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Abstra
t

A graph G is k-
riti
al if it has 
hromati
 number k, but every proper subgraph of it is (k� 1)-


olorable. This paper is devoted to investigating the following question: for given k and n, what

is the minimal number of edges in a k-
riti
al graph on n verti
es, with possibly some additional

restri
tions imposed? Our main result is that for every k � 4 and n > k this number is at least

�

k�1

2

+

k�3

2(k

2

�2k�1)

�

n, thus improving a result of Gallai from 1963. We dis
uss also the upper

bounds on the minimal number of edges in k-
riti
al graphs and provide some 
onstru
tions of

sparse k-
riti
al graphs. A few appli
ations of the results to Ramsey-type problems and problems

about random graphs are des
ribed.

1 Introdu
tion

All graphs 
onsidered in this paper are �nite, non-empty (having at least one vertex), undire
ted,

without loops and multiple edges.

For a graph G = (V;E), let �(G) denote the 
hromati
 number of G. A graph G is 
alled k-
riti
al,

if �(G) = k and �(G

0

) < k for every proper subgraph G

0

of G. In this paper we study the following

basi
 problem and some variants of it. Given a pair of integers k and n, how small 
an the number

of edges in a k-
riti
al graph on n verti
es be? For k = 1; 2 and 3 the stru
ture of k-
riti
al graphs is


ompletely known, they are K

1

, K

2

and odd 
y
les, respe
tively, where K

i

denotes a 
omplete graph

(a 
lique) on i verti
es. However, for k � 4 su
h a simple des
ription of k-
riti
al graphs does not

exist, and the above mentioned problem (as well as many other interesting problems about 
riti
al

graphs) remains open. The famous theorem of Brooks [4℄ 
an be reformulated using the notion of


riti
al graphs in the following way: in a k-
riti
al graph G all verti
es have degree at least k � 1;

moreover, if all verti
es have degree k � 1, then G is either the 
omplete graph K

k

, or k = 3 and G

�
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is on odd 
y
le. Relying on Brooks' theorem, we will always assume in the sequel that the number of

verti
es in a k-
riti
al graph G is greater than k.

Let us de�ne the following two fun
tions. For a pair of integers 2 � s � k let

f

k;s

(n) = minfjE(G)j : G = (V;E) is k-
riti
al, jV j = n;

G does not 
ontain a 
lique of size s + 1g :

Also, for a pair of integers k � 1, l � 1 de�ne

g

k;l

(n) = minfjE(G)j : G = (V;E) is k-
riti
al ; jV j = n;

G does not 
ontain an odd 
y
le of length less than 2l + 1g :

(An additional motivation for 
onsidering lengths of odd 
y
les in the de�nition of g

k;l

(n) will be

provided later). If a k-
riti
al graph, satisfying the restri
tions in the de�nition of f

k;s

(n) or g

k;l

(n),

does not exist, we put f

k;s

(n) = 1 or g

k;l

(n) = 1. Using this notation, Brooks' theorem gives

f

k;k

(n) � (k � 1)n=2, and also f

k;k�1

(n) > (k � 1)n=2 for k � 4.

The problem of estimating the minimal number of edges in k-
riti
al graphs has been 
onsidered by

Dira
 in 1957 [5℄, who proved f

k;k

(n) � ((k�1)n+k�3)=2. Gallai showed in 1963 in his fundamental

paper [10℄ on 
olor-
riti
al graphs that for k � 4 every k-
riti
al graph G = (V;E) 6= K

k

satis�es

jE(G)j � ((k � 1)=2 + (k� 3)=(2k

2

� 6))jV (G)j, or in our notation

f

k;k�1

(n) �

�

k � 1

2

+

k � 3

2(k

2

� 3)

�

n ; (1)

thus improving the trivial bound f

k;k�1

(n)=n � (k � 1)=2. We note that his argument 
an be used

also to produ
e lower bounds for f

k;s

(n) and g

k;l

(n) for various values of k; l and s. (A
tually, we will

exploit this idea in our proofs). Sin
e Gallai's paper, no further progress in �nding lower bounds for

f

k;s

(n) and g

k;l

(n) has been a
hieved.

In the present paper we improve the result of Gallai. We prove the following theorems.

Theorem 1 Let k and s be a pair of integers, satisfying 3 � s < k. Let G = (V;E) be a k-
riti
al

graph not 
ontaining a 
lique of size s + 1. Then

1. If s �

2k

3

, then jE(G)j �

�

k

2

�

k�2

2(2k�s�3)

�

jV (G)j;

2. If s �

2k

3

, then jE(G)j �

�

k

2

�

(k�2)s

2(2ks�2k�s

2

)

�

jV (G)j .

Corollary 1 f

k;k�1

(n) �

�

k�1

2

+

k�3

2(k

2

�2k�1)

�

n .

In parti
ular, for the �rst non-trivial 
ase k = 4, we get f

4;3

(n) �

11

7

n (
ompared with the

20

13

n lower

bound of Gallai).
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Theorem 2 Let k � 4 and l � 1 be integers. Let G = (V;E) be a k-
riti
al graph not 
ontaining an

odd 
y
le of length less than 2l + 1. Then

1. If k = 4, then jE(G)j �

�

2�

2l+1

6l+1

�

jV (G)j ;

2. If k � 5, then jE(G)j �

�

k

2

�

(k�2)l

2(2kl�5l�1)

�

jV (G)j .

The rest of the paper is organized as follows. In Se
tion 2 we introdu
e some de�nitions and

notation to be used in the sequel. In Se
tion 3 we 
ite basi
 tools needed for our proof. Proofs of

Theorems 1 and 2 are presented in Se
tion 4. In Se
tion 5 we dis
uss upper bounds on the minimal

number of edges in a k-
riti
al graph and provide 
onstru
tions of k-
riti
al graphs. Finally (Se
tion

6), appli
ations of Theorems 1 and 2 to some Ramsey-type problems and problems on random graphs

are given. A short note, 
ontaining only the proof of Corollary 1, will be published separately.

2 De�nitions and notation

Our notation follows mainly the notation of two survey papers [18℄ and [19℄ of Sa
hs and Stiebitz. All


on
epts not de�ned here 
an be found in any textbook on graph theory.

Given a graph G = (V;E), a k-
oloring of G is a mapping 
 : V (G) ! f1; : : : ; kg su
h that


(u) 6= 
(v) for every edge e = (u; v) 2 E(G). A graph that admits a k-
oloring is k-
olorable. The


hromati
 number �(G) of a graph G is the minimal k for whi
h G is k-
olorable. A graph G is 
alled

k-
olor-
riti
al (or brie
y k-
riti
al), if �(G) = k and �(G

0

) < k for every proper subgraph G

0

of G.

We denote by w(G) the 
lique number of G, that is, the maximal size of a 
lique (
omplete graph)


ontained in G. Also, let oddgirth(G) be the minimal length of an odd 
y
le in G (if G is bipartite,

we set oddgirth(G) = 1). Using this notation, we 
an rewrite the de�nitions of f

k;s

(n) and g

k;l

(n) so:

f

k;s

(n) = minfjE(G)j : G = (V;E) is k-
riti
al, jV j = n; w(G) � sg ; (2)

g

k;l

(n) = minfjE(G)j : G = (V;E) is k-
riti
al, jV j = n; oddgirth(G)� 2l + 1g : (3)

It is easy to see that if G = (V;E) is k-
riti
al, then the degree d(v) of every vertex v 2 V (G) is at

least k � 1. If d(v) = k � 1, we 
all v a low vertex, otherwise v is a high vertex. The subgraphs of G

indu
ed by the set of low verti
es and the set of high verti
es are 
alled the low-vertex subgraph L(G)

and the high-vertex subgraph H(G), respe
tively. We 
an reformulate Brooks' theorem in the following

way: a k-
riti
al graph G has no high verti
es if and only if either G is K

k

, or k = 3 and G is an odd


y
le.
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3 Basi
 tools

Our proof is based on two main ingredients: the theorem of Gallai [10℄, des
ribing the stru
ture of

the low-vertex subgraph of a 
riti
al graph, and the theorem of Stiebitz [21℄ about the number of


onne
ted 
omponents of the low-vertex and the high-vertex subgraphs of a 
riti
al graph.

A maximal 
onne
ted subgraph B of a graph G su
h that any two edges of B are 
ontained in a


y
le of G is 
alled a blo
k of G. An endblo
k of G is a blo
k whi
h 
ontains at most one 
ut vertex

of G. It is well known that every graph with at least one edge 
ontains an endblo
k with at least two

verti
es.

A 
onne
ted graph all of whose blo
ks are either 
omplete graphs or odd 
y
les is 
alled a Gallai

tree, a Gallai forest is a graph all of whose 
onne
ted 
omponents are Gallai trees. A k-Gallai tree

(forest) is a Gallai tree (forest) in whi
h all verti
es have degree at most k� 1. Gallai [10℄ proved the

following deep stru
tural theorem about 
riti
al graphs.

Theorem 3.1 If G is a k-
riti
al graph, then its low-vertex subgraph L(G) is a k-Gallai forest (possibly

empty).

(For a somewhat simpler proof, see [19℄, pp. 216{217.) This theorem shows the relevan
e of the

restri
tion on the length of odd 
y
les in the de�nition of g

k;l

(n).

The se
ond theorem we will use is the following result of Stiebitz [21℄.

Theorem 3.2 Let G be a k-
riti
al graph. Then the number of 
onne
ted 
omponents of its high-

vertex subgraph H(G) does not ex
eed the number of 
onne
ted 
omponents of its low-vertex subgraph

L(G).

Now we 
an roughly des
ribe the 
ore idea of our proof. Let G = (V;E) be a k-
riti
al graph

with low- and high-vertex subgraphs L(G) and H(G). Denote n

L

= jV (L(G))j, n

H

= jV (H(G))j,

n = n

L

+ n

H

, and assume n > k. If r � 1 denotes the number of 
onne
ted 
omponents of H(G),

then trivially jE(H(G))j � n

H

� r. Also, by Stiebitz's theorem the number of 
onne
ted 
omponents

of L(G) is at least r. Now, using Gallai's theorem, we show that the number of edges in L(G) as a

fun
tion of k, n

L

and r is small and therefore the number of edges between V (L(G)) and V (H(G)) is

large, implying in turn that the total number of edges in G is large. We present a detailed proof in

the next se
tion.
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4 Proofs of Theorems 1 and 2

4.1 Number of edges in a k-Gallai forest

The �rst step of our proof is to bound from above the number of edges in a k-Gallai forest with

additional restri
tions imposed.

Lemma 4.1 Let k � 4, s � 3. Let G = (V;E) be a k-Gallai forest, not 
ontaining a 
lique of size

s + 1. Then jE(G)j �

s

2

jV (G)j �

s

2

.

Proof. By joint indu
tion on the number of blo
ks and the number of verti
es in G.

Assume �rst that G has only one blo
k. A

ording to Theorem 3.1 this blo
k is either a 
lique K

j

for 1 � j � s or an odd 
y
le of length n. In both 
ases the validity of the lemma is easily 
he
ked.

Assume now that G has more than one blo
k. If G has no edges, then the lemma holds trivially,

therefore assume E(G) 6= ;. Then G has an endblo
k B 
ontaining at least two verti
es. De�ne

v 2 V (B) as follows: if B 
ontains a separating vertex, let v be this vertex, otherwise 
hoose an

arbitrary vertex of B as v. The number of blo
ks of the graph G

0

= G[V n (V (B)�v)℄ does not ex
eed

the number of blo
ks of G, while jV (G

0

)j < jV (G)j. Denote jV (G)j = n, jE(G)j = e, jV (G

0

)j = n

0

,

jE(G

0

)j = e

0

. By the indu
tion hypothesis

e

0

�

s

2

n

0

�

s

2

: (4)

If B is a 
lique K

j

, where 2 � j � s, we have n

0

= n� j + 1, e

0

= e�

�

j

2

�

, and thus from (4)

e = e

0

+

 

j

2

!

�

s

2

n

0

�

s

2

+

 

j

2

!

=

s

2

(n� j + 1)�

s

2

+

 

j

2

!

=

s

2

n �

s

2

+

  

j

2

!

�

s

2

(j � 1)

!

�

s

2

n�

s

2

:

If B is an odd 
y
le of length j, then n

0

= n� j + 1 and e

0

= e � j, and using (4) we get

e = e

0

+ j �

s

2

n

0

�

s

2

+ j =

s

2

(n � j + 1)�

s

2

+ j

=

s

2

n�

s

2

+

�

j �

s

2

(j � 1)

�

�

s

2

n�

s

2

: 2

Lemma 4.2 Let k � 4, s � 3. Let G = (V;E) be a k-Gallai forest not 
ontaining a 
lique of size

s + 1. Then

jE(G)j �

s

2

� 3s + 2k

2s

jV (G)j �min

(

k � s;

s

2

� 3s + 2k

2s

)

:

Proof. The proof is quite similar to the proof of the previous lemma, but this time, while 
onsidering

an endblo
k B, we delete the whole blo
k in the 
ase B = K

s

.
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We pro
eed by indu
tion on the number of verti
es of G = (V;E). Denote jV (G)j = n, jE(G)j= e.

Let �rst n � s. It is easy to see that the only 
ase to be 
he
ked is when G is a 
lique K

n

. In this


ase we need to verify

 

n

2

!

�

s

2

� 3s + 2k

2s

n �min

(

k � s;

s

2

� 3s + 2k

2s

)

for every 1 � n � s, whi
h is true (equality holds when either n = 1 and s � 2k=3 or n = s and

s � 2k=3).

Assume now n � s. Clearly we may assume also E(G) 6= ;. Let B be an endblo
k of G with at least

two verti
es. If B has a separating vertex, let v be this vertex, otherwise let v be an arbitrary vertex

of B. Consider �rst the 
ase B = K

j

, 2 � j � s � 1. In this 
ase we de�ne G

0

= G[V n (V (B)� v)℄.

Let jV (G

0

)j = n

0

, jE(G

0

)j = e

0

. By the indu
tion hypothesis

e

0

�

s

2

� 3s + 2k

2s

n

0

�min

(

k � s;

s

2

� 3s + 2k

2s

)

; (5)

and also n

0

= n� j + 1, e

0

= e �

�

j

2

�

. Therefore

e = e

0

+

 

j

2

!

�

s

2

� 3s + 2k

2s

n

0

� min

(

k � s;

s

2

� 3s + 2k

2s

)

+

 

j

2

!

�

s

2

� 3s + 2k

2s

n�min

(

k � s;

s

2

� 3s + 2k

2s

)

+

  

j

2

!

�

s

2

� 3s + 2k

2s

(j � 1)

!

�

s

2

� 3s + 2k

2s

n�min

(

k � s;

s

2

� 3s + 2k

2s

)

(note that by the de�nition of a k-Gallai forest we have s � k).

Now let B = K

s

. In this 
ase we de�ne G

0

= G[V n (V (B))℄, n

0

= jV (G

0

)j, e

0

= jE(G

0

)j. The

degree d(v) satis�es d(v) � k� 1, therefore we have n

0

= n� s and e

0

� e�

�

s

2

�

� ((k� 1)� (s� 1)) =

e�

�

s

2

�

� (k � s). Assuming the indu
tion hypothesis (5), we derive

e � e

0

+

 

s

2

!

+ k � s �

s

2

� 3s + 2k

2s

n

0

� min

(

k � s;

s

2

� 3s + 2k

2s

)

+

 

s

2

!

+ k � s

=

s

2

� 3s + 2k

2s

n� min

(

k � s;

s

2

� 3s + 2k

2s

)

:

Finally, if B is an odd 
y
le of length j � 5 (the 
ase j = 3 has already been 
overed), we 
onsider

the graph G

0

= G[V n (V (B) � v)℄. Denoting n

0

= jV (G

0

)j, e

0

= jE(G

0

)j, we have n

0

= n � j + 1,

6



e

0

= e � j, and again assuming the indu
tion hypothesis (5) we obtain

e = e

0

+ j �

s

2

� 3s + 2k

2s

n

0

� min

(

k � s;

s

2

� 3s + 2k

2s

)

+ j

�

s

2

� 3s + 2k

2s

n� min

(

k � s;

s

2

� 3s + 2k

2s

)

;

�nishing the proof of the lemma. 2

Note that for 3 � s � k� 1 one has

s

2

�3s+2k

2s

> 1, therefore the results of Lemmas 4.1 and 4.2 
an

be rewritten in the following uni�ed form.

Corollary 4.1 Let 3 � s � k � 1. Let G = (V;E) be a k-Gallai forest with w(G) � s. Then

jE(G)j � min

(

s

2

;

s

2

� 3s + 2k

2s

)

jV (G)j � 1 :

One 
an easily 
he
k that s=2 � (s

2

� 3s + 2k)=2s if and only if s � 2k=3. In the 
ase s = k � 1 the

statement of Corollary 4.1 
oin
ides with that of Lemma 4.5 of [10℄.

The 
ru
ial observation here is the result of Corollary 4.1 is valid for ea
h 
onne
ted 
omponent

of a k-Gallai forest G, therefore we get the following

Corollary 4.2 Let 3 � s � k � 1. Let G = (V;E) be a k-Gallai forest with r 
onne
ted 
omponents,

not 
ontaining a 
lique of size s + 1. Then

jE(G)j � min

(

s

2

;

s

2

� 3s + 2k

2s

)

jV (G)j � r :

Proof. Let G

1

= (V

1

; E

1

),. . . ,G

r

= (V

r

; E

r

) be the 
onne
ted 
omponents of G. By Corollary 4.1,

jE

i

j � min

(

s

2

;

s

2

� 3s + 2k

2s

)

jV

i

j � 1 ; i = 1; : : : ; r :

Summing the above inequalities over 1 � i � r we get the desired result. 2

Now we treat the 
ase when oddgirth(G) is bounded from below.

Lemma 4.3 Let k � 4, l � 1. Let G = (V;E) be a k-Gallai forest not 
ontaining an odd 
y
le of

length less than 2l + 1. Then

1. If k = 4 then jE(G)j �

2l+2

2l+1

jV (G)j � 1;

2. if k � 5 then jE(G)j �

2l+1

2l

jV (G)j �

2l+1

2l

.
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Proof. The proof utilizes the same idea. The di�eren
e between the 
ases k = 4 and k � 5 follows

from the fa
t that when k � 5 two 
y
les of G may have a vertex in 
ommon.

Denote jV (G)j = n, jE(G)j= e. We prove the assertion of the lemma by indu
tion on the number

of verti
es of G. If n � 2l + 1 then it follows from the de�nition of a Gallai forest that G is either a

forest or an odd 
y
le of length 2l + 1, in both 
ases the lemma is trivially true.

Now let n > 2l + 1. Let �rst k = 4. If E(G) = ; we are done, therefore assume E(G) 6= ;.

Let B be an endblo
k of G with at least two verti
es. If B has a separating vertex, let v be this

vertex, otherwise let v be an arbitrary vertex of B. If B is a 
lique K

2

(an edge), 
onsider the graph

G

0

= G[V n (V (B)� v)℄. Then 
learly n

0

= jV (G

0

)j = n� 1, e

0

= jE(G

0

)j = e� 1 and by the indu
tion

hypothesis

e = e

0

+ 1 �

2l + 2

2l + 1

n

0

=

2l + 2

2l + 1

(n� 1) <

2l + 2

2l + 1

n� 1 :

If B is an odd 
y
le of length j � 2l + 1, we de�ne G

0

= G[V n V (B)℄. (Clearly, we may assume

that G 
ontains blo
ks other than B, hen
e V (G

0

) 6= ;). Let n

0

= jV (G

0

)j, e

0

= jE(G

0

)j. Note that

d

G

(v) � k � 1 = 3, therefore n

0

= n� j and e

0

� e� j � 1 and by indu
tion we have

e � e

0

+ j + 1 �

2l + 2

2l + 1

n

0

� 1 + j + 1 �

2l + 2

2l + 1

(n� j) + j �

2l + 2

2l + 1

n� 1 ;

thus establishing the 
ase k = 4.

Now assume k � 5. We may assume E(G) 6= ;. Let B be an endblo
k of G with jV (B)j � 2. De�ne

a vertex v 2 V (B) as in the 
ase k = 4 and 
onsider G

0

= G[V n (V (B)� v)℄. Denote n

0

= jV (G

0

)j,

e

0

= jE(G

0

)j. By the indu
tion hypothesis e

0

�

2l+1

2l

n

0

�

2l+1

2l

. If B = K

2

, then n

0

= n�1 and e

0

= e�1

and thus

e = e

0

+ 1 �

2l + 1

2l

n

0

�

2l + 1

2l

+ 1 <

2l + 1

2l

n�

2l + 1

2l

:

Finally, if B is an odd 
y
le of length j � 2l + 1, we have n

0

= n� j + 1, e

0

= e� j and

e = e

0

+ j �

2l + 1

2l

n

0

�

2l + 1

2l

+ j �

2l + 1

2l

n�

2l + 1

2l

: 2

Corollary 4.3 Let k � 4, l � 1. Let G = (V;E) be a k-Gallai forest with r 
onne
ted 
omponents,

not 
ontaining an odd 
y
le of length less than 2l + 1. Then

1. If k = 4, then jE(G)j �

2l+2

2l+1

jV (G)j � r ;

2. If k � 5, then jE(G)j �

2l+1

2l

jV (G)j � r .

8



4.2 Proofs of Theorems 1 and 2

Proof of Theorem 1. Let L(G) and H(G) be the low-vertex and the high-vertex subgraphs of G,

respe
tively. Denote n

L

= jV (L(G))j, n

H

= jV (H(G))j, n = n

L

+ n

H

. By Brooks' theorem n

H

> 0.

Let r be the number of 
onne
ted 
omponents of H(G), then jE(H(G))j � n

H

� r. By Theorem 3.2

the number of 
onne
ted 
omponents of L(G) is at least r. Hen
e Corollary 4.2 implies

jE(G)j =

X

v2V (L(G))

d(v)� jE(L(G))j+ jE(H(G))j

� (k � 1)n

L

� min

(

s

2

;

s

2

� 3s + 2k

2s

)

n

L

+ r + n

H

� r

= n +

 

k � 2� min

(

s

2

;

s

2

� 3s + 2k

2s

)!

n

L

: (6)

On the other hand,

jE(G)j =

1

2

X

v2V (G)

d(v) =

1

2

0

�

X

v2V (L(G))

d(v) +

X

v2V (H(G))

d(v)

1

A

�

1

2

((k � 1)n

L

+ kn

H

) =

k

2

n�

1

2

n

L

: (7)

We distinguish between two 
ases.

1) s � 2k=3.

Then (6) 
an be rewritten as

jE(G)j � n +

�

k � 2�

s

2

�

n

L

: (8)

Multiplying (7) by 2k � s � 4 and adding the resulting inequality with (8) we get

(2k� s� 3)jE(G)j �

�

1 +

(2k� s� 4)k

2

�

n ;

or

jE(G)j �

(2k � s � 4)k + 2

2(2k � s � 3)

n =

�

k

2

�

k � 2

2(2k� s� 3)

�

n ;

2) s � 2k=3.

In this 
ase (6) looks as

jE(G)j � n +

 

k � 2�

s

2

� 3s + 2k

2s

!

n

L

= n +

2ks� 2k � s

2

� s

2s

n

L

: (9)

Multiplying (7) by (2ks� 2k � s

2

� s)=s and adding with (9), we get

 

1 +

2ks� 2k � s

2

� s

s

!

jE(G)j �

 

1 +

(2ks� 2k � s

2

� s)k

2s

!

n ;

9



or

jE(G)j �

2s + (2ks� 2k � s

2

� s)k

2(2ks� 2k � s

2

)

n =

�

k

2

�

(k � 2)s

2(2ks� 2k� s

2

)

�

n : 2

Proof of Theorem 2. We use the notation introdu
ed in the previous proof. Note that the estimate

(7) remains valid. Also,

jE(G)j =

X

v2V (L(G))

d(v)� jE(L(G))j+ jE(H(G))j

� (k � 1)n

L

� jE(L(G))j+ n

H

� r (10)

Consider �rst the 
ase k = 4. In this 
ase we have in (7)

jE(G)j � 2n�

1

2

n

L

; (11)

and from (10) and Corollary 4.3

jE(G)j � 3n

L

�

2l + 2

2l + 1

n

L

+ r + n

H

� r

= n +

�

2�

2l + 2

2l + 1

�

n

L

= n +

2l

2l + 1

n

L

: (12)

Multiplying (11) by 4l=(2l+ 1) and adding with (12), we get

�

1 +

4l

2l + 1

�

jE(G)j �

�

1 +

8l

2l + 1

�

n ;

or

jE(G)j �

10l + 1

6l + 1

n =

�

2�

2l + 1

6l + 1

�

n ;

as 
laimed.

Assume now that k � 5. Then (10) and Corollary 4.3 yield

jE(G)j � (k � 1)n

L

�

2l + 1

2l

n

L

+ r + n

H

� r

= n +

�

k � 2�

2l + 1

2l

�

n

L

= n +

2kl� 6l � 1

2l

n

L

: (13)

Adding (7), multiplied by (2kl� 6l� 1)=l, and (13) we have

�

1 +

2kl � 6l� 1

l

�

jE(G)j �

�

1 +

(2kl� 6l� 1)k

2l

�

n ;

or

jE(G)j �

�

k

2

�

(k� 2)l

2(2kl� 5l� 1)

�

n : 2
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5 Constru
tions of 
olor-
riti
al graphs

In this se
tion we obtain upper bounds on the minimal number of edges in k-
riti
al graphs. We

dis
uss upper bounds mainly for the fun
tion f

k;s

(n) de�ned in Se
tion 1. Some systemati
 ways of


onstru
ting k-
riti
al graphs with restri
ted 
lique number are presented. The reader is referred to

the survey [19℄ for additional information about 
onstru
tive methods in the theory of 
olor-
riti
al

graphs, relevant bibliographi
 referen
es 
an be found therein.

5.1 The Hajos 
onstru
tion

Let G

1

= (V

1

; E

1

) and G

2

= (V

2

; E

2

) be k-
riti
al vertex disjoint graphs. Let e

1

= (u

1

; v

1

) 2 E

1

,

e

2

= (u

2

; v

2

) 2 E

2

. Denote by G the graph obtained from G

1

and G

2

by applying the following

operations:

1. delete e

1

, e

2

;

2. identify u

1

and u

2

;

3. join v

1

and v

2

by an edge.

Then G is k-
riti
al.

Note that Hajos' 
onstru
tion does not in
rease the 
lique number, that is, if G is obtained from

G

1

and G

2

by means of Hajos' 
onstru
tion, then w(G) � maxfw(G

1

); w(G

2

)g. This important

observation leads us to the following 
onsequen
es.

Claim 5.1 For k � 3 and all m;n and s one has

f

k;s

(n + m) � f

k;s

(n) + f

k;s

(m+ 1)� 1 :

Claim 5.2 For every pair k; s the limit (�nite or in�nite) lim

n!1

f

k;s

(n)

n

exists.

Proof. Follows by a standard appli
ation of Fekete's lemma [9℄. (The proof for the 
ase s = k � 1 is

presented in the monograph [11℄ of Jensen and Toft, pp. 100{101). Indeed, for a �xed pair k; s denote

h(n) = f

k;s

(n + 1), then from Claim 5.1

h(n + m) = f

k;s

(n + m + 1) � f

k;s

(n + 1) + f

k;s

(m + 1) = h(n) + h(m) :

Thus h(n) is submodular and by Fekete's lemma the limit lim

n!1

h(n)=n = lim

n!1

f

k;s

(n)=n exists.

2

We denote '(k; s) = lim

n!1

f

k;s

(n)=n.

11



Claim 5.3 Let 2 � s � k. If G = (V;E) is a k-
riti
al K

s+1

-free graph, then '(k; s) � (jEj �

1)=(jV j � 1).

Proof. For every i � 0 apply Hajos' 
onstru
tion to G and G

i

to get G

i+1

, starting from G

0

= G.

The ratio jE(G

i

)j=jV (G

i

)j tends to (jEj � 1)=(jV j � 1). 2

We 
all a graph G = (V;E) almost K

s

-free if there is an edge e 2 E su
h that every 
opy of K

s

in

G (if exists) 
ontains e.

Claim 5.4 If G = (V;E) is a k-
riti
al almost K

s+1

-free graph, then '(k; s) � (jEj � 1)=(jV j � 1).

Proof. Let e be an edge of G parti
ipating in all 
opies of K

s+1

in G. Denote by G

0

the result of

Hajos' 
onstru
tion applied to two 
opies of G, where in ea
h 
opy the edge e is 
hosen to be deleted.

Also, for every i � 0 de�ne G

i+1

as the result of Hajos' 
onstru
tion applied to G and G

i

, where in G

the edge e is 
hosen again to be deleted. At ea
h step i � 1 the number of edges in
reases by jEj� 1,

while the number of verti
es in
reases by jV j � 1, therefore lim

i!1

jE(G

i

)j

jV (G

i

)j

=

jEj�1

jV j�1

. 2

Corollary 5.1 '(k; k� 1) �

k

2

�

1

k�1

.

Proof. Set G = K

k

and apply the above 
laim.

5.2 The Gallai 
onstru
tion

This 
onstru
tion invented by Gallai in [10℄ generalizes the 
onstru
tion of Hajos. A
tually, we will

use some parti
ular 
ase of it, suitable for our purposes.

Let k � 4, q � 2 and k � 2q � 1. Let G

1

; : : : ; G

q

be k-
riti
al vertex disjoint graphs su
h that for

every 1 � i � q the graph G

i


ontains a 
lique A

i

= fv

1

i

; : : : ; v

q

i

g of size q. A graph G is obtained from

G

1

; : : : ; G

q

by performing the following operations.

1. for 1 � i � q, delete all edges between v

q

i

and v

j

i

, where 1 � j � q � 1;

2. for 1 � j � q � 1, identify the verti
es v

j

1

; : : : ; v

j

q

;

3. for all 1 � i < i

0

� q join v

q

i

and v

q

i

0

by an edge.

Then G is k-
riti
al.

The Hajos 
onstru
tion arises when q = 2.

How 
an we use Gallai's 
onstru
tion for obtaining k-
riti
al K

s

-free graphs? Let 2 � q < s < k

and let G be a k-
riti
al graph, in whi
h there exists a q-
lique A su
h that every 
opy of K

s

in

12



G 
ontains an edge from A. Our aim is to 
onstru
t a k-
riti
al graph G

0

, in whi
h there exists a

(q � 1)-
lique A

0

su
h that every 
opy of K

s

in G

0


ontains an edge from A

0

(thus, is q = 2 the graph

G

0

will be K

s

-free). To perform this task, we take q vertex disjoint 
opies of G and apply Gallai's


onstru
tion with G

i

= G and A

i

= A. (For q = 2 we have already used this idea in Claim 5.3). This

pro
ess 
an be performed iteratively to obtain a K

s

-free graph.

To initiate the above des
ribed iterative 
onstru
tion we need graphs to start with. Assume that

k � 4 and s + 1 � k � 2s � 3 and denote q = k � s + 1. De�ne now a graph G = G

k;s

as follows. To

build the low-vertex subgraph L(G), take a 
lique A = fv

1

; : : : ; v

q+1

g of size q + 1. Now take q + 1

vertex disjoint (s � 2)-
liques A

1

; : : : ; A

q+1

and for every 1 � i � q + 1 join v

i


ompletely to V (A

i

).

The high-vertex subgraph H(G) is a 
lique K

q

. In addition we join every vertex of H(G) with every

vertex of

S

q+1

i=1

V (A

i

). The graph G 
an be 
he
ked to be k-
riti
al (for example, G 
an be obtained

from L(G) using the 
onstru
tion K of Sa
hs and Stiebitz - see, e.g., [19℄, and thus is k-
riti
al) and

every 
opy of K

s

in G 
ontains an edge from E(H(G)).

This 
onstru
tion 
ombined with Claim 5.4 
an be used to get upper bounds for '(k; s) for some

values of k and s. In parti
ular, it gives '(k; k�2) �

k

2

+

k�6

3k�5

for k � 5. In the next se
tion we present

a di�erent 
onstru
tion, using graphs obtained by means of Gallai's 
onstru
tion as the starting point

and enabling in parti
ular to improve the above bound for '(k; k� 2).

5.3 The Toft 
onstru
tion

This rather simple 
onstru
tion, whi
h is a parti
ular 
ase of a mu
h more general 
onstru
tion of

Toft ([22℄, Th. 2) aims to build a k-
riti
al graph from (k � 1)-
riti
al and k-
riti
al graphs. It is

parti
ularly suitable for maintaining (almost) K

s

-freeness.

Let k � 3 and let G

1

= (V

1

; E

1

) be a k-
riti
al graph and G

2

= (V

2

; E

2

) be a (k�1)-
riti
al graph,

and let e

�

= (u

1

; u

2

) be an edge of G

1

. Denote by G = (V;E) the graph obtained from G

1

and G

2

by

applying the following operations.

1. delete e

�

;

2. partition V

2

into two non-empty parts U

1

and U

2

;

3. join the vertex u

1


ompletely to U

1

and the vertex u

2


ompletely to U

2

.

Claim 5.5 G is k-
riti
al.

Proof. The proof 
an be found (in an impli
it form) in the paper of Toft [22℄. We present it here

mainly for the sake of 
ompleteness of presentation.

Let us �rst prove that �(G) � k. Suppose to the 
ontrary that G has a (k � 1)-
oloring 
 : V !

f1; : : : ; k � 1g. Then 
learly 
(u

1

) = 
(u

2

) (otherwise G

1

would be (k � 1)-
olorable). Without loss
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of generality assume 
(u

1

) = 
(u

2

) = k � 1. Every vertex of V

2

is 
onne
ted to either u

1

or u

2

, hen
e


(v) 6= k � 1 for every v 2 V

2

. Thus the 
olors of the verti
es of V

2

in 
 lie in f1; : : : ; k� 2g, implying

that G

2

is (k � 2)-
olorable - a 
ontradi
tion.

To establish the 
laim we need to prove that G is k-
riti
al. It suÆ
es to show that �(G�e) � k�1

for every e 2 E(G).

Case 1: e 2 E(G

1

).

The graph G

1

� e is (k � 1)-
olorable. Let 


1

: V

1

! f1; : : : ; k � 1g be a (k � 1)-
oloring of

G

1

� e. Then obviously 


1

(u

1

) 6= 


1

(u

2

). Without loss of generality assume 


1

(u

1

) = k � 1 and




1

(u

2

) = k � 2. The graph G

2

is (k � 1)-
riti
al, then G

2

is 
onne
ted and, in parti
ular, there exists

an edge e

1

= (v

1

; v

2

) su
h that v

1

2 U

1

and v

2

2 U

2

. Let 


2

: V

2

! f1; : : : ; k� 2g be a (k� 2)-
oloring

of G

2

� e

1

su
h that 


2

(v

1

) = 


2

(v

2

) = k � 2 (su
h a 
oloring exists due to 
riti
ality of G

2

). De�ne

now a mapping 
 : V ! f1; : : : ; k� 1g as follows:


(v) =

8

>

<

>

:




1

(v); v 2 V

1

;




2

(v); either v 2 U

1

or v 2 U

2

and 


2

(v) 6= k � 2;

k � 1; v 2 U

2

and 


2

(v) = k � 2 :

Then 
(v

1

) = k� 2; 
(v

2

) = k� 1, and 
 
an be easily seen to be a (k� 1)-
oloring of the whole graph

G.

Case 2: e 
onne
ts a vertex of V

2

with u

1

or u

2

.

Assume that e = (v

1

; u

1

), where v

1

2 U

1

(the 
ase e = (v

1

; u

2

) with v

1

2 U

2

is treated quite

similarly). Let 


1

: V

1

! f1; : : : ; k�1g be a (k�1)-
oloring of G

1

�e

�

satisfying 


1

(u

1

) = 


1

(u

2

) = k�1.

The graph G

2

is (k � 1)-
riti
al, hen
e there exists a (k � 2)-
oloring 


2

: V

2

n fv

1

g ! f1; : : : ; k � 2g

of G

2

[V

2

� v

1

℄. De�ne now 
 : V ! f1; : : : ; k � 1g by


(v) =

8

>

<

>

:




1

(v); v 2 V

1

;




2

(v); v 2 V

2

n fv

1

g;

k � 1; v = v

1

:

Then 
 is a (k � 1)-
oloring of G.

Case 3: e = (v

1

; v

2

), where v

1

; v

2

2 V

2

.

Let 


1

: V

1

! f1; : : : ; k � 1g be a (k � 1)-
oloring of G

1

� e

�

with 


1

(u

1

) = 


1

(u

2

) = k � 1. There

exists a (k � 2)-
oloring 


2

: V

2

! f1; : : : ; k� 2g of G

1

� e. De�ne 
 : V ! f1; : : : ; k� 1g by


(v) =

(




1

(v); v 2 V

1

;




2

(v); v 2 V

2

;

then 
 is a (k � 1)-
oloring of G. 2

The following observation plays an important role in our arguments.
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Claim 5.6 Suppose that G

1

is almost K

s

-free and e

�

parti
ipates in all 
opies of K

s

in G

1

. Suppose

further that G

2

is almost K

s

-free and G

2

[U

1

℄, G

2

[U

2

℄ are K

s�1

-free. Then G is almost K

s

-free.

Proof. Indeed, the deletion of e

�

destroys all 
opies of K

s

in G

1

. Also, sin
e G

2

[U

1

℄ and G

2

[U

2

℄

are K

s�1

-free, the subgraphs G[U

1

[ fu

1

g℄ and G[U

2

[ fu

2

g℄ are K

s

-free, implying that G is almost

K

s

-free. 2

We remark that a partition V

2

= U

1

[ U

2

, for whi
h G

2

[U

1

℄ and G

2

[U

2

℄ are K

s�1

-free, exists in

parti
ular if d(k�1)=2e < s�1, in this 
ase this partition 
an be built by partitioning the 
olor 
lasses

of a (k� 1)-
oloring of G

2

into two subsets of 
olors, one 
onsisted of d(k� 1)=2e 
olors, and the other

one 
onsisted of the remaining b(k � 1)=2
 
olors.

Claim 5.7 Let k � 3, s � 3. If G = (V;E) is a (k � 1)-
riti
al almost K

s

-free graph su
h that there

exists a partition V = U

1

[ U

2

for whi
h G[U

1

℄ and G[U

2

℄ are K

s�1

-free, then

'(k; s� 1) �

jEj+ jV j � 1

jV j

:

Proof. Take H

0

to be any k-
riti
al almost K

s

-free graph and for every i � 0 apply the above

des
ribed 
onstru
tion with G

1

= H

i

and G

2

= G to get H

i+1

, ea
h time preserving almost K

s

-

freeness, in
reasing the number of edges by jEj+ jV j � 1 and the number of verti
es by jV j. Finally,

use Claim 5.4. 2

To apply Claim 5.7, we 
an use the 
onstru
tion of Gallai to get a (k � 1)-
riti
al almost K

s

-free

graph, as des
ribed in the previous subse
tion. This approa
h yields in parti
ular the following results.

Theorem 3 1. '(k; k� 2) �

k

2

�

1

k�1

for k � 4;

2. '(k; k� 3) �

k

2

+

3k�14

6k�12

for k � 6;

3. '(k; k� 4) �

k

2

+

31k�164

24k�86

for k � 8 .

Proof. 1) For k � 5 take G = K

k�1

in Claim 5.7. For k = 4 we should be a bit more 
areful. In

this 
ase it is easy to see that G = K

3


an be used to run the iterative pro
edure of the proof of

Claim 5.7, this is due to the following argument: if G

1

is a four-
riti
al almost K

3

-free graph with e

�

being an edge parti
ipating in all 
opies of K

3

in G

1

and G

2

= K

3

, then for any non-trivial partition

V (G

2

) = U

1

[ U

2

the appli
ation of the 
onstru
tion of this subse
tion produ
es again a four-
riti
al

almost K

3

-free graph.

2) Let G

1

= K

k�1

and let G

2

be the result of Hajos' 
onstru
tion applied to K

k�2

and K

k�2

.

Choose any edge e

�

= (u

1

; u

2

) 2 E(G

1

) and apply the 
onstru
tion of this subse
tion to G

1

and G

2

,
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using a partition V (G

2

) = U

1

[ U

2

for whi
h G

2

[U

1

℄ and G

2

[U

2

℄ do not span a 
opy of K

k�3

(this


an be done be
ause G

2

is (k � 2)-
olorable). This way we get a (k � 1)-
riti
al graph G, whi
h


an be easily seen to be almost K

k�2

-free (any edge of G

1

with both endpoints di�erent from u

1

; u

2

parti
ipates in all 
opies of K

k�2

in G). The number of verti
es of G is 3k� 6, its number of edges is

3k(k � 3)=2, and the appli
ation of Claim 5.7 implies the desired result.

3) Start with the graph G

k�1;k�3

des
ribed in the previous subse
tion, it has 4k� 13 verti
es and

2k

2

� 6k � 11 edges. Apply the Gallai 
onstru
tion to three disjoint 
opies of G as suggested in the

same subse
tion, this gives a k � 1-
riti
al almost K

k�3

-free graph G

0

with 12k � 43 verti
es and

6k

2

� 18k � 38 edges. Now apply Claim 5.7. 2

In parti
ular 
ase k = 10, s = 8 S
honheim 
onje
tured (see, e.g., [11℄, p. 100) that every

ten-
riti
al K

9

-free graph G on n verti
es has more than 5n � 11 edges. A

ording to our result

'(10; 8)� 44=9, thus disproving the 
onje
ture of S
honheim.

6 Appli
ations

In this se
tion we present some appli
ations of the lower bounds on the number of edges in 
olor-


riti
al graphs, obtained in Theorems 1 and 2. It is important to stress that we do not attempt here

to get the most 
omprehensive results, instead, our aim is more instru
tive. We are pretty sure that

many further appli
ations of the results of this paper are still to be found.

All three problems we are going to treat in this se
tion have a probabilisti
 
avor, thus either

a question itself is formulated in probabilisti
 terms or we tra
t it using random spa
es of dis
rete

obje
ts. A
tually, in all three problems we will make use of the 
on
ept of a random graph. The reader

is referred to the book [2℄ of Bollob�as, devoted entirely to this topi
, and also to the monograph [1℄ of

Alon and Spen
er, 
overing the probabilisti
 method and its appli
ations to 
ombinatori
s.

Throughout the se
tion we will omit in many pla
es 
oor and 
eiling signs for the sake of simpli
ity

of presentation. Symbols 


1

; 


2

; : : : are used as generi
 names of 
onstants, taking possibly di�erent

values in di�erent pla
es.

6.1 A lemma about random graphs

The �rst two appli
ations we will present rely on the lemma about random graphs proven in this

subse
tion. In order to formulate the lemma we introdu
e some notation.

As usually, G(n; p) denotes a random graph on n labeled verti
es, in whi
h all edges are 
hosen

independently and with probability p, where p may depend on n. For a graph H = (V;E) with at

least three verti
es the density �(H) is �(H) = min

H

0

=(V;E);H

0

�H

(jEj � 1)=(jV j � 2). Given a family

16



H

0

= fH

1

; : : : ; H

t

g of �xed graphs, ea
h having at least three verti
es, let �(H

0

) = min

1�i�t

�(H

i

)

denote the density of H

0

.

Lemma 6.1 Let H

0

= fH

1

; : : : ; H

t

g be a family of �xed graphs, satisfying jV (H

i

)j � 3 for every

1 � i � t. Let �(H

0

) denote the density of H

0

and assume �(H

0

) > 1. Then there exist positive


onstants C = C(H

0

) and 
 = 
(H

0

) su
h that if probability p satis�es ln

2

n=n � p � 
n

�1=�(H

0

)

,

then a random graph G = G(n; p) whp

1

has the following property: if H is any maximal by in
lusion

family of pairwise edge disjoint subgraphs of G, ea
h isomorphi
 to one of the graphs from H

0

, then

after the deletion of all edges of all subgraphs from H, the resulting subgraph G

0

on n verti
es does

not 
ontain an independent set of size dC lnn=pe.

Note that after the deletion of the edges of subgraphs from H, the graph G

0

is H

0

-free (that is, G

0

does not 
ontain a 
opy of any graph from H

0

). Thus, as pointed in [14℄, where the lemma is proven

impli
itly for the 
ase t = 1, this lemma yields the best known lower bounds for the o�-diagonal

Ramsey numbers R(r; k) for every �xed r � 4.

Proof of the lemma. The lemma is proven using the approa
h based on large deviation inequalities.

For every 1 � i � t set v

i

= jV (H

i

)j, f

i

= jE(H

i

)j. Set also

f

min

= minff

i

: 1 � i � tg ;

f

max

= maxff

i

: 1 � i � tg :

Let n

0

= dC lnn=pe. For every subset V

0

� V of size jV

0

j = n

0

let X

V

0

be the random variable,


ounting the number of edges of G, spanned by V

0

. Also, denote by Y

V

0

the number of subgraphs

of G, ea
h isomorphi
 to one of the graphs from H

0

and having at least one edge inside V

0

, and by

Z

V

0

the maximal number of pairwise edge disjoint subgraphs of G, ea
h isomorphi
 to one of the

graphs from H

0

and having at least one edge inside V

0

. Clearly, Z

V

0

� Y

V

0

. Denote by A

V

0

the event

X

V

0

> f

max

Z

V

0

.

Claim 6.1 If A

V

0

holds for every V

0

� V of size jV

0

j = n

0

, then G has the property stated in the

formulation of the lemma.

Proof. Let H be a maximal under in
lusion family of pairwise edge disjoint subgraphs of G, ea
h

isomorphi
 to one of the graphs from H

0

. Deleting all edges of all subgraphs from H, we 
learly obtain

an H

0

-free graph G

0

on n verti
es. For a subset V

0

� V of size jV

0

j = n

0

, denote by H

V

0

the subfamily

of H, 
onsisting of all subgraphs from H, having at least one edge inside V

0

. From the de�nition

of Z

V

0

it follows that jH

V

0

j � Z

V

0

. While deleting the edges of the subgraphs from H we delete at

1

An event E

n

happens whp (with high probability) in G(n; p) if the probability of E

n

tends to 1 as n tends to in�nity.
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most f

max

jH

V

0

j � f

max

Z

V

0

edges from E(G[V

0

℄), hen
e the subgraph G

0

has at least one edge in ea
h

subset V

0

of size jV

0

j = n

0

. 2

Now our aim is to show that under appropriate 
hoi
e of 
onstantsC and 
 one has P [

V

jV

0

j=n

0

A

V

0

℄ !

1 as n ! 1. To this end, we show that the random variables X

V

0

and Z

V

0

are highly 
on
entrated

around their expe
tations and if the ratio EX

V

0

=f

max

EZ

V

0

is suÆ
iently large, then the probability

P [A

V

0

℄ is exponentially small, implying in turn that the probability of the existen
e of a set V

0

, for

whi
h A

V

0

holds, tends to zero.

The random variable X

V

0

is binomially distributed with parameters

�

n

0

2

�

and p, therefore EX

V

0

=

�

n

0

2

�

p, and well known estimates on the tails of binomial distribution due to Cherno� (see, e.g., [1℄,

Appendix A) assert that for every 0 < � < 1

P [X

V

0

< (1� �)

 

n

0

2

!

p℄ < e

��

2

(

n

0

2

)

p=2

: (14)

Now we turn to bounding the upper tail of Z

V

0

. The random variable Z

V

0

is tightly 
onne
ted

with another random variable Y

V

0

.

Claim 6.2 P [Z

V

0

� j℄ �

(EY

V

0

)

j

j!

�

�

3EY

V

0

j

�

j

for every natural j.

Proof. This is a parti
ular 
ase of the general result of Erd}os and Tetali [8℄ (see also Lemma 4.1 of

Ch. 8 of [1℄). 2

Let us write Y

V

0

= Y

V

0

;1

+ : : :+ Y

V

0

;t

, where Y

V

0

;i

is the number of 
opies of H

i

in G, having at

least one edge in E(G[V

0

℄). Representing Y

V

0

;i

as a sum of indi
ator random variables, we get

EY

V

0

;i

�

 

n

0

2

! 

n � 2

v

i

� 2

!

v

i

!p

f

i

� 


i;1

 

n

0

2

!

p

�

n

v

i

�2

f

i

�1

p

�

f

i

�1

� 


i;1

 

n

o

2

!

p

�

n

1=�(H

0

)

p

�

f

i

�1

;

where 


i;1

> 0 is a 
onstant depending only on H

i

. Hen
e, assuming that 
 < 1 we have EY

V

0

�




1

�

n

0

2

�

p

�

n

1=�(H

0

)

p

�

f

min

�1

for some 
onstant 


1

= 


1

(H

0

) > 0 and thus

EY

V

0

EX

V

0

� 


1

�

n

1=�(H

0

)

p

�

f

min

�1

: (15)

The above ratio 
an be made smaller than any �xed 
onstant by 
hoosing 
 to be suÆ
iently small.
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Now, by (14) with � = 1=2 and Claim 6.2

P [A

V

0

℄ = P [X

V

0

� f

max

Z

V

0

℄ � P [X

V

0

�

EX

V

0

2

℄ + P [f

max

Z

V

0

�

EX

V

0

2

℄

� e

�

(

n

0

2

)

p=8

+

0

�

3EY

V

0

EX

V

0

2f

max

1

A

EX

V

0

2f

max

� exp

(

�

 

n

0

2

!

p=8

)

+ exp

8

>

<

>

:

ln(6f

max

EY

V

0

EX

V

0

)

2f

max

 

n

0

2

!

p

9

>

=

>

;

= e

�

n

2

0

p

16

(1+o(1))

for 
 suÆ
iently small (see (15)). Then using the inequality

�

n

n

0

�

�

�

en

n

0

�

n

0

we have

P [9V

0

: A

V

0

℄ �

 

n

n

0

!

P [A

V

0

℄ �

�

en

n

0

�

n

0

e

�

n

2

0

p

16

(1+o(1))

=

�

en

n

0

e

�

n

0

p

16

(1+o(1))

�

n

0

=

 




1

en

1�1=�(H

0

)

C lnn

e

�

C lnn

16

(1+o(1))

!

n

0

:

Choosing a 
onstant C to be suÆ
iently large we ensure that P [

V

jV

0

j=n

0

A

V

0

℄ ! 1 as n!1. 2

6.2 Lo
ally three-
olorable graphs with high 
hromati
 number

Following Erd}os [6℄, de�ne a fun
tion f(m; k; n) as the largest possible 
hromati
 number of a graph

G on n verti
es in whi
h every indu
ed subgraph on m verti
es is k-
olorable. The most studied 
ase

is when k = 2, in this 
ase f(m; 2; n) is the maximal 
hromati
 number of an n-vertex graph G with

oddgirth(G) > m. Kierstead, Szemer�edi and Trotter have proven in [12℄ that for every �xed l there

exists a 
onstant 


l

so that if G is a graph on n verti
es with oddgirth(G)� 


l

n

1=l

, then �(G) � l+ 1,

thus showing f(


l

n

1=l

; 2; n) � l+ 1. They also noti
ed that this bound is tight up to a 
onstant fa
tor,

that is, for every �xed l there exists a graph G on n verti
es with oddgirth(G)� n

1=l

, but �(G) = l+2,

they referred in their paper to the 
onstru
tions of Gallai, Lov�asz and S
hrijver. Re
ently, Youngs

[23℄ gave a 
onstru
tion of a graph G on n verti
es with oddgirth(G)� 2

p

n and �(G) = 4.

However, for every �xed k � 3 the problem of estimating f(m; k; n) remains more or less 
ompletely

open. Here, aiming to illustrate the appli
ability of our results, we treat the parti
ular 
ase m =

p

n,

k = 3. We obtain a lower bound for f(

p

n; 3; n) by proving the following

Theorem 4 Let � > 0 be a 
onstant. For every suÆ
iently large n there exists a graph G

0

on n

verti
es, in whi
h every indu
ed subgraph on at most

p

n verti
es is three-
olorable, but �(G

0

) �

n

6=31��

.

Corollary 2 For every �xed � > 0 and suÆ
iently large n one has f(

p

n; 3; n)� n

6=31��

.
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Proof. Fix a 
onstant 0 < �

0

< � and 
onsider a random graph G(n; p), where p = n

�25=31��

0

. Our

program is as follows: we pi
k any maximal by in
lusion family H of pairwise edge disjoint 
y
les

of length three or �ve and delete the edges of subgraphs 
omposing it, thus obtaining a graph G

0

with oddgirth(G

0

) � 7. Every t �

p

n verti
es of G (and therefore of G

0

) span almost surely a small

number of edges, and thus by applying Theorem 2 we will prove that every subgraph of G

0

on

p

n

verti
es is three-
olorable. Also, by Lemma 6.1 the deletion of the edges of H whp does not in
rease

drasti
ally the independen
e number of G, implying that �(G

0

) is still high.

Let us �rst prove that whp for every 4 � t �

p

n every subset V

0

� V (G) of size jV

0

j = t spans

less than 31t=19 edges. Indeed, the probability that this is not so 
an be bounded from above by

p

n

X

t=4

 

n

t

! 

�

t

2

�

31t

19

!

p

31t

19

�

p

n

X

t=4

�

en

t

�

t

 

e

t

2

2

31t

19

!

31t

19

p

31t

19

�

p

n

X

t=4

�




1

nt

12

19

p

31

19

�

t

=

p

n

X

t=4

�




1

n

1�

31

19

(

25

31

+�

0

)

t

12

19

�

t

�

p

n

X

t=4

�




1

n

�

31

19

�

0

�

t

= o(1) :

Now we de�ne H

0

= fC

3

; C

5

g, where C

i

is a 
y
le on i verti
es, 
learly �(H

0

) = 4=3. A

ording to

Lemma 6.1 with p = n

�25=31��

0

and H

0

as de�ned above, the graph G

0

, obtained from G by deleting

any maximal by in
lusion family H of pairwise edge disjoint 
opies of C

3

and C

5

, is H

0

-free and whp


ontains no independent set of size dC lnn=pe = dCn

25=31+�

0

lnne < n

25=31+�

, implying trivially that

�(G

0

) � n

6=31��

. On the other hand, G

0

does not 
ontain 
y
les of length three and �ve and whp

for every t satisfying 4 � t �

p

n every t verti
es of it still span less than 31t=19 edges. Fix one su
h

graph G

0

. Then by Theorem 2 G

0

does not 
ontain a four-
riti
al graph on at most

p

n verti
es, hen
e

every subgraph of G

0

on

p

n verti
es is three-
olorable, establishing the theorem. 2

It is worth noting that applying the same method 
ombined with the trivial bound on the minimal

number of edges in a four-
riti
al graph (jE(G)j � 3jV (G)j=2) yields the bound f(

p

n; 3; n) � n

1=6��

for every �xed � > 0.

6.3 Lo
al and global independen
e numbers

Our se
ond appli
ation addresses the relation between lo
al and global independen
e numbers.

Let m;n; r; s be integers satisfying r � m � n and s � n. Using the arrow notation introdu
ed

by Rado, we write (m; r) ! (n; s) if every graph G on n verti
es, in whi
h every m verti
es span an

independent set of size r, 
ontains an independent set of size s. The question is, for given m, r and s,

to determine the minimal possible value of n for whi
h (m; r) ! (n; s) holds. One should note that

the above de�ned problem 
overs many well known problems in Ramsey theory. For example, it is

easy to see that if r = 2 then there holds (m; 2) ! (R(s;m); s), where R(s;m) is the 
orresponding

20



Ramsey number, thus for this 
ase the determination of the minimal n, for whi
h (m; 2) ! (n; s)

holds, redu
es a
tually to the determination of the o�-diagonal Ramsey numbers | a well known and

seemingly diÆ
ult task.

The 
ase of �xed r and s and growing m has been 
onsidered by Erd}os and Rogers [7℄, Bollob�as

and Hind [3℄, and Krivelevi
h [13℄,[14℄. Here we 
on
entrate on the 
ase where both m and r are �xed

and s grows. This 
ase has been studied by Linial and Rabinovi
h in [15℄. In order to obtain negative

type results (that is, results of the form (m; r) 6! (n; s)) they used the Lov�asz lo
al lemma together

with the Tur�an theorem.

Here we present a somewhat di�erent approa
h, 
ombining our Lemma 6.1 and Theorem 1. To

illustrate it, we 
hose the 
ase m = 20, r = 5. For this 
ase Linial and Rabinovi
h showed (20; 5) 6!

�

C

�

s

log s

�

39

18

; s

�

for some absolute 
onstant C > 0. Our improvement is based on the following

Claim 6.3 If H = (V;E) is a graph on 20 verti
es that does not 
ontain an independent set of size

�ve, then H 
ontains a subgraph H

0

for whi
h �(H

0

) � 33=14.

Proof. If H 
ontains a 
opy of K

4

then we are done, therefore assume that H is K

4

-free. Sin
e H

does not 
ontain an independent set of size �ve, it satis�es �(H) � 5. Let U � V , jU j = m

0

, be su
h

that H

0

= H [U ℄ is �ve-
riti
al, then by Theorem 1 jE(H

0

)j �

l

17

8

m

0

m

, implying

�(H

0

) �

l

17

8

m

0

m

� 1

m

0

� 2

:

A routine 
he
king of all possible 
ases shows that the above expression is minimal when m

0

= 16, in

this 
ase �(H

0

) � 33=14. 2

Note that a dire
t appli
ation of Tur�an's theorem, as was done in [15℄, gives only �(H) � 39=18.

Now let H

0

be a family of all graphs H

0

on at most 20 verti
es satisfying �(H

0

) � 33=14, then


learly �(H

0

) � 33=14. Applying Lemma 6.1 with H

0

as de�ned above and p = 
n

�14=33

for suÆ
iently

small 
onstant 
 > 0, we show that there exists a graph G

0

on n verti
es in whi
h every subgraph

on at most 20 verti
es has density less than 33/14 (and thus by Claim 6.3 every subgraph on 20

verti
es 
ontains an independent set of size �ve), but G

0

does not 
ontain an independent set of size

dCn

14=33

logne for some absolute 
onstant C > 0. Therefore, we have proven

Theorem 5 There exists an absolute 
onstant C > 0 su
h that

(20; 5) 6!

 

C

�

s

log s

�

33

14

; s

!

:
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6.4 Sharp 
on
entration of the 
hromati
 number of G(n; p)

Our last appli
ation has a purely probabilisti
 formulation. Fix a fun
tion p = p(n) for probability p

and 
onsider a random graph G(n; p). Let X be the random variable equal to the 
hromati
 number

of a graph G, drawn from G(n; p). Our aim is to establish results about the 
on
entration of X , that

is, to show that there exist fun
tions u(n) and Æ(n) su
h that

P [u(n) � �(G) � u(n) + Æ(n)℄ = 1� o(1) ;

as n tends to in�nity, of 
ourse, our goal is to �nd Æ(n) as small as possible. If the above inequality

holds for some Æ(n), we say that �(G) is 
on
entrated in width Æ(n) for this value of probability p.

A breakthrough in this problem has been a
hieved by Shamir and Spen
er [20℄. Their approa
h

is based on using martingales. In parti
ular, they su

eeded to prove ([20℄, Theorem 2(ii)) that for

every �xed 0:5 < � < 1 and p = n

��

, �(G) is 
on
entrated in width k where k is the minimal integer

greater than (2�+1)=(2��1), implying that for every �xed 0:5 < � < 1 �(G) is 
on
entrated in some

�xed number of values. One should note that their approa
h yields a
tually a slightly better result,

namely, for every �xed 0:5 < � < 1 and p = n

��

, �(G) is 
on
entrated in width k, where k is the

minimal integer satisfying k > 2=(2�� 1). (See, e.g., Theorem 3.3 of Chapter 7 of [1℄). In parti
ular,

if � > 5=6, then �(G) is 
on
entrated in four values (k = 3). A further step was done by  Lu
zak [16℄

who showed that if � > 5=6, then �(G) whp takes one of two 
onse
utive values. The main idea of

 Lu
zak's proof 
an be used to show that if � > 3=4, then �(G) is 
on
entrated in three values, but

unfortunately his method seems to break for every � > 3=4.

Here we improve the results of Shamir and Spen
er, 
ombining their approa
h with results of

Theorem 1. We give quantitative bounds on the width of the 
on
entration interval for every �xed

0:5 < � < 1 and p = n

��

.

Lemma 6.2 Let �; 
 be �xed. Consider a random graph G(n; p), where p = n

��

. Then

1. if � > 9=11, then whp every subgraph of G on 


p

n verti
es is three-
olorable;

2. if � > 25=34, then whp every subgraph of G on 


p

n verti
es is four-
olorable;

3. for every k � 5, if � >

1

2

+

2k�5

2k

2

�4k�4

, then whp every subgraph of G on 


p

n verti
es is k-


olorable.

Proof. The di�eren
e between our argument and the argument of [20℄ is that we exploit the fa
t that

a random graph G(n; p) whp does not 
ontain large 
liques.

1) � > 9=11 .
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The expe
tation of the number of 
opies of K

4

in G is O(n

4

p

6

) = o(1), hen
e by Markov's inequality

G whp does not 
ontain K

4

.

Suppose to the 
ontrary that there exists a set U � V (G) of 


p

n verti
es spanning a subgraph

whi
h is not three-
olorable. Consider a four-
riti
al subgraph G

0

of G with veetex set V

0

, where

V

0

� U . Denoting jV

0

j = t and assuming that G is K

4

-free, we have from Theorem 1 that V

0

spans at

least 11t=7 edges. The probability of the existen
e of su
h a subset 
an be bounded from above by




p

n

X

t=4

 

n

t

! 

�

t

2

�

11t

7

!

p

11t

7

�




p

n

X

t=4

�

en

t

�

t

 

e

t

2

2

11t

7

!

11t

7

p

11t

7




p

n

X

t=4

�




1

n

1�

11�

7

t

4

7

�

t

�




p

n

X

t=4

�




2

n

1�

11�

7

n

2

7

�

t

= o(1) ;

as 
laimed;

2) � > 25=34 .

Note that again whp G(n; p) is K

4

-free. Applying the same argument as above and using the

estimate f

5;3

(t) � 17t=8 from Theorem 1, we get that the probability of the existen
e of a subgraph

on 


p

n verti
es whi
h is not four-
olorable is at most




p

n

X

t=5

 

n

t

! 

�

t

2

�

17t

8

!

p

17t

8

�




p

n

X

t=5

�




1

n

1�

17�

8

t

9

8

�

t

�




p

n

X

t=6

�




2

n

1�

17�

8

n

9

16

�

t

= o(1) ;

3) � >

1

2

+

2k�5

2k

2

�4k�4

.

In this 
ase G(n; p) whp is K

5

-free, therefore using the estimate on f

k+1;4

(t) from Theorem 1, we

obtain that the probability that there exists a subset of 


p

n verti
es violating the lemma assertion is

at most




p

n

X

t=k+1

 

n

t

! 
�

t

2

�

�

k+1

2

�

k�1

4k�10

�

t

!

p

(

k+1

2

�

k�1

4k�10

)

t

�




p

n

X

t=k+1

�




1

n

1�

(

k+1

2

�

k�1

4k�10

)

�

t

k+1

2

�

k�1

4k�10

�1

�

t

�




p

n

X

t=k+1

�




2

n

1�

(

k+1

2

�

k�1

4k�10

)

�

n

1

2

(

k+1

2

�

k�1

4k�10

�

)

�

t

= o(1) : 2
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Theorem 6 Let p = n

��

, where � > 1=2 is �xed. Let G = G(n; p). There exists a fun
tion u =

u(n; p) su
h that whp

u � �(G) � �(G) + k ;

where

1. k = 3 for � > 9=11;

2. k = 4 for � > 25=34;

3. for � � 25=34, k is the least integer satisfying � >

1

2

+

2k�5

2k

2

�4k�4

.

Proof. We exploit a key idea of the proof of  Lu
zak [16℄, who attributes it to Frieze (see also [1℄, Ch.

7, Th. 3.3).

Let � > 0 be arbitrarily small and let u = u(n; p; �) be the least integer for whi
h

P [�(G) � u℄ > � :

Now de�ne a random variable Y = Y (G) to be the minimal number of verti
es that should be deleted

in order to make G u-
olorable. It is easy to see that Y satis�es the vertex Lips
hitz 
ondition (that

is, if G and G

0

di�er at only one vertex, then jY (G) � Y (G

0

)j � 1), therefore we 
an apply the

vertex exposure martingale (see, e.g., [17℄, or [1℄, Ch. 7, for information about martingales and their

appli
ations to random graphs). Denoting � = EY , we get for every � > 0

P [Y � � � �

p

n℄ < e

��

2

=2

; (16)

P [Y � � + �

p

n℄ < e

��

2

=2

: (17)

Let � satisfy e

��

2

=2

= �, then these tail events have probability less than �. On the other hand, from

the de�nition of u we have P [Y = 0℄ > �. Hen
e (16) implies � � �

p

n. Now, applying (17) we get

P [Y � 2�

p

n℄ � P [Y � � + �

p

n℄ < � :

Thus, with probability at least 1 � � there is a u-
oloring of all but at most 2�

p

n verti
es of G. By

Lemma 6.2, with probability at least 1� � these �

p

n verti
es 
an be 
olored by at most k new 
olors,

giving a u + k-
oloring of G. The minimality of u guarantees that with probability at least 1 � � at

least u 
olors are needed to 
olor G. Summing the above, we obtain

P [u � �(G) � u + k℄ � 1� 3� :

Taking � to be arbitrarily small we get the desired result. 2
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Remark. Very re
ently, N. Alon and the author proved that for every 
onstant � > 0:5 the 
hromati


number of G(n; n

��

) whp takes one of two 
onse
utive values, thus extending the result of  Lu
zak

[16℄. The proof uses ideas di�erent from those presented above.
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