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Abstra
t

We prove that for every 
onstant Æ > 0 the 
hromati
 number of the random graph G(n; p)

with p = n

�1=2�Æ

is asymptoti
ally almost surely 
on
entrated in two 
onse
utive values. This

implies that for any � < 1=2 and any integer valued fun
tion r(n) � O(n

�

) there exists a fun
tion

p(n) su
h that the 
hromati
 number of G(n; p(n)) is pre
isely r(n) asymptoti
ally almost surely.

1 Introdu
tion

Let G(n; p) denote the random graph on n labeled verti
es in whi
h every edge is 
hosen randomly

and independently with probability p = p(n). We say that G(n; p) has a property A asymptoti
ally

almost surely (a.a.s.) if the probability it satis�es A tends to 1 as n tends to in�nity.

One of the most interesting early dis
overies in the study of random graphs is that of the fa
t

that many natural graph invariants are highly 
on
entrated. One of the �rst striking results of this

type was proved by Matula [9℄ and strengthened by various resear
hers; for �xed values of p almost

all graphs G(n; p) have the same 
lique number. The proof of this result is not diÆ
ult, and is based

on the se
ond moment method.

In this paper we study the 
on
entration of the 
hromati
 number of the random graph G(n; p).

This parameter is far more 
ompli
ated than the 
lique number, and its asymptoti
 behavior is

mu
h less understood, despite the results of Bollob�as [3℄ and  Lu
zak [7℄ that provide an asymptoti


formula for its expe
tation. Shamir and Spen
er [10℄ proved that there is always a 
hoi
e of an interval

I = I(n; p) of length roughly

p

n, su
h that the 
hromati
 number of G(n; p) lies, asymptoti
ally

almost surely, in I . More surprisingly, they proved that for every 
onstant � > 1=2, if p = n

��

then

the 
hromati
 number of G(n; p) is asymptoti
ally almost surely 
on
entrated in some �xed number

of values. That is, there exists a fun
tion t = t(n; p) and a 
onstant s = s(�) whi
h is at most the

�
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smallest integer stri
tly larger than (2� + 1)=(2�� 1), su
h that a.a.s. t � �(G(n; p)) � t + s. A

further step in this dire
tion was made by  Lu
zak [8℄ who showed that if � > 5=6, then �(G(n; p)) is

a.a.s. two point 
on
entrated. It is not diÆ
ult to see that the two point width of the 
on
entration

interval is best possible for a general p. Additional results on this problem were given in [6℄.

Here we extend the two point 
on
entration result of  Lu
zak by proving the following result whi
h

shows that the bound of [10℄ for s(�) mentioned above 
an, in fa
t, be improved to 1 for all � > 1=2.

Theorem 1.1 For every positive 
onstants �; Æ there exists an integer n

0

= n

0

(�; Æ) su
h that for

every n > n

0

and probability p = n

�1=2�Æ

there is an integer t = t(n; p; �) su
h that

Pr[t � �(G(n; p)) � t + 1℄ � 1� � :

In other words, for every 
onstant � > 1=2 the 
hromati
 number of G(n; p) with p = n

��

takes

a.a.s. one of two 
onse
utive values.

The above result and its proof imply the following.

Proposition 1.2 For every �xed � < 1=2; � > 0 and every integer valued fun
tion r(n) satisfying

1 � r(n) � n

�

, there exists an n

0

and a fun
tion p(n) su
h that the 
hromati
 number of G(n; p(n))

is pre
isely r(n) with probability at least 1� � for all n > n

0

.

Therefore, for su
h values of p(n), almost all graphs G(n; p(n)) have the same 
hromati
 number !

Our proof uses a martingale approa
h mu
h in the spirit of the papers of Shamir and Spen
er

[10℄ and of  Lu
zak [8℄, 
ombined with additional probabilisti
 and 
ombinatorial arguments. The

presentation of the basi
 ideas follows 
losely that of [2℄, Chapter 7.

The rest of this paper is organized as follows. In the next se
tion we prove several te
hni
al

lemmas required for the proof of the main result. This proof is presented in Se
tion 3. The �nal

Se
tion 4 
ontains a dis
ussion of some related questions and open problems.

2 Preliminaries

The proof of Theorem 1.1 requires several preparations. We assume, whenever this is needed, that

the number of verti
es n is suÆ
iently large. Relying on the result of  Lu
zak, we may assume that,

say, Æ � 3=8. Denote d = np = n

1=2�Æ

. In the 
ourse of the proof 
oor and 
eiling signs are

o

asionally omitted for the sake of 
onvenien
e.

In the proof we apply some simple properties of the 
on
ept of k-
hoosability (see, e.g., [1℄, or [5℄,

pp. 18{21). A graph G = (V;E) is 
alled k-
hoosable if for every family of lists fS(v) � Z; jS(v)j=

k; v 2 V g there exists a proper vertex-
oloring f : V ! Z of G su
h that f(v) 2 S(v) for every

v 2 V . Clearly, the k-
hoosability of a graph G implies its k-
olorability, but the 
onverse is not

true in general. A graph is d-degenerate if every subgraph of it 
ontains a vertex of degree at most

d. The following is a simple, well known fa
t (
.f., e.g., [1℄):
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Proposition 2.1 Every d-degenerate graph is (d + 1)-
hoosable. 2

In the proof of our main result we need the following simple though somewhat te
hni
al lemma.

Lemma 2.2

� (i) For every Æ > 0 there exists a 
onstant r = r(Æ) > 0 su
h that for every C > 0, a.a.s.

every i � C

p

n verti
es of the random graph G(n; p) with p = n

�1=2�Æ

span less than ri edges.

Therefore, any subgraph of this graph indu
ed by a subset V

0

� V of size jV

0

j � C

p

n, is

2r-
hoosable.

� (ii) Let Æ > 1=5. Then for every 
onstant C > 0, a.a.s. every i � Cn

1�Æ

verti
es of the random

graph G(n; p) with p = n

�1=2�Æ

span less than in

1=10

edges.

� (iii) The random graph G(n; p) with p = n

�1=2�Æ

, 0 < Æ � 3=8, has a.a.s. the following

properties:

1. Every vertex v 2 V (G) has degree at most 3d = 3np;

2. �(G) � d=2 lnn;

3. If Æ � 1=6, then the number of paths of length three (edges) between any two (not ne
es-

sarily distin
t) verti
es of G is at most lnn; if 0 < Æ < 1=6, then the number of paths of

length three between any two verti
es of G is at most d

3

lnn=n.

Proof.

(i) Fix r =

l

1

Æ

m

. Then the probability of existen
e of a subset V

0

� V violating the assertion of the

lemma is at most

C

p

n

X

i=r

 

n

i

! 

�

i

2

�

ri

!

p

ri

�

C

p

n

X

i=r

�

O(1)

n

i

i

r

n

(

�

1

2

�Æ

)

r

�

i

�

C

p

n

X

i=r

h

O(1)

r

n

1+

1

2

(r�1)�

(

1

2

+Æ

)

r

i

i

=

C

p

n

X

i=r

h

O(1)

r

n

1

2

�Ær

i

i

= o(1) :

The additional 
laim about the 
hoosability now follows from Proposition 2.1.

(ii) The probability of existen
e of a subset V

0

� V violating the 
laim of the lemma is at most

Cn

1�Æ

X

i=2

 

n

i

! �

i

2

�

in

1

10

!

p

in

1

10
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�

Cn

1�Æ

X

i=2

2

4

O(1)

n

i

�

O(1)i

n

1

10

�

n

1

10

p

n

1

10

3

5

i

=

Cn

1�Æ

X

i=2

2

4

O(1)

n

i

�

O(1)ip

n

1

10

�

n

1

10

3

5

i

�

Cn

1�Æ

X

i=2

"

O(1)n

�

O(1)n

2

5

�2Æ

�

n

1

10

#

i

= o(1) :

(iii) 1. Indeed,

Pr[9v : d(v) > 3d℄ � n

 

n� 1

3d

!

p

3d

� n

�

en

3d

�

3d

p

3d

= n

�

en

3d

d

n

�

3d

= o(1):

(iii) 2. The probability that G has an independent set of size s = 2n lnn=d is at most

 

n

s

!

(1� p)

(

s

2

)

�

�

O(1)

d

lnn

e

�p

n lnn

d

�

s

=

�

O(1)

d

lnn

1

n

�

2n lnn

d

= o(1) :

Therefore the 
hromati
 number of G is a.a.s. at least n=(2n lnn=d) = d=2 lnn;

(iii) 3. Let us �rst show that for every Æ > 0 a.a.s. any two verti
es of the random graph G(n; p)

with p = n

�1=2�Æ

are 
onne
ted by less than 


0

= d2=Æe paths of length two. The probability that

this is not so 
an be bounded from above by

 

n

2

! 

n� 2




0

!

p

2


0

� n

2

[O(1)np

2

℄




0

= n

2

[O(1)n

�2Æ

℄




0

= o(1) :

Therefore a.a.s. every edge e = (w

1

; w

2

) of G(n; p) parti
ipates in at most 


0

paths of length three

between any two verti
es u; v 2 V (G). Indeed, if fw

1

; w

2

g \ fu; vg = ;, then there are only two

potential paths of length three from u to v, 
ontaining (w

1

; w

2

), i.e., the paths uw

1

w

2

v and uw

2

w

1

v.

If, say, w

1

= u, w

2

6= v, then every path of length three from u to v starting with e 
orresponds to

a path of length two between w

2

and v, and the number of su
h paths is a.a.s. bounded from above

by 


0

. We 
on
lude that a.a.s. every path of length three between any pair of verti
es u; v has an

edge in 
ommon with at most 3


0

other su
h paths.

Now, let X

u;v

be the number of paths of length three between u and v, then a.a.s. the number of

edge disjoint paths of length three between u and v is at least X

u;v

=(3


0

+ 1). (This 
an be seen by

de�ning an auxiliary graph A whose verti
es 
orrespond to the paths of length three between u and v

and whose edges 
onne
t paths sharing an edge in G(n; p). This graph has maximum degree at most
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3


0

and therefore is (3


0

+1)-
olorable, thus it has an independent set of size at least X

u;v

=(3


0

+1)).

Hen
e we get that Pr[X

u;v

� l℄ is asymptoti
ally at most the probability that the number of edge

disjoint paths of length three between u and v is at least l

0

= l=(3


0

+ 1). The latter probability is

at most

 

n

l

0

!

2

l

0

!p

3l

0

(1)

(�rst 
hoose l

0

neighbors of u and l

0

neighbors of v, then �x a bije
tion between the verti
es of the


hosen sets, and then require all 3l

0

edges of the 
hosen paths to be present in G(n; p)).

The probability in (1) is at most

"

O(1)

n

2

l

2

lp

3

#

l

0

=

"

O(1)

n

2

p

3

l

#

l

3


0

+1

:

Taking l = lnn for the 
ase n

2

p

3

� 1 (Æ � 1=6) or l = n

2

p

3

lnn = d

3

lnn=n for the 
ase n

2

p

3

� 1

(Æ � 1=6), we get Pr[X

u;v

� l℄ = o(n

�2

). 2

Our �nal preliminary lemma utilizes the idea used in the paper [8℄ of  Lu
zak (who attributes it

to Frieze).

Lemma 2.3 For every �

0

> 0 de�ne t = t(n; p; �

0

) to be the least integer for whi
h

Pr[�(G) � t℄ � �

0

: (2)

Let X be the random variable whose value is the minimum number of verti
es that have to be deleted

from V (G) to get a t-
olorable graph. Let, further, � be de�ned by e

��

2

=2

= �

0

, then

Pr[X � 2�

p

n℄ < �

0

:

Proof.

By the de�nition of t

Pr[�(G) < t℄ < �

0

: (3)

It is easy to see that the random variable X satis�es the vertex Lips
hitz 
ondition, that is, if

two graphs G and G

0

di�er from ea
h other only in edges 
ontaining some �xed vertex v, then

jX(G)�X(G

0

)j � 1. Therefore by 
onsidering the vertex exposure martingale on G(n; p) as in, e.g.,

[2℄, Chapter 7, and by letting � = EX , we 
on
lude that for every � > 0

Pr[X � �� �

p

n℄ < e

�

�

2

2

; Pr[X � � + �

p

n℄ < e

�

�

2

2

:

In parti
ular, sin
e for our 
hoi
e of �, e

��

2

=2

= �

0

, it follows that these tail events both have

probability less than �

0

. On the other hand, Pr[X = 0℄ � �

0

, hen
e we derive from the �rst

inequality that � � �

p

n. Therefore, by the se
ond inequality,

Pr[X � 2�

p

n℄ < �

0

: 2
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Denoting 
 = 2�, we summarize the above arguments as follows: with probability at least 1� � the

random graph G = G(n; p) = (V;E) has all the properties stated in Lemma 2.2, satis�es �(G) � t

and also 
ontains a subset U

0

� V of size jU

0

j � 


p

n su
h that G[V n U

0

℄ is t-
olorable. Note also

that by Lemma 2.2, part (iii) 2, t � d=2 lnn.

3 The proof of the main result

Having �nished all the ne
essary preparations, we are now ready to 
omplete the proof of Theorem

1.1. In view of the last paragraph of the previous se
tion it suÆ
es to prove the following deterministi


statement.

Proposition 3.1 Let G = (V;E) be a graph on n verti
es satisfying all properties in the assertions

of Lemma 2.2. Suppose, further, that �(G) � t � d=2 lnn and there is a subset U

0

� V of size

jU

0

j � 


p

n su
h that G[V n U

0

℄ is t-
olorable. Then G is (t + 1)-
olorable.

We prove this (fully deterministi
) proposition using probabilisti
 te
hniques.

As the �rst stage of the proof we �nd a subset U � V of size jU j = O(

p

n) in
luding U

0

, su
h

that every vertex v 2 V nU has at most 10r neighbors in U , with r from Lemma 2.2. A similar idea

plays a 
ru
ial role in the proof of  Lu
zak. (Note that the number 10 
an be easily redu
ed, and we

make no attempt to optimize the multipli
ative 
onstants here and in what follows.) To �nd U as

above, start with U = U

0

, and as long as there exists a vertex v 2 V nU having at least 10r neighbors

in U , join it to U and update U by de�ning U := U [ fvg. This pro
ess stops with jU j � 2


p

n

be
ause otherwise we would get a subset U � V of size jU j = d2


p

ne, 
ontaining at least 10r


p

n

edges, thus 
ontradi
ting the assertion of Lemma 2.2, part (i).

Let U = fu

1

; : : : ; u

k

g with k = O(

p

n). Note that by Lemma 2.2, part (i), the subgraph G[U ℄ is

2r-
hoosable. For every i, 1 � i � k, put N(u

i

) = fv 2 V nU : (v; u

i

) 2 E(G)g and let N(U) denote

the union N(U) =

S

k

i=1

N(u

i

). De�ne an auxiliary graph H , whose vertex set W is a disjoint union

of k sets W

1

; : : : ;W

k

, where jW

i

j = jN(u

i

)j. For ea
h vertex v 2 N(U) and ea
h neighborhood N(u

i

)

in whi
h it parti
ipates there is a vertex in W

i


orresponding to v. For every edge (v; w) 2 E(G)

with v; w 2 N(U) and for ea
h 
opy of v and ea
h 
opy of w in W , there is an edge in H between

these two 
opies. Note that sin
e every v 2 N(U) has at most 10r neighbors in U , there are at most

10r 
opies of v in H and thus ea
h edge in G yields at most (10r)

2

edges in H . Note also that by

our 
hoi
e of H ea
h stable set in H 
orresponds to a stable set in N(U).

Let f : V nU ! f1; : : : ; tg be a �xed proper t-
oloring of the subgraph G[V nU ℄. Then f indu
es

a t-
oloring f

0

: W ! f1; : : : ; tg of the verti
es of H in a natural way.

The 
ru
ial idea is as follows. For every 1 � i � k we aim to re
olor 2r 
olor 
lasses in N(u

i

)

(or equivalently, in W

i

) by a fresh 
olor t+ 1, thus making 2r 
olors available for u

i

for a 
oloring of

G[U ℄. We need to show that su
h a re
oloring is possible, that is, 2r 
olor 
lasses for ea
h vertex u

i

6




an be 
hosen in su
h a way that their union is a stable set in G. On
e this task is a

omplished,

we would be able to 
olor G[U ℄ using the lists of available 
olors for ea
h u 2 U and exploiting the

fa
t that G[U ℄ is 2r-
hoosable.

Let us �rst 
onsider the 
ase Æ � 1=5. In this 
ase we apply an argument similar to the one in the

proof of Proposition 5.3 in [2℄, Chapter 5. For ea
h 1 � i � k 
hoose randomly and independently

2r numbers from f1; : : : ; tg without repetitions, and denote the 
hosen set by I

i

. We 
laim that

with positive probability the subset W

0

=

S

k

i=1

fw 2 W

i

: f

0

(w) 2 I

i

g is stable in H . This will

imply that the subset of verti
es of N(U) with at least one 
opy in W

0

is also stable, thus making

2r 
olors available for ea
h vertex u 2 U . To prove this 
laim, we use the Lov�asz Lo
al Lemma (
.f.,

e.g., [2℄, Chapter 5). Consider an edge e = (w

1

; w

2

) 2 E(H) with w

1

2 W

i

1

and w

2

2 W

i

2

(where

possibly i

1

= i

2

). Denote by A

e

the event (f(w

1

) 2 I

i

1

and f(w

2

) 2 I

i

2

), that is, "the 
olors of

both w

1

in W

i

1

and w

2

in W

i

2

are 
hosen". The probability of A

e

is at most (2r=t)

2

= O(ln

2

n=d

2

).

Also, A

e

is mutually independent of all other events A

e

0

but those for whi
h e

0

\ (W

i

1

[W

i

2

) 6= ;.

By the assertion of Lemma 2.2, part (iii) 1, for every 1 � i � k jN(u

i

)j = O(d) = o(

p

n) and

therefore by the assertion of Lemma 2.2, part (i), the number of edges spanned by N(u

i

) and thus

by W

i

is O(d). Also, by Lemma 2.2, part (iii) 3, the number of edges between N(u

i

) and N(u

j

)

is at most lnn for Æ � 1=6 and is at most d

3

lnn=n for 0 < Æ < 1=6, implying that the number

of edges between any two 
olor 
lasses in H is at most (10r)

2

lnn = O(lnn) for Æ � 1=6 and is at

most (10r)

2

d

3

lnn=n = O(d

3

lnn=n) for 0 < Æ < 1=6. Therefore, for every part W

i

the number of

edges of H in
ident with W

i

is at most O(d) + k �O(lnn) = O(n

1=2

lnn) for Æ � 1=6 and is at most

O(d) + k �O(d

3

lnn=n) = O(d

3

lnn=n

1=2

) for 0 < Æ < 1=6. Returning to the "bad" event A

e

we see

that it is mutually independent of all but O(n

1=2

lnn) events A

e

0

for the 
ase Æ � 1=6 and of all but

O(d

3

lnn=n

1=2

) events A

e

0

for 0 < Æ < 1=6. Hen
e in both 
ases (sin
e d � n

2=5

)

Pr[A

e

℄ � jfe

0

: e

0

\ (W

i

1

[W

i

2

) 6= ;gj = o(1) : (4)

Therefore, applying the symmetri
 version of the Lov�asz Lo
al Lemma (see, e.g., [2℄, Chapter 5,

Corollary 1.2), we get the desired result.

Now we treat the 
ase Æ > 1=5. For this 
ase the Lo
al Lemma 
annot be applied dire
tly sin
e

the estimate (4) is not ne
essarily valid. Therefore we use a di�erent approa
h.

For every s � k subsets W

i

1

; : : : ;W

i

s

, their union, a

ording to the assertion of Lemma 2.2,

part (iii) 1, has m � s � 3d = O(n

1�Æ

) verti
es and thus, by the assertion of Lemma 2.2(ii),

spans at most (10r)

2

mn

1=10

edges in H . Therefore there exists a subset W

i

l

, 
onne
ted by at

most 2(10r)

2

mn

1=10

=s = O(dn

1=10

) edges to the rest of the subsets. This implies that the verti
es

u

1

; : : : ; u

k


an be reordered in su
h a way that for every 1 < i � k there are O(dn

1=10

) edges from W

i

to

S

i

0

<i

W

i

0

. We assume in the sequel that u

1

; : : : ; u

k

are indeed ordered to satisfy this restri
tion.

Now, we 
hoose sequentially for every i from 1 to k a set J

i

of 2 lnn + 2r 
olors from f1; : : : ; tg

at random without repetitions. Ea
h set J

i

is 
hosen from the set of 
olors available for i, where a


olor j is available for i, if the 
orresponding 
olor 
lass in W

i

has no 
onne
tions with 
olor 
lasses

7



having been 
hosen for previous indi
es. More formally, j is available for i if there does not exist an

edge (w

1

; w

2

) 2 E(H) with w

1

2 W

i

, f

0

(w

1

) = j, w

2

2 W

i

0

for some i

0

< i and f

0

(w

2

) 2 J

i

0

.

Denote by x

i

, 1 � i � k, the probability that for some i

0

� i while 
hoosing the set J

i

0
there

are less than t=2 
olors available for i

0

. Clearly, if x

k

< 1, then there exists a family fJ

i

: 1 � i �

k; jJ

i

j = 2 lnn+ 2rg for whi
h there are no edges between the 
orresponding 
olor 
lasses of distin
t

subsets W

i

0

;W

i

. On
e su
h a family is indeed found, for every 1 � i � k we delete from J

i

those


olors for whi
h the 
orresponding 
olor 
lass in W

i

is in
ident with some edge inside W

i

. By Lemma

2.2, part (iii) 3, every u

i

parti
ipates in at most lnn triangles, hen
e the number of edges spanned

by W

i

is at most lnn. Therefore, after this deletion we get a family fI

i

: 1 � i � k; jI

i

j � 2rg for

whi
h the union

S

k

i=1

fw 2 W

i

: f

0

(w) 2 I

i

g is stable in H , and 
an 
omplete the proof as before.

In order to estimate x

i

, 1 � i � k, note �rst that x

1

= 0. Also, a

ording to our reordering of

the sets W

i

, for ea
h 1 � i � k there are at most O(dn

1=10

) edges from W

i

to the previous parts

W

i

0

, i

0

< i. By Lemma 2.2, part (iii) 3, there are O(lnn) edges between W

i

0

and W

i

, therefore ea
h


olor 
hosen to be in
luded in J

i

0


auses O(lnn) 
olors to be
ome unavailable for i. The probability

of ea
h 
olor to be 
hosen into J

i

0

is at most 2 lnn+ 2r divided by the number of available 
olors for

i

0

at the moment of 
hoosing J

i

0

. Hen
e,

x

i

� x

i�1

+ (1� x

i�1

)

 

O(dn

1

10

)

t

2

O(lnn)

! 

2 lnn + 2r

t

2

!

t

2

O(lnn)

� x

i�1

+

"

O(1)

dn

1

10

ln

2

n

t

2

#


(

t

lnn

)

� x

i�1

+

"

O(1)

n

1

10

ln

4

n

d

#


(

d

ln

2

n

)

< x

i�1

+ e

�n

1

10

(the next to last inequality uses the assertion of Lemma 2.2, part (iii) 2, while the last inequality

uses the assumption that Æ � 3=8 and thus d = np � n

1=8

).

Therefore x

k

� ke

�n

1=10

<< 1, establishing the desired result. This 
ompletes the proof of the

proposition and hen
e also the proof of Theorem 1.1. 2

Proof of Proposition 1.2. Let p(n) be a real so that the probability that the 
hromati
 number

of G(n; p(n)) is stri
tly smaller than r(n) is pre
isely �=2 (su
h a p(n) 
learly exists by 
ontinuity,

as for every �xed n the above probability is simply a polynomial in p). By Theorem 1.1 (and the

fa
t that from its proof it follows that n

0

(�; Æ) 
an be uniformly bounded for all Æ > Æ

0

), there exists

an n

0

= n

0

(�; �) su
h that if n > n

0

the 
hromati
 number of G(n; p(n)) is one of two 
onse
utive

values with probability that ex
eeds 1 � �=2. It follows that these two 
onse
utive values must be

r(n)� 1 and r(n), and the desired result follows, sin
e the probability that the 
hromati
 number is

r(n)� 1 is at most �=2. 2

8



4 Con
luding remarks and open problems

� By 
ontinuity, for any n, any � � 1=2 and any two 
onse
utive integers t; t + 1 � n there

are values of the probability p su
h that the 
hromati
 number of G(n; p) is at most t with

probability at least � and at least t + 1 with probability at least �. Therefore, the two-point


on
entration result is optimal. It seems that for most values of the probability p in the range


overed by Theorem 1.1 the 
hromati
 number is in fa
t 
on
entrated in one point; this is


ertainly the 
ase for some values of p, as shown in Proposition 1.2. It would be interesting to

de
ide if indeed, in an appropriately de�ned sense, a one point 
on
entration is more typi
al

in this range than a two-point 
on
entration, and this question remains open.

� The problem of determining or estimating the 
orre
t behavior of the 
on
entration of the


hromati
 number of the random graphs G(n; p) for values of p that ex
eed n

�1=2�Æ

remains

open, and seems to be very interesting. The 
ase p = 1=2 is of parti
ular interest. It seems

plausible that there is some �xed � > 0 so that for in�nitely many values of n there is no

interval I(n) of length smaller than n

�

so that the 
hromati
 number of G(n; 1=2) is in I(n)

a.a.s. It is also possible, however, that this is indeed the 
ase, and yet for any su
h � > 0 there

are in�nitely many values of n for whi
h su
h an interval does exist. Although there are some

heuristi
 arguments that suggest that both these statements may well hold simultaneously, we

are unable to prove any of them.

� The arguments in our proof of Theorem 1.1 imply the following result about the non-uniqueness

of optimal vertex 
olorings of random graphs. Suppose � > 0, � > 1=2, p = n

��

and t =

t(n; p; �) is the least integer for whi
h the probability that the 
hromati
 number of G = G(n; p)

is at most t, ex
eeds �. Suppose, further, that the above mentioned probability is not greater

than, say, 1� �. Then, if n is suÆ
iently large (as a fun
tion of � and �), the probability that

G has (mu
h) more than one proper (t + 1)-vertex 
oloring ex
eeds 1 � �=10. Note that this

implies that with probability greater than �=2 the 
hromati
 number of G is t + 1 and it has

many proper (t + 1)-vertex 
olorings.

� For values of p(n) whi
h are very 
lose to 1 (e.g., p(n) = 1� 1=(10n)), there is no interval of

length smaller than 
(

p

n) for whi
h the 
hromati
 number of G(n; p(n)) lies in the interval

a.a.s. This follows from some simple fa
ts about the distribution of the size of the largest

mat
hing in the 
omplement of G(n; p(n)). Thus the 
on
entration result of [10℄ mentioned in

the introdu
tion 
annot be improved in general, but it will be interesting to de
ide how 
lose

to the truth it is for values of p up to 1=2.

� The problem of understanding the 
orre
t 
on
entration of the 
hromati
 number of the random

graph is equivalent to that of understanding the 
on
entration of the minimum number of


liques that 
over all its verti
es, sin
e su
h a 
overing by 
liques 
orresponds to a 
oloring of

9



the 
omplement. A related quantity is the 
lique 
over number of a graph G, denoted 

(G),

whi
h is the minimum number of 
liques required to 
over all its edges. Frieze and Reed [4℄

proved that this quantity, for G(n; p) for �xed values of p, is, a.a.s., �(n

2

= ln

2

n). For this

quantity, we have an argument that shows that for some values of p between, say, 0:001 and

0:999, it is not 
on
entrated in any interval of length n= ln

2

n. (It is not diÆ
ult to see that this

is tight, up to a logarithmi
 fa
tor.) This argument does not seem to provide any information

for the 
on
entration of the 
hromati
 number, but sin
e it is simple and applies to any graph

invariant whose expe
tation 
hanges 
onsiderably for G(n; p) as p 
hanges from � to 1� � we


lose this paper with a sket
h of this proof. The idea is that if p = p(n) is bounded away from

0 and 1, say, � < p < 1 � �, then there is a positive Æ = Æ(�), su
h that any family of graphs

on n verti
es whose total probability is at least 1� Æ in G(n; p(n)) has probability at least 2Æ

in G(n; p(n) + 1=n). This implies that if for every edge probability p = p(n) between � and

1� � there is an interval I

p

, for whi
h the probability that 

(G(n; p)) lies in I

p

is larger than

1� Æ, then for values of p between � and 1� �, I

p

must interse
t I

p+1=n

. Sin
e the mid-point of

the interval I

�

di�ers from that of I

1��

by 
(n

2

= log

2

n) (as follows from the proof in [4℄), the

desired result follows.
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