2

to be in V

0

independently and with probability 1=2. Then E[V

0

℄ = n

2

=2 and the expe
tation of the

number of edges spanned by U

1

[ V

0

is

P

r

i=2

a

i

=2

i

� n=6 by (12), and hen
e there exists a

subset V

0

� U

2

with jV

0

j � e(U

1

[ V

0

) � n

2

=2� n

2

=6 = n

2

=3. Fix su
h a set V

0

, delete one

vertex from every edge spanned by U

1

[ V

0

, the remaining subset united with U

1

forms an

independent set of size at least n

1

+n

2

=3. Therefore �(H) � n�n

1

�n

2

=3. Hen
e the lo
al

ratio lr(H) satis�es

n

n�n

1

�n

2

=3

�

jV (H)j

�(H)

= lr(H) � r� �. We get n�n

1

�n

2

=3 � n=(r� �),

or

n

1

+

n

2

3

�

�

1�

1

r � �

�

n : (13)

Multiplying (13) by 3=2 and (9) by 1=2 and adding we have

2n

1

+ n

2

�

�

2�

3

2(r � �)

�

n : (14)

From the de�nition of U

1

and U

2

we have the following estimate on the number of edges

jE(H)j.

jE(H)j =

1

r

X

v2V

d(v) =

1

r

0

�

X

v2U

1

d(v) +

X

v2U

2

d(v) +

X

v2V n(U

1

[U

2

)

d(v)

1

A

�

1

r

(jU

1

j+ 2jU

2

j+ 3(jV j � jU

1

j � jU

2

j))

=

1

r

(3n� 2n

1

� n

2

) :

Hen
e it follows from (14) that

�(H) �

jE(H)j

jV (H)j

�

1

r

�

3n �

�

2�

3

2(r��)

�

n

�

n

=

1

r

�

1 +

3

2(r� �)

�

=

2(r� �) + 3

2r(r� �)

;
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obtaining a 
ontradi
tion to the assumption about H and thus �nishing the proof. 2

We dedu
e immediately

Corollary 6 IfH

0

= fH

1

; : : : ; H

t

g is a family of r-uniform hypergraphs, satisfying lr(H

0

) �

r � �, then �(H

0

) �

2(r��)+3

2r(r��)

.

Our next step is to prove the following negative Ramsey-type result.

Lemma 6 Let H

0

= fH

1

; : : : ; H

t

g be a �xed family of r-uniform hypergraphs with density

�(H

0

). Then there exists a 
onstant 
 = 
(H

0

) su
h that for every suÆ
iently large integer

n there exists an r-uniform hypergraph H

0

on n verti
es, having the following properties:

1. H

0

does not 
ontain a 
opy of any hypergraph from H

0

;

2. H

0

does not 
ontain an independent set of size d
n

1

(r�1)�(H

0

)

(lnn)

1

r�1

e .

Proof. This statement 
an be proven by applying the Lov�asz lo
al lemma [7℄, as it was

done in [5℄. We 
hose to present a proof based on using large deviation inequalities, as

developed in [19℄.

For every 1 � i � t let H

0

i

be a subhypergraph of H

i

su
h that �(H

i

) = (jE(H

0

i

)j �

1)=(jV (H

0

i

)j � r). Setting H

0

0

= fH

0

1

; : : : ; H

0

t

g, note that if H is H

0

0

-free, then it is 
learly

H

0

-free, therefore we may assume that �(H

i

) = (jE(H

i

)j � 1)=(jV (H

i

)j � r).

For every 1 � i � t set v

i

= jV (H

i

)j, f

i

= jE(H

i

)j. Set also

f

min

= minff

i

: 1 � i � tg ;

f

max

= maxff

i

: 1 � i � tg :

Clearly we may assume that �(H

0

) > 1=(r � 1), otherwise there is nothing to prove.

Consider a random r-uniform hypergraph H

r

(n; p) { an r-uniform hypergraph with vertex

set V of size jV j = n, in whi
h every r-tuple e � V is 
hosen to be an edge of H indepen-

dently and with probability p. We set p = 


0

n

�1=�(H

0

)

, where 0 < 


0

< 1 is a suÆ
iently

small 
onstant.

Let n

0

= d
n

1

(r�1)�(H

0

)

(lnn)

1

r�1

e. For every subset V

0

� V of size jV

0

j = n

0

let X

V

0

be

the random variable, 
ounting the number of edges of H , spanned by V

0

. Also, denote by

Y

V

0

the number of subhypergraphs of H , ea
h isomorphi
 to one of the hypergraphs from

H

0

and having at least one edge inside V

0

, and by Z

V

0

the maximal number of pairwise

edge disjoint subhypergraphs of H , ea
h isomorphi
 to one of the hypergraphs from H

0

and having at least one edge inside V

0

. Clearly, Z

V

0

� Y

V

0

. Denote by A

V

0

the event

X

V

0

> f

max

Z

V

0

.
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Claim 1 If A

V

0

holds for every V

0

� V of size jV

0

j = n

0

, then H 
ontains a subhypergraph

H

0

on n verti
es, satisfying the requirements of the lemma.

Proof. Let H be a maximal under in
lusion family of pairwise edge disjoint subhyper-

graphs of H , ea
h isomorphi
 to one of the hypergraphs from H

0

. Deleting all edges of all

subhypergraphs from H, we 
learly obtain an H

0

-free hypergraph H

0

on n verti
es. For a

subset V

0

� V of size jV

0

j = n

0

, denote by H

V

0

the subfamily of H, 
onsisting of all hy-

pergraphs from H, having at least one edge inside V

0

. From the de�nition of Z

V

0

it follows

that jH

V

0

j � Z

V

0

. While deleting the edges of the subhypergraphs from H we delete at

most f

max

jH

V

0

j � f

max

Z

V

0

edges from E(V

0

), hen
e the subhypergraph H

0

has at least one

edge in ea
h subset V

0

of size jV

0

j = n

0

. 2

Now our aim is to show that under appropriate 
hoi
e of 
onstants 


0

and 
 the inequality

P [

V

jV

0

j=n

0

A

V

0

℄ > 0 holds for all suÆ
iently large n. To this end, we show that the random

variablesX

V

0

and Z

V

0

are highly 
on
entrated around their expe
tations and if, say, EX

V

0

>

10f

max

EZ

V

0

, then the probability P [A

V

0

℄ is exponentially small, implying in turn that the

probability of the existen
e of a set V

0

, for whi
h A

V

0

holds, is less than 1.

The random variableX

V

0

is binomially distributed with parameters

�

n

0

r

�

and p, therefore

well known estimates on the tails of binomial distribution due to Cherno� (see, e.g., [2℄,

Appendix A) assert that for every 0 < � < 1

P [X

V

0

< (1� �)

 

n

0

r

!

p℄ < e

��

2

(

n

0

r

)

p=2

: (15)

Now we turn to bounding the upper tail of Z

V

0

. The random variable Z

V

0

is tightly


onne
ted with another random variable Y

V

0

.

Claim 2 P [Z

V

0

� j℄ �

(EY

V

0

)

j

j!

for every natural j.

Proof. This is a parti
ular 
ase of the general result of Erd}os and Tetali [8℄ (see also

Lemma 4.1 of Ch. 8 of [2℄). 2

In parti
ular, we dedu
e from the above 
laim that

P [Z

V

0

� 5EY

V

0

℄ �

�

e

5

�

5EY

V

0

: (16)

Let us write Y

V

0

= Y

V

0

;1

+ : : :+ Y

V

0

;t

, where Y

V

0

;i

is the number of 
opies of H

i

, having

at least one edge in E(V

0

). Representing Y

V

0

;i

as a sum of indi
ator random variables, we

get

 

n

0

r

! 

n � n

0

v

i

� r

!

p

f

i

� EY

V

0

;i

�

 

n

0

r

! 

n� r

v

i

� r

!

v

i

!p

f

i

:
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Therefore




i;1

 

n

0

r

!

p

�

n

v

i

�r

f

i

�1

�

f

i

�1

� EY

V

0

;i

� 


i;2

 

n

0

r

!

p

�

n

v

i

�r

f

i

�1

�

f

i

�1

;

where 


i;1

and 


i;2

are some positive 
onstants depending only on H

i

.

The de�nitions of �(H

0

) and p imply that




1




f

max

�1

0

 

n

0

r

!

p � EY

V

0

� 


2




f

min

�1

0

 

n

0

r

!

p ;

where 


1

= 


1

(H

0

) and 


2

= 


2

(H

0

) are positive 
onstants.

Comparing EX

V

0

and EY

V

0

we observe

1




2




f

min

�1

0

�

EX

V

0

EY

V

0

�

1




1




f

max

�1

0

:

Let us 
hoose 


0

so that the expression 


2




f

min

�1

0

will be equal to, say 1=10f

max

. Then

10f

max

�

EX

V

0

EY

V

0

�




2




1




�f

max

+f

min

0

10f

max

:

Now, by (15) with � = 1=2 and (16)

P [A

V

0

℄ = P [X

V

0

� f

max

Z

V

0

℄ � P [X

V

0

�

EX

V

0

2

℄ + P [f

max

Z

V

0

�

EX

V

0

2

℄

� P [X

V

0

�

EX

V

0

2

℄ + P [Z

V

0

� 5EY

V

0

℄

� e

�

(

n

0

r

)

p

/

8

+ e

�




1




�f

min

+f

max

0

10


2

f

max

[5 ln5�5℄

(

n

0

r

)

p

� e

�


3

n

r

0

p

for some 
onstant 


3

> 0. Therefore

P [9V

0

: A

V

0

℄ �

 

n

n

0

!

e

�


3

n

r

0

p

:

Using the inequality

�

n

n

0

�

�

�

en

n

0

�

n

0

, we write

 

n

n

0

!

e

�


3

n

r

0

p

�

�

en

n

0

� e

�


3

n

r�1

0

p

�

n

0

:

Taking 
 suÆ
iently large it follows that P [

V

jV

0

j=n

0

A

V

0

℄ > 0. 2

Combining Lemma 6 and Corollary 6, we have the following result.

Corollary 7 Let H

0

= fH

1

; : : : ; H

t

g be a family of r-uniform hypergraphs, satisfying

lr(H

0

) � r � � for some 0 < � < r. Then for every suÆ
iently large integer n there

exists an H

0

-free r-uniform hypergraph H

0

on n verti
es, having no independent set of size

n

0

= O(n

2r(r��)

(r�1)(2(r��)+3)

(lnn)

1

r�1

) (and therefore not 
olorable by n=n

0


olors).
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The �nal step is to note that the expression 2r(r��)=((r�1)(2(r��)+3)) is always stri
tly

less than 1 for all r � 3 and all 0 < � < r.

How should we interpret the above 
orollary? A
tually, it indi
ates that the subhyper-

graph ex
lusion algorithmLOCAL(H

0

), des
ribed in Se
tion 5, 
an not have approximation

ratio better than r(1� 1=n

Æ

) for any �xed family H

0

, where Æ = Æ(H

0

) (or, more pre
isely,

we 
annot show it by our tools of analysis). Some new ideas and algorithms are needed to

make a breakthrough in this important problem.
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