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Abstract

The weighted set covering problem, restricted to the class of r-uniform hypergraphs,
is considered. We propose a new approach, based on a recent result of Aharoni, Holz-
man and Krivelevich about the ratio of integer and fractional covering numbers in
k-colorable r-uniform hypergraphs. This approach, applied to hypergraphs of maximal
degree bounded by A, yields an algorithm with approximation ratio »(1 — c/Aﬁ).
Next, we combine this approach with an adaptation of the local ratio theorem of Bar-
Yehuda and Even for hypergraphs and present a general framework of approximation
algorithms, based on subhypergraph exclusion. An application of this scheme is de-
scribed, providing an algorithm with approximation ratio r(1— c/nr:_l) for hypergraphs

on n vertices. We discuss also the limitations of this approach.

1 Introduction

The minimum set cover problem is certainly one of the most central problems of combi-
natorial optimization. In an instance of this problem, a collection C of subsets of a finite
set S and a weight function w : C — R™ are given, the task is to find a subset C' C C of
minimum weight w(C’) = } .. w(c) such that every element of S belongs to at least one
member of C’. When all weights equal identically 1, we obtain the unweighted version of
the problem.

For our purposes it is more convenient to reformulate this problem in terms of hyper-
graphs. A hypergraph H is an ordered pair H = (V, E), where V is a finite non-empty set
(the set of vertices), and E is a collection of distinct non-empty subsets of V' (the set of

edges). H is called r-uniformif |e| = r for all edges e € E(H). The set cover problem can be
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represented as follows: for given hypergraph H = (V, E) and weight function w: V' — R,

solve the optimization problem:

min 3, ey w(v)g(v)
st. Dyceg(v) >1 for every e € E(H) , (1)
g(v) € {0,1} foreveryve V .

This formulation leads naturally to the following fractional relaxation of the integer problem

(1).

min 3,y w(v)g(v)
st. Dyceg(v) >1 for every e € E(H) , (2)
g(v) >0 for every v € V.

For a hypergraph H = (V, E), any feasible solution g of (1) (or, alternatively, the set
of vertices of weight 1 in a feasible solution g) is called a cover of H with walue |g| =
Y vev w(v)g(v). An optimal solution of (1) is an optimal cover of H, having the covering
number of H (which we denote by 7(H)) as its value. Quite similarly, any feasible solution
g of (2) is a fractional cover of H, an optimal solution of (2) is an optimal fractional cover
of H with value 7*(H), called the fractional covering number of H. It is important to
note, that the problem (2) is a Linear Programming problem that can be solved in time
polynomial in |V| and |E| ([17]). Clearly, the solution 7*(H) of the fractional problem (2)
may serve as a lower bound on the solution 7(H) of the more difficult integer problem (1).

In this paper we consider the case of r-uniform hypergraphs, where r is thought to be
a fized number.

The above defined problem (1) turns out to be NP-complete even for the unweighted
case and » = 2 (that is, for the case of graphs, where this problem is usually called the
vertex cover problem), as shown by Karp [18]. This result motivates studying approzimate
algorithms for this problem.

An approzimation algorithm A for the problem (1) is a polynomial time algorithm which,
for a given input instance (H,w) of (1), produces a feasible solution. The value of the
solution obtained by A for an instance H, is denoted by A(H). The approzimation ratio R4
of an approximation algorithm A on a family of instances H is R4 = sup {é((% : He 'H}
The approximation ratio R4 can be viewed as a quantitative measure of the quality of an
algorithm A. Here we aim to develop efficient approximation algorithms for the class H, of
r-uniform hypergraphs, for a given and fixed value of r.

The set cover problem remains hard even as an approximation problem. Speaking

explicitly, it is MAX-SNP complete as proven in [22]. Moreover, a commonly believed



conjecture (see, e.g., [15], [23]) states that unless P=NP, there does not exist a polynomial
time approximation algorithm A with approximation ratio R4 < r — ¢ for any positive
constant e.

Let us describe briefly known results in the positive direction. We start with the first
non-trivial case » = 2. The following very simple algorithm, attributed in [10] to Gavril,
can be easily seen to have approximation ratio 2 in the unweighted case. The algorithm
proceeds as follows. Given a graph G, find a maximal (under inclusion) matching M in
G (for example, by picking edges greedily) and take all vertices in the edges of M as a
cover. This idea can be easily generalized to the case of general r. Several algorithms
having approximation ratio 2 for the general (weighted) case are known, the algorithm
of Bar-Yehuda and Even [3] being the simplest of them. Most (if not all) of the more
sophisticated approximation algorithms rely heavily on the theorem of Nemhauser and
Trotter [21], enabling to reduce a given problem to the problem restricted to a class of
graphs G satisfying |V(G)|/7(G) < 2. This reduction is based on the fact that for any
graph G = (V, E) and any weight function w : V — R* there always exists an optimal
solution g of the corresponding fractional problem (2) with g(v) € {0,0.5,1} for every
v € V(G). Unfortunately, this phenomenon does not hold for larger values of r, as it has
been shown by Chung, Fiiredi, Garey and Graham in [6] that for every rational number
0 < a < 1 there exists a 3-uniform hypergraph H such that the fractional part of 7*(H)
equals a.

An important partial case of the vertex cover problem is when the maximal degree of a
graph is bounded from above by a parameter A. For this case Hochbaum [15] described an
algorithm with approximation ratio 2—2/A, based on a coloring argument. This result has
been improved by Halldérsson and Radhakrishnan [13] to the ratio 2 — (log A + O(1))/A
by invoking an algorithm of Shearer [25] for finding effectively an independent set of size
Q(nlog A/A) in a triangle-free graph on n vertices with maximal degree A.

For the general case of graphs on n vertices, the best known approximation algorithm
is due to Bar-Yehuda and Even [4] (Monien and Speckenmeyer [20] described actually the
same algorithm for the unweighted case), it has approximation ratio 2 — loglogn/2logn.
Along with the theorem of Nemhauser and Trotter, this algorithm uses the so called Local
Ratio Theorem and proceeds by excluding subgraphs Gy C G, having large covering number
relatively to their order.

Returning to the set covering problem for r-uniform hypergraphs for general r, we
mention the algorithm of Hall and Hochbaum [11] for a general multicovering problem
(where in (1) the first group of restrictions is 3, . g(v) > b(e) for each edge e € F). This
algorithm has approximation ratio » and performs O(max{|V|, |E|}|V|) iterations. Peleg,

Schechtman and Wool [23] present several algorithms, having approximation ratio r for



the unweighted case, they also describe a randomized approximation algorithm, having

approximation ratio r (1 — (ﬁ) %), where m is the number of edges in the hypergraph H
and c is some absolute constant. This algorithm first solves the fractional problem (2) and
then uses the technique of randomized rounding with scaling, developed by Raghavan and
Thompson [24].

Now we describe new results presented in this paper and its structure. In Section
2 we gather some results about fractional covers and matchings, used in the subsequent
sections. A recent theorem of Aharoni, Holzman and Krivelevich [1], bounding the ratio
between integer and fractional covering numbers in k-colorable r-uniform hypergraphs, is
presented together with two different proofs in Section 3. Both proofs are algorithmic,
the corresponding algorithms are described in the same section. In Section 4 we apply
one of these algorithms to the problem of approximating the set covering number for r-
uniform hypergraphs of maximal vertex degree bounded by A, obtaining an algorithm
with approximation ratio r(1 — c/Aﬁ). In Section 5 we combine the second algorithm of
Section 4 with the local ratio approach of Bar-Yehuda and Even, giving a general scheme
of an approximation algorithm, parameterized by a family H¢ of excluded subhypergraphs.
A particular realization for a concrete choice of Hg is presented in Section 6, yielding an
algorithm with approximation ratio »(1 — c/nrr;l) for hypergraphs on n vertices. We discuss
also the limitations of the local ratio approach in Section 7.

We close this section with some notation. Given a hypergraph H = (V, E) and a weight
function w : V' — R™T, the degree d(v) of a vertex v € V is the number of edges of H
containing v. For a subset Vo C V, the notation H[Vj] stands for the subhypergraph of H,
induced by Vp. This subhypergraph has set of edges E(Vj), we denote its cardinality by
e(Vo) = |E(Vo)|. A subset Vo C V is called independent in H, if e(Vy) = 0. The weight
w(Vo) of Vo is w(Vo) = 3, cy, w(v). For a given hypergraph Hy, a hypergraph H is called
Hy-free, if H does not contain a (not necessarily induced) copy of Hy. Given a family of
hypergraphs Ho = {H1, ..., Hi}, H is called Ho-free, if it is H;-free for each member H; of
Ho.

2 Fractional covers and matchings in hypergraphs

In this short section we accumulate some basic facts about fractional covers and matchings,
to be used in the sequel.

Let us formulate the LP problem dual to the previously defined problem (2) of deter-
mining the fractional covering number of a hypergraph H = (V, E).

max Yecr f(€)



st. Yesy fle) <w(v)  foreveryv e V(H), (3)
f(e) >0 for every e € E .

A feasible solution f of this problem is a fractional matching in H with value |f| =
Y ecr f(e). A fractional matching having the largest possible value, is called optimal, and
its value is the fractional matching number v*(H).

The Duality Theorem of Linear Programming applied to the pair of problems (2), (3)
implies
Proposition 1 For every hypergraph H = (V, E) and every weight function w : V — RT
the following holds true:

1. ™ (H) = v*(H),
2. Ifg: V — RT is an optimal fractional cover and f : E — R* is an optimal fractional
matching, then

f(e) >0 implies Y g(v)=1;

vEe

g(v) >0 implies > f(e) =w(v) . (4)

vEe

(These are the so called complementary slackness conditions).

We will make a direct use of the following

Proposition 2 For every r-uniform hypergraph H = (V,E) and every weight function
w:V — R the following holds true:

1. If g is a fractional cover of H, then for every subset Vo C V the function g’ : Vo — RT,
defined by g'(v) = g(v) for every v € Vy (that is, g’ is the restriction of g to V), is a
fractional cover of the hypergraph H[Vy];

2. If g is an optimal fractional cover of H, satisfying g(v) > 0 for every v € V, then
™(H) =w(V)/r.

Proof. 1) Follows immediately from the definition of a fractional cover;
2) Let f : E — R* be an optimal fractional matching of H with respect to w. Then,

by the complementary slackness conditions (4)

wV) = Y w)=> > fle)=_ fle)lenV]

veV vEV edv e€E
= Zf(e)r:er(e):rV*(H):rT*(H) . ]
ecE e€E

The reader is referred to the survey paper of Fiiredi [9] for additional results about

integer and fractional covers and matchings in hypergraphs.



3 Covers in k-colored hypergraphs

Given a hypergraph H = (V, E), a partition V =V, U ...U V} is a proper k-coloring of H
with colors Vi, ..., V4 if [eNV;| < |e| for each e € E(H) with |e|] > 2 and 1 < ¢ < k, that is,
no edge, besides of course singletons, is monochromatic. A hypergraph H is k-colorable if
it has a proper k-coloring.

Hochbaum [15] suggested the following approach to vertex cover approximation. Given
an instance (G, w), first reduce the problem to an instance (Go,w), for which 7(Go) >
w(V(Go))/2 by applying the Nemhauser — Trotter algorithm, then color Go by k colors
Vi,..., Vi and take the complement of a color class V;, having the maximal weight w(V}),
to be an approximate solution, thus obtaining the approximation ratio 2 — 2/k.

Trying to generalize this idea for the case of r-uniform hypergraphs for general r, we need
to bypass the lack of the Nemhauser—Trotter type result for » > 3. This can be achieved
by using the following recent result of Aharoni, Holzman and Krivelevich [1], whose proof

can be converted into a polynomial time approximation algorithm.

Theorem 1 Let H = (V, E) be an r-uniform k-colorable hypergraph and let w : V — RT
be a weight function on the vertices of H. Denote by 7(H) and by 7*(H) the covering and
the fractional covering numbers of H, respectively, with respect to w. Then

71(([2)) < max{r— 1,k ; 1r} .

(We remark that in paper [1] bounds on the ratio 7(H)/7*(H) are proven for various types
of r-uniform hypergraphs.)
For the sake of completeness we provide here a proof of the above theorem. Actually,

we give two different proofs, to be converted later to two approximation algorithms.

Proof 1. Suppose that the theorem fails, and let H = (V,E) with w : V — R* be a
counterexample with the smallest number of vertices. Then we must have | J,c.ge = V. Fix
some proper k-coloring Vi,..., Vi of H. Let g : V — RT be an optimal fractional cover
of H and let f : E — RT be an optimal fractional matching in H, with respect to w. We
distinguish between two cases.

Case 1: g(v) > 0forallve V.

Then, by Proposition 2, part 2, one has

) =2V )

T

On the other hand, the complement of a heaviest color class is clearly a cover of H with

weight not exceeding £-2w(V'), therefore

T(H) < —w(V) . (6)



Comparing (5) and (6), we derive 7(H)/7*(H) < %27 - a contradiction with the choice of
H.

Case 2: There exists a vertex vg € V' with g(vg) = 0. By our assumption about H, this
vertex belongs to some edge eg € E. Since |eo| = r and 3, ., g(v) > 1, there exists a vertex
v1 € eg with g(v1) > 1/(r — 1). If {v1} is a cover of H, then clearly 7(H) < w(v;). On the
other hand, by the complementary slackness conditions (4), we have w(vi) = > 5, f(e),
therefore 7°(H) = v*(H) > 3 .5,, f(e) = w(v1) , so in fact 7(H) = 7°(H) = w(v1),
contradicting the choice of H. So we may consider the hypergraph H' = H[V — v;]. Define
a new weight function w’ : V(H') — R* by w'(v) = w(v) for all v € V(H'). Since H' is also
r-uniform and k-colorable, it follows from the minimality of H that the theorem statement
is valid for H'. Obviously,

T(H) < 7(H') + w(v) (7)

(a cover of H' can be extended to a cover of H by adding v;). On the other hand, by

Proposition 2, part 1, we conclude that
T(H') < 7 (H) - g(vr)w(vr) < 77(H) — w(vr)/(r — 1) . (8)

It follows from (7) and (8) that

k-1
T(H) < 7(H)+w(v) < max{r -1, TT}T*(H') + w(v1)
k-1 w(v
< max{r -1, . r} (T*(H) — r(—ll)) + w(vy)
< max{r -1, k;lr} T (H) ,
again obtaining a contradiction to the choice of H. O

Proof 2. We present this proof in the following probabilistic setting.

Lemma 1 Let H = (V, E) be an r-uniform hypergraph and let w : V — RT be a weight
function on the vertices of H. Let g : V — R be an optimal fractional cover of H with
respect to w. Suppose V =V U...U Vg is a partition of V. Suppose further that for some
8 > 0 there exists a set B C [0,8)* such that for every = (21,...,2;) € B the set

k
T(z) = U{v € Vi:g(v) >z}

is a cover of H. If there exists a probability measure u defined on B (pu(B) = 1) such that
all marginal distributions p;, 1 < i < k, are uniform on the interval [0, 4] (that is, if € B



is randomly chosen from B according to the measure p, then Pla < z; < b]= (b —a)/§ for
every 0 < a <b<4), then

| =

7(H)
< -
™(H) — 4
Proof of Lemma 1. Let Z € B be randomly chosen from B according to the measure pu.
Define a random variable Y = w(T'(Z)), where T'(Z) is as defined above. Let us estimate the
expectation of Y. By linearity of expectation, E[Y] = > .y w(v) P[Y, = 1], where Y, is the
indicator random variable for v € V being selected to T'. Since p has marginal distributions

uniform on the interval [0, §], for every 1 < i < k and for every v € V; we have
P[Y, =1] = Plv € T] = P[g(v) > z;] = min{1, g(v)/6} < g(v)/4,

hence
EY]= Y w@)PY,=1]< ¥ w(v)@ _T ESH) .

veV veV

We conclude that there exists at least one point & € B, for which the corresponding cover
T(z) has weight w(T'), satisfying w(T) < 7*(H)/é. O

Now our strategy is to find, for a k-colored hypergraph H with a given proper k-coloring
Vi,..., V&, an appropriate set B and a measure g and then to apply Lemma 1.

Consider first the case k£ < r. In this case we need to prove 7(H)/7*(H) < r — 1. Since
every k-colorable hypergraph for & < r is also r-colorable, we may assume without loss of
generality that H is an r-colorable hypergraph, thus reducing to the second case k > r.

Assume now that k > r. Define first £+ 1 points Qo, Q1, - . ., Qk in [0, ﬁ]k as follows.

1 1
QO — (;7"'7;)7
Q; = (0 k 0) =1 k
Vi - 100 (k—]_)'r, ? ? ]_ ? ?
N—_———
j-th coord.

Now let B; be the interval in RF joining Qo and Q;, and let

Clearly, B C |0, ﬁ]k In order to check that T'(Z) is a cover for every Z € B, consider,
for example, the interval B; = [QoQ1].- It can be easily seen that for each point & =
(z1,...,2k) € By we have z; > 1/r and #; > @; for each 2 < ¢ < k, and the last £ — 1
coordinates have the same value which we denote by y. The equation (k—1)z;+y = k/r is

satisfied by both endpoints of B; and hence by every point of B;. Consider an edge e €



and denote [eNV;| = sy, then 51 <r—1. If T(Z) Ne =0, then g(v) < z; foreach v € eNV},
1 < ¢ < k, therefore

Y glv) < swit(r—s)y<(r—1Lzi+y
vEe
E k-
= (k-De1+y—(k—r)z1 < —— r:l,
P P

obtaining a contradiction to the definition of g.
Now we need do define a probability measure g on B. To this end, let g7 be the uniform
measure on B; with p?(B;) = 1/k and let p = 2?21 p?. Then p is a probability measure

on B. For a given coordinate 1 < ¢ < k, there are k — 1 intervals Bj, for which the marginal

distribution ,uf-' is uniform on [0, 1] and one interval B; for which ! is uniform on [2, ﬁ]

1]) k—1

Hence p; is uniform on the interval [0, 2] with p;([0,1]) = %+ and also is uniform on the

interval [1, ﬁ] with p;([2, ﬁ]) = £. Since %/((k_kl)r — %) = k — 1, we derive that

; is uniform on the whole interval [0, ﬁ] Therefore the set B and the measure pu,

required in Lemma 1, have been found, and we apply the lemma to get the desired result.
O

Now we turn the above proofs into polynomial time approximation algorithms. Taking
a closer look at the first proof, we note that it may proceed under a weaker assumption
on a hypergraph H. Namely, it suffices to assume that for every subset Vo C V the
induced subhypergraph H[Vp] contains an independent set I of weight at least w(Vp)/k
(this assumption clearly holds true for k-colored hypergraphs). This observation is utilized

by the following recursive algorithm.
Algorithm A1l

Input: An r-uniform hypergraph H = (V, E), a weight function w : V — RT, and an
algorithm IN D(H', w), returning in independent set I C V' of weight at least w(V"')/k in
any given induced subhypergraph H' = (V', E') of H.

Output: A cover C of H.

1. C =0
2. Delete all isolated vertices of H;
3. Find on optimal fractional cover g : V — RT;

4. if g(v) > 0 for every v € V begin



I =IND(H,w);
C=V\I

end;

5. else begin

Find a vertex v; € V with g(vq) > Til;

if {v1} is a cover of H, set C = {v,};

else begin
Define H' = H[V — 1], w'(v) = w(v) for every v € V — vy;
C={n}UAL(H' v');

end;

end;

6. return (C).

Proof 1 of Theorem 1 implies immediately the following
Corollary 1 Ry < max{r -1, kk;lr} .

The obvious drawback of the above algorithm lies in its recursivity, resulting in a multiple
solution of the LP problem (2). If a proper k-coloring (V1,..., V%) of H is given, we can
use another algorithm based on Proof 2 of Theorem 1. A careful examination of Proof 2

reveals the following facts:

1. The set B is a union of k intervals By, ..., Bg, none of them being parallel to any

coordinate axis;

2. While moving along each interval B; and building the corresponding cover T'(Z), one
can see that 7(Z) may change only at the point Z = (21, ..., zx) for which there exists
an index ¢, 1 < ¢ < k, and a vertex v € V; for which g(v) = #;. Moreover, given such
a pair (Z,v), we check if B; contains a point § = (y1,...,yx) with y; > z;. If such a
point indeed exists, we denote I = {1 < i< k: y; > z;}, [ = [1,k]\ I;. Making
an infinitesimally small step along B; from Z towards § and obtaining a new point

z + dz € Bj, we notice that

T(z+dez) = U{’UEVii g(v) > 2} U U{’UEVii g(v) > z;} .
i€l 1€l

10



If z; is the maximal value of the i-th coordinate in Bj;, we consider the set

The above two facts show that it suffices to check only a finite number of points from

B.
Algorithm A2

Input: An r-uniform hypergraph H = (V, E), a weight function w : V' — R* and a proper
k-coloring (V1,..., V%) of H.

Output: A cover C of H.

1. Find an optimal fractional cover g : V — RT;
2. Define a set B C R* as in Proof 2 of Theorem 1;

3. for each color V; do

for each vertex v € V; do

for each interval B; of B do

if there exists a point Z = (21, ...,2x) € B; with g(v) = 2; begin

if there exists a point § = (y1,...,yx) € B; with y; > z; begin
L={1<i<k:y>a}
-[2 = {177k}\-[17
end;

else begin

IL = @5
-[2 = {177k}7
end;

T =Uien{veVi: g(v) >z} Ulicp,{v e Vi: g(v) >z} ;
end;
4. C = a subset 7' C V having the smallest weight among the subsets T found in step 3;

5. return (C).

11



Proof 2 yields the following
Corollary 2 Ry, < max{r -1, kk;lr} .

We will apply algorithm A1l to the set covering problem restricted to r-uniform hyper-
graphs of bounded maximal degree A (Section 4). Algorithm A2 will be applied in Sections

5,6 to a general set covering problem for r-uniform hypergraphs.

4 Approximate covers in hypergraphs of bounded degree

Suppose that the family of instances of the set cover problem is restricted to r-uniform
hypergraphs of maximal vertex degree at most A. We would like to get an approximation
algorithm with approximation ratio better than the trivial ratio r.

In order to apply algorithm A1 of the preceding section, we need an algorithm I N D for
finding an independent set of relatively large weight in r-uniform hypergraphs of maximal

degree A. This is provided by the following

Theorem 2 Let H = (V, E) be an r-uniform hypergraph of mazimal degree at most A and
let w:V — RT be a weight function on the vertices of H. Then H contains an independent
set I of weight w(I) > %w(V)/Aﬁ. Moreover, such an independent set can be found

in time polynomial in |V| and |E|.

Proof. Define first the weight function w, : E — R* on the edges of H by setting
we(e) = Y cew(v) for every e € E. Let Vo € V be a random subset of V' defined by
Plv € Vp] = p, the exact value of p will be chosen later. Denote by X the random variable

X = ’w(V()) y
denote also by Y the random variable

Y =

=S| =

Z we(e) .
EEE(V())

By linearity of expectation,

EX =Y w(v)P[ve Vo] = pw(V)
veV

and also

EY = 1Y w(e)Plec E(Vo)l = = 3 we(e)y” = p% 3 we(e)

T ecE T ecE ecE
P P prAw(V)
TS S uw) =LY we)d) < ZA0).
ecE vEe veV

12



Therefore
prAw(V)

T

EX -Y]>pw(V) -

Now we choose p = —L— to maximize the above expression. Then

Ar—1

1wV
Elx —v]> —te)
r Ar—l

Thus there exists a specific set Vy for which the difference X — Y is at least "T;lﬂ)—
Ar—1
Fix such a set V and for every edge e € E(Vp) delete from Vp a vertex v € e, having

the smallest weight w(v). Clearly, the total weight of the deleted vertices does not exceed
1 DoecE(Vy) w(e) =Y, so the remaining subset I C V; is independent and has weight at least

P

X -y >l

r r—1

The above described randomized algorithm can be easily derandomized using standard

techniques of the conditional expectations method (see, e.g., [2], Ch. 15). O

Denote by IN D the algorithm described in the above theorem. Incorporating I N D into
algorithm A1 of Section 3, we obtain the algorithm B for which the following result holds.

Corollary 3 Rp < max{r -1,r (1 — =1 )} .
rAr-1

5 Local ratio approach - a general scheme

In this section we develop a general scheme of approximation algorithms, combining the
local ratio approach of Bar-Yehuda and Even [4], the idea of Hochbaum [15] based on a

coloring argument, and our algorithm A2. Our presentation follows closely that of [4].

Lemma 2 Let H = (V,E) be a hypergraph and let w, wo and w; be weight functions
on the vertices of H such that w(v) > wo(v) + wy(v) for every v € V. If C*, C§ and
Cy are optimal covers for the instances (H,w), (H,wo) and (H,w;), respectively, then

w(C) > wa(Cy) + wi(C5).

Proof.

v
g
5
©
_'_
&
©

veC*
= wo(C") + w1(C7)
> wo(Cg) + wi(CY)



The last inequality follows from the optimality of the covers Cj and C7. O
For a hypergraph H define the local ratio Ir(Hy) of Hy as Ir(Ho) = |V (Ho)|/c*(Ho),
where ¢*(Hp) is the size of a minimal unweighted cover of Hy. Let A be any approximation

algorithm for the set covering problem.
Algorithm LOCAL(H,)

Input: A hypergraph H = (V, E) with a weight function w : V' — R*. It is assumed that

Hy and A have been fixed in advance.

Output: A cover C of H.

1. Find a copy of the hypergraph Hy in H. Let Vj be the vertex set of this copy;
2. Set § = min,ey, w(v);
3. Define the weight function wo : V — Rt by

w(v)—46, veW
wo(v) = :
w(v), otherwise ;
4. Run the algorithm A on the instance (H, wg) to get a cover C for H;

5. return(C).

Theorem 3 (The Local Ratio Theorem)
Rrocar(my,)(H,w) < max{lr(Ho), Ra(H,wo)} .

Proof. Denote R = max{ir(Ho), Ra(H,wo)}. Also, let ¢* and ¢ be the values of optimal
solutions for the instances (H,w) and (H, wo), respectively. Since |C N Vy| < |V (Ho)|, we

have

w(C) = wo(C)+d|C NV < wo(C)+ 8|V (Ho)
< R4(H,wo)cy + 81lr(Ho)c™(Ho)
< R(cg+ 6c™(Ho))
< Rc".

The last inequality is obtained by defining w;(v) = w(v) — wo(v) and then by applying

Lemma 2. O
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The algorithm LOCAL(H,) can be easily generalized to a family of fixed hypergraphs
Ho = {Hq, ..., H;}, as follows.

Algorithm LOCAL(H,)

Input: A hypergraph H = (V, E) with a weight function w : V' — R*. It is assumed that

Ho and A have been fixed in advance.

Output: A cover C of H.

1. while for some 7 there exists a copy of H; in H with vertex set Vp so that w(v) > 0 for

every v € Vp do begin

Set § = minyey, w(v);

for all v € Vj do w(v) = w(v) — 4;

end;

end;
2. Ci={veV:w=0}
3. 1 =V \Ci;
4. Run the Algorithm A on the instance (H[Vi], wo) to obtain a cover Cy for H[V1];
5. C =C,UCy;

6. return (C) .

It should be stressed that in order to run the above algorithm, we should be able to
find all copies of the hypergraphs from Hg in H. Clearly, if o contains a fixed number of
hypergraphs, this can be done in polynomial time, for example, by exhaustive search.

Define the local ratio lr(Ho) of the family Ho as Ir(Ho) = maxg,en, Ir(H;).

Corollary 4 (The Local Ratio Corollary)
Rpocar,)(H,w) < max{ir(Ho), Ra(H[Vi], wo)} -

The above corollary can be easily proven by induction on the number of iterations of Step
2, using the Local Ratio Theorem (Theorem 3).

Taking another look at the above algorithm, we note that at the end of Step 4, the
set V1 does not contain a copy of any hypergraph from Hq. Thus we may expect that the
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resulting subhypergraph H[V}], serving as an input for the algorithm A, is relatively sparse
and hence can be efficiently colored by a small number of colors. This observation prompts
the use of the approximation algorithm A2 for colored hypergraphs, described in Section 3.

The simplest application of the Local Ratio Corollary arises when Hg consists of one
hypergraph, which is just a single edge. In this case, V7 will clearly span no edge, and there
will be no need for algorithm A. The algorithm LOC AL(H,) then reduces to the following
simple procedure: while H contains an edge e € E(H) with all vertices of positive weight,
choose such an edge e, set § = min,e. w(v) and update w(v) = w(v) — 4 for all v € ¢; if all
edges contain vertices of zero weight w(v) = 0, return the set of all vertices of weight zero
as the output. This algorithm runs in O(|E|) steps and has approximation ratio r by the
Local Ratio Corollary.

6 Local ratio approach - implementation

In this section we analyze the performance of the algorithm LOCAL(H,) for Ho = {Ho}
and for a particular choice of a hypergraph Hy.

We assume that the uniformity number r is fixed throughout the section. Define a
hypergraph Hy = (V, E) as follows. The vertex set V(Hy) consists of 2r — 1 vertices
denoted by v1,...,var—1. The edge set E(Hy) consists of r edges of type (vi,...,vr_1,v;),
where ¢ ranges from r to 2r — 1, and one additional edge (vs,¥ry1,...,V2r—1). One can
easily see that a minimal unweighted cover of Hy has size 2, therefore Hg has local ratio
Ir(Ho) = (2r — 1)/2 = r — 0.5. Note also that for »r = 2 the corresponding hypergraph Hy
is simply a triangle.

Now we claim that every Hp-free hypergraph H contains a relatively large independent
set and therefore can be colored with a relatively small number of colors, thus providing a

platform for using algorithm A2.

Lemma 3 There exists a constant ¢ = c(r) such that if H = (V, E) is an r-uniform Ho-free
hypergraph on n vertices, then H contains an independent set of size at least cn/™, which

can be found in time polynomial in n.

Proof. Let |E| = f. Averaging implies that there exist » — 1 vertices us,...,u,—1 € V(H)
such that H contains at least f(,.",) /(:1) =rf /(T’:l) edges passing through ug, ..., u,_;.
Let e, ..., e, be these edges, then s > rf /(T’:l) . Denote U = |J;_; e; \{u1,...,ur_1}, then
|U| = s and U does not span an edge from E (if such an edge eg existed, then eg together
with the r edges from ey, . .., e,, that intersect it, would form a copy of Hy), hence U is an
independent set of size at least »f /(T’:l) )
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On the other hand, choosing each vertex v € V to belong to a random subset W of
V independently and with probability p = (n/7f)/("=1) (if n/rf > 1 the assertion of the

lemma is trivial) and calculating expectations as done in the proof of Theorem 2, we can

show that H contains an independent set of size at least np — fp" = ":1 (%) ﬁ, which
can be found in polynomial time using the method of conditional expectations. Therefore,
H contains an independent set of size at least
rf r—1 (n") e 1
maxy - 5~,; — | — > enr
('r—]_) r rf

for some constant ¢ = ¢(r), as claimed. 0

An algorithm for finding an independent set is easily converted into a coloring algorithm
as follows. At each step, we find an independent set in the current hypergraph, color it by
a fresh color and remove it from the hypergraph. The following lemma, used in most of the
papers on approximate graph coloring (see, e.g., [16], [26], [12]) provides an upper bound
on the number of colors.

Lemma 4 An iterative application of an algorithm finding an independent set of size cnr

r—1

in a hypergraph H on n vertices, produces a coloring of H with no more than C(T"—_l)n v

colors.

Proof. Denote by f(n) the guaranteed size of the output of the independent set algorithm
applied to an Ho-free hypergraph H on n vertices, then f(n) > ent/T. We may assume that
f is a continuous, positive and non-decreasing function of its real argument. Let V3,..., Vg
be the resulting coloring of the above described coloring algorithm. We assume that V; is
the first color used, V3 is the second one and so on. Enumerate the n vertices of H by the
numbers 1,...,n in such a way that if ¢; € V;, and i3 € V}, and j; < ja, then 4; > 45 (that
is, vertices with larger numbers got smaller colors). It can be easily seen that if ¢ € V;, then

|V;| > f(i). Therefore

k k 1 nq
k= 1= — < _—

This sum can be estimated from above by the integral
”dt<1/”dt_ r r—1
o tr c(r—1)

o f(t) ~ ¢

3
»
|

Now we can define a specific algorithm A that can be substituted in LOC AL(H,): given
an Hy-free r-uniform hypergraph H on n vertices, color H by O(n("_l)/") colors as described
above, and then use algorithm A2. Denote the above described procedure by C and the
resulting algorithm by LOC AL(#H,) + C, then we have

17



Corollary 5

2r — 1 O(1
Rrocar@)+c < max{T,r— 1:7'( - 1-(—1))}

B O

The algorithm LOC AL(H)+C can be viewed as an extension of the algorithm COV ER2
of [4], based on Wigderson’s algorithm [26] for coloring a triangle-free graph on n vertices
in 24/n colors.

Comparing with the randomized algorithm of Peleg, Schechtman and Wool [23], we note
that for the typical case |E(H)| = ©(|V(H)|"), our algorithm has a better approximation

for large values of n.

ratio.

A possible way of improving the above presented results is to extend the family Ho =
{Ho} to a family of hypergraphs with local ratio strictly less than » and then to show that
an Ho-free hypergraph H contains a large independent set. Bar-Yehuda and Even took in
their paper [4] Ho to consist of odd cycles of length at most I, where [ is a function of the
number n of vertices of the given graph. It is not clear what is the analog of an odd cycle
in r-uniform hypergraphs for r > 3 here (our hypergraph Hy can be viewed as an analog of
a triangle) and how to search in polynomial time for subhypergraphs from a family of size
growing with n. In any case, this approach cannot give substantially better results for any

choice of a fized family Hg, as demonstrated in the next section.

7 Local ratio approach — limitations

The main result of this section shows that for any choice of a fixed family Hg of excluded
r-uniform (r > 3) hypergraphs the local ratio approach cannot produce an approximation
algorithm with approximation ratio asymptotically better than r. A result of a similar
flavor has been proven by Boppana and Halldérsson [5] for the case of graphs (r = 2).

Let Ho = {Hi,...,H:} be a fixed family of r-uniform hypergraphs. If we want to
plug this family into our general algorithm LOCAL(H,) and to obtain an algorithm with
approximation ratio better than r, we should require that Ir(H;) < r for every H; € H,.
So assume this is indeed the case and write {r(Ho) = 7 — € for some fixed 0 < € < r.

For an r-uniform hypergraph H = (V, E), where |V| > r, let

e(VhY-1
H) = AL
p(H) V'grlr/1,|avj'(’|>r V| —r
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be the density of H. It is easy to check that if H has no isolated vertices, then p(H) >
|E(H)|/|V(H)|. Given a family Ho = {Hj, ..., H:}, let p(Ho) = min;<;<; p(H;) denote the
density of Hyg.

The following lemma states that a hypergraph H having a relatively small local ratio

should be rather dense.

Lemma 5 Let H = (V, E) be an r-uniform hypergraph satisfying lr(H) < r — € for some
0<e<r. Then p(H)> Ar-at3

2r(r—e) -

Proof. Suppose that the lemma fails, and let H = (V, E) be a hypergraph with the minimal
number of vertices, contradicting the lemma statement. Then H has no isolated vertices
and therefore p(H) > |E(H)|/|V(H)|, as noted above.

Define the subsets U; and Us of V' by

1},
2},

U = {veV:d(v)
Uy = {veV:d(v)

let also |V| = n, |U;| = n; and |Uz| = ny. Then clearly
ny+ny <n. (9)

Assume first that H has an edge eg contained entirely in U;. Then if the subset V' \ eg
spans no edges, then (recall that U; consists of vertices of degree 1) H has only one edge
eo, and therefore Ir(H) = r, contradicting our assumption. Otherwise, we consider the
hypergraph H' = H[V \ eo]. It has n — r vertices, more than one edge, and its minimal
cover has one vertex less than a minimal cover of H. Then
_VHAD) n—r n

") =Ty T -1 S W

=Ir(H)

(in this section 7(H) denotes the covering number of H for the unweighted case). From the
definition of p(H) we have p(H') < p(H), thus obtaining a contradiction to the minimality
of H.

If there exists an edge eg € E(H) with |eg N U] = r — 1, then denote vg = € \ U; and
consider the hypergraph H' = H[V \ eg]. Clearly, |V(H')|=n —r and 7(H') > 7(H) — 1
(if C is cover of H', then C'U {vo} is a cover of H), and we get a contradiction in a similar
way as above.

Summarizing the above, we may assume that every edge e € E(H) has at most r — 2
vertices in common with U;. Now we are going to show that the set U; U Uy contains a

relatively large independent subset in H. For every 2 < ¢ < r define the edge set E; C E by

E,={ec E(H):|lenUsz| =4, enU|=r—1i},
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let also a; = |E;|. Then we have

2ny = Z d(v) > iiai . (10)

vel;
If there exist two edges e1, e3 € E3 such that e;Ney # 0, then let vy € e;NeaNU,. Considering
the hypergraph H' = H[V \ ((e1 \ U2) U (e2 \ Uz) U{vo})], we see that |V(H')| = n— (2r — 3)
and 7(H') > 7(H) —1 (a cover of H can be obtained by adding v to a cover of H'), and we
again get a contradiction. Thus, we may assume that all edges of Fy are pairwise disjoint,
implying
2ay < my . (11)

Multiplying (10) by 1/24 and (11) by 1/12 and adding we get az/4+ a3/8 + > i_4 ta;/24 <

n/6, therefore
a; _n

2 % < 5 (12)

Let Vp be a random subset of U,, obtained by choosing each vertex v € Uj to be in Vj

independently and with probability 1/2. Then E[Vj] = ny/2 and the expectation of the

number of edges spanned by U; U Vg is 337_, a;/2¢ < n/6 by (12), and hence there exists a

subset Vo C U, with |Vg| — e(U1 U Vp) > na/2 — ny /6 = ny /3. Fix such a set Vp, delete one

vertex from every edge spanned by U; U Vp, the remaining subset united with U; forms an

independent set of size at least ny +ny/3. Therefore 7(H) < n—mn; —ny/3. Hence the local

ratio Ir(H) satisfies Py [ S |‘:((g))| =Ilr(H)<r—e Weget n—ny —ny/3>n/(r—c¢),
or )
n2
— < - .
n1—|—3_(1 r—e)n (13)

Multiplying (13) by 3/2 and (9) by 1/2 and adding we have

3
2 <(2- . 14
nl_l_nZ_( 2(r—e))n (14)
From the definition of U; and Uy we have the following estimate on the number of edges

|E(H)|-

B(H)| = izd@):;(z W)+ Y do)+ Y d(v))
veV vel, v€eU; veV\(U1Ul,)
> (Ul + 2003+ 3(V] [0l - |T])

1
= —(3n—2n; —ny) .
7
Hence it follows from (14) that

) | 13- 2-xtg)n) 1
V)| n :

p(H) >

3 _2(r—€¢)+3
)_ 2r(r—¢) '
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obtaining a contradiction to the assumption about H and thus finishing the proof. O

We deduce immediately

Corollary 6 IfHo = {H.,..., H:} is a family of r-uniform hypergraphs, satisfying lr(Ho) <
r— ¢, then p(Ho) > Hr—<lt2

2r(r—e) -

Our next step is to prove the following negative Ramsey-type result.

Lemma 6 Let Ho = {Hy,..., H;} be a fized family of r-uniform hypergraphs with density
p(Ho). Then there exists a constant ¢ = c¢(Ho) such that for every sufficiently large integer

n there exists an r-uniform hypergraph Ho on n vertices, having the following properties:

1. Hy does not contain a copy of any hypergraph from Hoy;

S — 1
2. Hg does not contain an independent set of size [cn=1¢(Fo) (Inn)71] .

Proof. This statement can be proven by applying the Lovész local lemma [7], as it was
done in [5]. We chose to present a proof based on using large deviation inequalities, as
developed in [19].

For every 1 < 7 < t let H] be a subhypergraph of H; such that p(H;) = (|E(H])| —
1)/(|V(H])| — 7). Setting Hy = {H1, ..., H{}, note that if H is H{-free, then it is clearly
Ho-free, therefore we may assume that p(H;) = (|[E(H;)| — 1)/(|V(H;)| — 7).

For every 1 < i <tsetv; = |V(H;)|, fi = |E(H;)|. Set also

fmin = min{f;: 1<i<t},
fmam = max{fi: ].SZSt}

Clearly we may assume that p(Hg) > 1/(r — 1), otherwise there is nothing to prove.
Consider a random r-uniform hypergraph H,.(n,p) — an r-uniform hypergraph with vertex
set V of size |V| = n, in which every r-tuple e C V is chosen to be an edge of H indepen-
dently and with probability p. We set p = con~1/#(*0) where 0 < ¢o < 1 is a sufficiently
small constant.

Let no = [cnm(ln n)ﬁ] For every subset Vo C V of size |V| = no let Xy, be
the random variable, counting the number of edges of H, spanned by Vy. Also, denote by
Yy, the number of subhypergraphs of H, each isomorphic to one of the hypergraphs from
Ho and having at least one edge inside Vj, and by Zy, the maximal number of pairwise
edge disjoint subhypergraphs of H, each isomorphic to one of the hypergraphs from H,q

and having at least one edge inside Vj. Clearly, Zy, < Yy,. Denote by Ay, the event
XVO > fmamZVo-
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Claim 1 If Ay, holds for every Vo C V of size |Vo| = no, then H contains a subhypergraph

Hy on n vertices, satisfying the requirements of the lemma.

Proof. Let H be a maximal under inclusion family of pairwise edge disjoint subhyper-
graphs of H, each isomorphic to one of the hypergraphs from Hy. Deleting all edges of all
subhypergraphs from H, we clearly obtain an Hy-free hypergraph Hy on n vertices. For a
subset Vo C V of size |Vp| = ng, denote by Hy, the subfamily of H, consisting of all hy-
pergraphs from H, having at least one edge inside V,. From the definition of Zy;, it follows
that |Hy,| < Zy,. While deleting the edges of the subhypergraphs from H we delete at
most frmax|Hv,| < fmezZv, edges from E(Vp), hence the subhypergraph Hy has at least one

edge in each subset Vj of size |V| = no. O

Now our aim is to show that under appropriate choice of constants cg and ¢ the inequality
P[Avy|=n, Avs] > 0 holds for all sufficiently large n. To this end, we show that the random
variables Xy, and Zy, are highly concentrated around their expectations and if, say, EXy, >
10 frmaz E Zv,, then the probability P[Ay,] is exponentially small, implying in turn that the
probability of the existence of a set Vj, for which Ay, holds, is less than 1.

The random variable Xy, is binomially distributed with parameters (’:‘O) and p, therefore
well known estimates on the tails of binomial distribution due to Chernoff (see, e.g., [2],

Appendix A) assert that for every 0 < a < 1

P[Xv, < (1- a) ("")p] < e (V)2 (15)

T

Now we turn to bounding the upper tail of Zy,. The random variable Zy, is tightly

connected with another random variable Yy, .

Claim 2 P[Zy, > j] < (E};‘!IO i for every natural j.

Proof. This is a particular case of the general result of Erdés and Tetali [8] (see also
Lemma 4.1 of Ch. 8 of [2]). 0

In particular, we deduce from the above claim that
¢\ 5EYy,
P[Zy, > bEYy,] < (3) . (16)

Let us write Yy, = Yy, 1 + ...+ Yy, ¢, where Yy, ; is the number of copies of H;, having

at least one edge in E(Vjy). Representing Yy, ; as a sum of indicator random variables, we

get
(no) (n B nO)Pf" < EYy,; < (no) (n - T)vilpf" .
7 v, — 7 7 v -7
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Therefore

v;—T .fi_]- v;—7r .fi_]-
V! z n 3
Cini ( TO)P (’I’I,fi—l) S EYVO,'L' S Ci,2 ( TO)P (’I’I,fi—l) )

where ¢; 1 and c; 5 are some positive constants depending only on H;.
The definitions of p(Ho) and p imply that

maxr — o min — ]
010(]; 1(T)P§EYV0§CZC(J; 1(T)P;

where ¢; = ¢1(Ho) and ¢y = ca(Ho) are positive constants.

Comparing £ Xy, and EYy, we observe
1 EXy, < 1

Let us choose ¢g so that the expression czc()"”"‘_1 will be equal to, say 1/10 f;,4.. Then

EXV Co —f + Frni
1 G < 0 < 4 max mznl maz -
0fmaz < EYy, ~ ¢ 0 0f
Now, by (15) with o = 1/2 and (16)
EX EX
P[Ay,) = P[Xv, < fmasZvy] < P[Xvy < —22) 4 PlfmasZy, > — =]
EX
< PlXy, < 2V°] + P[Zv, > 5EYy,]

1 c—fmin+fmaz

< e (Mp/8 | o g BT

< 6—037161?
for some constant ¢z > 0. Therefore

P[AVy: Ay,] < (n)e_°3"3” .

o

Using the inequality (:) < (%)no, we write

0o/ —

n Y (ﬁ ‘ e—cwg_lp)no ‘
o T \To
Taking c¢ sufficiently large it follows that P[/\|V0|:n0 Ay,] > 0. O

Combining Lemma 6 and Corollary 6, we have the following result.

Corollary 7 Let Ho = {Hi,...,H;} be a family of r-uniform hypergraphs, satisfying
Ir(Ho) < r — € for some 0 < € < r. Then for every sufficiently large integer n there
exists an Ho-free r-uniform hypergraph Hy on n vertices, having no independent set of size

2r(r—e

ng = O(nr-12F-9+3) (In n)ﬁ) (and therefore not colorable by n/ng colors).
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The final step is to note that the expression 2r(r —¢€)/((r —1)(2(r — €) 4 3)) is always strictly
less than 1 for all » > 3 and all 0 < € < r.

How should we interpret the above corollary? Actually, it indicates that the subhyper-

graph exclusion algorithm LOC AL(H,), described in Section 5, can not have approximation

ratio better than 7(1 — 1/n%) for any fixed family Ho, where § = 8(H,) (or, more precisely,

we cannot show it by our tools of analysis). Some new ideas and algorithms are needed to

make a breakthrough in this important problem.
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